BECTHHR

IR HO-YPAIALBCROTO 2017

TOCYIAPCTBEHHOTI'O T.9. No4

YHUBEPCHTETA T
ISSN 2075-809X (Print)

ISSN 2409-6547 (Online)

CEPUA

«MATEMATHUKA.
MEXAHUKA.
OU3BUKA)»

Pemrennem BAK Poccun BriroueH B [lepeyeHs peneH3npyeMbIX HAyYHbIX M3aHUH

Yupenurens — @egepanbHoe rocy1apcTBeHHOE ABTOHOMHOE 00pa30BaTe/IbHOe yUpe:KIeHHe
BbIcIero oopazoBanusi «FOKHO-Y pabCcKHil rOCYyAapCTBEeHHbIH YHUBEPCUTET
(HAIMOHABHBIN HCCJIe10BaTeIbCKHII YHUBEPCHUTET)»

OcCHOBHOI LEJIbIO CepUHn «Maremartnka. Mexanuka. @u3uKa SIBISIETCS r[y6m/n<aum{ " paclipoOCTPaHCHUC OpU-
THHAJIBHBIX PE3YJIbTATOB HAYYHBIX I/ICCJICIlOBaHI/Iﬁ B o0JacTu MaTCMaTHUKH, MCXaHUKH U (1)H31/IKI/I, a TaKXK€ UX MIPUJII0-
JKCHUH B €CTECTBECHHBIX, TCXHUYECKUX U DKOHOMHUYCCKUX HayKaXx.

PepakuuonHasi KoJuierust

I.¢.-M.H., mpodeccop 3arpeduna C.A. (T11. pegakTop)
K.(h.-M.H., noueHT I'os1y6eB E.B. (0TB. cexperapp)
I.¢.-M. H., npodeccop Beckauko B.I1. (IOYpI'Y)
K.¢.-M.H., npodeccop 3aasmun B.U. (FOYpI'Y)
1.¢.-M.H., npodeccop Kosasen 10.M. (IOYpI'Y)

PenakuuoHHblii coBeT

1.T.H., npodeccop BoromosioB A.B. (I'ocynapcTBeHHbIi HayuHblil 1eHTp Poccuiickoii ®enepaunu — dexepalibHbl MEIHIITH-
ckuii Onodpusnueckuit neHtp umenu A.J. BypHassuHa, r. Mockga)

I.¢.-M. H. Bpaxe3unckas M.M. (bepnuHckuii neHTp MaTepyaIoB v Heprun uM. [ ensmromnbia, . bepmin, ['epmanus)

npogeccop I'ymaerru . (bomonckuit yausepeurer, r. bononus, ramis)

I.¢.-M.H., npodeccop KykoBckuii B.A. (MockoBckuii rocynapcTBeHHBIH yHHBEepcuTeT MMeHN M.B. JlomoHOCOBa, T. MOCKBa)
n.¢.-m.H., npopeccop Koporkmii A.U. (MuctutyT Marematuku u Mexanmmkn wuMm. H.H. Kpacockoro YpO PAH,
r. EkatepunOypr)

I.¢.-M.H., wieH-koppecnonaeHT PAH, npodeccop ®usuku u Ontuku 3eanaosud B.SI. (KPEOJI, Yuusepcurer llenTpansHoit
Onopunsl, r. Opaango, CIIA)

Ph. D., npoeccop Kum Txeitan (Kim Jaewan, Kopeiickuit unctutyT nepenosbix uccienoanuii KIAS, r. Ceyn, Oxnas Kopest)

Ph. D., mpodeccop Kum Knmmk (Kim Kisik, INHA-Yrusepcurer, r. Uauon, IOxnas Kopest)

n.¢.-M.H., npodeccop Kynaukosa H./l. (MuacTutyT 2nekrpodusuku YpO PAH, r. Exarepun0ypr)

I.¢.-M.H., npodeccop Menbmux B.B. (Boponexckuit nuactutytr MBI Poccuiickoii @enepanuu, r. BopoHexk)

1.¢.-m.H., npodeccop Mnnuyk C.U. (Yrusepcurer mrara Muguana, r. birymunrron, CIIIA)

Ph. D., accucrent-npodeccop Iy3bipes E.C. (Yausepcuter Bannepounbra, r. Hamsumi, CIITA)

1.T.H., npodeccop Pasmanos H.K. (Tamkentckuil yHuBepcuTeT NHGOPMAIIMOHHBIX TEXHOJIOTHH, T. TamikeHT, Y30eknucraH)
1.T.H., npodeccop Yrkun JIL.B. (Cankr-IletepOyprekuit nonurexuuyeckuii yausepcuret [letpa Bemukoro, r. Cankr-Ilerep6ypr)
Prof. dr. ir. ®@epnyct U. (KaTonmuueckuii ynuBepcurer, r. JIEseH, benbrust)

o.¢.-m.H., Ph. D., mpodeccop LllTpaye B.A. (Yausepcurer Cumona bonmsapa, r. Kapakac, Benecyana)

© Msparensckuit nentp FOYpl'Y, 2017



BULLETIN

OF THE SOUTH URAL 2017
STATE UNIVERSITY Vol. 9, no. 4
SERIES

“MATHEMATICS.
MECHANICS. PHYSICS”  155N2075-809X (Print)

ISSN 2409-6547 (Online)

Vestnik Yuzhno-Ural’skogo Gosudarstvennogo Universiteta.
Seriya “Matematika. Mekhanika. Fizika”

South Ural State University

The main purpose of the series «Mathematicschideics. Physics» is to promote the results of re-
search in mathematics, mechanics and physics, as well as their applications in natural, technical and eco-
nomic sciences.

Editorial Board

S.A. Zagrebing South Ural State University, Chelyabinsk, Russian Federation
E.V. Golubey, South Ural State University, Chelyabinsk, Russian Federation
V.P. Beskachkg South Ural State University, Chelyabinsk, Russian Federation
V.l. Zalyapin, South Ural State University, Chelyabinsk, Russian Federation
Yu.M. Kovalev, South Ural State University, Chelyabinsk, Russian Federation

Editorial Counsil

A.V. Bogomoloy, State Scientific Center of the Russian Federation — A.l. Burnazyan Federal Medical Biophysical
Center, the Russian Federal Medical-Biological Agency, Moscow, Russian Federation

M.M. Brzhezinskaya, Helmholtz-Zentrum Berlin for Materials and Energy, Berlin, Germany

D. Guidetti, University of Bologna, Bologna, Italy

V.l. Zhukovsky, Moscow State University, Moscow, Russian Federation

A.l. Korotkii , Institute of Mathematics and Mechanics, Ural Brunch of the Russian Academy of Sciences, Ekaterin-
burg, Russian Federation

B.Ya. Zeldovich, CREOL, University of Central Florida, Orlando, United States of America

Jaewan Kim, Korea Institute for Advanced Study KIAS, Seoul, South Korea

Kisik Kim , INHA-University, Incheon, South Korea

N.D. Kundikova, Institute of Electrophysics, Ural Branch of the Russian Academy of Sciences, Ekaterinburg,
Russian Federation

V.V. Menshikh, Voronezh Institute of Russian Ministry of Internal Affairs, Voronezh, Russian Federation

S.I. Pinchuk, Indiana University, Bloomington, United States of America

Y.S. Puzyrey Vanderbilt University, Nashville, United States of America

N.K. Ravshanov,Tashkent University of Information Technologies, Tashkent, Uzbekistan

L.V. Utkin , Peter the Great St. Petersburg Polytechnic University, St. Petersburg

I. Verpoest, Catholic University, Leuven, Belgium

V.A. Strauss University of Simon Bolivar, Caracas, Venezuela



COOEPXAHUE

MaTtemaTuka

GARIN E.V., MESHCHERYAKOV R.V. Method for Determitian of the Social Graph Orienta-
tion by the Analysis of the Vertices Valence in @ennectivity Component.................cccooeeeueees 5
KOMUCCAPOBA JI.A., KUITHMC M.M. CpaBHeHHE HECKOIBKHX NPU3HAKOB YCTOWYHMBOCTH
JIUHEHHBIX PAZHOCTHBIX YPABHEHI ... .. eeeieeetttui e eaeteetttta e eeeeeesttmmaaaa s s e eeaeeanbbaa s e eeaaaeessbnnaaaaaaeenes 31
I[TATKOB C.I'., POTKO B.B. O6 onpexnenennn GpyHKIMH NCTOYHHKA B KBa3HJIMHEHHBIX mapabo-
JUYECKUX 33/1a9aX C TOYCUYHBIMU YCIOBUAMHU TEPEOTIPEIACTICHIS. .. eeveverrrnnneeeeeennnnnnnseeeseeennnnnnnns 19
SOLOVYOVA N.N., ZAGREBINA S.A., SVIRIDYUK G.A. Sobev Type Mathematical Mod-
els with Relatively Positive Operators in the SemBESPACES...........cvvvviieiiiiiiiiiiieee e 27
YITAKOB A.JI. beicTpoe pelieHre MOAEIbHOMN 3aAaul s ypaBHEHUS I1yaccoHa........ovvvevveeennneee. 36
MexaHuka

KOBAIJIEB 10.M., HIEPUIHEBA O.A. MoaenupoBaHie TEIUIOBOW COCTaBIAIOIIECH YypaBHEHHUH
COCTOSTHHSI MOJICKYIISIPHBIX KPHCTAIIIIOB ...t eeeeeestttuasaeeseeessssasasaeeseeesemmmmsssan s s eeeseeessana s e eeseeeenennnnnns 43
|KYPOHATEHKO B.®.| MAT'A30B @.I'., LHIECTAKOBCKAS E.C. Ananutndeckoe perieHne
3aJa4 O CXOJSIICHCS YIapHOH BONHE B Ta3€ B OTHOMEPHOM CITYUAC +..vvvuvnnnnnennnnnnnnnnnansaassaasseanennas 52
®dusuka

JAPA3I'OB M.A., CBUPUJIOBA N.B., UCAKOB /I.C., MUKIJISIEB 10.B. Meron momydeHus
ONITHYECKUX CYNEPOCHMUIALUI HA OCHOBE TPEXBOTHOBONW MHTEPDEPECHIIMH . «...vvvvvevrrrrrrrennnnnnnnnnnnnnnnns 59
MUP3AEB JI.A., MUP30EB A.A., BYJIJAIIEB W.B., OKUIIEB K.}O. XuMmnueckue moreH-
LHAJIBl TETPArOHAILHOTO ()EPPUTA U €TI0 PABHOBECHE C Y-(DA30H B CTATIIX .evvvrrrrrrnnrseeerrreersnnnsneeesenenes 66
CBUPHUIOBA U.B., APA3I'0OB M.A., KOPEHUEHKO A.E., BUBMKOBA 3.A. YucnenHoe uc-
CJIETOBaHME TIPOIOIBHOI KOMIIOHEHTHI AJIEKTPHYECKOTO TIOJISI B AIEKTPOMAarHUTHOM BOJIHE. ............ 76
OT PEAAKITHOHHOM KOJITIETHH 11t eeeteresrssnseesssessssssssssesssesssnnnsssssssseesesesssnsnseeeseeessnnsnmeeeeeeennnnnnns 83
BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 3

2017, Tom 9, Ne 4



CONTENTS

Mathematics

GARIN E.V., MESHCHERYAKOV R.V. Method for Determitian of the Social Graph Orienta-
tion by the Analysis of the Vertices Valence in @ennectivity Component......................cc.... 5
KOMISSAROVA D.A., KIPNIS M.M. Comparison of Sever&tability Conditions for Line¢
DIffEr@nCe EQUALTIONS ........uiiiiiiiieie e eeeeee et e et e e e e e e e e e e e e e e r e e e e e e e e e aaans 13
PYATKOV S.G., ROTKO V.V.On the Source Function Recovering in Quazilineanalialic
Problems with Pointwise Overdetermination Condgion................cccooo oo, 19
SOLOVYOVA N.N., ZAGREBINA S.A., SVIRIDYUK G.A. Soblev Type Mathematical Mod-
els with Relatively Positive Operators in the Semp@eSPaACES. ......covveveiiiiiiieiiiieiiiiiiieeieennieneiennnes 27
USHAKOV A.L. Fast Solution of the Model Problem fBoisson's Equation...................c.vvveem.. 36
Mechanics

KOVALEV Yu.M., SHERSHNEVA O.A. Simulation of the Himal Constituent of Molecul
OV r= SRS = L (= =0 [ U = L1 o] 1 43
|KUROPATENKO V.F), MAGAZOV F.G., SHESTAKOVSKAYA E.SAndytical Solution of the
Problem of a Convergent Shock in Gas for One-Dinoeias Case ...............eeeeveeeeveeeveeereennnennnnns 52
Physics

DRYAZGOV M.A., SVIRIDOVA I.V., ISAKOV D.S., MIKLYAEV Yu.V. A New Method o
Obtaining Optical Super-Oscillations based on Tivee Interference..........ccccccvviiiiiiiieneeeens 59
MIRZAY EV D.A., MIRZOEV A.A., BULDASHEV L.V., OKISHEV K.Yu Chemical Potentia

of Tetragonal Ferrite and its Equilibrium wighPhase in Steels..............cccc e, 66
SVIRIDOVA 1.V., DRYAZGOV M.A., KORENCHENKO A.E., BBIKOVA E.A. Numerical
Analysis of the Longitudinal Component of Elecffield in Electromagnetic Wave....................16
From the Editorial BOAId ..............cooviiiieee ettt e e e e e 83
4 Bulletin of the South Ural State University

Ser. Mathematics. Mechanics. Physics, 2017, vol. 9,n 0.4



MaTtemaTtuka

DOI: 10.14529/mmph170401

METHOD FOR DETERMINATION OF THE SOCIAL GRAPH
ORIENTATION BY THE ANALYSIS OF THE VERTICES VALENCE
IN THE CONNECTIVITY COMPONENT

E.V. Garin, R.V. Meshcheryakov

Tomsk University of Control Systems and Radioelectronics, Tomsk, Russian Federation
E-mail: mrv@tusur.ru

The work is the continuation of the authors’ work on the simulation of the
structure of the society by the method of random graphs generation. In their pre-
vious works, the authors experimentally proved that the social graph has a strict
orientation of the information direction propagation from the shares of the graph
with high bonds density to the graph parts having a lower bond density. The au-
thors proposed a method for determining the orientation of the social graph by
investigating the ratio of the number of outgoing links to the incoming ones. This
method found its application in the analysis of postal mailing, but it turned out to
be practically inapplicable in the analysis of social networks, since the counting of
incoming and outgoing communications required the compilation of the an-
nounced social graphs which was a time-consuming and computational resources
task that does not have a solution for polynomial time at present.

Since the issue of the social networks analysis is not only of a strictly
scientific, but also of a practical interest, the authors developed and tested a
technique for determining the orientation of social graphs by the method of
analyzing the numerical characteristics of a graph. The new method does not
require a detailed analysis of the correspondence of users of social networks, but
operates with open user information that is a list of friends (Friend List). The ul-
timate goal of this work is to develop simple and effective methods for analyzing
social networks to identify “opinion leaders”, ways of disseminating information,
including propagandizing deviant and dependent forms of behavior, identifying
anti-systems and separate closed network communities, and general monitoring
of the state of social systems.

Keywords: social graph,; random graphs, numerical characteristics of graphs;
social graph orientation.

Introduction

The present work is devoted to the social graphs methods and researches. Two interrelated areas:
the theory of generating of random graphs [1-7] and practical methodologies for studying of social and
technical networks intersect in this field [8], remote diagnostics of a person's state using methods of
mathematical modeling [9]. Both of these areas complement each other, and they are used for network
monitoring: identifying channels of distribution of narcotic and psychotropic substances, the spread of
radical literature and ideology, determining critical situations, to find out “opinion leaders” influencing
on the nearest social community and forming the public opinion. Methods of identifying the orientation
of the social graph that is identifying the direction of information propagation in social networks from
the “opinion leaders” to the audience of readers presented in this paper.

1. An epidemy as a model of information dissemination in a network

In 2010 Grant Schoenbeck showed that if the epidemy distributes across the network of a random
Watts—Strogatz graph [10] we will get a network that satisfies a power law, fig. 1.

The original Watts—Strogatz model did not satisfy the power law, because initially it was developed
in accordance with the conditions of having a small diameter in the social graph. As well the Watts-
Strogatz model imitated the presence of “linking rings” in the Internet web rather well. Linking rings
represent definite motives of the social graph, namely the looping banner links of the advertising sites
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with each other in order to increase the rate tation artificially by indexing cloud search systerbe-
spite the artificial formation of these motivestbé social graph, actually they reflect the preseoio-
served in the closed ways of disseminating inforomat

Regular Small-world Random

p=0 ; > p=1
Increasing randomness
Fig. 1. Watts—Strogatz model of a random graph

In a series of studies, the authors showed thatldition to the closed nature of information dis-
semination in social graph, there exists a strigndation of information dissemination [11, 12). this
case, the authors developed a method of detedtiegsocial graph orientation by the percolation
coefficient analysis, where the percolation coéfit is the ratio of outbound links to inbound Bnk
The percolation coefficient ratio refers increagjrtg the entire society as a whole, or to certaioups
of the society, such as, for example, the audi@feeparticular TV, radio, or the Internet mediaisl
hard to determine the percolation coefficient fairagle person, moreover, all studies of the intron
dissemination in the society were aimed constaatlythe studying of the group coefficient of
percolation. This method is applicable to the asialyf the e-mail distribution when we know who
sends the letter and from whom the letter is seath method was not practically applicable in docia
network analysis, because it requires the indiVidediew pages for each user of the social graph in
vestigated to identify correlations of received @t messages. It requires a more simple method of
identifying the graph orientation by the availabf@en data in the friend lists of users for the ysialof
social networks.

2. A method of determining the orientation of the gaph by the valence of the vertices (“a method
to identify opinion leaders”)

To determine the distribution properties of theoinfation in the society the authors conducted
several experiments in social networks LinkedIn &@tebook. The oriented graph of information
dissemination was constructed based on the resuttee experiments. Initially, knowing the informa-
tion about orientation of a graph, it was necessargetermine what easy calculation numerical char-
acteristic of graphs correspond to their orientatio

The most obvious authors’ initial assumption waes ¢bnformity of the orientation distribution of
the graph vertices according to the number of éein friend lists (fig. 2).

The compliance verification of previously discowkrgraph orientation and the distribution ac-
cording to the number of friends in friend list®gls serious discrepancies (right up to the faett th
the vertices on which closed oriented graph getldgdop of the distribution, because they haGe®
friends). Besides, it is clear from figure 2 thlhast 30 people out of 107 have a maximum value for
the number of friends=b 000), so it becomes impossible to identify theapeeter values friend list of
“opinion leaders” because there are too many palezandidates (28 %).

This distribution (fig. 2) has a strong divergemdgth a power distribution of vertices in the social
graph (Pareto Rule). This difference has a trigiglanation as the social network Facebook is built
with an additional constraint that does not exidtie real society, that is the restriction of vieetices
valences of the graph to 5,000 links. The discrepdm the orientation of the graph to the total Aum
ber of friends has one explanation: a large nurnbéiiends is not an indicator of the source obinf
mation in the society, as all 5,000 human connasta@an be inbound.

6 Bulletin of the South Ural State University
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Fig. 2. The social graph distribution according to the number of friends in friend lists

The authors of this research had to complicatéa$le and to investigate the valence of each ver-
tex for a bounded social graph including only tleetipipants of the experiment. This was done by
comparative analysis of all the friend-lists oft@pants in the experiment. After that, all thetiees
were located in the descending order valence, andrnication between vertices were visualized, —
fig. 3:

':

-

= [
Fig. 3. The social graph with descending vertices v alences orientation

The comparison of the resulting graph with the jonesly constructed oriented graph showed al-
most a complete matching, that is up to 88 % aatlatved us to draw some conclusions:

1. Social graph orientation actually coincides with valences distribution of graph vertices.

2. Graph arrangement according to the verticesweake(fig. 3.) is more informative than the “sim-
ple” arrangement by the number of friends in fridistd or even by the number of common friends.sThi
arrangement allows to identify at once the clegirfmn leaders”, who are the primary sources of in-
formation dissemination. “Opinion leaders” are ladeas vertices 1, 2, 3 in fig. 3. These vertidéfed

BecTtHuk OYplY. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 7
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from the others in the graph by a complete lactetsftions with vertices having more than their nake
At the same time all the three vertices have dfieindices of valence. This fact agrees well wiid
field observations: there exist the “leaders ohagis” not only in large, but even in small groups.

3. the vertices distribution in the graph by vakeidegree of vertex) correlates with the clustering
coefficient of this vertex, that is the ratio obséd triplets in the investigated graph to whidb tertex
bounds, to the open triplets — fig. 4:

70,00 '
: ==== clustering coefficient*1000
60,00 +}——#
S | l': — vertices valence
\MAn
50,00 < vH
A
l' ";l '\
40,00 7\ |"‘
[ ] HA
N:\ ! "l!
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[N \y !
WOARAL Y AR !
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20,00 ' v | | LA hd ‘ | |
I 1 ] |h ]
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\ v h, :
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Fig. 4 The correlation of vertices graph distributi on

In addition, it can be seen from figure 3 that 88,77 %) people in the social graph are linked in

a connectivity component, and 27 (by 25,23 %) camepts are separated from each other. If we re-
move all the vertices with the highest valence®}>*tom the graph in figure 3, then the connecyiat
the component will lose only 2,7 % of the remainuagtices. In other words, if “removing” the vegg
of the social graph breaks down into individuatksi — this is one of the signs that “leader of agig”
is in the vertex of the social graph.

Correlated distribution coefficient of clusteringdathe distribution of valences of the verticeswll
us to analyze social graphs to identify centersladtering. While a large scatter (fig. 4) does al@w
to carry out individual analysis of the graph vest (people) in terms of clustering, but allowdaide-
fine how close a group of people is to the centetfustering.

Thus, the most important is the analysis of anxrafehe valence of the vertices in the task ohide
tifying the orientation of the social graph andazsated with the task application for individualadysis
of the users of social networks and the identifocadf “opinion leaders”. In the definition of valees it
IS necessary to focus not only on the measuraesfdlist and on the indicator of the vertices nakein
a subgraph of the network with connectivity comptune

3. Not oriented links in the society (method of detting a critical situation)

The construction of a random graph in descendidgrasf valence in fig. 3 as well as in the Watts—
Strogatz model reproduces the cyclic closure oftaal graph in the central part in the form ofiieay
ble relations, that is the relations between vestiwith the same valence, and for this reason gawma
pronounced orientation.

Fig. 5 shows the distribution of equitable relatido the parts of the graph with different valence.

It is clear from fig. 5 that the number of equdht®ns in the society gradually increases with in-
creasing degree of vertices reaches a certain maxiand begins to decrease with increasing degifees o
vertices. It is shown in fig. 6, that a gradualrgase and a gradual decline show the ratio of tineber
of equitable relations to the number of verticethim parts of graph with a certain valence of theices
more evidently.

8 Bulletin of the South Ural State University
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Fig. 5. The correlation between the quantity of equ itable relations and the vertex valence in the part s of the graph
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Fig. 6. The distribution of the ratio index of the number of equitable relations
to the number of vertices in the parts of graph wit h a certain valence of the vertices

This distribution shows the evolution stages odtiehs formation of vertices in the social graph:

1) initially any vertex in the society has only ssimcoming links;

2) gradually the increasing of the number of inamgrlinks process is growing;

3) the first equitable relations are forming;

4) the process of increasing equitable relatiomgdsving;

5) the growth of the number of equitable relatiohanges to the growth of the number of outgoing
relations;

6) equitable relations are disappearing, incomeigtions are reducing, the growth of outgoing re-
lations is taking place;

7) missing outgoing relations are missing compjetahly the outgoing relations are in the vertex;

8) the number of outgoing relations is decreasing;

9) vertex is becoming completely isolated from gbeiety.

The same process can capture the separate clostérs society: new countries, new languages,
isolated subcultures are supposed to be born thrtihg spin-off from the giant components”. Prelyise
this process of “spin-off’ the subgraph from thegectivity components can be identified due to mass
“breaking” relations, that is, by the reduction tbe clustering coefficient and by the growth of the
sparseness of the social graph. Such “spin-offtgsees describe the critical situation and, in thety
are their main manifestation. Checking the relatibains tearing is the fact of emergence of acaiiti
situation, at the stage when nothing can be changechuse the society breaks down into separate

BecTtHuk OYplY. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 9
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components. Knowing the evolutionary path of buitgthe relations of vertices and parts of the ¢pcie
it is possible to track deviations from its norrdalelopment.

In this case, the most important role of the intdicén the pre-critical situation play just equikab
relations between vertices with the same valeniemt@tion, which are weakly expressed. If the eixper
mentally determined norm of such equitable relationthe society does not excees%, a significant
excess of this norm may indicate the loss of thaesp equilibrium and the emergence of pre-critical
situation. This occurs from the fact that equitatgiations do not have a fixed orientation andthat
reason the growth of their number deprives theasgcaph of the strict orientation and leads toltdss
of controllability over the parts of the societytlvthe highest index of valence.
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METO[A ONPEAENIEHNA OPUEHTALUUU COLMNATIBHOIO NPA®A MO AHAITIN3Y
BAJIEHTHOCTU BEPLUMH B KOMIMOHEHTE CBA3HOCTU

E.B. apuH, P.B. Mewepsikoe

Tomckul yHusepcumem cucmem yrnpasiieHusi u paduoanieKmpoHUKU, 2. TOMCK,
Poccutickas ®edepayus

E-mail: mrv@tusur.ru

Jannass pabora SBISETCS MPOIOJDKEHHEM paboT aBTOPOB IO MPOOJIEMATHKE MOICITUPOBAHMS
CTPOCHUSI COIIMyMa METOJIOM TE€HEepallly CIIydaiHbIX TpadoB. B cBoux mpenpiaymux paborax aBTOPHI
AKCIIEPUMEHTAIEHO JTOKA3aJlH, YTO COIUANIBHBIN Ipad) UMEET CTPOTYI0 OPUCHTAIMIO HATIPABIICHUS pac-
MPOCTpaHeHus] HHpOpMAIMK OT JoJiel rpada ¢ BRICOKOW TUIOTHOCTBIO CBS3CH K JOJSAM Tpada, HMEro-
M OoJiee HU3KYIO TUIOTHOCTH CBSI3ei. ABTOpaMU Mpeasiarajics METO/ ONpeAeNeHHs] OPUEHTAIH CO-
UAITBHOTO Tpada myTeM HCCICIOBaHMS COOTHOIICHHS KOJMYECTBA UCXOMASIIUX CBS3CH K BXOJSIIUM.
DTOT METO/I HaIlle)I MPUMEHECHUE B aHAJIN3¢ MOYTOBBIX PACCHUIOK, HO OKA3aJICs MPAKTUYCCKH HE MPUME-
HUM B aHAJIN3€ COIMAIBHBIX CeTeH, TaK KaK IMOICYET BXOMALINX U NCXOMASIINX CBA3eH TpeboBal cocTas-
JICHHsI BO3BEMIEHHBIX COIMATBHBIX rpa)0B — 3aTPATHOW 1O BPEMEHH M BBIYMCIUTENBHBIM pecypcam 3a-
Jla4d, He UMEIOIICH Ha CETOMHSIIHUN JICHb PEIICHHS 32 TOJIMHOMHATBLHOE BPEMS.

Tak Kak BOIIPOC aHAIHM3a CONUATBHBIX CETEH MPEICTABIACT CO00H HE TONBKO CTPOTO HAYIHBIN, HO H
MPaKTHYECKUH WHTepec, aBTopaMu Oblila pazpadoTaHa U ampoOUpOBaHa METOIMKA ONPEIEIIEHUS] OpHEH-
TalUu COIMATBHBIX TPad)OB METOJOM aHAIM3a YHCIOBBIX XapakTepuCTHK rpada. HoBwiil MeTox HE Tpe-
OyeT IeTalbHOTO aHaau3a MEePENUCKU TOJIb30BATEIICH COMMATbHBIX CETEH, a OMepUpPyeT OTKPHITON WH-
(opmarnmeit moap3oBarTeneit — CIUcKoM apyseit (hpena-nuct).

KoneuHo¥ 1enpio JaHHON paOOThI aBTOPOB SABJISIETCS Pa3pabOTKa MPOCTHIX U JEHCTBEHHBIX METO-
JIOB aHAJIM3a COLMABHBIX CETeH Ha MPEIMET BBISBICHUS WIHJCPOB MHEHUS», MyTEH pacipOoCTpaHCHHS
nH(pOpMaIH, B TOM YHCJIE TMPOMAaraHANPYIONUX I€BUAIIMOHHBIE M 3aBUCUMBIE (DOPMEBI MTOBEIEHUS, BbI-
SIBIICHUSI AHTHCHUCTEM M OTHENbHBIX 3aKPBHITBIX CETEBBIX COOOIIECTB, OOIIEr0 MOHUTOPUHTA COCTOSHHS
COILIMATBHBIX CUCTEM.

Knioueswie cnosa: coyuanvuwiii epag; cayuaiinvie epaghvl, YUCiIosbie XAPAKMEPUCMUKU 2pados;
OpUeHmayus COYUaIbHo20 epaga.
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CPABHEHWUE HECKOJIbKUX NMPU3HAKOB YCTONYNBOCTU
JINHEUHBIX PASHOCTHbLIX YPABHEHUA

[.A. Komuccapoea®, M.M. KunHuc?

 tOxHo-Ypanbckuti 2ocydapcmeeHHbil yHugepcumem, 2. YensibuHck, Poccutickasi ®edepayusi

E-mail: komissarovada@susu.ru

2tOsHO-YpanbcKuii 2ocydapcmeeHHbIl 2ymMaHumapHo-rnedazoaudeckul yHusepcumem, 2. YensbuHck,
Poccutickas ®edepayus

E-mail: mmkipnis@gmai.com

CpaBHHMBAOTC NPU3HAKH ACHMITOTHYECKOH YCTOHYMBOCTH JIMHEHHBIX
PA3HOCTHBIX YPABHEHHI ABTOPOB NMyOJHMKAIIMM M HEKOTOpble H3BEeCTHBIC INPH-
3HAKH APYTHX aBTOpPOB. JlocTaTo4YHbIe YCJIOBHSI ABTOPOB JIy4Ylle, YeM H3BeCTHbIE
panee npusHaku. KoHKypupywomuMu siBJSIIOTCH NPU3HAKM aBTOPOB M KHTAaii-
ckux ucciaenonareseii. [lpusnaku Kunauca m Komucaposoii coaepixar JuHel-
Hble OrpaHUYeHHs Ha KO3 (PUIHEHTHI YpaBHeHHs, a B padoTe KNTaiicKUX Hcce-
JaoBaTeJieil ObLIM HaiileHbl HeJIMHeliHbIe YCI0BHSI aCHMNTOTHYECKO# yCTOHYNBO-
ctu. CymecTBYIOT 00J1aCTH B MPOCTPAHCTBE MOJOKUTEJBHBIX K03 (PUIEeHTOB
YpPaBHEHMs, YCTOHYHUBOCTH B KOTOPBHIX THATHOCTUPYeETCS ¢ MOMOIIbI0 MPU3HAKOB
aBTOPOB, HO He BBHIfIBJSIETCH NMPU3HAKOM KHTAWCKHMX HMccJie1oBaTesieil, 1 Ha000-
port. Ilokxa3anbl 00J1aCTH rapaHTHPOBAHHONI YCTOHYHMBOCTH, KOTOpPbI¢ BbISIBJIf-
I0TCSl Pa3IMYHbIMH NPU3HAKAMH, HA NPUMepe YPaBHEHHs ¢ ABYMs 3ama3/ibiBa-
HHUSIMH. YKa3aHbI KJACChl Pa3HOCTHBIX YPAaBHeHHUH, B KOTOPLIX npu3Hakn Kunn-
Huca u Komuccaposoii 3aBegomo ayuiie. JlokazaHbl cOOTBETCTBYIOLIME Teope-
Mbl. [IpuBeneHbl NpUMephbl, HILTIOCTPUPYIOIIHE BO3MOKHOCTH IPHMEHEHHs pa3-
JINYHBIX NPU3HAKOB.

Kniouesvie cnosa: ycmotiuugocmeo; pasHocmmule ypasHeHUs.

1. OcHOBHbIE U3BECTHBIE Pe3yJIbTaThl
PaccMoTpuM JHMHEWHOE pa3HOCTHOE ypaBHEHHUE mopsiaka K

k
Xa = Xoq = D s X s (1)

s=1
roe a;0R, a;20 (15 s< k) . M1 HasbiBaeM ypaBHeHne (1) aCHMITOTHYECKH YCTONUUBBIM, €CITH BCE
€ro PEIICHUsI CTPEMSTCS K HYJII0 IIpU N — oo, [{ens paboThl — CPaBHUTH CHJIY HECKOJIBKUX MPH3HAKOB

ycroiunBocTr ypaBaenus (1).
ABTOpBI HACTOSIIECH CTAThU OIYOJIMKOBAIM CIICYIONINI pe3yabTat [1].

Teopema 1.1.Ecin a;20 (1<s<Kk) u

0<ZKZLH<1, (2)

s=12Sin———
2(2s-1)
10 ypaBHeHue (1) aCHMIOTOTHYECKH YCTOWYIHBO.
Teopema 1 siBisieTCs: MHOrOMEPHBIM 00O0OIIICHHEM H3BECTHOTO pesyibTata Jlesuna u Mos [2]. U3
Teopembl 1.1BbITEKaET CAECAYIOMINI Pe3yIbTaT.
Teopema 1.2 ([1]). Ecmn a,20 (1s s< k) "

k Vi
0<) sa<—, (3)
s=1 2
10 ypaBHeHue (1) aCHMIOTOTHYECKH YCTOWYIHBO.
Teopema 1.2 ycunuBaet pe3yibrathl padot [3] u [4], B KOTOPBIX BMECTO g B HepaBeHCTBE (3) ObI-
1 3
mu yucna 1 1+ COOTBETCTBEHHO, a TAKKE Pe3ynbTat cTathu Tanra u [Hxuanra [5] ¢ unciom 5 BMe-
big
CTO % B HEPABEHCTBE 3).
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Teopema 1.3([1]). Ectn a, 20 (15 s< k) u

k
. Vi
0 2ksi——, 4
<Sz=1333< S -1) @

TO ypaBHeHHUe (1) aCHMITOTHYECKH YCTOHYHBO.

[pusHak ycroitunBocTr TeopeMsl 1.3 cuiibHEE NMpU3HaKa TeopeMbl 1.2, Ho 001a1aeT TeM Hea0CTaT-
KOM, YTO €ro Mpasas 4acTb 3aBUCUT OT mopsiaka ypaBHenus (1). B o »xe Bpems npusHak Teopemsl 1.3
cnabee nmpusHaka Teopemsl 1.1. Teopema 1.1 B HEKOTOpPOM cMbIciie HE MOXKeET ObITh ynmydmieHa. Cie-
JyIOIasi TeOpeMa MOATBEPKAACT ITO BBICKA3bIBAaHHUE.

Teopema 1.4 ([1]). IIycts A, 20 (1S s< k), MpUYEM CYIIECTBYET Takoe S (1S s< k), 4TO

k
. T o
A, >2sin———. Torza HaiineTcs To4ka (a ,...,ak) Takas, 4To a5 =0 (1S s< k) , O<z$<1 U
Yy
2(2s-1) =

ypaBHeHue (1) ¢ ko3 duienTamMu &,. .., 8 HEYCTOHYHUBO.

3ameuanue. HeymyummaeMocTh KOHCTAHT B yciaoBuu (2) TeopeMsr 1.1 He CBUIETENBCTBYET O HEOD-
xomuMocTh ycaoBust (2) ycroitunBoct ypasuenus (1). Kak mokasano B pabore [6], mis HEKOTOPBIX
YpaBHEHUH CHUMIUIEKC YCTOWYHUBOCTH, OTIPEICTICHHBINA HEPAaBEHCTBOM (2), 3aTONHACT JUIIL MATYIO YacTh
001aCTH YCTOWYMBOCTH.

T
[NoctosHHas 2 B Teopeme 1.2 u mpaBasi yacth HepaBeHcTBa (4) B Teopeme 1.3 Takke HE MOTYT

O61Th yayureHs! (cM. [1]). IIpusemem Teneps mist cpaBHeHus pe3yabTaTel Kyka, Jlbepu u XapTyHra.
Teopema 1.5 (Kyx—/Ipepn, [3]). Ecom ag=0 (15 s< k) u

k
0<) sa <1, (5)
s=1

To ypaBHenue (1) aCHMITOTHYECKH YCTONIHBO.
Teopema 1.6 ([Isepu—Xaprynr, [4]). Ecmu a,=0 (1S s< k) u

[
1
0<) sa <1+=, (6)
s=1 e
TO ypaBHeHHUe (1) aCHMITOTHYECKH YCTOHYHBO.

[ockompky 1 < 1+1 < 7—2-[ , Teopema 1.2 cuibHee TeopeM 1.5u 1.6.
e

2. CpaBHeHue c paooroii Tanra u JI>kmanra

Pesynbratsel pabotsl [5] Tanra u JkuaHra KOHKYpUPYIOT C paHee yKa3aHHBIMH B HACTOsAIIEH cTa-
ThE PU3HAKAMH.

Teopema 2.1 (Taur—/Ixuanr, [5]). Ypasuenne (1) aCHMITOTHUECKH YCTONUNBO, €CIIH

. T+ pho(1-pho 14) 1< pho< 2;

Sisa <y 1+ 20— 55 14, LX< 1 7)
=1 312+ iy (2= o) 14, O< piy< 1/2

K
rae flo =) 8.

s=1

k
VYcnosue (7) Beimonnsiercs, ecnmu 0< Z:saS <g , mosToMy Teopema 2.1 cunpHee Teopem 1.5u 1.6.
s=1
CpaBHuM Tenepb pe3ynbTaThl Tanra—/)xuanra ¢ pesynbraTaMu padoThl [1] aBTOpOB HacTOSIIEH CTaThH.
IIpumep 1. PaccMmotpuMm  ypaBHeHME X, = X, —1,86X,,— 0,01, ,,. B »sroM cayuae
k
ZSBS =1,98>7—2T . [lTosromy npuzHak Teopemsl 1.2 He MoxkeT ObITh ipuMeHeH. Teopema 1.1 Takxke He-
s=1

14 Bulletin of the South Ural State University
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Komuccapoea [J.A., CpasHeHuUe HeCKOJIbKUX Npu3HaKoe ycmol4dueocmu
Kunnuc M.M. JIUHEeUHbIX Pa3HOCMHbIX ypasHeHUlU

S a,

IIPAMEHNMA, IIOCKOJIBKY Z
s=12sin

=1,003> 1. Paccmotpum npusHak Taunra—/Ixuanra. Cormnac-

2(2s-1)
HO (7), o =187 mu 1+ 1 (1— Mol 4) =1,996> 1,9. Ycnosue TeopeMsl 2.1 BBIIOIHEHO, JaHHOE ypaB-

HEHHE aCHMIITOTUYECKH ycToHunBO. Takum oOpasom, ais npumepa 1 reopema 2.1 oxaszanach 3ddek-
TUBHee Teopemsl 1.1.

PaccMmoTpuM pasHOCTHOE ypaBHEHHUE C ABYMSI 3ama3 bIBaHHSIMU

Xn = Xng = 8% DXy, 8)

rae a,bOR, 3amazgeiBanus M, KON, mpraem m< K.

Pucynok nokasbiBaet, kak TeopeMsl 1.1, 1.2u 2.1 o0HapyxuBatoT 00JaCTH YCTOHYMBOCTH ypaBHE-
mus (8) mpu m=1, k=12. i

PucyHOK MOKa3bIBaET HEKOTOpHIE 00- .|
JacTH B TIPOCTPAHCTBE Kod(uImEeHTOB
ypaBHeHus1 (8), yCTOHYMBOCTE B KOTOPBIX
rapaHTupyerca Teopemoii 1.1, Ho He Teope-
Moit 2.1, HaobopoT. [laee MBI HaMEPEHBI
1oKa3aTk, 4ro npu & =0 mnpusHak Teope-

™Mbl 1.1cuneHee npusHaka Tanra—/[>xuanra.
Jlemma 2.1. JIns 1:00bIX HATypaIbHBIX
YUCell S2 §

. T
2(250 _]) S|nm

sin T > 0 o ois 12 1's 2 b
2(23 - 1) 2s-1 O6nacTu rapaHTMPOBaHHOW YCTOMYUBOCTM YypaBHeHus (8) npu
Jloxazamenvcmeo. BBUAYy BBIMYKIOCTH m=1, k=12. NyHkTMpPHasa NUHUA — rpaHMLa cuMnrekca (3),
T LITPUXOBas NIMHUA — rPaHMLa cumMnekca (2), cnnowHasa NMHUA —
q)yHKHI/H/I sSinX Ha |:0;E:| BEPHO HEPaBCH- rpaHuua obnactv Tanra—[xuaHra

. sina Vg
CTBO SINX=—— X npu XD[O;a] , O<aSE.H03TOMy JUId BCEX S §
a

. T . Vi
7T >2(230 ])SIHZ(ZSO—l)D T A%} sin o )
2(2s-1)" T 2(2- 1) 2 1 '

Jlemma noxazaHa.
Teopema 2.2.Eciin & =0, T0o u3 HepaBeHcTBa (7) cesyeT HEpaBEeHCTBO (2).

Jloxazamenvcmeo. I1o nemme 2.1umeem
K [

k
Yt sy XY= u 2> (s D) a. ©
=2

s22sin_ T ) 2
2(2s-1)

Iycrs 1< 4y < 2. U3 (7) cnexmyer, 4to
k
2+ (s-2) a < 1+ yo[l—ﬂJ .
s=3 4
Otcrona ,ug +44,—4<0.Torma Ly <-2+ 2/2=0,8% npotuBopedre. OcTaroTcs 1Ba Clrydas.

Cayuaii 1. %<,uo <1. U3 (7) umeem
k 5 )
24+ (s—2)a <1+ Zlfo‘z,uo-

s=3
Otcrona
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k
Y(s-2)a<1-248. (10)
s=3 4
Beuny (9) u (10) mpu mo6oM [, moxydaem
k
& 42 5,
> T SHot 3 6#0

s=22sin
2(2s-1)

Cayuaii 22 0< /4y < % U3 (7) umeem

3 1

244 "'Z(S 2)a <> 5 + SHo _—ﬂo
s=3

Otcronma

K 3 3 1
2(5_2)35<§—E,Uo—2ﬂt2)- (11)
s=3

Beuny (9) u (11) monygaem
k

1 1
Z% <Ho+1-Hy _E”‘% = 1‘%,‘13 <1
s=22sin
2(2s-1)
npu mo0oM L > 0. Teopema nokasaHa.
IIpumep 2. PaccmoTpum ypaBHeHHE X, = X,4 —0,9%,; — 0,05%, 3.

k
B stom cryuae Y sa, =1,95. Tax Kak 1, 95>’ET u 1,95> 65in1%= 1,85., Teopemsr 1.2 1 1.3 se-

s=1
MPUMEHUMBI TUIS UCCIICZIOBAHUS YCTOHYHBOCTH 3TOTO YPaBHEHUSL. [Mockombky
- 4
Z— =0,981< 1], cormacuo Teopeme 1.1 naHHOE ypaBHEHHE aCHMIITOTHICCKH YCTONIHBO.
s=12sin
2(2s-1)

Nmeem [ =0,95u 1+ 244, - 5;13 /4= 1,7 1,9, ycioBue (7) He BHIIIOJIHACTCSA. 3HAYHT, C TIOMO-
mIpIo Tpu3HaKa Tanra—/[>kuaHra Hellb3sI clieaTh BRIBOOB 00 YCTOHIMBOCTH.

YkaxeM Kiacc YpaBHEHUH, JJis KOTOPBIX npusHaku TeopeM 1.2 m 1.3 cunbHee mpusHaka Tanra—
J>xmaHra.

Teopema 2.3.Ecu & =&, =... = a,=0, To u3 HepaBeHcTBa (7) cenyeT HepaBeHCTBO (3).
Hoxazamenvcmeo. IlpeanonoxuM, aro 1<ty < 2. U3 (7) nonygaem

7

1+ Y, (=198 < 1 o +48],
s=12 4

Otcrona ,ug +40u, - 4< 0. Torga 1, <-20+ 2/101= 0,K , nmpoTuBOpEUHE.

Tenepp NpeAnoa0KIM, UTO % < Uy <1. U3 (7) momyunm

11 + 2(3 1)a < 310‘—#0

s=12
Otcrona 5,ng + 36, — 4< C. Torga [ < 18+ 344~ 0, 11<§ MIPOTHBOPEYHE.

Ocraercs ciyqait 0< £ < % . "3 (7) umeem

K 3.1 1
2
o+ D (s-1)a <> +ZHo— Ko
Ja 2 2 4
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Komuccapoea [.A., CpaesHeHue HeCKOJIbKUX MPU3HaKos ycmoliyueocmu
Kunnuc M.M. JIUHeUHbIX Pa3HOCMHbIX ypagHeHuUl

Otcioma 1 + 421, —6<0. Torna i, <—21++/447 =0,142.

[TockonbKy QyHKIHS %+ % Mo — % lug BO3pacTaeT Ha (0;%} , 13 (7) nomyuyaem

k

> sa, <§+l(—21+\/447)(23—\/447) ~1,556< 2.
s=11 2 4 2
Teopema nokazaHa.

T . T
Tak xkak — < 2k sin———— npu 1000M HATypaIbHOM £, TIOTy4aeM CIIEACTBUE:
2 2(2k-1)
Caencrue Teopemsl 2.3. Eciu g, =a, =...=a;; =0, To u3 HepaBeHCTBa (7) ciaelyeT HEPAaBEHCT-
BO (4).

Teopema 2.3 u ciencTBUe U3 Hee PUKCUPYIOT IPEUMYIIECTBO Tr000H u3 Teopem 1.1, 1.2, 1.3 nepen
npusHakoM Tanra—/[kuaHra Ui pa3HOCTHBIX YPaBHEHUI ¢ OOJIBIINMHY 3a11a3/IbIBAHUAMHU.
Crenyromumii IpuMep MOKa3bIBAET, YTO TeopeMa 2.3 B HEKOTOPOM CMBICIIE HEYITydIllacMa.

Ipunmep 3. Paccmorpum ypaBrenue x, =x,_, —1572,4- 107 X,_10—0,0007 - 107 X,_480 -

OT0 ypaBHEHHE AaCHUMITOTHYECKH YCTOMYUBO, HOCKOIBKY (cM. (7)) H, =1572,4007-10 u

k
%+,UO (2—-1y)/4~15724,3893- 107 > Zsas =15724,336-10~*. Ho uepaBenctBo (3) HE BBINOIHEHO,

s=1

k
TaK Kak Zsas =15724,336-107" >z
s=1 2
3ameuanue. [Ipusnak Tanra—/wuanra u Teopema 1.1 TpeOyroT st ycroitunBocTr ypaBHeHus (1),
4yTo0Bl cyMMa Kod(duIMeHToB, 0003HaYEHHAs MOCPEACTBOM [, , Obula MeHblie 2. Ho cienyromuii

IpUMep NOKa3bIBAET, YTO ypaBHEHHUE (1) MOXKET OBITh yCTOMUMBBIM U IIPU Ly =2 .

IIpumep 4. PaccmoTpumM ypaBHEHHE
x, =%, —(1,9x,_; +0,8x,_, +0,7x,_5 +0,6x,_,) . (12)

n

B mansOoM cmywae 4, =3. CormacHo pesynpraraM OHecTpeMa—Kakeia 1892 r. [7], ypaBHeHune

k .
x, + Zs:l ayx,_, =0 ycroiunso, ecim 1=a; 2a, 2...2a;, >0. YpaBHenue (12) y10BIETBOPIET STOMY

YCJIOBHIO, [IO3TOMY OHO aCUMIITOTUYECKH YCTOWYHBO.
Paboma evinonnena npu noodepoicke @IHOY BO «Kpachoapckuil 2ocydapcmeennbiil nedazocuye-
ckuil ynugepcumem um. B.I1. Acmagvesar, docoeop Ne 16-746.
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OB ONPEAEJNIEHNUU ®YHKLIUN NCTOYHUKA B KBASUITMHEMNHBIX
NMAPABOJIMMECKUX 3AOAYAX C TOYEYHbIMK YCNNIOBUAMU
NEPEONPEAENEHUA

C.I". Mamkoe, B.B. Pomko
KOzopckuli eocydapcmeeHHbIl yHUgsepcumem, . XaHmbl-MaHculick, Poccutickast ®edepayusi
E-mail: s_pyatkov@ugrasu.ru

PaccmaTpuBaercst BOIpoc 0 KOPPeKTHOCTH B nmpocrpaHcTBax CodoseBa 06-
paTHoli 3a1a4n 00 onpenejJeHUH QYHKIMH HCTOYHHKOB B KBa3UJIMHeHHOI napa-
0o1myeckoii cucreme BTOporo nopsaka. Ipo6aeMbl NoA00HOT0 BH/1a BOZHHKAIOT
NMpUH ONHMCAHMHN MNPOLECCOB TeljoMacconepeHoca, JH(pQYy3HOHHBIX NPOLECCOB,
npoueccoB GpUILTPANMH U BO MHOTHX APYruX obdjactax. ['1aBHasi 4acTh onepa-
Topa JuHeiiHa. HeuzBecTHble (pyHKIMH, 3aBHCSIIMEe OT BpeMeHH, BXOAAT B He-
JIMHEeHHYI0 NMPaBYI0 4acTb. B TOM umciie B 3TOT Ki1ace 3a1a4 BXOAAT U K03 du-
IMEeHTHbIe 00paTHbIe 321a4u 00 ompeae]eHHH MJIATIIHX K03 PHIEHTOB B Ma-
padonyeckoM ypaBHeHHH WJH cucTeMe. B kauecTBe yca1oBHil nepeonpeaeaeHus
paccMaTpUBaIOTCH 3HAYCHHS PellieHHs] B HEKOTOPOM Ha0ope BHYTPEHHHX TOYeK.
B kauecTBe KpaeBbIX ycJa0BHUi OepyTcs yciaoBus Jupuxiie WM ycJI0BHA 3a1a4H C
KOCOW MNpOU3BOAHON. 3agaya paccMaTpHUBaeTcsi B OTPAHMYEHHOH o0jgacTH ¢
riaaakoi rpaHuneid. OgHaKo pe3yJbTAThl JONMYCKAIT 0000LIeHUS U Ha ciay4dai
HeOrpaHMYeHHbIX 00JacTell TaKHX, B KOTOPbIX COOTBETCTBYIOIIHE TeOpeMbl 0O
pa3pelIMMOCTH NPsIMOii 3aAa4yu MMeroT MecTo. IIpuBegeHbl ycI0BHA, TAapaHTH-
pyolue J0KaJIbHYI0 0 BPpeMEeHH KOPPEeKTHOCTh 3aJaul B kJjaccax CofoseBa.
YcnoBus Ha JaHHBIe 32124 MUHUMAIbHBI. [To1yyeHHbIe pe3y1bTaThl SIBIAAIOTCS
TOYHBIMH. 3a/Ja4ya CBOAMTCS K ONEPaTOPHOMY YPaBHEHHIO, CyllleCTBOBaHHe pe-
LIeHUsI KOTOPOro 0Ka3bIBaeTCs NMPH NMOMOIIY ANPHOPHBIX OLICHOK U TeOpeMbI 0
HenoABMIKHOM Touke. IlonydeHHoe pemreHue 00JafaeT BceMH 0000IIeHHBIMHU
NPOM3BOAHBLIMH, BXOAAIMMH B ypaBHeHHe, NPUHAMJIeKAIIMMH NIPOCTPaHcTBY L
cp>n+ 2u o06aagaeT HEOOXOAMMOI TONMOJIHUTEIBHO IIAIKOCTHIO B HEKOTOPOH
OKPEeCTHOCTH TO4YeK MepeonpeaeeHHs.

Kniouegvie cnosa: napabonuueckoe ypagnenue, obpamnas 3a0aia; meniomacco-
nepenoc; Kpaeeas 3a0a4a;, QyHKYus UCMOYHUKOS.

Beenenue
Ms1 paccMaTprBaeM BOIIPOC 00 OMPENCICHHHA BMECTE C PEUICHHEM IPaBOM YacTH CIICIUAIEHOTO
BHJA WM MIAAMIUX KO3()OUIIMEHTOB B Mapa0OIMUeCKUX YPaBHEHUAX U cucTemax. Ilycte G — o0acthb

B R" ¢ rpannueii [ knacca C? u Q=(0,T)x G. [TapaGonuaecKoe ypaBHEHHE HMEET BH
Lu=u+AtxDu= f(xtudug (XD Q 1)
rae A — MaTpUYHBIN DIUITMITHUECKUH onepaTop Buma A(t, X, D)u= —Zinj .8 (t % Yo 8 —ToXro

MaTpHuIbl, U —BekTop muHbI Iy 1 G(t) = (o (1), (D), .., G()) —HemsBecTHBIC QYHKINH, TOUICKAIIIE
omnpenenaeHuio BmMecte ¢ pemenneM U. Cucrema (1) momosnHseTcss HAYaIbHBIMA M TPAHHYHBIME YCIIO-

BUSIMHU
Uk=o=Uy, Buls=g S=(0, IxT, (2)

n . o o
roe Bu= Zizlyi (t XYy +o(t R Lum Bu=u, ny —i-s KoopauHaTa BHEIIHEH ¢IMHUYHON HOPMaH K

M u y(tx),ot X0 Cl(_S . YcnoBus mepeonpeeneH sl 3aluchIBaloTCs B BIIIE
U0, =g (0, 12121, ©)
OGpartHast 3amada COCTOMT B HaxXOXKACHUM pemieHus U ypasHeHust (1) m dynxuomii g (t)
(i=142...,m (m=rry) no nauuemM (2), (3).
[IpoGieMbl MOTOOHOTO BHa BO3HUKAIOT IPU OIKCAHHMH IPOIIECCOB TeIioMaccomepenoca, auddy-

3MOHHBIX TIPOIIECCOB, MPOIECCOB (PUIBTPAMK U BO MHOTHX apyrux obmactsax (cm. [1]). Ilpexme Bcero,
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MBI COIIIJIEMCS] Ha paboTy [2], re mosydeHa TeopeMa CyIIECTBOBAHHS M €MHCTBEHHOCTH PEIICHUH 3a-
nauu (1)—(3)B nmpoctpancTBax I'enbaepa B ciaydae fy =1, r =1 u auHEiHOI O CBOUM apryMeHTaMm U,
Ou ¢yaxmuu f . B caygae n=1, r =1 u G = R aHajorn4HbIi pe3ynbpraT B IONy4YeH B paborax [3, 4].

B paborax [5, 6] Obuta paccMoTpeHa Takxke M 3agada o0 onpeaeIeH!H MIaaniero kodgppuiunueHTa B na-
pabonudeckoM ypaBHeHuH. B pabore [7] (cM. Takxke [8]) Obuta paccMoTpeHa MMHEiHAs oOpaTHas 3a1a-
qa 00 ompeneneHUM (GYHKIMM WCTOYHMKOB B cioydail 3amaun  Komm a1 omepatopHo-
anddepeHnnanEHOro ypaBHeHHs 1epBoro nopsaka U, + Au= f(1) z ¢ ycioBuem nepeomnpeneneHus Bu-
na d(u) =¢(t), rne @ — Hexoropelit pyHkumoHan. 3axada Buaa (1)—(3) BXoauT B KiIacc TakuX 3amad,
IIPH OTIPEIEIICHHOM BBIOOpE (DYHKIIMOHAIBFHOTO MPOCTPAHCTBA B KOTOPOM HILETCS PELICHHE U B CIydyae
JMHEHHOCTH 3a1a4u. bonee o0miue TeopeMbl 0 pa3penMMOCcTH abCTPAaKTHBIX 33/1a4 TaKOro BHJAA B KBa-
3WIMHEWHOM Clly4ae mojydeHbl B MoHorpaduu [9]. OmHako CTOUT OTMETHUTb, YTO pe3yiabTaThl [9] mpu-
MeHnMBI K 3amade (1)—(3)B cayuae GyHKIMH ¢, 3aBUCAIIEH TOIBKO OT (GYHKIHK U, HO He oT [JU, u B
Cllydae KpaeBBIX YCJIOBHH TaKHX, YTO OOJACTh ONpPEAENICHHUs omeparopa L He 3aBUCHT OT BpEMEHH.
Kpome Toro, naxxe B 3TOM Clly4ae UCIIOIb30BaHHE ITUX PE3yJbTaTOB NPUBOAUT K U3JUIIHUM YCIOBHSIM
IJIaJJKOCTH U COIJIaCOBAaHMS HA JaHHbIC 3a1a4u. Psn 3amad, Bxomsammx B kiacc (1), Obl1 paccMOTpeH B
pabore [10]. OT™MeTHM, YTO YHCICHHBIE METOMIBI PEIIEHUS PA3IUYHBIX MOICIBHEIX 3af[ad, BXOISAIINX B
kiacc (1)—(3),paccmarpuBanuck, Hapumep, B padorax [11, 12]u mHOrux apyrux. B wactHocTH, B pa-
6ote [12] paccmarpuBanack odpaTHast 3agada (1)—(3)00 onpeneneHnn GyHKIMUA NCTOYHUKA JUTS KBa3H-
JTUHEHHOW CHCTEMBI TapabOIMIECKUX YPaBHCHUMN.

MBI MOJTy4YHM JIOKAIBHYIO TEOPEMY O Pa3pelinMOCTH 33/1a4H IPU MHUHUMAJIBHBIX (B ONPEICICHHOM
CMBICJIC) YCIIOBHSIX Ha JJAHHBIC.

OmumeM coaepkanne padoTel. B mepBoM maparpade onvcaHBl YCIOBHS Ha JaHHBIC 3adadydl U
copMyIHpOBaHBI OCHOBHBIEC Pe3yJIbTaThl. Bo BTopoM maparpade npuBeIeHo ux jaokaszatensctBo. O6o-
3HauCHMs (PYHKIMOHAIBHBIX IPOCTPAHCTB CTAHAAPTHBIC (CM., Harpumep, [13]).

1. Onpenesiennsi, 0603HAYEHHUS U BCIIOMOraTeIbHbIE Pe3ybTaThl
I[lycts E —6anaxoso npoctpanctso. Cumsonom L (G; E) (G —obnacts B R") o603Hauaem mpo-

CTPaHCTBO CHJIBHO H3MEPHMBIX (YHKIMHA, omnpeaeicHHbX Ha G, co 3HaueHusMH B E , HazeneHHoe

Hopmoit |[|| u(X) ||E||LP(G) [13]. MsI Takxke ucnons3yem npoctpanctsa Ienpaepa C7 (6) . Obo3HaYeHNS

W; (GB), W; (Q B) npocrpancte CobosieBa SBIAIOTCS CTaHAAPTHRIMHU (CM. ompexaenenus B [13, 14]).

Ecom E=C (E=R) wm E=C" (E=R"), Torna mocneanee mpocTpaHCTBO 0003HAUaeTcss depes
W;(Q. Ananormano wcrombsyem obosmadenns Wi (G) mwm C7(G) Bmecro W (G B wm

c“ (6; E). Takum 06pa3oM, BKIIIOYEHHE uDWS(G) (umm uOC? (6)) IV TAaHHOM BeKTOP-()YHKIIUH

u=(u, U, .., ) O3HAYAET, YTO KaXJas U3 €€ KOMIIOHEHT U; IPHHAUICKHUT W;’ (G) (um C“ (6) ).B

9TOM CIlyd4ae HOpMa BEKTOpa €CTh IPOCTO CyMMa HOpPM KoopauHaT. To e caMmoe coryameHne npuHHu-
MaeM JUISL MaTpHL-QYyHKIHUH. Jna WHTEpBaja J=(0,T) MOJIOKUM

WS'r(Q) = VV{)( JL(G)n L(J V\Z( ® . CooTBeTCTBEHHO, WS'r(S = V\{;( I LINn LI V@(I’)).
AHaJOTHYHO omnpesienseM npocTpancTso I'enpnepa C'° (6) .
ITycts Bjs(X) —map pagmyca O ¢ meHTpoM B Touke X . Jlanee MBI HCHONB3yeM cieayrommue 000-

snavenns: Q" =(0,7)xG, S =(0,y)xT . Jlan naGop Touex {X; } u3 (3), mapamerp J>0 HazoBeMm J10-

nyctumbiM, ecmn Bs(%) U G, Bs(%) n Bs(x) =0 mms i#j, i,j=12...,r. Hycrs G5 =L0; Bs(%),

Qs =(0,T)x Gy, u Q5 =(0.7)xG;.
Paccmotpum 3amauy (1)—(2) u chopMynupyeM OJHH BCIIOMOTaTENbHBINA pe3ynbraT. Mbl Oymem
HpEIONaraTh, 4TO Y HAC BBIMOJHEHBI YCJIOBHS HA KO PumeHTnr A:

3 0C(Qn LOTW(G) P #2y,00 &(§,iF12 .1 (4)
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Pomko B.B. napabonuyeckux 3ada4ax ¢ moYeYHbIMU yCrI08UsIMU rnepeonpedeneHust

s Hexotoporo gomycrumoro O >0 u sOO(rn pl]. Mer Takke mpeamoiaaraeM, 9ro L — mapabosmye-
CKHI OTIepaTop U BHINOJHEHO ycioBue Jlomaruackoro. ChopMyIupyeM 3TH yCIIoBHs. PaccMoTpiM MaT-

puy A(t, % ¢&) = —zinj -1 8 (X4 (0 R") u npeanonoxum, uto Haiinercs nocrosuuas & >0, Ta-

Kasi, uto kopHu P momuHoma det(A(, x ié )+ pE)= 0 (E — equHuuHas MaTpuLa) yIOBICTBOPSIOT yC-
JIOBHIO

Reps-4 |§ f DFOR Ot Q (5)

ITycts Byu= u B cirydae ycnosuii Jupuxie B (2) u Byu= Z?:l yjaxj U B IIPOTUBHOM CiIy4dae. Yc-
noBue JIOMaTHMHCKOro MOXeT ObITh 3alMCaHO B Buie: M Jiro6oil Touku (tp,Xy) IS u omeparopos
A(xt, D) u By(xt D), 3anucaHHBIX B JIOKAIBHOH CUCTEME KOOPAMHAT Y B 3TOH Touke (0Ch Y, Ha-

IpaBJICHA TI0 HOPMAIH K S, U OCH Yj,.., Y,_q JEXKaT B KacaTeIbHOH IIOCKOCTH B Touke (Xg,1;)), cuc-
Tema

(AE+ A (%, 10, 15,0y, DU =0, B(% b §.9,)\0)=h, (6)
rae & =(&,...é1-1), Yo OR", umeer enuncteennoe pemenne u3 C(R'), orpanuuenHoe Ha 6eckoHed-
Hoctu ipu Beex &' OR"?, |argA <772, u h; OC raxux, uro |§'[+[A [# 0. Mbl Takke npeanonaraem,
9TO

U (HOWS?P(G, gI W °($ BX) ¢( M= @8O0 O, )
rae Ky =1-12p B ciyuae ycnosus Jupuxiie u Ky =1/2- 1 2p B npoTHBHOM ciTydae,
Ug(X) O sz +S_Zp( G;) nust mexoToporo pomycrumoro O > 0w s (W pl] (8)

Jaubl nocrosiausie J§ < J, < 0. Iloctpoum Benomorarenshyo Gyukimio ¢ CH (Gs) Takyro, uto
¢ =1 Bobnactu G5 u =08 G5\ G;, .

Teopema 1. Ilycmo evinoanenvt ycaosus (4)—(8) ons wmexomopozo odonycmumozo O0>0 u
sO(npl], fO Lp(Qr) , foOL,(O, T;WS(GJ)) u T0O(0,T]. To2oa cywecmeyem eduncmeernnoe pe-

wenue U DWg’l(d) 3adauu

Lu=f (x90Q, ulo= w( ¥ Bu= g 9)
Tpuuem ¢u, 0L, (0, T;WS(Gé)), pullL, (G, T;W§+S(Gé)) . Eciu 9=0, Uy =0, mo cnpaseonusa oyen-
Ka

Nllyzsgry HIBU g ey 1981 rursgyS O Tl oy I8 Tl o, g gyl (10)

20e nocmosnuas C He 3asucum om f | pewenus u u T0J(0,T].

Hokaszamenvcmeo. OCHOBHOE YTBEp)KICHHE TEOPEMbI M3BECTHO, CM., Hampumep, [15]. JonomnHu-
TEJIbHAsS TJIaJJKOCTh MO CYIIECTBY BBITEKAET M3 M3BECTHBIX PE3YJIbTATOB O BHYTPEHHEH IIaJIKOCTH pelie-
HHI TapaboIMYeCKHUX U IUTHITHYSCKUX 3a1a4 (cM. [15]).

2. OcHOBHBIE pe3yJIbTaThI
B stoMm maparpade MbI IPHBEIEM K TOKAKEM OCHOBHBIC PE3yJbTAThI OTON paboThI. [Ipeanoaoxum,
gro ycioBusi (4)—(8) BbImosHEHBI i HEKOTOporo momyctumoro mapamerpa O >0. TMomoxum

R =2( w |b(6) +10 UO”C(E;))' Onpenenum map B, ={(u P:| u+| pg R}, rae U —BexTop WIMHBI I,
U P — Iy XN —MaTtpuna. B kayecTse BeauuuH |U|,| p| cooTBeTcTBEeHHO GepeM cyMMy MOJyIei Koopau-
HAT U MOJyJIeH ayeMeHTOB Marpullbl. Onumem ycnosust Ha Gynkuuto f B (1). Mbl Oynem TpeGoBarts,
4TO

1. f(xtupod0QABx R; L(Q.
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2. Haiimyres (byHKIHIH D 0L, (Q), @y, ®, UL, (0T; Ly (G)) Takue, 4TO

[ TOotu, @)= (X 1w B DE(P I+ dl+] aDIP NIy Y+ B BFIP 4 o ¢
s seex (U, f)0B, g0 R" (i=12).

3. mis Hekotoporo gomyctumoro O >0 ¢ynkums f(X,t,u, p Q HenpepbiBHA B 001acTH

Qs x B x R", nudpdpepenuupyema no nepemennsim U, p, q npu Beex (X,t)1Qs, umeer nepsbie 0606-
HIEHHBIE MTPOU3BOHBIC fx'_ i=1...n npu BCEX (u,pgBx R
f)q : fq : fFﬁ , fql OC(B x R™; L(Q)) n mafinyres dymkumn @5 0L, (Qs), @y, PsU L, (0,T; Ly (Gy))
TaKWe, 4YTO KaXJasi U3 BEKTOP-(PYHKIUN fx| , fq , fm , fq (i=1...h j=1..,n k=1 ... n) ynoBneTBOps-

eT ycnoButo Jlunmmna B cneayromem cmbiciae: ecian g(X t U, B Q oaHa u3 3TUX QYHKIHH, TO

lgxtw, B, - dxty B PEE(PI+( d+] AP DI v Y+ g A+ § ¢ ¢

T[TocTpouM BCoMOraTenbHyI0 (yHKIHI0 O, KOTOpast ecTh pelIcHUe 3a1auH
LP=f(xtup,Uuw,0) (XU Q, ®Lo= (3 B d= g (11)
Takoe, uTo P DW§’1( Q. ¢&, 0L, (0T;W(Gy)), ¢ Lp(O,T;W§+S(G5)). VciIoBHS Ha JaHHBIE

yenosust 1-3 rapantupytor, uro f(X,t,Up, Uy, 0)0 Ly (Q), ¢ (Xt up, Uy, ) U L,(O, T; V\g( G)) un
nostomy teopema 1 npumMenumMa. Huke mpu 10Ka3aTenbCTBE TeOPeMbl 3 Mbl (PAKTUYECKH 3TO MOKAKEM.
Tlo Teopeme Dy6urm, g, OW,(Gs; Ly(0, T)) u, Takum obpasom, b, OCS"P(Gy; L,(0,T)) (cm. co-
orrowenust (3.1)—~(3.3)s [16]). B wactrocT, ®(X;,t) DW; (0, T). Ilyctp u pemrenue 3amaun (1)—(3),
torna QyHKIws W=U—® ecTh penieHue 3a1a4u
Lw=f(xtw+®,O(w+d),9- f(xty0y0)= Kxw@ W,=0 Bl=0 (12)
wix;, ) = (9 =¢; (- @05, 9OWO, T, =12 ...t (13)

TakuMm 00pa3oM, MBI CBEJIM 33729y K SKBHBAJICHTHOH 3a7a4e ¢ OJHOPOJHBIMU YCIIOBHUSIMH.
PaccmoTpumM cucrtemy ypaBHEHUM

OG0 00X A~ (5 4 0.0 6 R0.0= §. g=¢ -® (X))t $12 ...
KOTOPYIO TAKXKXC MOKHO 3aIllucaTb B BUAC
F(@)=0p Go=(Gos -+ &) (14)

®ukcupyem R, =2[/ g, ”Lp(O,T)' 3anuiieM ycioBUE KOPPEKTHOCTH.
4. Cucrema F(4)=0, 9=(9q, .- §) nmeer exunctennoe pemenne g st Beex GUL,(0,T) ra-
kux, yro gUB, ={ 0. || - gO||Lp(O,'I' ) R} 1 obparHoe otobpaxenne (= Fi(g), Ft: B - L,(0,T)

yaoBieTBopseT ycnosuto Jlunmmuna B B, .

Teopema 2. I[Ipeononosicum, umo ycuosus (4)—(8), 1—4 evinonnernnvl 01 Hekomopo2o 00nycmumo2o
0>0,1=s>npu ¢ynxyus ¢ obradaem ceoticmeamu, ykazanuvimu neped meopemoil 1. [lycmo kpo-

Me mozo evinoanenvt ycrosus coanacosanus Y;(0)=uUy(X) (Jj=12..,r). Toeda naiidemecs npome-
acymok [0,74], Ha komopom cywecmeyem edurncmeennoe pewenue (U,d, G, ..., G,) 0bpammnoil 3a0auu
(1)—(3) maxoe, umo u DWS’l( qQ°), gD L, (0,75), i =1...,m. Kpome mozo, gull L, (O,T;W§+S(C§5)) :
Pu 0L, (0T, WS (G)).

Joxa3zatenbcTrBo. OCHOBHON METOJI I0OKA3aTENbCTBA — TEOpEMa O HETOABIKHOM Touke. [lomoxum
G,=F 19, R =2l Goll,(or)- 3admrenpyem 7<T usextop G0 B; ={G0 L, (0.7):1| Tl o)< R I
Paspemmmocts 3amaun (12) npu GpukcHpoBaHHOM ( BBITEKAET M3 CTAHIAPTHBIX TEOPEM O Pa3perInMO-

CTH HEJMHEHHBIX Mapadonndeckux ypaBHeHU. Cxema paccyxaeHuil cnenyromas. Mcmonssys Teopemy
1, cenem 3amauy (12) k ypaBHEHHIO BHIA
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w= L F (Ot w+ @, 0(w+ ), 9 - f(xty,04,0)= (R xw. (15)

ITo ompexnenenuto mpoctpancTBo H FT, COCTOUT U3 QYHKITHH WDWé’l( Q), yIOBIETBOPSIONINX O]

HOPOJHBIM KpaeBbIM M HavalbHbIM ycnosuaM B (12), m rakux, uro ¢w UL (07 ;Ws (&),
pwl L, (0,7 ;W§+S(G5 )). PaccMoTpuM BcioMOTaTeNnbHYIO 3a/1a9y
Lwo = (Xt U, U = f(xT 0O w0)= K whk=0 BwWs=0"q B (16)
B cumy Hammx ycioBui  Ha  JaHHBIE M TEOpEM  BIOXKeHUs Uy [l Cz_(mz)/p(G) ,
pu, 0 cZrs(m2) p(EJ) . Jlerko  mposeputh, wucmoms3ys ycmosus 1-4, uro  FUL,(Q),
PR 0L, (O,T;WS(GJ)) 1 GoJiee TOTO CIIpaBeIHBa OIIEHKA
<
Torna B cumy Teopems! 1 pemenne W, 3axaun (16) nomyckaer oneHKy
= <
190 Dy =105 gz ry 109Dy HI BV = R (7
Bo3bmewm B kauectBe mapamerpa R, Benmumunny 2C; (R;) (0e3 orpaHnueHust OOLUIHOCTH CUUTACM, UTO

— T .
3Ta MOCTOSHHAS He 3aBUCHUT OT I <T ). Mmewm permenne W B mape B, = {wlH ol W||H : < R, }. Umeem,

HCIIONB3YS TEOPEMBI BIOXKEHHS, uTo Ipu @ <1-— (n+ 2)/ 2p

st — <7 supl W PUEE) = (WD) )

@) g, It —t, |7
XdG

Awnanornuno (mpu a <1/2- (n+ 2) 2p)

10w+ ®-t) 7 <77 fiifl O((w+ qa)(ﬁ t_z(F’M)( x b))
xadG

<cr? WlLNg'l(Q’) +]|® ||sz1( 9 )=c(RY”.

ST (Wizsry ¥ P llyay g G RXY

W3 sTux ABYX HCPABCHCTB BBITCKACT, YTO HaﬁZ[CTCﬂ Tl <T TaKoe€, 4To npu 7T < Tl BBIIIOJIHCHO, YTO

c(R)7% < R/4, ¢(R,)7 < R/4 u 3nauut npu WL B, GyzieT BHINOIHEHO, UTO

+Of — +[|O(w+® 18
W+ =+ D(w+®)| (18)

a= R

Janee, HETPyIHO MOKa3aTh, YTO HalAETCA mapaMeTp 7, < T Takoi, yro it modoi qUB; u 7<7,
ypaBHenue (15) umeer pemenue B mape B, , npudem mocrpoenHoe oroOpaxenne § — W(() ynosie-
TBOpsieT ycioBuio Jlummmia. YToOBl MOMydYHTH yTBEpKICHME, MBI MOKA3bIBaeM, 4YTO OTOOpaKCHHE
L_l(F(X,W,G)) nepesoauT map B, B ceba u sBasercs B HeM cxxkumaromuM. ITokaxkem, Hampumep,
cxuMaeMocTh. PaccMoTpum Hanbosee cimokHbIH cirydail S<1. B cury Teopemsr 1

|| L_l(F(X,V\i,C])— F(X V\é'_.Q)”HBS ¢|| F\’ X W#W_ E X W_.):”LP(QT) +
1G(F O, @ = FOXW DI 6 s

[epBoe ciaraemMoe OIEHUBAETCS C UCTIONB30BaHUEM 1—41 TeopeM BIOKCHUS Uepes

@+ R)I W= Wi, < € R BTV W Wl

st Hekotoporo ) <1/2— (n+ 2) 2. Ilycte Av=v(X+ B — \( ¥. YToOBI OleHUTH BTOpOE CllaraeMoe,
ucnonszyem (K =1, 2) npeacraBneHus

Anp(F (W, Q) =

1
I%qé(xwh) FOcH D (W + D)3+ 70 W+ ®),0(( W+ D) X+70( w+ D)), Y 4=
0
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Py (x+nh) T(x+7h (v + ) +7Ap( v+ @), 0(( we+ P)( x+7A (( Wt P)), i+

n
i=1

O —r

+D PO+ (x+h(w + @)X +7A0( Wt @), 0(( w+ D) X+70 | w+ D)), 1t

i=1

+ i, (X+7h (W + P)(R +78 (W + P), (W + P)( 3 +70 ([ Wt D)), A { Wt P) +
37 F (N (W + PY) + 78 W+ ), (Wt @Y F+78 1 Wt BNA | W+ B, )]l
i=1

1 CJIEIYIONYT0 DKBUBAIEHTHYIO HOPMY B IIPOCTPAHCTBE W; (Bs()) (em. [13]):

1

p — 1 0 i
”VIKNS(BJ(XJ)) J‘B"O(O)|h|n+SpJ‘Bj,h|AhV| dxdh Ah\F v ¥ h @)‘

rae By, ={xUB;: x+ 1 B( X)} n & =(0-9,)/2. bepem h<3,. Jlaniee Mbl TOIKHBI BHIMECTb 3TH

npezcrasienus mpu K =1, K =2 u yuects ycnous 1—4u TeopeMbl BIOKEHHS TIPH OI[EHKE HHTETPAIIOB.
Hycts W(G) —pemenne 3anauu (12) npu nexoropom ¢ U B;. Ionaras X = X; B (12), mony4um

G+ AN, Y = F(x, 1w @)(Ox), O(wrP)(x), 79— € x e ;%0 4(;3,0, § . (19
BTO YpaBHCHUC MOKHO MCPCIUCATh B BUAC
F(X 6 (%), 0w(%), Q- f(x 1y X.0 ¢ X0,0=¢;+
f(X 6 (%), 0w(%), - f{x, 1 wr@)( ),0( wd)( X, I+ A Xx)E d)
1 BOCIIOJIb30BaThCs yeiaosueM 4. Mcnonbiys ycioBre 4, cBeeM 3a1ady K ypaBHEHHIO
4=F9(9), 9=(g G -» 9)-
Hcnonb3ys 4 1 ycnoBusi Ha AaHHBIE JIETKO MOKa3aTh, YTO OIEPaTop F_l(g (§)) mepeBonut map B;

B ce0s U SIBISCTCS B HEM CKUMAIONIMM, €CIIH IapaMerp 7 JOCTaTOYHO Mail. [lokakeM, YTO yCIOBHs
nepeonpenenenus (13) eoimonnenst. Honaras X = X; B (12), Mbl noxy4nm cucremy

W (X, O+ A%, = FOx, t(wk @)( x), 00 w@)( ), "~ €% .t4( ;3.0 g ; X0). o .
Borunras (19) u3 sToro paBeHcTBa, MOIYIAM W (%, ) - it = 0. UHTerpHpys 3TO paBEeHCTBO 10 t
¥ YUHUTBIBAs yCIOBHSL COTTIACOBAHU, moynM W(X;, t) = nns Beex j=12..,r. Yo

Ipumep. PaccmoTpum  smHelHy0  3agayy 00  ompelelieHMM  MpaBOd  YacTH:

fxtudud=3"1 ay +auy " H xXc

[TpuBeneM yciioBus Ha TaHHBIC, TAPAHTHUPYIOLIHE BBITOTHEHUE yCIoBuil 1—-4.
VYcnosus 1-3cBOASTCS K YCIOBHAM

3 0L, (Qn L0 T;We(G)), b L T L(Q)n L@ TW(§) (20)
JUIS HEeKoToporo jgomyctumoro mapamerpa O >0, rme k=0,1..,ni=12.., m IMoctpouMm matpuiry
B(t) pasmepHocTH MX M (M= I1y) cTpokn KoTopoi ¢ Homepamu oT (j—1)rp+1 mo jry 3aHATHI
cToJI0aMu (bl(xj 1), by( X, D, ... R( X Y). Toraa ycnosue 4 BbIMONHEHO, ecnu Hakaercs O >0 Takoe,

4TO
|detB ()= Jyn.B.HA (O, T). (22)

Aemopwt  noddepoicanvt PODOU u  npasumenvcmeom XMAO-FOI'PhI (Ipanm 15-41-00063,

p_ypai_a).
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ON THE SOURCE FUNCTION RECOVERING IN QUAZILINEAR PARABOLIC
PROBLEMS WITH POINTWISE OVERDETERMINATION CONDITION S

S.G. Pyatkov, V.V. Rotko
Yugra State University, Khanty-Mansyisk, Russian Federation
E-mail: s_pyatkov@ugrasu.ru

In the article we examine the question of well-glress in the Sobolev spaces of the inverse source
problem in the case of a quasilinear parabolicesystf the second order. These problems arise when
describing heat and mass transfer, diffusion,afiibn, and in many other fields. The main parttef t
operator is linear. The unknown functions dependingime occur in the nonlinear right-hand side. In
particular, this class of problems includes theffament inverse problems on determination of theér
order coefficients in a parabolic equation or aeys The overdetermination conditions are the \&alue
of the solution at some collection of points lyimgide the spacial domain. The Dirichlet and oldiqu
derivative problems are taken as boundary conditidie problems are studied in a bounded domain
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with a smooth boundary. However, the results cagdreeralized to the case of unbounded domains as
well for which the corresponding solvability them® hold. The conditions ensuring local in time well
posedness of the problem in the Sobolev classesxg@sed. The conditions on the data are minimal.
The results are sharp. The problem is reduced twparator equation whose solvability is proven with
the use of a priori bounds and the fixed point teeo The solution possesses all generalized derdgat
occurring in the system which belong to the splac&ith p > n + 2 and some additional necessary
smoothness in some neighborhood about the ovendiegion points.

Keywords: parabolic equation; inverse problem; haat-mass transfer; boundary value problem;
source function.

References

1. Marchuk G.l. Mathematical Models in EnvironmérRaoblems. Studies in Mathematics and its
Applications.Studies in Mathematics and its Applicatiph986, Vol. 16, pp. 5-6. DOI: 10.1016/S0168-
2024(08)70234-0

2. Prilepko A.l., Solov'ev V.V. Solvability theoresnand the Rothe method in inverse problems for
an equation of parabolic type Differ. Uravn 1987, Vol. 23, no. 10, pp. 1791-1799. (in Russ.).

3. Afinogenova O.A., Belov Yu.Ya., Frolenkov |.Vtabilization of the solution to the identifica-
tion problem of the source function for a one-disienal parabolic equatiomoklady Mathematics
2009, Vol. 79, Issue 1, pp. 70-72. DOI: 10.113488562409010207

4. Belov Yu.Ya., Kirshun K.V. On recovering the soel function for the Burgers-type equation.
Journal of Siberian Federal University. Mathemat&$hysics 2012, Vol. 5, no. 4, pp. 497-506. (in
Russ.).

5. Kuliev M.A. Mnogomernaya obratnaya zadacha dgigaabolicheskogo uravneniya v ograni-
chennoy oblasti (A multidimesional inverse problémn a parabolic equation in a bounded domain).
Nelineynye granichnye zadacB0D04, Vol. 14, pp. 138-145. (in Russ.).

6. Prilepko A.l., Solov’ev V.V. Solvability of thewverse boundary-value problem of finding a coef-
ficient of a lower-order derivative in a parabadiguation Differ. Equations1987, V. 23, no.1, pp. 101-
107.

7. Guidetti D. Asymptotic expansion of solutionsatvinverse problem of parabolic typelvances
in Difference Equation2008, Vol. 13, no. 5-6, pp. 399-426.

8. Guidetti D. Convergence to a stationary stateatiitions to inverse problems of parabolic type.
Discrete and continuous dynamical systems. Series?283, Vol. 6, Issue 3, pp. 711-722.
DOI:10.3934/dcdss.2013.6.711

9. Prilepko A.l., Orlovsky D.G., Vasin .A. Methodigr solving inverse problems in Mathematical
Physics, New-York: Marcel Dekker, Inc, 1999, 709 p.

10. Pyatkov S.G., Samkov M.L. On some classes efficeent inverse problems for parabolic sys-
tems of equationsSiberian Advances in Mathematic®012, Vol. 22, Issue 4, pp. 287-302. DOI:
10.3103/S1055134412040050

11. Ozisik M.N., Orlande H.R.Binverse Heat Transfer: Fundamentals and Applicaiodew
York: Taylor & Francis, 2000, 314 p.

12. Mamonov A.V., Tsai Y-H.R. Point source idemdfiion in nonlinear advection-diffusion-
reaction systems.linverse Problems 2013, Vol. 29, no. 3,p. 035009. DOI: 10.1088/0266-
5611/29/3/035009

13. Triebel H. Interpolation Theory, Function Spaces, Differenti@perators Berlin, VEB
Deutscher Verlag der Wissenschaften 1978, 528 p.

14. Denk R., Hieber M., Priss J. Optinhd+L%estimates for parabolic boundary value problems
with inhomogeneous datdlath. Z 2007, Vol. 257, Issue 1, pp. 193-224. DOI 10.1800209-007-
0120-9

15. LadyZenskaja O.A., Solonnikov V.A., Ural'cevaNNLinear and quasi-linear equations of
parabolic type Translations of Mathematical MonographBrovidence, RI: American Mathematical
Society, 1968, Vol. 23, 648 p.

16. Amann H. Compact embeddings of vector-valuedo®y and Besov spaceSlasnik mate-
maticki, 2000, IIl. Ser. 35, no.1, pp. 161-177.

Received September 21, 2017

26 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2017, vol. 9, n 0. 4, pp. 19-26



DOI: 10.14529/mmph170404

SOBOLEV TYPE MATHEMATICAL MODELS WITH RELATIVELY
POSITIVE OPERATORS IN THE SEQUENCE SPACES

N.N. Solovyova, S.A. Zagrebina, G.A. Sviridyuk
South Ural State University, Chelyabinsk, Russian Federation
E-mail: zargebinasa@susu.ru

In the sequence spaces which are analogues of Sobolev function spaces we
consider mathematical model whose prototypes are Barenblatt — Zheltov —
Kochina equation and Hoff equation. One should mention that these equations
are degenerate equations or Sobolev type equations. Nonexistence and
nonuniqueness of the solutions is the peculiar feature of such equations.
Therefore, to find the conditions for positive solution of the equations is a topical
research direction. The paper highlights the conditions sufficient for positive
solutions in the given mathematical model. The foundation of our research is the
theory of the positive semigroups of operators and the theory of degenerate
holomorphic groups of operators. As a result of merging of these theories a new
theory of degenerate positive holomorphic groups of operators has been obtained.
The authors believe that the results of a new theory will find their application in
economic and engineering problems.

Keywords: Sobolev sequence spaces; Sobolev type models; degenerate positive
holomorphic groups of operators.

Introduction
The Barenblatt—Zheltov—Kochina equation [1]

(A—A)u, =cAu+f (1
simulates the pressure dynamics of the fluid filtered in fractured porous media. Besides, the equation (1)
simulates processes of moisture transfer in a soils [2] and processes of the solid-to-fluid thermal conduc-
tivity in the environment with two temperatures [3]. Note that the required functionu =u(x,7) must be
nonnegative, that is # >0 by physical necessity. The Hoff equation [4]

(A+A)u, =ou+f 2)
simulates the H-beam buckling under the influence of high temperatures. The case is also most
interesting when the required functionu =u(x,¢) is nonnegative.

Consider both equations as special cases of Sobolev type mathematical model such as

Lu, = Mu+ £ 3)
given in Sobolev sequence spaces
o Mg
7= u={u}: Z A2 |uk|q <oo |\meR, ge[l,+e0).

k=0
Here L=L(A) and M =M (A) is polynomials with real coefficients, and their degrees satisfy the

relation
deg L >deg M ; 4

A 1is transfer of the Laplace operator 4 to spaces l(’]", a {4 4 €R,} is monotonically increasing

sequence such as lim /4, = +oo.
k—>oo

The peculiarities of our approach will be, firstly, the active use of the theory of bounded operators
and the degenerate holomorphic groups of operators generated by them [5, ch. 3]. Secondly, we apply
the theory of positive groups of operators, defined on Banach lattices [6, ch. 2 and 3], to lay the
foundations of the theory of positive degenerate holomorphic groups of operators whose phase spaces
are Banach lattices. Thirdly, we consider the concrete mathematical model (3) in Sobolev sequence

spaces [', me R, ge [l,+e0), which can be interpreted as the space of Fourier coefficients of solutions
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of initial-boundary value problems for equationstbé form (1) or (2). Let us note the difference
between our approach and the ideas and methodssaam [7].

The foundations of the theory of degenerate p@&sigioups of operators theory are laid in the first
part of the article, which are generated by reddyivpositively bounded operators. The degenerate
positive holomorphic groups of operators obtainegl @pplied to the study of the Cauchy problem
solvability for the homogeneous (thaff{§ = 0) abstract equation (3). The initial value is tak®m the
phase space of such an equation. In the secondtiparsolvability of the Showalter—Sidorov problem
[8] for the abstract nonhomogeneous equation (3)stiadied. Sufficient conditions are obtained Far t
existence of a positive solution of this problenbskact results are applied to a mathematical moidel
the form (3), wherelL = L(A) and M =M (A) are polynomials with real coefficients. It is ndtiat the

Barenblatt—Zheltov—Kochina equation fdn[OR, satisfies the sufficient conditions found, and

therefore the initial-boundary value problem camehaon-negative solutions. The final part of
the article outlines directions for further possibkésearch. The list of literature does not pretend
to be complete and reflects only the tastes an@éamces of the authors.

1. Degenerate positive holomorphic groups of operats
Let ¥ and £ be Banach spaces, operatoBDL(‘U;T) (i.e. linear and continuous),

M O CI(v;F) (i.e. linear, closed and densely defined). S@LI$M):{/¢ OC:(pL- M)_lﬂﬁ(f;‘u)}
and oL(M ) =C\p-(M) are calledesolvent seand L -spectrum of operatoM respectively. Operator
M is (L,o)-boundedf

Da0dR,0x0C (luba)=@dp-M)).
If operatorM is (L,0)-bounded, then operatdps Qare the projectors

_ 1 L — 1 L
P—Z—M.}[Rﬂ(M)CpDL(‘U), Q—%J}:Lﬂ(M)ChDL(T).

Here R;(M)=(uL-M )7L is called a right resolvengnd L. (M)=L(uL-M )™ is is called deft

resolvent of operatorM ; contour y= {/1 OC: | ul= r>a} . Here and below, loop integrals are

understood in the sense of Riemann. We considespsigesV° = kerP, ©*=imP, #°=kerQ,

#'=im Q; and denote operator of the contractioifM ) on U"(U" n dom M) by L, (M), k=0,1.
Theorem 1.1.Let operatorM be( L) -boundedThen

(i) operators L, DLL(’UK;TK) ., k=0,1; and there exist the operatchIlDL(q:’l;Ul) :
(ii) operators M, DCI(U" ;Tk) , k=0,1; and there exist the operatdv ;* Dﬁ(fo; ‘U°) .
Let operator M be (Lg)-bounded, construct the operatét= MglLOD[,(‘UO). OperatorM is

called (L, p)-bounded, pOA, ((L,0)-bounded if HP 2@, and HP*=O(H = 0). Let operator
M be L ,p)-boundedp{0} O N, we consider the equation

Lu = Mu. (5)
Vector functionu=u(t), tOR, is solution of equation (5f it satisfies this equation. Decisian= u(t)
is calledsolution of the Cauchy problem

u@0) =1, (6)
if it satisfies condition (6) at some, U . The set? 0 U is phase spacef equation (5) if its any

solution u(t)DfP at eachtOR ; and for anyu,J® there exists a unique solutianJC' (R;V) of

problem (6) for equation (5). Finally, we introduaedegenerate (iker L;t{C}) holomorphic (in the
whole planeC ) group of operators

28 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2017, vol. 9, n 0. 4, pp. 27-35



Solovyova N.N., Zagrebina S.A., Sobolev Type Mathemat ical Models with Relatively
Sviridyuk G.A. Positive Operators in the Sequence Spaces

U'=—[R;(M)e“gd,t0C.

notice, thatv® = P , where ker P [ ker L.
Theorem 1.2.Let operatorM be(L,p)-boundedp {0} ON. Then
(i) any solutionud C! (R ;0) of equation (5) has the form(t) = Utu0 , tOR, and someu, OU ;
(i) the phase space of equation (5) is subspate
Thus, under the conditions of the theorem Il.-ZesoIvent(/lL—M)_l of operatorM in the ring
|u|>a decomposes into a Laurent series

(WL -M) =3 S QY hF H M (- Q)
k=1 k=0
where operatorS= L;* M, 0(UY), H=M'L,0£(0°. Hence the resolving degenerate graiip
of equation (5) is as follows
U'=(-Q+e™Q
where
st 1 ¢ o St
e _ﬁiw— S) é' = %F

is the group of operators of equation (5), giveritenphase space’ .

Next, we give an order relatiore™, compatible with both vector and metric structyreo U In
other words, we assume that'{>) is a Banach lattice. Recall those properties afidh lattices,
which will prove useful to us in the future. An arbry set x is calledorderedif on x x.x* there is

therelation of order=, which satisfies the following axioms:
(io) x= x for eachxO.x ;

(iio) (x=y)O(y= X=(x ¥ foranyx, yO.x;

(iiio) (x=y)O(y= 2= (> yforanyx,y,zlx
An ordered vector spacg is calledRiesz spac# in addition, the following axioms are satisfied

(ivo) (x= y)=>(x+ z= w ¥ forall x,y,Z0x .

(vo) (x= y)=(axzay) forallx, yOx and eachu {0} OR, .
The Riesz spacg is calledfunctional Riesz spade uOv, ud Vx for anyu, v(I.x . Here

(uDV)(¥) =max(u(x) ,  J) (0 (¥ =min{ L% ¥

The space<(Q), C(ﬁ), where Q OR" is a domain, and spacés, where qU [1,+] are the
classical functional Riesz spaces examples. Irete@amplesu (v, ul v are defined pointwise, but if
measure is given o, and It is possible to define these elements aleesrywhere, then the Lebes-
gue spaces (Q) g [1,+o] can be assigned to the to the functional Riesezespa

In the Riesz function space, the following elemectn be definedu, = max{u,(} , and
u_=min{-u,@, so thatu=u, —u_, and there is another elemdot=u, +u_ If norm ||[nlx is given
on the Riesz functional space and satisfies the axiom

(vio) (ju2|M)=(|ul, 2] {,) forall u, vil.x,

then we call the Riesz function spage normed Riesz function spack complete normed functional
space is called a Banach lattice. SpaCE(Q),C (5) and Lq(Q) with the qualifications specified

above, as well as spatg, where domairQ [J R",q0 [1,+ ] are examples of Banach lattices.
Further, letX is vector space. Convex setl X we call a cone if
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(ic) c+cOc;

(iic) ac O ¢ foranya {0} OR, ;

(iiic) ¢ n(-c)={0}.
The conec is calledgenerativef

(ivc) c-Cc=x.
Now let X is Riesz space. We construct the set

X, ={x0x:x=0}.

Proposal 1.1.Let x be a vector space; [ x is generativecone. Then x is Riesz space, where

relative = is given by
(xzy) = (x=ydo).
Proposal 1.2Let x be Riesz space, the, is generative cone.
Let X be Banach lattice with generative cofie . Linear bounded operatéi] (X" ) is positiveif

Au=0 for all ullx,. Holomorphic group of operatorX" ={ Xt Xt DL(X)for all tDR} is called

positiveif X'u=0 forall udx, andtOR.

Proposal 1.3.Holomorphic group X® is called exactly positive when its generator @sifive
A= (Xt)t:o'

Finally, let us return to the abstract problem (6), We will be interested in ifgositive solution
u=u(t), i.e. such thatu(t) >0 for all tOR. Therefore, we consider the phase space of equi)jou’
Banach lattice, generated by a cong. (L, p)-bounded operator Mis positive (L, p)-bounded
pO{0}ON if Sudv; for any udv;. The degenerate holomorphic groty OC® (R;£(V)),
generatedL, p) -by positive operatoM is calleda degenerate positive holomorphic group

Theorem 1.3.Let operator M is positive( L, )-boundedp{0} ON. Then for anyu, O} there
is the unigue positive solutiam=u(t), tOR, of problem (5), (6), and it has the fomnt) = S' y .

2. Mathematical model in sequence spaces
Let U u ¥ be Banach spaces, operatdrl £(v;#), M OCI(V;F), and operatoM is (L, p)-
bounded,pD{O} O N. Consider a linear inhomogeneous equation of Setigpe
Lu=Mu+f . (7)

Vector functionuO C([0 z); V) n cl((o,r);v), tOR, , is calledsolution of equatiorf7) if it satisfies
this equation for somef = f(t). The solutionu=u(t) of equation (7) is calledolution of the
Showalter — Sidorov proble[f]

lim P(u(t)-w)=0, (8)

t-0+
if it also satisfies the initial condition (8). HelP:U — U* along V° is projector. Further, lev be a
Banach lattice generated by the cope. The solutionu=u(t) of problem (7), (8) igpositive if

u(t)0, foranytO[0,7).

We will be interested in the conditions under whible solutionu =u(t) of problem (7), (8) is
positive. Let# be also be a Banach lattice generated by a®ond operatorM is (L, p)-bounded,
pD{O} ON, then it is not difficult to show that the subseaa)k and #¢ |, k=0,1, are also Banach
lattices generated by cones‘= U¥n v, and #=#"n % , k=0,1, respectively.(L, p) -bounded
operatorM s calledstrongly positivef
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(ip) operatorl, :v? - %2, and operatot,: U+ - &} is a toplinear isomorphism;

(iip) operatoM, : U+ n domM - &} and operatoM,,: U9 n domM - £, and Mgl[ﬁo] Owvl.
It is easy to see thaitrongly positive (L, p) -boundedoperator M is positive (L, p)-bounded,
pO{0} ON. Letbe f =(7-Q) f +Qf = f°+ f*, whereQ:¥ — & is projector alongs, .

Theorem 2.1.Let U be a Banach lattice and operatdd is stronglypositive (L, p) -bounded,
pO{0} ON. Then for any  vector functions  f:[0,7) - such that

fODCp"l((o,r);fFO),—fo(k)(t)DﬁO, k=0,p+1, tO(0,r), f'O C([O,r);fff), and for any vector

Uy JU, such that ué Ou? there exists the unique positive solutior u(t), which also has the form

u(t) = —i HX M(;l fO(k) (t) +UtU0 +jUt—r Lilfl(l') ar.
k=0 0

k
Here f %% ®) =% fO(t), k=0, p+ 1. Proof of the theorem 2.1 does not differ fundatakyfrom

the proof of the theorem 5.1.1 [5]. We check thsitpaty of the resulting solution for the read&ve
also note that conditionf o(k) (t)D fF+°, tO (O,r),k=Wj, seems difficult, so here is an example:
fO(t)=—e™ £°, wherea R, , f, 0.

We consider Sobolev sequence spaté%s mOR, qO[L,+). First of all, we note that these
spaces are Banach spaces with the norm

w0
o] 01

Then pay attention to dense and continuous inveﬂtnh§' = Ig at m=n. (The proof of this fact
is left to the reader). Finally, we set operaton= (A u,), whereu=(u,). We show that operator
AOL (1g7%18. Indeed,

1
. Mg )
IAul, = kZ_l/'kz ud* | =[] s,

Let's construct operatols=L(A) and M =M (A), where L(s) and M(s) are polynomials with

real (for simplicity) coefficients. If the conditio(4) is satisfied, that operatots M DL(Ig”deg";I(;“),

mOR, qO [1,+0). Indeed,|u] psqeqr. =Yl uDIg”degL, mOR, qO[L +). Hence, by the

m+degM, q’
continuity of the embedding***%- = |T**9™ follows the truth of what has been said.

Lemma 2.1.Let

(i) the condition (4) is satisfied:;

(i) polynomialsL = L(s) and M =M (s) have only real roots and have ho common roots.

Then operatorM is (L, 0)-bounded.

Before proceeding with the proof of this assertiar, make a number of remarks. At first, let op-
eratorsL, MO£(U;F), where¥ and ¥ are Banach spaces. If there exists a vept@rV such that

My = Lg, where the vectop OkerL \{ (} , then it is called the adjoint vector of operator Secondly,

operator ADL(‘U;T) is called Fredholm operator, dlim kerA= codimimA. Third, the proof of
Lemma 2.1 will be based on the following assertighich is a particular case of Theorem 4.6.1 [5].
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Proposal 2.1.Let be operatorsL, M DE(‘U;T), and operator L is Fredholm operator. Then the

following statements are equivalent:
(i) operator M is (L,0)-bounded;
(i) operator L does not have associated vectors.
We proceed to the proof of the lemma 2.1. Fredhaimof operatoi = L(A) is obvious. Let poly-

nomial L =L(s) has no real roots. ThekerL (/\)={q , means operatot. does not have associated
vectors. If polynomialL = L(s) has real roots, thek\erL(/\) ¢{ (} and finite-dimensional. If condition
(ii) of the lemma 2.1 is satisfied, theM (A)pOimL(A) for all pOkerL(4)\{G. Lemma 2.1 is
proved.

We introduce in spacelé“,mDR, gO [L+ ), Banach lattices. In each of them we choose alfami

of vectors{q(}, all components of which are zero except for thegonent that is equal to unity. We
construct the linear span of these families comgjsof linear combinations of these vectors with
positive coefficients. The closure of this line&el in the norm of the spad(g‘ we denote byC(;“,

mOR, qO[L,+x). As is easy to seé:g‘ is generating cone in spatgé, mOR, qO[1,+o).

Lemma 2.2.Let the conditions of the lemma 2.1 are satisfad] all the coefficients of the poly-
nomials L(s) and M (s) are positive. Then operatavl is strongly positivgL,0)-bounded.

Proof. By the lemma 2.1 and theorem 1.1 spHE€®9" splits into a direct surtfy®*9- 01 7y %%,
and 110%% =kerL (A). If kerL(\)={¢, then the assertion of Lemma 2.2 is obvious. Let
kerL(A)#{ @ . This can happen only when one of the roots ofpibignomial L(s) coincides with a

member of the sequendgl}. By construction, the sequende,} monotonically increases, and
lim 4, =+c. This, in particular, means that a set of equahseof a sequence can not be infinite. Let

Koo

Aj= A4y =..= 4y =4, where 1 is the root of the polynomial L(s). Hence

kerL(A) = sparﬁej YRR } :

Further, the space |y also splits into a direct sum lgp01g

q» and
(TO =M (A)[ker (/\)]=spar{ej Q41 v qﬂ} : alg‘lz imL(A\), i.e. Ig‘l there is a closure in the norm

m

span of vectorge, 4, # i} .

q,1l

Hence, Ig"fdeg" there is a closurespar{ g, 4 # 4} in norm Ig"fdeg". Strongly positive(L,0)-
limitation of operatorM follows from the positivity of the coefficients dlie polynomialsL(s) and
M(s) .

By Lemmas 2.1, 2.2 and Theorem 2.1, we have

Theorem 2.2.Let the conditions of Lemmas 2.1 and 2.2. Therafyr vector functionf = f (t)
such  that  foOCH(O.r)Ie®t)  and  —fOt)OCI™ %" nI5®;t0(0,r),  and

leC([O,r);CC']“"deg'- N Ig"fdegL) and any vectou, DCC’]“J'deg" , such thatug DCC’]“J'deg" N Ié‘ffdeg" _ there

exists a unique positive solution of the probleim (&) u = u(t), which also has the following form
t
u(t) ==Mg" OO +U'uy + U™ 15 £ (s)ds.
0

Here
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- fic(t)e e M (A } - = fi(t)e
MLFO(t) = k ,Utug=Y""ex Jt (g, G (D)= =X
= 0 T g e O G

and the prime at the sum sign means that the suomiatover the setk DN, # 4} .

Comment 2.1.All the arguments above were carried out underirtiidicit assumption that only
one root of the polynomial(s) coincides with some term of the seque{m@} . However, these argu-
ments are not difficult to extend to the case wheveral roots and even all the roots of the polyabm
L(s) coincide with the terms of the sequerég} .

Comment 2.2.If we return to the mathematical models (1) angg@ad consider them from the
point of view of the approach suggested above, Weran see that in the case (1), hon-negative solu
tions are possible (at, a0 R, ), and in the case of (2) such decisions can roinhde (even with

f (t)=0).

Conclusion

To continue the tradition laid down in [7], the hekep should be the study of a stochastic model of
the form (3). To date, the main results have aldagkbn obtained, but unlike [7] they are basedonot
the Ito—Stratonovich—Skorokhod approach, but onNle¢éson—Glickich derivative [9]. In addition, it
would be interesting to consider various genertiima of the Showalter—Sidorov condition [10]. Fi-
nally, it would be nice to consider the relatiom$vireen the powers of the polynomidlsand M , other
than (4) [11-13].

The work was supported by Act 211 Government of Russian Federation, contract
M 02.A03.21.0011.
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HEKOTOPbLIE MATEMATUYECKUE MOLEJIN COBOJIEBCKOIO TUMA
C OTHOCUTEJIbHO NO3UTUBHBLIMU ONEPATOPAMU
B MPOCTPAHCTBAX NOCJIEAOBATEJIbHOCTEW

H.H. Conoebéea, C.A. 3azpebuHa, ' A. Ceupudiok
HOxHO-Ypanbckuli eocyGapcmeeHHbIl yHugepcumem, e. YensbuHck, Poccutickass ®edepayus
E-mail: zargebinasa@susu.ru

B mpocTtpancTBax mocienoBaTenbHOCTEH, ABISIONIMXCS aHAJIOTaMH (PYHKIIMOHABHBIX IIPOCTPAHCTB
CoboeBa, pacCMOTpeHa MaTeMaTH4ecKast MOJIeNb, MPOTOTHIIAMU KOTOPOU CITyKaT ypaBHeHUE bapeHO-
narra—Kentopa—KounHoit u ypaBHeHre Xodda. OTMETHM, YTO 3TH YPABHEHUS SIBIISIOTCS BBIPOXK/ICH-
HBIMHA ypaBHEHUSIMH WM YPaBHEHHAMHU COOOJIEBCKOTO THma. [ TakuX ypaBHEHUH OTIMYUTEIHHOU
YepTON CITy’KaT (hEeHOMEHBI HECYIIECTBOBAHMS M HECTUHCTBCHHOCTH pelieHui. [1oaToMy HaxoxaeHue
YCJIOBUI CYILIECTBOBAHUS MO3UTHUBHBIX PEIICHUIN TaKUX YPaBHEHUN — aKTyaJbHOE HAlpaBICHUE HCCIIe-
JIOBaHWU. B cTaThe ommcaHbl yCIIOBUS, TOCTATOYHbIE /IS CYIIECTBOBAHMUS MO3UTHBHBIX PEIICHUN B pac-
CMOTPEHHOM MaTeMaThudeckoi Mojienu. OyHJaMEeHTOM HallluX HCCIIEIOBAaHUM CTalu Teopus MO3UTHUB-
HBIX TIOJYTPYII ONEPATOPOB U TEOPHS BHIPOKACHHBIX TOJIOMOP(MHBIX TPYIIT ONepaTopoB. B pesynbrare
CJIMSTHUSI STHX TEOPHH TOJTYYHIach HOBAask TEOPHS BBIPOKIACHHBIX MO3UTUBHBIX TOJIOMOP(HBIX TPYIIT
orepaTopoB. ABTOPHI HAZICIOTCS, YTO PE3yIbTATHl HOBOI TEOPHH HAWIYT IPUMEHEHHE B SKOHOMUYECKIX
Y MHXCHEPHBIX 3a/1a4ax.

Knioueswie cnosa: cobonegvr npocmpancmea nociedosamenvHocmeil; Mooeau co601e8cK020 muna;
BbIPONHCOCHHbIE NO3UMUBHBIE 20TIOMOPPHbLE 2DYNNbI ONEPAMOPOS.
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BbICTPOE PELUEHUE MOOENIbHOW 3A0AYMU
AnA YPABHEHUA MYACCOHA

AJl. Ywakoe
tOxHo-Ypanbckuli 2ocyGapcmeeHHbil yHugepcumem, 2. YensbuHck, Poccutickass ®edepayus
E-mail: ushakoval@susu.ru

PaccmarpuBaerca ypaBHenue Ilyaccona B mpsMOYroJibHOW 00JacTH NpH
CMELIAHHBIX KpaeBbIX ycaoBUsIX. Ero 4mciaeHHoe penieHHe ¢ MOMOIIBIO MTepa-
IHMOHHBIX (PAKTOPHU3ANMil U (PUKTHBHOIO NMPOJOIKEHHS CBOAUTCH K PeLIeHHI0
CHCTEM JHHEHHBbIX ajJredpanvyecKuX ypaBHEeHHIl ¢ TPeYroJabHBIMH MATPUIIAMH, B
KOTOPBIX KOJHYECTBO HEHYJIEBBIX 3JeMeHTOB B Ka:KI0W CTpOKe He §oJiee Tpex.
IIpu 1ocTaTOYHO MaJIOii MOTPENIHOCTH ANNMPOKCHMALMH pelliaeMoii 3aga4uu 3a1a-
BaeMasi OTHOCHTe/IbHAsI MOTPEUIHOCTh YHMCJIEHHOI0 MeTOo/la NOCTHUraeTcs 3a He-
ckoJbko HuTepanmii. IlpennaraeMsblii MTepalUOHHBIN MeTOA SABJsIeTCS NMOYTH
NPAMBIM METOJ0M, aCHMNTOTHYECKH ONTUMATBHBIM M0 KOJUYECTBY apudMeTH-
YyecKHX omepanuii. Pa3padoTan uTepauuoHHBINH MeTOx /s YKa3aHHOWH MojeJib-
HO¥ 3afa4u. JTa 3aJa4a MOJIy4YaeTcs B MeTOJaX (PMKTHBHBIX KOMIIOHEHT NpH
pelieHNH KpaeBbIX 32124 s JLUINNTHYecKuX A depeHIuATbHBIX YPABHEHU
BTOPOr0 M 4YeTBEPTOro MOpsAAKOB B IUIOCKHX obJsacTsax. Ilpeanosken ajaropurm
AJISl peajJu3alii YUCJICHHOr0 MeToJa ¢ ABTOMATHYEeCKMM BbIOOPOM HTEpAIHOH-
HBIX IAPaMETPOB HA OCHOBE MET0/Ja CKopeiillero cmycka. 3aiaH KpUTepuii ocra-
HOBKH HTEPAIMOHHOI0 Mpouecca, NPU JOCTHKEHUH 3apaHee 3a1aBaeMoOil OTHO-
CHTebHOI norpemHoctTy pemenus. [IpusoasTes rpaguyeckue pe3yabTaThl Bbl-
YUCIUTEIbHBIX JIKCHEPUMEHTOB, NMOATBEP:KIAlOIIMe ACHMNTOTHYECKYI0 ONTH-
MaJIbHOCTh MeTO/[a 10 BBIYHCIAUTENbHBIM 3aTpaTaM. IlocTpoeHue MeToaa ocHO-
BbIBaeTCs HA HCNO/Ib30BAHUN KOMILIEKCHOTO aHAJIN3A.

Kniouesvie crnosa: umepayuonnvle pakmopusayuu; pukmusHoe npoooadliceHue.

BBenenue

PaccmatpuBaercs ypaBHenue IlyaccoHa B MpsSMOYTONBHHKE, KOTJa Ha JBYX CMEXHBIX CTOPOHAX
MPSIMOYTOJIFHUKA 337]aHo ycinoBue Jupuxie, a Ha ABYX IPYTHX CTOpPOHAX BBIMONHAETCS yciaoBue Heii-
MaHa. J[JI1 pa3HOCTHOrO aHaJiora 3TOM KpacBOW 3aJayd B BUJEC CHUCTEMBI JHMHEWHBIX alNreOpanmdecKux
ypaBHEHUI CTpOUTCs (haKTOPU30BAHHBIN ITEPEO0YCIIaBIUBATEINb MONIEPEMEHHO TPEYTOIbHOTO BHa. Ta-
Kas KpaeBas 3a/1aya BO3HUKAET IPH PeIIeHNH 3a1ad B padote [1]. PaspaboranHas METOAMKA aHAIOTHY-
Ha MeTo/aM (PMKTUBHBIX KOMITOHEHT, HO UCTIOJbh3yeT KOMIUICKCHBIN aHAIIN3.

HenpepbiBHas 3a1a4ya 1J151 IPUMEHEHUs MPOI0JIKEHUsI
PaccmarpuBaeTcs 3amaya

G OW: XY W= k(W Ovo W 1, 0w, )
rae
W =W(Q) ={ VO W(Q): er = o}
npocTpancTBO (yHKIMI CobojieBa Ha IPSIMOYTOJILHON 001aCTH

Q =(0;b) % (0;b,), ¢ Ty ={by} x(0;b,)U (0;b)x{ b},
A, %) = [ (U W + Uy ) @
Q

OunHeitHast GopMa, Korzia 3aaHbl KOHCTaHTHL by, b, > 0. Pemenne 3amaun u3 (1) cymecTByeT u euH-
cTBeHHO [2, 3].
[Ipu

() = _[ fv,dQ,
Q
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rae f; —3aganHas cymmupyemas ¢ kBaaparom GyHKuus, 3aga4da u3 (1) npeacrasnsercs B Buzie
)

on 12
rae [, ={O} % (0;b,)U (O;bl)x{ (} , N —BHemHss HopMab K 0Q) .

-AG = f, Gr, =0, =0, @)

IpoaosskaemMasi THCKPETHAs 3a1a4a
PaccmarpuBaeTcst CHCTEMa JIMHEWHBIX alreOpandecKuX ypaBHEHHI, KOTOpast MOJy4aeTcs MpU JHc-
kperuzarun (1), (2)1mo MeToay CyMMaTOPHBIX TOKIECTB

o ORN: Ag = f, f,ORN, (3)
31€CHh BEKTOPbI
VORN: ¥ =(Vy,..., V), N=mh, m, nON,
moJjiaracTcs, 4To
Vim(j-ipwi =Vaj o 1=L...m, j=1..n,

a Vyj j —3HaueHUA (OYHKIUI TUCKPETHBIX apr'yMEHTOB COOTBETCTBYIOIIMX Y3JIaM CETKH,

(x.%)=((i-0,5)h.(j- 0,5}),
KOTJ[a BEIOUPAIOTCS CIICTYIONTHE IIIard CETKH

h, =b/(n+0,5), h, =b,/(n+0,5),

KOTOpasi COCTOWT M3 YKa3aHHBIX BHIIIE y3710B, a MaTpura A pasmeproctu N X N, onpeznensercs Tak:
m n
= o\ — =2 =2
<AUl1V1> _ZZ((L!LHlJ = U (Vs g, = Mgy ) B0+ (U g = Uy )(Ve )+ 1= Vg ) D) hihy
i=1j=1
Ujine1=Vijpe1=00 1=1,0.M, Uy = Vime; =0, J =100,

340€Ch <., > — CKaJIAPHOC ITPOU3BEACHUE BEKTOPOB BH 1A

N
(W) = uy vy hhh, OO, % ORY.
k=1

Ecmu ¢pynxkmms f; HenpepsiBHa Ha obmact Q , TO BO3MOXHO MOJIOKUTh
fij=f05.y) i=1..m, j=1..n.

Pemrenue 3amaun B (3) cyliecTByeT, €AUHCTBEHHO, Tak Kak A > 0.

DUKTHBHO MPOJOJKEHHAS TUCKPeTHAs 3a1a4a
CtpouTtcs UKTUBHOE NPOJOIDKEHNE 3a1auu 13 (3)

GOR?N: pa=f, fOR®M, f,=0, (4)

3/1ECh BEKTOPHI
VORN: v=(%, %),

rae 0104Has1, BepxHeTpeyroiasHas Matpuria D pasmeproctun 2N x 2N Ttakas, 9To

D,;=A, D=8, D,;=0, D,, =A,
a MaTpPHUIIBI

6= DX'Dy —Dy'DX, A=0,0,+ Dy'D ¥

matpuupl U, U pasmeproctn N x N 3axarorcs o popmymnam:

m n
(040, %) = 2" (~(tyjegj = Ug ) B V) ey Upreg j = Vi =0, j =10,

i=1j=1
o m n ) _
<DyU11V1>:ZZ(_(U1,i Je1~ Ui ) o vy ) hhe Uy =Vvy5044=0, 1=1,..m.
i=1j=1

BBOISITCS IOANPOCTPAHCTBA BEKTOPOB B IpocTpanctee RN :
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W={v=(¥,%) =0}, W ={v=(¥, %) : Ay-oy=1}.
Jlemma 1. Pewenue 3a0auu uz (4) U DVY{ cyuwecmayem u eOUHCHGEHHO.

HUrepanuonnsie pakTopusanuy Ha GUKTHBHOM NPOAOZKEHUH
Omnpenensiercst 6nounast matpuna C pasmepHoctu 2N X 2N Tak, uto

Ci1=Cp=A, Cp=-0,Cy=0.
Jns pennenus 3anauu u3 (4) CTPOUTCS HTEPALMOHHBIN TIPOIIECC:
a*OR2N: c(@* -t =-r, (DU~ f), kKON, 7, >0, Oa°OW,. (5)
B urepannonnom mporiecce u3 (5) moaydgaercs 3amada ¢ paKTOPU3YIOUIUMCS OIIEPATOPOM CIIEIYIONIETO
BHUA
vocN: Ll =F, FocV,

KOTOpasl pacIieruisieTcs Ha 0ojiee POCThIC 3a1auu

QucN, LO=F, F

vochN, l'U=Q,Q

C

0 N
ocN,
371€Ch MAaTPHUIIbI
L=0, -i0,, %=L =0,+i0,, LL7=(0, -i0,)(0,+i0,) =A +i8,
MO3TOMY
(A+i6)(T, +i0) = T,+if,

I

6o, + AU, = f,, f,+if,=F,
T. €. Ha K&X/IOM II1are UTepaimoHHOro mporecca u3 (5) AeHCTBUTENFHO BO3HUKACT 3aj1a4a BHIA
Cu=f, 0=(@n), f=(f.7,).
Jlemma 2. Kax monvko 6 umepayuonnom npoyecce u3z (5) =0, max cpazy Gk =0 OKON.
Cuuraeres, aro 0 = U+@*, OkONU{0} .
Jlemma 3. /[ umepayuonnozo npoyecca u3z (5) sbinonnsemcs

At - 05 = -1) (AP - 65,
a npu T, =1, nonyuaemcs, umo l,Zik DVVZ OkON .

[l =A%) -

Jlemma 4. Buinonusiemes credyiowee pasencmeo

(Co.@)=(A,F2) ~( ATLF) DY O,

{A‘ul—HUzz_f, o, +i, =U,

BBoautcsa Hopma

30ech
(@.9)=(@ W) +(@2V,) @, VOR.
Hoxazamenvcmeo. Tak Kak
Ap-0p,=0, 6 =-6,
HMeEEM
(CO.0) =(0p,.02) +( Ml ) = OV )+( AV ) =
=(AD ) (0T ) =(AT P )~ (AT @ 3.

Mpeanonoxenne 1. (O npodomicenuu MHUMOU yacmu Ha Oeticmeumensvuyio yacms). Mmeem me-
CMO HePABeHCMBO

Cor 0(0:1): (AW, W) < 0 AV, V) DVOIVG.
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3amerum (y=(1- al)‘l wm a; =1- Y1), uro
OyO(L+0): (A%, %)< p(Cy Y =p(( A4, W) -( Ayy) DvOW,,
noromy, uro Matpunia A>0 u marpuna C > 0. [locaenHee MOXKHO MOTyYUTh
(CP.@) = O =0yF,)* + Oy +0,,)* >00@ %0,
YUUTEIBasd, 4TO
(O, +10,)(@ +i) # 0 0 #0.
3ameTuM, 9TO
W' 0(0;+0) : 0= (AY, W) =(6%, W) =( A'0%,6) <4560 — 0,mpu hy, by - 0,
TOrIa

(A%, %) - 0,% - 0,mpu h,h, -~ 0,

MMOTOMY 4YTO
&, :(DX'Dy—Dy'DX)\_/Z ~ 0, mpu h,h, -~ 0 OVOW,,
u3 popmyisl Teitnopa, korga V, — AUCKpeTHbIE aHANOrH U depeHIupyeMbIX HE00X0IUMOE YHUCIIO Pa3

hyHKIHA.
Jlemma 5. Boinoaustomes nepasencmea

1;”1<Aw1.w1> < (- a){ A, ) <(Qp ), O OV,
1

loxazamenvcmeo. Vicnonesys, 4To

(AL@n) < a( AT @) D OV,

nojry4acm

1af1(A¢ﬁ1,1,271>s A-a (AT, ) =( AV LT )~ { AU D )<
< (AT, T5) ~( ADLT,) =(Cp @), D@ OW, .

Jlemma 6. B umepayuonnom npoyecce uz (5) npu k=1, 1, =1 suinoansiomes oyenxu

(cato) S%{Wfﬂf} =(y-n{co°p 9,

i = el = ool
ﬂoxawmeﬂbcmeo. I[HH HUTCPAIMOHHOTO IMMPOLECCa BBIMOJIHACTCA
Clg'-¢°)=-Dg°,
(c@*-9°.0") =(cp oY) =-(0p 0 =-( )< ] Joh .
TOrzHa
151 <<A1]711,4U11> 0 7,0
(co' )< <wl’wl><ﬁwl )< <A7/'1 =1 < cp w9,
YUUTBEIBasd, 4TO
1 -1 171
11 = ’ ,
(rphoh) < oo AL 0Y)

(cot o) =( rp3.3) ~( PBL @) = (-a) A3 ).
ITo memme 5
1-

i at)s(rt o) =2 (o).

1 l
TaK MOJIy4acTCsa BTOpast OLICHKA.
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Jemma 7. Umerom mecmo oyenxu
OyO(L+0): (CP.@) < (D@ @) < Y(C@ @) D@ OW,,
Joxazamenvcmgo. OTMETUM, UTO

(- (D@ )< (1=, X AT, i) <(Cp ip) =
=( A ,) = (AL S (AT o ) =(DY ) O@OW,

a 9TO MO3BOJIACT 3aBCPIIUTE NOKA3aTCIILCTBO.

Jlemma 8. Ecau 6 umepayuonnom npoyecce uz (5) K>1,

0<Tk :T:i, q:L:y__l<1
1+y 2-a; y+1

mo
(co*.o*) s o {cg' ) KON,
,ﬂoxawmeﬂbcmeo. 5 3 HUTCPAIIMOHHOTO ITpoHecca
C@*-g"Y=-rog*t, g* =T, T=E-rC'D, T=T>0,

<C¢/k,¢k> :<C-|-¢7k—l’-|-¢7 k—l>S;§/|20<c<:;g:;l§7><qpk—l & k—1> —
_ sy (CTg.p) ? 1 gy - o, ((C-TDT)p.) 2 N
_wwi{ (Ctﬁ.th <C¢7 d > m,f{ (Cp.0) J <C‘/7 g >
:;5/[2)[ 1- T&D—QJ <C¢7"‘1 wk—1>: ma’H 1—r|2| 1_Ty|2}<qpk—1 wk—l>: q2<ka—lwk—l>_

Teopema 1. /[na umepayuonnozo npoyecca us (5)
—k = —0_ —
[ -5, < sl -,
ecu
n,=1, r, =1=2/(1+y), KON\{1},
nony4aemcs, 4mo
y-1)
g<(y-)ot=(-1 = | .
1=(r=1g" "=y )(y+1J
Jloxazamenvcmeo. Ilo nemme 5 mosryqaercst

0 pgy @) < (Cp @) D@V,

a,

1o JemMMme 6 nmeeM
(cogt)< 1%( M ,0%) = (v =1 AL ).

Buisoo. Ucxons u3 Buna marpur L, LD, HYXHO CcKa3aTh, 4To 3a1a4a u3 (3) npu N HEM3BECTHBIX, MO
TeopeMe 1, MOCTPOEHHBIM HTEPAUOHHBEIM TIporeccoM u3 (5), perraeTcss ¢ OTHOCHUTEIBHOM MOTPEITHO-
creio & 3a O(NIn 81_1) apuMeTHIECKHX orepanuii. MOKHO OTMETHTH, YTO MIPH JTOCTATOYHO MAIIbIX
napameTpax JUcKpeTu3anuu s pemenus Tpedyercs O(N) omepanwmii, T. €. HTEpaIllMOHHBIA TPOIIECC,
CXOJMTCS 32 HECKOJIbKO MTEPALM U IPEBPAIIACTCs B ITOYTH MPSMOU METO/I.

IKcnepuMeHTHI IPU BHIYMCIEHUH PellleHusl MoAeIbHOM 3anaun 1Jia ypapHeHus Ilyaccona
Pemaetcs 3amada, eciu 3aaHbl KOMIIOHSHTHI MTPABOW YaCTH CHUCTEMbI TUHEHHBIX alreOpandecKux
ypaBHEHUI

fumgenej = fajj = (0F +b3=((i=0,5)h)* = (j= 0,5N,F)/2 i=1..m,j=1..n m=n= 2,.,12!
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rae

h = bl/(m+0,5), h= Q/(n+ 0,5), h= B= 2!
UTEPAIMOHHBIM TiporieccoM u3 (5). J[7st BEIOOpa UTEpaIllMOHHBIX MapaMEeTPOB HCIOIB3YETCS METOT CKO-
peiimero crycka [4]. Toraa 1 peniaeMsix 3a1ad B UTEPAMOHHOM TPOIECCE MPUMEHSICTCS CIEAYIO-
WA aJITOPUTM BBIYMCIICHUM!

1. Nmetcst nepsoe npubmmkenne 0-OR?N: Cot = f;

2.3amaercs neppas Hepszka Fo:f =0,F, =A0S;

3.0 i E =z’ = Azt @b = (71 gd)-
. Onpenensercsa kBaapar HOpMbI omuoku E; = ({75 A ApS,@5)=(T5,U5);

4. Nmertcs nornpaska WORN: cwft = Tk_l, kON \{]} X

5. Onpenensiercst uTepallMOHHBINA TapaMeTp

)
(o] [ 5E

6. OmpenenseTcs HOBOE MPUOIIKEHHE gk =ok?t- T Wl KON \{]} ;

I kON\{1};

7.3amaeTcss HOBast HEBS3KA K :r_lk =0, r_zk =ALTzk, kON \{]} :
8. OnpeensieTcst KBapaT HOPMbI HOBOM OIITHOKH
k% — k 7K\ _ /=K — K .
Ek —HlﬁzuA _<A¢721[/72> —<r2 ,U2> kDN \{]} ,
9. CraBurest ycII0Bre OCTAHOBKH ureparmii E, /E; < E2, EO(0;1),kON \{ .’} .

3aMeTI/IM, 4YTO B YCJIOBHUU OCTAHOBKH HUTCPAIMOHHOIO IIpoHecca ED(O, 1)—3a;[aBaeMa;1 OTHOCH-

TeNbHAas MOTPEIIHOCTh. MOXHO OTMETUTh, YTO BBIYUCIICHUS, TpU peanu3anuu Ha DBM, skcnepuMeH-
TAJIbHO TOATBEPIKAAIOT aCHMIITOTUYECKYI0 HE3aBUCHMMOCTh K — umcia utepaiwii or m(n) — ymcna y3-

JIOB CETKH TI0 HATPaBJICHUSIM OCei Ox(Oy) JUTSL IOCTIKEHUST E — 3amaHHON OTHOCUTENFHOM TOTPEITHO-

CTH TIPH PEIICHUHU CUCTEM JIMHEHHBIX alre0pandeckux ypaBHEHUH (CM. pUCYHOK).
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Mpadmk cpyHkumm K —uucna utepaumii ot m(n) — umcna y3nos CeTKU NO HanpaBneHUsiM ocen Ox(Oy)

npu 3afaHHON OTHOCUTENBLHOMN NorpelHocTU Bbluncnenunin E=0,001

Cmamvsi  evinoanena npu noooepocke Ilpasumenvcmsea P® ([locmanosnenue Ne 211 om
16.03.2012.), coerawenue Ne 02.A03.21.0011
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Poisson's equation in rectangular area under thednregional conditions is considered. Its
numerical solution by means of iterative factoimas and fictitious continuation amounts to the
solution of the systems of linear algebraic equestizvith triangular matrixes, in which the quantity
nonzero elements in every line is less than thieeather insignificant error of approximation dfet
problem under consideration the set relative esfa numerical method is reached by some iterations
The given iterative method is almost a direct mdthasymptotically optimum by the number of
arithmetic operations. The iterative method is dtgwed for the specified model problem. This problem
turns out to be in the methods of fictitious compuats at the solution of boundary problems for gdip
differential equations of the second and fourtheosdn flat areas. The algorithm for realizationaof
numerical method with an automatic choice of ifgeajparameters on the basis of a method of the
fastest descent is offered. The criterion to stopterative process is set at the achievement et
relative error of the solution. The graphic resatscomputing experiments confirming an asymptotic
optimality of the method on computing expensesgiren. The developing of the method is based on
the use of the complex analysis.
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MOOENUPOBAHUE TEMJIOBOU COCTABNAIOLWENA YPABHEHUNA
COCTOSAHUSA MONEKYNSAPHbIX KPUCTANIOB

HO.M. Koeanee, O.A. lllepwHesa
FOxHO-Yparnbckuli 2ocydapcmeeHHbIlU yHUsepcumem, 2. YensbuHck, Poccutickasi ®edepauyusi
E-mail: kovalevym@susu.ru

AHaJIN3 CYIIeCTBYIOIIUX NPHOJIMKeHUI 1151 ONUCAHMUSA 3aBHCHMOCTH TeIlIo-
€MKOCTH NPH MOCTOSIHHOM 00beMe OT TeMIepaTypbl MOJIEKYJISIPHOr0 KPHCTALIA
MOKA3aJI, YTO PACCMOTPEHHbI¢ MPUOINAKEHUSI He MO3BOJIAIOT AJ¢KBATHO OMHUCHI-
BaTh 3aBHCHMOCTH TeMJOEMKOCTH NPH MOCTOSIHHOM O00beMe OT TeMIepaTyphbl.
ITo3TOMy B 1aHHOIi padoTe A/ TENJI0eMKOCTH NPH NOCTOSHHOM 00beMe MOJIeKY-
JIIPHOTO KPHCTAJ/LIA OBLIO NMPENT0KeHO TaKoe NMPHUOJIMKeHHe, KOTOpoe M03B0JIN-
JIO OMHCATh KAK HU3K0YACTOTHYIO, TAK U BBICOKOYACTOTHYI0 YACTH KOJIedaTe/b-
HBIX CNIEKTPOB MOJIEKYJISPHBIX KPHCTAJLIOB, H MOJYYHTh 3aBHCHMOCTDH TemJio-
€MKOCTH NPH MOCTOSHHOM o0beMe OT TeMNepaTypbl JJIsl MOJIEKYJISIPHBIX KpH-
CTAJJIOB HUTPOCOETHHEHHUH, XOPOIIO COrIACYIOLIYIOCS ¢ M3BECTHBIMH 3aBHCHMO-
cTSAMHU. 3HaHMe 3aBHCHMOCTH TeIJI0eMKOCTH MPH NMOCTOSTHHOM o0beMe OT TeMIle-
paTypbl MOJIEKYJIAPHOr0 KPHUCTA/Ia MMeeT oIpefe/siiollee 3HaYeHHe MPH MO-
CTPOCHUH YPABHCHHIl COCTOSHUS, KOTOPbIe SIBJISAIOTCH 3aMbIKAIOIIMMH COOTHO-
IIeHUSIMH MAaTeMaTH4YeCKHX MOJeJiell, ONMHChIBAIIINX PACHpPOCTPaHeHHe yaap-
HBIX BOJIH, MHUOMHPOBAaHUE eTOHAIMM B MOJICKYJISPHBIX KPHCTANJIAX U T. J.
Pa3genenue 4acTOT HOPMAJBHBIX KOJe0aHMI HA BHYTPHMOJICKYJISIDHbIE H KOJIe-
GaHMsT MOJIEKYJIBI KaK 1eJoro (TpH KoJIeGaHHS LEHTPa TSKECTH MOJIEKYJIbl H
TpH KoJIeGaHHsI YIJIOB Jiijiepa) MO3BOJUI0 NPUMEHATh MeTOIbl KBAHTOBOW XH-
MMM JJIsl OnpeAe/ieHUus] BKJIaJa BHYTPUMOJEKYIAPHBIX KOJ1e0aHUil B BeJMYHHY
TeIVI0eMKOCTH NPH NMOCTOSIHHOM o0beMe. IIpoBeeHHbIIl B JaHHON padoTe aHa-
JIM3 MpeAIaraeMoro MpuoJuskeHUsl MOKa3aJl, YTo AJIA MOJEeKYJSPHbIX KpHCTal-
JoB rexkcorena, TOHa, tporuaa, terpuia u TATD 3HaueHHs] OTHOCHTEJILHOM Te-
MJIOEMKOCTH NPH TMOCTOSIHHOM 00beMe MOryT ObITh ONMHCAaHbI YHHBepCAJbHOM
KPpHMBOii ¢ ofHUM napameTpoM paBHbiM 600K.

Kniouesvie cnosa: ypaenenue cocmoanus; MONEKYIAPHLIL KPUCMALTL, SHEpIus
Tenvmeonvya; nocmosinnas Ilnanka; nocmosunas Bonvymana; npubnudicenue /Jebas,
npubnudicenue Jinumenna.

BBenenne

Pa3BuTre cOBpeMEHHO# BBIYMCINTEIHFHOM TEXHUKH MTO3BOJISIET pa3pabaTeiBaTh Bce O60JIee CIOXKHBIC
MaTEeMaTHYECKUE MOJIENN ISl ONMUCAHHS (PU3UKU OBICTPONPOTEKAIOIIUX MPOIECCOB. 3aKOHBI COXpaHe-
HUSI MacChl UMITYJIbCA U SHEPTUH, JIGKAIUE B OCHOBE MaTEMaTHUECKUX MOJIENIeH, TpeOYIOT MMOCTPOCHHUS
3aMBIKAIOTUX 3aBUCUMOCTEH MEXKIy BXOMSIIMMH B YPaBHCHHS COXPAHCHHS BEIMIMHAMH — yPaBHECHHSI
COCTOSIHHSI. Y PaBHEHHUSI COCTOSIHUS OTIPEISISIIOT ()YHITAMEHTAIBHYIO CBSI3b MEXAY TEPMOAMHAMUYCCKU-
MU MapaMeTpamMu, He 3aBUCANIYIO OT CIIOco0a JOCTHKEHUS Te€X WIIM MHBIX 3HAYCHUH ATHX MapaMeTpoB.
MareMaTnuecKue MOJEIH, OMPEACIIIONNe TEPMOINHAMUICCKHE CBOMCTBA BEIECTBA, MMOCTOSHHO CO-
BEPIICHCTBYIOTCS. HecMOTpst Ha TO, UTO PEIICHUIO TOM 3a4add MOCBSAIICHO JOCTATOYHO OOJBITIOE KO-
JIMYECTBO KaK JKCIICPUMEHTANBHBIX, TAK U TEOPETHYECKUX PabOT, TEOpHUs MOCTPOCHUS ypaBHEHUM CO-
CTOSIHHIS JTaJieKa OT CBOETO 3aBEPINEHUS, OCOOCHHO 3TO KacaeTcs MOJICKYJIAPHBIX KPUCTAITIOB HUTPOCO-
eIMHEHMI, KOTOPBIE SIBISIOTCS TBEPABIMH B3phIBUaThIMU BemectBamu (BB). DTo cBsizaHo ¢ TeM, 4TO
TEOPETUYECKOE ONpeeiiCHIE 3aBUCUMOCTEH, XapaKTepu3yonux mnosefacane BB ocnoxHsercs 00ib-
IIUM YKCIIOM BHYTPEHHHX CTEINEHEH CBOOOBI MOJICKYJ, BXOMSIIUX B COCTaB KpucTaywia. TpymHoCcTH
pacdeTa MEXJIaCTUYHOTO B3aMMOJICHCTBHS B MOJICKYJIIPHBIX KPUCTAIIAX MPUBOIAT K TOMY, YTO OIHCA-
HUE TEPMOJUHAMUYCCKHUX XaPAKTEPUCTHK OOBIYHO OCYIIECTBISETCS B PaMKaX MOIyIMITUPHUYCCKUX TTO-
xoj0B. [Ipu TakoM monxoje QyHKIMOHATLHAS 3aBUCHMOCTh TEPMOJIMHAMUYECKOTO MOTEHIHAA OTpe-
JEIISETCS UCXOS U3 TECOPETHUSCKUX COOOpaKEHHUH, a BBIOOP HEKOTOPBIX KOI(D(HUIIMECHTOB 3TOM 3aBUCH-
MOCTH PaCcCUYUTBIBACTCS M3 YCIOBHS HAMIYYIIETO COBIIAIECHUS C IKCIICPUMEHTATEHBIMH TAHHBIMHU.
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B nacrosmee Bpems MPHUHATO CUNTAaTh, UTO B YPaBHEHHS COCTOSIHUA MOJEKYJSPHBIX KPHUCTAJIJIOB
BXOJIUT JIBE COCTABIISAIOIINE. TEIJIoBas U «xojofHas» [1, 2]. TeruioBast cOCTaBIAIONIAS ONPEACIACTCS
KoJIe0aTeNbHBIM JIBIDKEHHEM MOJIEKYJ, BXOISIINX B COCTaB KPUCTAlla, a XOJIOIHAS COCTaBISIONIAs —
M3MEHEHNEeM SHEpPIHH B3aMOJEHCTBUS, KaK BHYTPH MOJIEKYJIBI, TaK M MEXAY MOJIEKYJIaMHU, BXOIAIINX
B COCTaB KPUCTAJUIa, B 3aBUCUMOCTH OT 00beMa. Kak Obu1o nmokazano B pabote [3], TpaaunnoHHbIe pU-
O KeHHs HEe al0T BO3MOXKHOCTH TOJYYaTh MPaBIIbHBIE 3HAYCHNUS XaPAKTEPUCTUYECKUX TEMIIEpPaTyp
JUTST. MOJIEKYJISIPHBIX KPHCTAJUIOB HUTPOCOEAWHEHHWH 1O M3BECTHBIM IKCIEPUMEHTANbHBIM JaHHBIM, H
IUTSL UX OTIpeieNIeHNs] HeOOX0AMMO pa3pabaThiBaTh CIICHUANbHBIC METOIBI U IPUOJIMKEHUS.

[enbro HACTOALIETO UCCIIEAOBAHUS ABISETCS MOCTPOESHUE 3aBUCHMOCTH TEIJIOEMKOCTH P MOCTO-
STHHOM 00beMe OT TeMIepaTyphl, 9TO IMO3BOJIUT B JAJIbHEHIIEM MOJEIHPOBATH TEIUIOBYIO YacTh ypaB-
HEHHI COCTOSHUS MOJIEKYIISIPHBIX KPUCTAJUIOB.

OnpenesieHne 3aBHCHMOCTH TENJI0EMKOCTH NMPH MOCTOSIHHOM 00beMe OT TeMIepaTypbl MOJIEKY-
JSIPHBIX KPUCTAJLIOB

TepMOIUHAMHYECKHE CBOWCTBA BEIIECTBA TOMHOCTHIO ONPEACIISIOTCS, €CTH H3BECTEH OJUH U3 TEp-
MOJIMHAMUYECKHMX MMOTEHINAIOB. Y I00HO HCXOAUTH U3 ONpeIeIeHUs] CBOOOIHOM SHeprun [ ebMrosibiia
F(V,T), koTopas HanboIee IPOCTEIM 00pa3oM CBsI3aHa C MOJIEIBIO CTPOeHMs BemecTsa [1, 4, 5]:

hay, _1
T ) Eo—zgjhwa- (1)

K

3nech U —oHeprus B3amMOJCHCTBUS MKy aToMaMu; V — yACIbHBINH 00beM; T — TeMIiepaTypa Tena;
h —nocrostnnas IInanka; K —nocrosiHHas bonbiMana; @), —4acTOTHI HOPMAIBHBIX Konebanui; E; —

F=U+E, +kT) In(1-expt
a

SHEPTHs HYJIEBBIX KOJIeOaHHIA.

W3 nortennuana ['enbMronbLa JI€rko OmpenenseTcss TEIUIOEMKOCTb MU MOCTOsSSHHOM o0beme G, .
OpHako, yKe 31eCh HAUMHAIOTCS TIPOOJIEMBI, CBSA3aHHBIC C TEM, YTO B SKCIICPUMEHTE MOIYYar0T TaHHBIC
II0 TEIJIOEMKOCTH NPH NMOCTOSIHHOM AaBineHnu Cp. B cuity Toro, 4o npu temmneparypax, IpH KOTOPBIX
MIPOBOJAATCS IKCIIEPUMEHTHI, MPUCYTCTBYET AaHTAPMOHHU3M, TO TEIDIOEMKOCTH IIPH ITOCTOSTHHOM 00BeMe U
MOCTOSIHHOM JIaBJICHUU HE COBMAAAroT. JIerko mokasarh, 4TO CBSI3b MEXKAY TEILIOEMKOCTSIMU OIpeaes-
eTCs CIEMYIOIMM PaBEHCTBOM [3], B KOTOpOE BXOAUT TEIUIOEMKOCTh IPH MOCTOSIHHOM naBieHun Cp,

n300apuueckuii Ko3(hGHIEeHT 00bEMHOTO paclIMpeHus & , aguabaTudeckas cKopocTh 3Byka Cg u
Temrmeparypa T
C,=C2/(C,+ Ta?C)).
B kxavecTBe MCXOMHBIX JAHHBIX JJIS OMPENEICHHUS HAYaJbHOTO TEIUIOBOTO COCTOSIHUS MOJICKYJISIP-
HOTO KpHCTa/Uia OBUIM HWCIOJBb30BaHBl AKCICPUMEHTAIBHBIC 3HAUEHHUS COOTBETCTBYIOIIWUX BEIIMYHH,
NpUBEJCHHBIC B CrpaBoYHKMKax [6, 7]. B Tabn. 1 mpuBeneHbI 3KCIIEPUMEHTAIbHBIC JTaHHBIC, KOTOPHIC

IMO3BOJIAIOT OMMPECACIUTD TCINIOCMKOCTh MPU MMOCTOAHHOM o0beMe U aHp06I/Ip0BaTB pa3InYHbIC MOACIIA
OmnucaHusd €€ MOBCACHUS B 3aBUCUMOCTH OT TCMIICPATYPhI.

Ta6bnuua 1
TennoBble NapaMeTpbl ypaBHEHUs1 COCTOSIHUA KpUcTanna
Hassanwue coenuneHus
ITapameTpsbl TE€KCOTCH TOH TETPUII TPOTHUII TaTdh

U, kr/kMOTTB 222,13 316,50 287,15 227,13 258,18
2o Kr/m® 1806,0 1778,0 1731,0 1653,0 1937,0
Cp , Kx/kr-K 0,9707 1,6694 0,9046 1,1255 1,0054
C, , xox/kr-K 0,9017 1,5902 0,7805 0,9559 0,9995

Ty, K 293,0 293,0 293,0 293,0 293,0

C,,. M/cex 2650 2320 2190 2160 1.4390
ano3 Kkt 0,1908 0,2300 0,3200 0,3200 0,0995

Crnenys paboram A.W. Kuraiiropoackoro [5], st omucaHust MOBEAEHUS OPTaHMYECKOTO MOJIEKY-
JSIPHOTO KpHUCTAJIa pa30MBaeM €ro TepMOAHHAMHUYECKHe (YHKIMA HAa MEKMOJCKYISpHBIE U BHYTPH-
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Koeanees FO.M., ModenuposaHue mensnoeoli cocmaensirouwel
LlepwHeesa O.A. ypasHeHuUll COCMOSIHUST MOJIEKYJISIPHLIX Kpucmarsioe

MOJIEKYJISIpHBIE. MEXMONEKYISIpHAs YacTh CIIEKTpa COCTOSIIA M3 IIECTH KOoJeOaHWi Ha MOJEKYIYy: TPH
KoJIeOaHMs — KOJIeOaHUs IIEHTPA TSKECTH MOJICKYIIBI, a TpH KoJeOaHws — KojieOaHus yriioB Ditepa. B
ATOM Clly4yae BhIpaXXCHHUE Ul CBOOOJHOW 3Hepruu [ embMronbpiia MOXKeT ObITh MPEACTABICHO B BUJIC
JIBYX COCTABJISIFOIIUX: MEXMOJICKYJISIPHON ¥ BHYTPUMOJIEKYIISIPHON

36p/T
F=U, +U,, +E, +18RT el | &na- expes o+ RTBZN Int expt x)) (2
D 0 i=7

rae % =ha /KT, a @ —4acToTsl HOPMANIBHBIX KOJICOAHHIT ATOMOB BHYTPH MOJIEKYJI JUIsl TEKCOICHa,
tpotmia, TATE n TOHa npusenens! B padore [8, 9], U, — MexMONeKyIsIpHas SHEPTHs B3aHMOJICHCT-
Bus, Uy — BHYTPUMOJCKYISPHON SHeprus B3ammoxeiictsus, Oy =hay /k — xapaxrepucruueckas
temnepatypa Jlebas, ap, —uacrora Jebas.

NubbepeHiupys TBaxIbl BeIpakeHue (2) mo Temmneparype MpH MOCTOSHHOM 00beMe, MOIy4ruM

BBIPpaXXCHUE I TEIJIOEMKOCTH IIpru MOCTOSHHOM 00BéME B BUJC JBYX COCTaBJIAIOIIUX:. IE€pPBasi OTHO-
CUTCS K KOJIeOaHUSIM BHYTPH MOJICKYJIbI, BTOpad K KOJICOAHHSIM MOJICKYJIBI KaK LCJIOro

N xZexp(%)
oy = RY 2P 3)
M i=7(exp(xi)—jl)2
3Xp

Co=C ~Cm =6 4D(&)‘WD)_1- (4)

3necy C,p — cocTaBisromas TeMIOEMKOCTH IIPU MIOCTOSIHHOM 00bEMe, 3aBHUCsAIIas OT KonebaHui More-

KyJIbl Kak 1esoro (Tpu KosieOaHus [EeHTpa Macc W TpH KojieOaHus yriioB Diiepa) U ompenensieMas B
npubmxenuu Jlebas, a G, — cocTapisomas TEIIOEMKOCTH IPU MIOCTOSHHOM 00bEMeE, 3aBHUCAIIAs OT

BHYTPUMOJIEKYJISIPHBIX KoieOanuil. Yacts Termoemkoctu C), Ha3bIBAalOT BHYTPUMOJEKYIApHOH. [Ipe-

JIeJIbHBIC 3HAYEHMsI COCTABILIOIIMX TEIUIOEMKOCTH, COOTBETCTBYIOIIME BBICOKUM TEMIIEpaTypaM JUis
BCcex cTeneHeit cBooosl, paBHbl 6R 1 (3N — 6)R cooTBeTcTBeHHO. MOJNEKYIISIpHBIE KPUCTAILIBI O0BIY-

HO MMEIOT HHU3KHE XapakTepuctudeckue temmeparypsl Jebas (~100+300 K) [10, 11]mostomy mpu
KOMHATHBIX TEMIIEpaTypax U BBIIIE YacTh TEIUIOEMKOCTH, OINpelelsieMas KojJeOaHUAMU MOJIEKYJIbl KaK
LEJIOTO, IPUOIIKAETCS K CBOEMY IpeeIbHOMY 3HaUeHHI0 6R .

CunoBble NOCTOSIHHBIE [UIS pacueTa CIIEKTPOB HOPMAaJbHBIX KOleOaHUN BHYTPU MOJIEKYJIBl ObLIN
OIIpeIeNICHBI C IIOMOIIBI0 KBAaHTOBO-XMMHU4eCcKUX MeToZ0oB PM-3 u DFT, monpoOHo onucaHHBIX B pabo-
tax [12, 13]. [Anst obecnieyeHus: JOCTOBEPHOCTH TIOJIy4aeMbIX B PacuyeTax BHYTPHMOJCKYISPHBIX KOJIE-
OaTeIBHBIX CTIEKTPOB KOH()OPMAIIMH MOJIEKYJ ONPEACISIINCH U3 JaHHBIX PEHICHOCTPYKTYPHOTO aHAIIHU-
32 COOTBETCTBYIOIIUX MOJIEKYJSIPHBIX KpHcTaiioB. MK-crekTpbl A reKcoreHa, TPOTHIA, TETpHIa,
TATB u TOHa X0poIo corinacyrTcs ¢ H3BECTHBIMH IKCIIEPUMEHTAIBHBIMH JaHHBIMU [7] ¥ B TEpMUHAX
XapaKTEPUCTHIECKHX TeMIepaTyp Kosebannii 8 = hay/ k npusenenst B Tabn. 2—6.

Ecnu Ha BBIBOJIBI, TOJMYYEHHBIC MO pe3yibrataM pabothl [3], morpemHocT u3Meperuit C,, a u

p 1
C, BinustoT cnabo, To B JaHHOM citydae npu pacdetax G, 3ToT akT 00s13aTeNbHO HEOOXOIUMO YUHUTHI-
BaTb. DTO CBSA3aHO C TEM, YTO BeIM4YMHA Tem1oéMkocTu G, ONMCBIBAIONIAsl KOJeOaHUs MOJIEKYIIbI Kak
nenoro, cocrapiuser Bcero 7/—10 %ot BennunHbl noaHoH TemnoéMkoctH G, M MOXKET OBITh CPABHUMA C

CyMMapHOH morpemHocTeio u3Mepenuii C,, a u Cg. V3BecTHbIE SKCIIepUMEHTANbHbIC TaHHbIC [11]

p
HO3BOJISIIOT ONpeAenuTh 3HaueHHe C,, B HEKOTOPOM KOpPHUJOpE 3HAu€HUH, MPUBEIEHHOM B Tabu. 2. B
cuity Toro, uro aaeineHus 10—200Tla, xapakTepHble I MHHIMAPOBAHUS JACTOHAIIMH B OOJILIITMHCTBE
TBepasIX BB, mpakTrdeckn He BIUSAIOT HA BHYTPUMOJICKYJIAPHBIN KOIeOaTEIHHBIA CIIEKTP HUTPOCOEIN-
Henus [10], as pacdera 4acTd TEIUIOEMKOCTH, CBSI3AHHOW C BHYTPUMOJICKYJSPHBIMH KOJCOaHUSIMH,
MOXKHO HCITOJIb30BaTh KOJCOATENBHBIN CHEKTpP, MOJXYYCHHBIN JUIS OJWHOYHOW MOJEKYJbl. 3HAYCHHUS

HOJTHOM 6e3pa3MepHOH TeIIIOEMKOCTH TIpHu ocTossHHOM 006éMe C,, / R, 6e3pa3sMepHbIX TeIIOEMKOCTEH
Cwm /R u Cyp/ R mnsa rexcorena, TOHa, TATB u tportuna, onpenencHubx dopmymnamu (3) u (4) ¢
WCTIOJIb30BAaHUEM JITAHHBIX U3 TabJ. 2—6,MpUBEICHBI B TA0M. 7.
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Tabnuua 2
XapakTepucTuyeckue TemnepaTypbl koneGaHui MoneKynbl TpoTuna
Ne 6,K No 6,K Ne 6,K No g,K
1 0,0 17 413,062 33 1158,672 49 2232,412
2 0,0 18 465,708 34 1222,008 50 2274,799
3 0,0 19 483,160 35 1351,801 51 2286,280
4 0,0 20 501,677 36 1397,123 52 2308,539
5 0,0 21 533,115 37 1424704 53 2322,610
6 0,0 22 638,377 38 1430,790 54 2546,126
7 27,537 23 694,159 39 1485,277 55 2575,434
8 41,345 24 764,415 4( 1509,478 56 2760,434
9 50,261 25 803,607 41 1701,096 57 2763,196
10 86,668 26 910,970 42 1794,761 58 2770,750
11 101,720 27 961,874 43 1829,695 b9 4292,011
12 154,022 28 967,342 44 1921,375 50 4302,255
13 208,262 29 1070,100 4% 1955,560 61 4396,367
14 211,673 30 1073,956 46 1982,825 b2 4419,632
15 226,998 31 1078,244 47 2033,615 b3 4571,324
16 385,173 32 1103,811 48 2083,166
Ta6nuua 3
XapaktepucTtuieckue Temnepartypbl konebaHun monekynsl TATB
Ne 6,K Ne 6,K Ne 6,K Ne g,K
1 0,0 20 575,070 39 1153,420 58 2368,536
2 0,0 21 588,307 40 1187,649 59 2400,707
3 0,0 22 715,985 41 1187,664 G0 2400,722
4 0,0 23 715,999 42 1240,856 g1 2564,715
5 0,0 24 790,730 43 1353,369 G2 2564,902
6 0,0 25 795,133 44 1486,400 63 2574,729
7 40,069 26 795,162 45 1486,400 64 2608,483
8 40,079 27 798,874 46 1886,383 65 2672,178
9 40,083 28 849,462 47 1886,426 66 2672,207
10 114,856 29 849,591 48 1929,576 57 4790,034
11 114,913 30 870,569 49 1930,568 58 4798,9883
12 114,926 31 891,604 50 1949,330 59 4799,055
13 305,724 32 892,194 51 1949,445 o] 4862,520
14 434,968 33 922,854 52 2182,026 1 4862,563
15 434,974 34 922,926 53 2185,321 F2 4868,83]
16 444,616 35 961,644 54 2185,321
17 444,672 36 1029,080 55 2213,650
18 551,564 37 1029,684 56 2262,339
19 551,575 38 1029,785 5y 2262,368
Ta6nuua 4
XapakTtepuctuyeckue TemnepaTypbl KonebaHnin MoneKynbl rekcoreHa
Ne 6.K Ne 6,K Ne 6,K Ne 6,K
1 0,0 17 442,039 33 1137,810 49 1938,770
2 0,0 18 468,355 34 1284,034 50 1943,057
3 0,0 19 500,368 35 1306,954 51 1949,776
4 0,0 20 526,626 36 1333,600 52 2179,148
5 0,0 21 622,939 37 1369,311 53 2180,975
6 0,0 22 645,643 38 1386,476 54 2215,175
7 47,569 23 690,518 39 1446,085 55 2875,192
8 60,140 24 709,525 4Q 1541,261 56 2897,392
9 66,459 25 768,947 41 1549,893 57 2906,241
10 79,752 26 816,672 47 1579,763 58 4162,218
11 95,504 27 905,891 43 1652,105 59 4164,160
12 110,457 28 927,717 44 1688,449 60 4178,679
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Ne 6.K Ne 6,K Ne 6,K Ne 6,K
13 281,411 29 939,458 45 1711,455 61 4220,834
14 327,471 30 970,507 46 1782,359 62 4223,7172
15 362,503 31 982,751 47 1839,666 63 4244574
16 404,822 32 997,873 48 1860,341
Ta6bnuua 5
XapakTepuctuyeckue TeMnepartypbl kone6aHuil Monekynbl TeTpuna
Ne 6,K Ne 6,K Ne 6,K Ne 6,K
1 0,0 20 345,810 39 1077,730 58 2023,858
2 0,0 21 412,831 40 1098,900 59 2172,510
3 0,0 22 428,886 41 1121,745 q0 2224,884
4 0,0 23 442,090 42 1173,551 g1 2266,4085
5 0,0 24 490,121 43 1248,389 g2 2282,485
6 0,0 25 512,418 44 1387,854 §3 2299,619
7 30,698 26 530,991 45 1402,507 64 2311,157
8 39,030 27 574,412 46 1413,886 65 2537,961
9 43,533 28 666,941 47 1439,344 66 2563,696
10 61,730 29 682,325 48 1465,681 67 2761,500
11 95,618 30 753,831 49 1507,668 68 2775,868
12 125,145 31 763,872 50 1607,209 59 2777,234
13 135,887 32 824,998 51 1714,776 {0] 2974,530
14 161,881 33 898,703 52 1804,292 1 4257,938
15 193,300 34 923,263 538 1869,680 V2 4302,59H
16 202,809 35 951,676 54 1907,167 V3 4390,438
17 216,275 36 971,507 55 1944,706 V4 4403,46]
18 222,037 37 977,815 56 1952,422 V5 4501,04p
19 254,900 38 1074,631 5Y 1982,385
Tabnuua 6
XapakTtepucTuieckue Temnepartypbl KonebaHuilt Monekynbl T3Ha
0 g,K Ne 6,K Ne g,K Ne 6,K
1 0,0 23 295,687 45 1135,773 67 1895,544
2 0,0 24 301,282 46 1135,773 68 2028,793
3 0,0 25 358,068 a7 1157,823 69 2028,793
4 0,0 26 394,701 48 1234,733 70 2035,511
5 0,0 27 394,702 49 1330,823 71 2061,779
6 0,0 28 490,184 50 1330,825 72 2211,154
7 24,809 29 528,423 51 1379,322 73 2211,154
8 32,149 30 724,476 52 1384,431 74 2216,072
9 33,013 31 724,477 53 1384,431 75 2228,812
10 47,086 32 792,838 54 1415,548 76 2310,509
11 57,834 33 792,838 55 1456,054 77 2310,510
12 66,114 34 832,909 56 1541,352 78 2310,748
13 68,083 35 882,688 57 1699,176 79 2315,484
14 68,084 36 919,776 58 1699,178 80 4474,865
15 114,091 37 928,495 59 1755,385 81 4474,869
16 114,810 38 993,159 60 1756,148 82 4481,692
17 193,496 39 993,841 61 1756,148 83 4482,720
18 196,629 40 993,842 62 1773,277 84 4571,178
19 196,630 41 995,907 63 1776,397 85 4573,758
20 247,838 42 1009,723 64 1800,453 86 4580,99)
21 247,839 43 1009,725 65 1820,869 87 4581,000
22 288,866 44 1132,256 66 1895,543
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Tabnuua 7
3Ha4yeHus 6e3pa3MepHbIX TEMNNTIOEMKOCTEN NPU NOCTOAHHOM 06bEMe
Iapamerps: HasBanue coeaunenus
paMeTp TEKCOIeH TOH TATB TPOTHIL
C,/R 28,14-29,48 38,42 30,60-31,8 27,25-30,66
Cum /R 22,35 32,33 24,48 21,62
Cpo/R 5,79-7,13 6,09 6,12 5,63-9,04

Kak cremyer n3 pe3yinbTaToB pacyeToB, IPUBEACHHBIX B Ta01. 7,3Hauenne C,p / R=6 momagaer B

KOPHUIOP, ONPEACTIAIONINN 3HaUCHUE TEIUIOEMKOCTH, 3aBUCAIIEH OT KOJICOAHMI MOJICKYJIBI KaK IIeJIoTo.
CrnenoBaTenbHO, pa3OueHNE TEPMOIMHAMUYECKOTO MOTCHI[HAIA Ha BHYTPUMOJICKYISIPHYIO U MEXMOJIe-
KYJISIDHYIO YacCTH SIBJIICTCS ONPaBIAAHHBIM M MOXET OBITh UCIOJIH30BAaHO MPH pacueTax TEIUIOEMKOCTU
MOJICKYJISIPHBIX KPUCTAJIOB. YUYHUTHIBas TOT (DaKT, YTO XapaKTEPHCTHUYECKHE Temrepatypsl Jlebas Mo-
JIEKYJISIPHBIX KPUCTAJUIOB Majlbl, MOKEM 3allUCaTh BHIPAXKEHHUE, ONPEACIAIONIECE 3aBUCUMOCTD TEIIOEM-
KOCTH IIPH MOCTOSTHHOM 00BhEME OT TeMIIepaTyphl B BUIC

3N 2
C, =6R+ RZM' (5)
=7 (exp( )- 1f
JpyToii ToAX0oI K ONPEACIICHHI0 3aBUCUMOCTH TEIUIOEMKOCTH TIPH TIOCTOSTHHOM 00BEME OT TeMIle-
patypsl Obl1 npemioked B padore B.I'. [lletununa [11]. B mannoii pabote mist psga KPUCTAILIOB HUT-
pocoequHeHHH OBUIO MoKa3aHo, 4To 3aBUCUMOCTh C,, (T) XOpoIIo ONHMCHIBACTCS YMIMPUYECKUM BBIPa-

KEHHEM BHJA
Cy /Gy =1-(1-Cy /Cyy)expt (T- T)/ T} (6)
rae Cyy =3NR, C\(,) —3HauEHUE TEIUIOEMKOCTH IIPH HauallbHOM TeMneparype, T. —napaMmerp, onpese-

JeHHbIN B padote [11] s psga opraHuYecKuX COeINHEHMIA.

OO6beaMHEHNE Pe3yIbTaTOB PAacyeToB, MpoBeAeHHbIX M0 Gopmynam (5) u (6), mo3BoIsSET MOTYIUTD
BBIP@XKEHHE YHHUBEPCAIBHOW KPUBOM, OMMCBHIBAIOIICH 3aBUCHMOCTH 0€3pa3sMEpHON TEIIOEMKOCTH IPH
MMOCTOSTHHOM 00BEMe OT TeMITepaTyphl, B Ceayromei hopme

%:%— %—1 exg ~(T-To)/%]. @)
rae T, —mapamerp. B tabxn. 8 mpuBeneHs! qaHHBIE pacueTOB OTHOCHTEIBHBIX TEIUIOEMKOCTEH IS TeK-
corena, TOHa, TATB, TpoTtmna, npoBeieHHBIX 10 Gopmyiie (5) —cronden Tadmuis ¢ Homepom 1, hop-
myie (7) —cromber ¢ HomepoMm 2 u 110 dopmyite (6) —cronber Homep 3. Kak cieayer u3 JaHHBIX TaOIl.
8 3HaYeHMsT OTHOCUTENIFHOW TEIUIOEMKOCTH MPH MOCTOSIHHOM 00beMe, paccuuTaHHble 1o Gopmyie (7) ¢
napameTpoM T. paBHbIM 600 K, Haxonsrcs B KOpHIOpe, OrpaHUYCHHBIM CHU3Y 3HAUYCHHSMH OTHOCH-

TEIBHOM TEIIOEMKOCTH MPU MOCTOSHHOM 00beMe, pacCUUTaHHBIMHU 10 Gopmyite (5), 1 OrpaHUUCHHBIM
CBEPXY 3HAYCHMSAMH OTHOCHUTEJIBHOH TEIUIOEMKOCTH IPU IOCTOSIHHOM 00BbEME, pacCYUTAaHHBIMH IIO

tbopmyrne (6).

BriBOaBI

Kaxk narnmsanHo crnexyet u3 tabum. 6, 7, 8,mo pesynbraTaM paboThl MOXKHO J€JIaTh CIEIYIOIINE BEIBO-
IIBL

1. Ilpubmmwkenue, npuHAToe B padorax A.M. Kuraiiropoackoro, MoxxeT OBITh MCIIOJIB30BAHO MPH
pacuerax 3aBUCMMOCTHU TEIUIOEMKOCTH IIPU IIOCTOSIHHOM 00bEME OT TeMIIEpaTypHl.

2. lns rexkcorena, TOHa, tpotuna, Terpuna u TATD 3HaueHHs OTHOCHTENBHON TEIIOEMKOCTH TPH
HIOCTOSIHHOM 00bEME MOTYT OBITh ONMCAaHbl YHUBEPCAIbHOW KpUBOIi (7) ¢ OHUM mapameTpoM T , paB-

aeiM 600K.
Aemopwl évipascarom ceoio 6razodaprocms npogeccopy A.B. benuky 3a nonesuvie 0b6cyxicoeHus u
unmepec k pabome.
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SIMULATION OF THE THERMAL CONSTITUENT OF MOLECULAR CRYSTALS
STATE EQUATIONS

Yu.M. Kovalev, O.A. Shershneva
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The analysis of existing approximations to descthiz dependence of the heat capacity at a con-
stant volume on the temperature of the moleculgstal has shown that the given approximations do no
adequately describe the dependence of the heatityagba constant volume on the temperature. Fhere
fore, in this paper for the heat capacity at a tzortsrolume of a molecular crystal such approxiorats
given which makes it possible to describe bothlthe frequency and the high frequency parts of the
vibrational spectra of molecular crystals and ttaobthe temperature dependence of the heat cgpacit
at a constant volume for molecular crystals ofonitompounds which is in line with the known depend-
encies. The knowledge of the dependence of thedagaicity at a constant volume on the temperature
of a molecular crystal is of a great importancéhatdeveloping of the equations of state whichtlaee
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closing relations of mathematical models rendetivegpropagation of shock waves, initiation of deton
tion in molecular crystals, etc. The separatiotheffrequencies of normal vibrations into intrancolar
vibrational frequencies and the vibrations of theleaule as a whole (three vibrations of the ceoter
gravity of the molecule and three vibrations ofdétwdngles) made it possible to use methods of goant
chemistry to determine the effect of intramolecwliarations on the specific heat capacity at a taonts
volume. The analysis of the proposed approximatemied in the paper has shown that for molecular
crystals of cyclonite, penthrite, tritol, tetryl gatriaminobtrinitrobenzene the values of the reiatieat
capacity at a constant volume can be describeduniharsal curve with one parameter which is equal
to 600 K.

Keywords: equation of state; molecular crystal; iébltz energy; Planck’'s constant; Boltzmann's
constant; Debye approximation; Einstein's approxiora
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AHAJIIUTUYECKOE PELLEHUE 3AOAYM O CXOOALWENCS YOAPHOW
BOJIHE B N'A3E B OAHOMEPHOM CJTYYAE

|B.®. Kyponamenko'?|, ®.I'. Maza3oé?, E.C. Llecmakoackas’

* Poccutickuti gpedeparibHbili A0epHbIl yeHmp — Beepoccutickuli HaydHo-uccredosamernbCKull UHCMU-
mym mexHu4eckol ¢bu3suku um. akademuka E.W. 3ababaxuHa, 2. CHexxuHcK, Poccutickasi ®edepauyusi

% KOxHO-Yparnbckuli 2ocydapcmeeHHbill yHusepcumem, 2. YensiuHck, Poccutickas ®edepayust

E-mail: leshest@list.ru

ITocTpoeHo aHAIMTHYECKOE PellleHHe 3a1a4Yu 0 cXoJsleiicsi ylapHoii BoJIHe
B COCy/Je C HePOHHMIAeMOii CTeHKOIi, onuchIBaloliee CIy4Ya IUIOCKOMN, UINH/-
puueckoii n cepuyeckoii cummerpuu. Ha rpannne cocyna 3agana oTpuuare/ib-
Hasl CKOPOCTH, 4 CKOPOCTH XO0JI0JHOI0 MIeAJbHOI0 ra3a paBHa HyJ10. B Hauajb-
HbIi MOMEHT BpPeMeHH U3 3TOii TOYKH HAYHET PACIPOCTPAHATLCH YAAPHAS BOJIHA
K HeHTpYy cumMMeTpuu. I'panuna cocyna Oyaer ABUraThes MO ONpefAeJIeHHOMY 3a-
KOHY, COIIACOBAHHOMY ¢ JABM:KeHHeM YIapHOiIl BOJIHBI. B 3iinepoBbIx mepemen-
HBIX OHA BHIKETCSl, HO B JIATPAHKEBBIX MEePEMEHHBIX e¢ TPaeKTOpHs SABJSAETCS
BepTHUKAJIbLHON JuHuelH. [lorydeHbl ypaBHeHHs, ONpeAe/dIolne CTPYKTYpy Te-
YeHHUsl ra3a Me:kay GpoOHTOM yJapHONi BOJIHBI M FpaHuLell Kak QYHKIMH BpeMe-
HHU U JIarpaHsKeBOil KOOPAMHATHI, 2 TAKKe 3aBUCHMOCTb SHTPONMH OT CKOPOCTH
yaapHoii BoaiHbI. [lJisl Bcex ciydaeB CHMMeTPHH HaiieHbl NMOKa3aTeJd aBTOMO-
AeJIbHOCTH U COOTBETCTBYIOIIHEe MM 3HaueHHsl 0e3pa3sMepHbIX KOOPAMHAT s
HIHPOKOro IUana3oHa nmokasateseil anuadarsl. 3agaya pelieHa B JarpaH;KeBbIX
KOOPAMHATAX ¥ NPHHUUIHMAIBHO OTJIHYAETCA OT PaHee U3BECTHBIX MOCTAHOBOK
3aa4M 0 CXOKIEHHU ABTOMO/eJIbHOM yIAPHOIH BOJIHBI K HEHTPY CHMMETPHUH U eé
OTPa’KeHHH OT LEHTPA, KOTOPbIe MOCTPOEHBbI 1JIsl 0eCKOHeYHOH 00J1acTH B Jiije-
POBBIX KOOPANHATAX.

Kniouegvie cnosa. yoapnas 6oama, niockas CUMMEmMpPUst, YUiuHOPUHEeCKas CUM-
Mempust; chepuyeckas cummempust; UOeaIbHbIl 243, AHATUMUYeCKoe peuenue.

Beenenue

Pa3zButne Teopum pa3MepHOCTH M TMOAOOMS BEIIMYMH MEXAHHWKH CIUIONTHOW CPEIbl MO3BOJIMIO B
passbie ol XX BeKa MOMYyYUTh aBTOMOJICIEHBIC PEUICHHS 3a/au 0 (POKYCHPOBKE yIapHOW BOJHBI B
O6eckoHeyHOM HaeanbHOM Tasze [1-9]. 3amaum, MMerOIME AHAIUTHYECKOE PEIICHHE, €Ile Ha3bIBAaloT
<OTAJIOHHBIMU» 3aJla4aMU, TaK KaK OHU HCTONB3YIOTCS JJIsl Bepu(UKAIIH MAaTEeMaTHYeCKUX Mojesen
JUHAMHYECKUX TPOIECCOB MEXAaHUKHU CIUIONIHBIX cpell. OHAKO peanbHbBIC Tela UMEIOT KOHEYHBIC pa3-
Mephl. B manHO# paboTe paccMOTpeHa 3aada 0 CXOISIICHCS yIapHOH BOJHE B COCY/IE C HEMpPOHHUIIAe-
MO CTEHKOH, UMEIOIIAs TOYHOE aHAIUTHIECKOE PellleHNe, OMUCHIBAIOIIEee TPH THUIIA OJTHOMEPHBIX IBU-
JKEHUH — IUTOCKUE, IMIMHAPUICCKH U CHEPUICCKU CHMMETPUYHBIE JIBHKEHUS.

ITocTanoBka 3agauu

PaccmarpuBaeTcst cocysl ¢ HEIIPOHUIIAEMOH CTEHKOHM, B KOTOPOM HaXoJuTcs rasz Maccol Mg u Ha-
yanabHBIMU IIpH t =1, mapamerpamu rasa o = constU, =0, Ry = 0, E; = 0,rne p—mnotHocts, U —
ckopocTh, P —naBnenue, E —yxaenbHas BHyTpeHHsA dHeprusi. JlarpaHkeBoil KOOPIMHATON SBISETCS
macca M . Bropoii HezaBHUCHMOM NepeMeHHOH sBiserca BpeMs t. B Touke ty, M, 3amaHa ckopocTsb
U; <0. Takum o0Opa3oM, B 3TOI TOUKE 3a7aH CUJIbHBIN pa3pblB, KOTOPBI npu t >t, pacnpocTpanseTcs
K LEHTPY CUMMETPHU U B MOMeHT t; Qoxycupyercs B Touky M =0. I'panuna cocyna npu t >t, nsu-

JKCTCA B ICPCMCHHBIX r,t,Hos MEPEMCHHBIX M, t eé TPACKTOpHUA SABIACTCA BepTHKaﬂBHOﬁ JIMHUCH.

Boo06ie roBops, Bce TpaeKTOPUU YACTUIL SIBJISIOTCS] BEPTUKAIBHBIMU JIMHUSIMHU, BJIOJIb KOTOPBIX COXpa-
HSETCs TO 3HA4YE€HUE SHTPOIUH, KOTOPOE BO3HUKIIO Ha yAapHOU BonHe. [lapameTpsl raza mexnay ynap-
HOW BOJIHOM M TpaHMILIEH ONpeneisoTCs CUCTEMON 3aKOHOB COXpaHeHus Oilnepa—lenpmronsna. Ypas-
HEHHUE COCTOSHHUS HCTIONIB3YIOTCS B IBYX (hopMax:
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P:(y—l)pE, P= F(pr, (2)

roe F (S) — (QYHKIHMS OT SHTPOIIHH.
YnaapHasi BoiHa
3aKoHBI coXpaHeHust Ha yaapHoii Bosae (YB) mpu Uy =0, By =0, E; = 0, Fy= Cumeror Bux [10]:

,OW(D—UW)—,OODZO, (2)
o,DU,, -P, =0, (3)
D(EW+%UV2V)—PWUW=O. (4)

Nuaexcom «W» 0003HaYCHBI BETMYMUHBI Ha YapHOU BoiHe, D — ckopocTh yaapHoii BoiHbL. [Ipeodpa-
3yeM JTH ypaBHEHHs K BHUAY, coaepxkanieMy 3aBucumoctu U, o, F,,, P,, 0T ckopocT ynapHoii Boi-

HBI B JarpalKeBbIX KoopAuHaTax. Jlarpamkesa koopauHata M, yaapHON BOJHBI B OZHOMEPHOM CIIy-
4ae CBsA3aHa ¢ €€ DUIEPOBOM KOOPANHATOMU [, ypaBHCHHEM

S
_>u
M w>= 7 ,Oor\fvl. (5)
1, mrockas cHiMMeTpus Lopu =1
rae (=1 2, WIHHAPUYCCKast CAMMETPHSL, S, =4 27T,1pu [{ = 2.
3, cheprueckas cummeTpus 4rr,mpu (4 =3

CKopoCTh yapHOI BOJIHBI B JJarpaHKEBhIX KOOPAMHATAX €CTh U3MeHeHne M, co BpemeHeM
dM §
W = dtW = “?D (6)

3aMeHUM 3MIepoBYy KOOPAMHATY yIapHOM BOJIHBI €€ JarpaHeBoil koopanHaToi. [l 3Toro BhIpa-
3uM I, u3 (5) u mogcrasum B (6)

1)
=(um,)* ¥ (5,00 D ™
Beipasus B (7) D uepes W u M, u noacrasus B (2)—(4), nomyunm ¢ nomouisio (1) Benmuanubl Ha

ylapHoi BonHe, cogepxkamue W u M,

Pu= i P (8)
D=2 o) ) ©
P, = yi+1 p(()ﬂ—Z)/ﬂSﬂ—Zﬂ( u MW)Z(l‘/’)/ W2, (10)
Y3 (1), (8)u (10)crenyer eripaxerne st F,
Fo= [ yi+1 ( ij_;ﬂy - te2)e) Sﬂ—w]( M, YA w2, (11)

B rouke t =ty M,, =My,U,, =U ,0,Py = Py Fw= Fyo Belpakenus (9)—(11)npuanmaror BUI:

(u1)/u 2 Au-3u 2 {u-Yu
s AL 31 ) ML G
W A M W M, W My

ITo amamoruwm ¢ [11, 12]3amanumM TpaeKTOPHUIO YIAPHOM BOJIHEI B BHIE
My =Moa(t)", (13)
roe @ = (tf —t) / (tf —to) . IIponudpdepennuposas M, mo t, moaydum BbIpaKEHHE I CKOPOCTH

YAapHOU BOJIHBI B JJATPAHKEBBIX KOOPIUHATAX
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W=W,¢"t, (14)
rae
Mon

: 15
oy (15)

b=~

HUckmouns B (13)u (14) pyHKIMIO OT BpeMeHH, nory4nM 3aBucumocts W ot M,

(n-1)/n
Wo Mo
C nomomipio cooTHomenus (16) uckmouanm W B (12):
(n=p)/pn 2(r=p)/un A ep)/un
M M M
UW :UWO(M—VOVJ ) PW: PV\O(M—\;VJ ) FW: FV\O[M—\;\’J (17)

[Tockombky M, u t cBSI3aHBI ypaBHCHHEM TPAaeKTOPHU yaapHOU BoiHEL, To U3 (13)u (17) cnenytor
sasucumoctu U, R, F, ort:
- n-u)/u - 2n-u)/u - n-u)/ 1
Uy =Uo "4, P, =R gX ™k, F, = Fog Xk, (18)
Benmuuna F,, B1oib TpaekTOpHu YacTHIBI ¢ KoopauHaTtoit M, mocrosHHa. Clie10BaTeNbHO, 3aBU-
CHUMOCTbh SHTPOIUU OT MAcChl MEX/y YJapHON BOJTHOM U I'paHUIIei Ta3a UMEET BUJ]

M 2(n=p)/un
F=F | — . 19
o ] 19
U3 (5) cenmyer 3aBucuMOCTb I, 0T M,
Yu
M
fy=lo| —2% | . 20
w O( MO J ( )

Bri6op tpaekropuu YB B popme (13) onpenenster xapaxrep 3asucumocrer W u D ot M, . IIpn
N<1W - —o,ectu My, - 0, npu n=1 W=W,=consiu npu N>1  ymMmeHbLIaeTCs OPU YMEHb-

menun M, . OTu THIBI 3aBUCHMOCTEH npuBeeHs! Ha puc. 1.3aBucumocts D or M, cienyer u3 (7)u

(20)

n— n

D =(M]( H)/u | o
Do (Mg

U3 (21) cnenyer, uro mpu N<y D - —oo, ectt M, - 0, mpu n=x D= D, =const u npu

N>y D - 0 npu ymensurennn M, (puc. 2). @akTuyeckasi peaans3arys OJHOTO U3 ITHX PEKHMOB

BO3MOYKHA JIMIIb TIPH OPTaHU3AI[MH COOTBETCTBYIOLIETO TEYEHUs ra3a Mex 1y GpoHToM YB U Hapy K HO#

rpaHuUIIe.

Teuyenne raza 3a ynapHou BOJTHOM
[TapameTpsl aanabaTHUECKOTO TEUEHHS 3a YAAPHON BOJHOM ONpEACISIIOTCS ypaBHEHUSIMH, TPacK-
TOPHUH, COXPAHEHUSI MacChl U IBUKCHU!

or _
(EJM _U —O, (22)
p 2a(r/HU) _
(at jM ATV (23)
ou —16(F'0y) _
(), e 24

DTH ypaBHEHHS COAEPKAT TPH UCKOMBIX pyHKImK I, 0 u U . Bennunna F onpenpensercs Ha yaapHOi
BOJTHE U 3aBUCHT TONBKO oT M (17).
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Iepeiiném B (22)—(24) k HOBBIM HCKOMBIM ()YHKITHAM
R=r#, C=r/. (25)
W D
0 0
n>1 n>p
W() — DO
n=1 n=p
n<l n<p
My My,
Mo Mo
0 1 0 1
Puc. 1. Cxematnyeckoe nsobpaxeHue Puc. 2. Cxematnyeckoe nsobpaxeHue
BO3MOXHbIX 3aBUcumoctenn W(M,,) BO3MOXHbIX 3aBUcumMmocten D(My,)

[Mocne nepexona k pynkimsm R u C ypaBuenus (22)—(24)npumMyT BUA:

R _
(%), #e=o. o
op 20C _
(6tJM 5P g =9 @0
a(Fp”
(a_CJ +suR2(”_1)/”m—202 Rl=0. (28)
ot )y oM

U3 (17), (19)u (25) cnenyror 3aBucumoct R, u C,, or M, :

(n-1)/n
Ry = %M—O, G = Q(M—Oj : (29)

VYpaBuenus (26)—(28)sBisrorcst ocHOBHBIME 15 OThICKaHus R, C 1 0 B 001acTH HHTErpUPOBAHUS
M, <M <M, tyst<t,.

Iepeiiném ot mepemennsix t, M & mepemeHHbM t, & (t, M ) . C momoImsto ypaBHEHHH JUTsI TIPOU3-

2,315, G-

mpeobpaszyem ypasHenus (26)—(28)

BOJOHBIX

) ()2, e -

(el (5, oG (o) =0 o

()51, e 5 ) 8o
a )e lag)lat)y, R o0& ).\ am ), 3¢ )\ oM ),
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3aBuCHMOCTE & (t, M ) 3aJauM Tak, 9ToObl Ha ymapHoii BomHe Obuto & =1. U3 (13) cenyert, urto

mpomiC BCCTO B3ATh TaKYIO 3aBUCUMOCTDb B BU/IC
M
§=——¢". (33)
M 0

Jlnst paszeneHus IepeMeHHbIX npeactaBuM R, o u C B Buje npousBeieHuil GYHKIMHA OT BpEMEHH
Ha QyHKIMH OT &

R=ap()T(¢) p=a,(1)o(¢) C=ac(Y) Z¢). (34)
[Tockonbky Ha ymapHoit BoinHe ¢ =1, To 3HaueHus T; = T(l), 0,=0 (1) , 4= Z(]) OJDKHBI OBITH

nocrosiHEbIMU. U3 (29) n (33) cienyet 3aBucumocts R, (t)

R,=R¢". (35)
CpaBHUB 3Ty 3aBUCHUMOCTS ¢ (34) Ha yIapHO# BOJIHE, OJIYIUM BEIPAXKEHUE IS ar
ar(t)=Ryg" T (36)

AHaIOrn4Ho JJIsL a'p n O'C ojry4acM COOTHOIICHUA

+1 o
}’iljo*l ac(t)=Cop™ 2. (37)

[MoxncraBus (34)—(37)B (30)—(32)u Bocnonb3oBaBukch (15), momyunm Tpu ypaBHeHUs it T, 0 |

a —,00(

Z:
T =A, (38)
0Bz -§20 =0, (39)
C yé
le + 3 0 =GC,, (40)

rje mWTpux o3HavaeT qudpdepenuuposanue no ¢ . Koapduunents ypasnennii (38)—-(40) A, B;,C,,C, ¢
momonrsio (5), (6), (12)u (23) mpeodpaszyroTcst kK BUAY

A=T- 22T, B= 207 o= v 2u-Y/u g{(u-2)nv2u) un
v+)z" = (y-9a oy LT | (41)
_Au)2% (n-)2  Anp)o
/U(V"'l)Zl nz Uno;

Vpasuenust (38)—(40)o6pasyroT oTHOCHTebHO T, ', Z' cUcTeMy JNUHEHHBIX HEOAHOPOIHBIX YpaBHE-
HUi. OnpeieuTeNb CUCTEMBI paBeH

A=BCyE- 2.
Ecmu A #0, o pemienne cuctemsl (37)—(39)cyiiecTByeT 1 UMEET BHI
T=A =BG 7 (G4 (42)
¢ A A

HurerpupoBaHne CHCTEMBI ypaBHeHMit (42) HaunHaercs B Touke & = 1 (Ha ymapHoit Bonnue). Pacué-
TBI TIOKA3bIBAIOT, YTO CYNIECTBYET MPOMEXYTOK 3HAYEHHI N TaKHMX, YTO OIMpPEACIUTETb B HOJIb HE 00-

amraercs. [Ipy HEKOTOPOM 3HAYEHUH N OINPENEIUTEIb oOpalaercs B Hoiab npu ¢ = &-. B oTol Touke
0 O
pelenue cymecTByer, eciii C, Toxke oOpamaercs B HOb. KakgoMy 3HaU€HHIO )/ COOTBETCTBYET OJHO

3Ha4yeHue N, (Tabnmiy). B oToli ke Tabnuue nmpuBeNCHBI 3HAYEHUS ¢, IPU KOTOPBIX OJXHOBPEMEHHO

A(¢0) =0, Cy(&p)=0

56 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2017, vol. 9, n 0. 4, pp. 52-58



KyponameHko B.®., Maza3zoe ®.I"., AHanumu4eckoe peweHue 3adaqu o cxodsiuelicsi
Lllecmakoeckasi E.C. yOapHoli eosiHe 8 2a3e 8 0OHOMEPHOM cJiy4ae

B nmarpamkeBBIX KOOpPAWHATAX IMOCTPOCHO aHAIUTHICCKOE PEIICHHE OMHOMEPHOM 3a/1auu O CXOIs-
mekcs yaapHOi BOJTHE IS TPEX THUIIOB CHMMETPHH, U IS IIHPOKOTO TUaIa3oHa IMoka3aTenei agnabda-
THI UICATILHOTO T'a3a HallICHBl COOTBETCTBYIOLIUE OKA3aTEIN aBTOMOACIBHOCTH.

3HayeHusa N, u &, COOTBETCTBYIOLIME Pa3NMYHbLIM 3HAYEHUAM NokasaTens aguabatbl )

H Ty 1,1 1,2 4/3 1,4 5/3
N 1,0 1,0 1,0 1,0 1,0
! & 4,691312 3,464715 2,828906 2,646222 2,236450
N 1,770501 1,722331 1,684516 1,670651 1,63125p
2 & 6,768540 4,873946 3,896265 3,616019 2,99016[L
N 2,387916 2,271434 2,183068 2,151532 2,065136
3 & 7,959997 5,717071 4,559431 4,227062 3,481885

Cmamvsi  evinoanena npu noooepacke Ilpasumenvcmsea P® ([locmanosnenue Ne 211 om

16.03.2012.), coenawenue Ne 02403.21.0011.
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ANALYTICAL SOLUTION OF THE PROBLEM OF A CONVERGENT SHOCK
IN GAS FOR ONE-DIMENSIONAL CASE
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The analytical solution of the problem of a conesrigshock in the vessel with an impermeable
wall is constructed for the cases of planar, cyload and spherical symmetry. The negative veloisty
set at the vessel boundary. The velocity of colhidyas is zero. At the initial time the shock agee
from this point into the center of symmetry. Theubdary moves under the particular law which con-
forms to the movement of the shock. In Euler vdealit moves but in Lagrange variables its trajgcto
is a vertical line. Equations that determine tmacture of the gas flow between the shock front dued
boundary as a function of time and the Lagrangedioate as well as the dependence of the entropy on
the shock wave velocity are obtained. Self-simil@efficients and corresponding critical values alf-s
similar coordinates were found for a wide rangadifibatic index. Thus, the problem is solved for La
grange coordinates. It is fundamentally differentf previously known formulations of the problem of
the self-convergence of the self-similar shocki® ¢enter of symmetry and its reflection from tea-c
ter which has been constructed for the infiniteaaneEuler coordinates.

Keywords: shock wave; planar symmetry; cylindrisgimmetry; spherical symmetry; ideal gas;
analytical solution.
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METOA NONYHEHUA ONTUYECKNX CYNEPOCLMNNALUN
HA OCHOBE TPEXBOJIHOBOU UHTEP®EPEHLIUA

M.A. [lpsizeoe, N.B. Ceupudoea, [j.C. Ucakoe, KO.B. Muknsies
FOxHO-Yparnbckuli 2ocydapcmeeHHbIlU yHUsepcumem, 2. YensbuHck, Poccutickasi ®edepauyusi
E-mail: dryazgovm@gmail.com

Onrnyeckne cynepocUUIISIHUU SBJISIOTCA OAHHM H3 CIMOCO0OB MpeojoJie-
HHSl AU(PAKIHOHHOTO TNpenea. SBaeHne cynepocuuIANN H3BECTHO yike 00-
Jiee MOJIyBeKa, HO 10 CHX MOP CyHIeCTBYIOT BeCbMAa OrpaHHYeHHbINH HA00P GopMBbI
NMOJIy4aeMbIX KapTHH pacnpeaeneHns cBera. Mcnmoan3oBanue MHTepdepeHIHH
nyukoB Bbecceast u I'aycca B HacToslIuuii MOMEHT sIBJIsieTcsl HanGosee Mccaeno-
BAHHBIM TeOpPeTHYeCKH M (PAKTHYECKH eJUHCTBEHHBIM METOJ0M MOJIyYeHHUS OII-
THYECKHX CyNepocHWLIANNi Ha npaktuke. B nanHoil padore mpeacraBieH Ho-
BbIil MeTO/ MOJIy4eHUs] ONTHYECKUX CYNepOCHULIANNI, OCHOBAHHBIN Ha fBJe-
HHH TPeXBOJIHOBON HMHTep(depeHuuu. HccienoBaHbl TeopeTH4eckHe OCHOBBI MO-
JIy4eHHs] ONTHYECKUX CYNepOCHU/LIANNI Ha OCHOBe PAacCMOTPeHHs pacnpeneJie-
HHUSI AMILTUTY/bI M0JISl IPU HHTepdepeHIHH TPEX KOrepeHTHBIX KOJITHMHUPOBAH-
HBbIX HCTOYHHMKOB. McciieoBaHa 3aBHCHMOCTh KOHTPACTa ONTHYECKHX cylepoc-
HMUISINUI OT COOTHOLIEGHHS] AMIUIMTY/ BOJH, KOTOpasi HMeeT 3KCIMOHEHIHAb-
HbIil BuA. Tak:ke ncciieloBaHa 3aBUCHMOCTb pa3Mepa ONTHYECKHX CylepociuI-
JAIUA 0T HX KOHTPACTAa, KOTOPasi, KAK 0Ka3aJ0Ch, HMeeT CTeNeHHYI0 (opmy.
BoinoiHeHO MOJeTHPOBAHME IBYMEPHBIX HHTepdepPeHIHOHHBIX KAPTHH ONTHYe-
CKHX CyHepoCHHUIANUIMA, CO3IaBaeMbIX TpeMsl KOMILIAHAPHBIMHM BoJIHAaMH. B
ITOM CJIy4yae ONTHYECKHE CYNepOoCHMIANNA HMEIOT MOCTOSIHHBINA pa3Mep BAOJIb
HHTep(epeHIMOHHBIX MoJIoc. B cyyae HeKOMIIAHAPHBIX BOJIH NPH JABHKCHHH
B/10JIb MHTeP(epPEeHIIMOHHBIX NM0J10¢ HA0/I0/1aeTcsl TepHoIHYecKoe HCUe3HOBEHHE
U NOsIBJIeHHe ONTHYECKUX CYNepOoCMIsAIMI.

Kniouegvie cnosa. onmuueckue cynepocyunnayuu; unmepgepenyus; cyb6680aHo-
ebie dghgexmoi.

Beenenue

CoOBpeMEHHBIC TEMITbI PA3BUTHSA TEXHOJIOTWH MPHUBOAST K MOCTOSHHOMY YMEHBIIEHUIO Pa3MEpOB
KaK HCIOJBb3yeMbIX HHCTPYMEHTOB, TaK M CO3/IaBaéMBIX H3JENUdA. JTO TpeOyeT yBEIWYEHHs paspe-
IIaroIIel CIIOCOOHOCTH U3MEPUTEBHON U KOHTPOJIMPYIOIICH ammapaTypsl, 4T0O, B CBOKO OYepellb, BEAET
K pa3BUTHIO MUKpockomuu. OJHAKO CYIIECTBOBaHUE (DYyHIAMEHTAIHLHOTO OTPAHUYCHHS pa3pelaronici
CIIOCOOHOCTH, TaK HAa3BIBAEMOTO «IH()PAKIIMOHHOTO Mpesena» [1], CylnecTBEHHO OrpaHnYMBaET 3Ty 00-
JIACTh UCCIIEIOBAHUM.

A
dmln 2n 1 (l)

rae d,;, — MHHHMaJbHBIH AUAMETp IATHA, B KOTOPOE MOXKHO C(OKYCHPOBATH 3JIEKTPOMATHUTHOE H3-

Jy4YeHUe, A — JUTHHA BOJIHBI JJICKTPOMArHUTHOTO M3JIyYCHUs B BaKyyMe, N — [OKa3aTelb MPeJIOMIICHUS
cpelibl, B KOTOPO# pacipoCTpaHsIeTcsl H3TydeHHe.

Cy1ecTByeT MHOKECTBO CIIOCOOOB KaK YMEHBILIUTh BIMSHHUE 3TOrO OrpaHHYEHHs (HCIOJIb30BaHUE
PEHTTEHOBCKHX BOJH [2, 3], *UMMepCHOHHAsT MUKpOCKomus [4]), Tak ¥ MOJHOCTBIO ero u30exarh (30H-
noBast MUKpockonusi [5—7]). OqHuM U3 cocoOOB MPeoaoNeHU AUPPAKIIMOHHOTO Mpe/ielia B ONTHKE
(momy4eHusi cBepXpaspelieHHss Kak B MUKPOCKOIIMH, TaK U B JIUTOrpadun) SIBISIETCS HCIOIb30BaHHE
ONTHYECKUX CYNEPOCIMILISALIHN.

CynepoCHyUISIMN — 3TO JIOKAJBbHBIC YYaCTKU B paclpe/ieicHUd WHTEHCUBHOCTH, KOTOPBIC MMEIOT
XapaKTepHBIC pa3Mephl AeTaieil CyleCTBEHHO MEHBIIHNE MOJOBUHBI JUIMHBI BOJIHEL J[pyrMMH CIIOBaMH,
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JIOKaJIbHO 3TU OCUHWUISILMKA UMEIOT NIEPHUOJ MEHBIIIE MIEPHO/Ia CAMBIX BBICOKHX IMPOCTPAaHCTBEHHBIX Yac-
TOT, AOIYCTUMBIX THANa30HOM Hecymux yactor [8, 9].

[TepBble ymomMHHAHUS O CYNEPOCHMILINUAX B PaAMOBOIHAX BcTpedatoTcs B 1940x romax, xorma
OblTa MCIOJIB30BaHA AaHTEHHA CHELUATIBHOTO BHUIA U1 (POKYCHPOBKH PaIMOBOIH B CKOJb YTOAHO Ma-
ayto obnacts [10, 11]. Bewio oOHapyKeHO, YTO JIHMIIh MaJiasi 4aCTh MOIIHOCTU U3ITy4CHUS] MOXKET CyIIIe-
CTBOBATH B BUJIE CYNEPOCIMIUIANNI, OCTaIbHAS YaCTh NPUXOJUIACH HA CHIIBHOE TaJlo.

B 1952 nosBunack uies NpUMEHNTH MOMOOHBIH MHTEP()EPEHIMOHHBIN TPHHIUI JUIS MTOTy4eHHS
CYNEPOCHMIIISIIUIA B 00JaCTH BHIMMOTO 3JIEKTPOMarHuTHOro m3nydeHus [12, 13]. U Bcero HecKobKo
aer Hazan (B 2012rojy) onTHYECKUE CYNEPOCUMWUIAIMN ObUIM MPAKTHYSCKU MOIYYCHBI C TTOMOIIBIO
crnoxenns my4dkoB beccems u Taycca [14, 15].

B nanHo# paboTe mpeasioxkeH APYrod cnocod co3IaHus ONTHYECKHUX CYNEpOCUMIIISINN, OCHOBAH-
HBII Ha MHTep(EePEeHIINN HECKOIBKUX KOJUTMMUPOBAHHBIX My4yKoB. [IpoBeneHo TeopeTHueckoe ucciaeno-
BaHME TaKUX ONTHYCCKHUX CYMEPOCHWUIALMH, MMOIYYeHbl 3aBUCHMOCTH MX pa3Mepa M aMIUIUTYIBl OT
HapaMeTpOB CXEMBbI HHTEeP(epeHIHH.

TeopeTruyeckne OCHOBBI NOJYUYEHHUSI ONTHYECKUX CYNEPOCHUILIS UM
Kak m3BecTHO, pacmpenencHue aMIUTHTYbI oS ipy HHTEpdepeHr N KOrepeHTHBIX KOJUTHMU-
POBaHHBIX UCTOYHUKOB M3ITyYSHHUS MOXKET OBITh TIPECTABICHO B BUJIC:

N iles P
A=> Aeili )
i=1
3neck ki —BonHOBOM BekTOp i-0ii BonHbl, K =277/ . Tlpu N = 2 MbI HojIy4aeM CHHYCOMAAIBHOE pac-

2 o
mpeaACJICHNUEC MHTCHCUBHOCTU I :|A| . HanmeHpmmi Nepuoa 3TOro pacrnpeAcCiICHUA PAaBCH ITOJIOBUHEC

JUTMHBI BOJIHBI TIPU BCTPEYHOM pacrpocTpaHeHuu BosH (korma K, =—K, ). Ha puc. 1, a nokasano pac-
IpeziesIeHne aMIUINTYAbI JEKTPUYECKOT0 MOJIsT BOJIHBI BA0JIb OCH X M COOTBETCTBYIOIEE pacipesese-
HME WHTCHCHBHOCTH JUIS CITydast, KOTrJa OucceKkTpuca Mexxay Bekropamu K; = —K, mapamiensHa ocu Y.

[Ipocreitmuii ciydali BO3SHUKHOBEHHS CYIICPOCIIUIISAIINN HAONIOMAeTCs YK€ IPH PacCMOTPCHHH
UHTEPPEPEHITNH TPEX KOUTMMHPOBAHHBIX BOJH. BO3bMeM TpH BOJHBI ¢ KOMIUIAHAPHBIMH BOJTHOBBIMH
BEKTOPAMH, TIPHYEM BOJHOBOM BEKTOP TPEThEW BOJIHBI HAMPABJIEH M0 OUCCEKTPHUCE yrila MEXKIY HEePBbI-
MH JBYMsI BOJTHaMH. ECiii BOJIHOBOM BEKTOp 2-0i BOJIHBI apasuiesieH ocu Y, To rpaduk pacrpeaeaeHus
aMIUTATY/IbI BAOJIb ocH X OyIeT UMeTh BUJI, MOKa3aHHbIi Ha puc. 1,b. Kak BuauM, 1o cpaBHEHHIO C PHUC.
1, arpaduik CMECTHIICS 110 BEPTUKAIH Ha MOCTOSHHYIO BEJIHUMHY, 3aBHCSIILYIO OT aMILUTUTYI6I 3TON 3-¢it
BonHEL [Ipu oTOM B pactpenenenun natencusHocTH |(X) (puc. 1, b) Bo3HMKAIOT TOKAIBHBIE YUACTKH,
uell pasMep, TO €CTh PACCTOSHUE MEXKJLY JBYMs HYJISIMH, MEHbLIE, ueM A/2, a MHTEHCUBHOCTH CYIIECT-

BEHHO HUXKE, YEM Y OKPYKAIONINX MX ITHKOB. DTH JIOKAJILHBIC MAKCUMYMbI MOXKHO KJIACCH(UIIMPOBATH
KaK MPOCTCHINNA CITydail CyepoCIILIAIINNA. B CBSI3W ¢ 3TUM MPEACTABISIET OCOOBIM HHTEPEC HUCCIIEIO-
BaHWE CBOMCTB UMEHHO ATOT0 BUJIa CYNEPOCIUIIISITUH.

b

5 4
L

d
L

-
X
{

%,
2 0.4 0o 0.8 1

E =1 -0.8 0.6 -0.4 0.2 0 0,

X, m

Puc. 1. PacnpepgeneHne amMmnnuTyAbl U MIHTEHCUBHOCTU NPU UHTepdepeHLMM 2-X BOIH (&) 1 3-X KOMNNaHapHbIX BOMH
(b). 3HauyeHMa aMmNNUTYAbI U UHTEHCUBHOCTU B35ATbl B YCNOBHbIX €4MHULAX.
PacnpepeneHne MHTEHCMBHOCTU BbiAENEHO TONCTON NUHUEN

HOHOHHI/ITCHBHOﬁ 0COOEHHOCTBIO JaHHOI'o Buaa CyHepOCI_[I/IJ'IJ'IHL[I/Iﬁ SABJIACTCA UX MMOBTOPACMOCTDL C
MaJIbIM IIEPHUOIOM.
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3aBucumMocTh pasMepa 1 aMIVIMTY/Ibl ONITHY€CKHUX Cyl'leOClII/l.l'lJ'IﬁIlI/lﬁ 0T aMIUIMTYAbI OHOI M3

UHTepepUPYIOMINX BOJTH

MHTEHCUBHOCTD U pa3Mep ONTUYECKUX CYNEPOCHMIUIALUN 3aBUCAT OT COOTHOIICHUS aMIUIUTY UH-
TeppepupyoImMx BoJH. B maHHO# paboTe MBI MCCIEAOBANIM U3MECHEHUS 3TUX [MapaMeTpPOB IIPU BaphU-
POBaHMK WHTEHCHUBHOCTH BOJIHBI, PACIPOCTPAHSIOMIEHCS MEXITy ABYMS APYTMMH BOJHAMH, KOTJIa aM-

TUTATYBI 3TUX BOJIH PaBHBI MEXIy COOOH.

MHTEHCUBHOCTb, OTH. 4.

=

n

I
0.4

u

I I
02 0.6 0 12

AmnauTyaa, oTH. ea.

Puc. 2. padmk 3aBUCMMOCTU MHTEHCMBHOCTU ONTUYECKUX
cynepocuunnsauMin oT amnnuTyabl 3-e BONHbl MCTOYHU-
ka. CnnowHaa NUMHUA COOTBeTCTBYeT OOHapyXeHHON 3a-
BMCUMOCTU, NMYHKTUPHasA COOTBETCTBYeT annpoKcumauuu

1

Ha puc. 2 nokazan rpaduk 3aBUCHMOCTH HH-
TCHCUBHOCTH ONTHYECCKUX CYIMECPOCHIIISAIIUN OT
aMIUTUTYbl 3-€i BOJHBI. MOYKHO 3aMETHTh, YTO

3aBucuMocTh umeet Bun Y=C e+ G, rne C;
u C, — KOHCTaHTBI, MOAOOpaHHBIE TaK, YTOObI

KOHIIBI rpadukoB coBmaganu. Ecmm paccmarpu-
BaTh OTHOCHUTEIIbHBIEC BETMYMHBI aMIUIUTY I, TO TIPH
A;=2u A=A =1 onTudeckue CynepocuuLIsA-
UM TPOMAAAI0T, TaK Kak rpaduk pacrpenencHus
A mopHuMaeTcs Tak BBICOKO HajJ OChIO abclucc,
yro yxxe He nepecekaer e€. IIpu Ay =0 wunTen-

CHUBHOCTB OIITHUYCCKHUX cynepoculxmnﬂunﬁ paBHa 4,

Bupa C,e *+ C,

TO €CTh KBaJpaTy CYMMBI aMIUTUTYI 2-X IOPYTHUX

BOJIH. JTO COOTBETCTBYET TOMY, YTO OITHYECKHE
CYTIEPOCIIMILISIINY MTPEBPAIIAOTCS B OOBIYHBIC HHTEP(EPCHIIMOHHEIC ITOJIOCHI.

Ha puc. 3 nokaszan rpapuk 3aBUCHUMO-
CTH pa3Mepa ONTHYECKHX CYIMEPOCIHIII-
UUA OT UX MHTEHCUBHOCTH. MOXHO 3ame-
TUTb, YTO 3aBUCHUMOCTb HMMEET BHUJ
y =G, ¥ x. Tlpuuém, Korma pasmep cymepoc-
UWUSIIUN CTPEMUTCSL K HYJIO, UX WHTCH-
CHUBHOCTh TaKXe cTpeMuTcs K Hymto. Korna
WX UHTEHCHUBHOCTH paBHA 4, TO €CTh HHTEH-
CHUBHOCTH OOBIYHBIX WHTEPPEPEHIIMOHHBIX
M0JIOC, Pa3Mep ONTUYECKUX CYMEPOCIIUILIS-
IMH paBeH IIOJIOBUHE [JIMHBI BOJHBI, TO
€CThb ONTHYECKHE CYMEPOCIMIISINN Tpe-
BpaIlalOTCs B OOBIYHBIC MHTEP(EPEHIINOH-
HBIE TOJIOCHI.

0.5
0.45
0.4

0.35
03 |

0.25

Pazmep, AAVHE BOAHBI

i I
1 2.5 35

2
MHTEHCUBHOCTL, OTH. ef,.

0.5 L5 3 4

Puc. 3. Mpacdmk 3aBMCMMOCTU pa3mepa OMTUYECKUX Cynepoc-
UMAAAUUA OT UX UHTEHCMBHOCTU. CNoLIHas NIMHUSI COOTBETCT-
ByeT OGHapyXeHHON 3aBMCMMOCTU, MYHKTUPHasi COOTBETCTBYeT
npeanonaraeMoi 3aBUCMMOCTHU

JAByMepHOe pacnpeaesneHe HHTEHCUBHOCTHU NPU UHTeP(epeHu TPpeX BOJH

B xo7e peanpHOro 3KCIIEpUMEHTa MPOUCXOUT HAOMIOACHNE HE 332 OJTHOMEPHBIM CPE30M, a 3a JIBY-
MepHOH HHTep(epeHIIMOHHON KapTuHOW. [loaToMy a1 HarisagHOCTH Obliia cMonenupoBana 2D uHTEp-
(bepeHIoHHasT KapTHHA OT 3-X TUIOCKUX BOJIH ¢ KOMIUTAaHAPHBIMH BOJHOBBIMH BekTOpamu (puc. 4, a).
Ha kapTune BUIHBI OOBIYHBIE CBETIIBIC MHTEP(EPEHIIMOHHBIC MTOJIOCH, a TOCEPEINHE TEMHBIX HHTEPdE-
PEHIIMOHHBIX TOJIOC HAOMIOAIOTCSI TOHKUE CBETIIBIE TIOJIOCH], COOTBETCTBYIONINE ONITHYECKUM CYIepoc-
HAJUTSIUSIM.

OpHako, €clii BOJHOBON BEKTOpP 3-Ci BOJIHBI CMECTUTh M3 ILIOCKOCTH, 00pa3yeMOil BOJHOBBIMH
BEKTOPAMH IEPBBIX JABYX BOJIH, MHTEP(EPCHIIMOHHAS KAPTHUHA MOTEPSCT TPAHCIAIUOHHYI0 CUMMETPHIO
Baosib ocu Y. Ha puc. 4, b nokazana narepdepeHIIMOHHAsS KapTHHA, COOTBETCTBYIOIIAs CIy4aro, Korna
MPOEKIIHS BOJTHOBOTO BEKTOpA TPEThEH BOJHBI Ha MCXOIHYIO IIOCKOCTh HAlpaBJICHA IO OUCCEKTPHCE
MEX/Ty BOJTHOBBIMH BEKTOpaMU JBYX APYruX BoiH. [Ipu ABM>keHUU BIoJL ocu Y HAOIIOIASTCS TOSBIIC-
HHE M TOCIIEYIONIee UCUC3HOBCHUE CYNEPOCIIMIUISIIMOHHBIX MOJIOC (TOHKHE TOJIOCH Ha (POHE TEMHBIX
nosioc). Takoe MOBEAECHHE CBS3aHO C TEM, YTO MPH JBWKECHHU BIOJb OCH Y TPOUCXOIUT MOHOTOHHOE
M3MEHEHUE clBUTA (Da3 MEX Ty MePBLIMH JBYMS U TPETHEH BOITHOM.

Ha puc. 5mokazaHo, kak cMelIeHHe BOJTHOBOTO BEKTOpa 3-€1 BOIHBI U3 IFIOCKOCTH BOJTHOBHIX BEK-
TOPOB JIBYX JIPYTUX BOJIH BIHSCT Ha U3MEHEHHUE IMOJTy4yaeMOil MHTepPEPEHIIMOHHOW KapTHHBI ONTHYC-
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ckux cynepociunisaimii. Ha urockoctu XY Obiia BeIOpaHa oOmactk uis MoaenupoBanus, nmo OZ ot-
KJIaIbIBaJIaCh MHTEHCUBHOCTb.

a b

Puc. 4. a) UHTepdhepeHUNOHHas KapTMHa OT 3-X MNMOCKMX BOMH C KOMMSIaHapHbIMU BONTHOBLIMU BeKTOpamu; b) nHtepde-
PEeHUMOHHas KapTUHa OT 3-X NIIOCKUX BOJIH B Crly4yae, Kor4a BONTHOBOW BEKTOP TpeTbel BOSHbI BbIXOAUT U3 NITOCKOCTH, 06-
pasyeMoi BOSTHOBbIMU BEKTOPamMM NepBbIX ABYX BOJTH

dl=L/100

dI=L/10

Puc. 5. 3aBUCMMOCTb nepeTekaHUsi ONTUYECKMX CYNEepOCLMINALUIA B O6blYHbIE UHTEP(EePEeHLIMOHHbIE NONOCHI OT OTKI10-
HeHUsi BONMHOBOro BeKTopa 3-ei BOMHbI OT NJIOCKOCTU, 06pa3yeMoil BONTHOBbLIMU BEKTOpPamMu ABYX APYrUX BOSH

Kak BHIHO W3 puc. 5, MIpH HE3HAYUTETHHOM OTKIOHEHHH 3-T0 BOJIHOBOTO BEKTOpa (OTHOLICHHE
npoeximi Kgy, / ky¥=1/100) nnTepdepernronnas kapTuHa cnabo U3MeHseTCst B mpocTpancTtse. Ho mpu

YBEIUYECHUH 3TOTO PACCTOSIHUS HA HUCCICAYEMOM YYaCcTKE YBEIMUMBAETCS KOJIMYECTBO MEPEXOO0B OIl-
TUYECKUX CYMEPOCHMWLUIAINA B 0OBIYHBIE UHTEP(EPEHIIMOHHbIE MTONOCH. B urore, Bce Tpu BOJHBI I10-

napHo WHTephEpUpYIOT MEXIy coboi 1 MHTEep(EepeHITMOHHBIE KAPTUHBI HAKIABIBAIOTCS APYT HA JPY-
ra.

3akjoueHue

HccnemoBan MeTOM MONYYCHUS ONTHUYSCKUX CYMEPOCIMIUISIINNA, OCHOBAaHHBIM Ha WHTEp(epeHIHH
OT TPEX KOJUTMMUPOBAHHKIX BOJH. [loTydeHsI cieayronue pe3yibTaThl:

1) 3aBHCUMOCTh MHTEHCHBHOCTH ONTHYECKHX CYHNEPOCIHUIALNAN OT aMIUIMTYIBl 3-€i BOJHBI HC-
TOYHHMKA UMEET DKCIOHEHIHAIbLHBIN BUI,

2) 3aBHCHUMOCTh pa3Mepa ONTUYCCKUX CYMEPOCHMIISINN OT MX WHTCHCUBHOCTH MMEET BUJ KOpHE-
BOI1 3aBUCHUMOCTH.
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3) mosydeHbI pachpee/ieHns HHTEHCUBHOCTH CBETA, COOTBETCTBYIONINE UHTEP(HEPEHIINH KOMILIA-
HapHBIX W HEKOMIUIAHAPHBIX BOJIH, 00€CTIeUYHBaIOIie BOSHUKHOBEHNE KaK OJHOMEPHBIX, TaK U ABYMEp-
HBIX CYNEpPOCHWUIANNH; 0OHAPYKEHO MCUYC3HOBEHUE CYNEPOCHMWUIALNUN MPH YJAICHUU OT HEKOMILIa-
HapHOU OpUEHTAIIMH BOJHOBBIX BEKTOPOB.
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Optical super-oscillation is one of the method®vercome diffraction limit. The phenomenon of
super oscillations has been known for more thahehakntury, but there is still a limited set ohpks
of the resulting light distribution patterns. Theeuof interference of Bessel and Gauss beams is cur
rently the most studied theoretically and in fée bnly method of obtaining optical super oscitlai in
practice. The paper presents a hew method of abgaoptical super-oscillations based on three wave
interference. We have studied the theoretical bfasigbtaining optical super-oscillations consideri
distribution of the field amplitude in the interégrce of three coherent collimated sources. Therdkpe
ence of the contrast of optical super- oscillationghe ratio of wave amplitudes, which has an agpe
tial form, is studied. The correlation of the safeoptical super-oscillations depending on the asit
which is proved to be of a power form is analy2&f: have modeled two-dimensional interference pat-
terns of optical super-oscillations obtained byeéhcoplanar waves. In this case optical superlascil
tions have a constant size along interference ésn¢n case of noncoplanar waves when moving along
interference fringes periodic extinction and appeae of optical super-oscillations are observed.

Keywords: optical super-oscillations; interferenseibwave effects.

References

1. Rogers E.T.F., Zheludev N.I. Optical super-tatins: sub-wavelength light focusing and su-
per-resolution imagingJournal of Optics 2013, Vol. 15, no. 9, p. 94008. DOI: 10.1088/2040
8978/15/9/094008

2. Ohmer N., Fenk B., Samuelis D., Chen C.-C., Mdie Weigand M., Goering E., Schiitz G.
Phase evolution in single-crystalline LiFePOllowed by in situ scanning X-ray microscopy ofrg
crometre-sized battery. Nature Communications, 2015/0l. o, Article no. 6045.
DOI: 10.1038/ncomms7045

3. Wang Z., Alrehaily L., Joseph J., Wren J.C., @dn Sham T.-K. Scanning transmission X-ray
microscopy studies of chromium hydroxide hollow eq@s and nanoparticles formed by gamma-
radiation.Canadian Journal of Chemistrg017, e-First Article: pp. 1-5. DOI: 10.1139/8017-0142

4. Brakenhoff G.J., Blom P., Barends P. Confocalhsing light microscopy with high aperture
immersion lenses. Journal of Microscopy, 1979, \Idl7, Issue 2, pp. 219-232. DOI: 10.1111/j.1365-
2818.1979.tb01178.x

5. Miklyaev Y.V., Asselborn S.A., Gerasimov A.M. tiqal near-field scanning by microparticles
suspended in immersion fluidTechnical Physics Letters2014, Vol. 40, Issue 8, pp. 640-643.
DOI: 10.1134/S1063785014080100

6. Miklyaev Y.V., Asselborn S.A., Zaytsev K.A., Baht M.Y. Superresolution microscopy in far-
field by near-field optical random mapping nanogcoipplied Physics Letter2014, Vol. 105, Issue
11, p. 113103. DOI: 10.1063/1.4895922

7. llovitsh T., llovitsh A., Wagner O., Zalevsky Buperresolved nanoscopy using Brownian mo-
tion of fluorescently labeled gold nanoparticlagplied Optics 2017, Vol. 56, Issue 5, pp. 1365-1369.
DOI: 10.1364/A0.56.001365

8. Wong A.M.H., Eleftheriades G.V. Superoscillagowithout Sidebands: Power-Efficient Sub-
Diffraction Imaging with Propagating Waves&cientific Reports 2015, Vol. 5, Article no. 8449.
DOI: 10.1038/srep08449

64 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2017, vol. 9, n 0. 4, pp. 59-65



Apsizzcoe M.A., Ceupudoea U.B., Memod nony4eHus onmu4eckux cynepocyunnsayull
Ucakoe [].C., Muknsiee FO.B. Ha OCHO8e mpexe8oJIHo80U UHMepghepeHyUU

9. Chojnacki L., Kempf A. New methods for creatiagperoscillationsJournal of Physics A:
Mathematical and Theoretical 2016, Vol. 49,no. 50, p.505203. DOI: 10.1088/1-7
8113/49/50/505203

10. Bouwkamp C.J., Bruijn, de, N.G. The problenopfimum antenna current distributidPhilips
Research Reportd945, Vol. 1, pp. 135-158.

11. Woodward B.P.M., Lawson J.D. The theoreticacmion with which an arbitrary radiation-
pattern may be obtained from a source of finite,s{2).Journal of the Institution of Electrical Engi-
neers - Part I: Generall948, Vol. 95, no. 93, p. 405. DOI: 10.1049/ji-14890163

12. Di Francia G.T. Super-gain antennas and optiesblving powerll Nuovo Cimentp 1952,
Vol. 9, Supplement 3, pp. 426—-438. DOI: 10.1000B%03413

13. Wong A.M.H., Eleftheriades G.V. Adaptation afh®lkunoff's superdirective antenna theory
for the realization of superoscillatory antennagsriIEEE Antennas and Wireless Propagation Letters
2010, Vol. 9, pp. 315-318. DOI: 10.1109/LAWP.2012.2710

14. Greenfield E., Schley R., Hurwitz I., Nemiroysk, Makris K.G., Segev M. Experimental gen-
eration of arbitrarily shaped diffractionless sugseillatory optical beamsOptics Express 2013,
Vol. 21, Issue 11, pp. 13425-13435. DOI: 10.1364R0013425

15. Rogers E.T.F., Lindberg J., Roy T., Savo SadChE., Dennis M.R., Zheludev N.I. A super-
oscillatory lens optical microscope for subwavetangmaging. Nature Materials 2012, Vol. 11,
Issue 5, pp. 432-435. DOI: 10.1038/nmat3280

Received September 26, 2017

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka»

65
2017, Tom 9, Ne 4, C. 59-65



YOK 544.313 DOI: 10.14529/mmph170409

XUMWYHECKUE NOTEHLUWAIBI TETPATOHAJIBHOIO ®EPPUTA
N EFO PABHOBECUE C y-®A30U B CTAJIAX

A.A. Mup3aee, A.A. Mup3oee, N.B. bynodawee, K.FO. Okuwee
tOxHo-Ypanbckuli 2ocyGapcmeeHHbIl yHugepcumem, 2. YensbuHck, Poccutickass ®edepayus
E-mail: mirzoevaa@susu.ru

Juis1 craneii ¢ 6eckapOMIHBIM OeiiHUTOM PacCMOTPEHO paBHOBecHe TeTPAaro-
HAJILHBIA (eppuT/aycTeHHT, BO3HHKaKIIee NMPH pacnane y-¢pa3pl HA mpuMepe
ciaBoB Fe-C. XumMuyeckue MoTeHIHANIbI KOMIOHEHTOB BBIYMCISIINCH CyMMM-
POBaHHEM COOTBETCTBYIOIIMX BhIpAajkeHUH 11 a-¢a3bl ¢ KyOn4ueckoil pemeTrkoi
U «TeTparoHaJbHOW» N00aBKoii Mo Teopuu 3uHepa—XauaTypsiHa. YcjioBHe pa-
BEHCTBA XUMHYECKUX MOTEHI[HATOB KOMIIOHEHTOB 15 JABYX (pa3 mo3BOIUJIO pac-
CYUTATh FPAHNYHbIEe KOHIEHTPAalMU yrjiepoaa B «'- u Y-¢a3ax. YcTaHOBJEHO,
YTO B TETPAroHajJbHOM - ¢aze paccyUTaHHAsI KOHLIEHTpanus yriaepoaa B 40—60
pa3 Bbille, YeM AJs 00LIYHOr0 KyOmuyeckoro geppura. IT0 OTKPHIBaeT HOBbIE
BO3MOKHOCTH KOHCTPYMPOBAaHUSI BBHICOKONMPOYHBIX cTajeil co cTpyKTypoii Oec-
KapOuaHOro OeiHUTA.

Kniouesvie cnosa: mempazonanoHocmy; GeliHUMHbII (peppum; Xumuyeckoe pas-
Hosecue;, meopus Xauamypsua.

Beengenne

Pacnag mepeoxiaxIeHHOTO ayCTEHHUTA JaeT pa3lInuHbIe CTPYKTYpHl B 3aBUCHMOCTH OT TEMIIEpaTy-
PBI U CKOPOCTH TpeBpaIeHus. Mexay CTyNneHblo (peppUTHO-TIEPIUTHOTO U MAPTEHCUTHOTO TIpeBpare-
HHS ayCTCHHUTA PACIOJIOKEHA CTYNEeHb IPOMEKYTOUHOTO WK OeHHUTHOTO mpeBpanieHus [1], koTopas B
HoCJIeIHEEe BpeMs OISTh NPUBJICKIa BHUMAHHE MaTepHANOBEOB Oyarogapsi pa3paboTKe MPEeKpacHBIX
craineit ¢ OeckapOouaneiM OeliHuToM [1, 2]. CTpyKTypa BepXHEro OCHHUTa COCTOUT M3 OTHOCHUTEIBHO
KPYIHBIX PEeK WM TUIACTUH (eppuTa, Yepeayronmxcs ¢ peiikamu kapouna FeC. Ha rpanunax peek u
[IAKETOB MPOSIBIISIOTCS TOHKHE MIPOCIONKH ocTaTouHOro aycreHuTa. Boinenenns F&C wm e-kapbuna B
HIDKHEM OeiiHuTe pacnonoxeHsl mon yrinamu 60°—70°k ocu peek. BeposiTHO, OHM BO3HUKAIOT HOCIHE
3aBepIICHHs pocTa MakeTa. HeCOMHEHHO, 4TO B YCIOBHSAX HENPEPHIBHOTO OXJIAXICHHS, a TeM OoJiee B
X0/1¢ U30TEePMUYECKON BBIACPKKH, CYIIECTBYET IIEPHO]] BPEMEHH, B TEUCHHE KOTOPOTO ayCTCHUT U Oeid-
HUTHBIA (heppuT MOTyT OOMEHMBATHCS aToMaMu yriepona. IIpu sTom aycTeHuT oboramaercst yriepo-
JI0M, OCHHUT, HaNPOTHUB, OOCIHSCTCS, @ YaCTh YIIIepOAa BBIACISACTCS B BUIE KapOuaa, B OOJbIIeH cTe-
IICHU JIJIsl BEPXHETO, B MCHBIIICH — JUIsl HIDKHEro OeitHnTa. OIHAKO €CITU CTallb COACPIKHUT JICTHPYIOIIUE
snementsl (Si, Al) [1, 2], meficTBre KOTOPBIX MPOSBISETCS HE TOIBKO B YMEHBIIEHHH KOd(hHUIIMEHTa
muddys3un yriueposa, HO U B yCTOHYMBOCTH KapOUIOB, TO B YCIOBHUSX HEMPEPHIBHOTO OXJIAXKACHHS I
M30TEPMHUYCCKON 3aKaJIKW BO3HUKAET CTPYKTypa OeckapOuaHOro OeiHMTA, BKIIOYAIONIAs TaKXKE OCTa-
TOYHBIN ayCTEHUT M MapTEHCHT IOCIIEAYIOIEro OXIaxaeHus. M3oTepMudecku 3aKkajaeHHas cTanb ¢ Oec-
KapOumHbIM OeitHuTOM oOnangaeT [2, 3] BHICOKMM ypOBHEM KOHCTPYKLIMOHHOM IPOYHOCTH, TOTAA KaK
HOSIBIICHHE YacTHIl KapOHa MPUBOAUT K PE3KOMY CHIIKCHHUIO CONPOTUBIICHHS yaapy. Takum oOpazoM, B
cTaiax ¢ 6eckapOuIHBIM OCHHUTOM BO3HHKAET paBHOBecHe (peppHUT-ayCTEHUT, KOTOPOE MOYKHO M3ydaTh
IPY HU3KUX TEMIIEpaTypax.

bxanemms ogHUM W3 MepBBIX 00paTHi BHHMaHHE [4—6] Ha OTMEUYCHHBIC CBOWCTBA KPEMHHUCTBIX
craineil. Im Obln pa3paboTaHbl HOBBIE BEICOKOYTIIepoanucThie MN-Si-Cranu, B KOTOPBIX IPU H30TEPMHU-
YeCKOM 3aKajgke BO3HMKAOT TOHKHE (1o 20HM) IUIACTMHBI HIH peliku OeHHMTHOTO (eppura |
COXpAHSCTCS OCTATOYHBIN ayCTEHUT, KOTOPBIH NPH IUIACTUYECKOW IeopMaluy MpeBpaIlacTcs B
MapTEHCHT, 4TO 00ECIICYNBACT IPEKPACHOE COUCTAHHE IUTACTHYHOCTH U MPOYHOCTH.

VY IUBUTENBHBIM SBHJIOCH TO OOCTOSITEIBCTBO, YTO OCHHHUT B 3THX CTAJIIX UMEET TETPAaroHAIbHYIO
KPHUCTAJUIMYECKYIO PELIETKY, YTO paHee He HaOJI0Aan0Cch, BEPOSITHO, BCICICTBUE BBIICIICHNS KapOUI0B.
@akT TeTparoHaJIbHOCTH MOATBEPIKICH MPSMBIMU SKCIIEPUMEHTaMH B pabotax [7, 8]. bxamemus npen-
cTaBui [6] muarpaMmy paBHOBECHSI TeTparoHajapHOro (eppura (o) U aycrenuta (y) MpH pas3IHUHBIX
Temrieparypax. Oka3agoch, 4TO paBHOBECHas KOHIIGHTpAIMs yrieponaa B (eppuTe yBEIUYWIACh IPH
9TOM MHOTOKpaTHO. OJJHaKO MPOBEICHHBIA aBTOPOM PAacUeT M3MEHECHUS SHEPTUU PACTBOPEHUS YTIIepo-
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Jla TIpH TIepexojie OT KyOM4ecKoro K TeTparoHaJlbHOMY (heppuTy MMeeT psn HemocTaTkoB. B kyOmue-
CKOM (eppuTe YIiaepoja pPaBHOMEPHO pacipejesieH MeXIy TpeMs MojpemieTkamu okramop (x-, y-, Z-
turna). bxangenus, kKak OOBIYHO MPH MEPBOMPUHIIMITHBIX pacyeTax, UCIOIb30Ba MEPHOIUUECKHIE Tpa-
HUYHbIC yclioBUs [6], a B cymepsdeliky mMoMellan eIWHCTBEHHBIH aToM yriepoaa. Takue yCIOBHUs
TPaHCIUPYIOT» JaHHBIA aTOM BCET/a B MOJPEIIeTKY OJHOTO BHia. [loaTomy daktuuecku bxamerms
paccuuTan JHEPTHI0 PACTBOPEHHUS yriepoaa B KyOumdeckoM (eppure ¢ coaepkaHHeM Yriiepoja
1,3mac. %. B ecTecTBeHHBIX YCIOBHUIX Takol KyOudeckuil heppuT He cTaOuiieH; TOZ0OHO MapTEHCUTY
OH JOJDKEH NpPUOOPECTH TETParoHANbHYI0 PELIETKY, BBITAHYTYIO BIOJb OCH Z C OTHOIICHHEM
c/a=1,059. B peansHOCTH, YTOOBI CO31aTh TaKON KyOMUeckHii (eppuT, HEOOXOIUMO K TETPAroHaiIb-
HOMY KPHUCTAJUTy IPUIOKUTH CKUMAIOILEE BAOJb OCH Z M PAaCTATHBAIOLINE BAOJIL OCEH X U 'y HaIlpsKe-
HUSI, KOTOPBIE YBENWYAT TOJHYIO SHEPTHIO CHCTEMBI 3a CUET JOTOJHUTEIBHOTO BKJIA/a YIPYToi dHep-
run. JTa 700aBOYHAs SHEPrUs MPUBOANT K YBEIHUEHHUIO SJHEPTUN PACTBOPEHUS yriiepoaa B KyOudeckon
(depputHOii aze M, BOSMOXKHO, K 3aBBILICHHOMY Pe3yJbTaTy Ui Pa3sHOCTH YHEPTUil pacTBopeHHs. Bro-
POl HEJOCTATOK IMMOJIX0/a COCTOMT B TOM, YTO aBTOpP HE ONMUCHIBACT MPOLEAYpPY pacyera (pa3oBoi aua-
rpaMMBbl TETPAaroHaIbHbINA (HeppUT/ayCTeHUT, Il KOTOPOTO HEOOXOAUM yUYeT U3MCHEHHS SHTPOIIHU yT-
JiepoJia pH Mepexoie OT HEYMOPSAIOUSHHOIO paclpeesieHHs K YIOPSAA0YeHHOMY B Z-TOIPEUIeTKE JUIs
TeTparoHadbHOTO Qepputa. [lockonbky 3TOT OueHb BasKHBIN (akT He OTMEUEH, TO, CKOpPEe BCEro, aBTOP
MIPUHAMAJ SHTPOIHIO B O0OMX COCTOSHUAX ofmHakoBoil. [lomyuennas bxanemms dasoBas quarpamma
Ype3BBIYAHO Ba)KHA JJIs TOHUMAHUS HAMpaBJICHUN Pa3BUTHS TaHHOTO Kiracca craieid. OmHako TOYHBIN
pacueT Takoi JuarpaMMbl BO3SMOXKEH TOJBKO MPH 3HAHUM XUMHYECKHUX TOTCHLMANIOB YIiepoaa H JKelie-
3a IPUMEHUTEIHHO XOTs OBl K yIIepOAUCTHIM CTAIsIM. B CBSI3M ¢ 3TUM JaHHAs CTaThs OCBSIIEHA aHAa-
U3y XUMAYECKUX TIOTEHIMAJIOB TETPAroHAIbHOTO (heppUTa U CTPOTOMY pacdeTy AHarpaMMbl PaBHOBE-
cust Y o a'.

XuMHYecKHre NOTEeHIHMAIbI KOMIIOHEHTOB KyOuueckoro geppura

Teopust uaeanbHBIX paCTBOPOB BHEAPEHUS, B TOM YHCJE yIIIepoja B XkeJe3e, Obuia pa3paboTaHa B
paborax [9—10]. Ha ee ocHOBe MoyueHO BBIpaXEHUE LIS TEPMOJHHAMUYECKOH BepostHocTH W U H-
Tpormu SpacnpeneneHus N atoMoB yriepoa mo BN oKTa’IpuuecKuM ImopaM pemeTKH jKeye3a

S=lglnw=-k| pin—"c 1+ nnPN"Tc| 1)
BN - ¢ BN
rae Nc 1 N — KOIMYecTBO PacTBOPCHHBIX aTOMOB yIJepoJa M aTOMOB PAacTBOPUTENS, a [ — YHCIO
OKTadAPHUYECKUX TI0p, Tpuxomamuxcs Ha aroM xenesa ( f=1 ma TIHK u f=3 mia OLIK pemrerkn
KeJe3a). DHTPOIUIHBIE BKIIAIbI B MOJISIPHBIE XMMHYIECKHE MOTEHIHAIBI KOMIIOHEHTOB COCTABSAT:

a y AT — oY
He(s) =RTInLa;,u’C’(S) = RTInL;,Uge(S): Rﬂnﬂ;,u{e(sf RTn1—2XC, (2)
3-4xZ 1- 3(1-%¢) 1-x{
I€ XcU Xgo —AaTOMHBIE IOJIU YITIEPOJA U XKe- 1200
JjIe3a B O- WIK Y-pacTBOpax. " e
Ecnu 3a ctangapTHOE COCTOSIHUE YIUIEpO- 1000 -4 '\.\ —a—c
Jla B pacTBOpPE MPUHATH TPauT, TO pacTBOpE- j '\.\
HUe Tpadura B Kenese (OpPMaJIbHO MOXKHO X 5004 '\.\
pasmenuth Ha psx oramos: 1) mmccommamms & % oty N v
rpadputa Ha  oTAenbHele  arombl  C; 20 o0 "
2) nomemenne atoMoB C B OKTadIpUYECKHE H \'\_
IIOPBI XKENe3a, IPU KOTOPOM BO3HUKAET IIOTEH- a 400 \'\_
nuansHas sHeprus E cBs3u C-Fe, xunernde- \-\_
CKasl SHEPTUsl U SHTPONHS KOJICOAHUN aTOMOB N
yriaepona; 3) BKIoUeHHe B3aumoaeicTeus AU 20 | = = —
aTOMOB yrJi€poJa Apyr C¢ IApyrom B O6'beMe, 0 2K0Hu8HTpaT.lMﬂ yrj'|epc),¢;?aY mac.% 8 10
cogepxameM N aroMoB >kene3a, KOTOpOe H3-
MCHHUT U BI/I6paLII/I0HHy10 SHTPONHUIO AS*. Ilo- Puc. 1. PesynbTaThl pacyéta anarpammbl ha3oBoro pas-
CKOHBKy IBa HepBBIX BKJI1aga HpOHOpHI/IOHaHB' HoBecus KyGI/I'-IQCKI/Iﬁ (beppr/ayCTeHwT. anepmauue
yrnepoaa nepecymMtaHo oT aTOMHbIX Aoneun B mac.%
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dusunka

HbI YHUCJIYy aTOMOB C, TO OHH BOﬁHyT B XUMHYCCKUN IMMOTCHIHAJI aTOMOB YTIJICPOJa. O003HaYNM KX CyM-

2
0 X s’
My Kak @¢ . Tperbe cilaraemoe mpu To4HOM pacyete umeer Bun S| ———— | |AU —TAS"), mostomy
Bll-x)
nocie auddepeHIMpoBaHns OHO BOWIET B BBIPAKEHUS JUII XUMUYECKUX MOTEHIMAIOB 0OOMX KOMIIO-
HEHTOB:

2
=0 N - Bl-x)- %,
fro = GFe+IB(,8(1_Xc)J (aU -TAS)+ FORTIN Fir) (%)
— 0,2 0 _ - L
the =G + 2 2—(1_XC)(AU Tas)+ RN % (%)

rae OG,:e —cB0OOIHAS SHEPTHS YUCTOTO O~ WIIH Y- Kee3a, a OGép — cBOOOIHAsI SHEprus rpadura.

KOHKpPETHO B JIAaHHOM HCCIICIOBAHUH OBUIM HUCIIOJBb30BAHbI TEPMOANHAMHUIECKHIE QYHKIMHU abda-
U rammMa-pactBopoB (II/Moib), B3siThie U3 paboT Arpena [11], KOTOpbI omupacs Ha UCCIIEAOBaHUE
Xapsura [12]:

4 4
wk =°G¥ +46115- 19,178T + RTO In X 4 X ( 21070 11,558) (4)
1-2x¢ 1%
1 y 4 2
pt=GL+ RTIN_2C | _X_| (21079+ 11,565T) ()
1, |\ 1- %
a
4 = °GZ +108299- 39,608T + RTO lA—C— (48)
3-ag
_ a
L = GY_+ 3RT|n3—4X§. 4)
31-)

CpaBHHUBast 3TH BBIpaXCHUA ¢ oOumMu Gopmynamu (3) A peryiasspHBIX paCTBOPOB BHEAPCHUS,
MOYKHO 3aKJIIOYHTh, YTO IO ATpeHy SHeprus B3auMozeicTBus atomoB yriepoma B OILK (o)-
HEYTIOPA0UYEHHOM pacTBope Oim3Ka K Hymo. B To ke Bpems B ramma-(haze Mexay HUMH HaOIrogaeTcs
orrankuBanue. [IpupaBHIB XUMHUECKUE MOTCHIMABI YTICPOaa U Kele3a sl pepputa U ayCTeHHTA, a
umenno LY =g u pfy = e, nOMyuMM ypaBHEHHS paBHOBECHS allb()a- U raMMa-pacTBOPOB:

2

1-2 4 4 AV
(°GE, - °G&) + RTIn =2 _| _*C_| (21079+ 11,556M) - RT o< = ( (%)
i i o)
@ 1-2x 4
62184~ 20,428T + RTI Ip—C X |- 2% ( 21070 11,588)= (55)

4l X ) TH
YucseHHble 3HAYECHHUS PA3HOCTH CBOOOIHBIX SHEPrHi Y- U 0-(a3 ObLIM PacCYMTAHBI C TTOMOIIIIO
MeTo1a, pa3BuToro Arpesom [11]. Berumcienune kopHe# cucremsl ypaBHenwii (5a) u (50) mmst pasnndg-
HBIX 3HAUYEHHI TEMIEPaTypbl ObLJIO BBIOJIHEHO YHUCICHHO B MporpaMmmHoM nakere Mathcad Pesynbra-
TBI PacueToOB MPEJICTaBICHBI HA prc. 1 B BHje AHarpaMMbl 0~y paBHOBeCHs. [10ydcHHbBIE JaHHBIE XO-

POIIIO COTJIACYIOTCS C PEeabHO CYIIECTBYIOIINM YYaCTKOM O-Y PABHOBECHS TUATrpaMMBbl JKene30-Tpadut
[10].

XuMHYeCKHEe MOTEHIMAIbI KOMIIOHEHTOB TeTPAroHAJbLHOT0 O ' -(heppuTa

3a OCHOBY MOCTPOCHHUS XUMHYECKHX MOTCHIIMAJIOB ObLIA MPUHATA TCOPHS YHIOPSIOUYCHHS aTOMOB
yriepoza B Z-TOApeIIeTKe BHeApeHnst MapTeHcnTa ciiaBoB Fe-C [13].0no o6yciosieHo mehopmariu-
OHHBIM B3aMMOJICHICTBUEM aTOMOB YyIJIEpOJa, PACIIOIOKCHHBIX B OKTadJIPUYECKUX IMOpax C KOPOTKOU
JIMarOHAIIBI0 OKTa’/Ipa, OPUCHTUPOBAHHOM BAOIb ocH Z. [Ipy 3TOM KaKIbIii BHEJIPEHHBIH aTOM yTIepo-
Jla CO3/1aeT I0JIe PACTKCHUM, OPUSHTHPOBAHHOE BAOJb 3TOM ocu. X cymma nopoxaaet 3¢ GeKTHBHOE
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HaIpsHKCHUE, YCTaHaBJIMBAoIee, MoJ00HO 3((eKTHBHOMY IMOJIO B TeOpuu MarHetusma [14], ynpyrue
JMTIONH MPEUMYIIECTBEHHO BJOMIb Z. DTO IPUBOAUT K IPEHMYIIECTBEHHOMY 3aII0OJIHEHUIO aTOMaMH yT-
Jepona oJHOM (Z) U3 Tpex moapeneTok BHeApeHus. [ u3MeHeH s CBOOOTHOM SHEPTUH CILIaBa B XOJe
nogoOHoro ynopsinouenus K. 3unep [13], a 3atem A. Xauatypsia [15] momyunnu BeipakeHne

G(c.T)=G(cT, o)—% N@)I0/72+k5%[2(1—/7) INEn)+(% 2) If + )] (6)
rac
st )
3

€CTh MapaMeTp MOpsAKa, OTPAXKAIOIINI H30BITOK AaTOMOB YTJIEpoJia B Z-OKTadIPHYECKHX TIOpax Mo CpaB-
HEHHIO C TEM KOJIHUYECTBOM, KOTOPOE JOIKHO OBITh MPH PABHOMEPHOM 3aMOJHCHUN aTOMaMHU yriiepoja

n,
1op Tuna zZ, Xu'y (né = ncy =g =?Cj .3mece N M Nz — KONMYECTBO aTOMOB JKEJIE3a U YIrIepoaa co-

. n

OTBETCTBEHHO; Ag — MapaMeTp Ae(pOpPMAMOHHOTO B3aUMOJICHCTBHS, c=—¢ :L, Tae Xz — Oousd
N 1-Xx

aTOMOB yrjiepoZa B pacTBOPC, T — abcomoTHas TeMIICparypa, kB — IIOCTOsAHHAsA BOJ’IBLIMaHa;

G(C, T, O) — cBoOOaHAs sHEprus pactBopa mnpu /] =0, T. €. B HEYNOPSIIOUYCHHOM COCTOSIHUU. OTMETHM,

4TO SHEprus Ie(OpPMALOHHOTO B3aMMOJCHCTBHS OTPHIATEIbHA, MOITOMY MBI IpPUMEM, 4To Ay —
HOJIOKUTENIbHASI BEIMYMHA, HO BRIHECEM 3HAK MUHYC IEpejl BTOPhIM ciaraeMbiM B (6). B paBHOBeCHOM

aG(c, T,7)
COCTOREHE ——" =0. B pe3ysbTaTe penieHus nojiyJaem
/‘OXC In 1+ 2’7
1-n

JleTanbHbINA aHATH3 YCTONYMBOCTH IMpoliecca yropsgodeHus [16] mokasai, 4To ykazaHHAs 3aBHUCH-
MOCTH JeiicTBuTenbHa Ha naTepBasie 0,5</) < 1. 3nagenue /) = 0,5 aBusgercs kpurndeckuM. [Ipu coot-

BETCTBYIOILEH 9TOMY 3HauUCHUIO TemmnepaType T !

A X
T. =0,360 2 —C— 9)
¢ ks (1-x)

JOJDKEH MPOSIBUTHCA MEPEX0 TUMa mopsaok—oecnopanok. [Ipoxoxkaenue yepes 5Ty Temneparypy B yc-
JIOBUSIX HarpeBa OyAET COMPOBOXKAATHCS CKAYKOOOpa3HbIM CHIKEHUEM cTeneHu nopsiaka ot 0,5 o Hy-
151, B ciyuae oxiaxxaeHus NOPsiIOK BOSHUKACT TAK)KE CKAuKOM.

JI1s1 yIIOPSI0YEHHOTO TI0 Z COCTOSIHUSA, IIPEAnonaras uto NG = Y, Haiinem ¢ yuerom (7):

g =E (1 27) i = g =E(1-n). (10)
3HTpOHI/Iﬂ p336I/IeHI/Iﬂ CUCTEMBI U3 nC aTOMOB YTJICPOJa Ha TPU I'PYHIIbI 110 né, ncy, I‘é aTOMOB OII-

penensieTcsi TepMOAMHAMHYIECKON BEPOSITHOCTEI0 W
ne!
Z1 Y X
nc!ng!re!
Ucnonw3ys nanee ¢popmyny Crupimara InN!'= NIn N— N, momy4unm BeipaykeHue IJisi SHTPOIHIA-
HOTO COMHOXHTENSA B (6).
[epepacnpenenenue yriaepoaa, Mo-BHIMMOMY, TPOUCXOJIUT Ha MexdasHOW y/o-rpaHUIC B X0
MapTEHCUTHOTO TPEBPAILEHHS, IOCKOIBKY aTOM YTJIepoAa B OKTAlope ayCTeHHTa OKPYKEH CHMMET-
PHYHO TpeMs X-, Y- U Z-OKTallopaMy TeTParoHaJIbHON peIeTK. BekTop nepememenus aToma yriepoaa

MaJl BO BCEX ClIydadX, MO3TOMY MNEPCpacCrnpeACICHUC aTOMOB YIJICpOJa BIIOJIHE BO3MOXHO HaXKC IpU
O4YCHb BBICOKOP’I, IIOo4YTH 3BYKOBOﬁ CKOpPOCTH pOCTA. I[pyraﬁ CUTyalusa CKJIaAbIBAaCTCA B ClIydac 06pa30-

S=kInW= kln (11)
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BaHUsl OCHHUTHOTO (peppuTa, KOT/Ia CKOPOCTh POCTa Mayia, U aTOMEI YIJIepoJia YCIEBAIOT MepeMenaThes
Ha 3HAYUTENbHBIC paccTosHuA. [1oaTOMY, eciu mepBoe ciaaraemMoe B (6), CBSI3aHHOE ¢ KOJNJICKTHBHBIM
JneOopMaMOHHBIM B3aMMOJICHCTBHEM, Ha HAIll B3MJISAJ[, OCTACTCS CIPABE/UIMBLIM W JJIsi OCHHUTHOTO
(dheppuTa, TO SHTPONMUHBIA BKJIad M0JKEH ObITh M3MEHEH. [IeHCTBUTEIBHO, HEOOXOAUMO yUYECTh, UTO
MIPOU3BOJIBHEIN aTOM YTIIEpOa B KaXK/I0M MOPEIIESTKE MOXKET TeIeph 3aHUMATh Jr00yI0 u3 N okTarmop.
Torga

_ _ N! N! N!
5* kan_(N—rﬁ)!rg!D(N—nCy)!rg!D(N— ) wt (12)
BHoBb ncnonssys popmyny Ctupnuara, HaliaeMm
S=Kkn W= K-( N é)ln[( N- @)/ @—( N g‘yln[( N &/ }k .

—(N—né)ln[(N—rg)/ N}— &in( &/ N- @n( @/ N- gin( & .
VYutem nanee, uto B cuity paBeHcTB (10)

X
Nc

—1n _n)- z 1t
In| = —Inﬁﬂn(l n),ln(nC/N)—In3N+In(1+ 7).

Torna Beipaxkenue (13)ynaercs npuBeCTH K BUIY:

2
S=Kn —%(u 2?)- annﬁ—%[(h 2)In(+ 2 > 2(n )In(En )- 3In3.  (14)

Bemnunna B (14), 3akioueHHass B KBaJpaTHBIC CKOOKHM, IMPEACTAaBISET COOOW SHTPONHIO Z-
YIOPSAOYEHUST aTOMOB yriepoJa, Kotopas Gurypupyer B Teopur 3uHepa. OZHAKO MOIHAS SHTPOIHS
YIJIEPOAHOM MOACUCTEMBI CYILIECTBEHHO OOJIbIIIE ITOr0 3HAUEHUs OJ1arojapss MHOTOKPaTHOMY yBEIHYe-
HUIO YMCiia MO3ULU, AOCTYNHBIX Ul pa3MeEIlEeHUsl aTOMOB BHeIpeHus. YTo jxe KacaeTcsl SHEpruu Je-
(hopMaMOHHOTO B3aUMOJCHCTBUS, TO OHA JIOJDKHA UMETh TaKOW e BHJ U BEIMUMHY, KaK B TECOPHH 3U-
Hepa—XavaTtypsiHa. 3ameHuB B (6) BbIpaskeHue 1iist sHTponuu Ha (14), momydnm Gopmyiy Ui H3MeHe-
HUs cBOOOHOM sHeprun AGy 4, yriepofHoi moacucTeMsl GeppHuTa IpH Z-yHnopsaodeHHU. MoIApHYIo

CBOGOJIHYIO SHEPTHUIO TETparoHaibHOro deppura 3anuimem B Bune Gy =AG, , + G(F, T), rue dynk-
mus G, BKIJIIOYAeT HEYYTEHHbIE CllaraeMble, HEOOXOMMBbIE, YTOObI B KAUeCTBE CTAaHJAPTHBIX COCTOSHUM
BBICTYIIAJIN YUCTOE 0-XKEJIe30, a U1 yriiepoaa —rpadur:

a —(1_ N ora e 2p °aa
G, T)= (1€ ) etr £ (ar + 90). (15)
Bennunna ¢ MpeaACTaBIIACT U3BMCHCHUC CBO6OI[HOﬁ OHCPruu npu nepexoac OT CTaHAAPTHOIO CO-
CTOSIHUS OECKOHEYHO pa30aBIEHHOIO PAacTBOPA YIJIEPOJA B O-KeJe3e K COCTOSHUIO Tpadura. Uncien-

Hoe 3Hauenne @ =95818- 41,92T Jlx/mons B3sTO M3 paGotel Arpena [11]. [lns MomnsipHOii cBoO-
00IHOM YHEPTUH TETPATOHALHOTO (heppUTa OKOHYATEIIBHO MOTyYacM:

' . , . a' 2 . .
a8 1€ ) =) ot (‘s 92)5 w2l ] £
LRT()? 1+ 277 )+ RDE [2(1-7) In(+-7)+( ¥ 2) I{ & 2)- 3In} .
6 1-xa

Hcmonb3yem M3BECTHBIC TepMoauHamMmmueckue Gpopmysibl [10] mis pacyera XUMHYECKHX TMOTEHIIHA-
JIOB KOMIIOHEHTOB CILIaBa

(16)

a . , 67v
. 1_)€)6G s~ _ g 9

4 =G ,
) g &

¥ HalJIEM IIOCIIETHHE:
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' a' : :
We = "G¥ + "¢ +RT In[ Xca,]+1 X J‘—Z('\b/‘o‘ R'I)—)é -n?+
1-x¢ ) 31-x¢ ) 3 1- % (17a)
+% RT[2(1-7)In(1-7)+(1+ 27) I ¥ 2)- 3In3 ;
. ' 2
pe = %G, - RT- <1 ( Nelo - {LJ 7. (17)
- Xc X

Janmee HEOOXOAMMO BBISICHHTH, B Kakoi Mepe mpu /] =0 Beipakenus (17a, 6) 1Is9 XUMHYECKHX ITO-

TCHILUAJIOB TOJDKHBI TIEpeHTH B (opMyJbl (4B, T) s KyOuueckoro ¢pepputa. Ho HeOombIoe OTKIOHE-
HHUE 37€Ch JOIyCTUMO, MOCKOJBKY NPH BBIBOJAE IMEPBBIX HCIOIB30BAHO NMPHOIMKEHHOE BBIpaKEHHE

xz}lxz

Crupnurra. Hampumep, cymma RT[IH( ] MIPEJCTaBISICT CO00M 2 YiieHa Pa3IoKCHHUS

1-x2 ) 31-2
X X X
¢byakoun RTIn 4 B ST TIO MAJIOMY TIapameTpy 3 — . Touno rake RT — Ipe/CTaB-
1- 3 x4 1-x¢ 1-xc

3- 4

JISIET TIEPBBIN WIEH pa3ioKeHus ()YHKIINH 3RTIn{ 3 )} (cM. (4 1)) B psim o MajoMy Iapamerpy

a

Xca . DHTponwmiiHoe ciaaraeMoe RTIN3 Bo3HMKaeT W A TETPAroHAIBLHOTO, U IS KYOHIECKOTo pac-
1-xc
X
TBOpa. B Bhipaxkenun (4r) ono Bxoaut B ciaaraemoe 3RTIN 3 ad | [Mockomeky RT << NyAg, TO B
X

dopmynax (17a, 6) Ml npereOperaem Benuuuaoii RT. C yueToM 3THX MONPaBOK (GOPMYIIBI IS XHMH-
YeCKUX ITOTCHINAIOB KOMIOHEHTOB TPUHUMAIOT BUI

: a '
HE = GT + °¢8+RT'”[—XC J‘% N2 +

3-4x¢ 1-X¢ (18)
+%RT[2(1—/7) in(1-7) +(1+ 27) W 2)- 3In3 ;
. 2
yg;=°c;ge+3m|n{3 e ] —N@O[ X J 2. (1)
31-x3)) 3 1-

HpI/Ip dBHUBasA XUMHUYCCKHUEC ITIOTCHIIMAJIBI

ar _ Y . ,,ar — Y
Hc = Hc sHre = Hres

ojry4acM ypaBHCHHA PABHOBECUA TeTpaFOHaJ'H:HOFO (beppI/ITa M ayCTCHMUTA.

x&
62184~ 20,425 + RT| Ih——<— /72 +
a
3-4x¢ 2 ( 19)
1 Xé _
+=RT[2(1-1)In(1-7) +(1+ Z7) I &+ Z) |- 2°—( 21079 11,55§=

3 1- xg
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- a - Y
(%6t - °GE) + RT| ~3in| S |+1n 11 2 |-
3}@) -
(1%)
. 2
a y
“INgag X | 2| e | 21079+ 11,555 ¥
3 V0% o "
1-x& 1-x

TpeTbuM ypaBHEHHMEM Hallleil CHCTEMBI BBICTYIAeT cOOTHOIIeHUE (8), B KOTOPOM X~ ClexyeT 3a-

MCHHUTDH Ha Xg . OHo OTpaKacT CBA3b MapaMCTpa nopsAaaKa € KOHI_ICHTpaLII/Ieﬁ yriepoJa B T€TparoHajib-

HoM (eppure. I[Ipu 3TOM TpebOBaHHE YCTOWYMBOCTH TIpoLecca yrnopsaaodeHus [16] mpuBoauT K ycio-
Buio 0,5</) < 1. Pemenne cucremsl ypapaenuit (19a) u (190) 11 pasiuyHbIX 3HAYEHHI TEMITEPATYPHI

OBUIO BBINMOJHEHO YHCIEHHO B mporpammuHoM mnakere Mathcad dopmanbho ypaBHenus (19, 0) mpu

(uxcupoBaHHOl TeMmepaType MOXHO paccmarpuBaTh Kak 3aganne napsl ynxumii XX = fi(x) n
x& = f,(0&). Tlpumep rpadukoB momoGHbIX GyHKIMK naH Ha puc. 2 mis T = 700K u A, = 10,53B.
Onnako i1 husnuecku peanbHOro KopHs XK > X2, Kak 970 M HabIIONAETCS B AEHCTBUTENLHOCTH I

CILIABOB JKeJe30—yriaepos. Uit BToporo KOpHs, HaoGopoT, XK < X¢, uro Qu3n¥ecKy HepeabHo, 1o-
3TOMY BTOPOH KOPEHb CHCTEMBI YPaBHEHHI Mbl 0TOpachiBau. Pe3ynbTaTsl pacuera paBHOBECHBIX KOH-
LHEHTpaLUuil yriepofa B TETParoHaJbHOM (eppUTe M ayCTEHHUTE MOKa3aHbl Ha pUC. 3 U pa3IMYHBIX
TEMIIepaTyp U 3HAUCHHUI KOHCTAHTHI 1e()OPMALIHOHHOTO B3aUMOACHCTBHSA Ay. [To oTHOmEHHIO K KyOu-
YECKOMY COJIepKaHHE yIiepoa B TeTparoHaAIbHOM (heppuTe MHOTOKpATHO yBenawmumiaock. Hampumep,

npu 600K comepkanue yriepoaa B kyoudeckom ¢eppure coctapnsier 0,011mac. %, Toraa kak B TeTpa-
rouansaoM — 0,92mac. % (s Ao = 10,53B).

0,25 -

—e— ypaBHeHue 19(a) 800 =g —o—c",2,=10.5 3B
—&— ypaBHeHve 19(6) i Bog .
2,=10,5 3B ] Eﬁv\v . —0—¢/,2,=10.5 3B
0 ! 700 o Voo
0,20 - T=700 K I/ \X —A— ¢, 1,=8.5 3B
o A < O
1 600 Iy g»\bb%\\vu —v—c, 1,=8.5 3B
= CIP.
5 o ¥ s d AN —<—c* 2,=6.5 3B
B § 500 %A % \D\\W\\ b, 2,265 9B
S § 44 \> S
3 o104 ) 11 AN
5 g 400 oA > VO
= ] 3 ok 4 e
x 1L AN
ol 300 oA q >0
! ) AN
(lj < > vm\
1 200 o) =}
0,00 T g T g T g T g T g T g T E T ! 5 2' "1 é é
002 003 004 005 006 007 008 009 oA
X", aTOMHble 40NN LeHTpauus yrnepoaa, -7
Puc. 2. NepeceyeHne KpuUBbLIX 3aBUCUMOCTEN Puc. 3. MorpaHnyHble KOHLEHTpaLuuun yrnepoaa
cornacHo ypaBHeHusim (19a) u (196), nokasbl- B Mac. % ans TeTparoHanbHoro cgeppuTa u 3
BalolLme cylecTBOBaHMe ABYX KOpHeW (X) Ans aycTeHWUTa, Nomny4eHHble pelleHneM ypaBHEeHUN
3TOM CUCTEMbI (19a) n (196), ans ycnoBuM, Korga BbigeneHue

FesC nopaBneHo
HaHHHe puc. 3 OTYCTJIMBO MMOKA3bIBAIOT, YTO C YMCHBLIIICHUCM BCIINYNHBI /]0 norpaHn4Hasl KOHICH-

Tpanusa Xg BO3pacCTacrT. HpI/I MOBBINICHUN TCMIICPATYPHI 3Ta KOHICHTpAalUd CHa4daJia CJICTKa yMCHbIIIA-

eTcs, HO B 00JIaCTH BBICOKHX TEMIIEpaTyp HaYMHAET BO3pacTaTh. B TO ke BpeMs MOrpaHUYHAasi KOHICH-
TpaIus yriepoJia B ayCTEHUTE MOHOTOHHO CHWKAETCS TIPU BO3PACTAHUM TEMIIEPATyphl, TAK UTO OTU JBE
KPUBBIC CMBIKAIOTCS, KaK ObI cO3/1aBas KymoJl. J{is TeMreparyp BbIIIE KyIoJia KOpHEH TeTparoHaILHOTO
pemenus yxe HeT. [Ipu aToM nmapamertp nopsiaka /7 =0, T. €. MOTYT CYIIECTBOBATh TOJIBKO KyOHUECKUE
pelleHns, ¥, COOTBETCTBECHHO, I'paHMYHAsl KOHICHTpPAIMs yriepoja JIOJKHA PEe3KO YMEHBIIUThCsS. B
npuBeieHHOM BbItie pumepe — B 90pa3. Ho creayeT mOMHUTE, UTO B HaIlleM PacCMOTPEHUH HA BBIJC-
JIieHue KapOumoB OBLIT HAIOXKCH 3aIIPeT.
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OCHOBHOI UTOT MOJIYYCHHBIX PE3YIbTATOB COCTOUT B TOM, UTO MOTPAHUYHAS KOHIICHTpALUs yrie-
poaa B TeTparoHaIbHOM OCHHHTE OKa3bIBAETCS OYCHH BHICOKOM IO CPaBHEHHIO C pABHOBECHEM KyOmue-
ckuit peppur/aycreHur. B 007gaCcTH BBICOKHMX TEMIIEPATYp B PEalbHOCTH BHIAEIeHHEe KapoumoB FeC
MOJIaBUTh HEBO3MOXKHO, HO B oOiactu 500—600K, rae 6eckapOumHbIi OSHHUT MOXKET 00pPa30BBIBATHCS,
ClIeyeT OKUAATh CHIIbHEHIIIEr0 BO3pacTaHus yriepoaa B HeMm 1o 1—1,2mac. %.

Hrorn padotsl

1. Ha ocHoBe ¢u3nueckoli TepMOJUHAMUKY CTaJel U TeopuH 3UHEepa—XadarypsiHa 1jst gedopma-
LIMOHHOTO B3aMMOJIEHCTBUSI aTOMOB YIJepoJa B MapTEHCUTE IIOCTPOEHBI XUMHUECKHE IIOTEHLIUAIIB] Y-
JiepoJia 1 Jkejesa AJisl TeTparoHajabHoro pepputa B OeiHHUTE

2. Ornnume npeAcTaBiIeHHON TEOPUH OT Teoprur bxamemms cocTouT B TOM, YTO B He Oojiee TOU-
HO YYTEHO KaK W3MEHEHHUE SHEPIUU NPH Z-yNOPSA0UYEHUH aTOMOB YIJIEpOJa, TaK U SHTPOIMH, CBSI3aH-
HOM € 3THM IIPOLIECCOM.

3. Hcmonb3yst ycioBHe paBeHCTBa XMMHUYECKHX IMOTEHIMAJOB, 3alMCAHBl yPaBHEHUS] paBHOBECHS
KOMIIOHEHTOB M Hall/leHb! PEIICHUs IOIy4YE€HHOM CUCTEMBI sl pa3IMYHbIX TEMIIEpaTyp U 3Ha4eHUH ma-
pamerpa aedopManMoHHOro B3ammopeiictBus A,. IlocTpoeHsl nuarpammel (a3oBOro paBHOBECHS

Oty 2V -

4. TlpoBemeHHBIN pacdyeT MOAACpPKUBaeT uacio bxamemms o ToMm, 4TO MojaBiIeHUe Kapoumoobdpa-
30BaHus Mpu (POPMUPOBAHUM OCHHUTA MPUBOJUT K PE3KOMY POCTY PACTBOPHUMOCTH yIJIepoJia B HEM JI0
1,2mac. %, 9TO OTKPHIBAET HOBBIC BO3MOXKHOCTH KOHCTPYMPOBAHMS CTaJilell HA OCHOBE OeCKapOUIHOIO
Oeitauta. [Tokazano, 4To 310T 3(h(HEKT CBsI3aH ¢ BO3SHUKHOBEHHWEM TETPAroHaJIbHOCTH B OCiiHKMTE, aHAIIO-
TUYHO MapTCHCHUTY.

5. BenmunHa pacTBOPHMOCTH YTIEpoAa B TeTparoHaJIbHOM OEHHUTE 3aBUCHUT OT TeMIepaTyphl U
napamerpa Ay, Ha KOTOPYIO, BEPOSTHO, MOXKHO BO3/CHCTBOBATh LIETICHAPABICHHEIM JIETUPOBAHHUEM.

Hacmoswas paboma nodoepoicana epanmom PH® (16-19-10252).
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CHEMICAL POTENTIALS OF TETRAGONAL FERRITE
AND ITS EQUILIBRIUM WITH y-PHASE IN STEELS
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For steels with non-carbide bainite equilibriumtetfagonal ferrite/austenite occurring in the decay
of y-phase on the basis of Fe—C alloys is considerdemital potentials of the components are
calculated by summing the corresponding expresdmme-phase with the cubic lattice and tetragonal
additive according to Zener—Khachaturyan theorye €ondition of equality of chemical potentials of
the components for two phases makes it possibbaltulate the boundary concentrations of carbon in
a- andy-phases. It is determined that in a tetragorphase the calculated carbon concentration is 40-
60 times higher than for conventional cubic ferriais opens up new possibilities for the constanct
of high-strength steel with non-carbide bainiteisture.

Keywords: tetragonality; bainite ferrite; chemioadjuilibrium; Khachaturyan theory.
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YNCNEHHOE NCCIIEQOBAHUE NMPOOONbHON KOMMOHEHTbI
ANEKTPUYHECKOIO NoJA B 3JIEKTPOMAITHUTHOU BOJIHE

U.B. Ceupudoea, M.A. []psizeos, A.E. KopeH4yeHko, 3.A. Bubukoea
tOxHo-Ypanbckuli eocyGapcmeeHHsbil yHugepcumem, 2. YensbuHck, Poccutickas ®edepayusi
E-mail: korenchenkoae@susu.ru

PaccmoTpeHbl onTHYecKHe SIBJIEHHsS, CBSI3aHHbIE ¢ BJIUSIHHEM MPOAOJIbHOM
(T. e. HAIPABJICEHHOM Napa/uIeJIbHO BOJTHOBOMY BEKTOPY) KOMIIOHEHTHI 3JIeKTPH-
YecKOoro moJjisi B 3JIeKTPOMATHUTHOH BOJIHe. AKTYaJIbHOCTh padoThl CBSI3aHA C
uccie10BaHueM 00beKTOB CyOBOTHOBBIX MACIUTA00B U JONOJHUTEIbHBIX CTele-
Hell ¢cB00OIbI MPOCTPAHCTBEHHO-HEOHOPOAHBIX ONTHYECKHUX M0JIel B HOBBIX 00-
JACcTAX ONTHKH — (pOTOHHKe, MJIA3MOHHKEe M HAHOONTHKe. UMclIeHHBbIH aHaIu3
NpoBeJeH NS MJOCKUX BOJH € raycCOBbIM NpPo¢ujeM HHTEHCHBHOCTH U O/IHO-
poaHOii (JinHeliHO# wjau Kpyrowoii) moJsipuzanueil. Pemenue ypaBHenuii Mak-
cBeJIa MPOBeJeHO METO0M KOHEYHBIX pasHocTeil. [list TecTHPOBAHNSA TOYHOCTH
NPOrpaMMbI NPOBEJCHO CPaBHeHHE KOI(P(HUIUEHTOB OTPAaKeHUsI JIEKTPOMAr-
HUTHO BOJIHbI HA TPAHULIE NPO3PAYHOM JUIIEKTPUUYECKOH Cpeabl ¢ aHAJIMTHYe-
ckuM pemieHueM @penesnsi. [IpoBeaeH pacueT pacnpenejieHHsl 3J1eKTPOMArHUT-
HOI0 NOoJIsl NpU (POKYCHPOBKE TOJICTOH cMMMeTpu4HOM JuH30i. [lonydyeHo yBe-
JIM4eHHe MHTEHCHBHOCTH NMPOJ0JIbHOHl KOMIOHEHTHI B (POKAJIBLHON MI0CKOCTH
JIMH3BI B ~ 25 pa3 mo cpaBHeHHUI0 ¢ BeanuuHol E; B magamomem uijiydeHuu.
BrniepBblie npoBeeH YHMCJICHHBbI aHAJIN3 reOMeTPHYECKOro CIIMHOBOro 3¢ dexra
Xoana npu (poxycMpoBKe aCHMMETPHYHO CXOJSILIErocsi CBeTOBOro my4yka. Jd¢-
(heKT cOCTOUT B CMelLleHUM «IEHTPA TSAXKeCTH» paclpeesieHuss HHTEHCHBHOCTH
NMPOAOJIbHOI KOMIOHEHTHI CBETOBOI0 NMy4Ka JJIsl Pa3INYHbIX COCTOSTHHIl KPyro-
BOil moasipuzauuu. Paccuuranubiii caBur cocraBui ~ 0,5\ 15 nmpaBo- U JeBo-
NMOJISAPHU30BAHHOIO CBeTa NMpH AuaMeTpe (OKAJLHOr0 MATHA ~ 2X, YTO XOPOLIO
corjiacyercsi ¢ 3KCIepPHMEHTAJIbLHBIMH NaHHbIMH. IIpoBeneHHbIe HMCCiIeNOBAHUS
N0KA3aJIM, YTO pa3padoTaHHbIN NMaKeT MOXeT ObITh HCIOJb30BaH VIS PacuyeToB
pacnpesieJieHusl MoJeil NpU pacnpocTpaHeHUHU 3JIEKTPOMATHUTHBIX BOJIH MPOM3-
BOJIbHOW KOHGHUIypanuyu B ONTHYECKH HEOAHOPOJAHBIX cpeJax.

Kniouegvie cnosa: cnun-opoumanvhoe 63aumooeiicmeue; npooObHASE KOMNO-
HeHma noJis; eeomempuyeckuti CnuHosbwlll d¢ggexm Xonna.

Beenenue

BonHOBOE ypaBHEHME i 3JIEKTpUYecKoro E :{Ex, E,, EZ} U MarHutHoro H :{HX, H, HZ} Io-
Jielt B aeKTpoMarHuTHou BosHe (OMB) BRIBOIUTCS U3 CUCTEMBI ypaBHEHH MakcBeia Ha OCHOBaHUU
MAPAKCUATILHOTO MPUOIIVKEHUS ‘azHZ / aﬂ >

k.oH, /ax|, 3mech k, =27/A — COCTaBISIOIAsl BOIHOBOTO

Bekropa k={k,, 0, 0}, BosHa pactpocTpaHsercst BIoJIb ocH x. CieICcTBHeM IPUMEHEHHs [apaKCHallb-

HOTO MPHUOJIMKEHUS SBISETCS YTBEPKICHHUE, UTO BEKTOPHI HAMPSHKEHHOCTH MJICKTPUIECKOTO M MarHUT-
HOTO TOJICH JIeXKAT B IIOCKOCTH ()POHTA BOJHBI, TO €CTh AIEKTPOMArHUTHBIC BOJHBI MONepedHbl. OHa-
KO, KaK TI0Ka3aHo B [1], naHHOE MPpUOIMKEHNUE BEPHO TOJILKO JUIS ITYYKOB C «KPYITHOW», B CPABHCHUU C
A, IPOCTPAHCTBEHHON HEOJHOPOAHOCTHI0O MHTECHCUBHOCTH. [ MEMOHCTpallMy 3TOTO YTBEPKIACHUS
3anuiieM ypaBHEHHUs MakcBeluia JJIsl CUCTEMBI, B KOTOPOIl BOJIHA, CpeJia U BCE ONTUYECKUE DIIEMEHTHI
OJTHOPOJHBI M OECKOHEYHBI BAOIL OCH z. B 3TOM cilydae Bce MpOW3BOAHBIC TI0 z paBHEI 0 U JJI BOJHEI,
pacIpoCTpaHsIONIEHCs BIOIb OCH X, CHCTEMAa UMEET BUJ:

oE
o1 OH, (1)
ot ge, ox
oE
a:z __ 1 e _aEx , 2)
t My \ ox  dy
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Ceupudoea M.B., [Jpsizzoe M.A.,
KopeH4yeHko A.E., Bubukoea 3.A.

YucneHHoe uccnedoeaHue ﬂpOdOﬂbHOﬂ KOMIMOHeHmMbI
AJIeKmMpuU4YeCcKo20 rnoJis e 3nekmpomaeHumHo¢7 80JIHe

oE 1 oH
x . z . (3)

ot &g, dy
U3 (3) cnenyer, uTo mponofbHAs KOMIIOHEHTa E, paBHA HYJIO JUIIb A OSCKOHEYHOW IIOCKOH
BOJIHBI C OAHOPOAHBIM HpO(I)I/IJ'ICM WHTEHCUBHOCTU. Eciu pacrnpeacjacHue NHTCHCUBHOCTHU B HOICPEU-

HOM CEYEHMH ITy4Ka He SIBJSIETCS OJHOPOJHBIM, T. €. 0H_/dy #0, To Takas DMB comepuT npomois-
HYI0 KOMIIOHEHTY, IPUYEeM TeM OOJbIlylo, 4eM Oonbiue dH /dy . Takum oOpa3oM, 4eM CHIIbHEe Iolie-

peyYHas HEOAHOPOAHOCTh ANEKTPOMArHUTHOTO I0JIsI, TeM OOJIBIIE MPOJOIbHAsE KOMIIOHEHTA, U, 3HAYUT,
paccMoTpeHue CyOBOTHOBBIX MacITabOB B ONTHKE BHIXOIUT 32 PAMKH NMapaKCUATBHOTO TPUOITHKESHUS.

Kak nokaszano B pabote [2], mpomosibHasi KOMIIOHEHTa MOXET BIIMSTH Ha OCTPOTY (DOKYCHPOBKH
My4YKa, KOTOpas UMEeeT 3HAYCHUE BO MHOTUX 00JacTsx: (oTonuTorpadus, ONTUYSCKUE TUCKU TaMSITH,
KOH(OKaIIbHAST MUKPOCKOTIHSI, ONITHYECKasi MAHUITYIISANS, BBICOKOPA3peIaloiasi METPOJIOTHSI, yCKOpe-
HUE AIIEKTPOHOB. JlmaMeTp (OoKaIbHOTO MATHA TPU OCTPOH (POKYCHPOBKE CBETA 3aBUCUT OT BU/A TIOJISI-
pH3anuu U oT (GOKYCHPYIOIIET0 ONTUYECKOro dieMeHTa. J[is rayccoBa mydka CBETOBOE MSTHO IOJTyda-
€TCs YIIMPSHHBIM M3-32 BKJIAJIa TPOJIOJIBHON KoMIoHEHTHI [3]. OnHako B cioyuae mydka ¢ becceneBbim
pacmpeneneHreM npeodIajaHie IPOA0IbHON KOMIOHEHTH! B (DOKAIBHOM TIOCKOCTH CIIOCOOCTBYET CY-
JKEHHUIO TyYKa U BBITSATUBaHMIO (JOKYCa BJIOJb HATIPABJICHHsI pacipocTpaneHus [4].

B Hacrosimee Bpems Bce OOJNBIINI MHTEpEC MPEACTABISET UCCIEAOBAaHHE 00BEKTOB CyOBOTHOBBIX
MacIITa0O0B M JOMOJHUTEIHHBIX CTETIeHEH CBOOOIBI MTPOCTPAHCTBEHHO-HEOAHOPOAHBIX ONMTHIECKHUX TTO-
neit. CBeT obnagaeT COOCTBEHHBIMHU CTEIICHSIMH CBOOOIBI, KOTOPHIE CBS3aHBI C OCHUJUIHPYIOITAMH BO
BPEMCHHU JJICKTPUYECKUM U MAarHUTHBIM MOJISIMH. B KBaHTOBOM PacCMOTPEHHHM IpaBasi U JieBasi KPyTro-
BbIE MOJIAPU3AIUH JEKTPUIECKOTO0 U MAarHUTHOTO TIOJISI COOTBETCTBYIOT ABYM CITUHOBEIM COCTOSIHUSIM
¢oToHOB. CIIMHOBEIE M OPOHUTAIILHEIC CBOMCTBA CBETOBBIX ITYYKOB CBS3aHBI JIPYT C APYTOM. DTy CBS3b
IIPUHATO HA3bIBATh CHI/IH-Op6I/ITaJ]BHBIM BSaI/IMOIIefICTBPIeM Wi OIITUYCCKUM CIIMHOBBIM 3(1)(1)CKTOM
XoJna.

[omspu3zamus cBeTa BIHSET HA TPAGKTOPHUIO €T0 PACHPOCTPAHEHHS W, HA0OOPOT, TPACKTOPHS OKa-
3pIBaCT BIUSHUE Ha mosspu3aruio [5]. Tak, mpu cMeHe 3HaKa IUPKYJISIPHOCTH MOJIIPU30BAHHOTO IO
KPYry aCUMMETPHYHO CXOJSIIETrOCs MydYKa MPOUCXOIUT CABUT «IEHTPA TSIKECTH» MPOJOIBHON KOMITO-
HeHThl OMB B HanpaBieHHH, IEPIICHANKYIISIPHOM OCH paclpOCTpaHeHHs cBeTa. BennyrHa casura mana
¥ COCTaBJIICT 3HAUCHUE TTOPSIKA pagruyca MePeTsHKKU IMydka. IToT 3((EKT ObUT H3yUeH TCOPETHICSCKH 1
AKCIIEPUMEHTAIBHO [6, 7], OTHAKO €r0 YUCJICHHBIN aHAIN3, HACKOJIBKO HAaM U3BECTHO, HE TIPOBOIMIICS.

Lens paboTsl cocTOUT B pa3pabOTKe MPOrpaMMHOTO MaKeTa JJIs aHaI|3a MPOI0JIEHON KOMITOHEHTHI
ANIEKTPUYECKOTO IO MpU B3auMoAeicTBun OMB ¢ pa3nmuYHBIME ONTHYECKUMH DIIEMEHTAMH U UHC-
JICHHOM HCCJICJOBAaHHUU ABJICHUA IMONCPEYHOI'O CABUI'Aa «ICHTPA TAXKCCTHU» HpOIIOJ'IBHOﬁ KOMITOHEHTHI
MIPH MTPOXOXKICHUH JICBO- WIX NPABO-MOJIsIpu30BaHHON DOMB uepe3 moJI0BUHY JTUH3BIL

MaTtemaTHueckass MoJeab
IlycTh cBETOBOI My4YOK PACIpPOCTPAHSETCS B HEMArHUTHOM cpefe, He coAepsKalleil 3apsaoB U TO-
koB. Cucrema ypaBHeHHI MakcBeIuia B 3TOM CIlTydae 3alChIBAETCS B BUIE:

E H
oH, 1 (a5 3, w O\ (om o) o
ot U\ oy oz o e\ dy oz
H E
LAY A o Ll o) ®
ot U\ 0z Ox ot eg,\ 0z Ox
oH 1 (JE, OE dE. 1 (0H, 0oH
e e ©6) e e ©)
ot U\ ox  dy ot &g\ ox 9y

g yucnenHoro pemienusi cucteMsl (4)—(9) ucnonbp3oBasicss METOJ KOHEUHBIX Pa3sHOCTEH BO Bpe-
menHoit obnacti (FDTD-noaxoxn) [8]. BeraucnutenbHblil 00beM MpeacTaBisl co00i MPsIMOYTONbHBIN
napasurenenuries, ¢ pazmepamu 400X 400X 100A. Ha rpanuiax noMernanach criendanbHas MOTIONIAF0-
mas cpena (naee PML), ontrueckune mapaMeTpsl KOTOPOW OBUTH MTOJAOOPAaHBI TAaKUM 00pa3oM, 4TOOBI
NPEAOTBPATHTh OTPAKEHHE CBETA OOPATHO B 00BEM M 00ECIIEUUTh MOJTHOE TOTJIOMICHUE TPEIOMIICHHO-
ro mydka BHyTpu PML [9]. PacueTsl mpoBoAMINCh A Pa3iIWYHBIX MPOCTPAHCTBEHHBIX Pa30OMEeHUH U
BPEMEHHBIX I1aroB, ¥ OBLJIO IOIY4EHO He3aBHCALIee OT IapaMeTPOB CETKH pemenue. [lapameTpsl moae-
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JUPOBAHMSL: JUTMHA BOJIHBI U3ny4eHus 4 = 0,5 MKM, ToJIiHA norioniaroiero cios PML ~ 4. Anroputm
ObUT MPOTECTUPOBAH C TOMOIIBIO 337aud 00 OTPAKCHUH/MIPEIOMIICHHH CBETa HA TPAHHIIC BaKyyM-
MUDJIEKTPUK. Berauciaenus npoBoamanck Ha cynepkomibiotepe Topaago (FOYpI'Y).

ITpoBepka BbinoJHeHus (popmya PpeHelst

Ji1st IpoBEpKHU 1OCTOBEPHOCTH PE3YIbTAaTOB PACUETOB OBLIIO CMOAEIMPOBAHO MaJECHHUE IEKTpoMar-
HUTHOW BOJIHBI Ha TUIOCKYIO TPaHUILy MPO3padyHOl IudeKTpudeckoin cpeabl. Koaddumumentsl orpaxe-
HUSI ¥ TIPEJIOMJICHUS B 3TOM CJIy4ae MOTYT OBITh BBIYMCIICHBI aHAJTUTHYECKH ¢ oMolIbio popmyn Dpe-

T by

0,404 = 0.25
= ==}
E 0351 g
‘g 2

. =
a 0,30 2 0.24-
= =]
& 0,25 £
ol )
o =
£ 0,204 g
= £ 0.23-
E 0,15 g
g &
0,10
0.22 T T T T T
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Puc. 1a. 3aBucumocTb koadhdumLmneHTa oTpaxeHus ceBeTa Puc. 16. 3aBucumocTtb koadpuumneHTa npenommneHus
OT NnoKa3saTtensi NperioMneHnsi cpeabl NP HOpManbHOM cBeTa oT yrna nagexus; n=1,5
nageHun
e — pacyet B nporpamme FDTD-meTogom; — — pacuet no hopmynam ®peHens

Hens. Ha puc. 1, a u 6 mokas3aHbl pe3ynbTaThl TECTOBBIX pacueToB. Ha puc. 1, a nzobpakeHa 3aBuUCH-
MOCTh K03 duuuenTa orpaxenuss DMB oT mokaszarens IpenoMIICHHs CpelIbl IPU HOPMaJIbHOM Maje-
HUH, Ha pHUc. 1, O TOKa3aHa 3aBUCHMOCTh KOX(QQHIMEHTA MPEIOMIICHHs CBETa OT yIJia MaJCHUs TpH
(ukcupoBaHHOM TOKazaTene npeaomiueHus (rn = 1,5). Kak BUIHO U3 pUCYHKOB, pe3yJIbTaThl YHUCIEHHOTO
IKCIIEPUMEHTA XOPOIIO COTTACYIOTCS ¢ TEOPETHISCKUMHU 3HAUCHUSIMH, OIPEIIHOCTh COCTaBHIa MEHee
3 %, 9TO TOBOPHUT O BHICOKOW TOYHOCTH MPHUMEHSIEMOTO METO/IA.

HccaenoBanue npoaoibHON COCTABJSIIONIEH JIEKTPHYECKOr0 MOJs IJ NMJI0CKO- U WHPKYJISIPHO-
NOJISIPU30BAHHBIX JIEKTPOMATHUTHBIX BOJIH, PACIIPOCTPAHSIOIIMXCS B BAKYyMe

Ha puc. 2 noka3ana HHTEHCUBHOCTH TIONEPEYHOM £, (JIeBas 1IKaJia) U MIPOJOJIbHON E, (TpaBas IIKa-
Jla) KOMIOHEHT 3JIEKTPUYECKOTO TOJS MPU PaclpOCTPaHEHUH B BaKyyMe JIMHEHHO-MOJSPU30BAHHOTO
rayccoBoro cBeToBoro myuka. [lo ocu abcuucc
rpaduKa OTJIOKEHO paccTosiHue oT uentpa Lo, 10° |78
ny4yKa BIOJNb OCH y, BBIP@KEHHOE B JUIMHAX /By
BOJIH, 10 OCH OpAMHAT OTJIOXKEHA HHTEHCHB- |
HOCTh B YCIIOBHBIX equHunax. IlomymmprHa
nyyka mo l/e — cmagy WHTEHCHBHOCTH
(FWHM) Ha BxOze B BBEIYHCIHUTEIBHBIH 00BEM
coctaBisiia SA. Kak BUHO U3 pUCYHKA, HHTEH-
CUBHOCTh NONEpEeYHON KOMIIOHEHTHI B ~ 1000
pa3 IpeBBIIAET MHTEHCHBHOCTH IPOJOJIBHOM,
3TO TO3BOJISIET NMpeHeOperaTh BKIagoM E, B ma-
pakcHadbHOM TPHOIMKEHUH TPH ONKCAHUH,

Hampumep, Mon jnazepa. VIHTEHCUBHOCTH Mpo- 0 : ‘ ] , . ‘ : , 0
JIOJIbHOM KOMITOHEHTBI M3JIyYEHUsSI HUMEET BU] =200 -10% 0 10% y
;[Byr0p60171 KpHUBOM, MaKCHUMYMBbI KOTOPOH CO- Puc. 2. UHTEeHCMBHOCTb B YCNOBHbIX eAMHULIAX NonepeyHomn
OTBETCTBYIOT HauOOIBIINUM 3HAYECHUSIM (wkana cneBa) u npOFIOHbHOIZI KOMMOHEHTHI (WKana crnpaBa)
Npu pacnpocTpaHeHUU NUHEeNHO-NONAPU3OBAHHOIO U3ny4ye-
oH z / ay . HuA MayccoBa npoduns B U30TPONHON OAHOPOAHON cpefe

IIpu pacrnpocTpaHeHuM Takoil K€ BOJIHBI,
HO C LMPKYJSIPHOM MOJIspH3auueil, B IpoCTpaHCTBE HAOJIoAanach AMHAMUAYECKas KapTHHA W3MEHEHUS

78 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2017, vol. 9, no. 4, pp. 76—82



Ceupudoea M.B., [Jpsizzoe M.A., YucneHHoe uccnedoeaHue nNpodosibHOU KOMMOHEHMbI
KopeH4yeHko A.E., Bubukoea 3.A. 3/1eKmpuUYeCcKo20 MNoJis1 8 3/IeKmMpPoMa2HUMHOU 80JIHe

MPOAOIHHON KOMITOHEHTHI, TIOKa3aHHas Ha puc. 3. Kaxxmas kapTHHKA Ha pUCYHKe MPECTaBIIseT cOO0H
MT'HOBEHHOE pacIpe/ieieHne MOAYs E, B TONEpeyHOM CeUeHHUH Iydka. 3auyepHeHHbIE YYacTKH KapTH-
HOK COOTBETCTBYIOT HaMOOJIBIINM 3HAYEHUSAM HPOJIOIBHOTO 1ot (TIo Moryito). Kak BusHO U3 puCyHKa,
KapTHHA MPOJIOIFHOTO TIOJIS TOBOPAYMBAETCS CO BpPEMEHEM, 3TO CBSI3aHO C BpalleHHEeM BEKTOpa Mar-
HUTHOTO TOJIsl. PacripeneneHne WHTEHCUBHOCTU MPOIOJILHON KOMIIOHEHTBI OBUIO PacCYMTaHO M3 3THX
JAHHBIX YCpeAHEHHEM TI0 BpEMEHU M Ka4eCTBEHHO COBIMAJIO C JaHHBIMHU paboTsl [10].

y
-
WA %

S

Z

Puc. 3. BpemMeHHas 3BonOLUA MFTHOBEHHbIX pacnpep.eneHuﬁ moayns npo.qoanoﬁ KOMMNOHEeHTbI
ANeKTpu4yeckKoro nond Ana UMpKynapHo-nonspu3oBaHHOro rayccoBoro ny4dka

HccnenoBanmne npoaoJbHON COCTABJISIIOLIECH NPH NPOXOKACHHU IJIOCKO-NOJISIPU30BAHHOM 3JIeK-
TPOMATHUTHOM BOJIHBI Yepe3 JTUH3Y
Jns uccnenoBaHus BO3MOXKHOCTEH TakeTra B
BBIYMCIIUTEIbHBIH 00beM ObLa IOMEIEHA INUIOCKO- \ L o E
BBHINTyKJIAsi JMH3a. Marepuan JIMH3bl MMeN IoKa3a- _
TeJb MpeNoMJICHUS 1 = 2, paguyc cheprdeckoit mo- 1ol ® L s |
BEPXHOCTU COCTaBILLI ~504, TONIIMHA JTUH3BI B ca- : :
MOM IIIHPOKOM MecTe ~SA, paccuntanHoe (PoKycHOe
paccrosiHue ObUIO paBHO 10 MKM, YTO COCTaBIISUIO
204. JluneliHo monspu3oBaHHAas Tockas OMB ¢ .
rayCcCOBBIM MPOQHIEM HHTEHCUBHOCTH Tajana HOp- 0.5 "qs../..‘.,o/-/"'
MaJbHO Ha IUIOCKYI0 IOBEPXHOCTH JIMH3BIL. Pannyc i
Cr€HEpUPOBAHHOTO TAaJAIOIEro Myyka, ONpeneieH- :
HBI, KaK TONYIIMpUHA Ty4YKa Mo Kpurtepuro l/e, 01, , ; , ; ;
6511 paBeH 5. 0.8F F 1.2F 1.4F
Ha puc. 4 mokasaH rpaduk 3aBHCHUMOCTH — p.. s @ox EACETORHIE Ot

. 4. YyCUPOBKa CBeTOBOro ny4ka. 3aBucumocTb
paauyca 1my4dyka OT paCCTOAHHUA O JIMH3BI. Kaxk Bun- paguyca ny4vka oT pacCTOSAAHMUA OT JIMH3bI
HO M3 rpaduka, nuH3a (HOpMUPYET MPOTIKEHHBIN
(~ 22) pokyc ¢ cyOBOTHOBEIM TIOMIEPEYHBIM pazMepoM ~ 0,51. 3HaueHne MPOMOIBHON KOMITOHCHTHI
3aBUCHT OT CTEIIEHW HEOJHOPOIHOCTH paclpeieNieHrsi NHTEHCUBHOCTH CBETOBOTO Iy4YKa, MOATOMY B
(OKaTBHOM MJIOCKOCTH JIMH3BI, B 30HE, TlIe TTYYOK UMEET HAaNMEHBIIWI pajnyc, MPOI0IbHass KOMIIOHEH-
Ta JOJDKHA Bo3pacTaTh. Kak M 0)XHMAaIoch, COOTHOLIEHNE HHTEHCHBHOCTEH MPOIOIBHON U MOMEPEYHOH
KOMIIOHEHT AJIEKTPUYECKOTO TIOJIA B MepeTsiKke cocTaBmiio ~ 40 (cM. BKIaaKy puc. 4), Torga Kak B ma-
JTaroIeM ITydke 3To oTHomenue coctarisuio 1000 (puc. 1).

\ .szva = 0 a }0‘0 /.

Paauyc my4ka

H3ydyenne npoaoJbHOH KOMIOHEHTHI JJIeKTPOMATHHTHOW BOJIHBI HA TpaHMIE JHIJIEKTPUK-
BaKyyM

[Ipu n3yueHHH MPOXOXKACHUS IEKTPOMArHUTHOW BOJIHBI Yepe3 JIMH3Y ObUI 3aMeueH CKaudoK Ipo-
JOJBHOM KOMIIOHEHTHI Ha TPaHHUILE IUDJIEKTPUK-BaKyyM (CO CTOPOHBI chepuidecKoil MOBEPXHOCTH JIMH-
3b1). CXeMa dKCIepuMeHTa MPeICTaBIeHa Ha BKIAAKe puc. 5. B miockocTh, moka3aHHOW Ha cXeMe, Ipo-
BOJMJICSI pacdeT KOMITOHEHT AJIEKTPHYECKOTO TOJS M yCpenHeHHe KBaApaToB WX 3HadeHHH. CKadok
BO3HHUKAET MU NEPEX0e U3 MaTepuana JMH3bl B BO3AYX U CBS3aH C JIOKAIBHOM MONepevyHoil HeOIHO-
POTHOCTHIO TUAIIEKTPUYECKON TPOHUIIAEMOCTH TIPH BBIXOE U3 JIMH3BI. 13 puic. 5 BUAHO, UTO Kak Imore-
pedHasi, Tak ¥ MPOJOJIbHAsT KOMIOHEHTHI 3JIEKTPUYECKOTO TOJS PearupyoT Ha HEOAHOPOAHOCTH CPEIIBI
PE3KUM JIOKAIM30BAHHBIM CKaukoM. MIHTepec mpeacTaBisieT TaKkke HHTepEpeHIIMOHHAs KapTHHA, BO3-
HUKaroImas BHyTpH JuH3bl. KonebaHus MHTEHCHBHOCTH B MHTEp(EPEHIIMOHHOW KapTHHE MOKa3aHbl Ha
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puc. 5 clieBa U BO3HUKAIOT Ipu CJIOKCHUHN najgaromei u OTpa)KeHHOI‘/'I oT BHYTpeHHef/'I TMMOBCPXHOCTH JIMH-
3bI BOJIH.

3 2
I.,10 .10
y 12 1 cpe3, B KOTOPOM IPOHCXOAUT HAOMIOICHHE | X

a iy
10 - NS 1¢

8- R 15

61 o B i

4 1 o 43

] L : 192

24 14

L _ J\.,.’,l.'o

T T T I b T

q0% e iy 108 0 I0n

Puc. 5. ﬂonepeque pacnpegeneHne MHTEHCUBHOCTU KOMMOHEHT 3JIeKTpU4eCKoro nons. MHTepd)epeHU,VIOHHaH Kap-
TUHa BHYTPU NMUH3bI (cneBa) U NoKanbHbIA CKAYOK UHTEHCUBHOCTU Ha rpaHuvule AnaneKTpuk-Bakyym (cnpaBa)

HccnenoBanne cCABATa «EHTPA TSHKECTH» NMPOAOJIBLHOH KOMIIOHEHTBI 3JIEKTPOMATHUTHOM BOJIHBI
B pamkax co3manusi yHUBEpCAILHOTO TaKeTa JJIsl UCCIIeOBaHUS B3auMozeicTeuss OMB ¢ paznny-
HBIMH ONITUYECKUMH dJIEMEHTaMH OblIa CO3AaHa YHCICHHAS MOJENb AKCIIEPUMEHTa, OMMCAHHOTO B pa-
oore [7]. ['eomerpudeckuii cimHOBBIN A dekT Xomma — ONTHYECKOe SBIEHHE, JIeMOHCTPUpYIOIIEe
CIMH-OpPOUTAJIbHOE B3aMMOAEHCTBUE B CBETOBOM ITyUKE M 3aKJIFOUAIOIIEECs] BO BIUSHUU COCTOSIHUS IO-
JSIpU3alMM CBETa Ha TPAEKTOPHIO Iydka. J[Jsl co3gaHusi CBETOBOTO ITy4Yka B BBIYUCIUTEIBHBINA 00BEM
MOMEILANach MOJIOBUHA JUH3BI. [10MydeHHBI acCHMMETPUYHBIN ITy4oK 00Jagal HEeHYJIeBbIM OpOUTaIb-
HBIM MOMEHTOM. CIIHH-OpOUTaIbHOE B3aMMOJEHCTBHE IPUBOAMIO K TOMY, YTO TPACKTOPUH ITydKa Ui
MPaBO- U JIEBO-MOJSPU30BAHHOTO CBETA OTIMYAIHUCH JPYT OT
Jpyra, 4ro CTaHOBHJIOCH OCOOCHHO 3aMeTHO B (poKaibHOMN JICBOIHPKYISPHO HOJIAPHIOBAHHbIH YU0K
IUIOCKOCTH JIMH3bl. AHAJIM3 PE3yJIbTAaTOB YHUCIEHHOI'O JKCIIe-
pUMEHTa TOoKa3all, YTO PaANyC MEPETSKU COCTABHJI BEITUYU-
HY, IPUMEPHO PaBHYIO JUTMHE BOJHBI ~ A, a B 30HE (oKyca ObI-
JI0 3aME€YEHO CMEIIEHNE [IEHTPa TSHKECTH MPOJOJIBHOW KOMIIO-
HEHTHI Iy4YKa OT TEepBOHAYAIBHOTO HampasieHus Ha ~ 0,451 Y
BJIEBO JUIS JIEBOILMPKYJISIPHO TOJSIPU30BAHHOTO ITydKa M Ha
~ 0,472 misa mpaBOUMPKYISIPHO MOJIIPH30BAHHOTO Tyuyka. Ha 2
puc. 6 3aMETHO CMEILECHHUE LIEHTPa TSKECTH MPOLOJIbHON KOM-
TIOHEHTHI ITyYKa OT MePBOHAYAIBHOTO MOJ0XKEHHU, OTMEYEHHO-
ro BEPTUKAJIBHOW MpPSIMOM, B MJIOCKOCTH, MEPIEHIAUKYJISAPHON
pacnpoCTPaHEHUIO BOJHBI. DTOT PE3yJbTaT XOPOIIO COOTHO-
CHUTCSI C IKCIIEPUMEHTAIbHBIMH pe3yJIbTaTaMu [7], 4TO TOBOPUT

=

TPaBOLMPKY/ISIPHO NA/SIPH30BAaHHEBIH [Iy4Y0K

0 TOYHOCTH CO3JaHHOM IPOrPaMMBI U O TOM, YTO F'€OMETpUYe- y

CKUH CIHHOBBIN 3¢ ekt Xoia BO3MOXKHO MOTYYUTh YUCIICH-

HO pElIEHUEM YPaBHEHUH KIIACCUUECKOM 3JIEKTPOIMHAMUKH. 3

SaKJII0UYeHHe Puc. 6. UHTeHCMBHOCTL NPOAONLHOM

KOMMNOHEeHTbI u3ny4yeHus B Q)OKaﬂbHOﬁ

Taxum oOpazomM, B paboTe omrcaH MaKeT MPOrpaMM s NNOCKOCTH AN NYHKOB € PA3NMUHLIMH

YHUCJICHHOT'O PeIlieHUs ypaBHeHU MakcBeuia, pa3paboTaHHbIH CMUHOBLIMM COCTOAHUAMU. BuaHo
Ha ocHoBe Merona FDTD. Ilaker mo3BoisieT MOIETUPOBATH OTKITOHEHME Ny4KOB OT HAaMpaBNeHNsA
o nepBoOHa4YanbHOrro pacnpocrtpaHeHus,
B3auMoJielicTBHe DM U3JIydeHHs] B ONTUYECKOM JHMANa30HE C CBA3AHHOE CO CNUHOBLIM 3 PEKTOM
pa3IMYHBIMUA ONTHYECKMMH 3JieMeHTamH. IIpoBeieHO TecTu- Xonna

pOBaHME MTAKeTa Ha OCHOBE CPaBHEHUS KO3(PPUIIMEHTOB OTPaXXCHHS U TIPEIOMIICHHS ITpH najgeHnu DOMB
Ha JUAJIEKTPUYECKYIO Cpey ¢ pesyibraramu npumeHerus Gopmyn Openens. [lomydeno xopormiee co-
TJIache YMCJICHHBIX ¥ aHAJUTHYECKUX MaHHBIX, MOTPENIHOCTh He mpeBbimana 3 %. C ucnoiap3oBaHreM
pa3paboTaHHOTO TAaKeTa MPOBEACHO YWUCIEHHOE WCCIIENOBAHUE IMPOAOJILHOW KOMIIOHEHTHI DJIEKTpUYe-
CKOT'O IOJISL U TOJIYYEHBI CIEIYIOLIUE PE3yIbTaThI:

1. AHanmu3 OKYCHPOBKH CBETOBOTO ITydKa C IMMOMOIIBIO IMPOCTON ONTHYECKON JTMH3BI MOKA3all BO3-
pacTaHue aMIUIUTY]IbI POJIOJIBLHON KOMIIOHEHTHI JJIEKTpHUEcKoro moist B OMB B ~ 25 pa3 B obnacTu
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nepeTspKki. Ha rpaHuile JUdIeKTpHK-BaKyyM OBUIO 3aMEUYEHO JIOKAbHOE BO3pAcTaHHe MPOAOBHON
KOMIIOHEHTBI JI0 BEJIMYUH, COMIOCTABUMBIX C MOTEPEYHON KOMIIOHEHTON. D(PQEKThI CBA3aHBI ¢ BO3pac-
TaHWEM CTENICHU HEOJHOPOIHOCTH TONIEPEUHOr0 PACTIPEICICHUS] HHTCHCUBHOCTH CBETOBOTO MyUKa.

2. BriepBBIie 9MCICHHO M3Yy4YeH TeoMeTpHIeckuii crimHoBBIN dddexT Xomna. Habmromanochk oTkII0-
HEHHUE IEHTPa TSHKECTH MPOIOIbHON KOMIIOHEHThI aCHMMETPUYHOTO IMydYKa OT MEPBOHAYAILHOIO Ha-
MIPaBJICHUS JIJIsl TIYYKOB C MPABO U JICBO-IUPKYJSIPHOW MOJIsipu3alnvieil. PaccunTaHHbIil CIBUT Ty4yKa B
(OKaTbHOM TIIOCKOCTH MOJIOBUHBI JIMH3BI, CO3MAIOIICH aCMMMETPUYHBINA My4YOK, COCTABHI ~ A/2 TpU
pamuyce (OKaIbHOW MEPeTsHKKH MPHUMEPHO PAaBHOM A, YTO XOPOIIO COTJIACYETCS C JIUTEPATypPHBIMU
JlaHHBIMU [6, 7].

Paboma svinonnena 6 pamrxax memvt eocyoapcemeernno2o 3adanus Ne 0389-2014-0030.
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NUMERICAL ANALYSIS OF THE LONGITUDINAL COMPONENT OF ELECTRIC
FIELD IN ELECTROMAGNETIC WAVE
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Optical phenomena connected with the influence of the longitudinal component (i.e. parallel to the
wave vector) of the electric field in electromagnetic wave are considered. The topicality of the study is
connected with the analysis of the objects of subwave scales and additional degrees of freedom of
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spatially inhomogeneous optical fields in new areas of optics; they are photonics, plasmonics and
nanooptics. The numerical analysis is carried out for plane waves with Gauss intensity profile and
homogeneous (linear or circular) polarization. The solution of Maxwell equations is carried by the
method of finite differences. To test the accuracy of the program the reflection coefficients of an
electromagnetic wave on the boundary of a transparent dielectric medium with analytic Fresnel solution
are compared. The distribution of the electromagnetic field at focusing with a thick symmetrical lens is
calculated. The increase in the intensity of the longitudinal component in the focal plane of the lens is
found to be ~ 25 fold compared with the value of E; in the incident radiation. A numerical analysis of
the geometric spin Hall effect is carried out for the first time when focusing an asymmetrically
converging light beam. The effect is in shifting the center of gravity of the intensity distribution of the
longitudinal component of the light beam for different states of circular polarization. The calculated shift
is ~0,54 for right-handed and left polarized light with a focal spot diameter of ~24 which agrees with
experimental data well. Carried out research has shown that the developed package can be used to
calculate field distribution in the propagation of electromagnetic waves of arbitrary configuration in
optically inhomogeneous media.
Keywords: spin-orbital interaction; longitudinal component of the field; geometric spin Hall effect.
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OT PEOAKLIMOHHOWN KONMNErMun

13 okTs16pst 2017 roma ymen u3 xu3nu Banentnn ®emoposud Kypomarenko —
BBIJJAIOIIUICS YUEHBII, aBTOP OJHOTO U3 YETHIPEX U3BECTHBIX B MUPE METOJIOB pac-
yeTa yJapHbIX BOJH — meTona KypomarteHko, opaeHoHocel, yiaypeaT ['ocynapcr-
BenHou npemun CCCP, 3aciykeHHbIN nearens Hayku Poccuiickoit ®deneparum,
JIEHCTBUTEIbHBIN WIeH MeXIyHapoIHoW akageMuu uHpopmaruzammu, wieH Poc-
CHUHCKOr0 HallMOHAJIBHOIO KOMHUTETA MO TEOPETUYECKON M MPUKIAJHON MEXaHUKE.
Penakunonnas xosuterus HayyHoro xypHaina «Bectauk IOVpI'Y. Cepus Matema-
Tuka. Mexanuka. ®usnkay, B KoropoM Banentun @enopoBud HEOAHOKPATHO MyO-
JUKOBAJI CBOM PabOTHI M PEICH3UPOBAJT CTAaThU JIPYTHMX aBTOPOB, BHIPAXKACT CBOM
HMCKPEHHHE CO0O0JIE3HOBAHUS POJHBIM, ONM3KUM W copaTHUKaM. ['7Tyboko ckopOum
0 HeBocnosHuMoM ytpate. Ilamare o Banentune ®@enoposuue KypomareHko Ha-
BCErJja COXPAHUTCS B CEPLIAX TE€X, KOMY MOCUACTIUBUIOCH 3HATh 3TOTO TaJAHTIU-
BOT'O YYEHOTO M 3aMeYaTeJIbHOTO YeJIOBEKa.

BecTHuk KOYpIlY. Cepusa «Matematuka. MexaHuka. ®Pusmnka»
2017, Tom 9, Ne 4



CBEOEHUA O XXYPHANE
Cepust ocaoBana B 2009roxy.

CauznerenbcetBo 0 peructpanuu 1T Ne ®C77-57362Bb11an0 24 mapra 2014 1. DenepanbHoii Ciayx00i 1Mo
HaJ30py B cepe cBsA3U, MHPOPMALIMOHHBIX TEXHOJIOTHH U MacCOBBIX KOMMYHHUKALUH.

Pemenuem [Ipesnnuyma Briciieit arrecTanioHHoi komruccun MuHuCTepeTBa 00pa3oBanus 1 Hayku Poccuid-
ckoit denepanuu KypHal BKIIOYCH B «lepeyeHb BEMyIIUX PEICH3UPYEMBIX HAYYHBIX XYPHAJIOB W M3JIAHWM, B
KOTOPBIX JIOJDKHBI OBITh OMyOJMKOBaHBI OCHOBHBIC HAy4YHBIC PE3YJIbTATHl JUCCEPTAIMHA HA COUCKAHHME YUYCHBIX
CTEINeHEH OKTOpa M KaHAMZAATa HayK» IO CIIAYIOUIMM OTpaciisiM HayK u rpynmam cnenuansHocreii: 01.01.00 —
matemaruka; 01.02.00 —mexanuka; 01.04.00 —pusuka, 05.13.00 Judopmaruka, BEIYACIUTEIIFHAS TCXHUKA H
yIpaBieHHeE.

JKypnan BxmroueH B PedeparuBubiii xypHan u baser manaeix BUHUTU. Ceeaennst 0 )ypHaJIe €XEroIHO
MyONHUKYIOTCSI B MEKAYHAPOIHBIX CIIPABOYHBIX CHCTEMax MO MEPHOAWYECKAM M MPOIOIDKAIOUIIMCS H3IaHHUSIM
“Ulrich’s Periodicals Directory”, “Zentralblatt MAR".

Toanucuoit mamekc 292118 ob0beaunenHom kartanore «lIpecca Poccun», E29211 B MHTepHET-KaTaIOTe
arentctBa «KHura-CepBuc».

[lepuoanunocTs BbIX0Ja — 4 HOMEpa B TOJI.

TPEBOBAHUA K NYBJIIMKALWUN CTATbU

1. ITyOnuKkyIoTCS OpUTHHAIBHBIE pa0OThI, COJEPIKAIIe CYIECTBEHHbIE HAYYHBIE PE3YJIbTAThI, HE OIyOJINKO-
BaHHBIE B IPYTUX M3JAHUSIX, POLICAIINE STAll HAYYHOH SKCIIEPTH3BI U COOTBETCTBYIOLINE TPEOOBAHUAM K MOJTO-
TOBKE PYKOIHCEH.

2. B pepakuuro npegocrasiseTcs dnektpornHas (mokyment MS Word 2003eepcus pa6otsl 06bemMoM He 60-
jee 6 CTpaHull, SKCIIEPTHOE 3aKIIOYCHUE O BO3MOXKHOCTH OIYOJIMKOBAaHUS PaOOThI B OTKPHITON NEYaTH, CBEICHUS
06 aBropax (©.1.0O., Mmecto paboThl, 3BaHUE U AODKHOCTh AJIS BCEX aBTOPOB pabOThI), KOHTAKTHASI HH(POPMALHS
OTBETCTBEHHOTO 32 ITOJIrOTOBKY PYKOIIHCH.

3. Ctpykrypa crateu: YK, Ha3Banue (He O6onee 12—15cnoB), criucok aBropos, anHotauus (150—250cm0B),
CIIUCOK KIIFOYEBBIX CJIOB, TEKCT paGoThl, auTeparypa (B HOPSIKE IMUTHPOBAHMS, B CKOOKaX, €CIM 3TO BO3MOIKHO,
JAeTCsI CChUIKA Ha OPUTHHAJ [IEPEBOAHON KHUTH WM CTAThH M3 )KyPHANA, IEPEBOIIIETOCS Ha aHIIIUICKHI S3BIK).
IMocie TekcTa paboOTHI CllEAyeT Ha3BaHHUE, pacIMpeHHas anHoTanus (pedepar crarbu) o6beMoM 10 18003HaKOB ¢
npo0enamH, CIIMCOK KIIFOYEBHIX CJIOB M CBEACHHS 00 aBTOpaxX Ha aHIJIMHCKOM A3BIKE.

4. TTapametpsl HaOopa. ITosst: 3epkajgbHbIC, BepxHee — 23, HIKHEe — 23, BHYTPH — 22, CHapy)u — 25 MM.
HIpudt — Times New Roman 11 ptiacirad 100 %,uaTepBan — 00bIYHBIH, 63 cMelieHus 1 aHuManud. OTCTy
KpacHo# crpoku 0,7 cM, uHTepBaN Mex 1y ad3anamu O 1T, MEKCTPOYHBIH MHTEPBAJI — OJIMHAPHBIH.

5. ®opmynel. Ctune MaTeMaTHyecKuid (LUQPBI, GYHKIUH U TEKCT — IPsIMO WPHQT, MepeMeHHbIe — KypCHUB),
ocHoBroil mpudt — Times New Roman 11 ptiokazatenu crenenu 71 % u 58 %. BeikmoueHHbie (HOpMYIIbI
JIOJDKHBI OBITH BBIPOBHEHBI 110 LIEHTPY .

6. Pucynku Bce yepHo-6enble. JKenarenbHO NpeOCTaBUTh PUCYHKH U B BUJE OTACIBHBIX (aifios.

7. Anpec penaknuu xypHana «Bectauk FOYpI'Y» cepun «Maremarnka. Mexannka. @u3nka»:

Poccus 454080,r. Yensouuck, np. um. B.U1. Jlenuna, 76, KOxHO-Y panbCKuil rOCYIapCTBCHHbBIN YHUBEPCH-
TeT, (aKyJIbTeT MaTEMaTUKH, MEXaHUKHA M KOMIIBIOTEPHBIX TEXHOJOTHH, Kadeapa MaTeMaTHYECKOr0 M KOMIIbIO-
TEPHOI0 MOJEIMPOBAHUS, INIABHOMY peaakTopy mpodeccopy 3arpebunoii Codbe Anekcanaposne. [Prof. Zagre-
bina Sophiya Aleksandrovna, Mathematical and Compiodeling Department, SUSU, 76, Lenin prospekt,
Chelyabinsk, Russia, 454080].

8. Azpec 35eKTpoHHO# mouTe: MMPh@susu.ru

9. [onHyto BepcHIo MpaBHJI NOATOTOBKU PYKOIUCEH U IprMep 0(hOpMIIEHHS MOKHO 3arpy3uTh C caira xKyp-
Haia: cM. http://vestnik.susu.ru/mmph.

10. Kypman pacnpocTpansieTcs 0O TMOANHMCKE. ONEKTpOHHas Bepcus: cM.  Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétraux.roypry.pd/mmph.

11.TInara ¢ acnupaHTOB 3a IMyOJIMKALMIO HE B3UMACTCS.

Penakrop O. lllaxanckas, A. I[loasxosa

Wznarenbckuii ienTp FOxkHO-YpanbCKOTO TOCYIapCTBEHHOTO YHUBEPCUTETA

IToanucano B neyath 24.10.2017]1ara Beixona B ceeT 31.10.2017.
dopmar 60x84 1/8.ITeuars uudposas. Yci. neu. 1. 9,76.
Tupax 5005k3. 3aka3 343/5811ena cBoboMHAS.

Orneuarano B tunorpaduu M3narensckoro nenrpa FOYpIl'Y. 454080r. Yensnounck, np. um. B.W. Jlenuna, 76.
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