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DESCRIPTION OF SOME WEIGHTED EXPONENTIAL CLASSES
OF SUBHARMONIC FUNCTIONS

0.V. Okhlupina
Bryansk State engineering-technological University, Bryansk, Russian Federation
E-mail: helgal31081@yandex.ru

The role of subharmonic functions in such sectionsf analysis as complex
and real analysis is very significant. Such classed functions are closely related
to analytic harmonic functions and make an importan contribution to the gen-
eral theory of potential and mathematical physicsin the works of R. Nevanlinna
and W. Heiman, parametric representations of subhanonic classes in the plane
of functions, whose characteristic has a power grav at infinity, are obtained.
The question of whether similar representations arérue for weighted classes that
admit a stronger growth at infinity (for example, the exponential growth) arises
in the theory of entire and meromorphic functions.In this article, classes of sub-
harmonic functions with Nevanlinna characteristic hat is summable with expo-
nential weight in a complex plane are introduced foconsideration, and the rep-
resenting measures of functions of such classes atedied. When proving the re-
sults, methods of complex and functional analysisra used. An important role in
the study is played by potentials based on the famis of the modified Weierstrass
product. The proof of the main result is based onhe use of auxiliary assertions
formulated in the form of lemmas.

Keywords: subharmonic function; harmonic functioepresenting measures; the
Nevanlinna’s characteristic.

Introduction
Let C be the complex pIanéSHaya(C) (o, a are positive numbers) be the class of subharmonic

+00

functionsu in C such thatj T(r,u)e“”a dr< +oo | whereT(r,u) is the Nevanlinna’s characteristic of
1

Vs
subharmonic functiom, that isT(r,u)z%TJ‘ u*(rcosp r sing dg, u” =max(u,0 (see [1-4]).
-

In complex and real analysis, potential theory arathematical physics the value of subharmonic
functions is very significant (see [1-3, 5]). Irettwvorks R. Nevanlinna and W. Hayman (e.g., see [1])
the obtained definition of a class of subharmonidhe plane of the functions, the characteristics o
which have exponential growth at infinity. The oti@s of whether faithful same parametric representa
tion for the weight classes, allowing for strongeowth at infinity, say exponential growth, occims
the theory of entire and meromorphic functions (§ée

This paper studied the representing measures dutiaions of cIassSH,M(C), as well as the
necessary and sufficient condition for such measure

Statement of the main result
Let o,a>0, z{OC, {20, p(|Z|) = max[a|(|a 1} where[a] is the integer part of a real num-

bera.

()] j
%(z()z[l—?} exg Y. —_[—Zj is a factor of the modified product by K. Weieass (see
j:]_ J

[7, 8]).

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 5
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Theorem 1.Let ull SH,,’U( C) , 1 is representing measure of a functian Then y satisfies the
condition:
+j3° n(tye "

ta

dt<+oo, (1)
1

wheren(t) = u(Dy), |7 <t.
The opposite is also true: lgt is some non-negative Borel measureCin satisfying the condition

(1), then it is possible to build explicitty subharnonfunction of class SHD,’OJ(C),

Od': o >é+ae”, for which 1 will be a representing measure.

Proof of auxiliary assertions
We require some auxiliary assertions for the pajdhe theorem.

Lemma 1.Let l//(R) is a non-negative monotonically increasing fumatifor which

[ (x)e ™ dx< +oo, ®)
1
wherea >0. Then
- @(R)ET _
FI{linoo i =0. (3

+00

Proof. The convergence of the integral (2) implies thatFllim I t//(x)e"’xa dx=0.
— +oo
R

Let ¢(R) = Iz//(x)e"”‘a d>. It is clear thatg(R)z¢/(R) .[ &7 d. We find the asymptotics of the
R R
last integral by applying the L'Hospital's rule.

+00
—gx?
j e dx oo L
lim B = jim - =,
Roo o OR R- o e R o1y . e—aR" (a—l) aa
Ra1 Ro1 R
a

Therefore, lim

R- o Rka

The lemma is proved.

Lemma 2.Let ¢(x) =€, xOR,, R ={xOR %0}, &, =ia. Theng(x+g,) = &™) @™,
X

=0. Thatis lim w(R)e°F R1=0.

where S(x) = o[lj whenx — +oo .
X

Proof. It follows easily from the following simple arguntsn It is clear that

a
(1+ y)”=1+ay+ o(f) wheny - 0. So U(X+€x)a=ax"(1+g—;j =a)g+a_;‘+{

L J when

Xa+2

X - +oo,
Then, (&) = (¥ of¥) where B(x) = o[%j when x — +o .

The lemma is proved.

Bulletin of the South Ural State University
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Okhlupina O.V. Description of some Weighted Exponential Classes
of Subharmonic Functions
Lemma 3.Let u is an arbitrary subharmonic function i@, while it admits a representation in
the form:

u(z):jln‘ﬁb( 20)| (<) + 1 1.

z, 0C, ,u(Z) is an arbitrary non-negative Borel measureGn such thatj n(t) dt< 400 |
1

n(r)=u(D,), >0, a>0, h(z) is harmonic function irC , for which
+00 T
Ie_ar” Hh( ré¢)‘d¢ dr< +oo .
1 -

ThenuOSH, , (Q whenOo’: o>t ioe
' ea

Proof.

LetV IIn‘Ab 4 ‘qp .Thenu(z)=h 2+ \6( 1.

It is obvious thalh( z) belongs to the class under consideration. Weshiw thatV,, (z) also included
in the classSH, - ( C) for Do’ =o' (a) >
We apply the estimate (see [1], p. 94):

G
, {#0, z{OC. (4)
,[P(<1)
Let's get thatu(2)< |5 du(¢)
c
To continue the evaluation of the function, we gaautition the complex plane into sets:
+00 p(i¢1)
A, :{ZD C:2"<|i< 2k+1} 8o ={z0C:[4<3 . Then u(2)< Y | ? du(?).
k=0Ak

Each of the ringg\, is divided into small rings and we use Lemma 2.
Let & :{zD C:2+ j27%% <|4< 2+( j+ ) Zk”} , 0< | s[zk(‘”l)*l} where[a] is the integer

NH
part of the numbea. ThenA, O U Jk’j , whereN, :[Zk(a+l)+1J _
j=0

p(¢1) N
Therefore, I Z

Ay
By Lemma 2, we obtain

. p(<1) p(‘(

{

S|l=

A=l

p(<’| XK4(j+2) 27
( )n(2k+(j+1) Z°%)<C,

)
d

n(2k +(j+1) Z""), where{ is a point of &, ;.

i
") 2P0

It is obvious tha{i* n(t)dt, k=0,1,...

2k +(j+l) Z—ak

f(t) {3 d.

P(‘(D Ny O, j+
)sC> j
&,

j=0

2k+l

tz‘ {) dt< Cj

Thereforej Z
By
Summing overk , we get:

i

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka»
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+00 p(t)
u(z)< CJ n( 9 dt. (5)
1

Let us estimate the last integral. According towg)have that

+o0 " T y +00 aJa+oo r p(t)
e?" [u(ré?) apdrs C[ &F (—j dtd.
feor fole)wos o I 0
Having established the convergence of the lasgratewe prove the Lemma.
To do this, imagine the inner integral as a sum:

T({jp(on(t)dt:efr(%)p{o n(t) dt++j:(r?)p(t) n(§dt= |+ .

1 1
Let us prove the boundedness of the second integral constant, independently af . Indeed,

)P r
(?j =expp(t) In?.

However, when% <el In% <-1. Thenexpp(t) In% < ex{-p(1)).

z
t

p(t)= [dta]. so p(t)= o’t” -1. Therefore,exp(-p(t)) < cet”

—gt?
_na @
eat <

o >0, n(t)se 7,

+00 p(t) +00 " +00 ot?
[[5] ngeesc g e ax cf e d
er t er er t

We estimate the integral.

er p(t)
_fr
1, = {(?j n(t)dt.
Consider the estimate for the integtalwe get that

fer fu(e)os [ e J(0)"
e’ | u(re?) dp< | e (—) f } dtd.
1 - 1 1 t

To calculate the largest value of the functierpp(t)(Inr-Int) on an interval[Ler] we put
x=Inr n y(xt)=p(t)(x=Int).
1

Y (x,t)=p(1)(x=In t)—@:aat”_l( x-Int)-ogt™*= aat”'{x—ln[teﬂnzo.

1
That is Inr:In[te”J, t=re @, t?=r%"1. This point is the maximum point, therefore

y(x,t)zy[x, re_clflz ;{re_;}(ln r—In re_;}.

r\P(Y) r
Becausemax(?) < , then

1
re @

8 Bulletin of the South Ural State University
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Okhlupina O.V. Description of some Weighted Exponential Classes
of Subharmonic Functions

'@
a
r"er

er r p(t) er 1\ e er 7 rt
jn(t)(?j dtsjn(t)[e"} def i) e dee] p

1

+Ie“” eraaTr(t)dtdr—j e( e JGT f } dtde

-clj dt[e[ e

er a
In view of Lemma 1, we write thaﬁ n(t)dt< cele)” g1,
1
Using the last estimate, we clarify the valugs that ensure the convergence of the integral:

¢ -[ﬂ-i)f"er re 1 1
Ie e« jn(t)dtdr: ogr?-oler)’ -—>0, r"(a’—ae”——j>0, o >—+oée.
1 ae ae ex

The lemma is proved.
Let us prove the auxiliary theorem 2.

Theorem 2.Let u is an arbitrary subharmonic function in the claS#l, ,(C), x({) is an arbi-
trary measure of the functiom, in this case/(D;) =n(t), 0<t<+w. Then
+J‘-’° n(t) g’
v

Proof. We integrate the integral by parts. Using the dtyuaf Jensen for subharmonic functions
(see [1]), it is enough to estimate the integral:

| = Tﬁwjém” dt.

1\1
+00 t
.\ Ie_ma{l_aa[jn(r)dr}“ng)Jdt
t7 T t
According to Lemma 1, we have:

I:+Jjoe_ma[1t—aaj;n(rr)dr+ntg[)}dt:a_10( ) +oo oot [Jt,n }dt

By the hypothesis of the theorehx C.
It is clear that inO<a <1 the theorem is proved, since from the conditioh i(Bplies that

+0 —gt?

dt <+oo .

We integratel by parts:

_ 1 [e in(r)dr
- E[ o If]

1

+00

1

n(t)dt<+oo .

Supposex >1. Then by Lemma 1:

+00 _mﬂ +00 _010/

—ot _1 Cl_[ 2a1

1
+00 —0’ta

n(t)dt< +oo.

1
The theorem is proved.

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka»
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The proof of the main result

The proof of the direct assertion of theorem 10ieB from theorem 2.

The validity of the converse follows from Lemma 3.

That proves theorem 1 completely.

From Theorem 1 directly follows

Theorem 3.Let >0, SH, , = U SH,,. Thenclass SH, ., coincides with the class of subhar-
>0

,00

monic functions inC , representable in the fornu(z) =_[In‘ A z()‘ () + 2, where u is non-
c

negative measure irC, such thatn(t)=u(D,), D, ={z:|4< § and also satisfies the condition
+j3° n(tye "

" dt<+co for some a =0, h an arbitrary harmonic function irC , for which there exists

1

0>0: Te“”" ﬂr‘(ré"’)‘ow dr< +oo .
1 /s
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ONUCAHME HEKOTOPbIX BECOBbIX 3KCMMOHEHLUWAIBbHbIX KITACCOB
CYBrAPMOHUYECKUX ®YHKLUNA

O.B. OxsniynuHa

BpsiHckull 2ocydapcmeeHHbIl UHXeHEePHO-mexHomoau4deckul yHueepcumem, 2. bpsiHck, Poccutickasi
®edepavus

E-mail: helgal31081@yandex.ru

Pomnp cybrapmonnvecknx (yHKIMH B TaKWX pa3leiax aHaM3a, Kak KOMIUIEKCHBIM M BEIIECTBEH-
HBII aHaN3, BeChMa CyIIeCTBeHHA. Takue Kiacchl (DYHKIUMM TECHO CBSA3aHBI C aHATUTHYECKUMHU TapMO-
HUYECKUMH (PYHKIUSIMU U BHOCSIT Ba)KHBIM BKJIAJl B OOIIYIO TCOPHIO MOTEHIMAIA U MaTeMaTHYEeCKYIO
¢bmsuky. B tpynax P. Hepamnmmanel, Y. XeliMaHa MoIydeHBI MTApaMeTPUICCKUE TIPEICTABICHUS KIacCOB
CyOrapMOHHYECKHX B IUNIOCKOCTH (PYHKIWH, XapaKTEPUCTHKA KOTOPHIX UMEET CTETIEHHON POCT B OECKO-
HeyHOCTH. Bompoc o ToM, BEpHBI JIW aHAIOTUYHBIEC TPECTAaBICHUS ISl BECOBBIX KIacCOB, KOTOPHIE 10~
MyCKaroT 0oJiee CHUIIBbHBIA POCT B OECKOHEYHOCTH (HAIPUMEp, SKCIIOHEHIIMAIBHBIA POCT), BOSHUKAET B
TEOPHH IENBIX U MepoMOp(dHBIX (QyHKIUH. B cTaThe BBEJCHBI B pACCMOTpPEHHE KIIACChl CyOTapMOHHYe-
CKUX (YHKIUH C XapaKTepUCTHKOW HeBaHIMHHBI, KOTOpas CyMMHUpyeMa ¢ SKCIIOHCHIIMAIBHBIM BECOM
Ha KOMIUICKCHOH IJIOCKOCTH, a TAK)KE M3YUYCHBI MTPECTABIIIONINE MEPhl (DYHKINI TakuX KiaccoB. [Ipu
JI0Ka3aTeNIbCTBE PE3YJIbTATOB MPUMEHSIOTCS METOJbl KOMIUIEKCHOTO W (DYHKIIMOHAILHOTO aHaju3a.
CyIlecTBEHHYIO POJIb B MCCIICOBAHUN UTPAIOT MOTEHIUABI, TIOCTPOCHHBIE HA OCHOBE (haKTOPOB MO-
TUQUITMPOBAHHOTO TTpou3BenieHus Beliepiirpacca. Jloka3aTenbCTBO OCHOBHOTO pe3yiibTaTa 0a3upyercs
Ha MCIIOJIb30BAHNN BCIIOMOTATENBHBIX YTBEPXKICHUH, CHOPMYITUPOBAHHBIX B BHJIE JIEMM.

Kniouesvie cnosa. cybeapmonuveckas (GpyHKyus; 2apmonudeckas QyHkyusi, npedcmaegisiowue me-
pul; xapakmepucmuka Hesannunnoi.
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BAPI/IALII/IQHHbIVI METO[ PELUEHUA KO3®DPULIMEHTHOW
OBPATHOU 3AOAYU ONA NNUNTUYECKOIO YPABHEHUA
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BakuHckuli eocydapcmeeHHbIlU yHUgepcumem, 2. baky, AsepbatioxaH
E-mail: r.tagiyev@list.ru, rena.kasimova@list.ru

OIHMM U3 OCHOBHBIX THIIOB OOpPATHBIX 3aa4 [JIsl YPAaBHEHHI ¢ YaCTHBIMH
NMPOU3BOIHBIMU SIBJSIOTCA 3aAa4M, B KOTOPBIX MOMJIEKAT ONpedeIeHUI0 KoI(-
(puHeHTH] YPABHEHUH MJIM BeJIMYUH, BXOAAIINX B HUX, 10 HEKOTOPOIi 10MOJIHHU-
TeabHOWT uHpopmamuu. Takue 3agauu Ha3pIBAKWT K03QPUUMEHTHHLIMH 00paT-
HBIMH 3aJa4aMH JJ15l YPABHEHHH ¢ YaCTHBIMH NMPOu3BOAHbIMU. O0paTHbIe 3a1a-
YH IS YPABHEHHII ¢ YACTHBIMH NPOU3BOJAHBIMHM MOTYT OBITh MOCTABJICHBI B Ba-
puanuoHHOM (opMe, T. e. KaK 321aYH ONTHMAJIBLHOI0 YNPABJICHHS COOTBETCT-
BYIOIIIIMH cHcTeMaMu. PaccMaTpuBaeTcs BApHALIMOHHAS OCTAHOBKA OHOM KO-
3¢ unmrenTHO 00paTHOI 3a1a4u A1 JABYMEPHOIO 3JLIUNTHYECKOr0 YPABHECHHUS
¢ IOMOJTHHUTEIBHBIM HHTErpajJbHbIM ycaoBueM. Ilpu 3Tom ynpasasomas GpyHk-
M BXOAUT B KO3 (HUINEHT NPH pelllcHHH YPABHEHHUS COCTOSIHUSA W SIBJISIETCS
3JIeMEHTOM MNPOCTPAHCTBA KBAaJpPaTHYHO cyMMHUpYyeMbIX mo JleGery ¢yHKuuUIA.
HeneBoii (pyHKIMOHAT COCTABJIEH HA OCHOBE /IONOJHUTEJIHHOI0 HHTErPaJbHOIo
yciaoBusi. 'paHnyHble yCJIOBUS AJA YPaBHEHUS] COCTOSIHHS SIBJASIIOTCS CMeIIaH-
HBIMH, T. €. B O/THOMH YacTH FPaHMIbI 32/IaHO BTOPOE KpaeBoe yCJI0BUeE, a B APYTroii
4acTu NepBoe KpaeBoe yciaopue. Ilox pemeHueM KpaeBoii 3a1auyu NpH KaxKIOM
(pukcupoBaHHOM yNpapjasoleM Kod(pduuueHTe MoHUMaeTcsi 00001IeHHOE pe-
meHue u3 npocrpancrea CoodosieBa. UccinenoBanbl BONPOChl KOPPEKTHOCTH pac-
cMaTpuBaeMoii k03¢ duneHTHOH 00paTHON 32244 B BADHMANMOHHON MOCTAHOB-
KH. Jloka3aHo, YTO paccMaTpHBaeMas 3a]a4a KOPPEKTHO MOCTaBJIeHA B CJa00ii
TOMOJIOTMH NPOCTPAHCTBA YNPABJISIOMUX (PYHKIMIA, T. €. MHOKECTBO ONITUMAJIb-
HBIX yNpPaBJIeHHIl He MYCTO, CJIAa00 KOMNAKTHO M JI00as MUHMMHU3HPYIOIIasi MO-
CJ1e10BATEJBHOCTh 3aa4M CJIa00 CXOAUTCS K MHOKECTBY ONTHMAJILHBIX YHpaB-
gennii. Kpome Toro, nokxazana nuddepeHuupyemocts no Dpeuie meaeBoro
(¢pyHkuMoHaMa M HaliieHa dopMmyiaa ISl ero rpagueHTa. YCTaHOBJIEHO He00X0-
AUMOe yCJI0BHe ONTHMAJBLHOCTH B BH/le BADHAIIMOHHOTO HePaBeHCTBA.

Knioueswvie cnosa: snnunmuueckoe ypasHeHue; 00pamuas 3a0a4a; uHmezpaibHoe
yenosue, 8apuayuoOHHblil Memoo.

Beenenne

OnHO¥M M3 TIOCTAaHOBOK OOpPAaTHOM 3amadu IS YpaBHEHHH MaTeMaTHYecKON (DM3WKH SBISETCS Ba-
pHAIMOHHAsI TOCTAHOBKA, T. €. 0OpaTHBIE 33/1a4n THIA YIPaBIECHHUs cHCTeMaMy. B BapnanmoHHOI mo-
CTaHOBKE OOpPAaTHBIX 3a/1a4 YHpaBIAonIre QYHKIUH BXOIAT B KOI(PPHUIUEHTH YpaBHEHHH COCTOSHHUS
WIN TPAaHWYHBIC YCJIOBHSA JUIS HUX M LeNeBble (DyHKIIMOHAIBI COCTABISAIOTCS HA OCHOBE JOMOIHHUTEINb-
HBIX ycaoBuit [1].

B pabotax [2—8] u ap. u3ydeHbl BapHAIlOHHBIC IOCTAHOBKH KO((PHUIMCHTHBIX 00OpaTHBIX 3a1ad.
OpHako Takue MOCTAaHOBKM KO3()(UIIMEHTHBIX OOpaTHBIX 3afad C WHTETPAIBHBIMH YCIOBHAMH Majio
u3ydeHs! [9].

B crarbe n3yuaercst BappannoHHas OCTAHOBKA OOpPAaTHOM 3a/1auul JUIs JUIMITHYECKOTO YPAaBHEHUS
C JONOJHUTENBHBIM MHTETPaJIbHBIM YCIoBHeM. MccnenoBansl BONPOCh KOPPEKTHOCTH paccMaTpUBae-
MO¥i 3a7a4uH, BeIBeIeHa ()OpMYJIa sl TPaJfeHTa IeJIeBOoro (GyHKIMOHANA U yCTAHOBICHO HEOOX0MMOoe
YCJIOBHE ONTUMAaJIbHOCTH.

1.IlocTanoBKa 3a1a4u
[Iycte Q ={X =(%,%):0< x<1,i= 1,? — kBagpar B R® ¢ rpammmeit I,

M, ={X =(X1, Xz): % =0,0< %< 1} — JieBas BepTHKalbHas cTopoHa kBazapata Q. Ilycth TpeOyercs

MUHUMHU3UPOBATH (PYHKIHOHAI

12 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 1, pp. 12-20



Tazues P.K., BapuayuoHHbIl Memo0d peweHus1 Ko3ghgpuyueHmHolu
Kacbimoea P.C. ob6pammHoU 3adayqu 01151 AMTUNMUYECKO20 YypasHeHUs!

1 1 2
v) = [|u(0,%:0) = [ H(%. %) U %, %) d% d (1)
0 0
na pemenmix U(X)=u( %, %)= U X %;U) kpaesoii 3anaun
2,9
S 6992 solx)u= 13, w0, @
ou
(05, = 909, X0, (3)
u(x)=0, xO\ _y, (4)
COOTBCTCTBYIOIIMX BCEM JOIIYCTUMBIM YIIPABJICHUAM U= U(Xz) U3 MHO>KECTBaA
V ={v=0(%)0L,(0,1) :0< qy<v( %) < gm.b.1a(0,1}. (5)

3nech O, ¢y —3anannsle uncna, H (X)=H(x, %), k (X),i=1,2, f(x), g(X) —sananssie pynk-
1Y, yJOBIETBOPSIOIINE YCIOBUAM
H(x), k(¥0L.(Q),i=12 (x)0L(Q), 9(x)=9(%)0 :(0.3);
O<vsk(X)<u,i=12 [H(X)|<d s na Q,
rae 4=V >0, d >0 —3agaHHbie yuca.

HazoBeM 060OGIIEHHBIM pEIIEHHEM U3 W21’0(Q) 3agaun (2)—(4), COOTBETCTBYIOIIMM YIIPABICHHIO

vV, dysxouo U= u( X) = u( XU) u3 Wzl O(Q) , YIOBIIETBOPSIOIIYIO HHTETPAIIBHOMY TOXAECTBY

J| SH RS o) o[ 1 05 € 0. 3 & ©

aus Beex 7 =/7(X) DV\é’o( ) .

Ipu clienaHHBIX MPEANOIOKEHHAX KpaeBas 3amada (2)—(4) omHO3HAYHO pa3penmma Mpu KakIoM
saganHoM UV u cripaBemnBa anpnopHaﬂ omenka [10, ¢c. 200]

o= M {1 g +ldlr , | )
Orcioa ¥ U3 OrPaHHMYEHHOCTH BIIOXKEHHUH Wzl(Q) - L, (Q), Wzl(Q) - L, (T) [11, c. 78] ceny-

€T, UTO B€pHA OLICHKA

lul, o 1, < M[ o0 +ldlr ] ®)

rae r,r, D[Z,OO) — IIPOM3BOJILHBIE YKCA. 31eCh U HIKE yepe3 M 0003Ha4aeM MOJI0KHUTEIbHbIE TOCTO-

SIHHBIE.
3amaua (1)—(5) TecHo cBs3ana ¢ K03 HUIMEHTHOH 00paTHOM 3aMadeii, 3aKIFOUAIOIIEIHCS B ONpeIe-

aeHnd QyHKIMI {u()cu),u( XZ)} , yAoBIeTBOpstomuX yciuoBusiM (2)—(5) 1 HOMOTHUTETLHOMY HHTE-
IPaJbHOMY YCIIOBHIO
1
u(0,%;v) :Io H( %, %) u %, %) dx,0< %<1 (9)
LeneBoit pynkumonan (1) cocraBien Ha ocHoBe ycinoBus (9). Eciu B 3anaue (1)—(5) okaxercs, 4to

CYILECTBYET YNpaBIEHUE U= UD(XZ) OV, nocrasisromniee pyrkimonany (1) HyneBoe 3HaueHHe, TO Ta-

pa {u ( X;UD) ,UD( Xz)} Oyner pemrenreM obpatroit 3agaun (2)—(5), (9).

2. KoppeKTHOCTh MOCTAHOBKH 3a1a4H
Teopema 1. B 3amaue (1)—(5) cymecTByeT X0Ts OB OXHO ONTHMAJIBHOE YIIPaBIEHHE, T. €. MHOXKE-

CTBO VD:{UDDV: J(UD) = \]]} Hemycto. Kpome Toro, MHOXecTBO V crmabo komnakTHO B L,(0,1) u

m00asi MUHIMU3HPYIOIIAs OCIE0BaTeILHOCTS ci1abo cxonutest B L,(0,1) k MHOXKeECTBY V.
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HoxazateabcTBo. [Iycts U1V — HEKOTOPHIA 2IIEMEHT H {Un} 0V — npousBoibHAs MOCIEI0BA-

TCIBHOCTD, TaKasd, 4TO
Un (%) = u(%,) cmabo s L,(0,1), (10)

u U, = u( x;Un) pemenvie 3agaun (2)—(4)u3 Wzl,o(Q) npu U =v,. Torna B cuity (7) u (8) cpaBe b
OLICHKU
o5+l el = M(=12..). ay
Kpome Toro, u3 (11) u KoMmakTHOCTH BosKerHi Wy (Q) - L (Q) , Wy (Q) - L, (F) IpH THOOBIX
r,r, 22 [11,c. 78] ciaenyer, 4TO CyIIECTBYET IIOIIOCIEAOBATEIEHOCTh {unm} , TaKas, 4To
Un (x) - u( X cnaco B Wz,o(Q) , CHIBHO B L, (Q)us L, (r_y), (12)

rae u= u( X) O V\éo(Q) — HEKOTOPBIN DJIEMEHT.

U3 (6) caemyer, 9to .
J[ZK() Uy 01, m(xz)uhmn}dpi O v 4 plo, ) o(m=12.),

% 0x
07 =n(X)OWo4(Q). (13)

Hcnone3ys orpanndenne 0<qy < U( X2) < mB. Ha L, (0,1) , HepaBeHCTBO Komn—byHsIKOBCKOTO

%) ¥~ W %* Q[Unn( N-u( 3] m Fﬂ

I[ nm( )_U()ﬁ)]wdk—»OHpH m - o (14)

u cootHourenus (10), (12)monyyaem

[ U (%) g 170x= [0 %) wp dlfes
Q Q

<

M L‘”z Q [ﬂ"7||z Q

U3 (12)—(14)cnenyet, 4to U = u( ) yIIOBJIETBOPSIET ToXxecTBY (6),T. e. u(x) = u( xu) , XUQ.

Hcnonb3ysl eMMHCTBEHHOCTD pelieHus U = u( x;U) 3agayn (2)—(4), MOXKHO IMOKa3aTh, YTO COOTHO-
mieHne (12)crpaBeaIuBo U Ui BCEH MOCIIeI0BaTEIbLHOCTH {un} , T. €.

uy(X)=u(%u,) - U ¥= U w) cnabo B W;O(Q) , cuIbHO B Ly (Q) us L, (r.). (@15)

[Toxaxkem, uro J (Un) - J(U) npu N — oo, Mcmons3ys paBeHCcTBO (1), 04eBHAHOE HEPABEHCTBO

(a+ b)2 < 2( &+ b2) , HepaBeHcTBO Komm—byHskoBckoro u ycinosue |H (X)| <d n.B. Ha Q, HETPYAHO

Y6€Z[I/ITI>CH, YTO CIIPABCIUIUBEI CICAYIOMMEC LICIIOYKA HEPABCHCTRB!

2 y2
(v)|< {Q[ u(0,%0y) = U(0, % W) +£IH(><1-><2)|EIJU(>$ X%itn) = Y % %) d%] d%} x
x{i[|u(0,)(2;un)|+|u(0,x2;U)|+Jj| H( %, %) DU %, %w,)| dxr

2 y2 L
*#[[H () (s %i0) da} d&} szfzm (0. x1,)~ (10, )"+

1

1 y2
+[H2 (% %) de | U % %0,) - % %0)] d% d% x

0
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1 1
X{I[ (0,%;0, | +|u OXZU|2+IH2 (%, %) d)iEj‘ﬁ . ¥U,) O
0 0

fh o (5 x0) o d§} < 22t + At U |

Aol +ldlr ol wlog #140)]- (16)

Ucnone3ys ouenku (7), (8), (11)u coorromrenus (15) u3 (16) moayuaem, uro J (Un) - J(U) npu
n - o, T. e. QyHKIHOHAT J (U) cmabo B Lz(O,l) HEIpPEephIBEH Ha ¢1a00 KOMIIAaKTHOM MHOXECTBE V .

Torna u3 [12, c. 49] cnenyer, uyTo crpaBeUIMBHI yTBepxkKaeHHs TeopeMsbl 1. Teopema 1 mokasaHa.

3. IuddepenumpyeMocThb nes1eBoro GyHKIHOHAIA H YCJIOBHE ONTHMAILHOCTH
Juns 3anaun (1)—(5)BBeneM conpspKeHHYIO KpaeByIo 3a1aqy:

-ii[K(X)aw}U(&)W—ZH(&, Xz)lt(o-é?‘/)‘i HéL %) €1 %v) dll,xmcz.(l?)

=1 0% 0%
oy _ i
—kl(x)a_ u(0,%v) j H(&1, %) Uy %w) &, |, xOM 4, (18)
0

t//( ; )—0, xOrvr_;. (19)
HazoBeM 00006IIIEHHBIM pEIICHIEM U3 Wi o(Q) 3amaun (17)—(19),co0TBETCTBYIONINM YIIPABIIEHHIO

U(X2) 0L, (O, 1) , GyHKUIHMIO Y = ( X) =y ( X U) u3 Wzl O(Q) , YIOBIIETBOPAIONIYIO MHTEIPAIBHOMY TO-

)K,Z[eCTBy
1

([ S 0IE2 ot -2 ) o) HOx.5) {3 50) e o

0

1 1
+2j[u(o,x2;u)—j H(%.%) W %, %w) dx}q(o, %) dy (20)
0
pu J1000H /7 =/7(X) D\/\él’O(Q) .
Hcnonb3ys oueBUAHOE HEPABEHCTBO (a+ b)2 < 2( &+ bz) , HepaBeHCTBO Kommn—byHsKOBCKOro u
yCIIOBUE |H (X)| <d n.B. Ha Q, umeeM:

IHZ()(11X2)|:U(O, XZ;U)—i H(El, Xz) L(fl, Xin) Qtl} dx

0

1 1 1
_[ (%% D‘Uz (0.%w +_[ H2(&1,%) d [j F(£ 1, %w) dl] d52d2[||u||§’r_l+d2|| L"isz}
0 0 0

}{U(Ov&:U)—fH(&.xz) u %, %) dx} dx<

0 0

SZI)[UZ(O,&;U)+{1)H2(>&,><2) dﬂi HERT) d%} s Jull, + 03 |

Orcroma u u3 oreHok (7), (8) cnenyer, uto npasbie yacTu ypaBHeHus (17) v rpaHMYHOTO YCIOBUS
(18) siBnstroTCS BM€MEHTaMU IPOCTpaHCTB L, (Q) ul, (F_l) COOTBETCTBEHHO. Torzaa Ui KaXkaoro 3a-
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nanHoro vV 3amava (17)—(19)umeer enuHCTBEHHOE 000OIIEHHOE PEILICHUE U3 Wzl O(Q) U CIpaBea-
nuBa onenka [10, c. 200]

st <M lulg 1l |-

VYuureiBas 31ech oueHku (7), (8),monyuaem
el <M [, +ldlr , | (21)

Orcrofa 1 U3 OrpaHUYEHHOCTU BIIOKEHUI Wzl(Q) - L (Q), Wzl(Q) - L, (I') npu nponssoss-

HBIX [}, D[Z,OO) TTOJTy9aeM OIICHKY

Wl el <M1l *lol s |- (22)

Teopema 2. dyukiuonan J (U) HenpepsiBHO nuddepenuupyem no Operre Ha V U a5 ero rpa-

AUCHTA CIIPaBCIJINBO PAaBCHCTBO
1

I(v)=Ju(x %0)e( % % ¥ dx, %0(0.). (23)

0
Jdoxka3zareabcTBo. Ilycte 0, 0+Av0V — mnpousBoibHBIE yrpaBiaeHus, Auvl] LZ(O,l) u

Au = Au( X) = u( XU+ AU) - L( );(U) , XOQ . U3 ycnoswii (2)—(4) cnenyer, uro AU siBIsieTcs 0000IIIEH-

HBIM PEILICHUEM U3 Wzlyo(Q) KPaeBOH 3aJja4u:

_Z ( ()GA:} (v+4v)Au=-Avu, xOQ, (24)
“ky )%_o X0 ., (25)

1
Au(x)=0, xOMV . (26)

Moxxno mokasate [10, ¢. 200],dro mpH caegaHHBIX TPEAMOIOKEHNUAX I QyHKIuH AU crpaBe-
JIMBA OIICHKA

Jauf$), < Maoy)y g, (27)

Hcnons3ys HepaBeHcTBO (1.7) m3 [11, c. 75], orpaHMYEHHOCTh BIOXKEHHS Wzl(Q) - L3(Q) [11,
c. 78] u onrenku (7), moaygaem

”AUUHG/S,Q S||AU||2(0,; [WU” 0N = M” L"(l%z EHIAU” 1 0)1S M”AU” 2. 0"

Y4uThIBast 3T0 HEPaBEHCTBO B (27), uMeeM
||AU||29 <M[ad],4- (28)
Kpome Ttoro, m3 orpaHmdeHHOCTH BioxeHHH W, (Q) - Ly (Q) , Wzl(Q) - L, (I') IOpU [IPOU3-
BOJIBHBIX [, D[Z,OO) u u3 (28) cireyer, uTo BepHa OIEHKA
I, o+, < MIac],gq,. 29)

[Mpupamenue pynkiponana (1) umeer Buj

A (v)=J(v+b0)- ﬂj{[ u(0, % ) le(>§,>§) { x xv) d%[ﬂA o, »-

0

IR K

-}H (%, %) Au( %, %) d&}} d>&+}
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C momornsio pemennii kpaessix 3aaad (17)—(19)u (24)—(26)mpeobpasyeM mpaByro 4acTh paBEHCT-
Ba (30). st pemenus KpaeBoii 3amaun (24)—(26)cmpaBeainBO paBEHCTBO

I{ZK,( )6Au64)é/ (U+AU)AL{//} dx= - IAUW/d) (31)

IMonaras B Toxxaecte (20) 7 = AU ¥ BBIUKTAs TOAYIEHHOE paBeHCTBO U3 (31), uMeeM

ZI{ 0% v) I (%.%) U %, %) d%wo,;)—i H x 34 (% X d}} dx

= [ (wv+Dugnv) dx
VuwnreiBas 310 paBeHcTBo B (30), iMeeM
= j whvdx+ R, (32)
Q
rie

1 2
R=[lAu(0, %;V) - IH(X,&)AL(%E)/# e [ b (33)
0 0 Q

IIpoBenem oneHky ocraroyHoro uwiena R. Wcnone3ys paeeHctBo (33), HepaBEeHCTBO

(a+ b)2 < 2( &+ bz) , HepaBeHcTBO Komn—bynskosckoro u onenku (29), umeem

1

Rszf{Auz(o,&){j H( %, %)A Y x, %) d% ] dy+

0

Hau], g Wl ag B8]0y <2 I8 + PlBYP, |+

+aulS, del S 180] 0, < MBU oy (34)

VuureBas B (32) oty oIneHKy, 3akiarouaeM, uto ¢ynknunonan (1) muddepenuupyem mo dpemie B
L, (0,1) U cipaBeuiuBa popmyna (23).
Tenepp mokaxem, uTo OTOOpaxeHHE U — J'(U), ompeensieMoe paBeHCTBOM (23), HEPEPHIBHO
aeictByer u3 L, (0,1) B L, (0,1) . Ilycts
Ay =0y (x)=g(xv+0v)-g(xv), g =w(x)=¢(xv),x0Q.
Paccy»xast aHaJIOTHYHO BRIBOAY OmeHOK (22) u (29), BIBeZieM OLIEHKY

], o [l <MIBc],qy )

Kpome Toro, ucmosnb3ys paBeHCTBO (23), mpuMensist HepaBeHCTBO Komu—ByHAKOBCKOTO U yUIHTHI-
Bas oreHku (29), (35) umeem

1

2
|3 (v+av)- || 204 j{j WY +Auy +A DY) d%} dy<
1 2 (1 2 (1
4_[ [J‘uAt/ldle +[IAUﬂd>£] +[IA By di‘}
o\ 0 0 0
11 1 1 1 1 1
4j{ju2d)gJ‘Al//2d)i+jAuzd¥J‘t//2d1(+J‘A G dfay? d% S
oLo 0 0 0 0 0

A2 o Bl +10u2, Bl + 10 % B % )< M(Jao] % grlaed , o)

dx<
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Otcrona cieayeT, 9YTo OTOOpaKeHHe U — J'(U) HENpephIBHO JeHCcTBYeT U3 L, (0,1) B Lz(O,l).
Teopema 2 nokasaHa.

Teopema 3.Ilycts U0V —ontumansHoe ynpasnenue B 3agade (1)—(5).Torga mis moboro vV
BBITIOJTHACTCS] HEPABEHCTBO

f lU(>&- Yo:00)W (% X%itn) dx |[0( %) =ug( %)] dx=20. (36)

CnpaseniuBocTh HepaBeHcTBa (36) ciieyer u3 TeopeMsl 5 pabdotsl [12, ¢. 28] ¢ ucnonb3oBaHUEM
dopmysr (23).
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VARIATIONAL METHOD OF SOLVING A COEFFICIENT INVERSE PROBLEM
FOR AN ELLIPTIC EQUATION
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One of the main types of inverse problems for equations with partial derivatives are the problems in
which coefficients of equations or included values have to be determined based on some additional in-
formation. Such problems are called coefficient inverse problems for equations with partial derivatives.
Inverse problems for equations with partial derivatives can be set in a variational form, i. e. like prob-
lems of optimal control by corresponding systems. Variational setting of one coefficient inverse problem
for a two-dimensional elliptic equation with additional integral condition is considered. At that, the con-
trol function gets included in the coefficient when solving the equation of state, and is an element of a
space of quadric totalized functions in the sense of Lebeg. Objective functional is set on the basis of an
additional integral condition. Boundary conditions for equation of the state are mixed, i.e. the second
boundary condition is given in one part of the boundary, and the first boundary condition is given in an-
other part. Solving the boundary problem at each fixed control coefficient intends a generalized solution
from the Sobolev space. The questions of correctness of the considered coefficient inverse problem in
variational setting are studied. It is proved that the considered problem is correctly set in the weak topol-
ogy of control functions’ space. 1. e. the multitude of optimal controls is nonvacuous and weakly com-
pact; and any minimizing sequence of the problem weakly converges to the multitude of optimal con-
trols. Besides, differentiability of objective functional in the sense of Frechet is proved, and a formula
for its gradient is obtained. The necessary optimum condition in the form of variational inequality is de-
termined.

Keywords: elliptic equation, inverse problem; integral condition, variational method.
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ACUMINTOTUKA PELLEHUA CUHTYNAPHO BO3MYI:IJ,EHHOI7I
3AOAYN OUPUXIE CO CITABOUN OCOBOU TOYKOM

A.A. TypcyHoes, K. Anbimkynoe, b.A. A3umos
Ouwckuti eocydapcmeeHHbIl yHUsepcumem, . Ow, Koipabidckas Pecnybnuka
E-mail: tdaosh@gmail.com

PaccmaTpuBaercs 3amada /Jlupuxje A1 CHHIYJSIPHO BO3MYIIEHHOTO, JIM-
HeHHOro, 0THOPOJHOI0 O00BIKHOBEHHOI0 Au(pdepeHIHATHHOIO0 YPaBHEHHsI BTO-
PoOro MopsiiKa ¢ HerJaAKuM Kod(puiineHToM B aeiicTBUTeILHOH ocu. [TonooHbIe
3a/1a4M BCTpe4yaloTcsl B (pu3nKe, TeXHHKe, MeXaHHKe CIIOIIHON cpeabl, THAPOIH-
HamuKe U ap. Leanio ucciienoBanus siBjasieTcs pa3sBUTHEe aCHMITOTHYECKOr0 Me-
ToAa morpaHMyHbIX ¢QyHknmii Bummka—J/locrepanka—BacuiabeBoii—-Umananm-
€Ba /ISl CHHTYJISIPHO BO3MYIIEHHBIX Tu(depeHINAILHBIX YPABHEHHH, B clIy4ae,
KOI'/Ia COOTBETCTBYIOIIee HEBO3MYIIICHHOE YPABHEHHE HMeeT HerIaJikoe pelieHue
B paccMarpuBaeMoii obsactu. Ilo Tepmunosornn A.M. UnbsuHa nogo0HbIe 3a1a-
4YH HA3BIBAKOT OMCHHIYJIAPHBIMHU. B padoTe qoka3biBaeTcsi BO3MOKHOCTh IIPUMe-
HeHHUsI 0000IIeHHOT0 MeTO0Ja MOrPAHHYHBIX QYHKIMIi K MOCTPOEHHIO NOJTHOIO,
PABHOMEPHOI0 ACMMITOTHYECKOI0 Pa3/i0iKeHHsl pPellleHHsl KpaeBoil 3agauM JJs
CHHTYJISIDHO BO3MYILIEHHOIO, JIHHEi{HOro 00bIKHOBEHHOr0 Au(depeHIHATBLHOIO
YPaBHeHHs BTOPOro Mopsaka co cjaadoii oco0oii TOYKON MJIM MHTerpupyemoii
ocodoii Toukoii. IlocTpoeHHOe pa3iioKeHHe peLIeHUs SIBJIAETCS ACMMITOTHYe-
CKHM B cMmbiciie Jppaeii. Ilpu mocrpoeHuM paBHOMEPHOIO aCHMITOTHYECKOIo
pa3JjioKeHHs pelleHHsl 3a7a4d /(MpuX/e HCNOIb30BAHBI. METOJ MAJIOr0 mapa-
MeTpa, MeTO MATeMATHYEeCKOH MHAYKIUH, KJIACCHYeCKH MeTO/ MOrpaHNYHbIX
(ynknnii, 00001 eHHBIH MeTO NOTPAHUYHBIX QYHKIHIl M NPHHIUI MAKCUMYMA.
C nomMomb0 NPUHIUNA MAKCHMYMA MOJYY€HA OLEHKA JUISI OCTATOYHOr0 4ieHa
ACHMITOTHYECKOI0 Pa3jI0KeHHs, T. €. PABHOMEPHOe, MOJIHOEe ACHMIITOTHYECKOE
pa3jioKeHHe pellleHHsl 0 MajaoMy napaMerpy o6ocHoBaHo. IIpuBeneH KOHKpeT-
HbIIl IpuMep.

Knioueguie cnosa: acumnmomuueckoe pewienue; OUCUHSYIAPHAS 3a0a4a; 3a0a4d
Hupuxne; maneiii napamemp; nozpanuinsie QyHKYuu.

ITocranoBka 3agaun. Uccnenyem 3anauy Jupuxie
ey"()+ X y(3- Y 3=0, 0< x1, 1)
y(0) =a,y(1) =b, 2)

rae £> 0 —manbrit napametp, a, b — const,a = m/(m+1), m —dukcupoBaHHOE HATYpAIBLHOE YHCIIO.

3amaua (1)—(2) nmpu o = 1/2 paccmorpena B Monorpaduu Koyma [1, ¢. 32] 1 ¢ moMoIsio MeToaa
CpalyBaHus MOCTPOCHO aCHMIITOTHYECKOE PEIICHHE JI0 MEPBOTO MOPsIKa M0 MajIoMy Mapamerpy, HO
0e3 obocHOBaHuMs. B paboTe [2] MeTO0OM CTPYKTYpHOTO CpaniuBaHus HccienoBana 3anada (1)—(2) mpu
o = 1/m, mON, y(0) = Ou oueHka it OCTATOYHOTO YICHA MOJTyYeHa HEeTouHO. B padote [3] 06001ieH-
HBIM METOJIOM ITOTPaHUYHBIX (QYHKIMH rccienoBana 3anava (1)—(2)mpu a = 1/2.

B nanHOit pabote MBI 00001IaeM paHee pPacCMOTPEHHBIC CIIyYad W INpeuiaracM 0oJjiee ONTHMAIb-
HBIH CIOCO0 TIOCTPOEHMS PABHOMEPHOTO aCHMITOTHYECKOTO pasjiokeHus pemenus 3amaun (1)—(2) mo
Jr000T0 TIOPSIIKA MO MAJIOMy apaMeTpy, YeM B MPEIbIIYIIHX paboTax.

TpebyeTcs MOCTPOUTH ITOJHOE ACHMIITOTHYIECKOE pasioxeHne pemenns 3agadu (1)—(2)mpu £- 0.

OcHOBHOI pe3yabTaT. PaccMOTpHM BHEIIHEE aCHMITOTHYECKOE Pa3lIOKEHHE PELICHHS 3aJadud
(1)—(2),xoTopoe uiiem B BHIEC

(%) = yo(x) + Eyy(x) + %y 5(x) + . )3

ITocne momcranoBku psaga (3) B ypasaenue (1) U nmpupaBHHBaHHS KOI(PPUIUEHTOB MIPH OJWHAKO-

BBIX CTEIEHSAX MAJIOro mapaMmeTpa & yduThiBas rpanuuHoe ycimosue Y(1) = b, momywaem cnemyroriune
3a/1aun:

X y(x) = yo(¥) =0,  yo@)=b,
X ()= () =-¥a (X, %@=0,k=1,2, ...
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Orcroza onpenensieM Heu3BeCTHbIC QYHKIHH Yi(X):

18  1p .
-1)/ 1 1 XX Yi1(9) .
Yo(X) = b& DB 1re g=1- a=——. E— m1, y (X)) =-€ L ef ks—lad\,kDN.

[pu X - 0 umeem:
= X‘B—l)

w(=bd = an, y3= 4 %), e P*7). %o
yl(x)=—e2XﬁLx ééSE@ds Cé 5("“), % 0

MeTOﬂOM MaTEMATHYECKOU WHAYKIUA JOKAXKEM, YTO
Yo (X) = O( x_(”_l)(‘”l)_z"), Xx- 0,0 N.

HeiictBuTensHo, npu N = 1Bepro: Y;(X) = ( XY, x- 0.

X—(k—l)(a+1)— iog

[Tycts mpu N = K cnpaseBo cootHomrenue: Y (X) = O ), X— 0, torma mpu n =

k+ 1 umeem

1p 1y EN g
Yea=-¢ [ & ypas- A ['o kO s (o), xo,

1 Sa 52a+(k—1)(cr+1}+ 2

rze ¥, 0C”[0,1].
CrnenoBarenbHo, psj (3) npeacTaBuM B BUJE

n-1
Y= (R4 5 { “’)(»{ij $O)( xn{%} y(°>(»<+..] Cox 0 (@

re y(¥ 0C[0,1].

OuesuHo, uto psz (3) win (4) ABgeTcs aCUMNTOTHYECKUM pssioM Ha oTpeske Q(€) =[£”,1], rae

O<y<j3 J}a = zTntrll Touky X = 0 Ha3pIBatOT ci1aboi 0coboi TouKoi ypaBHeHus (1).

CrnemoBarensHo, 3amaua (1)—(2)ssnsercs 6ucuurymspHoii [4].
B 3amaue (1)—(2)mpousBenem 3aMeHy, IyCTh

y(x) = bé™ DD £y 5)

rae Z(X) —HoBas HeU3BECTHAS (PYHKITHS.
Torna

y‘(x):bémﬂ)(mﬂ—l)(ia L3+ 4 )(j, Y e 6@+1)(m*%<—1)[ e
X

y(0)=a=be (™D & 0)= 20):% Bl y@)=b=be™D ™ )= f)=1.

@3 (%% (z>+x"(z>]

[Moxacrasnsst (5) B 3amauy (1)—(2)c yyerom sTux COOTHOH_ICHI/II\/'I HoJy4aeM:

e[z"(x)+x—izm—ww > (z><]+ 3¢ )0, 6)

z(0)= 5 a gl A)=1. (7)

OtmeTuM, 4TO OUCHHTYJISIPHOCTh HE MCYE3aeT, T. €. 3a1a4a (6)—(7)Toxe sBiseTcss OMCHHTYIISIPHOM.
ACHMIITOTHYECKOE PELIeHHUE 3aauu OyJeM UCKaTh B BUIE

2% = (3 + (Y + p( 7 X+ N +o+ 1l ) (D o, (8)
m+1

e t=x/ ™2, g = 2™l
[Moxacrasnsst (8) B (6), umeem

22 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 1, pp. 21-26



TypcyHoe [.A., Anbimkynoe K., Acumnmomuka peweHusi CUH2YJISIPHO 803MYUW,eHHOU
A3umoe B.A. 3adayu [Qupuxne co cnaboli ocoboli moykoli

fZﬂ [zk(x)+—m i KX A y} WA
k=0

9)

2

k=0
W3 rpaHMYHBIX YCIIOBHI (2) nMeeM:

(1) = 1.2(1) = 0, 76(0)= £ €™ ~ 2,(0) 7% (£)= 0% (0=~ & (O, 1 0.3 N.ji= 14™. (10)
U3 paBenctra (9) u (10) st z5(X) momydaem 3amady:
x77(R =0, 0< x<1, z(1)=1. 11

3amaya (11) umeeT eIMHCTBEHHOE penieHue Zo(X) = 1
Iyctb z(X) = 0,k I N. Torma paBeHCTBo (9) mpeacTaBumo B BUzE

Z k-1 n"(t)+t”n’(t)+ H o )y-2 ;T(t)+fu_2n(t) -9 L H g
H k k tlra Tk p2a K e @

+Z:,uk 1(77"(t)+t"77’k('[)"’ #k(t)_ a ”k(t)"’,;u ”k(t)J

t

k=0
OTcrona Ist MOrpaHuYHBIX (byHKuHﬁ TE(t) umeem:
L7 = 75(0) +1°75t) =0, 0<t < 1, 7(0)= 2 €™ =1, 7 ()= 0, (12)
Lrg(t) = tl+a ﬂo(t)_—”lo(t) 0<t<p,m(0)= 0, {1 )= C (13)
1
L (t) = _t_ tlm h(t )_—77‘1(0 ”o(t) O<t<f1,my(0)= 0,71, )= G, (14)

L (t) = T ”k 1(t) - 77'k 1('[) 7Tk o(t), O<t<f1, m(0)= 0, ()= C k=3, 4, ... (15)

Pemenue 3agaun (12) umeer Bux:

iha ilﬂy . _isha
)+ (1) =0:[77‘0(t)e1+”t J =05 e = o ()= o o et d.

m+1

YuutbiBas rpanuunble ycnosus 74 (0)=g2e" " —1, 71, ()= 0, naxoaum 3Hauenus C; u C!

m(H)=c;=0=¢,=0;

~_i51+¢7 ,,_islﬂl 1
%(O)z—qI:e ra dszg &l-1= pz(l—% 5"’1J A A(J‘: g+a %s :

CrenoBareiabHo,
1 g+

—[ & m+_ B g
ﬂo(t)—(be 1JA§L el*a  ds

HuTerpupyst Mo 4acTsaM HHTErpa
_ 1 e

Itﬂe +a dst- &,

MoJIy4ynuM

1 1+a
—ls“” I a a(l+2) 1 0 -
+ 1 - — R —— -
j e Tt ds= et (1 gtz + 1Ttn(M)kl'|:1(ka+k 1)+ ) o 1.
D10 03HayaeT, 4ro GyHKIWMs 7§(t) SKCIOHEHIIMAIBHO yObiBaeT ipu t — i, (4 — 0.

Ilpu pemennu ypaBHeHust L77y(t) =0 MbI 3aMeTHIN, 9TO OHO UMEET [BA JIMHCHHO HE3aBHCHMBIX

e .
pemenus: 1u L e *¢° ds. He Hapymias OOIIHOCTH, JINHEHHO HE3aBHCUMBIC PEILICHUS YPaBHCHHS

L (t)=0
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MO>XHO OPEACTaBUTh B BUJC.
1 + 1 §_+a

- _75117 oL
Y() =1- X(1), X()= A{t"ew ds ﬁ’ eta  dsl.

JIuHelHyI0 He3aBUCUMOCTh MOYKHO TIOKa3aTh ¢ TIOMOIIbI0 SIkoOunaHa!
_ 1 a
(X0, Y(D)= X(hY(I- X(¥ X x= Aete #0, H[0,x].
[IpuumHON Takoro BEIOOpa TMHEHHO HE3aBUCUMBIX PEIICHHUH SIBIISIFOTCSI COOTHOIIICHUS
X0)=1L,Y(0)=0,X@)=0Y @ F 1,
KOTOpbIC OHAI00STCSI P MocTpoeHnn GyHkuu I'puna.
Tak kak X(t) =1- At+o(t),t - 0= Y(t)= (9, t— 0, To obmiee perrenne ypapuenus Lz(t) = 0
umeet BUI Z(1) = c1Y(t) + c2X(1), ¢1, c2 — constOT1croa BITEKACT JeMMa.
Jlemma. Kpaesas 3amaua Lz(t) = 0,2(0) = z(&) =0 umeeT TOIBKO HyJIEBOE PELIECHUE.
CrpasemBa
Teopema 1. KpaeBas 3agaua
Lz(t) = f(t), 0<t<p, z(0)=0, z{@)=C
HUMEET CIUHCTBEHHOE PEIICHNE, U OHO MPEJCTABUMO B BH/IC

+a

" L
A)=[/G(t9ee (34,

=Y (1) X(9,0< t<
roe G(t, S):{—Yig X((?, S: Z; — ¢yukuus Ipuna, f(t) DC(0, ],

f(t)=0(t™"),t - 0,y< 2 ft)=0C? )t - 1,——<5.
m+1
Ilokazamenscmeo. Perenne Z(t) 3amuinem B BUze

2()= J()+ (9,
o, s g s
e () =-XOf Y(3&7  {pds,)E N} KsEe (s

IMoxaxkem, uto Gyukwm Ji(t) u Jo(t) yaosnerBopsioT rpanndHbIM yenoBusM. Tak kak X () =0 u
Y(0) = 0,mosToMy ocTaTouHo mokaszath, uto  Ji(t) - 0,t - Om J,(t) - O,t - fz.
1. Paccmotpum ¢ynkimio Ji(t). [lpu t — 0 umeem |Y(t)| < Ct,| f(t)| < ct”, mostomy

1 a
G(t)scf Ve d= &Y -0, 0.

2. Temeps paccmotpum Jo(t) pu t — [
l +a _ l S‘]_+

~ L~ gta_ - J+a - N ~ 15
13,(9) < cjt" siBga  wa (s j‘:t” ¥ B g5 0P = o’ 4.
ITosTomy pemrenne Z(t) yOoBIETBOPSAET TPAaHUIHBIM yCinoBusIM. [loacrasnsas yrkimio Z(t) B ypas-
Henue Lz(t) = f(t) mpu O0<t < 7, momyuaem ToxaectBo. Teopema 1 noka3aHa.

C IIOMOIIIBIO JTOH TCOPEMbI NOKA3bIBACTCA CYIICCTBOBAHUC U CAWMHCTBCHHOCTDH pCH.ICHI/If/’I YpaBHE-

auit (13)—(15)Ilpu t — & mis dyakuuu Ti(t) cripaBeaIUBEl ACHMITOTHYECKHE PA3I0KEHUSI
_ 1 _ 1 _ o —(mH
7T2k_1(t) —O(m), ”2k(t) = O(t(aq—_lyj, k—1,2,...,t - HU=U (m+1) .

Kpowme Toro, 77 (t) =O(m+\]/t_k), t- 0, k=0,12,.

Takum 00pa3oM MbI JOKa3aJlu orpaHHdeHHOCTh GpyHkumit 7g(t) Ha otpeske [0, 7], korma (4 — 0.

Teneps mokaxkeM, 4to psax (8) sBisgeTcss aCHMITOTHYECKHM psiaoM Ha otpeske X[0,1]. s sToro
PacCMOTPUM YCCUCHHBIN PSIIT
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TypcyHoe [.A., Anbimkynoe K., Acumnmomuka peweHusi CUH2YJISIPHO 803MYUW,eHHOU

Asumoe B.A. 3adayu Jupuxsie co cnaboi 0co6od MoYKol
2921+ 3 W)+ R(xE). (16)
Toxcrasnsas (16)5 samay (1)—(2),u yIII/ITLIB:HOSHaIIeHI/IH 77.(t) , mveem:
o{ Rixer+-2 RO+ 577 | RO+ & R)=0 (0 17
R(0.6)=0.R, (L6 )= 0 (18

2 1
rae P(t,u) = T 7T(2m+1)n(t)‘—77'(2m1)n(t) 7 Temyr )~ Moo 7T(2m nit)-

W3 cBoiicts ¢pynkumit 77 (t) cnemyer, 9ro CD(t, =00, - O,t O [0,,u_(m+l) I
Ilyctb

Rn(X,é‘) - e—(m+1)m+\:y;< r( Xf) ,
toraa 3amada (17)—(18)mpumer Bu:

(%, €)+ X '(%,8) - 1 (x,£) = €™V X" (t,411), 0< x< 1, 1(0,£)=0, r (Lg )= C
Ilycts M = ?oax] ® ¢ ,u), 14— 0. lpumenss reopemy 26.4 [4],momyqaem:
{10,

Ir(x,€)| s e"Me™D™X = |R (x¢)|< €™M, £-0,xT[0,1].

CnpaBennusa
Teopema 2. JTns perenus 3agaun (1)—(2)crpaBeinBo aCHMITOTHYIESCKOE PA3TIOKCHUE

y(x) = bg™D"xD (1+ >t ( t)J , 1-0.
k=0

Mpumep. I[Tycts B 3anaue (1)—(2)a = 1/2.Torna acuMITOTHYECKOE PEIICHUE MTPEACTABUMO B BUJIC

y() = b D(14 75 (9 + (9 + .+ ()% R(x£)), -0,

rne t=x/ 1%, £= 3,
a A _23i2 2312 -1
ﬂo(t)z(—ez—lj Aje3 ds A I e3” db |
b t

m® =[Gy e5 (2—\/1?+ﬁﬂo(s)—%n‘o(3)jd

(1) = [/ Gt s)e?’zssgl2 S R YT S S
> o 2l s oS AN %0

- 2312
w0 =["ct9e [z—j—ﬂ( 9= 3= i }»] d

“Y() X(9,0< t< 5 _ s*2
(S XD, & &1 Y(1) =1- X(1), X(t)= A{ e3 ds,

IR(xé&) <&M, 0 <M — constg- 0, x0[0,1].

G(t,9) = {
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The Dirichlet problem for a singularly perturbeddar homogeneous ordinary differential equation
of second order with a nonsmooth coefficient in seas is considered. Such problems can be seen in
physics, engineering, continuum mechanics, hydradyes, etc. Object of the research is to develep th
asymptotic technique of boundary functions of Mishiusternik—Vasilyeva—Imanaliev for singularly
perturbed differential equations in case when treesponding non-perturbed equation has nonsmooth
solution in the considered area. According to taotugy of A.M. llyin, such problems are called bisi
gular. The possibility to use a generalized metbbtdoundary functions for constructing a complete
proportional asymptotic expansion of the boundagbfem solution for a singularly perturbed linear
ordinary differential equation of second order vatlweak critical point or an integrable criticalimgds
proved in the article. The constructed expansiosodifition is asymptotic in the sense of Erdey. When
constructing the proportional asymptotic expansiérthe Dirichlet problem, the following methods
were used: small parameter method, method of mattesth induction, classical method of boundary
functions, and the principle of maximum. Using ftrénciple of maximum, an assessment for the as-
ymptotic expansion’s remainder term is obtainexd,the proportional complete asymptotic expansion o
the solution by small parameter is proved. A speekample is given.

Keywords: asymptotic solution; bisingular probleBirichlet problem; small parameter; boundary
functions.
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BBenenue

Onpenensiorcs (pu3nyeckne XapaKTePHCTHKH YCTAHOBHMBIIErocsl TedeHUs
BA3KOM TeIIONPOBOAHON HeC:KMMaeMoii KHAKOCTH N0 M3MepPeHUsIM TeMIepary-
pbl M MOTOKA TelJia HA ee JHEeBHOW MOBepXHOCTH. OCHOBHBIMH MCKOMBIMH Xa-
PaKTepPHCTHKAMH SIBJISAIOTCS TeMIIepaTypa M CKOPOCTb KHAKOCTH BO Bcell Mo-
AeabHOI o6acTn. 3agavya popmasusyercs: Kak o0paTHasi TpPAaHUYHas 3aJa4a 115
MOJieJIM TeYeHUS] eCTeCTBEHHOH TeIUI0BOH KOHBEKIMH BBICOKOBSI3KOH HECIKH-
MaeMoii xkuaAKkocTH. MaTemaTH4yecKkasi MoJe/b TeYCHHUS TAKOH KUAKOCTH OMHUCHI-
BaeTcsl CTallMOHApHBbIMH ypaBHeHHsiMU HaBbe—CToKca 1711 HBIOTOHOBCKOIi peo-
JIOTHH cpefbl B nMpuém:kennu bByccuHecka B moJie CHJIbI TSAKECTH, ypaBHEHHEM
HECKHMAEMOCTH CpPe/ibl, CTAIHOHAPHBIM YPaBHEHHEM COXPAHEHHUsI JHEPTHH C €O-
OTBETCTBYIONIMMH IPAHMYHBIMHA yCJ0BHAMH. IIIOTHOCTE M BA3KOCTDH KUAKOCTH
HeJIMHeHHO 3aBHCAT OT ee TeMmmepaTypbnl. PaccmaTpuBaemasi o0paTHas 3agaya
AIBJIsieTCSl HEKOPPeKTHOW M He 00JaJaeT CBOICTBOM  YCTOWYMBOCTH,
Majioe BO3MYILIEHMe HMCXOJHBIX JAHHBIX HA Y4YacTKe FPaHMIbI, JOCTYNMHOH AJIst
HU3MepeHHUii, MPUBOJUT K HEKOHTPOJIHPYeMbIM OIIMOKAM B ONpeneIeHHH HCKO-
MBIX BeJIHYHUH. /|1 YHCIeHHOr0 pellleHHs1 HeYCTOMYNBBIX 3a1a4 TpedyeTcs pa3-
paboTka cnenuaJbHbIX MeTo0B. Lleqb n1aHHOI PabdoThI COCTOMT B MOCTPOECHUHU
MEeTO/I0B M AJITOPUTMOB KOHCTPYKTHBHOI0 YCTOHYHMBOI0 YMCICHHOI0 MOJEIHPO-
BaHHS pPelleHUsl paccMaTpuBaeMoii o0paTHoii 3anaun. Jliis peann3zanuu 3Toi 1e-
JIM MpeJJIaraeTcs BOCMOJIb30BaThCSl BADHAIMOHHBIM METOA0M, KOTOPBI OCHOBAaH
HA CBeJCHHM HCXOJHOH 32Ja4M K HEKOTOPOH IKCTpeMaJbHOH 3aiaye HA MUHH-
MYM NOAXOASILEro HeJieBOro (pyHKIMOHAJIa W ero yCTOWYMBON MHHUMU3ALUHU
KAKHM-JIH00 noaxoasamum crnocodom. Ilpyu Takoii cTpaTernu opraHusyercsi ure-
PaLlMOHHBII Npolecc MOCJIe0BATETbHOI0 YHCJICHHOI0 PellleHus1 KpaeBbIX 3aAa4
TPAaHMYHOIO0 YNpaBJeHUs, KOTOPbIe MPeACTABIAIOT c000ii cuctembl 1uddepen-
HHATBHBIX YPABHEHMIl C YACTHBIMH NPOM3BOAHBIMH C NMOJHOCTBIO ONpe/eseH-
HbIMH TPAaHMYHBIMH YcaA0BHUAMH. i MUHMMH3auuu (GYHKIHMOHAJIA KavecTBa
NpPUMEHsIeTC MeTOJl CONpPSKeHHbIX TIpagueHTOB B peaausanun Pojaka—
Pu6nepa. I'pagnenT 3TOro (pyHKIMOHAJA M HIAT CIYCKA ONpeAeJSIOTCH aHAJIH-
THYECKH, YTO MO3BOJIfIeT CYIEeCTBEHHO COKPATUTh 00beM BhIuHcJeHHMil. MeTox
KOHEYHBIX 00beMOB NPHMEHsSIETCH VISl HHTerPHPOBAaHUsA cucTeM AuddepeHnn-
ANBHBIX YPABHEHHIl ¢ YACTHBIMHM NPOM3BOJHBLIMH € PAa3JMYHbBIMH THIIAMH rpa-
HHYHBIX ycaoBuii. IlocTpoeHHBIE aIroOpUTMBI YHCIEHHOTO MOJACIHPOBAHNS pea-
Ju3oBaHbl B nakere Bbrumuciennii OpenFOAM. TlpoBeaen pacyer MoaeILHOIO
npuMepa.

Kniouegvie cnosa:. mennosas KoHeeKyus; 6a3Kdas HCUOKOCMb, 00pamuas epanuy-
HAs 3a0a4a; 8apUAYUOHHbII MEMOO; YUCIEHHOe MOOeIUPOBAHUE.

PaCCManI/IBaeTCH 3aavda OnpeaACICHUA TCMIICPATYPhI U MOJIA CKOpOCTeﬁ KHIKOCTH, ﬂBH)KymeﬁCﬂ B

HekoTopoit obnactu Q [ ]RZ, M0 HEKOTOPBIM 33/IaHHBIM YCJIOBHAM Ha rpanuie obmactu Q . Matemaru-

YyeCKasa MOICJIb CTaHHOHapHOﬁ TEIIOBOM KOHBCKIIMHN BSA3KOH HEC)KMMaeMOit HCOZ{HOpOI{HOﬁ KHUIKOCTHU
BKJIIOYAET B ce0s CTallMOHAPHOC YPABHCHUC Hasre—CTOKCa BMecCTE ¢ YpaBHCHUCM HCECXKUMACMOCTU IJIsA
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OTIpeJIeJICHHS TTOJII CKOPOCTEH KUIKOCTH M CTallMOHApHOE YpaBHEHUE TEIIOBOro OamaHca JjIsl oIpere-
nenus ee remneparypsl. Ha rpanune ' =9Q mpocTpaHCTBEHHOM 00JacTH 3a1al0TCSI COOTBETCTBYIOIIHE
TPaHUYHBIE YCIOBHUS JUII CKOPOCTH ¥ TeMIlepaTyphl. [Ipy 3ToM HEKOTOpBIC IpaHUYHBIC YCIOBUS 3aia-
FOTCSI TOJIBKO Ha YacTH TpaHuilpl (YCIOBUSA ¢ HEIOCTATKOM), a Ha JAPYTHX YYaCTKaX TPAHHUIIBI 3aTar0TCs
JIOTIOJTHUTENIbHBIC YCIOBHsI (YCiIoBUs ¢ M30bITKOM). COOTBETCTBYIOILYIO KPAaeBYIO 3aj1ady Ui OIpee-
JIEHHS TIONSE CKOPOCTEH M TeMIeparypsl B obigacté Q Ha30BeM 00paTHOW TPaHWYHOW 3amadeit (Miu
POCTO 00paTHOM 3a1aueii).

PaccmarpuBaemast obpaTHas 3amada SBISICTCSI HEKOPPEKTHON B TOM, UTO U HE 00Ja1aeT CBOMCTBOM
ycroiuuBocTu [1, 2], Masioe BO3MYIIEHHE UCXOMHBIX JAaHHBIX HA y4acTKE TPAHUIIBI C TIEPEOIPEICICHH-
€M MPUBOJUT K HEKOHTPOJIUPYEMBIM OMIMOKAM B PEKOHCTPYKIIMHA MCKOMBIX BEIHYHH. J[JI1 YUCIIEHHOTO
peleHHs HeYCTOHUMBBIX 3a1a4 TpebyeTcst pa3padoTKa CrieHaabHbIX METOIOB U allTOPUTMOB. B nannoit
pabote OyaeT mpeacTaBiieH KOHCTPYKTUBHBIA METOJ YCTOWYMBOTO YHCICHHOTO PEIICHHs paccMaTpu-
BacMOH 0OpaTHOH 3amaun. DTOT METOJ OCHOBAaH Ha CBEJIECHHM HMCXOIHOW HEKOPPEKTHOHM 3aJadyd K Ba-
pHUAIMOHHOW 3a/jaue HAa MHUHUMYM IeJIeBOr0 (DYHKIMOHATA CpelHeKBaaApaTuuHOW HeBsasku [1-3]. Jlns
pelIeHnsl SKCTPEMaNbHOM 3a/adul BhIOpaHa OfHA W3 pealln3alii MEeTOAa CONPSUKEHHBIX T'PaJHEeHTOB.
[Ipu TakoMm airopuTMme pemieHUs] NCXOAHAs 3a7ada 3aMeHsIeTCa Ha MOCIeI0BaTeNIbHOE PElIeHHe aHalu-
TUYECKH TOJYYCHHBIX KPAaeBbIX 3a/1ad TPAHUYHOTO YIPABJICHUS, I KOTOPHIX COOTBETCTBYIOIIUE Tpa-
HUYHBIE JaHHBIEC ONPEIeJICHBI MTOJIHOCTBIO.

OO6paTHbIe 321291 BOCCTAHOBIICHHS TETUIOBBIX PEKUMOB B Te0O(M3NIECKHX MPOIECCaX COCTABIISAIOT
HOBOE HAalpaBJCHHE B MOJCIUPOBAHHU PA3IMYHBIX TEXHOJOTMYECKHX W MPHPOAHBIX MPOIECCOB (CM.,
Harpumep, [4-9]). HeoO6XxoauMo OTMETHTB OOJBIION MHTEpEC K PEIICHUIO MOAOOHBIX 3a7a4 CPey CIie-
[[HAJIMCTOB B 00JIACTH MOJEIHPOBAHNA T€OJMHAMUYECKIX TIPOIIECCOB, IIPOIIECCOB XUMHUUECKOTO CHHTE3a
¥ MHOTHX JPYTUX oTpacieil sHauuii [7—9]. DToMy CITOCOOCTBYET COBEPIIEHCTBOBAHKME METOIOB 0Opa-
OOTKM NTaHHBIX M HAKOIJICHWE CTATHCTUYECKOW MH(OpMAIHMK O MPUPOAHOM MpOILECCe WM SBICHUU.
Pemenne o6paTHBIX 3a/ja4 Ha CETOMHANIHAN JE€Hb JOBOJIEHO HAYKOEMKO M COMPSHKEHO ¢ OOJBIIMMU 3a-
Tparamu pecypcoB OBM. brnaromaps coueTaHuio aHAIMTHYECKUX METOJIOB TEOPHH YIIPABIEHUS C ajro-
pUTMaMH YHCIICHHOTO pPEIIeHUs cucTeM nupdepeHInaIbHbIX YPaBHEHUH ¢ YaCTHBIMU MPOU3BOHBIMHU,
B JJaHHOW paboTe yAajuoch MOIydaTh Pe3yJbTaThl XOPOLIET0 Ka4ecTBa MPH CPaBHUTEIHHO HEOOJBIINX
3aTpaTax Ha KOMIBIOTEPHYIO pealn3aluio. Pe3ynpTaTsl TaHHOTO YHCICHHOTO MOJAETHUPOBAHUS MOTYT
JIOTIOJTHUTE Y>K€ M3BECTHBIE METOJIBI HCCICAOBAHHS PUPOTHBIX MPOLECCOB PACPOCTPAHEHHUS TIOTOKOB
BYJIKaHHMUYECKOH JaBbl. HEeKOTOpbIe BOMPOCH! Pa3peliMMOCTH 3aad FPaHUYHOTO YIpaBJeHUs, HEOOXO-
JIUMBIE U IOCTaTOYHBIEC YCIOBHUS ONTHMAaIbHOCTH U MPOIEAYPHI X YHCICHHOTO PEIIECHHUS UCCIIEIOBaHBI
B[7, 8].

[IpoBeneHbl cepur BHIYUCIUTENBHBIX KCIIEPUMEHTOB, TIOKa3aBLUINX PaboTOCIIOCOOHOCTh U ) dek-
THBHOCTH TIPEIIOXKEHHOT0 MeToa. PaboTa mpogomkaer uccnenosanus [9, 11].

ITocTaHOBKA 3a1a4N

B o6mactn Q OR? ¢ rpanuneii ' =0Q paccMmarpuBaeTcs yCTaHOBHUBIIEECS KOHBEKTHBHOE JIBHKE-
HUE BA3KOW HEC)KUMAeMOW HEOJHOPOAHOW TEIJIONMPOBOJHON >KUJIKOCTH, HAXOMSIIEHCS B IOJIE CHUIIbI
TsOKeCTH. MareMaTudeckass MOJIENb IPEACTaBIeHa CIEAYIOMUMH 00e3pa3MEepHBIMH YpaBHEHHSAMU B
npubmmkennn byccunecka [4]:

~Re(u ,D>u+D[Q,u(Du+DuT)):Dp—RaTez, (1)
Om =0, (2)
O« OT)=(u,0T), 3)

raie XxUJQ — Toyka mpocTpaHCTBa; U = (Uy(X);U,(X)) — BekTop ckopoctH; T =T(X) — Temmeparypa,
p=p(x) — maBnenue; U =(T) — Baskocth; k(T)=k(T)/(Go.) — ko3DdHUIMEHT TeMIepaTypoIpo-
BOJHOCTH; p. — TeMIepaTypHo He3aBucuMas IoTHOCTh; K =K(T) — koaddurment temionposos-
HOCTH; C — yJenbHas TemIoeMKocTh, Ra — umncio Pames [3, ¢. 7]; Re —uucio Pelinonbaca [4, ¢. 87];
e, =(0,1) — eTMHMYHBI BEKTOP; ' — TPAHCTIOHUPOBAHME TEH30DA; <> — CKaJSIpHOE TPOM3BEICHUE

BCKTOPOB; O —TI'PAauCHT, e — AUBCPICHIIUA.
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Ha rpanume =M 0O 20M30T 4 (cm. puc. 1) paccMaTpuBarOTCs CIEAYIONIME TPAHUIHBIE YCIIO-

BU.
My: T=T, <Dp,n>:o,
My (O0T,n)=0, u=0, (Op n)=0,
r.- _ _ _ (4)
3 (OT,n)=0, (Ou,n)=0, p=0,

r,: T=T,-k(OT,n)=¢, (un)=0, on-(onnjn=0{Opn)= 0
rae O = ,u(Du + DUT) — TEH30p BA3KUX Hanpsbkenui. Ha rpanune M, KHMIKOCTb BTEKAaeT C apUOpU

U3BECTHOM TeMIlepaTypoi T;, M €€ CKOPOCTh
Ha 3TOM I'paHUlle CUMTaeTCs Heu3BecTHOM. Ha
rpanune [; OHAa BBITEKAET, HANPSKCHUSA h
PaBHBI HYIIO, U TEIUIOOOMEH OCYIIECTBIIAET-
sl TOJIBKO C TMIOTOKOM JKHIKOCTH. Ha rpanure

I, IPOBOAATCA U3MEPEHUS TEMIIEPATYPhI T, e

U TIOTOKAa Terua ¢, A CKOPOCTH 3a/aHBbl Q

YCIOBUS  HENPOTEKaHUS U MJCAIBHOIO r

ckonbkenus. Ha HwxkHell rpanune I, o00- 2 Iy
JIACTHU 3aJaHbl YCIOBUS TEIJIOU30JIMPOBaHHO- Ton |

CTH JJIsi TEeMIEpaTyphl W TPUIHIAHUS IS
CKOpPOCTH.

Hama xoHkpeTHast oOpaTHas rpaHHYHAs
3a7la4a COCTOMT B TOM, YTOOBI II0 pe3yJbTaTaM M3MEPEHUil Ha [, TemIepaTyphl U TEIJIOBOIO IOTOKA

Puc. 1. PacueTHas o6nactb Q)

HAWTH TEMIIEpaTypy U TOJIe CKOPOCTEH KHUAKOCTH BO Beel obmactu Q, T. €. TpeOyeTcs HaiiTH pelieHne
samgaun (1)—(4).

3amaua (1)-(4) obmamaeT cBoiicTBoM HeycToiunBocTd [11]. Ecnum a1y 3amauy pemarts 4uCIEHHO, TO
MaJjble OIUOKH B M3MEPCHHSX UCXOMHBIX MAHHBIX 33/1a4, B YACTHOCTH, OUIMOKU MPU M3MEPCHUU HAa-
OMolaeMbIX BEIUYMH TeMIEPaTyphl T, U TEIIOBOrO IOTOKa @ = —k(T)dT/ on Ha I’y u npomexyToy-
HBIC BBIYUCIIUTEIBHBIC TIOTPEITHOCTH MPUBOAAT K HEKOHTPOJIHPYEMBIM BBIYUCIUTEIBHBIM OIIMOKAM TIPH
OMpEeIeICHIN TEMIIEPATYPhl U APYTHX UCKOMBIX BEJIMYUH B UCXOIHOI 3a1aue. [ToaTomy st aToi 3a1a-
49U pa3pabaThIBAIOTCS CHCIHAIBHBIC YCTONYMBBIC YHCICHHBIC METO/IBL.

OOpatnoii 3amaue (1)—(4) mocraBUM B COOTBETCTBHE BCIIOMOTATEIBHYIO 33aady TPaHHYHOTO
yIIpaBJIeHUs], KOTOPYIO OyJaeM Ha3bIBaTh NMPSIMOM 3aaueid. JTa 3a7a4a B pac4eTHON 00JacCTH ONHUCHIBA-
ercst cuctemoit ypaBaenuit (1)—(3) co crenyronmMu rpaHUIHBIME YCIOBHAMH:

r: T=T, u=¢, (Op,n)=0,
r,: (OT.,n)=0, u=0, (Opny=0,
: _ _ _ (5)
r3: (OT.,n)=0, (Ou,n)=0, p=0,
r,: T=T, (u,n)=0, on-(onnyn=0{0pn)=0

C coneprkaTebHON CTOPOHBI IaHHAS IpsiMasi 33/1a4a COCTOMT B ONPEIEICHIH TeMIIepaTypsl U CKO-
POCTH BSI3KOM KUIKOCTH B 3aJaHHOH 00yacTu omnpeneneHus. V3BeCcTHbI BCe COOTBETCTBYIOLINE TPaHIY-
Hble JaHHbIe B Monenu (5). Takke HCKOMBIMHE XapaKTepHCTHKAMHU B 3TOW 3aJade SBISIOTCS JaBICHHE,
BA3KOCTh M KO3((UIMEHT TeMnepaTyponpoBOJHOCTH. Bompocs!l MateMaTHdecKol KOPPEKTHOCTH JaH-
HOM MpsIMOH 3aJa4k UCCIIeA0BaHbI B pabdoTax [4, 11].

MeTton pelienusi 00paTHOii 3axa4n
Jl1s TOCTpOSHUS alTOpUTMa PEIISHUsS 3adadd ImepeiaéM K BapHAIlMOHHON MTOCTAHOBKE OOpaTHOM
3agaun [6-9]. [Tycts HabmogaeMbli HOTOK TemIa ¢ Ha [, B 0OpaTHOH 3a7aue COOTBETCTBYET HEKOTO-

pOMy 3apaHee HEU3BECTHOMY PACIPEICIICHUIO CKOPOCTH (YIpaBIsioiieMy mapaMeTrpy) U =& Ha rpaHu-
ne I, B npsamoii 3axade (1)-(3), (5). O603HauNM u — KOMITOHEHTY CKOPOCTH PEUICHHS MPSIMOU 3a]a9u

(T",u ,P) B obnacti Q NpH 3aTaHHOM YCIOBHH HA IPAaHHIIE r, B (5) rakoMm, uro @ = —K(T)AT /an

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 29
2018, Tom 10, Ne 1, C. 27-36



MexaHuka

Ha [, . ITycTs V — HEKOTOpOE MHOXKECTBO JAOIYCTUMBIX PACIpPEICICHUI CKOPOCTEH Ha [y, BKIIIOYaro-

it B ce6st oneMenT & . PaccMOTpuM (YHKIHOHAN KauecTBa

39 = [ (KT (DTn)-g) ar, €0V,

M

rie T; — KOMIOHEHTA penieHus NpsAMok 3a1auu ¢ ycnosueM U =¢ Ha I B (5). [lns uckomoro perenus

o *
3a71a4M JaHHBIH (YHKIMOHAI JOJDKEH NPUHAMATH HyneBoe 3Hadenne npu & =& , J(& ) =0. Uckomoe

TpaHUYHOE YIPaBICHUE £ Ha [, ABJIAETCA MUHMMU3HUPYIOIIUM 3JIEMEHTOM B BAPUAIIMOHHOM 3a/1a4e
J(&) - min: fOV. (6)

Takum 00pazoM, OT perieHuss 00paTHOM 3a1ad9l MOYKHO TIEPEHTH K PEIICHUIO BapHUAITMOHHON 3aja-

yu (6). Jlns perieHus AaHHOW 3a7auyd MPHUMEHUM yCTOWYMBBIN HUTEPAIIMOHHBIA METOM COMPSKECHHBIX

rpaauenToB [lomaka—PuoObepa [10]. MeToa CONMpsDKEHHBIX TPAAUEHTOB SBJSICTCS OJHUM U3 Haubosee

3¢ ()eKTUBHBIX TPAAMEHTHBIX METOJIOB, €CIIH PACCMATPUBATh TaKHe KPUTEPUH, KaK TOYHOCTH pPe3yibTa-

TOB, 3aTPaThl KOMIIBIOTEPHBIX PECYPCOB U PEATU3ALUIO €0 HAa COBPEeMEHHBIX DBM.
ITocemoBaTenbHOCTH AMMPOKCUMAIHi 3a1a4n (6) CTPOUTCS MO MPaBUITY:

EMD =g 4 Mg q=1 2 3 .., 7)
d(n)= _D‘]({(n))1 n:l’
—0J(EMy+ gD - n=2 3, ...,
/" =<DJ(<((n))1DJ(<((n))_DJ(E(n_l))>r 03D ;2' n=23....
V(n):_<d(n)’m(‘((n))>rl“DA(‘(m)d(n”;jd(r)' )
03(&) =on - u(Tp) (Dw + 0w ) -
DAg)(:(Dw,n)|r4 :

rae (W,0) —koMmnoHeHTa pemieHus (W,Z,Q conpspKeHHOM 3a1a4u
-Re(0u"w-0w u )+ D0 Ow+ D' )| =D+ 20,

O =0,
O0fx(Te)02)+(ug, 02+ Redw,e,) =,L1'(I'5)%[DW+DWT,DU5+Du}]+K'(T{)<D'I},DZ>; (9)
C 'paHUYHBIMHA YCHOBI/IHMI/I:
r,or,: z=0, w=0,(0gn)= 0,
My z=0, (Ow,n)=0, q=0, k(@ F O (10)
e z=2(k(1;)<mg,n>—¢), w=0, (Ogn)= 0,

U @ —KoMmIoHeHTa peureHus (V, w, P) ceayroniel 3a1aun:
_Re(<v O)ug +<u5 ,D>v)+ O Eq,ugﬁ)+ O Eq,u T )w(Du{ + Du}) ) =0p- Rawe, ,
Ov =0, (12)
(v,0Tg)+ (ug, Ow) = 0 kD) + Ok (T )a Ty )

C T'PAaHUYHBIMU YCIIOBUSAMU:

My w=0, V=X, (Op,n)=0,
M, (Dwn)=0, v =0, (Opny=0,
(12)
M3: (Dwn)=0, (Ov,n)=0, p=0,
F,: =0, (vny=0, on-(ann)n=0,(0pn)= 0,6=0v+0OVv'
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Brisog COIPSYKEHHOU 3a71a4n OCHOBaH Ha JIMHEeapu3aluu (yHKIH
K(Teay) = K(T) + K(E) Tro(| x|) u (T y) = p(Te) + 1'(Te) T+o(| x||) e Tesy T xOMIOHEHTSI
pemenuit (Tzy, Ugrys Priy) 1 (T Ug, Pr) mpamoit 3anaum (1)—(3), (5)mns rpanuunbix ycnosuit

u=¢+x u u=¢ Harpanune I, cooTBeTcTBEHHO (cM. Takke [8]). [l BbIUMCIEHHS Iara CIlycka B
(8), nenuneiinbiii oneparop A, &0 L2(ry) - k(T5)<D Tg,n>D L(,) mg u=¢&+ )y Ha I} anmpokcu-
mupyetcst BoipaskerueM Az, (§+X) =A£($) +TA () x .

Takum oOpa3om, pemieHne MCXOIHOI HeycToitunBoi 3amaun (1)—(4) 3aMeHseTcs Ha YCTOHMYHMBBIN
HUTEPAIMOHHBIA METOJ CONMPSHKEHHBIX TpaaueHToB pemenns 3amnaun (7). Ipsamas 3amaga (1)—(3), (5) u
conpsokénHas K Heid 3amada (9), (10) mo3BONMAIOT aHATMTHYECKH BBIKCATH U JOCTATOYHO MPOCTO BbI-
YHCIIMTE TPaaUueHT (GYHKIIHOHATIA ISt METO/Ia COMPSHKEHHBIX TPaqueHToB, a 3afa4a (11), (12)mossomser
BBIYHCIIUTD IIAr ciiycka B MeToae. OCHOBHAS BBIYKMCIIUTEIbHAS HATPy3Ka B peaM3allid METO/a JICKUT
Ha JOCTATOYHO KAYEeCTBEHHOM M OBICTPOM PEIICHHH 3a/a4 TPaHUYHOrO yIpaBjeHus. Bompocsr paspe-
MIMMOCTH TaKUX 3a7a4 (MareMaTh4eckasi KOpPEKTHOCTh) uccienoBansl B padore [11]. IIpu mocrarouno
Gonbimom uncie Panes (manpumep, Gombiurem 10°) HTepaMOHHBI METO PELICHIS IPSMOii 38134 (Co-
BMECTHOTO OIpeIeeHUs OISt CKOpocTei, maienus u remmeparypsl) B (1)—(3), (5) mmu anamorunyso B
(9), (10) m (11), (12) 3amemuseT CXOOAUMOCTh M Ha HEKOTOPHIX HCXOIHBIX MAHHBIX (HAIIpUMEp, MpPH
ckauke Bs3skoctn oT 1 10 10°) meMoHCTpHpyeT pacxoauMocTh. DTOT (GaKT HAKIAABIBAET HA METOJ COOT-
BETCTBYIOIIIHUE OTPAHUYCHHS B €r0 MPUMEHUMOCTH.

YucieHHOE MOIETUPOBAHME

Jns TecTHpOBaHUS NPUBEICHHOTO AITOPUTMa OBLIM pa3paboTaHbl MPOrpaMMHBIC KOABI B MaKeTe
OpenFOAM Qpen Source Field Operation And Manipuladiofilansbiii makeT — 3T0 0OBEKTHO-
OpPHEHTUPOBaHHAs IUIaTGopMa, B KOTOPOM Ha s3bIKe MporpammupoBanHus C++ peaan3oBaH IIHPOKHUIA
Ha0Op P PEKTUBHBIX MPOLEAYP ANNPOKCHUMAIMU TU(depeHInaTbHBIX ONepaTOPOB C Pa3IUYHBIMU TH-
[IaMU TPaHWYHBIX YCIOBHH, MOIYYSHHBIX B MOJEISAX MEXaHUKU KHUIKOCTH U Ta3a, a TAKXKe alrOPUTMOB
pelleHnst CUCTEM JINHEWHBIX anreOpanueckux ypasHenuit (CJIAY), KOTOpbIe BOZHHKAIOT IOCIIE TUCKpE-
TU3aLUHM KPaeBbIX 33Jad B MPOCTPAHCTBEHHBIX O0JACTIX C Pa3IMYHON reomerpueid. B mporpammubie
KOJIBI JIETKO BHOCUTH N3MEHECHHUS TIPH N3MEHEHHN HCXOJHOM MaTeMaTHYeCKO MOJIETIH U 3aMEHE CTPYK-
TYpbI BEIYUCIUTEIBHOTO KiacTepa. MHpopMaIis 0 BO3MOKHOCTSIX MakKeTa IMpeICTaBIeHa Ha OQHITHab-
HOM caiite pa3paborunka [12].

3a1a4y rPaHUYHOTO YIPABJICHHS JUCKPETH3UPOBAIKCH METOJIOM KOHEUHBIX 00beMOB. JleMOoHCTpH-
pyeMmblii mpuMep paccunThiBancs Ha cetke u3 10 mommsapanbHbIX sueek. JUIs ONpeeNeHHs MO CKO-
pocTeil W AaBICHUS NMPH 3aJaHHOM paclpenesieHuH TemiepaTypbl npumensuics SIMPLE-anroputm
(Semi-Implicit Method for Pressure-Linked Equat)ofis3]. TectoBbie pacyeTsl MOKa3bIBAIOT, YTO IO-
JMAIpATTbHAS CETKAa UMEeT MPEHMYIIECTBa B Ka4eCTBE Mepes reKcadIpaibHOi (4TO OKa3bIBaeT CyIIEeCT-
BEHHOE BIHMSHHE Ha CKOpOCcTh cxommmoctn SIMPLE meToma) m mpemMyiecTBa B pa3MEPHOCTH JIHC-
KPETHBIX 3aJa4 Mepel TeTPadApajbHON CETKOH (Y4TO 3HAYMTENFHO COKpamiaeT BpeMs pacueToB). s
peanu3anuu AaHHoOro airoputma pemanuch CJIAY ¢ NONOKUTENFHO ONpeAeIeHHBIMA U CHMMETPUY-
HBIMH MaTpHIIaMH C peanusaimeii MHorocerounoro meroma GAMG (Geometric Agglomerated
Algebraic Multigrid) [14].ITocne auckpeTH3ayy ypaBHEHHs TEIUIOBOro Oananca s pemenus CJIAY
NPUMEHSIICS OMHANIPABICHHBIA METO]] CONPSUKEHHBIX rpaaueHToB [15]. Jluneitnas cxema ["aycca ¢ kop-
peKuuel MoToka BBIOMpanach Be3ze Ul alNpPOKCHMAIMU orepaTopoB Jlammaca Ui anmpoKCHMAaluu
KOHBEKTHUBHOI'O OIlepaTopa, KOTOPbIi sBisieTcst toMuHupyrommM — TVD cxema ¢ orpannuuresieM min-
mod [16],4To obecneyrBaeT MOHOTOHHOCTh BBIYHCIIIEMBIX allPOKCUMALMA TeMnepartypsl. /s pacye-
TOB HCITOIB30BaoCk oxHo ssapo CPU Intel Core i5, 2,6 GHz, RAM 16 MB, OS LinuKectoBsrii mipu-
Mep pacCUUTHIBACTCS IPHUMEPHO S MUH.

Jns IpoBeICHUS BBIYMCIUTEIBHOTO TeCTa (PUKCHPYEM CIEAYIOIIUE XapaKTepHbIC 3HAUCHHMS Tapa-
METPOB B MOJIENI, COOTBETCTBYIOLIME YCPCIHCHHBIM 3HAYCHUSIM B TOTOKE BYJIKAHMYECKOW JIaBBI
[8,9,17,18l:a = 10° K™, g = 9,8wm/c’>, h=10M, g = 2950xr/™°, fhy = 3,5-160 TMac, T =

300 K, T. = 1473 K,AT =100K, K =10°M/C, Crof = 1200 Hr K, U = 10° m/C, Borumcisem 3Ha-
yermst Ra=27000Re = 2,75-10".
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3aBUCHMOCTB BA3KOCTH OT TEMIIEPATYPHI YUUTHIBAET KPUCTAIIU3ALMIO KUAKOCTH MIPH MOHWKEHUH
TeMIIepaTypsl

p(T)=min(10° ,expa T - T ¢ (Tl ),
rae exp(n (T. — T)) y4uTBIBAET 3aBUCUMOCTD BA3KOCTH JKMIKOCTU OT TeMIiepaTypsl, U /7 (¢(T)/ @) y4u-

TBHIBACT €€ KPUCTAIUTH3AIMIO (aHAJTMTUUESCKAsl 3aBUCUMOCTh paccMaTpuBaiach B [17]).
3aBUCHMOCTD KO (PHUIUCHTA TEIUIONPOBOAHOCTH OT TEMIIEPATyphI BeIpaxkaeTcsi hopmyioi [18]

1,15+ 5,9710" T-T§, T<T
115+ 9,11° T-T§, T>T

3aBHUCHMOCTD BSA3KOCTH U KO3(1)(1)I/II_[I/I€HT8. TCIUIOIIPOBOJAHOCTHU OT TEMIICPATYPhI ITIOKa3aHa Ha PUC. 2.
HJ’IH IMMPOBCPKU KAaUCCTBA BLIYUCIICHUA I'paJUCHTA (bYHKI_[I/IOHaJ'Ia B 3aa4C IMPOBOAUIICH CJ'ICI[YIOH.[I/Iﬁ

tect [19]. Jna Hekoroporo 3HaueHus ympasieHus ¢ Ha [ (&# &) BbUMCINM BEKTOP

edi&)!/ ||DJ(E)|| , TJIe £D[10_9, 0] ¥ PacCMOTPHUM (DYHKIIUFO

_I(E+£03(O) 11X - A&)
e[ma)l

Ha puc. 3 dyskius V(£) mnpuHUMaeT 3Ha4YeHHs OJNM3KHME K CAMHHIE B JMAla30HE MMapameTpa

k(T) =

V() =1+0(¢) .

£D[10_7 ,10 1}, YTO JCMOHCTPUPYET KAa4eCTBEHHOE BHIUMCIICHUE TpajueHTa (PYHKIMOHANA HEBSI3KU

yepes pelieHre IpsiMOi U CONPSKEHHOM 3a1ad.

log 10(“) k
—1.8 4
-8
g — 1.6 %
g B
A 1.4 %
r =
125
=
T I T I T I T I 1
| i | ’ | ’ | ’ |
300 600 900 1200 1500 -8 % 4 - 0
Temneparypa (K
patypa (K) log(e)
Puc. 2. 3aBucumoctu BA3KOCTU (MYHKTUPHas nu- Puc. 3. Tect kauecTBa BblYUCIIEHUNA
HUA) U Ko3adpduLUMeHTa TennonpPoBOAHOCTH rpagmveHTa pyHKLMOHana

(cnnowHasa NnMHUA) OT TeMnepaTypbl

Panee B pabote [9] paccmaTprBaiach aHAIOTHYHAS 3a/1a4a BOCCTAHOBJICHHS TEIIOBOTO MOJISI B MO-
nenu (1)-(4). lanuast MeToquKa MPUMEHSIACh B 3a1a4¢ BOCCTAHOBIICHHS XapaKTEPUCTHK JIABOBOTO TIO-
TOKa 0€3 ydera KpUCTALIM3AIlMH BEIIeCTBa. B KadecTBEe yMpaBIAIONIETO TMapaMmeTrpa Obuta BeIOpaHa
TeMIIepaTypa *KHUIKOCTH Ha HIDKHEH rpaHulle 00acTu. bbuto yCTaHOBIICHO, YTO B Cliyyac JOMUHHUPOBa-
Hust quddy3un B MoJeTu METOA pelieHns u3 [9] mo3BOMsSIeT MONyYUTh KAYeCTBCHHOS BOCCTAHOBIICHHE
HUCKOMBIX XapakTepucTuK. OJHAKO NPH YBEIUYEHUH MArHHUTYJbl CKOPOCTH HABEJICHHOW KOHBEKIMH
TOYHOCTh BBIYHMCIICHHUS IpajueHTa QyHKIMOHANA mafaeT (YTO MPOSBISICTCS B TOM, YTO HE yaaeTcs cTa-
Oounu3upoBath GyHKIMIO V(E) OGIU3KO K €AUHUIIE), U B METOJIC COMPSDKEHHBIX IPAJUCHTOB HE yaaeTcs

rapaHTUPOBATh YCTOWYMBYIO CXOIUMOCTD allPOKCUMAIINN U MOTyYUTh KAYECTBEHHOE PeIIeHUE 3a1a4H.
[Toaxom, mpemaraemMplii B TaHHOUW padoTe, SABISETCS allbTEPHATHBHBIM, ITO3BOJIIET MMPOBOAUTH PACUETHI
B IIMPOKOM JUAIMA30HE BEIMYMHBI CKOPOCTU TEUCHHN KUIKOCTH U OMOJHAET PaHee U3JI0XKCHHBIC pe-
3yJIbTATHI.

[Ipu pemennn oOpaTHOI 3a1a9u METOAAMH COPSDKEHHBIX TPATUEHTOB OBIJIO 3aMEUYEHO, YTO HEBSI3-
Ka Ha MEPBBIX UTEPAIUIX YOBIBACT JOBOJLHO OBICTPO, HO 3aTE€M, KOT/Ia YCTOHYMBEHIC alpPOKCUMAIINN
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JIOBOJIGHO OJIM3KO TOIXOIAT K MCKOMOMY PEIICHUIO, M3MEHECHHUS HEBSI3KH pe3ko mamaer. [loBemenue
HUTEPaIMOHHOTO MPOIIecca, JEMOHCTPUPYEMOTO Ha pUC. 4, IBISETCS TUITHYHBIM JJIS TAKOTO POja 3a1ad.
VYuuteiBas TOT ¢akt, uto (8) sABNSETCS pelIeHHEM HENIWHCWHOW OKCTpeMalbHON — 3amayu

P = argmin{J EMmDy > (} , JUISL KOHTPOJIS Ka4eCTBA UTEPALMOHHOIO TIPOIECCa MBI pacCMaTpH-
BaJlM HEPaBEHCTBO J(E(i)) 2 J(E(i +l)) U OCTaHaBJIMBAIN IIPOLECC IIPH BBITOJHEHHH pPAaBEHCTBA
J(E(i ) )/ I(E G)) =&y, rue &, BeiOupaercs OnuskuM k 1, Hanpumep, 0,99.11pu 3ToM npuemiemoe pe-
meHue 3agaun gocturanock 3a 20 mrtepanmii. B TecToBoM pacuere NMpHHUMANoCh '3 (x) =100Ce,,
& (x) =100, x0Or,. Ha puc.5 u300pakeHBI TNOTPEIIHOCTH BOCCTAHOBICHHS TEMIIEPATYpPHI

Jr = “T(N) -T /HE* B PaCUYETHON 00JIACTH.

U CKOPOCTH Jy, :HU(N) -&

Lo(Q) /l 11|L2<r1> 15(2) L5(ry)
3akil0ueHue

B pabote ObUT TIpemyIOKEH MOIXO0I K YUCIICHHOMY PEIICHUIO HEKOPPEKTHONW 0OpaTHOW TPpaHUIHOM
3aJlayll KOHBEKTUBHOTO TCUCHHS BSI3KOM HECKUMAECMOU JKUIKOCTH, YCTOMYUBBINA K IMOTPEITHOCTSM BEI-
YUCIICHUI. ANITOPUTM PEIICHUSI OCHOBAaH HA COYCTAHWU aHATUTHYCCKUX METOJIOB MCCIIC/IOBAHMS 33a4
TPaHUYHOTO YIpaBieHUS U d3PPEKTUBHBIX YCTOWIMBBIX METOJIOB PEIIEHHUsS dKCTpeMalbHBIX 3a1ad. [1o-
CTpOEH YHCIEHHBI METO/ COBMECTHOTO PelIeHHs cTaloHapHoro ypaBHeHus HaBre—CToOKCa, ypaBHE-
HUSl HECO)KUMAEMOCTH M YPaBHEHUS TEILIOBOTO OajlaHCa ¢ HEIMHEHHBIMU KO3 QUIIMEHTaMH, U Pa3Jind-
HBIMH THUIIAMH TPAaHUYHBIX YCIIOBUI Ha HECTPYKTYPHPOBAHHBIX CeTKax. Peann3anus aaroputMma B Imake-
te OpenFOAMo3BosIMIa CO3aTh IIPOrPAMMHBIC KOJIBI ISl PEIICHUS pPacCMaTpUBAEMOM 3a/1a4uM, COOT-
BETCTBYIOIIIME COBPEMEHHOMY YPOBHIO Pa3BUTHS BHIUYMCIIMTEIBHON TEXHHWKH, B TOM YHCIIC Ha Hapai-
JISNBHBIX BBIYUCIUTEILHBIX KilacTepaxX. [IpoBeIeHbl YHCICHHBIE pacueThl XapaKTepHOTo MpuMepa 00-
paTHOM 3a7a4Hu.

Paboma svinonnena npu noooepocxke Komnnexcrou npozpammsl yHOAMEHMATLHBIX HAYVYHBIX UC-
cnedosanuti YO PAH (npoexm 18-1-1-8).

J vy Jy
10’ —0.08
10() B
B —0.06
10 L
10° — 0.04
10° I
\ —0.02
100 L
10° =0
0 5 10 15 20 25 0 5 10 15 20 25
Howmep ureparun Homep utepanun
Puc. 4. ®yHkumoHan KayecTBa (CnnoluHas
NMHWS) M er0 rPaAMeHT (MyHKTUPHas NUHUS) Puc. 5. KauectBo BoccTaHOBNEHUsA TeMne-
patypbl JT (NYHKTUPHasA NMUHUSA) U CKOPO-
ctm J|; (cnnowHas nuHmus)
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RECOVERY OF FLOW PARAMETERS OF VISCOUS HEAT-CONDUCT ING FLUID
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Physical characteristics of steady motion of viscdweat-conducting incompressible fluid by
changes of temperature and heat flow on its datyglface are determined in the article. The main d
sired characteristics are temperature and fluidoisl in the entire simulation area. The problenfois
malized as an inverse boundary problem for the fiovdel of natural thermal convection of highly vis-
cous incompressible fluid. The mathematical flowdeloof such fluid is described by a stationary Na-
vier-Stokes equations for Newtonian rheology ofediam in Boussinesq approximation in the field of
gravity, by the medium incompressibility equatistationary equation of energy conservation with cor
responding boundary conditions. Density and vidgasi the fluid have non-linear dependence on its
temperature. The considered inverse problem igiiecband does not possess the property of siabilit
small perturbation of initial data on the sectidrttee boundary available for measurement leadsito u
controlled errors in determining the desired vallk&s numerical solution of unstable problems sgeci
methods should be developed. The goal of the auiiicin developing methods and algorithms of con-
structive sustainable numerical simulation of tbasidered inverse problem’s solution. In ordemte i
plement this goal, the use of variational methotdictv is based on reduction of the initial problem t
some extremum problem on the minimum of the appatgrobjective functional and its sustainable
minimization by some appropriate technique, is psgal. Using this strategy, an iteration process of
sequential numerical solution of boundary problefloundary control, which are systems of differen-
tial equations with partial derivatives with comely determined boundary conditions, is organizkd.
order to minimize quality functional, the Polac—Rie conjugate gradient method is used. This func-
tional's gradient and the descent step are detedramalytically which allows significantly decreagi
the volume of calculations. The method of finitéwoes is used for integrating the systems of diffier
tial equations with partial derivatives with var®otypes of boundary conditions. The developed algo-
rithms of numerical simulation are implementedhia OpenFOAM calculations package. Calculation of
the simulated example is carried out.

Keywords: thermal convection; viscous fluid; inetsoundary problem; variational method; nu-
merical simulation.
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PA3PABOTKA MATEMATUYECKOWU MOLOEJIN MACCOMNEPEHOCA
KOMMOHEHT BOOHO-COJIEBOI'O PACTBOPA B NY4YUHUCTbIX
N’PYHTAX HA OCHOBAHUUN KWHETUYECKOU TEOPUN XXKWOKOCTEW

E.B. Mapkoe', C.A. MynbHukoe*, A.[]. Fep6ep”

' TiomeHckuii UHOycmpuarbHbIl yHUsepcumem, 2. TromeHb, Pocculickass ®edepauusi

*TioMeHcKoe ebicuiee B0EHHO-UHXEHEPHOE KOMaHOHoe yyunuuwe, e. TromeHb, Pocculickas ®edepayusi
E-mail: markov.ev@mail.ru

Hape:kHOCTH MHKEHEPHBIX COOPY:KeHHH BO MHOIOM 3aBHCHT OT CIOCOOHO-
CTH CONMPOTHUBJIATHCS HeGJaronpusATHbIM pakTopamM BHemiHeil cpeasl. OQHUM U3
Haubo/iee OMACHBIX Te0JOTHYEeCKHX IPOIeCCOB SIBJSIETCSI MOPO3HOe MNyYeHHe
TPYHTOB, KOTOpOe CNOCOOHO Pa3BMBATH OTPOMHbIE NaBJEHHS U 3HAYMTEIbHbIE
HepaBHOMepHbIe BepTHKaJAbHbIe Aedopmanuu. Oco0eHHO omacHbI Takue MpPo-
neccehbl A1 HeXKeCTKUX COOPY:KeHMIl ¢ OTpHIaTeIbHOMH CpPeHeroloBoil Temmepa-
Typoii (—6...—0,5 C), nanpumep, 1J1 MOA3eMHBIX ra30- H KOHJIEHCATONPOBO/IOB.
Ilon neiicTBMeM JaBJIeHHS MOPO3HOr0 Iy4YeHHs] TPYOONPOBOABI HCHBITHIBAIOT
CHJIbHBbIE M3THOBbI HA KOPOTKHX YYACTKAX, YTO 324aCTyH0 NPHBOJUT K aBApHIi-
HBIM HHIMJAEHTaM. JJIsfi IPOrHO3MPOBAHUSI MOPO3HOI0 NMy4YeHUsl He00X0AUMO pe-
IINTH 32Ja4y MACCONEPEeH0CAa IPYHTOBOIO BOJAHO-COJIEBOI0 PacTBOPa M3 TAJIOH
30HBI B MeP3.1YI0.

C ucnoap3oBaHHEM KHHETHYECKOH TeOpHH *KUAKOCTH aBTOPbI CTAaThH pas3-
padoTajin MaTeMaTHYeCKYI0 MO/ieJIb MaccoNepeHoca BoAbl U COJIM B TAJbIX, MPO-
Mep3aIKuX U Mep3JIbIX IPyHTax. Mojaeab Mo3BoJsieT B ABHOM BH/e ONpeaeauTh
BKJIAJl Pa3jJMYHBIX MeXaHU3MOB MaccomepeHoca: TepMoauddy3usi, KOHIEHTpa-
unonHas 1uddysus, puastpanus. [lonyyeHnnie B padore ypaBHenus 1uddysu-
OHHOT'0 MIePeHO0CA MO3BOJISIOT YYNTHIBATh HEOJHUHAKOBYIO MOBUKHOCTH MOJIEKY.JI
B ajcopOnpoBaHHOIl MIEéHKe. J[OMOTHHUTENBHO OBLIO MOKA3aHO, YTO KJaccHde-
CKOe BhIpaxeHHe 1JI II0THOCTH JH((Y3HOHHOr0 MOTOKA CHPABEMINBO TOIBKO
B YACTHOM ClIy4ae paBeHCTBa K03 uuneHToB 1udPy3un KaKI0ro KOMIOHEHTA
B COOTBETCTBHH ¢ KHHETHYECKOI TeopHeil KUAKOCTH.

Kniouesvie cnosa: kunemuyeckas meopus i CuoKocmeti, Macconepenoc 8 2pyHmo-
801l cpede;, KANULIAPHO-COPOYUOHHBIN NOMEHYUAT, OUGOY3UOHHBIL NOMOK.

Ce30HHBIE TPOIIECCH MOPO3HOTO MYyYEHHUS! OKa3hIBAIOT CYIIECTBEHHOE BIMSHUE HA YCTOMYMBOCTD
3IaHUH U COOPY>KEHUM, TO3TOMY X NPOTHO3UPOBAHUE SIBISICTCS aKTyalbHOU 3a1a4eil.

W3BecTHO, 4TO MOPO3HOE ITy4€HNE TPYHTOB PAa3BUBAETCS B Pe3yJIbTaTe MEPEMEIECHHUs BIaru u3 Te-
TUTBIX 30H TPYHTA B XoNoHbIe. [lepecekas GpoHT mpomep3aHusl, TPYHTOBAs Bllara 3aMep3aet u oopasy-
€T CKOTUICHUS JICJITHBIX NUTUPOB. OCOOEHHO MHTECHCHBHO IMyYEHHS Pa3BUBAIOTCS MO COOPYKEHUSIMH,
KOTOPBIEC CIIOCOOHBI MOCPIKUBATh B TPYHTE TeMmeparypsl okosio —6...—0,5 € (nanpumep nox raszo- u
KOHJeHcaTonpoBoaamu [1, 2]), 4To CBsI3aHO ¢ BBICOKOW MPOHUIIAEMOCTHIO TPYHTOB MPH JIaHHBIX TEMIIe-
patypax [3].

[IporHo3upoBanue MPOIECCOB MEPEMEICHUS TIOPOBOM BIIaTH, BEJIMYMHBI BEPTUKAIBHON NedopMma-
MU U JaBJICHUS MOPO3HOTO IyYEHHUS Ha CETOTHSAIIHUI JCHb OCIOXKHIETCS OTCYTCTBHEM €IWHON (PH3u-
yeckol MoJienn (pHIbTpanuoHHO-TH(G(Y3HOHHBIX MPOIECCOB B TANBIX, MPOMEP3AIOIIUX W MEP3IbIX
rpyHTax. HecMoTps Ha 3HAYUTENbHOE KOJUYECTBO THIOTE3 O MPHUPOAE CHJI, BBHI3BIBAIOIIUX MEpeMelle-
HUE BJIaTd, MHOTHE W3 HUX HE WMEIOT JOCTAaTOYHON KOJIMYECTBEHHON OCHOBBI, MTO3BOJIIONIEH MPOBO-
IuTh pacueTsl [4]. B cBsI3M ¢ 3TUM aKTHBHO Pa3BUBAIOCh (DEHOMEHOJIOTHUECKOE HAIMPaBJICHHE, MTOCBS-
LICHHOE YCTAHOBJICHUIO KOJMYECTBEHHBIX COOTHOIICHUN MEXAY YMIUPUUCCKUMHU 3aKOHOMEPHOCTSIMHU.

HawnGonee yacto B MUpoBOI rUIpO(HU3UKE TPYHTOB IS MOACTHUPOBAHYSI TWHAMHUKH TOPOBOU BIIATH
MPUMEHSIOTCS pa3IndHble MogudUKanuu ypaBueHus Pugapaca [5, 6]. M.JI. Kamoxusiii u C.A. JIaBpoB
PEKOMEHIYIOT CIICAYIOIINE YPABHCHHUS IS OTIMCAHUS JBYDKCHHS TOYBCHHOU Biaru [4]:

< Aw| Oy 0Yy= m U a -
=—p0 W WIW +——XN[O7+glH |- 0 A, € ; 1
g@C 106’6 g aV\éﬁ H3 aH g Io(f(, W ( )
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_op
rae g,. — BEKTOp CyMMapHOIO MacCOBOTO MOTOKA BOJHO-COJIEBOTO PAacTBOPA Yepe3 €AMHUILY MOBEPX-

HOCTH rpyHTa, Kr/(M?-C); Py, — UCTHHHAS IUIOTHOCTH BOJHO-COJICBOIO PAacTBOPA, Kr/v>; Ay — K030 du-
IIMCHT BJAroONpPOBOAHOCTH, COBIAAIONIMI ¢ KodhduuueHToM ¢GuipTpanuu, M/c; y,, — KalWUBIPHO-
copOLMOHHBIH noTeHma Boasl, Jx/kr; W, — BIaKHOCTB 10 He3aMep3LIeil Bojie Kak OTHOLICHHE Mac-
ChI He3aMep3Ilel BOIbI K Macce TBEPIbIX HEPACTBOPHMBIX KOMIIOHEHTOB TPYHTa, 1. €., I — mopuc-

TOCTb (OTHOH.ICHI/IC o0BeMa Inop K O6’L6My TBCPAbIX HCPACTBOPUMBIX KOMIIOHCHTOB rpyHTa), O. en., ,0567

N 3.
— BOJIOCOJIEP)KaHKE KaK OTHOIICHHE MAcChl He3aMep3Ieil Bl K 00beMy TpyHTa, Kr/M™; pd — coreco-
JiepKaHne KaK OTHOIICHHE MACChl PACTBOPCHHBIX COJeHl K 00beMy TPyHTa, KI/M; ,, , Wg —MaccoBas

JI0JIs. BOABI U COJel B HE3aMep3lieM BOJHO-COIEBOM PacTBope, A. el.; D,s — apdexrusnblii koaddu-
. 2.
uneHt auddysun conell B rpyHTe, MY/C; p — pacTBOpOCOIEpKaHHE, KaK OTHOLICHHE MAacChl He3a-

MEp3ILIEro pacTBOpa K 00beMy IpyHTa, Kr/M>, H — rugpaBiudeckuil Hamop, M, €, — ¢IMHUYHBI BeK-
TOpP BIOJB OCH Z (BEpTHKAIBHAS OCh).

IMpu oTpHIATETBHBIX TeMIiepaTypax Gopmyia (1) mo-npexHeMy mprUMeHHMa TS OIMCAHUS TIOTOKA
BJIATH B TPYHTE, OJHAKO YACTHYHOE 3aMEP3aHUE TIOPOBOM BIIArH MPHUBOIMUT K TOMY, YTO TE€HEPh KaITHJI-
JIIPHO-COPOLIMOHHBII TOTEHIHAI Y, SBISCTCS JIHIIb TOIBKO (YHKIHEH TeMiepaTypsl T , IO3TOMY MPH

OTPpHULATCIBHBIX TCMIICPATYypPaX €€ MOXKXHO 3allMCaTh B CJ'ICZ[yIOH.ICfI (bopMe

Oy = —chﬂ(%DﬁgDHj—chiwez, (4)
oT
rae T —Temmeparypa, K.

Vpasuenns (1)—(4) M03BOIAIOT pacCUMTATh INIOTHOCTH ITOTOKA BOABI M COJIEH B TaJBIX, MPOMEP-
3al0IIUX U MEP3JIbIX rpyHTax. MHTErpupoBanue ypaBHeHUs (3) MO3BOJIAET pAcCYMTATh MAcCy cerpera-
[IMOHHOT'O JIbIOBBIICTICHUS.

[puBeieHHBIC YPaBHEHHS MO3BOJISIOT YIOBICTBOPUTEIHLHO OIMUCHIBATH MPOIECCH MACCOOOMEHA C
HEOOXOIMMOM JUISI MH)KEHEPOB TOYHOCTHIO, OJHAKO, KaKk OyeT MOKA3aHO HUKE, OHH HE ITTO3BOJISIOT
IPOBECTH YETKOTO pasfeieHus W OLEHKHM BKJaJa KaKJIO0T0 MEXaHHW3Ma MacCOlepeHOca B CyMMapHbIi
TIPOIIECC TIEPEHOCA MACC U YUECTh TOIBIKHOCTD aICOPOUPOBAHHBIX MOJICKYIL.

ABTOpPBI CTaThH TOCTABHIJIM 337a9y PacCMOTPETh MOJENb, B KOTOPOW SBICHUS IH(PPY3HOHHOTO
MacCoIepeHoca BOAbI M COJNIEH Kak B TallbIX, TaK M MPOMEP3AIONINX, U MEP3IIBIX IPYHTaX MPOUCXOIAT

IIpy HAJIMYWUU T'PAaAUCHTOB COACPIKAHUA BOJbI ,056] n CcoJin pgp B T'PYHTC, TCMIICPATYypPhbI T, MMOPUCTOCTH

I1, naBnenus P ¢ yd4eToM HEOIUHAKOBOH IOJIBHXKHOCTH KOMIIOHEHTOB BOJIM3U MHUHEPAJIbHOHN IIOBEPXHO-
CTH U B 00BEMHOM pPacTBOpE.

W3BecTHO, 4TO B OJHOPOAHOM IO (U3MKO-MEXAaHHMUYECKHM CBOMCTBAM TPYHTE NPH MOCTOSHHOM
BHEILIHEM JIABJICHUH, TEMIIEPaType U KOHIEHTPAIlMK pacTBOpa BoJia epeMenIaeTcsi U3 30HbI ¢ BEICOKON
BJIQKHOCTBIO B 30HY C HU3KOM BIIa)KHOCTBIO. DTOT MAacCONEPEHOC OOYCIIOBJIEH IBYMSI OCHOBHBIMHU Me-
xaHu3Mamu: Guiabtpauus u audysus. Aenenne auddysun, B JaHHONW CUTyalluu € OOBIYHO HA3bIBAIOT
wiéHoYHOH auddy3ueit, MpoucxoauT B MIEHKAX BOAHO-COJIEBOTO PAacTBOPa, acCOPOMPOBAHHBIX HA ITO-
BEPXHOCTH MUHEPAJIbHBIX YACTULl TPYHTOBOH CUCTEMBI.

C no3umii KHHETHYECKON TeOpUH KUAKOCTEH, pazpadoTanHol DpeHKeneM, nepexol MOJICKYIb U3
OJTHOTO TIOJIO’KEHUS pPAaBHOBECHS B JPYTro€ MOKHO PACcCMaTpPHUBaTh KaK MOCIEAOBATEILHOCTD JBYX COOBI-
TUH. «icrapeHue» U3 MEepBOHAYAIBHOIO IOJIOKCHHUS PaBHOBECHSA B IPOMEXYTOUHOE C IOCIEAYHOLIEH
«KOHJIEHCALlUEN» B HOBOE IOJIOKEHUE paBHOBECHA. B 3TOM cilyuae CpeaHIOI0 CKOPOCTh NEpEMEIIEeHUs
MOJICKYJIbI MOYKHO PaCCMaTPHBATh KAaK JUCTAHIUIO MEXKAY IBYMs TOJIOKCHUSIMHA PaBHOBECHs (PaBHYIO
JUTMHE CBOOOIHOrO mpobera B JKHIKOCTH), ACICHHYIO Ha BpeMs NPEObIBAHHS MOJICKYJbI PaBHOBECHH

[71:
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o0_0 E o EM
u=—=—exp ——X |=—exp — |, ®)
T 1 KT ) 1, RT

rIe U — CpelHsisi CKOPOCTh NEPEMEICHUSI MOJICKYJIbI B IPOM3BOJILHOM HANpaBICHUH, M/C; § — JUTMHA
CBOOOJHOTO Mpobera MOJIEKYJIbl YKUIKOCTH MEXKIy OBYMS TOJOKECHUSIMHU BPEMEHHOTO PaBHOBECHS, M,
T —cpezHee BpeMs NpeObIBaHUSA MOJIEKYIIBI OKOJIO BPEMEHHOTO MOJI0KEHHs PABHOBECHS, C; T — Cpell-
Hee BpeMs MpeObIBaHUS MOJICKYJBI OKOJIO BPEMEHHOTO TOJIOKEHHS PaBHOBECHS IPH OTCYTCTBHH JI0O-
HOJIHUTENBHOTO MOTEHINAIBHOrO 0apbepa, ¢; Ey — noTeHnuanbHbli Oapeep Ha onHy yactuly, [x; E

— MOTEHIMAIbHBIN Oaprep Ha 1 kr BemectBa, JDk/kr; K — mocrosHuas Bomepumana, Jx/K; T —
temneparypa, K; M — momsipHas macca, kr/monb; R = 8,31 —yHuBepcanbHas ra3oBasi MOCTOSIHHAS,
Jix/(Mob'K). C y4eToM NPUHIUMHAAIBGHOTO OTIMYHS JKHIKOCTH OT ra3a OyaeM CYMTaTh, 4TO JJIMHA
mpobera J He moAYHHSAETCH 3aKoHy Kitaysuyca, a UMeeT PpUOIU3UTENRHO ONHY U TY XK€ BEINUuHy [7].
Honyunm ypaBHeHue ans aud Hy3HOHHOTO TIOTOKA B TPYHTE, OCHOBBIBAsICH Ha Teopuu DpeHKes
I71s1 1-i KOMIIOHEHTBI BOJHO-COJIEBOTO pacTtBopa. [IpoBeneM B 00beMe IpyHTa TPH IUIOCKOCTH: X = X,

X=%+0 , X=X —0 . Ecnu qmuHa cBoboHOrO mpodera MoneKyJbl i-ii KOMIOHEHTHI paBHa 6, , TOTAa
ITIOCKOCTB X = X; MOTYT Iepecedb JIHIIb T MOJIEKYIIBI, 4TO HaXOAATCA B TIpefienax X = X+, . Tak kak
MOJIEKYJIbI MOTYT JABUI'aThCsl B 6 pa3IMYHBIX HANpaBICHUAX (BIepén-Ha3al, BBEPX-BHH3, BIECBO-BIPABO),
TO Macca KHMAKOCTH, IIepeceKarouas IIOCKOCTh X = Xy CHU3Y BBEPX, PaBHA

u

1
Arn(s’(s’ = E(IOI

Xo_dllzeijA;A Z (6)

rac ,Olu — apuvajbHasd INIOTHOCTb i-i KOMITOHEHTHI BOAHO-COJICBOI'O pacCTBOpA, KF/MS; g —

X412
0o0BeMHAas T0JIS BOIBI B TPYHTE, A. €. Tor[a MIOTHOCTh, MacCOBOTO IMMOTOKA, MMPOXOISIIETO Yepe3 TI0C-
KOCTb X = )b CHU3Y BBCPX B CAMHUILY BPCMCHHU, paBHA

_ Am, _ A )‘0_5|/20AX (7)
Gos AyAzAt 6 At
Ho Ax=9, , At =T1;, nostomy ¢ yueroM (5) nmeem
1 P
== ¥ , 8
9. =c4A” ) _s/2 ®)

rae P —comepikaHHUe i-ro KOMIIOHEHTA B €AMHHIIEC 00bEMa IPYHTa, Kr/me.
AHamornunyo GopMyITy UMEeM U JJIs ITOTOKa, HAYIIETO0 CBEpXy BHMU3,

0 =g(4a” ), 1 s1n ©)

Ecmm IIPUHATH, YTO INIOTHOCTh MAaCCOBOT'0 ITIOTOKa MaJI0O MEHACTCA C paCCTOAHUEM, TO MOXEM pas-
JIOXKUTH €€ B paa Tefmopa M OCTAaBUTH TOJILKO IICPBLIC Cl1aracMeIC:

. =%=1(uﬁpﬁ’)\ _10(ua’) 4. (10
" 6 6 6 0x 2’
X0
(Uiplzp)‘ w52 1 1a(uilolzp) 3
=5 g e S (1

X0
Tor;[a, JJIs pe3yJ'II>TI/Ipy10H.Ief/’I IIJIOTHOCTH MacCOBOTO ITOTOKa I-TO KOMIIOHCHTA, B HalpaBJICHHUU
OCH X,

5 9(ua”)
s )

™ (12)

gi,X: g(s’(s’ - g’fH ==
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O6o6mast ypaBHenue (12),3anumiem ero B BeKTopHo# Gopme ¢ yuetom (5):

- 8 = ., ( EM
g = G(To)iD ,o,pexp( RTJ , (13)

rae g; —uucto auddy3noHHas IIIOTHOCTh MACCOBOTO MOTOKA i-TO KOMIIOHEHTA, KaK OTHOIICHHE Mac-

COBOTO PAacXoia K IUIOMIA/M TOBEPXHOCTH IPyHTa, Kr/(c'M°).

Ha cnenyromiem stane pacCMOTPUM BOJHO-COJIEBOW PAacTBOpP B TPYHTE B BHJIE JABYX KOMIIOHECHTOB:
PacTBOPEHHBIX COJICH W BOJBI M TPHCBOMM COOTBETCTBYIOIIYIO HIDKHIOI MHAEKcaluio S 1 W. Toraa
UMeeM JBa YUCTO AU PY3MOHHBIX TOTOKA:

~ _ =0h = ., A(EMRT).

gw - G(TO)W D(,vae J' (14)
~ _ =% =( _, (EMJRT)

gs_G(TO)SD[IOspe J (15)

IMTockonbky u3BecTHO [8], UTO BOJAa B IrPyHTE BOJIH3HM MOBEPXHOCTH MUHEPATBHBIX YACTUI] HAXOIUT-
Cs B CBSI3aHHOM COCTOSIHHH, TO €€ DHEPreTUYeCKHil O0aphep OTIMYAeTCS OT TAKOBOTO JJII CBOOOTHOU
BOJIBI Ha KaKyIO-TO TOTIOJTHHUTENbHYIO BennunHy. C MO3UIMA TEPMOJAUNHAMUKY dHEPTeTHIECKUN Oaphep
3TO JIOTIOTHUTEIbHAS SHEPTHS, KOTOPYIO HEOOXOAMMO 3aTPATUTh JUIS YAAJICHUS BEIIECTBA U3 YKa3aHHO-
ro mMecra B ajacopOupoBaHHOW MIEHKe. M3BeCTHO, YTO KaNMMJUIIPHO-COPOIMOHHBIN TOTEHIIMAT BOJBI

t//W( b, I ) — DTO DHEPTHUA, KOTOPYIO HEOOXOAMMO 3aTPAaTHTh, YTOOBI TOOABUTH €IUHHUITY MAacChl

BOJIBI B aCOPOHPOBAHHYIO IUIEHKY, U SBISIETCS (DYHKIHEH BOJOCOACP)KAHUS L)) , KOHICHTPALNU ],
nopuctocTt rpyHTa [1. [loHmKeHne XNMUYeCcKOro MOTeHIIHala PaCTBOPUTEIIS 10 CPABHEHUIO C YHCTHIM
BEIIIECTBOM /J\’fv(%) — 3TO PHEPTHsl, KOTOPYIO HEOOXOAMMO 3aTPATUTh, YTOOBI JOOABUTH €IUHUITY Mac-

ChbI BOJIbI B PaCTBOP, U OHa ABJSCTCS (DYHKIMEH KOHIEHTpaluu. TakuMm 00pa3oM, HCXO/Is U3 Ompeerie-
HUS, TIOJTy9aeM:

I A -(EOM,/RT) My (¢, + 14, JIRT

6, =— pii’e(EW JRT) g s i) : (16)
6(To)w

I -(ESMJRT) M|¢s + p1s |IRT

G- gl EMIRT) Mt it )
6(To)S

CriemyeT 3aMeTHTh, YTO KallMJUIIPHO-COPOLMOHHBIN MOTCHUIHMAN (J,, M3MEHSETCS IO TOJIIHHE
WIEHKK J0BOJIBbHO 3HauuTesbHO (0T —0,1 JK/KT B COCTOSHHMH TOJIHOTO BOJOHACHIIICHUS TPYHTa JI0
~ —2 MJIx/xr nipu HyneBoit BnaxHocTH [9]), a, cmenoBaTensHO, HOTOK (J,, U3MEHSETCS €Ile CHUIIbHEE,

TaK KakK I/IW SIBIIICTCS ITOKAa3aTelIeM SKCIOHCHTEL. JTO MOATBCPIKAACTCA MHOTOUYUCICHHBIMH 3KCIICPH-

MCHTaMH, B XOA€ KOTOPBIX OblTa YCTaHOBJICHA HU3Kas MOJABUXHOCTH MOJICKYJ BOJbI BOIH3U MUHEpaJb-
Hoii moBepxHocTH [8]. CiemoBarenbHO, B IpEAEIax pacCMaTPUBAEMOTO IMOIIEPEYHOTO CEUEHHUS TPYHTa
MOJIEKYJIBI Oosiee OJM3KO PAacCIOSIOKEHHBIE K MHHEPAIBHON TOBepXHOCTH OyayT muddyHIUpoBaTh
3HAYUTEITFHO MEIUICHHEE, YeM MOJICKYJIhl B CBOOOJHOM TIOPOBOM IIPOCTpaHCTBE. UTOOBI Y4ECTh
paziauuue B CKopocTsAX auddy3uu u coxpaHuTh (OpMaIM3M ypaBHCHHHA (HIBTPAIIMOHHOIO THIIA,
HCO6XOZ[I/IMO YCPEAHUTH YUCTO ,I[I/I(i)q)y3I/IOHHy10 IJIOTHOCTh MACCOBOT'0O ITOTOKA MO CCYCHUIO TPYHTA.

_ @ [ 1A (ESMJRT) M+ ) RT

Oy=—7F—~ U — I OFe e

@ | (18)
6(T0)W lo\j‘\f7 0 v

~ =2 | 1% (EMYRT) M (41/ +ﬂ“)/RT
g :AD i sze( 5 S/ )e s s s d]ZP . (19)
s 6 2p s S
(TO)S 0
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Juns cnydas quddy3un B CBOOOJHOM pacTBOpe MPU MOCTOSHHOW TEMIIEPAaType MOXKEM MOJTYYHTh
CJIEyIOINE 3aKOHOMEPHOCTH.

QW SIS () 0,5 o) (20
=g o) (o) @

WHTEpecHO cpaBHUTH KIIACCHYECKHE BBIPAXKECHUA 11 AU PY3HOHHBIX TTOTOKOB C aHAJIOTHYHBIMH U3
KHHETUYECKOH TEOPHUH JKUIAKOCTH. Bemnunny ducto nud@Gy3uOHHBIX TOTOKOB MOXHO 3alHCaTh 4epes3
cyMMy Iu(¢y3MOHHBIX MMOTOKOB M KOHBEKTHBHOI'O TOTOKA, TOMHOXKEHHOTO Ha KOHIICHTPAIMIO COOT-
BETCTBYIOIIET0 KOMIIOHEHTA!

G =@ (G0 * 0) * T (22)
g.=a(0,+ 9.+ s (23)
Torma, ncxons u3 (22) u (23), ,Z[I/I(b(by?;I/IOHHI)Ie MTOTOKHM 3aITMCHIBAIOTCS CIIEAYIOIIAM 00pa3oM:
JW - s sg w wwg s (24)
Jlnis mpocTeiero cirydas ;[H(b(bymn B 00beMHOM pacTBope u3 (20)—(21)momydaem:
Ju=-Ts=-aD,0(e) +@p J(pY). (25)

B Toxe BpeMsi KiaccHYecKoe BhIpaKEHHUE JUIsl AUPPY3UOHHOTO IMOTOKA 3aMHCHIBACTCS CIEIYIOINM

obpazoM:
jwz_js:_Dwsch ( ) —wD ] (,OW)+CU\P WQ( s) (26)

CpaBuuBas (25) u (26) npuxoauM K BBIBOIY, YTO B COOTBETCTBUH C KHHETHUYECKOH TEOPHEH KHI-
KOCTH KJIaccu4eckoe ypaBHeHHe qudysun (26) cripaBeaanBo Toabko B yacTHOM cirydae D, = Dy.

W3 ypaBuenwuii (19)—(20)cTanoBurcst BUAHO, U4TO YUCTO AU Py3HOHHEIE TOTOKH COIM M BOJBI, BO-
00111e TOBOPSI, MOTYT OBITh Pa3IMYHBIMU. B TOke Bpems cymma an((y3MOHHBIX TOTOKOB OOBIYHO MPH-
HUMaetcsi paBHOW Hyiro [10] kak B ypaBHeHuu (26). [Tociennee nomyiieHne o0ycaaBIuBaeT HEYUTCH-
HYHO KOHBEKIIHIO AU(PY3HOHHOrO THIIA, KOTOpas MPEACTABIsLCT Co00M mepeKpecTHbIi 3 dekT nuddy-
3HU | 11 00bEMHOT'O pacTBOpa ONKCHIBACTCS CIeyIomIeld GopMyon

P o al A ) _ = Au
Gws = 9wt 95~ DND(pW) DSD(pS)’ (27)
rae g, — nepexpecTHblif dddekt nuddysun, BeIpaxkaronuii KOHBEKTHBHBINA MOTOK BCEro pacTBOpa,
2
Kr/(c-m”).

Hns pacuera koaddunuenros D, u Dy TpebGyercst He MeHee 4-X u3MepeHuit ckopocTu Auddy3uu
MPU Pa3IMYHBIX TemIeparypax. TeMmmnepaTypHas 3aBUCHMOCTh KO3 QUIHMEHTOB AU (Y3UH MO3BOISET
TaK)Ke paccuyuTaTh TepMoauQGy3ur0 KOMIOHEHTOB, KOTOpas Ha 1—2 mopsiaka MeHbIIIE KOHIIEHTPAI[HOH-
HOM.

OxoHuaTenbHbIe BBIpaXEHUS A Au(Py3nOHHOTO MaccomepeHoca KOMIIOHEHT BOJHO-COJIEBOTO

pacTBOpa B TpyHTE ¢ yueToM BbipakeHui (20)—(21)ans koadpunmentoB muddys3un B 00beMHOM pac-
TBOPE 3aMKCHIBAIOTCS CIEAYIOMINM 00pa3oM:

_ _ A M|, + U )IRT

Ogw =0 Dw—fT)jmsee v s o |; (28)
w0

B N L A

ggs =-0| =+ [OCe a7 |. (29)
J2x

Beinuiem BeIpakeHne Uit GUIBTPALIOHHOTO MOTOKA BOJBI M COJU C y4EeTOM IpajyeHTa JaBie-
HHS, HCXOJIS M3 BBIpakeHus (4):
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~ 17/
G = Ao Ao Tp + 2 LuTir 4 T |, (30)

0Py

g pr pwawz\g IOW 6¢IW DH+DP ! (31)
Pw
rae Ap —ko3ddunuent saaronposoaHocty o Komyruny [11].
JInst ciydasi TeMIepaTypbl HUJKE Havaia 3aMep3aHusi BOIAHO-COJICBOIO pacTBOpPa HEOOXOAUMO TIO-
noxutb LI7 =0, Tak KaK B 5TOM CIyd4ae pacTBOPOCOLCPIKAHHE po . a, CIeI0BaTeIbHO, U MOTCHIIHAI
W,y OIPENEISIOTCS TOJIBKO TeMIIepaTypoii [4].

TakuMm 06pa3zom, Termeps MOKHO 3aIlMcaTh yPaBHEHHSI MacCcONepeHoca, B KOTOPBIX CTPYKTYPHO BBI-
JIeJICHBI B SIBHOM BHJIE CJIaracMble, CBSI3aHHBIE C MACCOMEPEHOCOM BEIIECTBA 32 CUET PA3IMYHBIX MeXa-
HU3MOB!

0

gw =-0 [ég awt 9 fw) (32)

opg

a_:_ -0 l:qg ds+ g fs) (33)
rae aud@y3un COOTBETCTBYIOT MOTOKH édw 5 ads' a (UIbTPAllid COOTBETCTBYIOT IOTOKH éfw 5

O -
Bripaskenus (28)—(29)mokassBarot, uto audGy3MOHHBINA TOTOK COIH U BOIBI ABISETCA (YYHKIMEH
ciaepyromux BennauH: pyf , pd , T. Takum 06pa3oM, HCIOIB30BaHHE KHHETHUECKONW TEOPHH KUIKOCTH

B3aMeH (EHOMEHOJOTHUYECKHX 3aKOHOB MO3BOJIMIIO COCTaBHTh MaTeMaTHUYECKylo Mojenb Auddysun,
KOTOPpAasi MO3BOJISIET ONMUCATh OJHOBPEMEHHO TepMOoIu(y3nio U KOHIeHTpauroHHyo auddysuro duka
B TPYHTaxX U y4eCTh HEOJMHAKOBYIO IMOABIKHOCTh MOJIEKYJ B aICOPOMpPOBAaHHON TUIEHKE. BhipakeHus
(30)—(31)ans puIbTPaIMOHHOTO TOTOKA MO3BOJISIOT JAOTOJHHUTEILHO YYUTHIBATh KOHBEKTHBHBIA Mac-

comnepenoc kak dyukimio p |, I1, P.

BriBoabI

Hcrmonb3ys MOJX0J, OCHOBAHHBIN Ha KUHETHYECKOW TEOPHUH KHMIAKOCTH, MOCTPOCHA MaTeMaThye-
CKasi MOJIEJTb MacCOIepeHoca B TPYHTOBO# cpe/ie, MO3BOJISIONIas B IBHOM BHE ONPEICIHTh BKJIA pa3-
JIMYHBIX MEXaHU3MOB.

Ha ocHOBe JaHHOTO 1MOX0/1a MOJy9YeHbl BRIPAXKEHHS TS TNIOTHOCTH YUCTO TU((HY3MOHHOTO TOTO-
Ka BOJIbI M PACTBOPEHHBIX COJICH C yYETOM HEOIAMHAKOBOM IMOABMKHOCTH MOJIEKYJI B aJCOPOMPOBAHHOM
wiénke (28)—(29)u mo3BosrONINE ONMUCATh OJHOBPEMEHHO TEPMOAU(BGY3HI0O U KOHIEHTPAIIHOHHYIO
mnddysuio Duka.

IToka3aHo, YTO KJIaCCHYECKOE BBIPAXKEHHE JUIS IUIOTHOCTH AM(D(Y3HMOHHOTO TMOTOKA CIIPABEIIHBO
TOJIBKO B YaCTHOM Clly4ae paBeHCTBa KO3(DGHUIMEHTOB AU Py3uH KaxI0ro KOMIIOHEHTa B COOTBETCT-
BUU C KHHETHIECKOM Teopueii xuakoctn (26)—(27).
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DEVELOPMENT OF MATHEMATICAL MODEL OF COMPONENT MASS
TRANSFER OF WATER-SALT SOLUTION IN HEAVING SOILS BASED
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The reliability of engineering structures mostly depends on the possibility to resist adverse envi-
ronmental factors. One of the most dangerous geological processes is frost heaving of soils, which is
capable to develop a huge pressure and significant irregular vertical deformations. This processes is es-
pecially dangerous for non-rigid structures with a negative average annual temperature (—6...—0,5 °C),
for example, for underground gas and condensate pipelines. Pipelines has a strong bends in short sec-
tions under the influence of frost heaving pressure, that often leads to emergency incidents. To predict
the frost heaving it is necessary to solve the problem of mass transfer of water-salt solution from thawed
to frozen soil.

Using the kinetic theory of fluid, the authors of the article developed a mathematical model of the
mass transfer of water and salt in thawed, freezing and frozen soils. The model allow to determine in an
explicit form the contribution of different mechanisms of mass transfer: thermal diffusion, concentration
diffusion, and filtration. The equations of diffusion transport allow to take into account the unequal mo-
bility of molecules in an adsorbed film. In addition, it was shown that the classical expression for the
diffusion flux density is valid only in the particular case of equality of the diffusion coefficients of each
com-ponent in accordance with the kinetic theory of the liquid.

Keywords: kinetic theory of liquids; mass transfer; matrix potential; diffusion flow.
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CTaThsl NOCBSIIIEHA PACYETHOMY M JKCHEPHMEHTAJIbHOMY OIpeleeHHI0
4acToT U GopM cOOCTBEHHBIX KOJ1e0aHMil CBApHOI0 KOpHyca KOPHOJIHCOBOIO
pacxogomepa. Kopuosincos pacxonomep npegHa3HaueH JJIsl H3MepeHHsI MACCOBO-
ro pacxoja :kuakocreil u razos. Kopmyc pacxomomepa cBapeH W3 TOHKOCTEHHBIX
craabHbIX mIacTuH 12X18H10T. ®opMbI M 4acTOTHI COOCTBEHHBIX KoJIeOaHUM
KOpIyca ompeJejieHbl pacdeToM C NMOMOIIBI0 MeTOAa KOHEYHBIX JIEMEHTOB H
IKCINEPUMEHTATBHO C HCHOJb30BAaHHEM TEXHOJIOTHHM JKCIHEPHMEHTAJIBHOI0 MO-
JaabHOro ananusa. Ilpu sxkcnepuMeHTaNBHOM ONpenesIeHHH MOJAJBHBIX Xapak-
TePHCTHK CBOOOJHO BBIBEIICHHOI0 KOPIYyca KoJ1e0aHUs BO30Y:KIAJIH € HCIOJb-
30BaHHEM YAAPHOT0 MOJIOTKA M MOJAJILHOT0 BUOPOCTeH a.

J1s1 oleHKH GJIM30CTH PACYeTHBIX M IKCHEPHMEHTAJIbHBIX (POPM HCHO0JIbL30-
BaH KpuTepuii MoganabHoii mocroBepuoctu (Modal Assurance Criterion) MAC.
IToxa3aHo, 4TO oT/IMYME YACTOT U GOPM cOOCTBEHHBIX KO0JIe0aHUI KOpIyca MekK-
Ay pacdeTroM H 3xcnepuMeHToM npesbimaer 30 %, a oTAHYNE MEKIY YaCTOTAMH
H (popmaMn coOCTBEeHHBIX KOJIe0aHMil OTAEJbHBIX 3JeMeHTOB KOpHmyca, He CO-
Jep:;KalmuX CBapHbBIX coeMHeHmii, He mpeBbimaer 3 %. Toraa nanéosnee BeposT-
HOM NPUYHHON PACX0kKIEHHS PACYETHBIX M IKCIEPHMEHTAJIbLHBIX YaCTOT H (hopM
CcOOCTBEHHBIX KOJ1e0aHUIl KOpIIyca SIBJISIOTCA CBAPHbIE COCIUHEHHS, HE YYHMThI-
BaeMble B er0 KOHEYHO3JIeMEHTHOM MO/e/IH.

BoIABMHYTO NpeaAmoJioxkeHHe 0 TOM, 4YTO CTOJIb CYHIeCTBEHHOE pa3jimdne
MOKHO O00BSICHUTh BO3HHKAIOIIMMH MOCJIe CBAPKH OCTATOYHBIMH HaNpPSIKEHHs-
MH. J11 NPOBEPKHU 3TOif THNOTe3bl BBINOJIHEH OTIHYCK CBAPEHHOI0 Kopmyca. Yc-
TAHOBJIEHO, YTO ToOCJe OTNMYCKAa OTJIHYHe MeKAY PAaCUeTHBIMH M IKCIepHMeH-
TaJbHBIMH (p)OPMAMH M YACTOTAMH COOCTBEHHBIX K0JIe0aHUI KOpNyca CHU3HI0Ch
a0 6 %. IMosydyeHHBIH pe3yJbTaT MO3BOJMJI O0bSICHUTH MPHYMHY PACX0KACHHUS
PACUYETHBIX M JKCIIEPUMEHTATBHBIX YacTOT U (OpPM COOCTBEHHBIX KoJIeOaHU
KOpIyca pacxoaomepa.

Kniouesvie crosa: xopuonucos pacxooomep; Memoo KOHEYHbIX dJIEMEHMO8; cOO-
CMBEHHAs HaCmoma, cOOCMBEHHAs POPMA; IKCHEPUMEHMANbHBLI MOOATbHYIN AHANU3,
Kpumepuil mooanvhou oocmoseprocmu MAC; ocmamoynvie HanpsasCeHus.

Bgenenue

Kopronncos pacxomoMep MpeaHa3HAuCH U H3MEPEHHsT MaCCOBOTO Pacxo/a UAKOCTEH U ra3oB.
OH COCTOHT U3 KOPITyca U JIByX PacrojoKeHHbIX B HeM U-00pasHbIX KOJIEOIIOMUXCS TPYOOK, MO KOTO-
pBIM IBIDKETCS M3Mepsiemasi cpena. O030p KOHCTPYKIMH KOPHOJIHCOBBIX PAcXOJOMEPOB TMPHBEICH
B [1, 2], a moapoOHOe OMUcaHue IPHUHITKIIA HX paboTHI B [3].

Ipu uccnea0BaHUM TUHAMHYECKHUX XapaKTEPUCTHK pacxoiomepa B crathe [4] yCTaHOBJIEHO, YTO
(GOpMBI M YaCTOTHI COOCTBEHHBIX KOJICOAHHH TPYOOK, IMOJyYEHHBIE METOAOM KOHEYHBIX 3JICMEHTOB W
IKCTIEPUMEHTAIBHO, TIPAKTUYECKH coBmaaaroT. DopMbl KoebaHmii KopIyca B cTaThe [4] He paccMarpu-
BaJIMCh. JlaNbHEHIIINE MCCIIeIOBAHMS TOKA3aIH, YTO B OTJMYKE OT TPYOOK Y4acTOThI U (POPMBI COOCTBEH-
HBIX KOJIeOaHHi KOpITyca, MOJyYEHHbIE PacueTOM M 3KCIIEPUMEHTAIBHO, Pa3IMJaloTcs 6ojiee 4eM Ha
30 %. [Toucky MpUYUH PACXOXKICHUS MKy PACUCTHBIMH M SKCIICPUMEHTAILHBIMUA YacTOTaMU U (op-
MaMu COOCTBEHHBIX KOJICOAHHI CBAPHOTO KOPITyca KOPHOJIMCOBOTO PacXxoJoMepa U MOCBSIICHA TaHHAS
CTaThsl.
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PacueTHoe M 3KCIIepHMEHTAJIbHOE ONpe/iesieHne 4acToT U GopM cOOCTBEHHBIX KOJIeOaHu
Kopmyca

Kopmnyc pacxomomepa usrororiieH u3 uctoB craau 12X18H10T Tonmuuoi 2 MM. Cxema Kopiryca
npuBeneHa Ha puc. 1. OH COCTOUT M3 MacCHBHOTO OCHOBaHUS, IBYX IUIACTHH U OOpTUKOB. Jlyis yBemu-
YEeHHUS JKECTKOCTH KOHCTPYKIHMHM MEXAY MepelHei W 3aJHel IUIACTHHAMH YCTAHOBJICHBI JBE BTYJIKH.
[InacTrHa MMeeT aBa OTBEPCTHS IJI YCTAHOBKH BTYJIOK M PACIIONOXEHHOE B IIEHTPE IITAMIIOBAHHOE
yray6ienne rimyonHoil 5 MmMm. Bee a1eMeHTh KopiTyca CBapeHBI B 3aIIMTHOM ra3e HEIUIaBsSIIUMCS dJIeK-
TPOAOM.

C wenpo ympoleHusl B pacyeTHOM MOJAETH U IKCIIEPUMEHTaX HCIONb3YeTCsl KOPITyC pacxonoMepa
0e3 TpyOoK. [IJIs pacueTHOro OIpeae/ICHUs YacTOT U (hopM COOCTBEHHBIX KOJIcOaHUH Kopiryca chopMu-
poOBaHa ero KOHEYHO-3JEMEHTHas MOJAeib. Pe3ynbraTel pacyera oOCYKAAalOTCS HUXKE W NPHUBEICHBI B
tabmune. C Henpio OLIEHKH KOPPEKTHOCTH PE3yJIbTATOB pacdeTa YacTOThl U JOPMBI COOCTBEHHBIX KOJie-
OaHWil KopIyca OmnpeieseHbl SKCIIEPUMEHTAIEHO. MeTouKa BepupUKAIIMA KOHEYHO-2JIIEMEHTHOW MO-
JIeTH TI0 pe3ysibTaTaM MOJAJbHBIX MCIBITAHUN MpHBeAeHa B cTaThix [D, 6]. [Ipu skcrepuMeHTaIbHOM
OTIpeICICHNH MOJAIBHBIX XapaKTePUCTUK KOpIyca KojeOaHHus B HEM BO30YKIAJIM C MCHOJIb30BaHHUEM
yIApHOTO MOJIOTKA 1 MOJAJILHOT'O BUOpocTeHAa. OcoOeHHOCTH MOJABHBIX UCTIBITAHUH, IPEUMYILECTBa
U HEJIOCTATKU Pa3InYHbIX BHIOB BO30YXKICHHUS MpezicTaBicHsl B [7, 8]. B skcnepumMenTe kopmyc cBo-
00ZHO BBIBEIIMBANM Ha TOAATIMBBIX TPOCAaX, HE OKa3bIBAIOIIMX BIHMSIHUS Ha COOCTBEHHBIE YaCTOTHI U
(hopMBI B HCCIIEAYEMOM YaCTOTHOM JAHAIa30He.

1

285

Puc. 1. Cxema kopnyca: 1 — ocHOBaHue; 2 — NNacTuHa; Puc. 2. SkcnepumeHTanbHas mogenb kopnyca
3 — bopTuK; 4 — BTYNKa; 5 — CBapHble LBbI (pacnonoxeHue nsamepuTenbHbIX TOUYEK)

HcnibITanus BRITIOHEHBI C UCTIONB30BaHHEM KOMIUIEKCA, B COCTaB KOTOPOTO BXOJISIT:
— 40 xananbHas usmepurenbHas cucrema LMS SCADAS Recordenist coopa 1 00pabOTKH CHT-
HaJIOB,;

— maker LMS Test.Labmis npoBefenns MOIadbHBIX MCIBITAHUI M TIOCIEAYIOMIEH HACHTH(DUKA-

1IN COOCTBEHHBIX YaCTOT U (hopwm;

— ynapusbiit MosioTok PCB 086C030 BCTpOCHHBIM JaTYHKOM CHJIBI;

— TPEXKOMITOHEHTHBIE The3oakcenepomerpsl PCB 356 A321ysctBuTensHocThio 100 mV/g;

— MojanbHbIi BuOpocTenn TMS2100E11;

— nmaruuk cwisl PCB 208C03.

HcnbITanus ¢ yaapHbBIM MOJOTKOM M MOJaTbHBIM BUOPOCTCHIOM MPOBEICHBI B YaCTOTHOM JIMAria-
3o0He oT 0 mo 80011, oxBaThIBaIOIIEM TEPBhIE IIECTh YACTOT COOCTBEHHBIX KojebaHuil kopmyca. C 1mo-
MOIIBIO0 TE€OMETpHUYecKoro Moayis nporpammbel LMS Test.Labnoctpoena monens nepenneit miiacTUHBL
KopITyca, MpUBEACHHAsI Ha pUC. 2. Y3Ibl MOJIEIH COOTBETCTBYIOT KOOPJUHATAM TOYEK, B KOTOPBIX pac-
HOJIATJIUCh AKCEICPOMETPBI M IPOU3BOIMITICH H3MEPEHHUS OTKITUKA.

I[Tpu Bo30YyxaeHUH KOJICOAHUIT C UCIIOJIb30BAaHHEM MOJIOTKA B BHIOPAHHYIO TOYKY KOHCTPYKLIUH Ha-
HOCHWJIM TIOCTIEJIOBATEIILHO HECKOJBKO yAapoB. [1o pe3ynpTataM Ka)Ioro yaapa perucTpUpOBATN BXOJ-
HOW yZapHBII UMIYJIBC ¥ OTKIIMKH 110 BHOPOYCKOPEHUSIM BO BCEX H3MEPHUTENBHBIX TOUKAX KOHCTPYKIN
¥ MOJTy4aJId YaCTOTHBIC NepenaTounble QyHKImHU. [lanee sKCepuMeHT TOBTOPSUICS MPH BO30YKICHUH B
npyroii Touke. [1o MONMyYeHHBIM OCPETHEHHBIM YaCTOTHBIM MEPEJaTOYHBIM (DYHKIUSAM C TIOMOIIBIO all-
ropurma PolyMax [9—11JunenTuduiuposaau 4acToTsl U GOPMBI COOCTBEHHBIX KOICOaHHUHM KOpITyca.

[Tpu mcnonp30BaHNK MOAAIBHOTO BHOpocTeHAa (puc. 3) BBIHYKIAIOLIEE BO3ICUCTBUE MPUKIAIbI-
BaJoCh B Touke 13.
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PacyemHo-akcrnepuMeHmarnsHoe ucciedogaHue yacmom
u ¢hopm cob6cmeeHHbIX KosiebaHuli ceapHO20 Koprnyca ...

Sywee A.A., TapaHeHko .A.,
XKecmkoe A.B., JlocuHosckuli B.A.

Puc. 3. 9kcnepuMeHTanbHoe onpeaerieHMe 4acToT U (hopM COGCTBEHHbIX kKoneb6aHui kopnyca
MakcumasbHasi pa3HHIla MEX/Ty MEPBBIMH IIECTHIO0 COOCTBEHHBIMH YaCTOTAMH, HANICHHBIMH C HC-
MOJTb30BaHUEM MOJIAJILHOTO MOJIOTKA M MOJIaIbHOTO BUOpPOCTEH 1, HE npeBbickia 2 %.
JInst OLIeHKH OJIM30CTH PACYETHBIX M IKCIIEPUMEHTAIBHBIX (DOPM HCIIOIB30BAH KPUTEPHIA MOIAIb-
Ho# noctoBepHocTu (Modal Assurance CriterignMAC [9, 12]. MAC — kputepuii COOTBETCTBHS MEKTY
aByMmst Bektopamu ¢opm { U}, (pacuer) u {U}, (3KCTIEpEMEHT), OH ONIPEIEISICTCS CIESAYIOIIHM 00pa3oM

CROR
(Wi, )[4l d,)

qu:(

rae i, | —HoMepa COOCTBEHHBIX (hOPM.

Ecmu Bextopsr {U}, u {U}, SBIAIOTCS OLICHKaMH OIHOH U ToH ke GOpMBI KoIeOaHui, TO KpUTEPHit
MOJIaJIbHOW JIOCTOBEPHOCTH CTPEMHTCS K 1, €CIIM )K€ BEKTOPHI SABJISIOTCS OIEHKAMH JBYX Pa3IMIHBIX
bopm konebanuii, TO 3HAYCHUE KPUTEPHSL TODKHO ObITh OJIU3KOI K HYIFO BEIUYHHON BCICACTBUE OPTO-
TOHAJILHOCTH COOCTBEHHBIX (OPM.

Pasnuna mexny pacuersoit (f,) u sxciepumentanbHoit (f,) gacToTolt cOGCTBEHHBIX KoneOaHuit om-
peeNseTcst CleIYIONM 00pa3omM

fo—f
o0=—_2100%
2

CpaBHeHMe JKCNepnMeHTallbHbIX 4YacToT U d)OpM co6GCTBEHHbIX KonebaHumn Kopnyca ¢ pac4eTHbIMU

Pacuer o TepmMo0OpabOTKH ITocne TepMooOPadOTKH

i fpi. FH J fe?o ’ ru 6”@0 ’ % MA ?o J farjzoc’fle , ru Jljnome’ % M Aq]{zoc’fle

1 354,7 1 236,1 33,4 0,51 1 333,7 5,9 0,89
2 435,5 2 283,6 34,9 0,83 2 427,4 1,9 0,92
3 459,6 3 296,6 35,5 0,79 3 406,1 11,6 0,91
4 601,3 - - - - 5 593,8 1,2 0,44
5 628,9 4 426,4 32,2 0,4 4 571,4 9,1 0,43
6 736,2 5 458,8 37,7 0,42 6 700,6 4.8 0,8

YcTaHOBIEHO, YTO YacTOTHI M ()OPMBI COOCTBEHHBIX KOJICOAHHI KOPITyCa, MOIYYCHHBIC pacieTOM U
SKCIIEpUMEHTAIBHO, pasnudatorcs 6onee uem Ha 30 % €m. Tabmuiy). B Tabmuie uHmexcoM i 0003Ha-
YeHBI pacyeTHBIC COOCTBCHHBIC (DOPMBI, @ HHICKCOM | — 9KCIIEPUMEHTAIbHBIE.

st 0OBsICHEHHS IPUYUH PACXOXKACHHUS PE3YJIbTaTOB pacueTa U 3KCIEPUMEHTA UCCIIEA0BaHbI COO-
CTBEHHBIC YaCTOTHI U (POPMBI OTJENHLHBIX AIEMEHTOB Kopiyca. Tak, epBble MIEeCTh 4acToT U GopM cob-
CTBEHHBIX KoJebaHMil TepemHel miacTHHbl Kopiyca (mosumums 2 puc. 1), momydennsie MKD u skcre-
PUMEHTAIBHO, pa3nuyaroTcs MeHee yeM Ha 3 %. 3 coBmagenus (opM 1 9acTOT COOCTBEHHBIX KoieOa-
HUM MJIACTHHBI MOXHO CJIENATh BBIBOJ, YTO TEOMETPHS MOJACIHM M CBOWMCTBA Marepuana (IIOTHOCTh W
MOJIyJIb YIIPYTOCTH) B paCYETHOH MOJIEIH COOTBETCTBYIOT peabHOW KOHCTPYKIIHH.

Torma Hanboiee BEpOSITHON MPUYMHON PACXOXKICHUS PACUCTHBIX U SKCIIEPUMEHTAIBHBIX YaCTOT H
(hopM cOOCTBEHHBIX KOJICOaHMI KOPITyCca SBISIOTCS HE YUYUTHIBAEMBIC B €T0 KOHCUHOIJIEMEHTHON MOJIe-
T CBapHBIE COCTUHEHHUS.
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ITocie cBapky B KOHCTPYKIIUK MOTYT BO3HUKATh OCTATOUHBIC HAMpsDKEHHS. [ ONEHKH MX BIHS-
HUSI Ha YacTOTHI U (DOPMBI COOCTBEHHBIX KOJICOAHUI KOPITyca BBIMOIHEH €ro OTIMYCK MO CICTYOIIeH
mporpamMme:; BbIJCpKKa Kopiyca B rmeun npu temmepatype 850 T B TeueHue daca, najee OXJIaKICHHUE
JI0 HOPMaJIbHOW TEeMIIEPaTypHI 3a ISTh YacoB.

IMocre oTmycka U, COOTBETCTBEHHO, CHITHS OCTATOYHBIX HANPSKCHUH B KOPIYyCe OTIUYHE MEPBBIX
6 pac4eTHBIX COOCTBEHHBIX YaCTOT KOPIyca OT SKCIEPUMEHTAIbHBIX yMeHbIIHIOCh ¢ 30 %m0 6 %. [Io
TEPMOOOPAOOTKH KOpITyca B 3KCIIEPUMEHTE HE yIajIoCh WACHTU(DUIIUPOBATH (HOPMYy COOCTBEHHBIX KO-
nebaHuii, COOTBETCTBYIOIIYIO YETBEPTOH pacueTHO ¢Gopme. aeHTudGuIupoBats 3Ty GOpMy yaaioch
nocie ormycka. CpaBHEHHE PACUYETHBIX M IKCIIEPUMEHTANBHBIX POPM M YacTOT COOCTBEHHBIX Koieba-
HUI JI0 ¥ TIOCNIe OTITycKa MpuBeeHO Ha puc. 4 u B tabmure. [IpeacraBieHHbIE pe3yabTaThl SKCIEPH-
MEHTA TOJTyYeHBI ¢ UCTIOJIb30BAHUEM MOJIATIBHOTO BUOPOCTEH/IA.

W3BecTHBI paboThI, MOCBSAIICHHBIC aHATOTMYHBIM HcclienoBanusaM. Hampumep, B padote [13] pac-
CMOTPEHO BIIMSIHAE COKUMAIOIIMX HANpPsDKEHUN HAa COOCTBEHHBIC YaCTOTHI IUTACTHH U 00oo4ek. B pabo-
tax [14, 15]uccrenyercs BIUSHME OCTATOYHBIX HANPSDKEHWM HAa PE30HAHCHYIO 4acTOTy MeMOpaH JaT-
YHKOB.
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Puc. 4. CpaBHeHue no MAC KpuTepuio pacyeTHbIX U 3KCNepUMeHTalnbHbIX (pOpM COBCTBEHHbIX KOone6aHumn
kopnyca (anAa cnyvyas Bo36yxaeHus kone6aHuin MoaanbHbIM BUOPOCTEHAOM)

JlJis OlleHKH YpOBHS HAINpsOKEHUI B CBAPHOM KOPITYCE BBITIONHEH CIICAYIONIUI 3KcrepuMeHT. Ha
mwiacTury (mosunus 2, puc. 1) B paiione 15 touku (prc. 2) 10 cBapkH KOPIIyca MPHUKIIEEHa TPEXKOMITO-
HEHTHAs PO3ETKa C B3aHMMHBIM PACIIONIOKECHUEM OCEH TEH30pe3UCTOpoB moxa yriom 45°. M3mepeH Ha-
YanpHBIN YpPOBEHb CHT'Hajla ¢ TEH30pE3UCTOPOB. Jlanee BHINONHEHA CBapKa KOpIyca U MOBTOPHO M3Me-
PEH CUTHAJ ¢ TEeH30pe3UCcTOpoB. [lo conocTaBieHnio CUTHAIOB, U3MEPEHHBIX JI0 U MOCJIEe CBApPKH, OTIpe-
JIEJIEHO CXKMMAIoIee SKBUBAJIIEHTHOE HANpsDKEHHE, BO3HUKAIOIEe Mocie cBapku B Touke 15. OHO co-
craBwio 100MIla.

Ha srane BeiOOpa TOYKHM JUTsl HAKJICHKH TEH30PE3UCTOPOB HE OBLIM W3BECTHBI HA BEJTUYHHA, HU Me-
CTO PACIIOJIOKEHHUSI BOSHHUKAIOIIMX B KOPIIyCE TOCIE €ro CBapKH OCTATOYHBIX HampspkeHuil. Jlns Ha-
KJIEMKH TEeH30PE3UCTOPOB BhIOpaHa Touka 15, MOCKONBKY €l COOTBETCTBYET MAaKCUMAaJIbHOE CMEILCHHE
Ha 4yeTBepTor (popMe COOCTBEHHBIX KOJeOaHUH, HAACHHONW pacueTHbIM TyTeM. COOTBETCTBYIOLIYIO i
9KCIIEPUMEHTATIbHYIO0 (opMy (10 OTIycKa) HAeHTU(GHIUPOBATh HE YIAIO0Ch. PacyeTHbIe MepeMeneHUs
U nedopMaIiiy, COOTBETCTBYIONINE YeTBEPTON COOCTBEHHOW (opMe M HaiiJIeHHbIe Ha MOJICIH, HE yUH-
THIBAIOIICH OCTATOYHBIX HAIMPSDKEHUH, IPUBECHBI HA pUC. 5. MakcuManbHbIe JOKAIBHBIC JehOopMaIiu
Ha 9Toi (opMe BO3HHMKAIOT B PaliOHE YCTaHOBKHU BTYJIOK, a AehopMaliiu B Uccieayemoi 15 Touke co-
ctapnsitoT npumepHo 0,15 0T MakcuManbHBIX. PacnonokuTh TEH30pE3UCTOPHI BhINIE, B 30HE C Ooyee
BBICOKMM YPOBHEM Jle(pOpMaliii, He yIaI0oCh N3-3a OJIN3KOTO PacIOIOKEHHS CBAPHOTO IIIBA.

PeanbHoe pacnpeneneHne ocTaToYHBIX AeopManuii B KOpIyce Mociie CBapKH MOXKET HE COBIAAaTh
C pacueTHbIMH JiehopMaInusIMu, TPUBEICHHBIME Ha pUC. 5.

Ha puc. 6 mpuBeneHbI JBE aMIUIUTYTHO-9aCTOTHBIC XapaKTEPUCTUKU, CHATHIC TPU BO30YKICHUH
KoJIeOaHui BUOPOCTEHIOM B OJJHOI TOUKE KOpITyca 0 M mociie ero TepMooopadboTku. [1o BepTukanbsHon
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OCH OTJIOKEHO OTHOIIIEHWE aMIUTUTYBl YCKOPEHHUS aKCelIepoMeTpa Ha KOpPIyce K aMIUTUTYe CUTHaa ¢
natunka cuibl (g/H). 13 cpaBHeHHs rpadUKOB BHIHO, YTO TEpMOOOpabOTKa TPHBETA K TMOBBIIICHUIO
9acTOT COOCTBEHHBIX KoJeOaHU KopIyca.

0,3
0,15 (Touka 15)

0,2

0,1

1 (max)
0,02

a) 0,14 0,1

0)
Puc. 5. PacuyeTHble nepemelleHus (a) u gecphopmaumm (6) Ha YeTBepTON COBCTBEHHOW (hopme,
HanAeHHble Ha MoAernu, He YYMTbIBaloLWEeN OCTaTOYHbIX HanNpPsXKeHUN

Takum o0pa3oM, OCHOBHOW NMPUIMHONW PACXOKIEHUS COOCTBEHHBIX YACTOT B pacdeTe M DKCIICPH-
MEHTE SBISIOTCS HE YUHThIBaeéMble B KOHEUYHOIJIEMEHTHOW MOJENN OCTAaTOYHbIE HANpPSKEHHs, BO3HU-
Kalollye nocje CBapKu Kopiryca.
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Puc. 6. OTHocuTenbHas AYX 12 Touku kopnyca no ocu Z Ao TepmMoo6paboTku (a)  nocne TepmoobpaboTtku (6)

3akiaouenne

B crarpe pacdeTHBIM M SKCIIEpUMEHTAIBHBIM ITyTeM HaiiieHa U MOATBEPK/IeHa OCHOBHAS MPUYMHA
PaCXOXKJIEHUS PACYCTHBIX U 3KCIICPUMEHTATBHBIX ()OPM U 4aCTOT COOCTBEHHBIX KOJICOAHUI TOHKOCTCH-
HOT'O CBapHOTO KOPITyca KOPUOIMCOBOIO PACXO0MEPA. Y CTAHOBJICHO, YTO CHIDKEHHUE IKCIICPUMEHTAIb-
HBIX YacTOT COOCTBEHHBIX KoJliebanmii kopiyca Ha 30 %u cooTBETCTBYIOIIEE H3MEHEHHE €ro COOCTBEH-
HBIX ()OpM 00YCIOBICHO OCTATOYHBIMHU HAMPSHKCHUSMHU B KOPITyCe, BO3HUKAIOIIMMU TIOCTIE €0 CBapKU.

Hcnvimanus nposedenv ¢ ucnoavsosanuem obopyoosanus LIKII «Dxcnepumenmanvhan MexaHuxa»

IOYpI'V.

Paboma evinonanena npu gunancosoti noooepacke Munodopnayku Poccuu. Coznawenue o npedoc-
maenenuu cyocuouu Ne 14.578.21.019bm 03.10.2016.Vuuransusiii uoenmugpuxamop coeiauienus
RFMEFI57816X0191.
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COMPUTATIONAL AND EXPERIMENTAL STUDY OF FREQUENCIES
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The article is dedicated to computational and arpantal determination of frequencies and natural
modes of welded shell of Coriolis flowmeter. Cosdlowmeter is intended for measuring mass flow of
fluids and gases. A shell of Corilis flowmeter islded out of 1X18H10T thin steel plates. Forms and
natural oscillation modes of the shell are deteetiby calculation using the finite elements metand
experimentally, using the technique of experimentatial analysis. During the experimental determina-
tion of modal characteristics of a freely hangihgls oscillations were excited with the use ofiam
pact hammer and a modal oscillation table.

50 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 1, pp. 45-51



Sywee A.A., TapaHeHko .A., PacyemHo-akcnepumeHmarnbsHoe uccsedoeaHue Yacmom
XXecmkoe A.B., JloeuHoeckuli B.A. u ¢ghopm cob6cmeeHHbIx KonnebaHuli ceapHO20 Koprnyca ...

In order to evaluate precision of computational argerimental forms, Modal Assurance Criterion
(MAC) is used. It is shown that the difference mduencies and natural modes of the shell between
calculation and experiment exceeds 30 %, and fifereinice between frequencies and natural modes of
separate elements of the shell which do not comtailded joints does not exceed 3 %. Therefore, the
most probable cause of differences of computatiandlexperimental frequencies and natural modes of
the shell are welded joints which are not considi@nets finite element model.

An assumption that such significant difference barexplained by the occurring after welding re-
sidual stress is made. In order to test this hygsith a tempering of the welded shell is carrietd Ibis
determined that after the tempering the differelneveen computational and experimental forms and
frequencies of natural modes of the shell decrets&d%. The obtained result allowed explaining the
cause of inconsistency of computational and expartal frequencies and forms of natural modes of the
flowmeter’s shell.

Keywords: Coriolis flowmeter; finite elements methaatural frequency; natural mode; experi-
mental modal analysis; modal assurance criterioiA@J; residual stress.
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BbIBOP NAPAMETPOB LUU®PPOBbLIX PUIIbTPOB
NMPU CNEKTPOPOTOMETPUHECKNX UCCIIEAOBAHUAX

A.H. Bexmepes, A.FO. JleOHos, H.A. CasuHo8a
MazaHumozaopckuli 2ocydapcmeeHHbIl mexHUYecKul yHueepcumem
um. I.N. Hocoea, 2. MazHumoezopck, Poccutickasi ®edepauusi
E-mail: lednov@mail.ru

B pa3sauyHBIX 001acTSIX 3HAHUN NPH HCCIAeJOBAHUM M3MEHSIIOLIUXCH NPO-
1eCCOB, MO OTKJIMKY, MOJIy4aeMOMY C NMOMOIILI0O (pu3HvecKkoro npuéopa, aHaIU-
3MpyeMblii CHTHAJI YCJIOBHO MOKHO Pa3/leJIMTh Ha IBe KOMIIOHEHTBI: «I0JIe3HbIID)
CHTHAJ W CHTHAJ «moMex». B yacTHocTH mpm pemreHnu 3aga4d KauyeCTBEHHOTO W
KOJINYECTBEHHOI0 CHEKTPO(OTOMETPHYECKOI0 AHAIN3A BO3ZHHUKAKT NPOOJeMbl
HCKAKeHUs T0JI0C NMOTJIONIEHUsI TOMeXaMH Pa3JIMYHOi NMPHUPOAbI: HATUYHEM He-
CKOMIIEHCHPOBAHHBIX CNIEKTPOB MOIJIOLIEHUsI aTMOcdepbl, BIUSTHHEM CIHeKTPOB
acopOMPOBAHHBIX HA NMOBEPXHOCTH 00pa3ua MoOJIEKYJl, HAJIMYMeM MHTep(epeH-
HHUOHHBIX MOMeX B TOHKHX WJIM MHOTOCJIOIHBIX 00BbeKTaXx.

IIpoBenen cpaBHHMTeNbHBII aHAAN3 BJIMSAHUA (UILTPALMH MOJEIbHOIO
CIeKTPa MOrJIoLeH!s MeAMAHHbIM (puiabTpoM U ¢puiabTpamu Capuukoro-Ionas
HyJeBoro—nepsoro (SG0), Broporo—rpersero (SG2), yerBeproro—msaroro (SG4)
nopsaaAKoB. MofieJIbHBIN CHEKTP OMUCHIBAJICA KOHTYPAMH IOIJIOIIEHHs rayCccoB-
CKOil M JopeHleBckoil (opmbl. [lo pe3yabTaTaM YHCJIEHHOI0 3KCIEPHUMEHTAa
NpUBeIeHbl PpeKOMEHIAINHN N0 ONTHMAJIBHON (PUIbTPAIMH IKCIIEPUMEHTATBHBIX
CIEKTPOB IOTJIOMICHUS KOHICHCHPOBAHHBIX Cpel € LeIbI0 HX MOCJIeAYHIero
aHaJu3a U o0padoTKu:

— JIJIs1 MOJIHOTO TOJABJIEHUS M0JIOC MOTJIOLIEeHUS «IOMeX» NMPeANnoYTHTEbHO
NMpUMeHeHHe MeAHMAHHOIo (PMILTPa, MPH 3TOM JIsl TAYCCOBCKOr0 KOHTypa ILIM-
PYHA OKHAa (PUIbTPA A0JLKHA ObITHL B 5 pa3 0ojiblie NOJIHON IIMPUHBI HA TOJIO-
BHHE BBICOTHI IOJABJIsIeMON I0JIOCHI MOTJIOMIEHHs, a JJIsi KOHTYpa JIOpeHleB-
CKOii (opMBI 3TO COOTHOLIEHHE T0JIKHO OBITH OoJiee 20.

— H3MEeHEeHHe OTHOCHTEJIbHOI MHTEHCHBHOCTHU MOJI0CHI MOTVIOLIEHUS «I10J1e3-
HOI'0» CHTHAJIa MeHee 4eM Ha 1 % peanusyercs NpH ONpeeIeHHONH OTHOCHTE/Ib-
HOM IIMPHHE OKHA. B ciiy4yae rayccoBcKoOi I0J10CHI HOIVIOIEHUS] OTHOCHTEJIbHASA
IIHMPHHA OKHA JUI MeJUAHHOT0 (GUJIbLTPA JOJIKHA COCTABJATH He Ooutee 0,2, nus
¢uasTpoB SGO — 0,2, SG2 - 0,9, SG4 — 1,6. I;11 KOHTYypa JTopeHUEeBCKOH (POPMBI
3T0 COOTHOILIECHHE JOJLKHO ObIThH /UIsi MeJHAHHOrO (uabTpa He Oosee 0,2, nuas
¢puasTpos SGO - 0,2, SG2 - 0,7, SG4 — 1,1.

Kniouesvie cnosa: yugposas gunompayus; gopma aunuu noziowenus; oopa-
00OmKa CUSHANO08; CHEKMPOGOMOMEMPUs,; CHEKMPOCKONUSL.

Beeaenne

B pa3nuuHbIX 007acTAX 3HAHMH IPU MCCIEJOBAHMM M3MEHSIOLIMXCS MPOLECCOB, 10 OTKIUKY, IO-
JTy4aeMOMYy € TIOMOIIBIO (PU3NYECKOro MPpUOOpa, aHATU3UPYEMBII CUTHAN YCIOBHO MOXHO pa3ieuTh Ha
JIB€ KOMITOHEHTBI: «IIOJIE3HBII» CUTHAN U CUTHAN «oMex». Tak, HallpuMep, B CIIEKTPOCKOIIUH BBIJIENSI-
10T JIMHUY TIOTJIONICHUs ¥ CUTHAJ, 00yCIOBIIEHHBIN IIIyMOM pa3iUdHON mpupos! [1—4]. A B uHXeHep-
HBIX UCCIICIOBAHUSX TPH W3yUYEHHU BIIMSHHUS Pa3MEPHBIX (PaKTOpPOB, CBS3aHHBIX C HEPOBHOCTHIO MO-
BEPXHOCTH CHUCTEMBI, Ha aJre3nio, CMayuBaeMOCThb, TPEHHE U T. II., penbed) MOBEPXHOCTH pa3AeysioT Ha
IIEPOXOBATOCTh, BOJTHUCTOCTD U OTKJIOHEHHE (popMbl OT 0a30Boil tnHNKU. OTMEUeHHBIE (haKTOPHI B KOH-
KPETHBIX HCCIIEIOBAHUSIX MOXKHO CUUTAThH IIOJIE3HBIM» CHUTHAJIOM WJIM CUTHAJIOM «IIOMEX» U IPU 3TOM
BO3HHUKaET MpobiieMa MmojaBiIeHns «rmomMex». JlanHas mpobiiema pemaeTcs ¢ MOMOIIbI0 Pa3HO0Opa3HbIX
¢usnueckux u uUppPoBBIX GUIBTPOB [5].

B mpouecce pemienns 3aia4 KadeCTBEHHOTO U KOJIMYECTBEHHOI'O CIIEKTPO(POTOMETPUUECKOTO aHa-
TH3a CEKTPOPOTOMETPHUECKYI0 HHPOPMAITUIO MOXKHO Pa3/IeUTh Ha IIOJIE3HBIN) CUTHAN U «ITOMEXH».
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ITepen 0OpabOTKO#l CHIEKTPOB MOTJIOIICHHUS HAHOCTPYKTYP (HA30BEM 3TH CHEKTPhI «IO0JE3HBIM» CHTHA-
nom), Hanpumep, B MK-criekTpax KOHAEHCHPOBAHHBIX CpEll, MOSBISICTCS HEOOXOIUMOCTh MpEaBapH-
TEIHHON (DUIBTPAIIUH UCXOTHOTO CIIEKTPA OT <IIOMEX». DTH «IIOMEXU>» MOTYT OBITh BBI3BaHKI (haKTOpa-
MU pa3IU4HON mpupobl. Hanpumep, HaTMYneM HECKOMIICHCUPOBAHHBIX CIIEKTPOB TOTJIOIICHUS aTMO-
cdepsl, BIUSHHEM CIIEKTPOB aJCOPOMPOBAHHBIX Ha IMOBEPXHOCTH 00pa3lia MOJIEKYJI, HaJIHIHeM HHTEep-
(hepCHIIMOHHBIX MOMEX B TOHKUX WM MHOTOCIOWHBIX 00BbeKTaX. VckaxeHune GpopMbl U mapaMeTpoB Io-
JIOC TIOTJIONICHUS MOXET TaKXKe CYIIECTBEHHO TOBIUATH HA TOTPEIIHOCTH MOCIEAYIONICH 00paboTKH
CIIEKTPOB, HANpUMeEp, JJIsl PAcUeTOB ONTHUECKUX XapaKTepUCTUK cpen mo dopmynam Ppenens, Kpa-
Mepca—KpoHura, KIIaCCHYeCKOro IUCTIEPCHOHHOTO aHanmn3a. CIO0XHOCTh (DHUIBTPAIH «TOJIE3HOTO0»
CUTHAJa OT <«IIOMEXM>» 3aKII0YaeTCs B TOM, YTO OHH MOTYT O0JIaaTh CXOXXHMH KOHTYPaMH TMOJIOC TT0-
riomeHusi. Hanbosee wacto mis onmucaHus KOHTYpPOB ITOJIOC HCIIONB3YIOT KOHTYPHI JIOPEHIIEBCKON U
rayccoBcKoi (hopMmbl. J[s CrieKTpaabHOM JMHIM, OMIICHIBAEMON TaHHBIMH KOHTYPaMH, OCHOBHBIMU SIB-
JITFOTCS CEIYIOIIUE MapaMeTpPhl: TOJIOKEHUE TOJIOCH MOTJIONICHNS, WHTEHCHBHOCTh M TOJYIIHPUHA
(FWHM). Oco06pb1it nHTEepeC B CBSI3U ¢ MOCTABICHHBIMH 337[a4aMH Ka4eCTBEHHOTO U KOJHYECTBEHHOTO
CHEeKTPO(hOMETPUIESCKOT0 aHAIN3a MPEJCTABIISICT BIUIHNAE HA TApaMeTpPhl CIIeKTpa Bua QUIHTPa U €ro
xapakTepucTuk. CyIIecTByeT MHOKECTBO CITOCO00B (puibTpanuu crektpoB [4]. B pamkax maHHO# pa-
OOTBI aBTOPHI CPABHWIN BIUSHUS HAHOOJIEE YaCTO HCIOIB3YEMBIX MPHU CHEKTPOPOTOMETPUICSCKUX HC-
CIICIOBaHHSAX MEIUAHHOTO (PritbTpa U OKOHHBIX (HuiIbTpoB CaBuikoro—I onas [4—8] HyneBoro—iepBoro,
BTOPOTO—TPETHETO, YSTBEPTOrO—IISITOTO MOPSAKOB [4, 9] Ha mapaMeTphl MOJI0C MOTJIOMICHUS, OTTUChIBae-
MBIX KOHTYPaMH JIOPEHIICBCKOW B TayCCOBCKOUM (OpMBI. 3a/1ada peranach METOIaMUd MaTeMaTHIECKOTO
MOJICTUPOBAHMS.

MopennpoBanne KOHTypa OAWHOYHOM IOJIOCHI NOTJIOMIEHUSI H KOHCTPYMpPOBaHue (puibTpoB
[Tonoca normnomienys, onuceiBaeMas KOHTYpoM ['aycca, MoJenupoBagach ¢ HOMOILBIO BEIPAXKEHMS:

T(v) =1—rbex{—4DIn23(LVO)2 , 1)

FWHM,
KOHTYP TIOJIOCHI TOTJIOIIEHHS JIOPEHIIEBCKOI (POPMBI anmpoOKCUMHUPOBaIcS (GOPMYIIOi:
FWHM?
T(v)=1-h 0 (2)

FWHMZ +4( -v,)?
raeh, — MHTEHCHBHOCTH MakcuMyMa (OTH. €1.), V' — BOJHOBOE YHCIIO (cM™), Vg — BONHOBOE YHCIIO,
COOTBETCTBYIOIIEE MaKCHMyMy moryiomenus (cM ), FWHM, — momaymmpuHa T0J0CH TOTIOMIEHHS
(em™).

Moenu KOHTYpoB monoc rmoromerus (1) u (2) ucmoap30Baiuch B KaUeCTBE BXOAHBIX JaHHBIX IS
OKOHHBIX (PHIIBTPOB. DTH MOJENHN JAUCKPETH3UPOBAINCH C YaCTOTOU JAUCKpeTH3alu dV , mpu 5TOM Co-
omopanock cootHomenue: dV < FWHM,. Pesynbratom mmckperwmsamum Obbma QyHKImsS T, TAE
iO@O;N).

Pesynprar ¢punbTpanuu criektpa s Guibtpa CaBUKOro—I osast BRIYUCISUICS KakK:

M
Y= z Gt
K=—M

rae T —BxoaHas (yHkuus noriomenus, Y — ¢uiasrpoBannas gpynkuus, C — BecoBble K03 PUIIHECH-
TBI OKOHHOTO GMIbTPa, M —mapamerp QubTpa, XapakTepU3yIOMUI KOJINIECTBO TOYEK, UCTIOIb3YEMBIX
111 GUIBTPALMU, KOJTHYECTBO KOTOPHIX CUYUTANOCHh Kak 2M +1.

Jns puneTpa HyIeBOro—IIepBOro mopsaka KodppuuueHTs okoHHOro ¢uisTpa CaBuukoro—1 onas
(SGO)paccuutsBamuch mo hopmynam [4, 6, 8]:

Ck=¥(@2M +1),
1uist puitbTpa Broporo—rperhbero nopsaka (SG2):
_3(3M2Z2+3aM - 1- %2)
T (2M +3)(M + 1)(M - 1)
JUIsl 4eTBepToro—Iisiroro nopsijaka (SG4):
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_156%*-35(M°+ M- H°+ 1M*+ 3M°- 3>~ 90+ I
4 (2M +5)(M + 3)(M + 1)(M - 1)(¥ - 3)
Meananueii Gpunstp (Median)peanusossiBancs B cooTBeTcTBHH C [9]:

Y, =med ), kO({—-M;i+M),
HIUPHHY OKOH (DUIIBTPOB PACCUUTHIBAIIH KaK:
WW=d 2 M.

Cy

O6cy:k1eHne pe3yjbTaTOB MO/eJHPOBAHUS

OCHOBHBIC PE3YJIBTATH MOJCITHPOBAHUS BIMSHUSA (IIBTPAIIN Ha IMapaMeTPhl MOJEIHHOM MOJIOCHI
MOTrJIOMICHUA MPEACTABJICHBI HA PUC. 1-4.Cornacuo puc. 1 Bce oxoHHBIE (1)I/IJ'H>TpI>I, PacCMOTPCHHLIC B
JaHHOM HCCIICAOBAaHUHN, HC U3MCHSJIN MOJIOKCHUSA MAKCUMYyMa IMOJIOCHI MMOTJIOMICHUA I/O, YTO SABJIACTCA

B)XXHBIM Pe3yJIbTATOM, TIO3BOJISIONIAM UCIIOJIL30BATh JAHHBINA MapamMeTp IS MOCIeIyIomer HIeHTU(H-
KaIluK CIIEKTpa.

JInst uccnetoBaHMs BIMSIHUS ITUPHHBI OKHA (UIIBTPA Ha U3MEHEHNE MHTEHCHBHOCTU M (DOPMBI KOH-
Typa ObLI IPOBEJICH YUCIICHHBIH SKcriepuMeHT. Ha pric. 1 npuBeneHbl OCHOBHBIC PE3YJIBTaTHI IO U3yde-
HUIO MCKa)KCHUSI HHTEHCUBHOCTH T'ayCCOBCKOTO KOHTYpa IMOTJIOMICHUS B 3aBUCIMOCTH OT OTHOCHTENb-
Ho#t mupuabl okHa WW/ FWHM = 475. CrutomrHoit muHuel n300pakeH KOHTYP TOJIOCHI TTOTJIOMICHHS
70 QuIbTpanyy, TOYCUHOW THHUEH — KOHTYp mociie QuiibTpanuu. M3 mody4eHHBIX JAaHHBIX CIEIyeT,
YTO MEJIMAHHBIA (PUIBTP MPAKTHYECKU HE MCKa)KaeT KOHTYP MOJIOCHI IMOTJIONICHUS, OTHAKO TIPOUCXOAUT
oOpe3anne MHTEHCUBHOCTH KoHTYpa. ®unbTp CaBuiikoro— onass SGO —3HaUUTENBEHO YIIHPSIET MOJIOCY
MOTJIOIICHHUS, CYIIIECTBEHHO YMEHbIAS €¢ MHTEHCHUBHOCTD, GunbTp SG2 —pH JaHHOM COOTHOIICHHUU
WW/ FWHM HeckombpKko BcKaxaeT (JOpMy MOIOCH TIOTJIOIIEHHS, TOSBIISIOTCS TOIOIHATEIBHbIE OOKO-
BbI€ TIOJIOCHI, MEHbINIE HCKaKaeTcs MOJYIIMPHHA MakCUMyMa U ero BeicoTa, ¢uinbTp SG4 B JaHHOM
cilydae BHOCHT HAUMCHBIINE MUCKAKEHHS, OJTHAKO MPU YBEIMUYCHHUW HIMPHHBI OKHA TIOSBIISIOTCS UCKa-

Puc. 1. XapakTtep uckaxxeHusi Nonochbl NornoLeHUs rayccoBckon (popMbl pasnuyHbIMuU hunbTpamu:
a) Median; b) SGO; ¢) SG2; d) SG4

Gaussian peak Lorentzian peak
1 \
N
\ 0,8 N
\ \‘ N\
NS & e Y
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R R 0,4 S~
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0,2 =~ ® -‘-— = - 02 ‘..‘-. .-b"-- -~
“ T I\ |7, S ——— . N T —_———
. . \ .-
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WW/FWHM WW /FWHM
Median =~ seeeeeees SGO Median serreeees SGO
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Puc. 2. U3meHeHne OTHOCUTENbHOW BbICOThI MakCuMyma B 3aBUCUMOCTU OT OTHOCUTENbHOM LWMPUHBbI OKHa CbVIﬂprOB

skeHus1, aHaorndubie GuiabTpy SG2.00mui XapakTep UCKaXeHHs (HOPMBI JIOPEHIIEBCKOM MOJIOCHI I10-
[JIONICHHST AHATIOTHYCH PACCMOTPEHHBIM PE3yJIbTaTaM JJIsl [OJIOCHI MOTJIOMICHHS TayCCOBCKO# (hOPMBI.
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Jns 0600mieHns pe3yapTaToB UCCIeIOBaHUs OHU TpeACTaBIeHbl B 0e3pa3MepHbIX BeanunHax. Ha
puc. 2 mpuBeieHa 3aBUCUMOCTh OTHOIICHHS HHTCHCUBHOCTH MOJIOCHI MOTJIOMICHHs 1Tocie GuabTpariu h
K Ha4yaJIbHOW MHTEHCHUBHOCTHU IOJOCHI Ny B 3aBHCHMOCTH OT OTHOCHTEJIBHOW IIMPUHBI OKHA (OTHOIIE-

uus mmpuasl okaa WW k mapamerpy mosocs! morsomenns FWHM ). TlonydeHHbie pe3yabTaTsl 1Mo-
3BOJIIIOT CJHIENATh BBIBOJ], UYTO MCKaXCHUE MHTCHCHUBHOCTH TOJOCHI TayCCOBCKOH (OPMBI MpH MambIX
sHauenusx mapamerpa WW/FWHM Mensie, yeM IS MOJIOCH JIOPEHIIEBCKOHM (opMbl. OIHAKO IIpH
YBEJIMYCHUH TOTO Mapamerpa (abcimcca Ha rpaduke) yMEHbIICHHE 3HAYCHUS] HHTEHCHBHOCTH TTOJIOCHI
JIOPEHIICBCKOM (POPMBI CTAHOBUTCS MEHBIIIE, YeM ISl TayCCOBCKOM Gopmbl. KOHTYp rayccoBCKo# moso-
col mornomenust npy WW/ FWHM > 5 u nopennesckoii nonocsl mpy WW/ FWHM > 20 npaktudecku
MOJTHOCTBIO MOJIABIISETCS METUAHHBIM (DHUITBTPOM.

Jlst GoJtee NeTanbHOTO M3YYCHUS UCKAKEHUI KOHTYpA MOJIOC TOTJIONIEHUS OBUIHA MTOCTPOCHEI 3aBU-
CHUMOCTH, N300pakeHHbIe Ha puc. 3 U puc. 4. M3 Nody4eHHBIX pe3yNbTaToB CIeIyeT, 4TO AJII KOHTypa
rayCcCOBCKOW (pOPMBI U UCKaKEHUH HadalbHON MHTEHCHBHOCTH MeHee deM Ha 1 % mpu ucnonap30BaHuA
Meaunantoro u SGOdunstpos, cootromenrne WW/ FWHM  nomkHo 6biTh He 6onee 0,2, punstpa SG2
— He 6onee 0,9, punprpa SG4 —He Oonee 1,6. It KOHTYpa JOPEHIICBCKOM (DOPMbI M MCKaXKCHHH Ha-
YaJlbHOW WHTEHCHUBHOCTHU TMOJIOCHI MeHee YeM Ha 1 % B ciiyuae mpuUMEHEHHUs MeIuaHHOTO (QuibTpa u
¢unetpa SGOcootHomenne WW/ FWHM  nomxuo Obith MeHee 0,2, B cnydae dunbtpa SG2 —MeHee
0,7, punprpa SG4 —™menee 1,1.

Ha puc. 4 npuBeacHbI pe3yabTaThl HCCICAOBAHHS 3aBUCUMOCTH OTHOCUTEILHOW MOMYIIUPHHBL (OT-
Howenuss FWHM mnocne dunbrpanmu x HauanbHOMY nmapamerpy FWHMg) oT oTHOCHTENbHON MIMPH-

HBI OKHa QUILTPOB. Js obecneuenust 1 % TOYHOCTH BOCIIPOM3BEACHUS MONTYITUPUHBI (CM. puc. 4), oT-
HOCHTEIbHAS MIUPUHA OKHA (PIIILTPA JOJDKHA YIOBICTBOPATH TAKUM KE KPUTEPHSIM, UTO U JIUIS UCKaXKe-
HUS MTHTCHCUBHOCTH TT0JIOCH TIoTyiomeHus. CpaBHHBAs pe3ysbTaThl ucnoib3oBadms SGOu MemnaHHOTO
(WIBTPOB, MOXXHO TIPUHTH K BBIBOJY, YTO MEIAMAHHBIH (QHUIBTP HCKa)KaeT MOJYIIMPUHY MaKCHUMyMa
MenbIe, yeM GuibTp SGO.IIpu Manplx 3HAYCHUSX OTHOCUTEILHOW IIUPHUHBI OKHA BIUSHHUE (PUIIBTPA
SGOHa MHTEHCUBHOCTD M HOIYIIMPUHY TOJ0CHI MOTJIOIICHUs OOJbIIE, YeM Y MEAHaHHOro (GUiIbTpa, a
buneTper SG2n SG4Hanbosee TOYHO OMHICHIBAIOT KOHTYP MOJIOCH M MEHBIIE NCKAKAIOT €ro ImapaMeT-
pbl. OTMEUEHHBIE OCOOEHHOCTH MOXKHO HCITOJIB30BaTh ISl BBIICTICHHS «IIOJIC3HOTO» CHUTHAJA U TI0JaB-
JICHUS CUTHAJIA «TIOMEXU» TPU PEIICHUH 33]1a4 MPHUKIIATHON CIIEKTPOCKOITHY.

Gaussian peak Lorentzian peak
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Puc. 3. U3MeHeHue OTHOCUTENbHOW MHTEHCUBHOCTU NONOCHI nornoweHusa B 3aBUCUMOCTU OT OTHOCUTENbHOM
LWMPUHBI OKHa (PUNbTPOB ANA U3YYEHUS ManbIX UCKaXEeHUN
Ilpu pemenun psaa 3aga4 COCKTPOCKONHMHU KOHACHCUPOBAHHBIX CpeJ AJA MOJABICHUS IOJIOC MO0-
TJIOIICHHS, HMEIOIIMX MAJIYIO TMOMYIIUPUHY (CEKTPhI aIcCOpOUPOBAHHBIX aTOMOB M MOJIEKYJ1, HHTEep(de-
PEHIIMOHHBIC TMOJIOCHI, TOJOCHI IMOTJIONIEHHS aTtMOcdepbl), ONTHMAlbHEEe MNPUMEHATh MEIHAHHBIN
¢unbTp wim Guibtp Capurnkoro—I onas HyJIeBOrO—TIEPBOTO MOPSIIKA.

3akioueHue

AHanu3 MONyYeHHBIX B pa0OTe pe3ybTaTOB M0 YUCICHHOMY MOJICIIMPOBAHUIO BIUSHUS (DUILTpa-
MU Ha KOHTYPHI U TIOJOKECHHE TOJIOC TMOTJIOIICHUS JIOPSHIIEBCKOM M TayCCOBCKOH (hOPM TO3BOJISIET
chopMyJIUPOBATh CIACAYIOIINE PEKOMEHIAINHY 10 Pa3IeICHHIO CUTHAIOB Ha WIOJIC3HBIN» U <IIOMEXY».

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 55
2018, Tom 10, Ne 1, C. 52-57



dusunka

1. JInst aOCOMOTHOTO TOAABICHHUS MOJIOC MOTJIONICHUS «IOMEX» MPEANOUYTUTEIHHO MPUMCHEHHUE
MEIHAHHOTO (UIIBTPA, TIPU ITOM JUIS TayCCOBCKOTO KOHTYpa IIMPHHA OKHA (DUIBTpa MTOHKHA OBITH B 5
pa3 OoJIbIIIe TTOJHOM MIMPHUHBI HA TIOJIOBUHE BBICOTHI MO/IABIISIEMO# MOJIOCHI MOTIIONICHH S, & /Il KOHTYpa
JIOPEHIIEBCKOM (hOPMBI 3TO COOTHOIICHHE A0DKHO OBITH Oonee 20.

Gaussian peak Lorentzian peak
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Puc. 4. U3aMeHeHMe OTHOCUTENbHO NONYLINPUHBLI KOHTYpa nornowenuss FWHM B 3aBUCUMOCTM OT OTHOCUTENLHOM
LUMPUHBI OKHa (hUNbLTPOB

2. JInsg yMEHBIICHUS UCKAKCHUS MHTCHCUBHOCTH IOJIOCHI MOTJIOIICHHUS MeHee YeM Ha 1 % MOXHO
PEKOMEHIOBaTh BHIOUPATh OTHOCUTEIBHYIO IIUPUHY OKHA (DUIBTPOB JIIS TAyCCOBCKOW (POPMBI KOHTYpa
U npuMeHeHnn Meanannoro punstpa — 0,2, SGO - 0,2, SG2 - 0,9, SG4 - 1,6.

Jiis nopeHieBckol (OpMbl KOHTYpa M MEIHAHHOIO (PHUIIBTPA 3TO COOTHOIICHHE TOJKHO OBITH HE
oonee 0,2, mns pumsTpoB SGO — 0,2, SG2 - 0,7, SG4 - 1,1.

[NomyuenHsle B AaHHON pabOTe pe3yNbTaThl MOJICIHPOBAHUS BIUSHHS I1apaMETPOB OKOHHBIX
(OUIBTPOB Ha IMOJIOKEHHUE ITOJIOC MOTIIOICHHUS JIOPEHIICBCKOM U rayCCOBCKOM (hOPM, HX HHTCHCHBHOCTh
1 MOJIYIIMPHHY, aKTyaJbHbI IIPU UCCICIOBAaHUH 00BEKTOB METOJAAMHU CIIEKTPOCKOIIUH OTJIOIICHHUS, H3-
Jy4YeHHUs], 3epKaIbHOTO U MU (Hy3HOTO OTPAKCHHUS, a TAK)Ke PaMaHOBCKO# CIIEKTPOCKOITUH.
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SELECTING PARAMETERS OF DIGITAL FILTERS DURING
SPECTROPHOTOMETRIC RESEARCH

A.N. Bekhterev, A.Yu. Lednov, N.A. Savinova
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In various fields of knowledge when studying chaggprocesses, the response received by a
physical instrument allows to nominally divide twealyzed signal into two components: “useful” signa
and “disturbances” signal. In particular, whilevsog tasks on qualitative and quantitative spediomp
tometric analysis there occur problems with digtoriof absorption bands by disturbances of various
natures: presence of uncompensated atmospherepadasaspectra, influence of spectra of molecules
adsorbed on a sample’s surface, presence of irgade noise in thin and multi-layer objects.

This paper provides a comparative analysis of tiflaénce of filtration of model absorption spec-
trum by median filter and Savitzky—Golay filters z#ro-first order (SGO0), second-third order (SG2),
and fourth-fifth order (SG4). The model spectrunswiascribed by Gauss and Lorentz absorption con-
tours. Based on the results of the numerical erpart recommendations are given on optimal filtratio
of experimental absorption spectra of condensedumexifor their further analysis and processing:

— for complete suppression of “disturbances” alismmbands the use of median filter is preferable,
while for Gauss contour the filter bandwidth shoblkel 5 times bigger than the full width at the half
height of the suppressed absorption band, andderitz contour this ratio should exceed 20;

— changing of the relative intensity of the “uséfsignal absorption band by less than 1 % is ful-
filled at a certain relative bandwidth. In caseGduss absorption band the relative bandwidth for me
dian filter should not exceed 0,2, for filters S&0,2, SG2 — 0,9, SG4 - 1,6. For Lorentz contoisr th
ratio should for median filter not exceed 0,2, fftters SGO — 0,2, SG2 - 0,7, SG4 —1,1.

Keywords: digital filtering; absorption line shapsignal processing; spectrophotometry, spectros-
copy.
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METOA NOKAJIbHOI0 USBMEPEHUA TOJLLUHbBI
TOHKUX METAJINTOU3AENNN C MOMOLLBIO YIIbTPA3BYKA

C.1O. l'ypesuy, KO.B. lMempoe, E.B. lony6es
HOxHo-Ypanbckuli eocyGapcmeeHHbIlU yHugepcumem, 2. YensbuHck, Poccutickass ®edepayusi
E-mail: gurevichsi@susu.ru

Ipu Bo30yKIeHHH YAbTPa3BYKOBBIX (y.3.) BOJH JI3M0a B TOHKHX MeTaJIn-
YeCKHX MJIACTHHKAX M JHCTAX ¢ MOMOIIBI0 TEePMOAKYCTHYECKOI0 H3JydaTeJis
AUaMeTPoM OT 3 MM U 0oJibIIe MPOUCXOAUT U3MeHeHHne popMbl y.3. uMnyabca. C
yBeJIMYeHHeM JUaMeTpa NMePpBOHAYAJIbHBIA MMIYJbC HAYMHAET Pa3lesisiThbCs HA
aBa. CuMTaercsi, YTO 3a cHeT IPaJUeHTa TeMIepPaTypbl HCTOYHUKAMU pa3/iesieH-
HBIX y.3. HMIYJbCOB SIBJSIIOTCSI JIMAMETPAJbLHO NMPOTHBOIOJIOXKHbIe Kpasa TA-
u3nydareiss (TePMOAKYCTHYECKOro U3Jydareis). Bpemsi oTcraBaHusi THX HM-
IyJIbCOB OTHOCHUTEJIBLHO APYT Apyra omnpeaensercs nuamerpom TA-uznyuarens u
CKOPOCTbI0 pacnpocTpaHeHusi BoJH JIdmM0a. IToT (PakT MOKHO HCHOJIB30BATH
AJIl JIOKAJbHOT0 M3MEpPeHHs] CKOPOCTH BOJIH, MOCKOJbKY /UIMHA yYacTKa, HA KO-
TOPOM NMPOU3BOIMTCH U3MepeHHUe, He MpeBbIlaeT AnamMerpa TA-usayuarens. Ha
OCHOBAHHMU 3aBHCHMOCTH MeKAY CKOPOCTHIO y.3. BOJH JI3M0a OT TOMUIMHBI MJIa-
CTHHKH M YacTOThl Ko0Je0aHWi Npeaso:keHa MeTOAMKA 3JKCIepPHMMEHTAJbLHOI0
H3MepeHUs TOJIIMHBbI MjacTuHKH. IIpoBegeHa oneHKa NOBePUTENBHBIX IPAHMIL
CYMMAapPHBIX OTHOCHUTEJbHOH M a0COMIOTHOII morpemHocTeil m3mepenuid. s
cpaBHeHMs ObLJIa NPOBe/leHa TAKAS e OlleHKA IS cIyqasi u3MepPeHus: TOJIIHHbI
o0pa3ua ¢ noMoubI0 MUKpoMeTpa. Ce1aH BHIBOJ O TOM, YTO €CJIM NOTPEelIHOCTh
B M3MePEeHUM TOJIIUHBI MeTATJIMYECKHUX JIUCTOB U IJIACTHHOK J0MYyCKaeTcsl paB-
Hoii min 6osiee 5,0 %, To MeTO1 W3MepeHHUsI ¢ MOMOIIBIO y.3. BOJH, BO30YyXKIae-
MBIX ONTHYECKUMH HAHOUMIIYJbHCAMM, MOKHO YCHEIIHO MPUMEHSATh HA MPOU3-
BoacTBe. Kpome Toro, 3ToT MeTO1 siBsieTcs BeCbMa MepPCHeKTUBHBIM MPU KOH-
TpoJie TONIUHBI KPYITHOTa0apUTHBIX TOHKHMX MeTal10M31e/uii.

Kniouesvie cnosa: monwuna memannouzoenus;, iazepHoe 6030yxcoeHue;, B0HbL
Jbmba, mepmo-axycmuyeckui uziyuamens, IMA-npuemHux; oucnepcuoHuvie Kpu-
vie.

BBenenmne

OmHMM U3 MPAKTHYECKHUX MPUMEHCHHH B YIBTPa3ByKoBOH AedekTockonuu BojiH JIamba sBiseTcs
U3MEpPEHNE TOJIMHBI TOHKMX METAUIMYECKMX M3IeIuil (IUIaCTHH, JTUCTOB, JEHT, 00OIOYEK M T. IL.).
Oco0eHHO aKTyaJIeH 3TOT BOIMPOC B CIIyYasix, KOTJIa U3JSNHS SBJISIOTCS KPYITHOra0apUTHBIMH, a TaKXKe,
KOTJIa U3MEPEHHsI BO3MOXHBI TOJILKO MPU OJJHOCTOPOHHEM JOCTYIIC K u3aenuto [1-3].

MeToauka npoBeeHus UCCIAe10BAHMI

CkopocTh pacrpocTpaneHus BoiaH JIam0a B u3enuu onpeaenseTcs ero TOMIMIMHON U YacTOTON aKy-
cTuveckux kosebanuii [3, 4]. KoaudecTBEeHHYIO CBS3b MKy STHUMH MapaMeTpaMHi MOXKHO YCTAHOBUTb,
€CJIH MPOAaHAIM3UPOBATh AUCIIEPCHOHHBIE KPUBBIE — 3aBUCHMOCTH TPYIIIOBBIX CKOpocTei BoiH JIamba
OT TOJIIIVHBI U3JCIUS U YaCTOThI KojeOaHuii. B 3ToM ciyuae 3ajada U3MEpEeHHUs TOJIIUHBI JIUCTOBBIX
METAIJION3IEINNA CBOJANUTCS K SKCIIEPIMEHTATHPHOMY U3MEPEHHIO CKOPOCTH BOJH JIamMOa 1 4acToTHI aKy-
CTHYECKHMX Kojiebanmii B HuX. B pabote [5] mpemmoxkeH crmocod JIOKAIbHOTO M3MEPEHHS TPYIIIOBOM
ckopocTH BoJH JIaMba, Bo30yk1aeMbIX TepMoakycTuueckuM usnydatesieM (TA-usnydatenem) ¢ mocro-
SSHHOW MOIIIHOCTBIO TETUIOBOT'O M3IyYeHHs. BBIIO yCTaHOBIEHO, YTO C yBenmueHHeM auameTpa TA-
u3nydatens popMma Bo30YKIAEMOTO YIITPa3ByKOBOTO MMITYJIbca M3MEHSIETCS, POUCXOUT €ro pasje-
JICHWE Ha JIBa MMITYJIbCa, MPUYEM HCTOYHUKAMHU Pa3/ICICHHBIX aKyCTUYECKHX WMITYJIhCOB SBISIOTCS
MPOTUBOIIOJIOKHEIE Kpass TA-u3mydatens, rie UMEeT MECTO TPaJHeHT TeMIlepaTypsl MeTauia. Bpems
OTCTaBaHUS THX HMMITyJbCOB OTHOCHTEIBHO IPYT Ipyra ompeneinserca nuameTpoMm TA-uzmydarens u
CKOPOCTBIO pacIpOCTpaHeHHs yIbTpa3ByKa. Torma ckopocTs BoiH JIomMOa Ha yyacTke M3AENus, JJIHHA
KOTOpPOTO He MpeBbiimacT auamerpa TA-usnydatens (1a3epHOro jgyda), MOKHO PacCUUTATh 1O GopMyie

U =S/At,
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rae S— paccrosiane Mexay Kpasmu TA-usnydarens (ero auametp), At — Bpemst TPOXOKIACHUS YIbTpa-
3BYKOM 3TOTO PacCTOSHUSI.

B kauecTBe mpumMepa onpeaenuM 1o MpeajoKeHHONH METOIUKE TONIIUHY MITH(GOBaHHON MIaCTHH-
KM MHBAapHOTO ciuiaBa pazmepamu 270x 60x 0,6( mm. TommuHa MIaCTHHKA U3MeEpsIach CTaHAApPTHBIM
MukpomeTpoM. Ha puc. 1 npuBeneHa skcrepuMeHTaIbHAs OCHMIUIOTpaMMa y.3. HMITyJIbca BOJHBI JIaM-
6a. uametp TA-m3nmygatens 9,7 MM, cpeaHss MOITHOCTH TeIIoBoro uanydenns P =2,8 Bt. Perucr-
pupytoTcst BosHbl JIam6a mmpokomnonocHeiM OMA-nipueMHUKOM [6].
=0 Trigd M 0,
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MAIH Mius T EDGE 7 Puc. 2. Mpadmk AncnepcuoHHbIX KPUBbIX FPyn-
CH1 ==5U CH2 ==S@8m NOBbIX CKOPOCTEN CUMMETPUYHbIX
Puc. 1. Umnynic y.3. BonHbl Jlam6a M aHTUCUMMETPUYHbIX BOJH J1amb6a HyneBow,
ot TA-usny4yartens guameTpom 9,7 Mm nepBoN U BTOpOu moa

W3 ocummuiorpaMmsel ciieyeT, 4To cpeaHee Bpems (At) =2,2 mkc, cpeaHsisi yactoTa KojeOaHuit
(v) =0,85 Mru. Torzna cpeassist rpymnoBas CKOPOCTbh y.3. BOJIH JIamba

wy=2L=g41 ™).
2,2 MKC

PacdeTsl 3aBUCHMOCTH TpYIMIIOBBIX CKOpocTei BONH JI3MOa OT TONIMUHBI MIACTUHKH U YaCTOTHI
(mMcnepcHOHHBIE KPUBBIE) BBIMOJIHSIIUCH 1O GopMysaM, B3sThIM U3 [3]. CKOpPOCTH MONEPEYHBIX U MPO-
JOJIbHBIX BOJIH, BXOJSIIUE B 3TU (HOPMYJIbI, OBUIA COOTBETCTBEHHO paBHbI 26831 4878mm/mKc [7]. Pe-
3yNILTAThl PACUETOB CUMMETPHYHBIX U aHTHCHMMETPHYHBIX BOJH JI9MOa TpeX HH3IIUX HOMEpPOB Ipe-
crasiieHbl B Bune rpaduka U = f (hV) na puc. 2.

U3 rpaduka cremyer, 4TO 3KCIEPUMEHTAIBHO M3MEPEHHas TPYIIOBas CKOPOCTh COOTBETCTBYET
CUMMETPHUYHON BoyiHE JIamMOa HyneBoi Mombl. M3 TOYKH MHUCTIEPCHOHHON KPHBOW, COOTBETCTBYIOIICH
ATOW CKOPOCTH, OIyCKaeM HOpMajib Ha OCh NV W HaxoguM 4YHCICHHOE 3HAYCHHE MapameTpa
k=hs =0,53 mm-MTI 1. ITocite 5TOro pacCYMTHIBAEM CPEIHIOI TONIIHMHY TUIACTHHKA

(h) =E’=0,63MM.
0,85

)
O1LieHHM MOTPEIIHOCTD TOJy4eHHOTo pe3yibraTa [8]. PacueTHoit dopmyroli sBisieTcst BBIpaKeHHE
h=k/v . Cautaem, 4To MOTPEIIHOCTh apaMeTpa K onpenensercsi morpenHoCTbI0 H3MEPEHUS CKOPOCTH
U BonH JIamba. Cucmemamuueckas omuocumenvHas MOTPEHIHOCTh TPU KOCBEHHBIX MHO20KPAMHBIX
M3MEPEHUSX TOJIIUHBI IUIACTUHKY ONPEAeIIeTCs B OCHOBHOM MaKCHMaJIbHOW MOTPENIHOCTHIO Iudpo-
Boro ocumuiorpada u pasna 1,4 %.Cayyaiinas omnocumenvHas NOTPEIIHOCTE, KOTOPYIO PACCUUTHIBA-
€M C MOMOIIBIO OBEPHUTEILHOIO MHTepBana, coctaBisieT 4,2 %.BennunHa noBepUTENbHOM TPaHUIIBI
CyMMapHoU NOTPEMIHOCTH O}, paBHa 4,4 %.B pesynbrare nomydaem:
h=0,63+ 0,03mm, gy, = 4,4%.
OmnpenenuM TONIIMHY 3TOW K€ MJIACTHUHBI MYTEM MHOCOKDAMHLIX NPSAMbIX W3MEPEHHN CTaHIapT-

HBEIM MHKpoMmeTpoM. Cucmemamuueckas morpemHocTs npudopa — 0,7 %. Cryuatinas TOTPENTHOCTH
PaACCUMTHIBACTCS C TIOMOIIBIO IOBEPUTEIBHOTO HHTEpBaa U coctariseT 1,7 %.Bennunna noseputens-

HOH TPaHUIIBI CYMMAPHOU TIOTPEITHOCTH 0; paBHa 1,8 %.B pesynprare momrydaem:
h" =0,60£ 0,01mmM, 0}, =1,8%.
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dusunka

BrIBOALI

1. Ucnonp3ys 3aBUCUMOCTH CKOPOCTH BOJIH JI3MOa OT TOJNIIMHBI U3ACTUS U YaCTOTHI aKyCTUYSCKUX
KOJIe0aHUH, TPEUIOKEH METO] M3MEPEHUS TONIIUHB TOHKUX METAITON3IEIHA.

2. CKOpOCTb | 4acToTa KOJIcOaHUH onpeersuiuch SKCIIEPUMEHTAILHO MTPH FeHepalu BoiaH JIamba
B TOHKUX METaJUTHICCKUX U3JICNIUAX C TIOMOIIBIO JIA3€PHBIX UMITYJILCOB HAHOCCKYHTHOU JUTUTEITHHOCTH.
JnuHa yyacTka u3nenvsi, Ha KOTOpOM H3MepsIach CKOPOCTbh, HE TPEBBINIAET TOJIIIMHBI JIA3€PHOTO JIyYa.

3. [IpoBeneHa OIEeHKA MOTPENIHOCTEH M3MEPEHHUsST TONIUHBI. ECIIN HIDKHSS TpaHUIA OTHOCHTEIb-
HOW TIOTPEUTHOCTH JOITyCKaeTCs PaBHOU miu Oobine 5 %, To MpeIoKeHHBIH METO ] U3MEPECHHS SBIIS-
€TCS BEChbMa TMEPCIICKTUBHBIM, 0COOCHHO KOT/1a OOBEKTHI KOHTPOJISI UMCIOT 3HAYUTEIILHBIC Ta0apuThl U
JIOCTYTI K U3MEPEHUSIM SBIISIETCS OAHOCTOPOHHUM.

Cmamobs BbINOJIHEHA npu noooepoicke  Ilpasumenvcmea  P® (ITocmanosnenue
M 2110om 16. 03. 2013.), coerawenue Ne 02.403. 21. 0011.
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METHOD OF LOCAL MEASUREMENT OF THICKNESS
OF THIN METAL PRODUCTS USING ULTRASOUND

S.Yu. Gurevich, Yu.V. Petrov, E.V. Golubev
South Ural State University, Chelyabinsk, Russian Federation
E-mail: gurevichsi@susu.ru

During excitation of ultrasonic Lamb waves in thiretal plates and sheets using a thermoacoustic
emitter with diameter of 3 mm and more, the shapaltoasonic pulse changes. As the diameter in-
creases the initial pulse starts dividing into tWtas believed that due to temperature gradieatdppo-
site sides of the thermoacoustic emitter act asceswof the divided ultrasonic pulses. The timeetéir-
dation of these pulses from one another is definethe diameter of the thermoacoustic emitter ded t
velocity of Lamb waves propagation. This fact mayused for local measurement of the wave velocity
since the length of the section under measurenmzd dot exceed the diameter of the thermoacoustic
emitter. Based on the functional connection betvwitbervelocity of ultrasonic Lamb waves and theglat
thickness and oscillation frequency a method wagested on experimental measurement of plate
thickness. Confidence boundaries of cumulativetiseaand absolute measurement errors were as-
sessed. For comparison, a similar assessment wiasrped for a case of measuring a sample’s thick-
ness using a micrometer. A conclusion was madefteator in measuring thickness of metal sheets an
plates is accepted as equal to or exceeding 5i0éa, the method of measurement using ultrasonic
waves excited by optical hano-pulses may be suftdlysgsed at production enterprises. Moreovers thi
method is quite promising while monitoring thickaes large-size thin metal products.

Keywords: thickness of metal products; laser exidia ultrasonic Lamb waves; thermoacoustic
emitter; EMAT-receiver; dispersion curves.
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POPULATION KINETICS OF LOCALIZED STATES
IN NANOCOMPOSITE MATERIALS UNDER EXPOSURE
TO RADIATION

N.S. Dyuryagina, A.P. Yalovets
South Ural State University, Chelyabinsk, Russian Federation
E-mail: nsdiuriagina@susu.ru

We simulated the population of localized states in nanocomposite materials
using Rouse-Fowler model. The following radiation effects were considered: pro-
longed irradiation (over 3 s) with the low absorbed dose rate (0,002 W/kg) and
pulsed irradiation (100 ns) with the high absorbed dose rate (over 105 W/kg) of
ionizing radiation. We investigated the role of localized states in electrical con-
ductive properties of nanocomposite materials on the example of nanocomposite
materials with hole conductivity (polymathimethacrilate (PMMA) + CdS) and
electron conductivity (a-Al,O3;+SrQ), as well as in pure PMMA and o-ALQOj;. Our
results indicate that the small traps influence the speed of relaxation to the equi-
librium radiation induced electrical conductivity, while the deep traps, the depth
of which is much greater than k7, have an impact on the sensitivity to an ab-
sorbed dose of ionizing radiation. Moreover, pure PMMA and nanocomposite
materials based on it are unsuitable for dosimetry due to a large share of the
small traps in the spectrum of intrinsic localized states. On the contrary, alumi-
num oxide is an almost perfect material for the accumulation of the information
about the ionizing radiation, since its spectrum of localized states includes only
deep traps. On the whole, the most interesting materials from the dosimetry
viewpoint are nanocomposites based on aluminum oxide, where the concentration
of impurity centers does not exceed the concentration of intrinsic states, and the
nanoparticle radius is no more than 2 nm in case of small share of the small traps
in impurity spectrum.

Keywords: nanocomposite material; localized state; localized center; trap; ra-
diation induced electrical conductivity; Rouse—Fowler; dosimetry;
polymathilmethacrilte (PMMA),; CdS; o~ AL,O;; corundum, SrO.

Introduction

Electrophysical properties of dielectrics and semiconductors are determined by charge carriers ki-
netics, which depends on the spectrum of localized states stipulated by different structural defects (in-
trinsic traps). For example, polymethilmethacrilate (PMMA) has an exponential spectrum of localized
states for holes [1-2], while the spectrum of localized centers of o-Al,O; includes only deep traps for
electrons, that makes possible the usage of this material in dosimetry [3—-7].

The introduction of nanoparticles into dielectric matrix material leads to an appearance of additional
localized states, which stem from the formation of the potential well due to a difference in Fermi levels
of materials at the nanoparticle-matrix interface (impurity traps). In contrast to intrinsic localized traps
in the matrix, the concentration and energy spectrum of impurity traps can be changed by varying the
concentration and size of nanoparticles. As a result, the nanocomposite materials with new properties
can be created.

Based on PMMA+CdS nanocomposite material different photogalvanic and optoelectronic devices
are created [8]. Since high-radiation conditions should not affect the instrumental data of these devices,
the question arises about radiation resistance of PMMA-+CdS. On the other hand, corundum (a-Al,O;)
and nanocomposite materials on its basis are sensitive to radiation and able to register and save infor-
mation about absorption dose for a long time, until the sample is exposed to external effects, for exam-
ple, by heating.

To investigate phenomena mentioned above it is necessary to study the electrophysical properties of
nanocomposite materials under radiation effect.

Rouse-Fowler equation system describes the kinetics of charge carriers in the band gap and allows
us to describe different electrophysical properties of a dielectric material. In the frame of Rouse-Fouler
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model, the radiation electrical conductivity of polymer materials [3, 9-11] and the dose dependence of
termostimulated luminescence of the pure o-Al,O; under radiation effect with low dose rates [4—7] were
investigated. The existing solutions of Rouse—Fowler equation system consider only pure materials,
where energy spectrum of traps has one or two energy levels [4—7], or the case, where trap energy distri-
bution follows the exponential law [3, 9-11]. To describe the electrophysical properties of
nanocomposite materials we need to solve Rous—Fowler equation system for a random spectrum of lo-
calized states.

This work aims to investigate physical processes, which determine the kinetics of charge carrier in
the pure PMMA and o-Al,Os, as well as in nanocomposite materials made of them, under gamma-rays
exposure with low and big dose rates. By knowing these physical processes we could evaluate the possi-
bility of application of these materials in dosimetry. Since electrophysical properties of nanocomposite
materials are determined by intrinsic and impurity localized states, here we studied the population of
localized states.

Mathematical model
Properties of polymer materials are well understood. In polymer the distribution of intrinsic local-
ized states, which stem from defects of the matrix materials, follows the exponential law [3]:

N(E)=No/KT,exp(=E/kTy),
where N is the full concentration of intrinsic traps, 7; is the distribution parameter.

To calculate the energy spectrum of localized states originated from the spherical nanoparticle in-
troduction into the matrix material, we solved the Schrodinger equation with the following potential
[12]:

_Uo, FSRpat;

_UORpm .exp( (r Rpat)/ )/r, r>Rpm,
|is the deep of the potential, W, and W,

U(r)=

where R, is the nanoparticle radius, U, =|W,, —

pat pat at

work functions for the matrix and the nanoparticle, respectively, 7, — the shielding length, which deter-
mines the width of the potential well. The radius 7, is determined so that the number of states in the

potential well was not less than ¢, /2e, where ¢, =C is the

par*Uo 18 the nanoparticle charge, C

pat
nanoparticle capacitance [12].

Rouse-Fowler equation system, which describes the kinetics of free and localized on traps carrier,
has the form:

n=_5- an|:p+2p,}—nZK +Z—+Spm, €]

=1 m=l1 mlm

m=1

P=S—0€P{”+§”m} PZKz sz 2
=1

=Kmn—};—’"—05pn Spaté'mm , 1<m<my; 3)
o= Kip—EL—omp, + (S0 =Syt )8y o 1S1E1 (4)
V4| 4 7 4] pat pat )Cri 410 =t =tos

!
where n, p are the concentrations of free electrons and holes; n,, and p, are the concentrations of

trapped electrons and holes; m; and [, are the numbers of energy levels for electrons and holes;
1<m <, and 1</<[, are indexes for intrinsic traps; (/g +1)<m<m, and (Z~0 + 1) <[</[,are indexes
for impurity traps; « is the recombination coefficient; 7, ; = v,;f, exp( i /KT ) are life times of charge

carriers on electron and hole traps, Vv are frequency factors. K, =k, (M, —n,) and

m,l

K, =k;(L;— p,), where £k, are capture coefficients, M, and L, are the concentrations of electron and
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hole traps, respectively. S and §,,, are the volumetric generation rates of free charge carriers due to the

ionization of the matrix material and the nanoparticle, respectively. For donor inclusion the generation

rate is S;m =S 4 » for acceptor one S;mt =0.

The last summands in (3) and (4) take into account the fact that under ionization of the donor inclu-
sion the electron localized on the deepest trap becomes free, while the ionization of the acceptor inclu-
sion leads to the hole localization on the top level [12].

The general idea of the system (1)—(4) solving is finding the approximate analytical solution for a
certain time interval Ar=¢,,, —t, , which we choose to minimize the bias of the found analytical solu-

tion.
The generation rates of charge carrier pairs in the matrix materials and the inclusion are determined
by formulas:

S=(1= )00 Spu= o (D)

where p is the mass density of matter, D is the radiation energy absorbed by unit mass of substance

pat’

per unit time, w;, is the average energy of free charge carrier pair generation, f,, is the volume ration

of nanoparticles in nanocomposite materials, the values in brackets with the pat index are determined for
nanoparticles.

Previously, we showed that the ionization of inclusion has the contribution to the ionization of
nanocomposite materials, comparable with the ionization of matrix material [12].

The capture coefficient of free charge carrier on the level with energy E is determined by the for-

mula k; =v0, (E), where v is the speed of free charge carrier (Fermi speed), o, (E)= nriK, — the
capture cross-section. Here 7 is the radius of localized states with the energy £, which is determined
from the conditionU (r;)=E, K, is the probability of the charge capture.

The frequency factor characterizes the release of trapped charge carriers from level with energy E .

It determined by the formula v, = h/ (4}"]3 m*) , where £ is Planck constant, m. — the effective mass of

the charge carrier.
The parameters K, and m. are evaluated from the estimation that the physical nature of the capture

on intrinsic and impurity centers is the same. Since the radius of the intrinsic center, determined by
structure defects, has the order of 1 nm, the values of the capture coefficient and the frequency factor for
the small size impurity center (1 nm) will be comparable to the values for the intrinsic traps. As a result,
the following constants were obtained: for the acceptor inclusion are K, ~ 10, m, ~ 10°-10° m,,

(m,— the electron mass), for the donor inclusion are K, ~10°-10™", m, ~m, .

Given that the impurity spectrum of localized states belongs to one nanoparticle, it is highly proba-
ble that charge carriers trapped on the impurity localized state will be trapped on the deeper level, as
they tend to the minimum energy. Thus, considering the excitation of charge carrier within the potential
well, the concentration of the charge carrier n,, (p) localized on the impurity trap with energy E,, (E)
follows Boltzmann distribution.

We tested the method for calculation of the charge carrier kinetics on the case of two traps and on
the case of the exponential distribution of the localized states. We showed [12], that the values of radia-
tion induced electrical conductivity calculated by this method are in the good agreement with results
obtained by other authors.

It is important to note, that we consider only low values of absorbed energy (below 10° J/kg), so the
heating does not exceed a few Kelvin degrees. It allows us to neglect the temperature effects. Radiation
damages are not considered, so the concentration of localized centers is constant.

Results and discussions
For further analysis of the role of localized states in the formation of conductive properties of the

nanocomposite materials, it is convenient to mark the deep traps with the energy |En| > kT . The deep
traps are characterized by a lifetime sufficient for charge retention without external action.
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PMMA possess a hole conductivity and its intrinsic trap spectrum follows the exponential law with
the distribution parameter 7; = 2150 K and the full concentration N, = 10 m™ [13]. By discretization
of the continuum spectrum of the intrinsic localized states, we obtained 16 energy levels with the energy
range from 0,05 to 0,93 eV. Other parameters for calculation of the charge carrier kinetics in PMMA are
a =10"m’s, ky =10"°m’/s, v, ~10*s [3].

The introduction of the CdS nanoparticles into PMMA leads to the formation of the hole potential
well with the deep of 1,37 eV. For nanoparticle with radius 2 nm the 3 energy levels ( £,, =0,52; 0,99;

1,27 eV) are formed, which are deep at the room -5
temperature. Increase in size of nanoparticles leads  |p_g
to increase in a number of energy levels in the | 5
bandgap and to the appearance of the small traps.
For CdS nanoparticle with radius 5 nm, 9 energy
levels are formed with 2 traps, which are small at
300 K. For nanoparticle with radius 10 nm — 5 of 19
traps are small.

The kinetics of charge carriers in the

o, Om: m)'l

—=—= 5 vol. %
— 10 vol. %

1E-8
1E-9
1E-10
1E-11
1E-12

D, =108 W/kg

| 3
Trad = 100 18

PMMA-+CdS nanocomposite materials was simulat- 1E-13

ed in two stages. On the first stage, the established 1E-14 pure PMMA ‘\\\ 5_\nm
electrical  conductivity of the unirradiated 1E-13 &\ 7
nanocomposite materials was calculated with the 1E-16 10nm =" "
following initial conditions: all intrinsic traps are 1IE-9 1E-6 IE-3 1 1E+3 °°
empty, all impurity traps are filled. The populations Fig. 1. Dependence of radiation induced electrical
of localized traps obtained on the first stage were  conductivity of the pure PMMA and the PMMA with

inclusion of CdS nanoparticle on radius Rpa.

used as the initial condition for the kinetics calcula- Pulsed irradiation (10° W/kg, 100 ns); at T = 300 K
tion of the charge carriers under radiation effect on
the second stage. lg [P; (™ )J 1

Figure 1 shows that after irradiation the electrical -4 3 11— __ 2@ 3

conductivity tends to the value, that remains con-
stant (R,=2 nm) or slowly changes (R,.= 5 nm).
We will call this value the equilibrium value due to
the equilibrium between processes of the charge car- 20 5
rier recombination, the charge carrier capture on
traps and the charge carrier release from them. For
the pure PMMA and for the nanocomposite materi-
al, when the radius inclusion is R,,=10nm, the 16
equilibrium is reached much later, than it is shown
on Fig. 1 (~10° s). The equilibrium value of the ra-
diation-induced electrical conductivity depends on

LJJIII[J\lll

ILlJ\llllJ\IlJlIl\lJII\LlJI

the size and the concentration of the nanoparticles 12
due to the appearance of additional charge carriers,
which release from the impurity centers [12]. i

As the calculations of radiation-induced electri- 2 4 6 8 10 12 14 16
cal Conductivity for pure PMMA were carried out Fig. 2. Dependence of equilibrium population of in-
f he initial diti 1l intrinsi trinsic traps for pure PMMA after irradiation on the
or the initial condition (all intrinsic tre}ps are emp- absorption dose rate: 1 — concentration of localized
ty), we can see the dependence of the intrinsic trap states; 2, 3 — concentration of trapped charge carri-

ers: 2 — at the absorption dose rate of 10° W/kg;

population on the absorbed dose rate (Fig. 2). The 3-10" Wikg

existence of deep traps in the spectrum of PMMA
makes this material sensitive to radiation, but the high concentration of small traps increases the relaxa-
tion time to ~10° s, so pure PMMA is unsuitable for dosimetry (Fig. 1).

In the case when the impurity center concentration exceeds the concentration of the intrinsic centers
the introduction of the CdS nanoparticles with the radius from 2 to 10 nm leads to full occupancy of
deep intrinsic traps by charge carriers released from the small impurity traps. This nanocomposite can-
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not save the information about the absorbed energy because the charge carrier appeared by irradiation
are localized by the insufficiently deep for this process traps.

Aluminum oxide has the electron conductivity and its energy spectrum of the intrinsic localized
states includes only two deep energy levels with energies £, =1,3 eV and E, =1,6 ¢V, and concentra-

tions M,=10"' m> u M, =10"" m™, respectively [4—7]. The absence of small traps in the spectrum of lo-
calized states makes this material almost perfect for usage in dosimetry. This material has the short re-
laxation time (less than 10 s) and the ability to cumulate and save information about the absorbed ener-
gy. Since the capture coefficient on the trap with the energy E, (k,~ 107 m’/s) is small, all information
about the absorbed energy by the pure aluminum oxide is saved by the trap with the energy E; (k;~ 10
m’/s). Since & -Al,Os s able to trap charge carriers for a long time (up to 10° s), it is necessary to anneal
it to empty the traps before irradiation. Other parameters for calculation of the charge carriers kinetic in
o -ALO; are: a~10""m’/s, vz ~10" s' [4].

Figure 3a shows the population of the energy level E;, depending on the absorbed energy at the
T=300 K and the different absorbed dose rates by lines 1 (0,002 W/kg) and 2 (pulsed irradiation with
duration 100 nm and at the absorbed dose rate from 10° W/kg).

In the case of prolonged irradiation (from 3 s) and small absorbed dose rate 0,002 W/kg (line 1,
Fig. 3a) the trap with the energy £ is filled almost completely and the absorbed energy ~100 J/kg. In the
case of pulsed irradiation (100 ns) and absorbed dose rate from 10° W/kg (line 2, fig. 3a) the population
of the trap does not exceed 20 % even at 10’ J/kg. This difference stems from the fact, that at the high
absorbed dose rate the main process during system relaxation is the recombination of the charge carriers,
but at the low absorbed dose rate — the capture of the charge carriers by traps.

The lowering of temperature does not influence the localized state population of the pure aluminum
oxide.

The introduction of the SrO nanoparticles to aluminum oxide leads to the formation of the electron
potential well with the deep of 1,05 eV. For the nanoparticles radius of 2 nm, 6 energy levels with the
deeps from 0,01 to 0,84 eV are formed in the potential well. At a room temperature only one level is
deep. Increase in the nanoparticle radius to 10 nm leads to increase in a number of energy levels up to
32, and 25 of them are small.

To determine the initial condition of the nanocomposite material (NM) the NM was annealed. The
annealing simulation of the NM consisted of two stages. The first stage is heating of the NM up to
600 K (with the heating speed 2 K/s for 1 hour) from the following initial condition: all intrinsic traps
are empty, all impurity traps are filled. The second stage is cooling and relaxation of the NM to the equi-
librium state at the temperature, at which the NM was further irradiated. The population of the localized
states obtained on the second stage will be used as the initial condition to simulate the kinetics of the
charge carrier in the NM under radiation effect.

The introduction of 1 vol. % (and more) of SrO nanoparticles with radius below 10 nm leads to the
appearance of the impurity centers, which concentration exceeds the concentration of the intrinsic cen-
ters. After annealing all intrinsic localized states are completely filled and the resulting conductive prop-
erties are determined only by impurity centers. The spectrum of the impurity localized states includes
the small traps, which are emptied due to their thermal activation, so the dark conductivity of this NM is
much greater than that of pure aluminum oxide and constitutes ~1—100 (Om-m)'. The deep traps that
should save information of the absorbed energy are always filled in this NM.

The most interesting case is the NM in which the concentration of the impurity centers does not ex-
ceed the concentration of the intrinsic centers, and the spectrum of the impurity states does not include
small traps. For example, the concentration of the SrO nanoparticles (with the radius of 2 nm) of 5-10~
vol. % corresponds to the concentration of the impurity states of 1,45-10" m, which is comparable to
the concentration of the deepest intrinsic trap (~10* m™).

In Table 1 we present the initial conditions for the calculation of the kinetics of the charge carrier in
the 0-Al,O3+SrO at the temperature 100 and 300 K, obtained after annealing.

In the heating process all impurity traps with deep £, < E; are almost completely exempted due to the
small lifetimes, filling the intrinsic localized states £, u E,. Because levels with £, are completely filled,
the intrinsic trap with energy £; will play the main role in the storage of charge carriers after irradiation.
The impurity energy levels with energies E; u Eg are deep at the temperature 100 K.
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The equilibrium populations of the localized stats for the Al,0;+SrO nanocomposite
(nanoparticle radius is 2 nm and concentration is 5107 vol. %) after the annealing

=100 K =300 K
m Ii;ne;g{?/ };:pulatlon Lifetime 5opulatlon lifetime
—_.100, % T C —7_.100 ,% T C
Mm Mm
Intrinsic traps
1 1,3 5,9 oo 7,91 ~10®
2 1,6 ~100 —0 ~ 100 ~10"
Impurity traps
3-7 0,01 — 0,56 ~0 ~10"% - 10" ~0 ~10"-10"
8 0,84 67,4 —00 ~0 20,6

After irradiation the NM captures charge carriers firstly on the intrinsic trap £,. The dependence of
its established population on the absorbed energy and temperature in comparison with the pure alumi-
num oxide is presented in Fig. 3a. In the case of prolonged irradiation (from 3 s) and the low absorbed
dose rate 0,002 W/kg (lines 1, 3, 5 in Fig. 3a) the trap is filled almost completely at the absorbed energy
of 20 J/kg. In the case of pulsed irradiation (100 ns) with the absorbed dose rate from 10° W/kg (lines 2,
4, 6 in Fig. 3a), the population of the trap does not exceed 30 % even at the absorbed energy of 10° J/kg.
As we mentioned above, at the high absorbed dose rate the main process of the equilibrium establish-
ment is the recombination of the charge carriers, but at the low absorbed dose rate — the capture by traps.

Unlike the pure aluminum oxide, the initial population of the localized states are nonzero, so the es-
tablished population of the localized states of the nanocomposite materials after irradiation is higher
(lines 3—6, Fig. 3a) than in the pure aluminum oxide (lines 1-2, Fig. 3a).

1 15 n,[M, [ T
n,fM, 5 ; a | / /s h
] rJ 3 4“ [ :”
Ji i 10 7 { /
08— /I e ) / l;“i"
["FJ K # 7\:‘ ‘.,*‘.‘.’
/";"‘ { "“_‘,.‘3
0.6 /i 0.6 — e
/’l ’r
- J’ "' |
/1
04 — [/ 04 —
,’ /
, [/ g j 4
/’f —] e 4 il
i e e —
0.2 — o S 5 02+
0 D, Jkg d D,.J/kg
T H‘\‘ \IIHH‘ |H|IH‘ T TTTTI] I.HHI‘ I\HIH‘ TTTT I| T TTTT ‘ T T TTTT H‘ ‘l”‘”‘ TTTT TTTT ”l T ?l\”l‘ TTTIm 1T |H|
IE-3 0.01 0.1 1 10 1E+2 1E+3 1E+4 1E+5 1E-3 0.01 0.1 1 10 1E+2 1E+3 1E+4 1E+5

Fig. 3. Established population of intrinsic states with energy of E, (a) and impurity states with E;, Es (b) after irradi-
ation depending on absorbed energy: (a) — lines 1,2 are the pure Al,O;; 3,4 are the NM at 100K; 5,6 are the NM at
300 K; (b) — population of localized states in the NM at 100 K: lines 3,4 - E;; 7,8 — E; and 9,10- E;

The established population of the localized state £, in the nanocomposite material after irradiation
at 7= 100 K (lines 3 and 4, Fig. 3) is less than at 300 K (lines 5 and 6, Fig. 3a), because at low tempera-
ture part of charge carriers is retained by the deep impurity traps (lines 7-10, Fig. 3b). The impurity lo-
calized states with E,, < E (table) are not deep enough to trap charge carriers even at the 100 K. But with
the absorbed energy ~ 5 J/kg in the case of prolonged irradiation (from 3 s) and the low absorbed dose
rate 0,002 W/kg (lines 3, 7, 9, Fig. 3b) and ~ 100 J/kg in the case of the pulsed irradiation (100 ns) with
the absorbed dose rate from 10> W/kg (lines 4, 8, 10, Fig. 3b) the impurity traps with energies E; and Eg
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are completely filled, so at the greater absorbed energy the main center of capture is the intrinsic trap
with the energy E.

The population of the level with energy
E; in the nanocomposite materials at the low
absorbed dose rate (lines 3 and 5, Fig. 3a)
increases faster with the rise of the absorbed l
energy than in pure aluminum oxide (lines 1, 2
Fig. 3a), Wthh indicates the increase of ma-  1E+20 E, e
terial sensitivity to the absorbed energy (we
define sensitivity as dn,/d D).

1E+21
no.m

m?

Es 2 il
Figure 4 shows the time dependence of ] \'1\;’
populations on levels with energies E; E;, Eg 1E+19 /
in the NM after irradiation at the temperature
of 100 K. The charge accumulation is more
effective at the low absorbed dose rates be-
cause in this case the basic process in the |g+]8 o
establishment of equilibrium is the capture of
charge carrier by traps.

The relaxation time is determined by the
fraction of small traps. For nanocomposite t,s
materials at 300 K the relaxation time is 117 ! LR '
~100 s, which is 3 orders of magnitude more, 17 1E4 01 1Ee2 1E%  IE+8
than for pure aluminum oxide. With temper- Fig. 4. K_isnetics of Iocal!zed f:h.arge (_:arrier in Al;03+SrO
ature decrease the fraction of small traps in %™ 5107 vol.%) under irradiation with absorbed energy of

. 10 J/kg: 1 — prolonged irradiation (0.002 W/kg, 510" s); 2 —
the nanocomposite reduces. And at 100 K pulsed irradiation (10° W/kg, 100 ns); at T =100 K
the relaxation time is ~0,1 s, which is com-
parable to pure aluminum oxide. The charge retention time of the nanocomposite materials at 300 K is
negligibly lower than of pure aluminum oxide (~10°s).

Conclusion

Localized states play the main role in the formation of electrical conductive properties of both pure
and nanocomposite materials. The nanocomposites are promising materials because the possibility of
controlling the energy spectrum of impurity localized states, which originates from the nanoparticle in-
clusion.

The large relaxation time to equilibrium state makes PMMA unsuitable for dosimetry. PMMA+CdS
nanocomposite material returns to the equilibrium state fast, but this NM is not able to accumulate the
information about the absorbed radiation energy.

From the dosimetry point of view, a-Al,O; has the ideal energy spectrum of intrinsic localized
states. The introduction of SrO nanoparticles with concentration from 1 vol. % leads to deep traps fill-
ing, making this material incapable to accumulate information about absorbed energy.

In case of the introduction of SrO nanoparticles with concentration of less than 1 vol. %, the basic
role in the accumulation of charge carriers is played by the intrinsic trap with the energy of 1,3 eV (this
trap is partially filled after annealing). After irradiation even with the absorbed energy of 20 J/kg (pro-
longed irradiation with the low absorbed dose rate) the trap is almost completely filled, which makes it
difficult to accumulate charge carriers in case of longer irradiation. In the case of pulsed irradiation,
when the basic process of relaxation to equilibrium state is the charge carrier recombination, the popula-
tion of the intrinsic trap with the energy of 1,3 eV does not exceed 30 % even with the absorbed dose
rate 10° J/kg.

Summing up, the creation of the nanocomposite materials should meet the following requirement:
the concentration of the impurity localized states, which stems from the nanoparticle introduction,
should not exceed the concentration of the intrinsic localized states of the matrix material. Otherwise,
the intrinsic deep traps will be completely filled and will not be able to accumulate and save the infor-
mation about the absorbed radiation energy. The nanoparticle dimensions should not exceed ~2—5 nm.
The large size of nanoparticles leads to the formation of the large proportion of small traps in the energy
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spectrum of impurity localized stated, that makes the relaxation time long, so the material will not be
sensitive to the absorbed radiation energy.

This study was supported in part by the Ministry of Education and Science of the Russian Federa-
tion (research work of South Ural State University (Research University)) under state assignment
no. 3.9684.2017/BP (no. 2017122-GZ)
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KMHETUKA HACEJNNIEHHOCTU NNOKANIU30BAHHbIX COCTOSIHUN
HAHOKOMNO3MLUUOHHBLIX MATEPUANOB NMPU PAOUALINOHHOM
BO3OAENCTBUU

H.C. fQropsicuna, A.Tl. Anosey
HOxHo-Ypanbckuli 2ocyGapcmeeHHbili yHugepcumem, 2. YensabuHck, Pocculickas ®edepayus
E-mail: nsdiuriagina@susu.ru

B pamkax monenu Poyza—®aynepa npeacraBieHbl pe3yIbTaThl MOJICINPOBAHUS HACEIICHHOCTH JIO-
KaJTM30BAHHBIX COCTOSHUI HAHOKOMITO3UITMOHHBIX MaTEPUAIIOB TPU JUIUTEIBHOM BO3JICHCTBUH (0OJbIIS
3 ¢) manoit momHoctH (0,002 Bt/kr) m umnynscHOM BosnedcTBuu (100 HC) GonpmIol MOUTHOCTH (OT
105 Bt/kr) pagmanmonHoro oOiydeHus. VcciaemoBaHa poib JOKAIM30BAHHBIX COCTOSIHHM B IIPOBOIS-
IIMX CBOMCTBaX HAHOKOMITO3UIIMOHHBIX MaTEPHAIIOB HA IPUMEPE HAHOKOMIIO3UTOB C JBIPOYHOMN (TIOIH-
metmwiMerakpuiat ([IMMA) + CdS) u anekrporHoit (0i-Al,O3+SrO) mpoBoIUMOCTIMH, @ TAKKE YUCTHIX
IIMMA u 0-AlO;. [TokazaHo, 9TO MEJTKHE JIOBYIIIKH BIIHMSIIOT Ha CKOPOCTh pelaKCcalliid K paBHOBECHO-
My 3HAYEHUIO PaJUallMOHHOW SIEKTPONPOBOAHOCTH, a NOJS TIyOOKHX JIOBYIIEK, TTyOMHa KOTOPBIX
MHOTO Oonbine k7, Ha YyBCTBUTENHHOCTH K TOTJIOIIEHHOW 03¢ MOHM3HpYomero oomydenus. [lokasa-
HO, 4TO YHCThIii [IMMA ¥ HAaHOKOMITO3UTHI Ha €r0 OCHOBE HE TIPUTOMHBI IS TO3UMETPHU H3-3a 0O0Ih-
IO JOJM MEJIKUX JIOBYIIEK B CIIEKTPEe COOCTBEHHBIX JOKAIM30BAaHHBIX cOCTOSHHH. CIEKTp oKcuaa
ATFOMHMHHUS BKIIIOYACT B CE0S TOJIBKO TITyOOKHE JIOBYIIIKHU, MIOATOMY JAaHHBIH MaTepuall SBISICTCS MpaK-
TUYECKH HUJeAbHBIM U HAKOIUIEHUS MHpopManuu 00 MOHM3HMPYOIIeM u3inydeHuu. [lokasaHo, 4To ¢
TOYKM 3pEHHS JO3UMETPUH Hauboliee MHTEPECHBIMH SIBISIOTCS HAHOKOMITO3UTHI Ha OCHOBE OKCHIA
ATFOMHHUSA, B KOTOPBIX KOHIICHTPAIIWsI MPUMECHBIX IICHTPOB HE MPEBHIIIACT KOHIICHTPAIIUIO COOCTBECH-
HBIX JIOKAJM30BAHHBIX COCTOSHUM, a pa3Mep HAaHOYACTHUI[ HE MPEBHIIIAET ~ 2 HM, KOTZa JOJS MEIKHX
JIOBYIIIEK B IPIMECHOM CITEKTpE MaJja.

Kurouegvle cnosa: HAHOKOMNO3UYUOHHbBIE MATNEPUATLL, OKANUZ08AHHbBIE COCMOAHUS, YEHMPbl 3a-
xeama, 108YWIKU, pAOUAYUOHHAS NPOGOOUMOCcmb, Poys—@aynep; 0o3umempusl, NOIUMEMUIMEMAKPU-
aam (IIMMA); CdS; a-AL,O;,; kopyno, SrO.
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OMPEOENEHUE CPOACTBA K 3JIEKTPOHY IrETEPOUUKITUMECKUX
MOJIEKYJIAPHBIX MNONYNPOBOAHUKOB

NO ABTOKOPPENALUMOHHbIM MAPAMETPAM CIMNEKTPOB
OMNTUYECKOI'O NOrMoOLWwEHUA

K.®. Jlambinoe, M.FO. flonomamos, P.3. bBaxmu3uH
Bawkupckuti 2ocydapcmeeHHbIl yHugepcumem, 2. Yeha, Poccutickas ®edepayusi
E-mail: latypovkamil@rambler.ru

I'eTeponukjinyeckne MOJUIHMKINYECKHE COCIUHEHHMsI, cOJep:Kallne aTOMbI
KHCJI0POJa M a30Ta, SBJSIOTCH NMEPCHEKTHBHBIMH MaTepHAIaMH IS MOJIeKY-
JIIPHOH 371eKTpoHHKH. OOIMpHasA 00JacTh NPUMEHEHUS] TAKHUX COeJIMHEHMI
TpedyeT HHGOPMALMIO 00 3JIEKTPOHHOI CTPYKTYpe, B YaCTHOCTH, JHEPTUH CPOJ-
CTBa K JICKTPOHY, KOTOpOE, HApsiAy ¢ NMOTCHIHAJIAMH MOHU3AIWH, ONpeaesisieT
npoueccbl TPAHCHOPTA 3JIEKTPOHOB, THO W IOTOJIOK 3alpPelllecHHOl 30HBI, JHep-
rui0 KBasuypoBHs ®epmu u padory BbIxoga. Jliisi rerepouMKINYECKHX MOJIEKY-
JIIPHBIX Noaynposoannkos (I'MII), cogepxxaimux aToMbI a30Ta M KHCJIOPOAA, yc-
TAHOBJICHA CBA3b MEKIY CPOACTBOM K J3JI€KTPOHY H MHTErpaJibHbIMH aBTOKOP-
PeJALHMOHHBIMU XAPAKTEPUCTHKAMM ONTHYECKOro crnekrpa B Y® u BuauMoi
00,1aCTH HA OCHOBe NMpeJCTaBJeHHIi CIEKTPOB MOIVIOLIEHUS] KAK COBOKYIHOCTH
BO30Y:KIEHHBIX JJIEKTPOHHBIX COCTOSIHMI B CHJIBHO KOPPeJIMPOBAHHON 3JIeK-
TPOHHOIi cucTeMe. CleKTPBI MOIJIOIIEHHsI MOJIEKYJ PerHCTPHPOBAJINCH B ONTH-
YecKH MPO3pavyHbIX cpeax Ha cnekTpodoromerpe CP-2000 ¢ marom 1 um. Ilo-
Ka3aHO, YTO B PAJAX reTepOUMKIMYECKHX MOJIEKYJSIPHBIX Cpell ¢ POCTOM HHTe-
TPaIbHONH ABTOKOPPEIAIMOHHON XapaKTePHMCTHKM CHEKTPa CPOACTBO K JJIeK-
TPOHY BO3pacTaeT MO KBa3WJIHHEHHOMY 3aKoHY. OCO0CHHOCTBLIO 3JIEKTPOHHOM
CTPYKTYPHI IreTepONMKINYECKHX COeANHEHMIH, COAep:KALUX aTOMBbI KHCJI0pPOIa 1
a3ora, ABIATCA 3PPeKThl CHIBHOI0 00MEHHOI0 M KYJOHOBCKOI0 KOPpeIsu-
OHHOI'0 B3aUMOJCHCTBHI 3J1eKTPOHOB. Pe3ynbTaThl moaTBep:KAeHbI JaHHBIMHU
3KCHEePHMEHTOB MO PEerucTPANMH CHEKTPOB ONTHYECKOro MOIJIOLIEHUSI PAcTBO-
pos I'MII B auanazone 200—-600 HM, a Tak:ke KBAHTOBO-XUMHYECKUMHU pacyera-
MM ¢ npuMeHeHUeM MeToA0B XapTpu—Poka. [losydyeHHble pe3yjbTaTbl 000CHO-
BaHbI CTATHCTHYECKOI 00pa00TKON JaHHBIX MeTOJaMH HAMMEHBbIINUX KBA/IPATOB
U MaTeMaTH4YeCKOW CTaTHCTHKH.

Ha ocHoBe ycTaHOBJIEHHBIX 3aKOHOMEPHOCTell pa3paGoTaH MeTo/ onpe/eie-
HHA cpoAcTBa K djekTpony I'MII. PazpadoTran MeTon, KOTOPHIi NMO3BOJIsIET Olle-
HHUTH CPOACTBO K JJIEKTPOHY MO CNEKTPaM ONTHYECKOro norjomeHus B YO n
BUANMOIi 001acTH.

Kniouegvie cnosa: cpoocmeo k snekmpony;, uHmezpansHulli napamemp agmokop-
PeNAYUOHHOU YHKYUU, CNEKmMpPbl ONMUYECKO20 HO2NOWEHUA, MOJIeKYIApHble NOJY-
npogoonuKu, memoo Xapmpu—Poxa.

Hudopmarus o moTeHIHane HOHU3AIUU U CPOJCTBE K 31eKTpoHYy (CID) maéT BO3MOXKHOCTh OLEHUTH
KBa3uypoBeHb PepMu, IMUPUHY 3aNPEIICHHOH 30HbI U padoTy Beixoaa [1]. CO xapakTepHu3yeT I3HEpPIHuio,
KOTOPYIO HEOOXOIUMO 3aTpaTHTh AJsl IPHUCOCTUHEHUS 3JIEKTpOHa K aToMaM HMJIM MoJieKyjaM. Panee B
WCCIIEZIOBAHUSAX ONTHYECKUX CHEKTPOB MOTIIOMIEHHS TeTePOLUKINIECKAX COSIUHEHNH yCTaHOBIIEH d(-
thexT, ces3pBaronuii CO ¢ MHTETPaTbHBIM IMapaMeTpoM aBTOKoppersauonnoi ¢pynkiuu (MAK®D) cur-
Hana [2, 3].

st TeTepOoLMKIMYECKHX MOJIEKYJISIpHBIX TonmynpoBoaHukoB ('MII), cogepkamux aToMbl KHCIIO-
pofia, Mo00HbIe NCCIEeOBAHNS HE TIPOBOIIINCE. Lenhio paboTh SBISIOCH HCCIIEIOBAHIE B3aMMOCBSI3H
CD u UAK® I'MIL

B kauectBe UAK® ucnonszoBano 06001IeHHOE HHTErpalibHOE MPeo0pa3oBaHUe B BHJIE MPOU3BE-
JIEHVsI OCHOBHOW W 3ama3/bIBaIoNIel JIorapupMudeckoil pyHKIMU OT MOJISIpHOTO Ko3(dduimeHTa mo-
TJIOIIIEHUSI.

Eﬂ
1,= [ lge(E) lge(E +AE)dE, (1)
E
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rae | — MAK®, oB; E — sHeprus usnyuenus, 5B; E;, E, — rpanuis! criektpa, 3B; ¢(E) — kosddunment
MoJtsipHOTo Tormomenus, 10 m”mos ™.

Ousnueckuit cmpicn UAK®, oueBuAHO, COCTOUT B TOM, YTO 3TOT MapaMeTp MOKa3bIBAET B3aUMO-
CBSI3b PE30HAHCHBIX COCTOSHUI, KOTOPBIC COOTBETCTBYIOT SJIICKTPOHHBIM IEpEX0jaM, 00yCIaBIINBarO-
MM ONTUYECKUN CIIEKTP.

B xauectBe 00BEKTOB HccienoBanus ObUTH BBIOpaHbl 66 I'MII, comepikanux aToMbl a30Ta U Ku-
ciopoaa. Crektpel onTrueckoro moriomieHust B auanazoHe oT 200 mo 600 HM peructpupoBaiu Ha
cnekrpodoromerpe CP-20008 onTHYeCKH MPO3paYHBIX Cpelax B KBApLEBbIX KIOBETaX C JUIMHOM ONTH-
yeckoro mytd 1 cM. OTHenbpHbIE CIEKTPHI BRIOMPAINCh U3 6asel maHubX [4]. Ha puc. 1 npeacraBieHsl
COOTBETCTBYIOIIHE CIIeKTpbl THIHYHBIX [ MII: 7-MeTokcu-Oen3oanTpaieH u 2-amuHonupeH. CO moiy-
yaiu myteM pacuera meto Xaprpu—Doka RHF 6-31G** [5], ucons3sys reopemy Kymmanca, coriacHo
KoTopo#t CD uKCiIeHHO paBHA SHEPTUHM HHU3IIHX CBOOOIHBIX MOJEKYIsApHBIX opOuraneii (HCMO), B3s-
TBIX C TIPOTHBOIOJIOKHBIM 3HAKOM.

B pesynbraTe 00pabOTKM SKCIICPUMEHTAIBHBIX JaHHBIX METOJOM HAaWMEHBIIUX KBaJpaTOB yCTa-
HOBJICHA KBaJpaTHIHas 3aBUCUMOCTh MeKTy CO 1 MAK® Buma

EA= X1+ Xala+ Xala. 2
rae EA —cpoactBo k 3IIeKTpoOHY, 3B; y1.3 — sMnupuueckre Ko3QPHUIMEHThI, ITOCTOSHHBIC IJIs OJIM3KUX
0 2JIEKTPOHHOMY CTpOeHHIO coequHeHni. KoadduimeHTs y;.3 MMeIoT pasmepHocty [3B], 0e3pazmep-
HYIO BeJTHUHHY 1 [3B Y], COOTBETCTBEHHO.

3aBUCUMOCTD (2) OOBSCHSACTCS C TMO3UIUH TEOPUH BO3MYyIIeHHs. OIEHUM BO3MYIICHHE SHEPTHU
HCMO (Encmo) s nannoro kmacca I'MIT o BiusHHEeM Beell pe30HAHCHON KBAHTOBOW CHCTEMBI, KO-
TOpask XapaKTepPH3yeTCsl MHTETPAIbHBIMU aBTOKOPPEIIIIMOHHBIME TTapaMeTpamu f(E).

—Enemo = & + &f(E) + asf(E) 3

Mpunumas EA = —Eycmo, 1a = f(E), i = &, npuxoaum k BeipaxeHuto (2), noixyuyeHHomy panee. O6-
paboTKa pe3yIbTaTOB SKCIIEPUMEHTA CBUIECTEIBCTBYET O HECYIIECTBEHHOM BKJIAJ€ BO3MYIIECHHUS! BTOPO-
ro mopsiaka ag < 3107 9B™, koTopbIM MOKHO IIpeHEOpeds, Toraa (2) IpHoGpeTaeT KBa3UITHHEHHBIN BHIL

EA= ), + Xola. (4)

B 1abn. 1u puc. 2 mpeacrasieHsl pe3yabTaThl 00padOTKU ceKTpoB noromeHus. KosgdunuenTst
(4) ms TMII, comeprkamux aToMbl Kuciopoxa: y1 = 0,435B; y, = 1,98:10% must TMII, comepxarux
aTOMBI a30Ta; y1 = —0,023B; 1,=3,44-10%

Cpasuenue paccuntanHbix 1o MAK® cnekrpa u metogom Xaptpu—Poka CO noaTBEpk AaeT ajek-
BaTHOCThH 3aBUCUMOCTH (4). CTaTrcTHyeckas 00paboTKa JaHHBIX NOATBEPANIA KOPPEKTHOCTh TOAXO0/A.
Tak, g I'MII conmepxanux aToMbl KUCJIOpOAa, CPEAHEKBAJAPATUYHOE OTKIOHEHUE HU3MEPEHUU G =
0,175B, ko3¢ durueHT AeTEPMUHALINN R = 0,93.CootBerctBytomnue aannbie A [ MII, comepxkarmmx
aTomsI a301a: ¢ = 0,293B, R® = 0,91.01enbHble pesynbTaThl pacueToB CD no MAK® npencTasieHsl B
Tabm. 2.

Ta6bnuua 1
Amnupuyeckue koacdduuymeHTbl 3aBucumocty C3 u UAK® ana T'MIM
OreHKa MOTPENIHOCTEN
MouiekysipHbIE Oy~ 107 x05h. b
Ne TDOBOTHIKH X1, 9B Geap. | AETEPMA- (Cp. OTH.| Cp. KB. OTKJIOHE- | K03( . Bapua-
p p- Hatun, R lommbka J, % HHE 0, OB uu V, 6e3p.
1 | COACPHAINC ATOMBL | 43| 1 98| 0,93 4,36 0,17 0,18
KHCJIOpoa
p | CONCPRANMCAIOME | _g02| 3,44 | 0,91 11,27 0,29 0,34
azoTa
Ta6bnuua 2
ConocTaBneHus ageKBaTHOCTU PacyeTHbIX U NoJly4eHHbIX no 3aBucumoctu (4) C3 ans oraenbHbix TMIM
MonexkynapHsIit NAK®, | CO (pac- | CDmno 3aBucu- | aOc. MOTpeIIH. OTH. IIOTPELIH.
NOJTYIPOBOAHUK 5B 4er), 5B moctu (4),5B C3 1o (4),2B CBmo (4), %
3-OKCUIIHPEH 40,35 1,28 1,23 0,05 3,91
4-METOKCHUITHPEH 40,11 1,23 1,22 0,01 0,81
2-aMUHOAHTpAICH 32,79 1,28 1,11 0,17 13,28
2-(heHunuHI0N 39,15 1,13 1,33 0,2 15,38
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BrIBOALI

J1g TeTepOnrKINYeCKUX MOJIEKYIISIPHBIX MOMYIIPOBOAHUKOB YCTAHOBIICHA CBS3b MEXKIY CPOJICTBOM
K 2JICKTPOHY W WMHTETPAIGHBIMU TapaMeTpaMu aBTOKOPPEISAIUOHHONW (QYHKIUH ONTHYECKHX CIIEKTPOB
MIOTJIONICHUS B BUANMON u Y D-001acTH.

Ha ocHOBe TMONYy4YEeHHBIX 3aKOHOMEPHOCTEH pa3paboTaH HOBBIA METOJ| OINPENEICHUS CPOACTBA K
SIEKTPOHY IJISl TETEPONUKINIECKIX MOJIEKYJISIPHBIX MONYIPOBOTHUKOB. Pe3ynbTaTel MOATBEPKIAAIOTCS
CTATUCTHUIECKON 00pabOTKON TaHHBIX.
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DEFINING OF ELECTRON AFFINITY OF HETEROCYCLIC MOLEC ULAR
SEMICONDUCTORS AS PER AUTOCORRELATION PARAMETERS
OF OPTICAL ABSORPTION SPECTRA

K.F. Latypov, M.Yu. Dolomatov, R.Z. Bakhtizin
Bashkir State University, Ufa, Russian Federation
E-mail: latypovkamil@rambler.ru

Heterocyclic polycyclic compounds containing atash®xygen and nitrogen are promising materi-
als for molecular electronics. A wide field of ajgption of such compounds requires information on
electronic structure, in particular, energy of #@lee affinity which along with ionizing potentialte-
fines the processes of transport of electronspbotind upper boundary of band gap, energy of Fermi
guasi-level, and output work. For heterocyclic nsalar semiconductors containing atoms of oxygen
and nitrogen a connection was found between eleetfiinity and integral autocorrelation characteris
tics of the optic spectrum in ultraviolet and visilspectrum based on the concept of absorptiortrspec
as a complex of excited electron states in a slyormyrelated electron system. The absorption sgect
of molecules were registered in optically-transpamediums using a spectrophotomeidr-2000 with
interval of 1 nm. We demonstrated that in the seoeheterocyclic molecular mediums with growing
integral autocorrelation characteristics of thecgpen the electron affinity increases as per qliasar
law.

The peculiarity of the electronic structure of metgclic compounds containing atoms of oxygen
and nitrogen are the effects of strong exchangeGmdomb correlation interaction of electrons. Tes
results are proved by data of experiments on mgist the optical absorption spectra of heterocycli
molecular semiconductors in the range of 200-600 asmwell as by quantum-chemical calculations
using Hartree—Fock’s methods. The obtained resuissubstantiated by statistical processing of data
using the methods of least-squares and mathematadatics.

Based on the discovered patterns a method wasagpeekbn defining the electron affinity of het-
erocyclic molecular semiconductors. A method wasgeliged which allows to assess electron affinity
as per optical absorption spectra in ultraviolet @isible sprectra.

Keywords: electron affinity; integral parameter afitocorrelation function; optical absorption
spectra; molecular semiconductors; Hartree—Focketmad.
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CBEOEHMA O XXYPHAIE

Cepust ocHoBana B 2009 roay.

CeupnerennctBo 0 peructpamuu [T No @C77-57362 Boigano 24 mapra 2014 1. ®enepanpHoil cayx00ii mo
HAI30pYy B cepe cBs3u, MHYOPMAITMOHHBIX TEXHOJIOTHIA U MACCOBBIX KOMMYHHKAIIUH.

Pemennem [Ipesnanyma Bricuieit artecTanmoHHOM KoMICCHH MHUHHCTEPCTBAa 00pa30BaHUs M HayKH Poccwii-
ckoit deneparnmu XypHal BKIOUYCH B «[lepedeHb BEMyIMX PEIeH3UPYEMBIX HAYYHBIX KYPHAIOB W W3IAHHMN, B
KOTOPBIX JOJDKHBI OBITH OITyONHMKOBAaHBI OCHOBHBIC HAayYHBIC PE3YNBTAThl AUCCEPTAIMA HAa COMUCKAHHWE yUCHBIX
CTeTIeHel TOKTOpa M KaHIWAaTa HayK» IO CIEAYIOMINMM OTpacisM HayK W rpymmnaMm creruansHocTei: 01.01.00 —
matematruka; 01.02.00 — mexanuka; 01.04.00 — ¢msuxka, 05.13.00 — MudopmaTika, BEIUACIATENbHAS TEXHUKA H
yIpaBJIeHHUE.

XKypuan BximoueH B PedeparuBHblii xypHan u bassl nanasix BUHUTU. Ceenenust o )xypHajie €XKEroaHO
MyONUKYIOTCSI B MEKIAYHAPOIHBIX CIIPABOYHBIX CHCTEMaX IO MEPHOAMYCCKMM U IPOJOIKAFOIIUMCS H3IAHHSIM
“Ulrich’s Periodicals Directory”, “Zentralblatt MATH?”, “Russian Science Citation Index on Web of Science”.

Ionmucuoit uanexc 29211 B obobeaunenHoM kartanore «IIpecca Poccum», E29211 B MHTepHeT-KaTanore
arenrctBa «Kuura-CepBucy.

ITepuonuyHoCTh BBIXO/a — 4 HOMEpPA B TO/I.

TPEBOBAHUA K NYBJIMKALIMU CTATBbU

1. [TyGuuKytoTcst OpuruHaIbHbIE pabOThI, COJEPIKAIUE CYIIECTBCHHbBIE HAyYHBIE PE3YJIbTATHI, HE OIYOINKO-
BaHHBIC B JPYTHX M3JIaHUSX, IPOIICANINE TAll HAYYHOH SKCIEPTU3bI U COOTBETCTBYIOIIME TPEOOBAHUAM K TIOATO-
TOBKE PyKOIUCEH.

2. B penmakiuro mpenocTaBisieTcs dnekTporHas (mokymeHT MS Word 2003) Bepcus paboTel 00beMoM HE 00-
nee 6 CTpaHUII, SKCIIEPTHOE 3aKITIOYCHUE O BO3MOXKHOCTH OITyOIMKOBAaHUs pabOTHI B OTKPHITON MEYaTH, CBEJCHUS
00 aBropax (®.1.0., MmecTo paboThI, 3BaHNE U ITOHKHOCTD JJISI BCEX aBTOPOB pabOTHI), KOHTAKTHAS WH(POPMAIIHS
OTBETCTBEHHOTO 3a ITOJrOTOBKY PYKOIIHCH.

3. Crpykrypa craren: YK, Ha3Banue (He Oosee 12—15 cnoB), cmcok aBTopoB, anHoTamwms (150-250 cioB),
CIHCOK KITIOUEBBIX CJIOB, TEKCT paboTEHl, JIUTEpaTypa (B MOpPsIKE IUTHPOBAHUSA, B CKOOKaX, €CIIM 3TO BO3MOXKHO,
JTaeTcs CChIIKA Ha OPUTHHAJ MIEPEeBOIHON KHUTH WM CTaThU U3 XKypHaia, MEPEeBOASIIETOCS Ha aHITIMICKHUM A3BIK).
[Tocne TekcTa pabOTHI ClIeayeT Ha3BaHKE, PAaCIIMPeHHAs aHHOTanus (pedepat cratbi) 00beMoM 10 1800 3HAKOB ¢
npo0esiaMH, CITUCOK KITFOUEBBIX CJIOB U CBEACHHS 00 aBTOPAX Ha aHIJIMHCKOM SI3bIKE.

4. TTapametpsl HaOopa. Tlomst: 3epkanbHBIC, BepXxHEe — 23, HIUKHEe — 23, BHYTpU — 22, CHapy)u — 25 MM.
pudt — Times New Roman 11 pt, macturad 100 %, naTepBan — o0bIuHbIM, O3 cMemeHns U anumarun. OTeTyn
KpacHoi ctpoku 0,7 cM, HHTepBas Mex1y ab3aramu 0 1T, MEKCTPOUHBIN HHTEPBAI — OJTMHAPHBIH.

5. ®opmyiel. Ctunb MaTeMaTndecKui (G pbl, GYHKINHA U TEKCT — MPSIMOM MIpUQT, IIepeMeHHbIE — KypPCHB),
ocHoBHOH 1mpu¢T — Times New Roman 11 pt, mokazarenu crenenn 71 % u 58 %. BrikimtouenHsie GopMyIist
JIOJDKHBI OBITH BBIPOBHEHBI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enbre. XKenarenbHO MpeOCTaBUTh PAUCYHKH U B BUAE OTAENBHBIX (aiiioB.

7. Anpec penakmym xypHaia «Bectauk FOYpI'Y» cepun «MaremaTrka. Mexannka. Ou3nukay:

Poccus 454080, r. YensOunck, np. um. B.W. Jlenuna, 76, FOxHo-Ypanbckuil TOCYIapCTBCHHBI YHUBEPCH-
TeT, (paKyJIbTeT MaTeMaTHUKH, MEXaHUKH M KOMIIBIOTEPHBIX TEXHOJOTHH, Kaderpa MaTeMaTHYECKOr0 U KOMIIbIO-
TEPHOTO MOJCTUPOBAHMA, TJIABHOMY pemakTtopy mnpodeccopy 3arpebmnoit Codne Amnekcanmposae. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and Computer Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Apec 3IeKTpOHHOM Mo4Th: mmph@susu.ru

9. [TonHy10 BEpcHIO MPaBHII HOATOTOBKU PYKOITUCEH M IpUMEp 0OPMIICHHS MOXKHO 3arpy3uTh C caiTa xyp-
Hauna: cM. http://vestnik.susu.ru/mmph.

10. Xypnan pacmpocTpaHsieTcss 10  [OJNIHMCKE. OJEKTpoHHass  Bepcus: cM. www.elibrary.ru,
http://vestnik.susu.ru/mmph, http://BecTauk.toypry.pdp/mmph.

11. TInara ¢ acnmupaHTOB 32 IMyOJIUKAIMIO HE B3UMACTCSI.

Penaxropsr: O. Llaxanckas, A. [lonaxosa

Wznatensckuii ieHTp FOxHO-Ypanbckoro rocy1apcTBEHHOTO YHUBEPCUTETA

IMoamucano B meyatsh 19.01.2018. [aTa Berxoga B ceet 31.01.2018.
®dopmar 60x84 1/8. [leuars mudpoast. Y. med. . 8,83.
Tupax 500 sk3. 3aka3 5/13. Llena cBoOogHAS.

Otneuarano B Tunorpaduu M3narensckoro neatpa FOYpI'Y. 454080, r. YensiOunck, mpocnekt Jlenuna, 76.





