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MaTtemaTuka

YOK 517.9 DOI: 10.14529/mmph180301

Ob OBOBLI.I,FHHOVI KPAEBOW 3AOAYE ONA IMHENHbIX
YPABHEHWN COBOJIEBCKOIO TUMNA HA TrPA®E

A.A. basizumoea
tOxHo-Ypansckutli 2ocydapcmeeHHbIl yHusepcumem, 2. YensbuHck, Pocculickass @edepauyus
E-mail: balfiya@mai.ru

Ha reomerpuyeckom rpade paccmarpuBaercsi KpaeBasi 3aJa4a, rae IoMuMo
YCJI0BHIl HeNMpPePLIBHOCTH U 0ajiaHCa MOTOKOB, BIiepBbIe BBOAMTCS yCJIOBHE He-
MOJABHKHOCTH B BepuHIMHe rpada, KOTOpoe NmpeBpamiaercs B ycjaosne Jupuxie,
Korja rpadg cogep:kuT oaHO pedpo ¢ AByms Bepmunamu. IIpu pemennu 3Toii 3a-
Ja4dl CHAYaJla paccMaTpUBaeTcs CcOOTBeTcTBymomasi 3agada Irypma—
JInyBuiuis, a 3aTeM MOJTy4YeHHbIE Pe3yJbTAThbI NPUMEHSAIOTCH /sl pelleHus 3a-
naun Komm AByX JIMHEHHBIX Moiesiel, 3aJaHHbIX HA rpade: ypaBHenus Xodda n
ypaBHenusi bapen6aarra—KearoBa—Kounnoii. Oco0eHHOCTBHIO padoTHI sIBJIsSIETCS
H TOT (pakT, YTO Ha KaxKI0M pedpe rpacda 3agaoTcs ypaBHeHUs ¢ Pa3JMYHbIMU
K03 (puIHEeHTaMH, YTO BKYIe ¢ BBe/leHHeM HeNoJABM:KHBIX BepIIMH rpaga sBJIs-
eTcsl BIiepBble paccMaTpUBaeMoii 3a1aveii.

O0e MopesIM OTHOCATCSI K YPABHEHHUSIM €000JIEBCKOI0 THIA, H3yYeHUEe KOTO-
PBIX Iepe:KuBaeT M0XYy cBoero pacusera. [IposenenHas peaykuus 3THX ypaBHe-
HHii K a0CTPAKTHOMY YPABHEHHI0 CO00JIeBCKOr0 THIIA NMO3BOJIHJIA NPUMEHUTh
MeTO/ BBIPOAKICHHBIX MOIyrpynn oneparopos. Hajineno ¢azoBoe npocrpancrso
pemennii MeTooM Ga30BOro NPOCTPAHCTBA, 3aKIIOYAIONIUMCH B CBEICHUU CHH-
TyJSIPHOTO0 YPaBHEHHs K ONpeJeJeHHOMY Ha HEKOTOPOM MOANPOCTPAHCTBE HC-
XO/THOT0 MPOCTPAHCTBA peryjsipHoMy ypaBHeHHI0. IloJjiydeHHble pe3yabTaThl
TeopeM MOIYT ObITh NPUMeHeHb]l MPH PACCMOTPEeHUH 00PAaTHBIX 3aJa4, 3a/1a4 OM-
THMAJbHOTO YNPaBJeHUs], HAYATbHO-KOHEYHBIX M MHOrOTOYEYHBIX 3aJady, a
TaK:Ke MPU PAcCMOTPEHHH CTOXACTHYECKMX YPAaBHEHHMH 1J15 Mojeeil, 3a aHHBIX
HA reoMeTpuYecKoM rpade.

Knrouesvie cnosa:. moodenu cobonesckoco muna; ypaeueHnus Ha epaghe;, memoo
@azoeo2o npocmpancmsa.

Bgenenue
Vpasuenne bapentiaarra—Kenrosa—Kounnoii [1]

(A-D)u =ahu+ f (1)
MOJEUPYET MPOLECCH (PUIBTPALMH KUAKOCTH B TPEIIMHHOBATO-IOPUCTHIX CPEliax, BarolepeHoca B

noyBe [2], a Takke TeIUIONPOBOAHOCTH B CPEJIE C «IBYMsI TemIieparypamu» [3].

VYpasuenue Xodda [4]

(A+A)y =au+ f (2)
MOJICJTUPYET BHITy4YHBAHHUE JBYTABPOBOM OAJIKH MO/ BO3ICHCTBUEM BBICOKHX TEMIIEPATyp.
OOGe MoJIenH OTHOCSTCS K YpaBHEHHSIM COOOJIEBCKOTO THIIA, U3YyYECHHE KOTOPBIX MEPEKHUBACT IOXY CBO-
ero pacusera. YpaHeHus (1), (2) B pa3nuunbIX acrekTax u3ydeHsl B [5—7]. OCOOCHHOCTSMH HAIETO
1o/ixo/1a OyyT aKTUBHOE HCIOJIb30BAHUE TEOPHH OTHOCHTEIIBHO OTPAHUYCHHBIX OIEPATOPOB M MOPOIK-
JaeMBIX MU BBIPOKIEHHBIX TOJIOMOP(HBIX TPy ormepatopos [8, ri. 3].

B nanHO#t paboTe BriepBbIe H3y4aroTCsl ypaBHEHUs COOOJIEBCKOTO THIA Ha rpadax ¢ Oosee oOmmmu
YCJIOBHSIMH B BepLIMHaX rpada, 4To siBIsieTcs] 0000IIEeHUEM MOJTYYSHHBIX paHee pe3ysbTaToB, HAINPHU-
Mmep, [9]. IlpuBeneHsl mpuMepsl perenns 3amaun Ko s muHeRHBIX ypaBHenuit Xodda u Bapeno-
narra—KenroBa—KounHol npu Gosiee oOMUX MpPEANOIOKEHUAX Ha Kod(duimeHTs ypaBHeHuii. B 3a-
KITFOYHMTENIFHOM YaCTH CTaThbU HaMEUYCHBI HAIIPABIICHUS TAbHEHIINX BO3MOXKHBIX MccienoBanuid. Cru-
COK JINTEPaTyphl COOTBETCTBYET JIUIIIb BKYCaM aBTOpA U HE SIBIISICTCS TTOJIHBIM.

BectHuk OYpl'Y. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 5
2018, Tom 10, Ne 3, C. 5-11



MaTtemaTtuka

1. ®yHkunoHaIbHBIE MPOCTPaHCTBA U AU depeHnHATbHDBIE ONlepaTOPbI Ha Tpade
PaccMoTpuM KOHEYHBIH CBSI3HBIN OpHEHTHUpPOBaHHBIN Tpad G = G(%;(‘E) C MHOKECTBOM BEPILIUH

B ={V} n muoxectBom pebep (ayr) € ={E} . Kaxpas nyra cnabxena napamerpamu: jumnoit |; >0

1 UpuHOi d j >0. PaccMoTpum 3a/1ady ¢ KpaeBBIMH yCIIOBHSIMH:

u (0.8) =u (k. 1).E E D E(V)U E( V), 3)
ZEjDEa(\/i') iU (02 DEw(\()OLUkX( 9=0, (4)
u (0.8) =y (k.t) = 0E; KO E(V)U E( V) (5)
JUis ypaBHeHHI Ha rpade G
aju; — Uy, = f. (6)

3nmeck gepes B ={\/i} 0003HAYEHO MHOXKECTBO <IIOJIBHXKHBIX» BEpIIMH rpada, a depes B’ ={Vi"}

MHOYKECTBO HETOBUKHBIX» BEPIINH Ipada, uepes () (V,) 0003HaYEHO MHOKECTBO YT, Y KOTOPBIX
HayaJio Iyru (KOHeI[ Iyru) B BepiuuHe V; .

Venosue (3) cooTBeTCTBYET TpeOOBaHUSIM HENPEPHIBHOCTH BCEX PEILICHHWH B BepIIMHAX rpada, a
ycioBue (4) sBisieTcst aHajmoroM ycioBus Kupxrodda u o3HayaeT, 4To MOTOK Yepe3 KaKAyro BEpIIUHY
rpada JD0oIDKEeH paBHATHCS HYIIO (COOTBETCTBYET ycioBuio HelimMaHa B ciiydae, KOTJa 3aJaHHBIA rpad
COCTOUT U3 €MHCTBEHHOW JYrW ¢ IBYMs HOJBIKHBIMH BEpIIHHAMH), ycioBue (5) — yclioBue Hemo-

BI)KHOCTH peIlieHHs B BeplnHax rpada B’ ={V } .
Onpenenenne. Bexrop-pyHKIHO U= (ul, Uy eees Uy ) TaKylo, 4to U; 0c? (O,IJ- )ﬂ Cl[O,IJ- J Ha-

30BeM pemieHueM 3anauu (3)—(6), ecnu oHa ynoBieTBOpseT ypaBHeHHUIO (6) n kpaeBbIM ycnoBusiM (3)—
®).
Yepes LZ(G) 0003HaYMM MPOCTPAHCTBO LZ(G) ={g= ( % G- G ,) 1g O If( 0,} )}, 9TO THJIb-

|.
0EepTOBO MPOCTPAHCTBO CO CKAISAPHBIM Ipou3BeAcHUEM ((, h>22j'E-EK’E d; joj 9 ( )9 111( )) ds. Yepes
]
31 0003HaUMM rHIILOEPTOBO MpocTpaHcTBO U ={U = (ul, Uy Uy ,...): u; D\Nzl(O, Ij ) 1 BBIMOJHEHEI (4),

|
(5)} co craNApHBIM MIPOM3BEACHIEM [u,v] =zj£jm d; .[oj ( Uy ( >§ Yy ( ))+ ljl( * jv( )() d.
B mpocrpanctse Wzl(O,IJ-) a0COJTIOTHO HETIPEPHIBHBIE (DYHKIIMHM COTJIACHO TEOpPEMaM BJIOYKEHUS

CoboneBa, MO3TOMY CIEAYET KOPPEKTHOE ONpE/elieHUE, MOJTHOTa U KOMITAKTHOE BIIOKEHHUE B LZ(G)

npocTtpancTBa 4. OTOXKIECTBUM B CUIy rHiabOepToBOCTH L, (G) CO CBOHIM COTIPSKCHHBIM MPOCTpPaH-
CTBOM, H BBEJIEM CONPSIKEHHOE OTHOCUTENHHO ABoiicTBeHHOCTH ([[) mpoctpancTtBo § k 4l . Jlerko 3a-
METUTh, UYTO § TOXKE ABJSICTCS THIHLOCPTOBBIM MPOCTPAHCTBOM C KOMIIAKTHBIM BIOKEeHHEM 4 — § .

VmHoxuMm (6) ckamspuo Ha U, rtae (LI} — ckamgpHoe npousseneHue B L, (G), TOoraa

| .
(Au,v) ={ f,0), me<Au'U>22j:EjDQE d; J'O‘ (— U} + § YU, ) d>
HuTerpupyst mo 9actsam 1 Ucrois3ys yeiaosust (3)—(5),monyaum
|.
(Au,0) ZZj:EjDQE d J.oJ ( UxUix + § Y ) dx

Kak HeTpyHO 3aMeTHTh, oniepaTop A caMOCOIPSIKEH, MOJI0KUTEILHO ONPEJIeNiCH U SBISICTCS TOTI-
JMMHEHHBIM n3oMopdu3MoM mpoctpaHcTB i u § . BBuAy kommakTHOCTH BioKeHHS i — § CIEKTp

a(A) oreparop A TOJOXKHUTENEH, TUCKPETEeH, KOHEYHOKPATEH U CTYIAETCS TOJBKO K +00 |

6 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 3, pp. 5-11



Basisumoea A.A. 06 o606uieHHOl Kpaeeol 3adaye Onsi TUHelHbIX ypasHeHUl
cobosieecko2o muna Ha epaghe

2. Penykuus ypapHenusi Xogda u ypaBHenusi bapendiarra—Kearosa—Kounnoi
Ha kaxnom pebpe E; 3anamum nuneiiHoe ypasaenue Xodda
/‘jujt + quXt j Lﬁ ’ (7)
OIIMCBIBAIOIEE POLECC BBITYYHBAHUs ABYTaBPOBOIl Oanku, rae mapamerp 4; JR, Xapakrepusyer Ha-

rpyske Ha Oanky, mapametpsl j,[Bj UR xapakrepusyior cBoicTBa Marepuana Gajiki, MEpEeMEHHbIC

XD(O, | i ) COOTBETCTBYIOT HaTypaisHOMY mapameTpy ayru, t LR , u nuneiiHoe ypaBHenue bapen6mnat-

Tta—Kentosa—Kounnoii

/]Jujt JXX'[ = a] uJXX' (8)
OIKCHIBAIOIICE TUHAMUKY JABICHUS >KHIKOCTH, (PHIBTPYIOIICHCS B TPEUIMHOBATO-TIOPUCTON cpelne, a
TaKKe IMPOIECCHl BIIArOlepeHoca B MOYBE M TEIUIONMPOBOTHOCTH B CPENE C «IBYMS TEMIIEpAaTypaMu»,

r7ie napamerpsl 4;,a; JR xapakrepusyror CBOHCTBa Cpe/ibl, ICPEMCHHBIC XD(O,I i ) JOR.
ITox kpaeBoit 3agaueii MOHMMAETCS MOMCK BEKTOP-PYHKIUU U = (ul, U,..., U ) , KaXxxJ1asg KOMIIO-

HEHTa KOTOpoH U; = U; (X t) yAoBieTBOpsieT ypasHennto (7) umm (8) Ha pebpe E; , a B Bepumnax kom-

j
MTOHEHTHI yaoBIETBOPSIOT yeiaosusam (3)—(5).
Bymem st 3TUX MOJIeNel paccMaTpUBaTh 3a/1a4y ¢ HaYallbHBIME YCIoBHsME Kormu

u; (%0) = uo(%).>a(0.]). ©)

Hns penykunu ypaBHeHusi Xodda K TUHEHHOMY aOCTpaKTHOMY YPaBHEHHMIO COOOJNEBCKOTO THIIA TIO-
ctpoum oneparopsl L,M 4 - §

|
(Luw)zY di (4 +3)[ ) yy de( Aw), (10)
|
(Mu,u>2zja’j d, IOJ u o, dx 11)
a Ui peaykuun ypaBHeHus: bapenonarra—Kenrosa—Kounnoi
| .
<Lu,u)22jdj (AJ- —q)jol yu dxt( Ay, (12)
|
(Mu,v) = —zj a;d, J'O’ Uy Vi 0 13]

OueBuaHo, 4to paccmorpennbie B (10)—(13)omnepatoper L,M DS(LI =5 ) (T. €. NMMHElHBIE U He-

MIPEPBIBHEL), IpudeM omepatopbl L ¢pearonsmossr (1. e. indL =0), a onmeparopsr M KOMITaKTHEL.
Takum o6pa3om Mbl penyuupoany 3aaaqy Komm (9) ¢ kpaeBbiMu ycnoBusimu (3)—(5) ist ypaBHe-
uuii (7), (8)k 3amaue Ko

u(0) = u (14)
JJIA a6CTpaKTHOF0 JIMHEUHOTO YpaBHCHUA Cc000JICBCKOTO THIIA
Lu = Mu. (15)

3. ®a3oBoe npocTpaHcTBO ypaBHeHust Xopda u ypaBHenusi bapendaarra—Kearosa—Kouunoi
Ilycte 4 u § — GaHaxoBBI MPOCTPAHCTBA, oneparopsl L,M DS(il;% ) (T. €. TMHEIHBI ¥ OTPaHU-

dens1). Muoxecrea po" (M ) ={u0OC: (,uL -M )_1 DS(%; il} u o- (M ) =C\p" (M ) Ha30BEM pe-
30/1b6eHMHbIM MHOJcecmeom U L -cnekmpom onepamopa M cootBerctBeHHO. Onieparop M HazoBeM
( L, J) -02PAHUYEHHBIM, €CTTH

(ROR, D,uD(C(l,u|>a):(,uD,0"(M)).

Ecimm orepaTrop ( ) -OIrpaHHu4CH, TO CYIICCTBYIOT HpOCKTOpBI

1
P= oL =— HEY
o], Ri(M) duDe(y) j M) dOL(F).
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3nech Rb ( M) = (,uL— M)_l L — npasas, a L';,(M ) = L(,uL -M )_l — nesas L-pesonveenmot one-
pamopa M ; xouryp y={u0OC:| ¢|=r>a}. KourypHbie UHTErpaibl 371¢Ch U HUKE MOHUMAIOTCS B
cMmpicie Pumana. BBemeM B paccMoTpeHHE MOIIPOCTPAaHCTBA #%=kerP, u=imP, F°=kerQ,
3 =imQ u oGosnaumm uepes Ly (M k) CyXEHHe oreparopa L(M) na yX (ilk ﬂdom), k=0,1.

CupaBenBa
Teopema 3.1.[8] ITycms onepamop M (L,a) -oeparnuuen. To2oa

() onepamop L, Dﬂ(ﬂk ; Sk) , k=0,1; npuuem cywecmeyem onepamop Lil DS(Sl;ﬂl) ;
(i) onepamop M OCI (u";g") ,k =0,1; npuuem cywecmeyem onepamop Mal O 2(80; ilo) .
[Tycts omepatop M (L,a)-orpaaneH, noctpouM omeparop H = MalLODQ(uO). Omneparop M

HAa30BEM (L, p) -oepanuvennoivn, PON ((L,0)-oepanuuennsin), ecmu HP 20 ,a HP =0 (H = 0).

s ypaBueHust Xodda crpaBeyIMBO CACAYIOIIee YTBEPKICHUE.

Jlemma 3.1 Omneparop M (L, 0) -orpanndeH (10), (11)B ciaydae BBITOJHEHUS OQHOTO U3 YCIOBHIA:
() TpuBmanbHOE siapo oneparopa kerlL = {0} ;
(i) merpunansuoe sapo oneparopa kerL # {0}, koopduumentsr @ #0 npu mobom | un Bee o

J
HMCIOT O,Z[I/IHaKOBHﬁ 3HaK.

Hoxazamenvcmeo. OueBUIHOCTH yTBepskaeHust (i) ciemyeT W3 CyIIECTBOBAHUS OIEpaTopa
Lo 2(11 =35 ) 1ycts kerL # {0} n o; R, . Torna 6unmneiinas Gopma

|
- j
[ho]=% a4 [ g
3amaeT skBuBaneHTHoe (LY ckamsipHOe mMpou3BeleHHE B Lz(G). Omneparop L ¢penronsmos, T.e.

codimim L=dimkerL u ssmpo kerL oproronamsro otHocurenpHo ([IJobpasy imL. ITycTs BekTOp
¢ UkerL /O} , paccmotpum

<M¢/,w>zzjajdj j(')l z//jzdx:[w,z//] > 0.

CnepoBarenso, My ZimL mna modoro Bekropa (¢ kerL \{0} , uto o3nawaer orcyrctBue L -
NPHUCOEAMHEHHBIX BeKTOpoB ais Bekropa (U [1kerL \{0} , uro mokassiBaeT yTBEp:KIAECHUE JIEMMEI B CITy-
gae a; UR, . Ecim ke o; UR_, To U1t IeMMBI JOKa3aTeIbCTBO QHAJIOTHYHO.

s ypaBaenus bapenonarra—KenroBa—KounHoii cripaBemuBO yTBEPKICHHUE.

Jlemma 3.2.Omneparop M (L,O) -orpannden (12), (13)B cirydae BBITIOJIHEHHUS OAHOTO M3 IBYX yC-
JIOBUM

(i) rpuBnansHOCTH simpa kerL ={0} ;

(i) simpo omepartopa HerpuBnanbHO KerL # {0}, a mis K03(p(PHUIUCHTOB BBIMOIHSIIOTCS YCIOBHUS
a; #0 npu mobom |, BCe @; ¢ ofMHAKOBBIM 3HAKOM, A; #0 npu m000M | M BCE Aj MMEIOT O/MHA-
KOBBIH 3HaK.

Jokazamenscmeso. YTepxerue (i) caenyer u3 cymectsoBanus oneparopa L0 S(il =5 ) . Eciin
xe kerL # {0} u a; UR, , To npu Bexrope ¢ LkerL {0} nomyunm

I 2
My.p)z-Y ad; [ Iyh dxso,
PaBEHCTBO (My,p)=0 BBIIIOJIHAETCA  TOJIBKO npu Y, = (t//lx,l/lz)(, i x ) = (, a

I I .
(Lw,w)zzjdjjoj (Ajz,lljz +¢/J-§)dx=zj qJ‘OJ /1j1,[/j2dx¢0 npu A; #0 npu moGoM | u Bce A; HMe-
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FOT OJMHAKOBEIN 3HaK M (Y # 0. DTO mpUBOIUT K MpoTHBOpeunto ¢ TeM, uto (Y OkerL /{0}, mosTomy
(Mg, @) <0 pu ¢ UkerL {0} n a; OR, .

Iony4gaem, uto My #imL mns moboro Bexropa (¢ kerL \{0}, ananornuno nemme 3.1 momyda-
eMm, yto HU omuH Bekrop (Y [kerL \{0} ©e mmeer L -mpucoenuHeHHBIX BeKTOpPOB. st ciydas

a; UR, nemma nokasana. TOT xe caMblii pe3y/bTaT MOJIy4nM Ipy 3HadeHusx o) LR _ .

Pewenuem ypasnenus (15) Ha3piBaeTcsi BEKTOpP-(QyHKIUSL u:u(t), tOR, ecnu oHA yIOBJIETBOPSET
3TOMY ypaBHEHHIO. Pemerre U=U (t) Ha30BeM pewenuem 3aoauu Kowu (14),ecnu OHO yIOBICTBOPSIET
ycnosuio (14) npu HekotopoM Uy D4 . @asosvim npocmpancmeom ypasuenust (15) Ha3pIBaeTCS MHO-

xectBo B U 4L, ecnn mo6oe ero pemeHue u(t) UB npu kaxaom tLR; u ma moboro Uy LB cymie-

CTBYET €IMHCTBEHHOE pEIlCHUE uDCl(]R;il) 3amgaun (14) s ypasaenus (15). Hakonerr, BBemeM B
paccmotpenue BoipoxaeHHyto (ecmu Kerl # {0} ) ronomopdnyto (Bo Beeii miockoctu C) rpymmy ore-
paTopoB

Ut:%ijb(M)e‘“dy, JC.

3amerumM, uro U O=p , ipuuem kerP [ kerL . CripaBeuBa
Teopema 3.2.[8] ITycmb onepamop M (L, p) -02paHuyen, pD{O} ON. Toz20a

(i) moboe pewenue ull Cl(}R;il) ypaenenus (15) umeem 6uo u(t) = Utuo , tOR, , u nexomopom
Ug O U
(i) pazosvim npocmparncmeom ypasnenus (15) caiyocum noonpocmpancmeo U

Wrak, B ycrnoBusx TeopeMsl 3.2 L -pe3onsBeHTa ( HL-M )_1 omeparopa M B Kojble |4 |>a pas-

naraetcs B psaja Jlopana
g0 p
k=1 k=0
rJie omepaTopel S= I_Il M, Dﬁ(ﬂl) , H=Mq lL0 DS(LLO) . Orcioga paspemaromiasi BBIPOXKACHHAS

rpynma U' ypauenust (15) BBINISIT ClIEyFOIMM 00pa3oM:
U'=(I-Q)+e™Q

e
St_i _ t =wi
=gl -9 ¢ 2%

— IpyImna onepaTopoB, 3aJaHHas Ha (a30BOM IIPOCTPAHCTBE y?t ypaBHeHus (15).
OCHOBHBIM PE3YJIbTATOM CTaThbU SIBISIOTCS TEOPEMBI O Pa3pelIMMOCTU 3amaun Kommwm amst auHEHHbBIX
ypaBHenui Xodda u bapenodnarra—KenroBa—KounHoit.

Teopema 3.3 (ypasuenne Xohda) (i) Ilycms kerL ={0}. Tozoa gazosvim npocmparncmeom ypas-
nenus (7) asnaemces 6ce npocmpancmeo 3 .

(i) ZIycmo kerL#{0}, a; #0 npu mobom | u ece a; umeiom odunaxosvlii snax. Toeoa gaso-

svim npocmpancmeom ypaesnenus (7) agnsemes noonpocmpancmeo U* .
Teopema 3.4 (ypaBHenue bapenOnarra—KenroBa—Kouunoit) (i) Ilycms kerL ={0}. Tocoa ¢aszo-
6biM npocmpancmeom ypasuenus (8) asisiemes ece npocmpancmeo L .

(i) ycmo kerL #{0}, a; #0 npu nobom | u ece a; umerom oounaxoswiii snak, Aj #0 npu nio-

bom | uece i umerom odunaxoswiii 3nak. Toeoa gaszosvim npocmparncmeom ypasnenus (8) aensemes

NOONPOCMPAHCIEO ut.
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3akaoueHue

[lony4yeHHble pe3ynbTaThl TEOPEM MOTYT OBITH NPUMEHEHBI IIPH PACCMOTPEHUH OOpATHBIX 3ajad,
3a/1a4 ONTHMAJIBHOTO YIPAaBJICHHs, Ha4albHO-KOHEUHBIX W MHOTOTOYEYHBIX 33/1a4, a TaKKe IpH pac-
CMOTpPEHHH CTOXACTHYECKHMX ypaBHeHu# mmst moxeneit (7), (8),3amaHHBIX Ha TEOMETPHUYECKOM Tpade ¢
ycnousamiu (3)—(5).
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ON THE GENERALIZED BOUNDARY-VALUE PROBLEM FOR LINEA R SOBOLEV
TYPE EQUATIONS ON THE GEOMETRIC GRAPH

A.A. Bayazitova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: balfiya@mai.ru

On the geometric graph, where in addition to thetioaity conditions and balance flow, condition
of immobility is first introduced into the verticed the graph, which is converted to a Dirichlehdn
tion when the graph has one edge with two verti€essolve this problem we first consider the corre-
sponding Sturm-Liouville problem, and the resutes then used to solve the Cauchy problem for two
linear models, defined on the graph: Hoff equatiod Barenblatt—Zheltov—Kochina equation. A feature
of the work is the fact that on each edge of tlaplgrgiven by the equation with different coeffidgen
which coupled with the introduction of verticesfiised for the first time in this problem.

Both models relate to Sobolev type equations, theysof which is experiencing an era of its hey-
day. Reduction of these equations to an abstraobl&o type equation makes it possible to apply the
method of degenerate semigroups of operators. fiasgpspace of solutions is determined by the phase
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space method, which consists in reducing the samgedjuation to a regular equation defined on some
subspace of the original space. The obtained sestitheorems can be used in consideration of ssver
problems, optimal control problems, the initial-esmad multipoint problems, and also in consideration
of stochastic equations for the models set in angdac graph.

Keywords: Sobolev type models; equations on grpphse space method.
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3A0AYHA CTAPTOBOIO YNPABNEHUA U PUHATIBHOI'O
HABNIOAEHUA ANA CUCTEMblI YPABHEHUUN ®UTL XbIO-HAT'YMO
C YCIIOBUEM OAUPUXNE-LLUOYOJITEPA-CUOOPOBA

O.B. Naepunoesa
tOxHoO-Ypanbckuli 2ocydapcmeeHHbIl yHusepcumem, e. YensbuHck, Pocculickas ®edepayusi
E-mail: gavrilovaov@susu.ru

Hccnenyeres ctapToBoe ynpasJjieHHe H (pMHATBbHOE HAOII0AeHHe
pewenusamMu 3agaun dupuxie—Illoyonrepa—Cunoposa njsi BBIPOK-
neHHOH cuctemMbl ypaBHennid @utn Xpw—Harymo. Ita cucrema ot-
HOCUTCSI K KJaccy ypaBHeHWi peaknuu-1udg@y3nnm um omucbiBaeT
pacnpocTpaHeHHs1 BOJIH B aKTHBHBIX OHOJIOTHYECKHX Cpelax, TaAaKNuX
KaK cepae4yHasl MbIIILIA WJIH M03roBasi TkaHb. CucreMa ypaBHeHHii
®uty Xpro—Harymo siBasiercsi, ¢ OAHO CTOPOHBI, pa3BHTHEM W3-
BecTHOI moaenu Koamoroposa—IlerpoBckoro—IluckynoBa, a ¢ apy-
roii CTOpOHbLI — ynmpoumeHueM Mojaeau XoJ:xkuHca—Xakcau. Ipu mo-
CTPOCHMH MaTeMATHYeCKOil Mo/ieJIM YYMTBIBAsI, YTO CKOPOCThb OJHOM
HCKOMOH (PyHKIMH cucTeMbl ypaBHeHHil ®utn Xsro—Harymo 3naumn-
TeJIbHO NPEBbINIACT CKOPOCTh JAPYroi, ObLIO NPeNIokKeHO Hccel0-
BaTh BBIPOIEHHBIN ciaydail. M3yuaemas 3ajada cTapToBOro ynpas-
JieHnsl M (UHAJBLHOrO0 HAOJIONCHUS MOJEJHPYeT CHTyallHio, KOrJa
Nnocje KPaTKOBPEMEHHOI0 YNPAaBJSIOIIEr0 BO3JAelicTBHE 0KHAAETCS
TpeOyeMblii pe3yJbTAT 32 HEKOTOPbIN NEepuo] BpeMeHH, T.e. B Ha-
YaJIbHbI MOMEHT BpeMEHH NOChLIAeTCs HMIYJIbC 00JIbII0H MOLIHO-
CTH B CHCTEMY HEPBOB U 0:KMJaeTcs TpedyeMoe COCTOSHHE CHCTeMbI
yepe3 HEKOTOpoe ycTaHOBJIeHHOe Bpemsi. Ha ocHoBe meTonos I'anep-
KHHA U KOMIIAKTHOCTH /J0Ka3aHAa TeopeMa CyLIeCTBOBAHUS 3aJa4H
CTAPTOBOI0 YNpAaBJIeHHs] W (PUHATBLHOIO HalIIOdeHHMs1 B ciaadom
00001IECHHOM cJTy4ae.

Kniouegvie cnosa: nonynuneiinvie ypasHeHnus coO01€6CK020 MUNQ,
saoaua Illoyonmepa—Cuooposa; 3adava cmapmosozo ynpasieHus u u-
HanbHO20 Hab0oenus, cucmema ypasuenui Qumy Xvro—Hazymo; caa-
boe 06006wennoe pewerue.

Beenenue
Mycts Q O R" —orpanuuennas o6nacts ¢ rpanuneit 0Q kmacca C* . B mmmnape Q =Q x(0,T)
pPaccMOTPHM BBIPOKICHHYIO crcTeMy ypaBHeHHH duti Xbio —Harymo:
0=aAv+ Sw-nv+ f, 1)
ow_ a,DW+ Bow—n,v— W+ 1,

ot
C KpacBbIM YCJIOBUCM HI/IpI/IXJ'Ie

v(s,t) =0, s,) =0(s)00Q ¥0,T) )

¥ HavasbHbIM ycstoBueM [loyonrepa—Cuaoposa

w(s0)=u(9, Q. (3)
Hckomblie QyHKIMH W= W(S,t) uVv= V(S,t) OIKCHIBAIOT TUHAMHUKY MEMOPAaHHOTO MMOTEHIIHAA U TTOBE-
IeHUe HaTPHEBOTO M KamueBoro Tokos; £, R, a,B,,a,,0,.7,/7,0R, —Xapakrepusyror mopor Bo3-
Oy)KIeHHs, CKOPOCTh IOpOTa BO30YXKICHHS, 3JIEKTPONPOBOAHOCTh W  PEMOSIPH3ALUI0  CPEJIbI;
f= ( fi, f2) — MCTOYHMK B030yXmeuus. IlepBoHadansHO B paborax [1, 2] Oblia moirydyeHa HEBBIPOXK-

JeHHas cucteMa ypaBHeHuil ®dutn Xpro—Harymo, 3aBucsimas oT IByX UCKOMBIX QYHKIUH V B W, MO-
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laepunoea O.B. 3adava cmapmoegozo ynpaesnieHusi u ¢puHanbHO20 HabooeHust
dns cucmembi ypaeHeHul dumuy Xvro—Hazymo ...

JETUPYIOLIUX MOBEJACHHE XUMHUIECKUX JIEMEHTOB B MeMOpaHe. CKOPOCTh MCKOMOW (YHKIIMH W yBe-
JIMYUBACTCS TI0 MEPE €€ POCTa, YTO MPUBHOCHT B CHCTEMY CHIIbHYIO HEMHEHHOCTH. HeBhIpOXKAcHHAS
cucteMa ypaBHeHHH DUTI—XbBIO B JBYXKOMIIOHEHTHOM W MHOTOKOMIIOHEHTHOM CIIy4asx H3ydaliach
nozpo6Ho B paboTax [3—5]. HyneBoe penrenne HeBbIpokAeHHOM cucteMsl ipu [, <0 acumnToTnyecku
ycToiuMBoO, a pu [, >0 HeycToiunso [6]. B cBsA3u ¢ TeM, 4TO CKOPOCTh HCKOMOW (DYHKIMH W cylie-
CTBEHHO IIPEBOCXOJHUT CKOPOCTh H3MEHEHUS V , B ClIydae ycroianBoctH pemteHus (mpu S, <0) B pabo-
Te [7] OBLIO MPETOKEHO pacCcMaTPUBATh UIMEHHO BBIPOXKIACHHYIO CHCTeMy ypaBHeHui Buaa (1). Hamu

OyZIeT pacCMOTPEH CiIy4ail aCHMITOTHYECKH YCTOWYMBOM 3amau, koraa B, <0 u B, =17, .
Hauanpno-kpaeBas 3amava (2), (3) mis cucremsl ypapHenuit (1) B crieruaabHbBIM 00pa3oM 1momo0-

paHHBIX PYHKIIMOHATBHBIX MPOCTPAHCTBAX peayHPYIOTCs K 3amaye [lloyonrepa—Cuaoposa
L(x(0)-u(s)=0 (4)

T aOCTPaKTHOTO MOMYIMHEHHOTO YpaBHEHHUS

Lx+Mx+ N(x) = f,kerL# {0} (5)
¥ OTHOCHTCS K IIMPOKOMY KJIaccy ypaBHeHHH coboneBckoro Tuma [8, 9]. [Ipu paccMoTpeHun kiaccuye-
ckoro ycnosus Koiiu B citydae ypaBHEHHE COO0JIEBCKOTO THIIA PEIICHUE 3a7a4ui CYIIECTBYET JIUIIb IIPU
Ha4YaJIbHOM 3HAUYCHUU U(S) B3JTOM U3 (baBOBOFO HpOCTpaHCTBa ypaBHeHI/Iﬂ (5) PaCCManI/IBaCMOC B

pabore ycimoBue [Toyonrepa—Cunoposa (4) sieisercss 6osiee 00OIIKMM IO CPaBHEHMIO ¢ yciaoBrHeM Komru
M TI03BOJISICT CHSATH JJAHHOE OTrpaHHYeHue. BriepBbie 3a7ava ynpaBieHUs 1Sl ypaBHEHUIH COOOJICBCKOTO
THUIa OblJIa IOCTaBJICHa U M3y4eHa B KoHIe XX BeKa, 3a/1aukl e CTapTOBOrO yIpaBICHUs U (PUHAIEHOTO
HaOJFOJICHHS UCCIICAYIOTCS CPABHUTENHHO HENABHO. 3a7a4ydl YIPaBJICHUS JUIS MOJNyTHHEHHBIX ypaBHE-
HUd coboneBckoro Tuma ¢ yciosuem llloyonrepa—CumopoBa paccmarpusaiuchk B [10, 11]. B pabore
[12] Obwna mccnenoBaHa 3ajavya ONTUMAIBHOTO YIPABICHHS IS BBIPOXKACHHOW CHCTEMBl YpaBHECHHI
(1), a TakKe pacCMOTPEHBI U JOKa3aHbI CYIIECTBOBAHNE M €INHCTBEHHOCTH pemienus 3amaun (1)—(3) B
cimaboM 0000IIEHHOM CMbIc/e. BriepBhie 3a7aya cTapTOBOIO yIpaBieHUsA W (PMHAIBHOTO HAaOIFOJACHUS
101s cucteMbl ypaBHeHu#t (1) paccmarpuBanack B padote [13].

JlaHHas paboTa MOCBSIIEHA HCCICIOBAHHUIO 3aJla4d CTAPTOBOTO YIPABICHUS W (DMHAIBHOTO Ha-
0o IeHAS

J(X(T) W) - inf (6)

pemernsmu 3amaun (1)—(3)B cmabom 06o0mennoM cMeicie [8, 14]. 3amaya cTapToOBOTO yIIpaBICHHUS
(UHAILHOTO HAOJIOJCHUS MOJACIUPYET CHTYAIHIO, KOTJa TOCIe KPATKOBPEMEHHOTO YIPaBISIOLICTO
BO3JICHCTBHE OXKHIACTCS TPEOYeMbIil pe3ylbTaT 32 HEKOTOPBIH IEepUOJ BpEMEHH, T. €. B Ha4aJIbHbIH MO-
MEHT BPEMEHH TIOCHUTACTCS UMITYJILC OOJIBIIION MOIHOCTH B CUCTEMY HEPBOB M OXKHUJAeTcs Tpebyemoe
COCTOSIHHE CHCTEMBI 4epe3 HEKOTOPOE YCTaHOBIEHHOE BpeMs. B paborax [15—17] usyuanuces 3amaun
CTapTOBOTO yNpaBJICHUS ¥ (PUHATBHOTO HAOIOACHHS ISl Pa3IMYHBIX MaTEMAaTHYECKUX MOJIeIeH, OCHO-
BaHHBIX Ha YPAaBHEHUSIX COOOJIEBCKOTO THIIA.

1.3agaua crapToBoro ynpapjieHus u GUHAILHOTO HAOTIOEHUS

o
[Monoxum H; =W21(Q) u B-= L4(Q) , 1=1,2. PaccMoTpuM TWIBOEPTOBO TPOCTPAHCTBO
A=L (Q) X LZ(Q) CO CKaJIAPHBIM IIPOU3BEICHUEM

[X1Z] :<V! £>L2(Q) +<W,7>|_2(Q)’ rne X:(V,V\b, Z :(51,7)

* *
Omnpenennm npoctpanctea H =H;xH, u B=B xB,, a uepes H , B 0003HaunM comnpskeHHbIE
MPOCTPAHCTBA K pocTpaHcTBY H , B OTHOCHTENHHO CKaNSIpHOTO MPOU3BEICHNSI B A, COOTBETCTBCHHO.
B cuty Teopemsr CoboneBa B citydae N< 4 HMEIOT MECTO IJIOTHBIE U HETIPEPHIBHBIC BIIOYKECHHUS
* *
HOBOAOB OH,

npuieM Biiokeare H [ A kxommakTHO coriacHo TeopeMe Pemumxa—Konapariesa.
Onpenenum oneparopsl L,M,N cremyromum o6pazom:

[Lx¢]= w,m),x{ OH,

BectHuk OYpl'Y. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 13
2018, Tom 10, Ne 3, C. 12-18




MaTtemaTtuka

[Mx,{]=(-a,0v,0&) +(=Byw+nyué) +(-a L wln) +(1 5, | w Byvr) , X 0 H
[N(x),(]=<w",/7>,x,(m B
3ameuanue 1. Oneparoper L,M DE(H; H*) JMHEWHbIE HENpEepBIBHBIE oneparopsl. CrnpaBeasnu-

BOCTb JAHHOT'O YTBEPKJCHUS SBISCTCA KIACCUYECKUM PE3YILTATOM.
PaccMoTpuM nipocTpaHCTBO

X ={x vO L2(O, T; Hl), W lm(O, T;coim I) N L4( 0,T; I%) .
Onpenenenue 1. Bexmop-pyuxyuio XU X npu TUR. nazosem crabvim 060bwennvim peuienuem
3a0alm LIoyonmepa—Cuodoposa (1)—(3), ecxzu OHA YO08IEeMEopsiem

j¢ q } [ Mx+N(X Z]jdt [#()[f.¢]dt, [L(x=%).¢]=0 OCOH,040L,(0T).

Teopema 1. [13] ITycmo a’l,az,ﬂl,/hD R., B,OR u n<4, mozoa npu modweix X,OH, TOR,
f, 0 LZ(O,T ; H;) , 0L, (O,T ; B;) , UOH, cywyecmseyem eouncmeennoe pewenue XU X 3adauu (1)—
3

(3), npuuem

t t
WOl 0 * {[IIV( M, 1)l }d“CzIIIfl i 97+ Gl (0l o+,

C>0i=1 13 @)
IIycts J (X( T) ,u) — OrpaHUYCHHBIA CHHU3Y, MOJYHEIIPEPHIBHBIA CHHU3Y, KOIPIUTHBHBIN (YHKIIHO-
Han, ullU,,, roe U,y —HEKOTOpPOE 3aMKHYTOE U BBIIIYKJIOE MHOXKECTBO B IPOCTPAHCTBE YIPABICHUM
U =H, . PaccmoTpum 3agady cTapToBOro ynpasieHus U (puHansHOro HabmoaeHus (6) pemennsamu (1)
— (3)B cmabom 0600IIEHHOM CMBICTIE.
Onpenenenne 2. Ilapy ()A((T) ,U) 0 XxU,y 6yodem nasvisamo pewenuem saoauu (1)—(3), (6).ecau

J(X(T), = lnf X7, 9,

U Tapsl (X,u) ynosieTBopsatoT 3amade (1)—(3) B cmeicie onpexnenenus 1. Bekrop-dgyHkuuo U Oynem

Ha3BIBaTh CTAPTOBBIM yIipaBieHneM 3amaun (1)—(3), (6).
Teopema 2. IIycmv ay,a,,5,,7,0R,, BbOR , TOR, u n<4, moeoa cywyecmeyem pewenue

(%(T).0) sa0auu (1)~(3), (6).
Joka3atenbcTBo. B cumy teopemsr 1 ms 3amaun (1)—(3), (6)mnsa moboro ullU,y cymectByer
eMHCTBEHHOE cnaboe 0000meHHoe pemenne. Cie1oBaTenbHO, MOXKHO CYHTATh, YTO

I(x(T) .U =3(y
|. MHOXeCTBO 3HaYeHUH (yHKIMOHAIA OTPAHHYEHO CHHU3Y, 3HAYUT, CYLIECTBYET MHHUMHU3UPYIO-
1as rnocnuenosarensHocts {Up O U,y Takas 9ro

lim J(u,)=C,

m- oo
rne C —ToYHas HIDKHSS TpaHb MHOXKECTBA 3HAYCHUI QyHKIMOHATA J (X( T) ,u) . [TocnenoBaTeIbHOCTD
{J (um} =1 OrpaHmueHa B R, cieqoBaTesbHO, B CHILY KOOPUMTHBHOCTH (QyHKIHOHATA J (u) , TOCIIe10-
BaTeNbHOCTH {U,} 7y Orpanndena B U. CornacHo Teopeme banaxa—Aunaoriy u3 {U,} MOXHO U3BII€Yb
11260 CXOSLIYIOCS MOANOCIeIoBaTebHOCTE Uy, — U B U. B cuiry Teopemsr Masypa touka U0U .
[I. O6o3nauuMm 3a X, = X( ) (Vm,wrr) ( (un) ,V\( un)) [I0CJIEOBATEILHOCTE ¢1a00 0000IIIeH-
HBIX PEUICHUH 3a/1a41

L%y + Mxy+ N( %) = f, L(x%,(0)-uy)=0.
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B cuny Teopems! 1 u ouenku (7) u, BBUAY pedIeKCHBHOCTH OOXHEPOBCKHUX IPOCTPAHCTB L, (O,T ; BZ) ,
L, (O,T ; Hl) ul, (O,T ; B;) CYLIECTBYIOT cl1a0ble Pe/IeIb]
3
Vi — ¥ cmabo L, (0,T;H,),
W, - W *-cma6o L, (O,T;L2 (Q)),
W, - W cma6o L,(0,T;B,).

B cwmity orparnuennocTH oneparopoB L ' M momydanm

[t (0), (] < Lt e [l B < € el B
[t (8), ()] < M O ol B < € ol 3,
3HauuT {LX },{ Mx}, orpanuuens B L, (O,T;H )

[To moctpoenuto onepatopa N momydum, 4To
T T
3
JINC). o] o= [ vl [ willg, o
0 0
u{N ( )g“} orpaHuueHa B L, (O,T : B ) clIeJ0BaTeIbLHO,
3

N(Xn) - # cnato B L%(O,T;B*).

lll. Tlokaxem, uto u=N(X), rae X=(V,W). Tak xax npoctparcrso H 0 A KOMIakTHO, To m0-
CIIEZI0BATEIBHOCT W, — W B pocTpaHcTBe L, (O,T;LZ(Q)) . [Tomy4nm, uro
N(X)=w
B CHJTy €IMHCTBEHHOCTH Tpezena.
IV. Tak kak nmpocTpancTBO A cemapabenbHO, TO BRIOEPEM B HEM CUETHYIO BCIONY IUIOTHYIO OpPTO-

HOPMHPOBAHHYIO CUCTEMY (DYHKITHIA {¢ j} ={(¢jl,¢j2)} . Torma B cuiry OCHOBHOM JIEMMBI BapHAIIHOHHO-

[m%ﬁ»m}iQva%m]{meﬂ%%Dd=[w4®¢J-

3apukcupyeM | U mepeiaeM K mpeaeny mpu m — +oo

[L>‘<(T),¢j]+i[mk(r)+ N(X7)).¢; | ar=] Lug |.
Tor;[a oJIy4uM, 4To

T ~
j{[L%,d{Mfw N(S(),¢]Jqo(r) dr =0, Lx(0)=0,0¢0AD0¢0L(0,T).
r
0
CrenmoBarenbHo, X= X(O) U B CHIY IOJYHEIPEPHIBHOCTH CHU3Y (YHKIIMOHANA J, IMOIYyIrM

lim inf J(u,) =2 X 0. 3naunr U ectp craproBoe ynpasienue B 3amade (1)—(3), (6).Takum obpasom,
M- o Ugg

Teopema J0Ka3aHa.
PaccMoTpuM 3aady CTapTOBOTO yipasieHus U punanbHoro Habmomerus (1)—(3), (6),rme GpyHk-
uuoHan mrpada 3amaercs Gopmyaon

I((T) =8 = v, 9] v Dl + [l (®)

3nech X¢ (S) :(Vf (S) W ( 9) - Tpe6yeMoe COCTOSIHHUC CHUCTCMBI, KOTOPOTO AOCTUTACTCA MPU MHUHU-

MaJIbHOM Ha4aJIbHOM BO3H€ﬁCTBHH 10 MpOHICCTBHUU BPCMCHU t=T.
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Jlemma 1. ®ynkunonan J (X( T) ,u), 3a7aHHbINA B Buje (8), ABIsETCS OrpaHUYCHHBIM CHH3Y, MOJY-

HETIPEPHIBHBIM CHU3Y, KO3PIUTHBHBIM (DyHKIIHOHATIOM.
Joxa3zareascTBo. [lokaxeM, uro pyHkumonan J (X( T) ,u), 3amaHHbIA B BUIC (8), ABIsieTCS KOIP-

OUTUBHBIM

[Tyl IR, Al Ao, <
<cu(m-wlf, + &l W)= wly + 6+l I, = -coglu; + coIdf, -
=G, (svm) -, +5|W)- wlp @, )+ 6= o £ XY+ &

G >0, i=16, G>3mn G=2|w],

OueBuaHO, 4TO QyHKIHOHAT J (X( T) ,u) HETIPEPHIBHBIN, 8 3HAYUT, U TIOIYHEIIPEPBIBHBINA CHU3Y. Takum

obpazoM, JleMMa JToKazaHa.
B cuny Teopemsr 2 1 iemMmbl 1 cripaBeyinBa
Teopema 3. IIycmo ay,a,,6.7,0R,, B UOR., TOR, u n<4, mozda cywecmsyem peurenue

()A((T) ,U) sadauu (1)—(3), (6).e0e pyuxyuonan J (X( T) ,u) npunumaem 6uo (8).

ABTOp BeIpaXKaeT IpHU3HATEILHOCTE TTpodeccopy H.A. MaHakoBoii 3a TOCTAaHOBKY 3a7add U TIJI0J0-
TBOPHBIEC TUCKYCCHH, a Takxke rmpodeccopy A.B. boromonoBy 3a uHTEpec k padore. Kpome Toro, cunra-
€T CBOUM MPHUATHBIM JOJITOM 03/1paBuTh npodeccopa A.B. boromorosa ¢ o0uiieem.
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START CONTROL AND FINAL OBSERVATION PROBLEM FOR THE FITZ HUGH-
NAGUMO SYSTEM FOR THE DIRICHLET-SHOWALTER-SIDOROV C ONDITION

O0.V. Gavrilova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: gavrilovaov@susu.ru

The paper discusses the start control and the fibgkrvation of solutions of the Dirichlet—
Showalter—Sidorov problem for the degenerate FigH-Nagumo system of equations. This system
refers to the class of reaction-diffusion equatiand describes the propagation of waves in active b
logical media, such as the heart muscle, or bissu¢. On the one hand, the Fitz Hugh—Nagumo system
of equations is the development of more familiardeloof Kolmogorov—Petrovsky—Piskunov, and on
the other hand, the simplification of the Hodginsixldy model. When constructing a mathematical
model taking into account that the speed of onéretb$unction of the Fitz Hugh—Nagumo system of
equations significantly exceeds the speed of therptt has been suggested to investigate the eeafen
case. The studied task of the start control andl fafbservation simulates the situation when, adter
short-time control action, the expected resultdarertain period of time, i.e. at the initial mormenh
time sends a high-power pulse is sent to a nersesyand the required state of the system is exgect
after a certain set time. On the basis of Galeskimtthods and compactness, the existence theorem of
the problem of starting control and final obsematin a weak generalized case is proved.

Keywords: semilinear Sobolev type equations; Shwabidorov problem, the start control and fi-
nal observation problem; weak generalized solutitwe; Fitz Hugh—Nagumo system of equations.
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ANNTOPUTM HACTPOMKWU CUCTEMbI HEYETKOIO NNIOrMYECKOIo
BbIBOOA TUITA MAMOAHU
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2. Cesacmorions, Poccutlickasi ®edepauus
E-mail: a.v.bogomolov@gmail.com

IIpenso:ken aJropuTM HACTPOiikM cucTeM THNAa MamaaHH, UCHOJbL3YHOUIUIA
IJIS1 TMOACTPOMKYU MPABWJI HEYETKOro JIOTMYeCKOro BBHIBOA NMPHMHLIMII NPONOP-
HHMOHAJIbHO-UHTETPAJBHOIO PeryJjsitopa ¢ OrpaHUYeHHONl HMHTerpajJbHOil co-
cTapasomei. 1A yMeHbIIeHHs] BPpeMeHH NOACTPOKH IO CPABHEHHIO C MpoO-
MOPIHOHAJTBHBIM PeryjasiTOpoOM M YMeHbIIIeHHsl BeJIMYUHBI NepeperyJanpoBaHus,
MO0 CPAaBHEHUIO C MPONMOPIHOHAJILHO-UHTErPATbHBIM PeryJjsiTopoM ¢ TeMH Ke
3HAYEHUSAMH KO0I((PUIHEHTOB HHTErpPajibHOIi M NPOMOPHUOHAIBLHOW coCTaB-
JIAIOIIMX, UCIOJIL3yeTCsl OTpaHNYeHne HHTEerpaJabHOii cocTaBisiiomeii. JlocTonH-
CTBO pPa3padoTAHHOIO AJITOPUTMA 3aKJII0YAEeTCsl B BO3MOKHOCTH OCYIIeCTBJIEHHS
JIOKAJILHOM MOACTPOiiKkM 0e3 MOJHOr0 Hadopa AAaHHBLIX 00J1aCTH ONpeneeHHs
BXOJHBIX NepeMeHHbIX U COOTBETCTBYIOIIUX MM 3HAYeHHIl OTKJIMKA cucTeMbl. B
KayecTBe NMPHOPUTETHOT0 HANpaBJieHUsl JajbHeHIIUX HCCJeJ0BaHUN paccMar-
puBaeTcs ajanTanus NPUMeHEHUs! AJTOPUTMOB 1Jisl (PYHKUMI MPUHAATEKHOCTH
JAPYrux (OTJAMYHBIX OT rayccoBbIX) THMOB. D(P(PeKTUBHOCTH AJTOPUTMA MOJ-
TBep KIeHa Pe3yJbTAaTaMHU €ro CONMOCTABJIEHHUS C AJTOPUTMAMHU MOACTPOMKHU CHUC-
TeM HeYETKOIo JIOTMYeCKOro BhIBOJA HA OCHOBE HEYETKMX HeHPOHHBIX ceTeil u
HEeYETKOM KiIacTepu3aluu NPU pelieHuN HAeHTHYHBIX 3a1a4.

Kniouesvie cnosa:. cucmemvl HEUEMKO20 102UHECKO20 8bl800A; AOANMUBHbIE CUC-
memul;, cucmemvt Mamoanu, uHmeniekmyaibHble CUCIeMbl; HeUemKas 102uKd; QyHK-
YUY NPUHAONEHCHOCMU; NPONOPYUOHATLHO-UHMESPATbHBI PecYasimop.

Bgenenue

Hcmnons30BaHue cucTeM HEUETKOTO JIOTHYECKOTO BBIBOJA MPHUOOPETIO MIMPOKOE PacIpOCTpaHEHNE,
HaumHas ¢ 1980x rr., korma paspaborandsie B 1965romy JI. 3age MaTemMaTHYeCKUe MPUHIIMIIBI CTAIO
BO3MOXHBIM MPUMEHUTH B aJrOpPUTMax, BBINOJHIEMBIX C UCHoOJb30BaHueM DBM. Maremaruueckoe
MOATBEPIK/ICHIE BO3MOXKHOCTH HCIIOJIb30BaHUSI HEUETKUX MOjENel B 3a7adax MOJEIMPOBAHUS ()YHK-
IMHOHAITBHBIX 3aBUCHMOCTEH MOTyYeHo Toce qokazarenseTBa b. Kocko Teopemsr [1] o Tom, 9To cucre-
MBI HEYETKOTO JIOTHYECKOTO BEIBOJIA TUIIA MaMIaHu MOTYT almpOKCUMHUPOBATh JIFO0OYIO (PyHKIIMOHAIH-
HYIO 3aBUCUMOCTb C 33JTAHHOW TOYHOCTHIO (BIOCIIEJCTBUN aHATIOTHYHBIC TEOPEMBI JOKA3aHbI B OTHOIIIE-
HUM CHCTEM HEYE€TKOro BBIBoJa Thia CyreHo). I HaCTPOMKY MPaBHil HEUETKUX MOJENIEH CYIIeCTBYIOT
pasnuYHBIe aNTOPUTMBI, HanOOJIee PacIIpOCTPaHEHHBIMU U3 KOTOPBIX SBISIOTCS aJITOPUTMBI, TOCTPOECH-
HBIC HA OCHOBE HEHPOHHBIX CETEH WM aJrOPUTMBI HEUETKOU KiacTtepusauud. Ho ykazaHHBIC METOMbI
OoJiee YacToO MPUMEHSFOTCS JUTS HACTpoiku cucteM tumna CyreHo [2—5], B ¢Bs3u ¢ OOJbIICH BBHIYHCITH-
TEJBHOM MPOCTOTON M TOYHOCTHIO. TeM He MeHee oCTaéTcs Kiace cucreM Tuiia Mamaanu [6—9], koTo-
pble MPUMEHSIOTCA MPU peaTu3aldid SKCIEPTHBIX CUCTEM, B CBA3H C MHTYUTUBHOUN MOHSTHOCTBIO HUH-
TepHpeTaIiy IpaBui U O0NbIIeH OMM30CTHIO K JIOTUYECKOMY MBIIIICHHIO YEIIOBEKA, IS KOTOPBIX I10-
CJIe HACTPOMKHM CHUCTEMBI DKCIIEpTaMu TpeOyeTcs KOPPEKTHPOBKA MPABMII HEYETKOTO JIOTHYECKOTO BBI-
BOJ/Ia HA OCHOBE CTATUCTUYECKHUX JaHHBIX, MMOJy9aeMbIX B Iporiecce (yHKIIMOHUPOBAHHS CHCTEMBI.

B kadectBe 00beKkTa MPUMEHEHUS aJalTUBHOTO AJITOPUTMAa BO3BMEM KIIACCUYECKYIO CUCTEMY He-
Y4ETKOTO JIOTHYECKOTO BBIBOJA THUMa MamaaHu, ColepsKamlyo M BXOJHBIX IEPEMEHHBIX U OIHY BBIXOJ-
HYIO0 TIepeMeHHY10. Kakaas BXoIHas IepeMEHHAsT MOXKET COJIEPKATh OT 2 A0 M QYHKIMHA TPUHAIEK-
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HOCTH K HEUETKOMY MHOKECTBY. BhIXo/mHAs MepeMeHHass COACPKUT K > 2 QyHKIUN NPUHAICKHOCTH.
OO0mas cxema BBIBOJA JUISI CUCTEM TUIa MaMIaHu TPOU3BOIUTCS TI0 CICAYIONIEMY aJITOPUTMY:

1. Oran ¢assndukanmy: 4ETKME 3HAYCHU BXOIHBIX IIEPEMEHHBIX X IPUBOAATCSA K HEUETKUM 3HA-
YEHUSAM TTOCPEACTBOM BBIYMCIICHHS UX CTENEHH UCTUHHOCTHU BBIPAKEHHMS: X, €CTh A KaK BBIYMCICHHUS
3HAYCHHUSI COOTBETCTBYIOMIETO 3HAUCHHS BXOMHOW (YHKIUM TPUHALICKHOCTH Ha(X,), TAC U — HOMED
BXOJIHOM ITEPEMEHHOM, | — HOMEp IIPaBUIa HEYETKOTO JJOTHYECKOTO BEIBOIA.

2. Dtam He4ETKOTO BHIBO/IA: UCTIONIB3YSI ITOJyYCHHBIC HA TIEPBOM dTalle 3HAUCHHS CTCTICHEeW NCTHH-
HOCTH, BBIYHCIISIFOTCS PE3YJITUPYIOIIHME 3HAUCHHS [T KAKIOTo |-T'o MpaBuia u3 Habopa B M MpaBwu:

R; :ECJIX ()iecmzaAlj),...,I/I(Xn ecmbArj]) TO Y ecmob Bkj : D

rae U — omepanus mepeceueHuss Heu€TKUX MHOXKECTB (t-Hopma). B crathe B kauecTBe omepatopa t-
HOPMEI HCITOIB3yeTcs omneparop ymuHoxenus (omepatop MIN), K — Homep QyHKIMM TpHHAIIEKHOCTH
BBIXOJ/IHOH IMEPEMEHHOM.

3. Oran pedaszsudukanuu: NonydeHue 4€TKOro 3HaueHus. B cTatbe OyaeT paccMaTpuBaThbCs MO-

JIeJTh C BBITTOTHEHHEM Ne(a33u(UKaAITNNA METOIOM BEIYHCIICHUS IICHTPA TKECTH
max

max
y= [ yuDay/ [ 1(9d, @)
min min
rae K(Y) — pesympTHpyromias GYHKIUS TPHHAIIEKHOCTH, TONIYUYEHHAs TIOCPEACTBOM CYMMHPOBAHMS
YACTHBIX YCEUEHHBIX (DyHKIUH MPUHAUIEKHOCTH W (Y), MOTydeHHBIX IPH CPadaThIBAHUU j-TO IPABUIIA.

CuHTEe3 aJITOPUTMA HACTPOMKH CHCTEMbI HEYETKOI0 JIOTHYECKOT0 BHIBO/IA

JlJis IprMEHEHUs] TPUHIUIIOB PEryJsaTopa, pa0doTaloIIero Mo MPONOPIHUOHATHHO-UHTETPATbHOMY
npunimny (ITU-perymsatop) [10], st kaxmoro npaBuia BBEAEM MOHATHE HAKATUTUBAEMOW (MHTETpasb-
HO) OIMHOKH, paCCUNTHIBAEMOI 10 (hopmyite (3), ¥ IPOIIOPITHOHAIBEHON OIIHOKH:

N
i =D Wi (% —%), 3
=
Ri=w(y-s), 4)
raec J - HOMep Cpa60TaBH_IeFO HpaBI/IJ'Ia; | - HOMep miara, Ha KOTOpOM 6])1.]]0 HOHy‘{eHO HpOFHO3I/IpyeMoe

3HAYEHUE HA BBIXOAE CHUCTEMBI HEUETKOTO JIOTHYECKOTO BHIBOJA VA S — p€aJIbHOC 3HAYCHUEC ITPOTrHO3U-

PYEeMOM BCIMYUHBI, WJ — BCC BKJaJla pE3yJIbTUPYIOUICHU (byHKLII/II/I NPUHAJICKHOCTHU |-TO IMpaBUJIa IIPHU

(bOpMHUPOBaHHH i-i OIIEHKH, BBIYUCISETCS 10 hopMyIie:

W = T(Uarj () Hpoj (Xo)s - sHpn (%)), )
rae T — omepaitust BeIUUCaeHus t-HopMbl. B kadecTBe t-HOpMBI HamMu ucnoib3oBana oneparus MIN, HO
MOKHO HCIIOJIb30BaTh JAPYIde€ BapHaHThI t-HOPM, TakWe KakK OMEpaTop MPOM3BEACHHS WM ONEPaTOp
ycuiieHHOTO TipousBenenus [11]. B mpeacTaBieHHOH HHTEpHpeTaliiid W; COOTBETCTBYET YPOBHIO aKTH-
BAIlMH |-TO TPaBHJIa [IPU MOJTYYEHUH PE3YIbTUPYIOIIEH (QYHKIUK MPUHAIEKHOCTH. st KaXk10ro npa-
BHJIA BBIIGNIMM 4ETKOE 3HAYCHUE 3aKIIOUCHHS Yj, MOJIydyaeMoe II0 TOMY K€ IIpaBUILy, YTO U ofluee pe-
3ynpTHpYyIonee 3HadeHne (6), TOIbKO B (QyHKIUS HPHHALISKHOCTH Wi (Y) SABIACTCS pe3ylbTHPYIOMEeH

(dyHKIHER 0T cpabaThIBaHU |-TO MIPABUIIA;
max

max
Vi = [y (D dy/ [ a4 (9 oy 6)(
min min
B kauectBe (bOpMI:I (bYHKI_[I/II/I MPUHAMJICIKHOCTHU IJI OIMCaHUs BXOJHBIX U BLIXO,Z[HOP'I MEPEMCHHBIX
BBIOpaHa CHMMETPHYHAS TayccoBa (PYHKLUS IPUHAIIIE)KHOCTH:

_(x-b)?
px)=e 2 7)
roe a — mapamerp, ONpeesIoUMH IIHPUHY (YHKIMKM TPHHAICKHOCTH; D — mapamerp,

ONPEJICISIFOIINIA TIOJIOXKEHHE sipa (PYHKIMU TIPUHAJIEKHOCTH. [IOCKOIBKY B BBIOPaHHOW CHCTEME
Ka)XJIOMY TPaBHJIY COOTBETCTYET TOJBKO OJHA (DYHKIUS MPHHAIECKHOCTH BBIXOIHOW MEPEMEHHOM,
KOTOpasi SBJIIETCA CHMMETPHYHOM OTHOCHTENBbHO IieHTpa D, To pesynbrar nedassudukarmu s
npasuia (6) Oymer coBmamarh ¢ apoM (GYHKIMK IPHHAIIEKHOCTH D.
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ANTOPUTM TTOJACTPOWKH OCHOBAH Ha BBEIYHCIICHUN OMIMOKY 10 MpUHIAITY padoTsl [11-perymsaTopa ¢
OTPAaHUYCHHOM MHTErPaJIbHOM COCTABIISIONICH 1 MOCIEYIONIMM U3MEHEHNEM Ha €€ OCHOBE MapaMeTpPOB
KOHCEKBEHTA JJIsl IPABHJI JIOTH4ecKoro BeiBoja [11-13].

st KoppekTHOH paboThl anropurMa He00X0IUMO COOJIOACHUE CIEAYIOMINX OTPAHUYCHHIH:

1. Jlns 3amaHus BBIXOJHOW TIEPEMEHHOHN HCITONIB3YIOTCS CHMMETPHYHBIE TayCCOBBI (DYHKITMH TIPH-
HAIJISKHOCTH, OMTUCHIBAEMbIC ypaBHEHUSIMHU (7).

2. Yucno QpyHKIMH MPUHAUIEKHOCTH BBIXOJHBIX MIEPEMEHHBIX PABHO YHCIY IMPABUII JIOTHYECKOTO
BBIBOJIa ¥ PABHO MTPOM3BEEHHIO YMCIIa (DYHKITHHA TPHHAIEXHOCTH PAa3HBIX BXOJHBIX ITEPEMEHHBIX.

3. Ientpsl (fapa) BXOAHBIX (GYHKIMHA TPUHAIICKHOCTH JOJKHBI OBITH PABHOMEPHO PACIIONIONKE-
HBI Ha BCeil oOmacTu onpexneneHus. [Ipu 3TOM paccTossHUE MEXy LeHTpaMu (PyHKIUH MPUHAIICIKHO-
cTé AX BeAucseTcs mo Gopmyie

DX = (Xnax = Xmin)/ N=1, (8)

1€ Xmax — BEPXHsIA IPaHMUIIA 00JIaCTH ONpEEIeH s BXOAHONW MEPEMEHHOM, Xyin — HIDKHSISL TpaHUIa 00-

JIACTH OIPEIeIIeHHs] BBIXOIHOM MepeMeHHOM. B npenensHoM citydae it uncia QyHKIHMA TpHHAIIEK-

HOCTH, PaBHBIM JIByM, EHTPBI QYHKINI IPUHAUIEKHOCTH OYIyT COBIAAATh C TPAHUIIAMH 00JIaCTH OII-
penenenusi, N —arcio QyHKIUI TPHHAIIEKHOCTH.

4. 3HayeHHWe WCTHHHOCTH B TOYKE MEPECEYEHHs IBYX COCETHHMX (DYHKIUH MPUHAIICKHOCTH X¢

pasro 0,5: 1(x) =0,5. [Ipu 3anannn GpyHKINH TPHHALIESKHOCTH TayccoBa THIa (6) OleHKa mapaMer-

pa a, onpeneNsonero IMUpuHY QYHKIUHA TPUHAIIEKHOCTH, OyIeT pacCUUTBHIBAThCS MO hopMyIie

a=(b-0,5%)/,/21n0,5. 9)

AJITOPUTM OCHOBaH Ha M3MEHEHHH sifep (YHKIUI MPUHAIICKHOCTH MPH BO3ZHUKHOBEHHH OIIHOKH
BBIYHCIIEHUI M COCTOUT U3 CIIETYIOIINX [aroB:

1. Bepércs HabOp 3HAYCHHUI BXOIHBIX TIEPEMEHHBIX [X1, X;| B COOTBETCTBYIOIIEE UM PacUETHOE Yj U
baxkTuUeckoe S 3HaYCHUs BHIXOTHOM MepeMeHHOH (I — HOMep I1ara, Ha KOTOPOM ObLIO MOJIYYeHO MpPo-
THO3MPYEMO€ 3HAUYEHHE Ha BBIXOJE CHCTEMBI HEYETKOTO JIOTHYECKOTO BBIBOJIA IS 33 [aHHOTO (PUKCHPO-
BAHHOTO 3HAYCHUS BXOIHBIX [IEPEMECHHBIX).

2. Jlnst xaxmoro j-ro mpasmia j = [1, M], rme M — 4mciio TipaBuil B CHCTEME, BBITIOHSIOTCS IIarH
3-6.

3. Ha ocHOBe JaHHBIX, MMOTYYEHHBIX B pPe3yJIbTaTe MPEAbIAYIINX U3MEPSHHUH, BEIYHUCIIACTCS 3HAUe-
HU€e OIIUOKHM ISt MHTETPaIbHOM COCTaBIAIONIHNIA 110 hopmyie (3).

4. Jlns yMeHbIIEHUs] 3HAYE€HHs IEPEPEryIMPOBAHUS BBOAUTCS OTpaHMYEHHE WHTErPajbHOU CO-
CTaBJISAIONICH C MOMOIIBI0 YKa3aHUs MaKCHMaJbHOTO 3HA4YeHHUs |S, BbIIE KOTOPOrO 3HAYECHHE WHTE-
TPaJIEHOM COCTaBIISIONICH OBITh HE MOYKET:

II] = IS, €CJIn IlJ > IS,
I ” y
5. BeramciseTcst 3HAYEHNE IPOIOPIIMOHAIBHOM cocTaBisrorei mo dpopmyie (4).

6. Bpruucnsercs obuiee 3HaueHue omMOkM Ej kak cymMma mponoplnuoHanbHOH M MHTErpajibHOM
COCTABJISAIOIINX

10
ecim IIJ <|s. ( )

Eij = K||ij + KpPij, (11)
rae K u Ky — ko3 GHIMEHTs! U1 MHTETrpalbHOM M IPONOPIMOHAIBHON COCTaBIISAIONINX, HCIIOIb3yeMbIe
JUIsSt K3MEHEHSI CKOPOCTH PearupoOBaHus Ha OIIMOKY BBIXOJIA.

7. TIpou3BOmUTCS KOPPEKTHPOBKA mapamerpa b dyHKIMH MpHHAAIEKHOCTH 3aKIFOUCHHUS |-TO TIpa-
BUJIA 110 (popMmyie

12)
1
Zos
0
0 1 2 3 4 5 6 7 8 9 10
X
Puc. 1. Npadmueckasa nHTepnpetauus TepM-MHOXECTBa BXOAHON nepeMeHHOMN
BectHuk OYpl'Y. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 21

2018, Tom 10, Ne 3, C. 19-29



MaTtemaTtuka

py)
(=)

o
[}
u
s
wn
=3
-
00
E=]
S

Y
Puc. 2. Ipadmyeckas nHTepnpeTauus TepM-MHOXeCTBa BbIXOAHOW NepeMeHHOMN

PaccmoTrpum paboTy anropurMma IpH pasiuyHbIX 3HadeHUAX KodhouuuentoB K, u K, s Toro,
YTOOBI NIOKA3aTh WX BJIMSHHE HA CKOPOCTh M TOYHOCThH IMOJCTPOWKH MapaMeTpoB mozenu. s storo
BO3bMEM CHCTEMY HEUETKOTO JIOTHUECKOTO BBIBOJIA, COACPIKALIYIO OJHY BXOAHYIO IEPEMEHHYIO, TEPM-
MHOXECTBO KOTOpOH conepkut 10 QyHKINI NPUHAUIC)KHOCTH U OJTHY BBIXOJHYIO MIEPEMEHHYIO, TEPM-
MHOKECTBO KOTOpOii Takke comepkut 10 dyHkiwmii npuHapiexkHocTr (IUisi COOMIOICHUS] BTOPOTO Orpa-
HUYCHUS).

I'padmueckoe mpeacTaBiicHUE TEPM-MHOKECTBA BXOJHON NEPEMEHHOW MpEJCTaBieHO Ha puc. 1,
BBIXOJHOM mHepeMeHHONW — Ha puc. 2. Cuctema Oyaer coaepxkarb 10 mpaBuii HEYETKOIO JIOTHYECKOTO
BBIBO/Ia, TIOCPEICTBOM KOTOPBIX (PYHKIIMS MTPUHAJICKHOCTH BXOJIHOW IMEPEMEHHON ¢ HomepoM 1 cBsi3a-
Ha ¢ QyHKIMEH BXOIHOW mepeMeHHOW HoMmep 1, QyHKIUS MpHHAUIEKHOCTH C HOMEPOM 2 CBs3aHA C
(DYHKIHEH TPUHAICKHOCTH BBIXOIHOMN MIEPEMEHHON C HOMEPOM 2 U T. II.

Bausnue koaddunmentos K, n K, 6yzer nokaszaso cneayromum o0pa3oM: 3aQUKCUPOBAHO 3Haye-
HUE BXOJHOU nepemMenHoit, paHoe 3,018.I1pu 3anaHHBIX BBINIE IEPBOHAYAILHBIX HACTPOHKAX CHCTEMBI
COOTBETCTBYIOIICE BBIXOJHOE 3HaUeHHE OymeT paBHO S= 2,7725Ha neperix 5 marax 3afaHo 3HaYeHHE
s=2,7725,naunnas ¢ 20 mrara 3amano 3HadeHue S = 6,0829 f{iponsBeneHO CTyleHYaTOE M3MEHEHHE
OXKHUIaeMOM BelUUnHbI). [ pauk H3MEHEHUS BBIXOAHOTO 3HAYCHHUS Y OT Iara MpUMEHEHUS arTOpUTMa
npu pa3InyHbIX Kodppunmentax K, u K, npencrasnenst Ha puc. 3.
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Puc. 4. 3aBMCMMOCTb BbIXOAHOIO 3Ha4Y€HUA OT Liara BbINMOMHEHUS anropuTMa noacTPOUKU
NPy pasnuyHbIX 3HaYeHuax koadpcdpuumentos K, K, Is
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[Ipu 3HaueHusX KO3GGUIMEHTa HHTETPAIbHOM cocTapistoliel 6obine 0,5 ammuTyna nepepery-
JUPOBaHUS CTAHOBUTCS OONBINOW — MOXKeT mpeBbicHTh 0,7 OT 3HAYEHUS] M3MEHEHHUS! OTCIICKUBACMOM
BBIXOJJHOHM BEJWYMHBI, HO IIPU 3TOM MHTErpalibHasl COCTABIIONIAS MO3BOJIAET OBICTpEE pearnupoBaTh Ha
BO3MYyILIAOIIee BO3ACUCTBHE (B 9TOM CiIydae COXpPaHIETCs CKOPOCTh MOJCTPOWKU, HO YMEHBILACTCS aM-
mmTyaa nepeperyauposanus) [14, 15].T'paduku n3MeHeHHs BEIXOIHOTO 3HAYEHUS OT IIara IpUMeHe-
HMS aIrOpUTMa JUIA pa3sIM4HbIX 3HaueHui koapdunnentos K|, K, IS npencrasinens Ha puc. 4.

3a c4éT U3MEHEHUs MapaMeTPOB BBHIXOJHON MEPEMEHHON aJlTOPUTM MPOU3BOIUT MHTEPHOISILNOH-
HYIO TMOACTPOWKY TTOBEPXHOCTH HEYETKOTO BbIBOAA. [IpH 3TOM moacTpoiika MpON3BOANTCS 3a CUET CIBU-
ra «OMOPHBIX TOYEK», POPMHUPYEMBIX HEeHTpaMu (YHKIMA MPUHAIC)KHOCTH BBIXOJHBIX NMEPEMEHHBIX.
PaccMoTpuM nM3MeHeHHe MOBEPXHOCTH BBIBOAA U PACIONIOXKECHUS QYHKIMN TPUHAIC)KHOCTH BXOTHBIX
TIepEMEHHBIX IS CIASAYIOMNX 3HAYCHUN BXOAHOW MEPEMEHHON: B KOTOPOU (DYHKITHS MIPHUHAIICIKHOCTH
npuaumaet 3HaueHne U(X) =0,5 u mpoucxomut mepecedeHue ABYX (GYHKIMN MPUHAICKHOCTH, IS

3TOro BO3bMeM X = 2,77,B KOTOpPOIi 3HaYeHHe (QPyHKLIUH NpHHAUIeKHOCTH paBHo HU(X) =0,5, Bo3bMEM

x = 3,33,B KOTOpPO! TOJILKO OJHA (PYHKIHS MPUHAIICKHOCTH ¢ HOMEpOM 4 aKTHBHPYET MPABUIIO, JUIS
Heé U(X) = 1, u mpoMexkyTouHoe 3HaueHne X = 3. BeIOpaHHbIE 3HAYEHUS X M UX B3aHMOCBS3b ¢ (DYHK-
UMY PUHAJICKHOCTH BXOHOHN MEPEMEHHON MpeACTaBIeHBI Ha puc. 5.
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YeTkoe 3na4eHNe BXOAHOI NEPEMEHHOI X

Puc. 5. BbiGpaHHble 3Ha4eHUs X U UX B3aUMOCBA3b C (PYHKLMAMU NPUHAATIEKHOCTU BXOLHOW NepemMeHHOoN

Wcxonnprii rpaduk MoBEpXHOCTH HEUETKOTO JIOTMUYECKOTO BBHIBOJIA M €T0 U3MEHEHUS B PE3yJIbTaTe
MOJICTPOWKH TPEJICTaBIICHbI HA pUC. 6, H3MEHEHHE PACTIONIOKEHUH QYHKIMA MPUHAUICKHOCTH BBIXOJ-

HOU TIepeMEHHOH TpeICTaBlIeHbI Ha puc. 7—9.
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Puc. 7. PacnonoxeHue yHKLMA NPMHaANeXHOCTU Nocne NoACTPOMKU NapamMeTpoB AN BXOAHOro 3HayeHus 3,33
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Puc. 9. PacnonoxeHune (hyHKUMIA NPUHAANEXHOCTU NOCre NOACTPOWKM NapamMeTPOB Afisi BXOAHOrO 3HaYeHus 3

[Tomyuaemast Heu€TKasi IOBEPXHOCTh BBIBOJA JUIS CHCTEMBI BBIBOJIA TIO TUIY MaMaHU U TayCCOBBIX
(GYHKIMH TPUHAIICKHOCTH SIBISIETCS TIAJAKOW (DYHKIMEH, HHTEPIOIUPYIOICH 3HAYCHHsT MEKIY LICH-
TpaMH (QYHKIUH NPHUHAUIC)KHOCTH BBIXOIHBIX IIEPEMEHHBIX. B CBA3M ¢ 3TMM mpu 3HaueHnH x = 2,77
QJITOPUTMOM OBLIO BBHITOJHEHO EPEMEIICHUE BBIXOAHBIX (DYHKIUI MPUHAUICKHOCTH C HOMepamu 3 1 4
(puc. 8). Ilpu 3TOM pe3ynbTHPYIOIIasi OBEPXHOCTh BHIBOJA UMEET 0oJjiee IMOJIOTHI BHUJ, YeM MOBEPX-
HOCTbH BBIBOJIA, M3MEHEHHAS I X = 3, KOTJA 4eTBepTas BBIXOMHAS (YHKIMS HMPUHAIICKHOCTH HMela
Oosiee CyIIECTBEHHBIH BKJIaJ B pe3yIbTHpPYIOLIEe 3HAUCHNE U OblIa IepeMelleHa Aaiblie, 9eM (QyHKIHS
c HomepoM 3 (puc. 9). [Ipu pacuére cTeneHb HCTUHHOCTH YETBEPTON BBIXOMHOMN (DYHKIIMU TPUHAIICHK-
Hoctu paBHa 0,8, cTeneHb HCTUHHOCTH TPEThel BRIXOAHON (pyHKIIMU mpuHauIexkHocTH paBHa 0,2. [pu
HOACTpOlKe MpH 3HaueHHn X = 3,33 mepemMeranack TOJIBKO OJHA (GYHKIHMS NPUHAIICKHOCTH 10X HO-
mMepoM 4 (puc. 3), mpu TOM Moiy4eHHas: (QYHKIMOHAIbHAs 3aBHCUMOCTH HOACTPOWKH IS 3HAYCHUS
3,33 umeeT HauMeHbIIIee 3HAaUCHHE MakcMMyMa Ha ydactke [1, 5] oGmactu onpeneneHus: BXOJHOH Iie-
PEMEHHOIA.

CpaBHenne 3¢ (peKTHBHOCTH AJTOPUTMOB NMOACTPOIKH CHCTEMbI HEYETKOT0 JJOTMYECKOTr0 BLIBO/IA
B kauecTBe KpuTepus U CPaBHEHUSI TPE/ITIOKEHHBIX alTOPUTMOB OyJIeM UCIIONIL30BATh CPETHIOKO
BEITMYMHY OIMUOKH, BEIYHCIIIEMYIO TI0 opMyIre

R LN
e—NiZ\y.—y

rae N —4uciio Touek, B KOTOPBIX NPOBOAMIACH NPOBEPKA; Y, — 3HAYEHHUE, CIIPOTHO3UPOBAHHOE CHUCTE-

: (13)

*
MOIf; Y —MOJEIMpyeMOoe 3HaUCHUE PYHKIUN.

JIist BEITIOJIHEHMSI CpaBHEHMS OyIeM HCIOIb30BaTh HEUETKY0 Helponnyro cetb ANFIS (adaptive-
network-based fuzzy inference sy3gtami moacTpoiikiu CHCTEMBI HEYETKOTO JIOTHUECKOTO BEIBOoaa Ta-
karu—Cyreno—Kanra (TSK) nepBoro nopsjka ¢ pe3yabTUPYIOMIUME QYHKIMSIMH IPUHAICKHOCTH

f(x) = b,
rae b —koHcTaHTa, 3HAYCHHE KOTOPO# COBMAMACT C SAPOM BBIXOAHON (HYHKIIMH MPUHAICKHOCTH CHC-
tembl Mamaanu (Ha rpadukax u panee Oynem o6oszHauatb ANFIS) u renepamuio Heu€TKo# cuCTEMbI
TUMa MaMmJaHd Ha OCHOBE CTATHCTHYECKHX TaHHBIX C HCIOJb30BaHWEM HEYEéTKoro amroputma C-
cpennux (Ha rpadukax u ganee Oymem obosznauate FCM —fuzzy C-meansOG6nacts onpeaeaeHnss Mo-
neneit mpumem D = [0, 10],06macts 3uauennii E = [0, 10].IlepBonadanbHO HEUETKHE MOJETH HACTPOE-
HbI Ha BBIBOJI 3aBUCHMOCTH Y = 5 [1s1 71F000T0 3HAUCHUSI X.

CpaBHEHHE IPOBEJICHO Ha JIBYX THIIAX MPOBEPOK:

1. TloacTpoiika CHCTEMBI IO OJTHON MOJIETHPYEMOM 3aBUCUMOCTH.

2. Tloxactpoiika CHCTEMBI 10 TPEM, TIOCICAOBATEIBHO H3MEHSIEMbBIM 3aBHCHMOCTSIM.

24 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 3, pp. 19-29



lNonocoeckuti M.C., Boecomosoe A.B., Anzopumm HacmpouUKu cucmemsl
Tepeboe [.C., EemyweHko E.B. Heyémko20 f1o2uvyecko20 ebieo0a muna MamdaHu

IlepBas mpoBepka MPOU3ZBOAUTCS HAa MOJACIUPYEMON HEIMHEWHOW 3aBUCHUMOCTH, UMEIOLIEH OJUH
MaKCUMyM:

y =3+ 4g (5’125, (14)

MonenupyemMast 3aBUCUMOCTD CITYKUT MaTeMaTHYECKUM OKHJaHWEM ISl TeHEepaIiH TISTH CITydai-
HBIX [TOCJIEI0BATEILHOCTEH (3TANIOB), 3HAUEHHST KOTOPBIX PACIpPE/ICIICHbI TI0 HOPMAIbHOMY 3aKOHY pac-
npenenenus ¢ aucrepcueit, pasHor 0,5. McxomHas 3aBHCUMOCTD M CTEHEPUPOBAHHBIC CIy4alHBIC I10-
CJICIOBATEIBbHOCTH JIJIS TISITH DTAIIOB MpescTaBieHsl Ha puc. 10.

& T T T

2 o [T —————
S AU SRR AU - o aran

7 o-F o

3Tan 2
k3
R

= 3Tan3

+ 3ran4

Puc. 10. N'pachmk ncxonHom 3aBMCMMOCTU U CreHepMpoOBaHHbIe cnyyalrHble nocneaoBaTeribHOCTU

IIpu cpaBHeHuun anroputMmoB HeiponHas cetb ANFIS Oyner ucmonb3oBats 10 smox oOyueHwus.
Cpemaune 3HaYCHUS TOTYYSHHBIX OITHOOK TpeCTaBIeHBI B Ta0u. 1. iToroBeie rpaduku 3aBUCHMOCTEIH,
MOJTyYeHHBIE B pe3yJIbTaTe 00pa0OTKM 3allyMJIEHHBIX JAHHBIX C HCIIOJL30BAHUEM MPOBEPSAEMBIX aJrO-
PUTMOB, TIpUBEICHEI Ha puc. 11.

8 T T T T T T T T

TTprennome I RiE aropin T

2 3 4 5 ] 7 " 9 ]
X
Puc. 11. 3aBucumocTH, nonyyYeHHble B pe3yrnbrate 06paboTky 3allyMIIEHHbIX AaHHbIX
C “cnonb3oBaHWEeM NPOBepPSEMbIX anropuTMoB

Tabnuua 1
CpeaHue 3Ha4eHUs OLIMGOK Ha OOYy4YaloLWUNX U KOHTPOSbHbIX BbIGOPKaX ANSA NOACTPOMUKU
C Ucnonb30BaHWEM CpaBHUBaeMbIX anropuTMoB
Howmep srama
AJ'IFOpI/ITM Tun BBI60pKI/I 1 > 3 4 5
TTpe utoKeHHbIi OO0yuaromas 1,118256 0,574143 0,44774| 0,3549110,233608
KontponbHas 1,135829 0,573822 0,447369 0,351716| 0,216397
ANFIS OO0yuaromas 0,370094 0,270445 0,340054 0,29814| 0,24303
KontponbpHas 0,367198 0,277986 0,342855 0,287561] 0,240048
ECM Oo0yuarormas 0,42473| 0,43392 0,440368,438923 0,390062
KontponbHas 0,432041 0,43917| 0,4501| 0,450138,398141

Bropas mpoBepka BBINOIHEHA HA CEPHU U3 TPEX MOCIIET0BATEIBLHOCTEH, SBISIOIIIXCS HEITMHEHHbI-
MH ¥ UMEIOIIUX HECKOJIBKO MaKCHMyMOB M MUHHUMYMOB: (opmyisl (15)—(17).Takum oGpa3zom, npose-
peHa BO3MOKHOCTH alMpOKCUMAaLUi AMHAMHYECKOH 3aBucUMOCTH. [IpoBepka aganTalMOHHBIX CBOHCTB
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MpoOBeIcHa U TPEX UTEpaluil 0 YeThIpe dTana B Kaxkaou. McxoaHble HACTPOMKHM CUCTEM U TpaBUiIa
TeHEepaIUK CIy4alHBIX MOCIEI0BATEILHOCTEH /IS aJTOPUTMOB HUICHTUYHBI MCXOJHBIM HACTPOWKAM H
MIpaBHJIaM TeHepaIuy CITyJaifHbIX MOCIeA0BATENbHOCTEN U3 TIPEABIAYIIEH TPOBEPKH:

y=3+1/(0,3+ 0,2, (15)
y =€ sin(2x-§+ 4, (16)
y =5+sin(x)+ 0,4 0,7Ifx+ 0,09°. 17)

I'paduku TpEX UCXOIHBIX 3aBUCUMOCTEH U TOYCK, CIIy4allHO CTEHEPUPOBAHHBIX C UCIOJIH30BaHUEM
3TUX 3aBUCUMOCTEH B Ka4eCTBE CPEJAHETO 3HAYCHHS JJIs TPOBEPKH aJaNTalid ajlTOPUTMOB, MIPEIICTaB-
JIeHbl HA puc. 12. Pe3yibTaThl allpOKCHMAIINN 3THX 3aBUCHMOCTEH C MCIIOJIh30BAHUEM IMPOBEPSEMbIX
aJTOPUTMOB TIPEACTABIICHEI B BHE TpaduKoB Ha prc. 13 W B BHIE YHCIIOBBIX 3HAUYCHUH B Ta0II. 2.

Hrepaupa 1 Hrapaupa 2 Wrepaua 3
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Puc. 12. PacnpeaeneHne ncxogHowm BefMUUHbI X U MOAENMPOBaHUS ClyYalHbIX pe3ynbTaToB U3MepPeHUN
no utepaumsam 1-3, cogepxawimm no 5 3TanoB B KaXAon

Hrepaumna | Hrepaumna 2 Hrepaumsa 3
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Puc. 13. N'pacdhuku 3aBMCUMOCTEN, NONY4YEHHbIX B pe3ynbTaTe 06paboTKu 3allyMNEHHbIX AaHHbIX
C Ucrnonb3oBaHWeM NpoBepsieMbIX anropuTMoB

[IpoBenéHHbIe CpaBHEHUS MOKA3BIBAKOT, YTO MPEUIOKCHHBIN aJlTOPUTM BBITIOJIHSIET IMOACTPOUKY 3a-
BucuMocTy Ha yposHe anroputMoB ANFIS u FCM. Cpennsis ommbka Ha oOydaromield BBIOOpKE Ha I1s-
TOM 3Tare 3a Tpu urepanun cocrapmia 0,201446mms npemroxxkerHoro anroputma, 0,161623m1s anro-
purma ANFIS 1 0,20626311s anropurma FCM. Ha KOHTpOJIbHOMN BBIOOPKE CPEAHSs OIIMOKA Ha MATOM
aTtane 3a Tpu urepanuu cocrauwia 0,193556mms npemioxkennoro anropurma, 0,164013 s anroput-
ma ANFIS 1 0,19779 -1 anropurma FCM.
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Ta6bnuua 2

CpeaHue 3HaveHus ownMbok Ha oby4atrowmx (OB) n koHTponbHbIX (KB) BbIGOpKax No Tpém utepaumsim
Ans npeanoXeHHOro anroputMa NoACTPOMKU C Ucnornb3oBaHMeM HeuéTkon cetn ANFIS,
reHepauum cMCcTeMbl C Ucnonb3oBaHuem anroputma FCM

Homep | Howmep Hp Zﬁ?gg:fibm Anroputm AFNFIS Anroputm FCM
frrepatutit | otara OB KB OB KB OB KB
1 0,46926 0,47266 0,17618 0,17454 0,12255 0,12249
2 0,19537 0,19857 0,15471 0,14542 0,05548 0,05549
1 3 0,20666 0,20123 0,17847 0,17895 0,10985 0,11191
4 0,12472 0,12134 0,16901 0,17085 0,0789 0,07762
5 0,12951 0,12919 0,12179 0,11241 0,06711 0,06843
1 0,66071 0,66577 0,19378 0,19846 0,45681 0,45056
2 0,41051 0,40337 0,13703 0,13326 0,34301 0,34559
2 3 0,24624 0,23246 0,17043 0,16858 0,37221 0,37075
4 0,23783 0,22348 0,20851 0,20771 0,370y 2 0,3561
5 0,24675 0,24498 0,16294 0,16389 0,3795 0,37116
1 0,59862 0,59041 0,17529 0,18355 0,203B85 0,18813
2 0,35333 0,35615 0,1839¢ 0,18221 0,200y71 0,18264
3 3 0,23531 0,20726 0,18021 0,1796 0,18457 0,17185
4 0,23134 0,20509 0,1891¢8 0,18109 0,18346 0,15748
5 0,22808 0,2065 0,20014 0,21574 0,17218 0,15378
3akioueHue

HpOBeI[éHHOG HUCCICO0BAHHUC ITOKA3bIBACT, YTO JOCTOMHCTBO pa3pa60TaHHOro ajropuTtMa HaCTpOﬁ-

KH CHCTEMbI HEUETKOTO JIOTHYECKOTO BBIBOJIA THUITA MaMIaH! 3aKJIF0YaeTcs B BO3MOXKHOCTH OCYIIIECTB-
JICHUs1 JIOKaJbHOW TOACTPOMKH: JJISl OJTHOTO (PUKCUPOBAHHOTO HA0OPa BXOJHBIX TEPEMEHHBIX MOXKHO
HACTPOMUTH BBIXOJHOE 3HaYeHUE (OTKIHK) cUcTeMbl. [ aHamornuHoit moactpoiiku anroputMam ANFIS
n FCM tpebyeTcs nepenaBarh MOJHEBINH HA0Op MaHHBIX 00JACTH ONMPEICIICHUS BXOIHBIX TICPEMEHHBIX U
COOTBETCTBYIOIIME UM 3HAYCHUsS OTKJIMKA CHCTEMBI. B KadecTBe MPUOPHUTETHOTO HANpaBJICHUS Jajb-
HEHIINX UCCIIEIOBAaHUN pacCMaTpUBACTCs aJanTaius IPUMEHEHUs alrOpUTMOB il (yHKIIMIA TIPUHA-
JISKHOCTH APYTUX (OTIHYHBIX OT TAyCCOBBIX) THUITOB.
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An algorithm to adjust the Mamdani-type systemgii®n; it uses the principle of a proportional-
integral controller with a limited integral compando adjust fuzzy inference rules. To reduce ttie a
justment time in comparison with proportional cofier and to reduce the overshoot amount in com-
parison with the proportional-integral controlleithvthe same values of the coefficients of thegrae
and proportional components, the integral compolienitiation is used. The advantage of the developed
algorithm is in the possibility of performing a klcadjustment without a complete set of data fer th
domain of definition of input variables and theresponding response values of the system. As & prio
ity area for further research adaption of the apion of the algorithms to the membership functioh
other types (non-Gaussian) is considered. Theiefiiy of the algorithm is confirmed by the resuts
its comparison with algorithms of fuzzy inferengestem adjustment based on fuzzy neural networks
and fuzzy clustering in solving identical problems.
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Corporative-competitive system, which is inside o€orporations, can be de-
termined as a “game”, step-by-step performing a ceain type of activity. The sys-
tem operates in real physical time, and the resulbf operation is the distance,
which is divided into stages. The stages are pasdeglthe team participants due to
rigid schedule, which may be occasionally selectdébm the set of possible sched-
ules. The abstraction “M-parallel semi-Markov process” is used for description of
a system under consideration. In semi-Markov procesdegenerate distribution is
used for description of time intervals between rela points. For analysis of relay-
race evolution, recurrent method which takes into acount rigidity of schedule
and stochastic character of route selection is useth accordance with the concept
of distributed forfeit and proposed recurrent procedure, the method of calcula-
tion of summing forfeit, which one of competing tems receives from other teams,
is proposed.

Keywords: relay-race; semi-Markov process; degeteedistribution; route; evo-
lution; distributed forfeit; recurrent procedure.

Introduction

Relay-races, as the basic conception of corporativmeurrent system description, may be applied
to modeling of such fields of human activity, adustry, economics, politics, defense, sport, etel]1
Due to conception announced teams, participatinglisy-race, should to pass the distance, which is
divided onto stages by relay-points, and team @pants should to pass the stage in real physioal. t
Common case of random time relay-race simulatios gansidered in [2, 5], where for description of
teams behavior such abstraction, as semi-Markogegowas used. Semi-Markov process is quite uni-
versal mathematical apparatus, and when insteaahdbm time emerges rigid schedule, it can be used
too. Rigidity of stage passing time permit subsélytsimplify model of the system and calculatioh
forfeit, but also leads to substantial restrictionhsesults obtained.

On practice teams, participated the relay race, waay their schedules, and for an external ob-
server such variations are the stochastic ones. gérmits to consider different combinations ofesth
ules and to improve results obtained. Approachesddeling of relay-races with rigid schedules and
alternative routes are currently known insufficignthat explains necessity and relevance of tlresn
tigations in this domain.

1. Relay-race as M-parallel semi-Markov process

The graph, which shows the alternative routes rigidedule relay-race structure, is shown on the
fig. 1.

Following assumptions, when modeling this kindaxfas, are made bellow [5]:

in relay-race participat®l-teams, every of which pass its distance in regsighl time;

distance of every team is divided onto stages,yewemwhich is overcame by one participant of a
team, and first participants of all teams starirtsiages at once;

every participant may choose a route, for passiagstage, for an external observer the route selec-
tion is a random event;

passing the stage route by participant lasts tigid, which is individual for the team, the stagel a
the route;

after completion of a current stage on the seleatete next participant of the team selects route
and starts the passing next stage without a lag;

forfeit, which is imposed on the teams is definedttee distributed payment, value of which de-
pends on the time and difference of stages, whictently teams pass.
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The model of relay-race witkl teams may be performed ldsparallel semi-Markov process [6—8]

ule relay-race
,Ll:{ﬂl,---,ﬂm,---,ﬂm (t)} 1)
Hn ={ A (D)}
wheret is the physical timeyy,, is the ordinary semi-Markov proces4,, is the set of stateshm(t) is
the semi-Markov matrix, which describes an actiotghem-th team;
2)

A, ={ao(m), A+ By + By n)} ;

him(t) :[hj(m),l(m) (t)J ; 3)
him(t) =[hj(m),l(m) (t)} 1< j(m),I(m)< J; (4)
K(m, j)
~ (t),whenl = j +1, ] <J -1
0y mpagmy (1) = k(n%‘)-lh“m'”( ) wheni(m) = i(m) i(m= A m (5)
0in all other cases
31
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Due to rigid schedule and quasi-stochastic prieogflroute selection [9]
A ) ()= Pigm T m ) (0= Py )] = Ty | (6)

where P is the probability of route selectiorf;((m’ ) (t) is the pure time density of residence the

m, j)
process at the sta@, with further switch to the state;(,,, on thek-th route; 5(t - Ty, ;) is the

Dirac Jfunction; Tk( is the rigid time of passing theth stage by participant of team with

m, j)
k(m j)-th route.
Comparison of classic competition [2] and compatitivith rigid schedule is shown on the fig. 2;

H‘fk(m'j)(t) fk(m'j)(t) fT Th(m,) T T Tiop ¢

f
T Titnyp T T Tump ¢
f
t Tim,) Tini t

a b

Fig. 2. Classic competition (a) and competition wit ~ h rigid schedules (b)

When classic competition, times of semi-Markov g residence in statea;,,, and g, are

equal to fk(mj)(t) and fl(n,i)(t)’ correspondingly. When rigid schedule times araiagqto

5[t ~T(m j)] and J[t —T,(n’i)]. Formulae, which describe weighted time density probabilities of

winning thej-th stage of race byth team, if all participating teams start theeggs simultaneously,

are as follows:
M

wl\:\fm, i) (t): fk(m j)(t) D [1_ I:I(n,i) (t):|' ()
e

At ) = [im (O (®)

0
(//?("Em ) (t) _ J(t _Tk(m, J))’ WhenTk(m J) = mir{Tl(lyi) , ’Tk( m, J) , ""Tl(M,i)} (9)

& nonsense, otherwise
" ={1, WhenTk.(m’ LT, R . 10

0, otherwise

t
where F_(t) =I f (6)dé is the distribution function@is the auxiliary argument.
0

Pure time density of winning theh stage of race by-th team is as follows:

wl\?zm ) (t)
B(m () =— 51— (11)
”J'qm i)
When paired competition, formulae, which describe time density of waiting byn-th, winner,
team untiln-th, loser, team, finishes the stage, are as fallow
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[ee]

”(t)j fi(m ) (6) i) (t+6)de

Bem ) -1(n) () =5 : (12)
[ Figm ) ()R (1)
0
O t=Timin *T(mn [ whenT < Foa
¢k(m,j)ﬁl(n,i)(t):{ [ I(n;i) k(myl).] Km )= o (13)
nonsense, otherwise,

wherer(t) is the Heaviside function;

(t)= 0, whent< 0
M= 1, otherwise.

It is necessary to admit, that in the case undesideration, unlike the case considered at [2], the
draw effect emerges. It is caused with the infgiiteal probability of two or more teams stage pagsin
times coincidence when time intervals are a randogs, and quite real rigid schedule case, when some
time intervals are quite the same (the case is slmwthe fig. 2p, bottom line).

Due to the fact, that for all teams, participatedirace, number of the stajgat every relay point
may to increment only, for external viewer sequenicswitches during relays in the system as a whole
has the nature of evolution [10-13], which develfésn functional state, being defined with vector

[14] (ao(l),...,ao(m),...,aqM)) till functional state(aJ(l),...,aJ(m),...,aJ( M)). Trajectory of evolution

depends of routes, which every team select foripgss proper stages and schedules which develop
from routes selected. Owing to random charactaoofes selection trajectory of evolution is the-ran
dom one. Common number of routes, on whielth team as a whole may overcome the distance is
equal to
J
R(m)=[7%(m ). (14)
=1

where K (m, j) is the common number of routsrofth teamj-th stage.

Common number of different variants of rigid rel@ges is as follows:
M
K=[]K(m). (15)

m=1

2. Recursive procedure of relay-race evolution angsis
Let us select from all possible routes on whieth team may overcome the distance k{en) -th

variant, in which routesk(m1), ..., k(m j), ..., k(m J) are selected (note, that in common case
k(m1)#..2k(m, j)#..#k(m, J), since these are different functions rofandj). So 1(m)-th and

K (m)-th variants correspond to combinatiotém,1), ..., 1(m, j), ..., 1(m,J) and K(m1), ...,
K(m, j), ... K(m, J) respectively. Such a selection should be execotetbutes of all other teams.

For selected routes the recursive procedure of-relee evolution may be worked out. For this puepos
auxiliary time8 should be introduced. Recursive procedure of ¢imlanalysis is as follows.

Initial functional state of the semi-Markov procgd9 as a whole is(ao(l),...,ao(m) , ...,aqM)),

where elements of vector are numbers of relay-séaeing points. All teams start race simultanegpusl
and into auxiliary timeg next substitutions should be made:

6 (1) 0 Ty - & (M O Tmyyr - 66(M) 0 Ty (16)
where arrow] indicates the direction of substitution; index m&éhe quantity of previous switches.
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Rigid time intervalsé, (1), ...,6,(m) , ...6,( M) compete between them, and result of competition

is winning the stage by those teams, which havémaihvalue of@ This values fulfill the subseﬁ)g:

0 ={ ) (u), .. 6(v) . Bo( W} : (17)
{6 (u).. 8y (V) (W = min{6( ) ... 00(m) .80 M)},

whereu, v, w are auxiliary indices for nomination the numbetezm.
It is obviously, that

6 0 G(u)=...=6,(V)=..=6p(W), (18)

Ng :{arg[é’;(u)] i ar@éo(v)] av@o( V\b]} (19)
win the competition among other teams, but draw dbmpetition among themselves. Quantity of
switches§(1) on the first step of recursion is equal to cardinember of subse@B:

s(1)=|ey- (20)
Due to the switches, next substitutions should b&lro prepare next step of recursion:
index of g,(m), 1<m< M, should be replaced with index sf1) O 0+35(1);
time intervals, which will compete further shoule teplaced as follows

i. e. teams with numbers

6 (m) = 6, whenm N, ;
8y (M) O o(m) o, WhEn T e (1)
Ti(mz2)» whenmO Ny ;
indices/(m) of elements of vecto(ao(l), s Bg(im) ...,aqM)) should be replaced as follows:
0(m), whenmO N, ;
1(m) O (m). whenm? N (22)
1(m), whenm N} .

In such a way on the second step or recursion tigid intervalsHs(l) (1), ---’95(1) (m) ,...ﬂ@ (M)

will compete between them.

Let us assume that on the¢h step of the recursion vector of functional stat semi-Markov proc-
ess is(aj(l)_l,...,aj(m)_l,...,a]-(M)_l), and time intervalsty,_y (1), ...,y (M) , .. 84—y (M) com-
pete between them. Result of competition is winrting stage by those teams, which have minimal

value ofé. This values fulfill the subseﬁ);(r_l) :
O*S(r—l) ={H;(r—l) (U), ,9;( r—]) (V) s ,95( r_])(V\/)} ; (23)
{H;(r_l)(u),...,ﬁs(r_l)(v),...,H;(r_])(w)} = ming{es( (3 By (M By M)}

It is obviously, that
Hs(r—l) O g(s( I’—l) (U) =...= gq r—]) (V) =...= 95( I’—J) ( \N) , (24)

i.e. teams with numbers

N(r-1) :{arg[é’;( 1) (u)} i ar@és( -1 (V)J . av[ﬁs( 1 V\ﬂ} (25)

win the competition. Quantity of switches on thth step of recursion is equal to cardinal numier o
subsetOy, ) :

$(1)=|04 - (26)
Due to the switches, following substitutions shdoddmaid to prepare next step of recursion:
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index of 6,,_;) (m) 1<m< M, should be replaced with ind&(r) O s(r-1)+3(r);
time intervals, which will compete further shoulel teplaced as follows —
Hs(r_l)(m)—H;( 1) Whenm[J I\L(r_]) :

‘95( r (m) O N (27)
Tk(m, j+l)’ whenmO Ni I‘—1) ;
components of vectc(raj(l)_l, s B ()10 ...,a]-(M)_l) should be replaced as follows —
a; g, WhenmO Ny ;
j(m)-1: r-1
ama | Ny 28)

(), WhenmO Ny, .

In such a way on the r{1)-th step or recursion rigid time intervals
641y (1), .84y (M) ... 84 (M) compete between them.

Let assume that on the lust but one step of remursifter MJ— 3 switches vector became
(aJ(l),...,aJ(u)_l,...,aJw_l,...,av(n) , ...,aQ W1 ,...aa M)’ and rigid time intervals
Guy-3(K), Guy_3(1),Oys_3(n) compete between them only. Let us also assumeprtingmal values of

8, which fulfill the subse®),,_, are

O3 :{HBM—a(U)’ gJM—3(W)} : (29)
{HEM—3(U)’ ---1‘93M—3(W)} O min9{9M3—3(U) Ona-3( V) B3 V\)} :
Bs-s 0 Gz-3(u) = Ey-s(W), (30)

i. e. teams with numbersandw win the competition.
Due to (29) and (30) on the last but one step twitches occur, namely-th andw-th teams reach
the final point of race and after that functional tats became

(aJ(l), s B s By g By R Y R M)’ I.e.w-th team on the last step should finish the
distance at the time
bus-sr2(1) = Ows-3(1) = -3, (31)

and relay race in the staéaJ(l), T TR | M)) will over.

3. Schedule effectiveness evaluation recursive pexture
Quite natural for evaluation of rigid schedule effeeness is the model, in which all possible pairs

of teams, f.em-th andn-th, and forfeito; ) ;) (t), distributed at the time, are considered. Distedu
forfeit, in turn, is defined as payment, which theéh team pays to the-th team, namely
>0, wheni(m) > j(n) |
Fi(m),i(n) ()1 =0, wheni(m) > j(n) : (32)
<0, wheni(m) < j(n)
where0<i(m), j(n)<J.
For evaluation of common forfeit, which theth team receives from theth team, one can to use
the recursive procedure, described above. At Irntitia-elements functional sta(eao(m), ao(n)) substitu-

tions

6 (M) O Tmyy+ (M) 0 Tna (33)
should be done.
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In this simplified two-parallel semi-Markov processly time intervalsg, (m), ,(n) compete be-
tween them. Possible result of competition mayheentext:

a) wins the teamm, if &,(m)<6,(n), then & ={6’5(m)} =min{6?0(m),6?0( n)} , 6,0 6,(m),
s(1)=1;

b) wins the tearm, if &,(m)>6,(n), then @, ={Hg(n)}:min{6?0(n),6?o(n)}, & O 6y(n),
s(1)=1;

c) competition is draw, if&(m)=6,(n), then O :{Hg(m),éo(m)}:min{HO(n),Ho( r)}
6 0 6,(m)=6y(m), s(1)=2.

Value of forfeit is equal as follows:

oK) K= gy @

where insertion indicek(m1),k( n1) substitution (33).
Substitutions for preparing next step of recursiomas follows:
indices ofg,(m), 6,(n), should be replaced with
s(1) 0 0+3(1); (35)
(1)= {1 i.n the case a),. b (36)
2in the case ¢);
time intervals, which will compete further and caments of vectof 0(m), 0(m) | should be replaced
as follows
Ti(mz2) In the cases a), ¢);

By (M) O {

Ti(nz2) In the cases b), c);
w(n)o {

6 (n) -6, in the cases a

6, (m) - &, in the cases b

e,

S|

(37)

components of vectc(rao(m), ao(n)) should be replaced as follows —

(ail.(m)v 3o(n)) in the case a
(aO(m)’aO(n))D (aqm),aj(,))inthecaseb 38)
(ail.(m)1 aj[(n)) in the case c)

In such a way on the second step or recursion tigid intervalséyy (m), 8y, (n) will compete

between them.
Let us assume that on th¢h step of the recursion vector of functional staftsemi-Markov proc-

ess is(ai(m), aj(n)), and time interval®,,_y (m), 8¢,y (n) compete between them. Possible result of

competition may be the next:
a) wins the team m, if By -1y (M) <6y, (n), then

Or) ={9;(r—1)(m)} =mi”{95(r—1)(m)’95( 9 ( ”)} 04y O Gy g (M), s(r) O s(r=1)+1;
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b) wins the team n, if Hs(r (m)>6 )(n), then

) ={5;(r-1)(”)} =mi”{5’s( (), 6g r—:)(”)}’ 8y 0 e (). s(r) O ( —)+1

c) competition is draw, if 6?( y(m)=6y,_y(n), then
Olf1-y ={ Oy (M) Gy g (M) =minf B 3 (.04 (0} 6 O e;(rl(m) Oy (),

s(r)0 s(r-1)+2.
Value of forfeit is equal as follows:
g
s(r-1)

Iy [K(M ), K )]= [ Gy, (Dt (39)
0
Substitutions for preparing next step of recursiamas follows:

indices of 6, ;) (M), 8y, (n), should be replaced with index &{(r) 0 s(r-1)+3(r), where
5(r) is defined as (36);

time intervals, which will compete further and caments of vectof i(m), j(m)]should be re-
placed as follows

r

Te(mi+) In the cases a), €);

6, 0
s(1) (m) {gs( 1) (m)- 9;( g) in the case b

T(n j+1) in the case®), c);
s (n) . (40)
By(r-1) (n) ~ 64y In the case)
components of vectdri (m), j(n) | should be replaced as follows
(ai(m)ﬂ, aj(n)) in the case a);
(ai(m), aj(n)) 0 (a(m), aj(n)+1) in the case b); (41)

So on the ¢+ 1)-th step or recursion rigid time intervaf (m),HS( r)(n) will compete between

them.
Let us assume, that on the last step of recursiiy ra-th team stays in race, and time, it spend

from a previous switch till finishing)-th stage, obtained on previous stage of recu,rsik)nﬁg(m).

Value of forfeit on the last stage is is equalaivs:
g
s(R-1)

Oqry k(M I-2).Kn ] = J(; Ty(mpsyn (3 - (42)

For evaluation of common forfeit one should to eat¢ probability of realization of thlé(m) -th

evolution trajectory of teamm and IZ(n) -th evolution trajectory of team They are as follows:

J ~ ~ ~
P =[] P (m)< k(m< K(n);
J ~ ~ ~
Prm) =[] P> 1(n)<k(n)< K(n). (43)
=1
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Weighted sum of forfeit, which the-th team receives from-th team when realizedd(m) -th and

k (n)-th evolution trajectories is as follows:

R-1
Timi (M) = By Py %%—1)[ Km). Kn) (44)

Common sum of forfeit, which tha-th team receives from theth team is as follows:
Common sum of forfeit, which tha-th team receives from theth team, when is as follows

K(n) K(m)
amn)=_ 2 2 Fmigs(Mm D “9
k(m=1(m K m=1( m
Common sum of forfeit, which tha-th team receives from all other teams, is as fadlo

M

o(m)=> o(mn. (46)
n=1,
nZm

It is necessary to admit, that common sum of furfei(m), them-th team receives from all other
teams, rigidly depends of schedules of all pardiotp of races, including time-th team and probabilities
of routes selection. So to change a sum of fozﬁe(im) one may both changeth team schedule, and

probabilities of selection possible routes on therg stage of the distance. This is essential olesta
from point of view of putting and solving the foitfeptimization task.

Conclusion

Results obtained gives to system engineers andatsts rather simple method of evaluation the
effectiveness of those or that team managemensidasion the basis of opponent teams behavior ob-
servation. Method of forfeit calculation proposgiies a solid forfeit figure, based on the realwho
edge of the strategies of opponents and possiblegels of opponents plans. This, in turn, permitssto
the game theory [15, 16] to work out a managingtsgy, for increasing sum of forfeit which team un-
der management receives from other teams, paiidpa relay race.

Further investigation in this area should be deddb finding common recommendation for sched-
uling mth team strategy with optimization sum of forfidit].

The research was carried out within the state aswmgt of the Ministry of Education and Science
of Russian Federation (No 2.3121.2017/PCH).
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ANbTEPHATMBHBIE MAPLLUPYTbI UI'P C XKECTKUM PACMUCAHUEM

E.B. llapkun', A.H. Mpueanoe’

! Tynbckuli 2ocydapcmeeHHbIl yHUsepcumem, 2. Tyna, Poccutickass ®edepayusi

2 Tynbckuli 2ocyOapcmeeHHbIli  nedazoaudeckul yHusepcumem um. JI1.H. Toncmoeo, 2. Tyna,
Poccutickas ®edepayus

E-mail: privalov.61@mail.ru

KopnopatuBHO-KOHKYpHpYIOI[asi CHCTEMa, KOTOpas MPUCYTCTBYET BHYTPH KOPIOPAIUHA, MOXKET
OBITH OTpe/eNiCHa KaK «urpa», Iar 3a IaroM peajau3yromlas OnpeAeaEHHYIO NesTeNnbHOCTh. CucTeMa
(OYHKIIMOHUPYET B peabHOM (PH3MYECKOM BPEMEHH, a Pe3yJbTaT OMEPaIH — 3TO <JIMCTAHIUSI», KOTO-
past JeNuTCs Ha <OTaIbl». JTambl MPOXOIAT YYACTHUKH KOMAH]I B COOTBETCTBHHU C <OKECTKHM Tpadu-
KOM», KOTOpPBI MOET OBITh BBIOpaH U3 HaOOpa BO3MOXHBIX TrpadukoB. AOcTpakuus «M-
MapauIeIbHBINA TTOTYMAPKOBCKHI MPOIIECC» MOXKET OBITh MCIOJB30BaHA ISl OITUCAHMS paccMaTpUBac-
MO¥ cUCTeMBI. B TTOTyMapKOBCKOM TPOIIECCE BBIPOKIACHHOE PACIIPEIEICHNE HCITONB3YETCSI JJIs OIuca-
HUSl BPEMEHHBIX MHTEPBAJIOB MEXIy NMPOMEXYTOUYHBIMH TOYKaMH dcTadersl. g anammsza pazBUTHA
acTadeThl UCTIOIB3YETCS PEKYPPEHTHBI METO/I, YIUTHIBAIOIINN KECTKOCTh rpauka ¥ CTOXaCTUICCKUMA
XapakTep BbIOOpa MapmipyTa. B COOTBETCTBUU C MPEIOKCHHOM KOHIETIIHEH pacIpeIe]ICHHON «HEyC-
TOMKW» W MpeajiaraeMoi peKyppeHTHON Npolieayphl IpeajiaraeTcsi METO/] pacyeTa CyMMUPYIOIIEH «He-
YCTOHKI», KOTOPYIO MOJIyYaeT OHa U3 KOHKYPUPYIOIIUX KOMaH/I OT APYTUX KOMaHI.

Kniouesvie cnosa. scmaghema, nomymapkockuii npoyecc; 6vlpodcoenHoe pacnpeoeieHue; Map-
wWpym; 360110YUs;, pacnpedesieHHds HeYCMOUKA, peKyPPeHMHAs Npoyedypd.
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The paper is devoted to the possibility of determiate and probabilistic scat-
tering under various assumptions of the state of #hlocations of medical robots in
both fault-tolerance and vulnerable environments. e topicality of the work is
due to the need to place medical robots in the cadinate space having disjoint
polygons (robot bodies) which is absolutely unaccegble in the case of medical
applications. As a limitation it is assumed that tle medical robot sees its nearest
neighbors and local monitor of multiplicity is functioning, which can determine
the situation when robots occupy intersecting spase We propose a probabilistic
scattering algorithm which describes the initial sates of medical robots and the
proper transient state algorithm which can predictthe movement of robots to a
location where they can intersect. It is shown, thavhen using the algorithm the
states and motion algorithms can be estimated in fault-tolerance (robots do not
fail and the medium is stationary) and vulnerable the robot may fail and the
byzantine problem is not solved, the environment @nges faster than the robot
can react) environments. The estimates for the compational complexity of the
algorithm working without the mission planner are gven.

Keywords: mobile medical robots; fault-tolerancepbpabilistic scattering; self-
stabilization.

Introduction

In recent years, centralized sophisticated andresipe medical robots gave way to distributed sys-
tems of mobile autonomous and cheap medical rdhef. The rise of distributed systems was based
on two main reasons:

1. The lower cost of uniform medical robots compatiee centralized ones. For example, now there
are polymorphic medical robots which consist ofeawork of low cost simple medical robots that are
able to reorganize themselves into a single compiedical robot [4]).

2. The simplicity of uniform medical robots. Indeédmay be advantageous to use a group of sim-
ple small and relatively cheap medical robots imsadnstances of cooperative work. For example, ap-
plication of medical robot networks in hazardousarsh environments, such as space, great depths of
seas, or after some natural or man caused disasterdt follows that the group should be abledor-
ganize themselves without any prior infrastructrafter a major disaster occurred.

On the other hand, as the systems of cheap, siampleelatively weak medical robots are not reli-
able we can face the problem of possible failuespecially when such medical robot systems are ex-
pected to operate in hazardous or harsh enviroranAnthe same time, one of the main advantages of
mobile medical robot systems is the possibilitctorectly execute a given task even in case otdaul
This is possible due to redundancy of such sys{éim#nother problem of these systems is a complex-
ity of coordination which appears because of thigelanedical robot networks. Due to simplicity of
medical robots algorithm they follow must be sirankously self-organized fault-tolerant and distrib-
uted.

Another important task that has been studied &sser extent is that of scattering. In this tasé, t
medical robots must start from any initial configtion, and then scatter on the positions, not fixed
advance, such that no two medical robots occupgdhee position.

To study the scattering problem, we consider th©RKTsystem model first defined by Suzuki and
Yamashita [6]. In this model, medical robots angresented as points that evolve on the plane. }t an
given time, a medical robot can be either idleativa. In the latter case, the medical robot obssithe
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locations of other medical robots, computes a tgsgsition, and moves towards it. In our case wesha

a partially blind medical robot meaning that thedinal robot has the capability of detecting theifpms

of its nearest neighbor. Hereinafter, we use tha t&f visibility of nearest neighbor to express Hemise

of "partially blind”. The time when a medical robo¢comes active is governed by an activation daemon
(scheduler). In the original definition of SuzukicaYamashita, called the ATOM model, activations
(i.e., look-compute-move) are atomic, and the sgoleedis assumed to be arbitrary and distributed,
meaning that at each configuration, an arbitragn{empty) subset of enabled medical robots is acti-
vated. In the CORDA model of Prencipe [7], actiwvas are completely asynchronous, for instance al-
lowing medical robots to be seen while moving.

Model

Medical robots networks

We consider a network of autonomous mobile medical robots, denotedby.. ; r,, arbitrarily
deployed in a two-dimensional unbounded plane.mbdical robots are viewed as points, and they are
capable to freely move in the plane. The medichbt® never collide and two or more medical robots
may simultaneously occupy the same physical posifiie medical robots are devices with sensing,
computational and motion capabilities. The medichlots are devoid of any common orientation and
any means of explicit communication. Communicatenurs in a totally implicit manner, by observing
other medical robots’ position. Each medical rates its own local coordinate system (e. g., Catdsi

The medical robots are uniform, it means that tilkgxecute the same algorithm. The medical ro-
bots are anonymous. They cannot be distinguishdtidiyappearance and they do not have any kind of
identifiers that can be used during the computafldre medical robots are oblivious, meaning thayth
do not remember any previous observation nor coatipats performed in the previous steps.

In this paper, we consider that medical robots ltawvaplementary capabilities:

1. Visibility of nearest neighbo+ each medical robot can only observe the positioils nearest
neighbor.

2. Local multiplicity detector a medical robot can distinguish if there areertbian one medical
robot at the current position.

This model is more adapted to systems where thieilitisis replaced by wireless communication
or radar detection.

Summarizing, the medical robots are uniform, anamysn oblivious, and endowed with capabilities
of local multiplicity detection and visibility ofearest neighbor; they are devoid of any orientation

Medical robot computation cycle. Each medical robepeatedly cycles through the following
states:

— Look The medical robot observes the world and retarssapshot of the positions of all other
medical robots in the visibility range with respéxits local coordinate system. In our case, tliser-
vation returns the value of the distance betweemtadical robot and its nearest neighbor.

— Compute The medical robot performs a local computatioa farobabilistic algorithm A. The al-
gorithm is the same for all medical robots andré#silt of the computed state is a destination point

— Move The medical robot moves towards the computedrdgiin. It can be stopped anywhere
before the destination by the scheduler after soredefined distance has been traversed.

Computational model

The literature proposes two computational modelKOM and CORDA. The ATOM model was in-
troduced by Suzuki and Yamashita [6]. In this mpdath medical robot performs the actions of a com-
putation cycle (observation, computation and mgtmmce activated by the scheduler in an atomic man-
ner. The execution of the system can be modeleahasfinite sequence of rounds. In a round one or
more medical robots are activated and perform apodation cycle. In every single activation, the-dis
tance that medical robot can travel in one cycle is bounded dy> 0. Specifically, if the destination
point computed at a given cycle by medical rabist farther thar,;, then the algorithm returns a point
of at mosb,; . This distance may be different for different noatirobots.

The CORDA model was introduced by Prencipe [7].sTimodel refines the atomicity of actions
performed by each robot. Hence, medical robots peaform in a decoupled fashion the atomic actions
of a computation cycle. They may be interruptedhgyscheduler in the middle of a computation cycle.
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In particular, when a medical robot goes towarggdal, the move can end anywhere before the desti-
nation. Moreover, while a medical robot performsaation A, whereA can be one of the following
atomic actionswait, look, comput®r move another medical robot may perform a totally diéfg ac-
tion B.

Scheduler. A scheduler decides at each configurdlie set of medical robots allowed to perform
their actions. We distinguish various kinds of stiler. The arbitrary scheduler is such that at each
figuration an arbitrary subset of enabled medioabts is activated. In our case, a medical robenis
abled if it occupies a multiplicity point. A schdduis fair if, in an infinite execution, a medigalbot is
activated infinitely often. The probabilistic sclubgl guarantees that the probability for medicalota;
to be activated at timgis such that lim,.. Pr[ri(t) = activg = 1. A centralized scheduler guarantees that
at each configuration a single medical robot isvedid to execute its actions.

In our work we use two hypotheses to assure tineiiation of scattering procedure:

1. A non-fair scheduler activates a medical robbictv is placed on one of multiplicity points, if a
medical robot is alone on its position it will bever activated.

Definition 2.1. A multiplicity aware scheduler -saheduler which activates a medical robot which
is placed on one of multiplicity points.

2. A fair scheduler activates a medical robot e¥éns alone on its position. In this case, thedn
cal robots have a complementary capability asdabal Imultiplicity detection.

Faults

The ordinary models of medical robot networks afatively simple and cheap medical robots and,
hence, not fail-proof. In addition, hazardous aishaenvironments (explosion, theft, crash, eta)alao
affect the fail-proof of medical robots. Thus,dtassential to study distributed networks of autooes
mobile medical robots in the context of faulty neadirobots. Our attention focuses on two types of
faults:

1. crash failures can happen in two cases:

— medical robots physically disappear from the ek

— medical robots stop all their activities, howethary are still physically present in the network.

Note. The scheduler activates only non-crashedaakdibots in the case of crashed medical robots
which are still physically present in the network.

2. Byzantine failures. A Byzantine medical robo} f@ght behave in arbitrary and unforeseeable
ways. To prevent correct medical robots to dispers¢he plan, a Byzantine medical robot chooses, by
vision, one or more medical robots on the sameipfigity point and go at the same position.

Scattering problem

In the following we formally define the scatteripgoblem. The Scatter problem is considered
solved when no two medical robots occupy the samséipn [9, 10]. A system afi autonomous mobile
medical robots solves the scattering problem if @xgcution of the system verifies the following gro
erties:

1. Convergence: Regardless of the initial posigbthe medical robots on the plane, no two medi-
cal robots are eventually located at the sameiposit

2. Closure: Starting from a configuration wheretwo medical robots are located at the same posi-
tion, no two medical robots are located at the sposition thereafter.

3. Termination: Starting from any configuration teeattering procedure is finite when no two
medical robots are located at the same position.

Lemma. Termination of scattering is impossible withadditional assumptions.

Proof. During an execution of scattering procedmitbout additional assumptions, the medical ro-
bots never stop moving. A scheduler activates aicakdobot even if it is alone on its position. The
medical robots have no ability to detect numbemeftiical robots on the same position and, even if no
two medical robots are located at the same positoatop. So, execution of scattering procedurstmu
be infinite.

Note. Petit and Dieudonné [10] proved that theresdmot exist a deterministic algorithm that solves
the scattering problem in ATOM model, even if thedital robots have the localization knowledge or
are able to detect the multiplicity.
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If the faults are present (crash or Byzantine maddiabots) in the system we can have a situation
where several faulty medical robots can be on #éimesmultiplicity point, so, the scattering of medic
robots is impossible in the general sense. Buvtidathis situation we consider that the scattepnap-
lem has a solution for the correct medical robets.that we introduce a following definition:

Definition. The weak scattering problem consistprioviding scattering of correct medical robots.

By definition [11] a self-stabilizing system is gsgem that will end in a correct state after atdini
number of execution steps regardless of the irstatles of the computing units. So, an algorithselé
stabilizing if it solves the scattering problemiwiblivious or stateless medical robots [12].

Probabilistic scattering algorithm

In this section we present a probabilistic selb#itang algorithm for the scattering problem. In
generaly denotes a medical robot in the syste(n) is used to represent the point in the plane aecdup
by that robot. A configuration of the medical rabat given time (t > 0) is the set of positions in the
plane occupied by the medical robots at tinfe(t) = {py; ... ; pn}-

We consider that medical robots move accordingltecal coordinate system (i.e. the axes and the
distances may be specific to each robot). The localdinate system makes use of possible distances
and directions. We consider the get {a;; a; ... ; a} as the set of possible distances in the plane. Th
setA containsk elementsk > 0;k eN. The seB = {by; by; ... ; by} is the set of possible directions which
contains d elementd,> 0;d eN. Thus, we have the set kd pairs &; b)) — the set of possible destina-
tion points in the plane.

Lemma. Termination of scattering procedure in ffnge systems is possible with additional as-
sumptions.

Proof. We can get a termination for the scattepragedure in fault-free systems in two cases.

Case 1. Under a non-fair multiplicity aware sched@vhich activates a medical robot locating on
one of multiplicity points).

A non-fair scheduler can choose the same set ofcalatbots at each activation, so, the scattering
problem has no solution. If we apply an additiomssumptions that a non-fair scheduler activateg onl
medical robots which are placed on a multiplicigym, thus, gradually we reduce number of multiplic
ity points (at moment of activation each medicdlatis obliged to move on other position). So, exec
tion of scattering procedure is finite.

Case 2. Under a fair scheduler which activates diagakrobot even if it is alone on its position hwit
multiplicity detection capability of medical robots

In [10], the authors apply a fair scheduler ancertbe necessity of multiplicity detection capapilit
to ensure the termination of scattering procedDrging an execution of scattering procedure without
additional assumptions, the medical robots neva@p stoving. Because they have no ability to detect
number of medical robots on the same position amdn if no two medical robots are located at the
same position, to stop. So, execution of scattgrimogedure must be infinite.

But multiplicity detection allows the medical robdb stop if there exists no position with more
than one robot. So, execution of scattering proaedan be finite. In fault-free systems we can wappl
both cases for the termination of scattering praced

Systems under an arbitrary multiplicity aware schediler

In this section, we consider a system of medichbt® with visibility of nearest neighbor under an
arbitrary multiplicity aware scheduler.

At the time of activation, the multiplicity awarerseduler activates a medical robot which is placed
on a multiplicity point. This medical robot detedts nearest neighbor by vision and it builds itsver
ment circle by taking the half of the distance tesw itself and its neighbor. Then, it chooses dtipns
with a probability within its movement circle artdrioves towards the chosen position.

A medical robot; has the capability of viewing its nearest neighbdre detects the medical robot
r, its nearest strict neighbago(¢,) # p(r2)). It estimates the value of distance between thsfiy. Then,
the medical robot; takes the half of this distangg to build its movement circle with radiyg.,/2. It

moves at distanca which is chosen with probability Kand a directiory; which is chosen with prob-

44 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 3, pp. 41-51



Melekhova O.N., Self-Stabilizing Mobile Medical Robot s Scattering Algorithm
Meshcheryakov R.V.

ability 1/d. The destination coordinates are bounded by theement circle: €nin; 5,1/2), where
€min > 0.

Definition The movement circle of medical roba a set of points in the circle with radius.{.;
B1/2), whereg,, is value of distance between medical robot r aschéarest strict neighbor; where

emin > 0 andeni, can be different for every computation cycle.
Algorithm 1. Probabilistic scattering for medicabotr. LT

Function: .0

. . . B./2 7 B~ 5

compute nearest distancereturns the distangé,; be- , TN~ x
tweenr and a nearest neighbor o - N

A ; i
compute nearest distanfeand medical robat chooses ]
a positionp; with probability 1kd (k — distanced — direc-
tion) and move from current position pi towards ti®sen
positionp, wherep; # p within Circle, € (emimy £1/2). e ..
Lemma. No two medical robots which are nearest Fig. 1. watts — Radius detection of the
neighbors choose the same destination point. mov ement circle
Proof. Consider a system of two medical robgtandr,, so, they are nearest neighbors. The
value of distance between medical robptindr, is . By algorithm 1 each of the medical robots
builds its movement circle by taking half of thetdince between itself and its neighbor. The medical
robotr; has its movement circl€ircle; e (emn; B/2), and respectively for medical rohgt Circle,,

e (emn; B/2). So, the movement circles of medical robots hene point of intersection on the border

of circles. But the medical robots can move wittlirir movement circles and not on the border of
circles. So, they can not choose the same destinBécause the medical robots have not a sector of
intersection.

Definition. Legitimate configuration:

Or;; local multiplicity detectior(positiorir]) = 1.

Lemma (Closure). Started in a legitimate configjorathe system verifies the closure property.

Proof. The medical robatwill be activated if it is on a multiplicity point

local multiplicity detectiorfpositiorir]) > 1.

If medical robotr is alone at its position it will be never activéte

Lemma (Convergence). For any timend for every pair of medical robots, §;) such thap(r;) =

p(r;). By executing scattering algorithm, we have

lim Pr[p, (t,)% p; (tZ)J =1.

X — 00
Proof. If medical robots occupying the same positid the instant of activation do not choose the
same destination, the condition of convergencedsraplished.
The probability thah medical robots choose the same destination tenzisro when the number of
rounds tends to infinity:

Prip(t)=p(t)]=lim [ﬁ} _

X — 0 d)
wherex is the number of rounds of execution.

Consider two medical robotg andr, which occupy ov,
the same position in the initial configuration. ._ ___________ :. !
The probability that the medical robot rl chooses a
distance amond-elements is ¥ (respectively forr,). r1/r2
The probability that two medical robatgandr, choose

. i , Fig. 2. Two medical robots occupying the same
the same distance is upper bounded/kS/= 1k. It's the position at the instant of activation

same for direction. The probability that two medica
botsr; andr, choose the same element of direction amd@iements is upper bounded byl.1The
choice of the two medical robots are independenfgchoicer; N choicer,] = 1/kd.

The probability that two medical robots choosedhme destination tends to zerx >0, wherex
is the number of rounds of execution.
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rounds under an arbitrary scheduler with multi-

Lemma. Algorithm 1 converges in—-1+ kdl

pliciy detection assumption.

Proof. The scheduler activates only the medicabt®kvith strict multiplicity. That is a medical ro-
bot alone on its position is not activated.

Consider a system with n medical robots anclet k be the stochastic process shown in fig. 3: at
roundt there ar&k medical robots at the same position arkl medical robots with different positions.

In the worst case, all the n medical robots artaily placed on the same poig = n. We should
compute the time needed for the stochastic praoegsach 1 (all the medical robots have differesgip
tions). Note that in a particular configuration te&heduler may activate all the medical robotshen t

same multiplicity point at the same time and allhefm may choose the same destination.Tiete the
expectaction time for the Markov chain defined abtivreach statestarting from state. Formally,
Ty = E[ min{t,such thatX, = e knowingX, = §].

1-p, 1'pn»1 1'pn-i

1-p,
' Pn ' En-l ' Pr-i P2
- = IR \ — T T

Fig. 3. Time of convergence in the worst case

It follows that the convergence time of AIgorith:&nTln1 computed below.
Tril =1+ pnTr:li—l + (1_ pn) Tr%'

where p, =1- 1 — probability not to choose the same destination.
Pn )_1 p y
kd
Ta =1+ p T+ T pTo,
1= Pn (Tr}—l_Tr})'
Tr}_Tr}—l:i: 11 =1+ riLl
h 1- (kd)" -1
(kd)n—l
Thus,
1
Tr-T =1+ ——,
T (kd)" -1
1
T, -1 =1+ ,
n-1 n-2 (kd)n_z 1
1
T, -T'=1+
2 1 kd -1
So,
n-1
Tr=(n-1)+ 1|
|:1(kd) _1
If kd> 2, so
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n-1 n-1 i-1
;_ < Z i ,
- kd

n—l(iji‘lz( (kd)"™ -1

kd)"?(kd-1)’
(kd)"™ -1

i=1

Tr=(n-1)+

We can bound the equationM
(k)" (kd-1)
(kd)™-1 _ kd
(kd)"?(kd-1) kd-1'
(kd)"™ -1
(kd)n—Z

<kd,

rounds.

The algorithm converges in—1+ kdl

Note that we studied the time of convergence ofoAtgm 1 in a discrete space. In a continuous
space the set of possible destinations for evenjicakrobot tends to infinity. Fdt-distances choices

—o0 and ford-directions choices—w, the fraction

tends to 0. It follows that the convergence

time tends to+1 rounds.

Lemma. Algorithm 1 converges im-1 steps under a centralized scheduler with midiipldetec-
tion assumption.

Proof. A centralized scheduler activates the méddaots on multiplicity points one by one. The
probability that the activated medical robot reachesigularity position after it completes its moe
eration is 1.

1 1 1 £
m B Hi :f . H‘m
Fig. 4. Time of convergence in the best case

The convergence time ia«{1) steps.

Lemma 4.7. Algorithm 1 converges on average ingogounds under an arbitrary multiplicity
aware scheduler.

Proof. Consider a system of n medical robots. Aedaker activates the non empty subset of medi-
cal robots which are placed on the multiplicityrsi If a medical robot is alone on its positiowill be
never activated. At the moment of activation a roaldrobot chooses with probabilitykty its future
position, wherek — number of elements of possible distancesdrdnumber of elements of possible
directions.
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Consider that alh medical robots are initially placed on the samifpa,. The scheduler activates
the medical robots. The probability that at least medical robot chooses the positmria pair &; b))
is the positiorp, in the plane) is = kd. The probability that aftdrrounds on the positiop, remains no
more than one medical robotrigkd)i. So, the average convergence time ig4aglf kd —oo the aver-
age convergence time equal to 1.

The number of rounds is= logn :
logkd
n —
(ka)
n=(kd) ,
logn=ilogkd,
- logn _
logkd

Note. The convergence time with the same assungpéienn Lemma is lag.

Systems under a fair scheduler

In this section we consider a system of medicabi®lvith nearest neighbor visibility under a fair
scheduler which activates a medical robot eveni# alone on its position. In this case, the maidio-
bots possess complementary capability as the locdtiplicity detection to assure the termination of
scattering procedure.

A system of n autonomous mobile medical robotsesbhe scattering problem if any execution of
the system verifies the following properties:

1. Convergence: regardless of the initial positbthe medical robots on the plane, no two medical
robots are eventually located at the same position.

2. Closure: starting from a configuration wheretwo medical robots are located at the same posi-
tion, no two medical robots are located at the sposition thereafter.

3. Termination: starting from any configuration theattering procedure is finite when no two
medical robots are located at the same position.

In Lemma we proved that the termination is possibléhe systems of medical robots with capabil-
ity of local multiplicity detection under a fairlseduler.

At the time of activation, the scheduler activaaesedical robot even if it is alone on its position
This medical robot verifies the multiplicity. If éhmedical robot distinguishes more than one medical
robot on its position it executes the algorithneltse it does not move. Executing algorithm 1 théime
cal robot detects its nearest neighbor by visiahitibuilds its movement circle by taking the hailfthe
distance between itself and its neighbor. Theoh@oses a position with a probability within its vae
ment circle and it moves towards the chosen pasitio

A medical robotr; has the capability of viewing its nearest neighbdre detects the medical robot
r, its nearest strict neighbqgu(¢,) # p(r2)). It estimates the value of distance between tasfiy.

Then, the medical robot takes the half of this distanBg to build its movement circle with radius
B1/2. It moves at distanca which is chosen with probability Kand a directior; which is chosen

with probability 18. The destination coordinates are bounded by theement circle: Emn; 5.1/2),

wheregy,n > 0.
Algorithm 1. Probabilistic scattering for medicabotr.
Function:
local multiplicity detection: local multiplicity detection.
compute nearest distancereturns the distangg betweerr and a nearest neighbor
Al
if local multiplicity detection() > 1;
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thencompute nearest distan¢pand medical robat chooses a positign with probability 1kd (k —
distance;d — direction) and move from current positipntowards the chosen positignwherep; # p;
within Circlez e (emin 51/2).

else do not move.

Lemma (Convergence) are true for this case, becauseese Lemmas we do not use any assum-
tions of scheduler.

Lemma (Closure) Started in a legitimate configunatihe system verifies the closure property.

Proof. Each medical robot has a complementary cltlyasis local multiplicity detection. At the
moment of activation a medical robot verifie legitite configuration. If local multiplicity detectidpo-
sition[r]) > 1 than this medical robot chooses a new pmsiwith probability 1kd (k — distanced — di-
rection) and move towards it, else it does not move

The time of convergence in the case of arbitrarjtiplicity aware schaduler is better than in the
case of fair scheduler, because, an arbitrary pligity aware scheduler activates the medical relodt
multiplicity points whereas a fair scheduler adtisaa medical robot even if it is alone on its posi

Note. The time of convergence in the case of miditp aware scheduler is better than in the case
of fair scheduler, because, a multiplicity awarbestuler activates the medical robots of multipjicit
points whereas a fair scheduler activates a methtalt even if it is alone on its position.

The goal of our research is to define minimal cdjgs of theoretical medical robots for solving
the scattering problem in both fault-free and fautine systems. We proposed a probabilistic self-
stabilizing algorithm for the scattering problens far as we know, this is the first attempt to sadeat-
tering in fault-prone environments [13, 14].

The given paper is completed with the support efftinistry of Education and Science of the Rus-
sian Federation within the limits of the projecttpaf the state assignment of TUSUR in 2017 and201
(project 2.3583.2017) and science schdeINSH-3070.2018.8).

In conclusion, the authors are pleasant sinceretirde to Professor A.V. Bogomolov for his
hearts discussion of the on problem of medicalateaind equipment in the framework of medical and
biological research and congratulate him on annsazy.
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ABTOCTABMUITU3NPYIOLLMUCS ANITOPUTM CXOXAEHUSA MOBUIbHbIX
MEOULMHCKUNX POBOTOB

O.H. Menexoea’, P.B. Meu;ep;moe2

" TeDa, lMapux, ©paHyus

2 Yuemumym npo6nem ynpaeneHusi um. B.A. TpanesHukosa PAH, Mockea, Poccutickas ®edepauust
E-mail: meshcheryakov.roman@gmail.com

Pabora mocBsieHa BO3MOKHOCTH JETEPMUHAPOBAHHOTO W BEPOSTHOCTHOTO PACCESHHS MPHU pas-
JIUYHBIX TPEIIOI0KCHUASX COCTOSHUS MECTOTIOIOKEHHS METUITMHCKIX POOOTOB Kak B O€30TKa3HOM, Tak
U B yA3BUMOH cpefie. AKTyallbHOCTb pabOThl 00YCIIOBJIEHA HEOOXOAMMOCTRIO Pa3MEIICHUST MEIUIHH-
CKHX POOOTOB B MPOCTPAHCTBE KOOPAMHAT, NMEIOIIHNE HETIePECEKAOIMNECs MMOJIUTOHBI (Tena poOOTOR),
YTO B CJIy4ae MEIUIIMHCKUX MPUIOKECHUN a0COTIOTHO HEOMyCTUMO. B KayecTBe OrpaHU4eHUHN MPUHS-
ThI MPEIIONOKEHHS, UTO MEIUIMHCKHA pOOOT BUAMT ONMXKANIINX coceneil U HYyHKIMOHUPYET JIOKAJb-
HBIE MOHUTOP MHOXECTBEHHOCTH, KOTOPBIH MOXET ONpEAeNsITh CUTYaIHio, KOrja poOOThl 3aHHUMAIOT
nepeceKaronrecss MecTa B MPOCTpPaHCTBe. [Ipemnaraercst alrOpUuT™M BEPOSITHOCTHOTO pacCesiHHs, OTH-
CBIBAIOIIUN UCXOMHBIC COCTOSHUS MEIUIMHCKUX POOOTOB M COOCTBEHHO AJTOPUTM IEPEXOIHBIX CO-
CTOSTHHH, KOTOPhIC MOXKET MPOTHO3UPOBATH JBIKECHHE POOOTOB B MECTOTIONIOKEHHE, T/Ie OHH MOTYT TIie-
peceKaThbCH. HOKaSI)IBaeTCSI, 4TO IIPpU HCIIOJIB30BaHHUU aJIrOpUTMa MOTYT OLITH OLICHCHBI COCTOAHHA U
AITOPUTMBI JIBM)KCHUS KakK B 0€30TKa3HOM cpejie (POOOTHI HE BBIXOIST M3 CTPOS U Cpejia CTallMOHApHA),
TaK ¥ B ySI3BUMOU cpenie (pOOOT MOKET BBIMTH M3 CTPOsi, He pelieHa BuzanTuiickas mpobiiema, cpeaa
MeHsieTCsl ObICTpee, YeM poOOT MOXKET pearmpoBaTh). Takxe MPHUBEJCHBI OIICHKU 10 BBIYHCIHTEILHON
CIIOKHOCTH aJiTOPUTMa, padoTaromero 6e3 mIaHupOBITUKA MUCCHA.

Kniouesvie crosa: pobom; meduyunckuil pooom, aneopumm, GeposmHOCIMHOe paccesuue, amo-
CMubUIU3AYUL.
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O HEYCTOMYMBOCTU PELLEHUA OOHOPOQHOW KPAEBOW
3AOAYM PUMAHA ONA KBA3UTAPMOHUYECKUX ®YHKLIMA
B KPYrOBbIX OBJIACTAX

K.M. Pacynoe, LlI.C. XaHKuwuesa
CwmoneHckul eocydapcmeeHHbIl yHusepcumem, 2. CmoneHck, Pocculickasi ®edepauus
E-mail: kahrimanr@yandex.ru

PaccmaTpuBaercsi KpaeBas 3aJa4ya Tuna 3aaaun Pumana (3agaua compsixe-
HUs) B KJaccax KyCOYHO KBasurapmMoHudeckux ¢pyHkuuii. [loqpooHo ucciaenyer-
csl OIHOPOJHAA 3aaya TUMNA 3aJa4yn PumaHa B Kj1accax KycOYHO KBa3MIapMOHM-
YyeckHX (PYHKIMIi BTOPOro poaa B KpyroBbIx 00JacTax. B yacTHocTH, B yKa3aH-
HOM cJiydae JJs OAHOPOIHOM 3aAayM TuUna 3aja4yud Pumana pa3paboraH sIBHBI
MeTO/ pellleHMs], JJOTHYeCKas CyTh KOTOPOro COCTOUT B CBeJleHHH pelleHHs] pac-
CMaTpPHBaeMoOil OJHOPOAHOM 3aJa4l K MOCJEeA0BATEIbHOMY PelIeHHI0 00bIYHOI
onHopoaHOo# 3anauu Pumana ans aHaauTHdecKuX QYHKUUIA M ABYX JUHEHHBIX
auddepeHnnaIbLHBIX YpaBHeHnll Jiinepa BToporo nopsaka. Kpome Toro, ycra-
HOBJICHA HEYCTOHYNBOCTL PelIeHUIl MCKOMOW OJHOPOJHON 3a1a4d MO OTHOINIe-
HHUI0 K H3MEHEHHI0 BeJIMYUHBI PaiMyca paccMaTpuBaeMoii Kpyrosoi odmnacru, a
TaKiKe MOCTPOeHAa MOJHAS KAPTHHA ¢ pa3spelInMOCTH NPH PAa3JHYHbIX 3HAYCHH-
SIX MHAEKca 3a1a4M U BeJUYHHbI paguyca Kpyrosoii o6jactu. JlokaszaHo, 4To oc-
HOBHOI MPUYMHON HEYCTOMYMBOCTH pellleHNid OJHOPOIHOM 3a1auu Tuna Pumana
B KJaccaX KYCOYHO KBa3UTapMOHUYeCKHX (PYHKIMII BTOPOro poaa B KPYroBbIX
00J1aCcTAX MO OTHOLIEHHI0 K M3MEHEeHHI0 BeJMYHHbI paguyca paccMaTpuBaeMoii
KPYIoBoOii 00J1acTH sABJAsAeTCH TOT (PaKT, YTO YHCJI0 JUHEIHO He3aBHCUMBIX aHa-
JUTHYECKUX pelieHUuil 0HOPOAHBIX AuddepeHIHATBLHBIX YpaBHeHUH Jiijepa, Kk
KOTOPBLIM peaynupyercs HecaeayeMas 3aiada Tuna PuMana, cymecTBeHHBIM 00-
Pa30M 3aBHCHT OT BeJHYHMHBI PaJHyca paccMATPHBAEMOil KPyrosoii o0;1acT.

Kniouegvie cnosa. kpaesas 3adaua muna Pumana, Kycouno KeasueapmoHu4eckast
@ynryus; dupgepenyuanvroe ypasuenue Diiepa; Kpyeogvle 001acmu; paouyc Kpyeo-
601l obnacmu.

1. IMocTaHoBKa 3a7aun. PaccMOTpUM Ha MIOCKOCTH KOMIUICKCHOTO MEPEMEHHOro 2 = X +iy 00-

nacte T', OrpaHHMYEHHYIO 3aMKHYTBIM IJIAJKHM KOHTYpoM L, TIpuyem s ompejielleHHOCTH Oyzem
cyuTarth, uto Touka z =0 mpunamnexut T . Iycts T~ =C\(T" OL).

B nanbHeiineM B OCHOBHOM OY/IeM IMOJIb30BATHCS ONPEACICHUAME W 0003HAYCHUSIMU, IPUHSTBIMH
B pabote [1].
B pa6ote [1] Gbuta chopMynupoBaHa KpaeBas 3aada TUIa 3a1a4d Pumana (kopoue, 3aga4a p,) B

KJIacce KYCOYHO KBa3UTapMOHUYECKHUX (PYHKIUN MPOU3BOJILHOTO poja N.
U3 pesynbratoB [1; 2] crnemyeT, YTO €CIM HOCHUTENIEM KPAeBBIX YCIOBUH SIBISCTCS OKPYKHOCTH

L, = {t :|t| = r}, r >0, To 3aaya p,, DOIYCKACT pelIeHHe B SBHOM BHIe. OCHOBHOH LIENIbIO HACTOSIICH
3aMETKU SIBJSICTCSl YCTAHOBJICHHE HEYCTOWYMBOCTH PEIICHHS OJHOPOIHOW 3a/1a4n pg B Kpyre
T ={Z:|z| < r} 10 OTHOIICHUIO K U3MECHCHUIO BEJIMYHMHBI pajuyca I, IpUYEM Paad KPaTKOCTH Jaiee
OrPaHUYMBACMCS PACCMOTPEHHEM ciIydast N = 2, T. €. UCCICIOBAHUEM 3a1a4n pg.

2. O IBHOM pellleHUH 331291 pg B KPYroBbix obaactax. [Tycts T, = {z : |Z| < r}, L, = {t :|t| = r},
T =C\ (T," O L,) . Janee paccMaTpuBaeTcs CleAyromas 3a0aua pg: mpebyemcs Haumu 8ce 02pami-
yeHHvle Ha beckoHeyHocmu Kycouno keazuzapmonuyeckue gyuxyuu W(z) ={W"* (2), W (2)} smopozo

poda ¢ unueii ckauxoe L, , npunadnexcamue knaccy Q,(T*) n H@(L,) u yoosremsopsiowue na L,
YC08UIO
W™ (t) = G(OW ™ (1), 1)
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20e G(t) —saoannas na L, ¢ynkyus, G)OH(L,) u G(t) Z0 na L,.

+ —_
IMockonbky (cMm. [1; 2]) mpu n=2 kBazurapmonumdeckue QyHkumu W (z) u W (z) mMoxHO
HPECTaBUTh COOTBETCTBEHHO B BUJIE

vono0%"(2) 62 dp*(2) z Y.

W @)= dz? 1+ zZ dz +12(1+ z‘J ¢ (@), @
. _d%" (2 67 dg (2 z Y.

W@" 2 vz @ +12(1+ z‘) (@ ®)

roe ¢* (200 AT*) n H?(L,), To pemenus W(2z) ={W"* (2), W (2)} kpaeBoii 3anaun pg OyzneMm Hckath
B Buze (2) u (3).
B cuny Toro, uro Ha L, ={t :|t| = r} MMEeT MECTO COOTHOIIeHHe T = rz/t , To ¢ ydetoM (2) u (3)
KkpaeBoe yciaoBue (1) MOKHO Iepenucars Tak:
2 d2g* (1) e 6r2 de¢*(t) . 12r4
di>  1+r® dt (1+r?)

;¢ (1) =

(4)
d?p~(t) . 6r® d¢~(t) 1r*
=G(t)| t2 ~t + )], tOL.
()[ e o2 dt (1+r2)2¢ (1) L
Jlanee BBeZieM B pacCMOTPEHHE clieAyIonie () yHKIHN:
2 4t 2 + 4
l_IJi (Z) — 22 d ¢ (Z) -7 or d¢ (Z) + 12r ¢i(z) , ZDTri ’ (5)

dz’ 1+r% dz  (@+r?)?
a ¢*(2) — ananumuyeckue KomMnonenmvl UCKOMON KyCOYHO KBasurapMoHuueckoil dynximm W(Z) .
Slcno, uro pynkuus W(z) ={W*(2), W (2)} sBuseTcs KycOYHO aHAIUTHYECKOW (yHKIHMENH C JTHMHUEN
CKaukoB L, = {t ; |t| = r}. C nomourpro ¢yHKImi (5) kpaeBoe ycioBue (4) MOKHO 3aIUcaTh B BUIC
W) =G@H)w (t), tOL,, (6)
rme W*(t) = lim W*(2).
z -tk
TakuM 06pazoM, MOIYIUIN 00HOPOOHYIO KPaeBylo 3aaauy PuMana (6) OTHOCHTEIBHO OTpaHHYEH-

HOM Ha OECKOHEYHOCTH KyCOYHO aHaauthudeckoid pynkuun W(z) ={W¥* (2), W7 (2)} (cm., nanpumep, [3,

c. 106])).
B cinydae y =IndG(t) <0 (cm., Hampumep, [3, c. 110]) kpaeBas 3amaua (6) Hepaspemmuma (T. e.

MMeeT JuIb TpuBHanbHoe pemenne W* (z) =0). Ecim ke Y = 0, To 3anaua (6) Ge3ycnosHo paspe-
muMa 1 e€ 00IIIee peneHne MOKHO 3a/1aBaTh GOpPMYITOi:

W*(2)=X*(9P,(2), zOT?, (7
rae X(2) ={X"(2), X (2)} — xanonuuecxkas ¢ynxyus 3anadu, a P (2 =ty + fhz+...+ ,uXZX — Tpo-
W3BOJIbHBII MHOTOUJICH CTETICHU HE BBIIIE )Y .

[peanonosxum, uto X =IndG(t) <0. Torna W*(2) =0 u, cnenoBarensHo, B cuiy (5) aHaTUTHYE-
ckue Gyakuuu @ (Z) u @ (Z) IOMKHBI YIOBIETBOPATH COOTBETCTBEHHO JIMHEHHBIM OIHOPOJHBIM
nudepeHInalbHbIM YpaBHEHUAM Ditiiepa 2-Tro HOopsaKa CAeIyIOIIero Buia:

2 d?g*(2) _, 6r? dg*(2) N 12r*
dz? 1+r?2 dz  (@1+r?)
2 d%¢(2) _, 6r? d¢ (2 N 12r?
dz? 1+r? dz  (@1+r?)

9" (2=0, zOTS, (8)

¢ (2=0, zOT/ . 9
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JlomycTiM, 9To OAHOpOAHBIC auddepeHimansHpie ypaBHenus Oiiepa (8) u (9) paspemmMbl B
kraccax A(TY)n H@ (L) u A(T") n H@(L) coorsercrBenno. Torna oblee pelieHre HCKOMOA 3a-

Ja4n pg MOKHO HaWTH 10 GopmyIie

d*¢" (1) __62 dﬁ“”+1{ z jzﬁwa,zmnﬂ

W(2) = dez 1+_Z_ (_jz 11: z i (10)
d’¢"(z2) 6z dp (2 +12( z j 32, 207
dz? 1+ zZ dz 1+ zZ ’ ro

rne @7 (2) u @ (2) —obmue pemenns gupdepeHanbHEIX ypasHenuit (8) u (9) cOOTBETCTBEHHO.
Ecmu sxe Y =IndG(t) =0, To B cuny (5) u (7) ananurudeckue koMnoHneHts @ (z) u ¢~ (z) ucko-

MOt KycOuHO KBazurapmonudeckoit ¢pynkumun W(z) ={W"(2), W (2)} n0mKHBEI yIOBIETBOPATH COOT-
BETCTBEHHO JIMHEHHBIM HEOMHOPOAHBIM NU(PEepEHIINATLHEIM YpaBHEHUAM Jifiepa 2 -ro mopsaKa:

2d2¢+(z)_ 6r? d¢*(2) 12r® Lyt .
z = z1+r2 = +(1+r2)2¢ (2=X (z)PX(z), zOT,", (11)
2dqu‘(z)_ 6r? dg (2 12r* o _
z = 21+r2 e +(1+r2)2¢ (29=X"(29P, (2, zOT . (12)

B ciyyae paspemmmocT HeogHOPOAHBIX A depeHiranbabix ypapaennit (11) u (12) B kmaccax
AT H®WL) u AT)n HP(L) coorBercrBerHo, 001Iee pelICHNE HCXOXHOMN 31U pg TaKxKe
MOkHO Haiiti o popmyite (10),rne @*(z) u @~ (z) — obume penteHns HeOTHOPOAHBIX AU hepeHIH-

anpHbIX ypaBHeHui (11)u (12) cooTBETCTBEHHO.
U3 npuBeACHHBIX BBIIIE PACCYXICHHI BBITEKACT CIIPABEIIMBOCTD CICIYIOLICH TEOPEMBI.

Teopema 1. Ecaiu X =IndG(t) <0 u Tr+={z:|z|<r}, mo peuteHue 3a0auu pg 6 Kaacce

Q,(T5)nH 2 (L,) xeasucapmonuueckux @ynxyuii 6mopoeo pooa c600Umcs K peutenuro 08yx 0OHO-
poonvix ypasuenuit dinepa 2-20 nopsaoka euda (8) u (9) e knaccax ananumuueckux GyHxyuil
ATHAH®WL u AT )nHPL) coomsemcmsenno. Ecnu oce X =IndG({t)=0 u

T = {Z : |z| < r} , MO peuienue 3a0a4u pg 6 knacce Q,(T*) n HO(L,) xeasucapmonuueckux gynxyuii

8MOP020 POOA CEOOUMCSL K NOCIe008AMENbHOMY PeuteHuI0 00Hopoonol 3adaqu Pumana (6) ons ananu-
Muyeckux QYHKYull u 08yx He0OHOPOOHLIX ypasHenuil Jiinepa 2-20 nopsioxa suoa (11) u (12) ¢ kraccax

ananumuuecxux gynxyuii AT n H@ (L) u AT™) n H@ (L) coomsememsenno.

3. O HeyCTOHYMBOCTH pelIeHHId 3a1a4u pg B KPYI'OBBIX 00J1aCTAX 10 OTHOLIEHWIO K M3MeHe-
HHI0 BEeJMYHHBI pajyca paccmaTpuBaeMoii odosacru. Kak Bugno u3 popmyist (10), mpu dpukcupo-
BaHHOM 3HaueHun X =IndG(t) umcio munelino HesaBucuMmbIX (Ham moseM C ) pelreHuii 0TIHOPOIHON
KpaeBo# 3amaun pg OTPEICIIACTCS YMCIIOM JIMHEHHO HE3aBUCHMBIX PEIICHUH OTHOPOIHBIX AuddepeH-
IHaNTBHBIX ypaBHeHUi Ditnepa (8) u (9).

Jlaniee TMOKaXKeM, YTO TIPH PA3IMYHBIX 3HAYCHHUSX BEIMYMHBI pajuyca [ pacCMaTpUBAEMOro Kpyra
T ={Z:|Z| < r}, i pepenimanbabie ypaBaenus (8) u (9) Oyayr MMeTh pa3iW4HOE YHCIO JIMHEWHO
neszasucumbix (Hajx monem C) pemenuit, npunamiexamux knaccy A(T,") n H & (L,). Ans sToro, Bo-
HEPBbIX, MOKAXKEM, YTO OAHOPOAHOE auddepeHimansHoe ypaBHeHue (8) OyaeT uMeTh HEHyJIeBbIe pe-
menns, npuaamiexkamue kmaccy A(T) n H®@ (L, ), mums npu crexyomux Tpex 3HAYCHHUAX pafnyca

rrr=1r =2-+/3 1 r=y2++/3 . B camom zere, HETPYIHO MPOBepuUTh (cM. Takke [4, c. 136]),u4ro
obiee pemenvie audhepeHImaIbHOro ypaBHenus Ditnepa (8) 3amaercs B Bue

17r2 = 14 24t 1 7r 20y 14 2erd
$'(9=Gz M +cz e (13)
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rae C;, C, —IIpOU3BOJbHbBIE KOMIIJIEKCHbBIE IOCTOSIHHBIE.

1+7r? —1+214r% +1*

20L+r?)
JIMIIG TIpH [ =\/2+\/§ ur=1 ((’31(\/2"'\/5) =2u W, @ =1), ronpu C, 20 (C, =0) bynkuus Buna
(13) moxer mpunamnexars kmaccy A(T,") n H & (L,) Tompxompu r =1 wm r = V2+4/3.

1+7r% +N1+14r% +1°

2(+r3?)
3HAYEHUS JIUIIb IPH [ = \/2—\/5 ur =1 (npuyem w, (\/2—\/5) =2; w,(1) =3),a3naunt mpu C, 0

(C, =0) ¢ynxuus Buga (13) moxker npunamrexars kiaccy A(T')n H@(L,) mams npu r =1 um

r=\/2—\/§.

Taxum obpazom, ecau I =1, To oOIee perenre ogHOPOTHOTO AM(hEePEHITHATHHOTO YpaBHCHUS

Taxk xak ¢pynkuust ¢ (r) = MIPUHUMAET IIeJIbIe HEOTPHUIIATENbHbBIE 3HAUCHHS

AnanorndHo, ¢yHKImms w,(r) = MIPUHUMAET IIeNIbIe HEeOTpUIaTeNbHbIC

(8), mpunaanexamee kraccy A(T.") n H®@ (L, ), 3anaercs B Buge
¢"(2=Cz+C,7Z°, (14)

rac Cl y CZ — IPOU3BOJIbHBIC KOMITIJICKCHBIC ITOCTOSAHHBIC.

Ecmu ke r =+4/2- V3 wm r = N2+ V3, To obee pemenre auddepeHimaipHoro ypasaenus (8),

npunamexamee kmaccy A(T,Y) n H @ (L, ), MoxHo 3anaBats B Buze
0" (z=CZ, (15)
rae C —MpOM3BOJIbHAS KOMILJIEKCHASI TTOCTOSIHHAS.

Jlajee METOJOM CTENEHHBIX PSANOB HETPYAHO YOEOMThCS, 4TO OoxHOponxHoe muddepeHnnansaoe
ypaBHeHue (9) HH npu KakoMm 3HadeHun napametpa I [J (0, + ) He mMeeT HETPUBHAIBHBIX PEUICHUI,

npuHamiexanux kmacey AT ) n H@(L,).

Takum obpasom, mpu I Z1 u r Z4/2% V3 u X <0 oxHoponHble nuddepeHInaNbHbIEC YpaBHEHHS
(8) u (9) He UMEIOT HEHYJIEBBIX PEIICHUH. 3HAYHT, B ATOM CIIy4ae 0OHOPOOHAs 3a0aya pg Hepaspeuu-
ma (T. €. OHA HE MIMEET HEHYJIEBBIX PEIICHHIA).

Ecmm r =1 u X <0, To nckoMasi ofHOpOIHAS 3a/1a9a pg paspemrMa u ee o0Iee pereHne 3aBUCUT

OT JIBYyX MPOHM3BOJBHBIX KOMIUIEKCHBIX MOCTOSHHBIX. Ecnm ke I =4/ 2+ N3um r =42~ \ES u X<0,

TO OXHOPOIHAS 3a/a4a py TAKKE PAa3PelliMa, HO ee OblIiee PElIeH e 3aBUCHT B JAHHOM C/Iydae JIHIIb
OT OJIHOM MPOU3BOJILHOM KOMIUIEKCHOM MTOCTOSIHHOM.
[peanonoxkum terneps, uto X = 0. Toraa B cuny (5) u (7) ananutnyeckue Komnonentsl ¢ (z) u

$~(2) uckomoit kycouno kBasurapmonudeckoi Qymkuun W(z) ={W*(2), W (2)} nomkusl ymoBie-
TBOPATH COOTBETCTBEHHO JIMHEMHBIM HEOMHOPOMHBIM TP (GEPEHINATBHBIM YPABHEHUAM 2 -TO TIOPAIKA
Buaa (11)u (12).

Tak kak ipu r #1 u r # V2++/3u X 20 coorsercrayronme (11) u (12) omgHopoansie audde-
peHIMaNbHbIE ypaBHeHUs Hepaspewumst B knaccax A(T,”) n H @ (L,), To (B coyuae ux paspemmmo-

cTH) HeomHOpoaHbIe auddepentmanbubie ypaHenus (11) u (12) 6yayT UMeTh eduncmeenubie perie-
uust. Ho MOCKOJIBKY MpaBble YacTh JaHHBIX JU(depeHIMaibHbIX YPaBHECHUH THHEHHO 3aBUCAT OT X +1

MIPOM3BOJIBHBIX KOMITJIEKCHBIX TIOCTOSIHHBIX, TO B JAHHOM CIIydae OOIue pemieHus 3TUX ypaBHeHHi Oy-
IOyT comepkaTs He Oonee X +1 MpPOM3BONBHBIX KOMIUIEKCHBIX MOCTOSIHHBIX. CliemoBaTensHO, B pac-
CMaTpUBaEMOM CIIydae pelIeHne MCKOMOM 3a1aun pg TaKKe JIMHEHHO 3aBUCHT He Oosee yem ot X +1
NPOU3BOLHBIX KOMHNIEKCHBIX NOCTNOSAHHBIX.
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Ecmu r =1 u X =0, 1o obrmiee pemenrie coorBeTcTByomiero (11) ogaopomHoro muddepeHnuaib-

Horo ypaBHenus (8) 3amaercsa dpopmymnoii (14). CreoaTenbHO, B 3TOM cilydae obmiee peuenue @ (z)
HEOJHOPOAHOTO ypaBHeHHs (11) MOXKeT THHEWHO 3aBUCETh He Ooee uem om X + 3 npouszeonbHuix KOM-

niexcrvlx nocmosnusix. Iloatomy (B cuny (10)) B aToM ciydae oOriee pelieHne 3aaaun pg JMHEHHO
3aBHCHUT He Goiee 4eM OT X + 3 npouseonbHblx KOMNAEKCHBIX NOCOSHHBIX.

Ecmm ke I =4/2++/3 wm 1 =y2-+/3 1 X 20, To obmee pemenue coorBercrByromiero (11) on-

HOpoHOrO ypaBHeHus (8) 3amaercss Gpopmysioit (15). 3Hauur, B 5TOM ciydae obuee pemenue @ (z)
HeoHOpoiHOTO ypaBHeHHs (11) MokeT IMHEHHO 3aBUCETh He Ooiee uem om X + 2 npou3eonbHbIX KOM-

NJEeKCHblIX NOCMOAHHbLX. CJIeI[OBaTeJII)HO, o6mee pEUICHNUEC 3a1a4n pg B OTOM CJIy4a€ TaKXE MOXKET JIU-
HEWHO 3aBHCETh He 0oJiee YeM OT X+ 2 npou360JIbHbIX KOMNJIEKCHbLX NOCMOAHHBLX.
I/ITaK, YCTAHOBJICHA CIIPABCIJIMBOCTD cnez[y}omeﬁ TCOPCMBEI.

Teopema 2. Eciu X 20, mo 0as pazpewtumocmu 00OHOPOOHOU 3a0a4u pg 8 Klacce K6a3ueapmoHu-
weckux gynkyuii 6mopozo pooa 6 kpyee T,” = {Z : |Z| < r} HeobxXo00uMo u QOCmMamoyHo, Ymoosl IuHelHble
ougpgpepenyuanvivie ypasuenus (11) u (12) 6oi1u paspewumst 6 knaccax gynxyuiic AT,")n H @ (L) u

- 2 0 <
AT )nH ( )(L,) coomeemcmeenHo. [Ipuuem obwee pewenue 3aoauu p,, 3a0asaemoe Gopmynou
(10), 6yoem nunetino 3asucems ne bonee uem om | nPouz60ILHHIX KOMNIEKCHBIX NOCMOSIHHBIX, NPUYEM

X+1, ecmu rz1r # 21\/_,
[=9x+3, ecmur =1,

X+2, ecmu r=\/21\/1_3.

Ecru X<O0ur#zl,r#42+ V3, mo 00HOPOOHAsA 3a0a4a pg Hepaspewumd.

Ecnu X <0 u r =1, mo oonopoouas 3adaua pg 0e3ycn06H0 paspewiuma, u eé obujee pewenue, 3a-
oasaemoe popmynoi

62(C, +3C,Z%) z Y
6C,z———L =227 /41 x+C, Z°) zOTS,
22 1+ Z 2(1+ z‘j [ch 2 ) z

W(z) = (16)
0, zOT ,
JIUHETIHO 3A8UCUM OM 08YX NPOU3BOTIbHBIX KOMIAEKCHbIX nocmosiuubix Cp, Cy,m.e. | = 2.

Ecnu oce X<0 u r=42% J3 , MO 0OHOPOOHAsL 3a0aua pg be3ycosHo paspewuma, u eé odouee

— = 2
c—lZCZ+1z( z jmzz, z0OT?

peuenue, 3a0aemcs 8 uoe

r

W(z2) = 1+ z 1+ z
0, zOT,,
U 3a8ucum om 0OHOU NPOU3BOAbHOU Komnaekchot nocmosnnon C ,m.e. | =1.

Ha ocHoBaHuu TeOopeMbl 2 MOKHO CZEJIaTh HECKOJIbKO Ba)KHBIX BBHIBOJIOB. Bo-1epBhIX, U3 3TOM TEO-
peMBI cienyeT, uTo B ciydae I =1 kapThHa pa3peluMoCTy 3a1auu pg UMEET <«Pe30HaHCHBIN» Xapak-

Tep, TaKk Kak [pU M3MEHEHMH paauyca kpyra T, ={z:|z|<r} B TIpenenax HMHTEpBaja

V2 - \@ <r<42+ \E% HUMEHHO IIpHu I =1, 3amayga pg nMeeT HanOOJbIIEe YUCIIO JUHEHHO HE3aBU-

CHUMBIX PEIIeHUH. AHaTOTHYHBIN XapakTep KapTHHA Pa3pelIMMOCTH 3a1a4un pg UMeeT pu [ =+/2— J3

ur =\/2+\/§.
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Haxonen, mycts W(r;2z) u W(r,;z) — pemenus 3agauu pg B o0acTsx Tr1+ :{z:‘z‘ <r1} u

Tr: :{ZZ ‘21 < rz} COOTBETCTBEHHO. Kak BHUIHO W3 YTBEpXKAEHHUSA TEOpPeMbl 2, ecid, Hanpumep, X <0,

n=lunr,0Lv2+ \6) , TO U1 IIOOOTO JOCTaTOYHO MAajoro MOJIOKHUTENBHOTO YUCia € TMPH yCio-
BHH ‘rz - rl‘ < € MOXET CIYUYHUTHCS, YTO ‘W(rz; z) —W(r; Z)‘ > €, Tak KaK B paCCMaTPUBAEMOM CIIydae

W(r,;2) =0, a W(r; z) onpenensercs dpopmynoii (16).3nauur, pemenns 3anaqu pg HEYCTONYUBEI T10

OTHOIIICHUIO K U3MEHEHHIO TPAaHUIIBI PACCMaTPUBAEMOU KPYroBOW 001acTH.
TakuM 00pazoMm, U3 TEOPEMBI 2 BRITEKAET CIIeyIolee BAXKHOE YTBEPIKACHUE.

. 0 .
CJIeIICTBI/Ie. Pewenus Kpaeesou 3a0aqu p2 Heycmouduesvl no OMHOUWLEHUIO K USMEHEHUIO cpaHUlbl

Kpyeoeoti obracmu.
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ON THE INSTABILITY OF SOLUTIONS OF THE HOMOGENEOUS BOUNDARY
VALUE PROBLEM OF RIEMANN TYPE FOR QUASIHARMONIC FUN CTIONS
IN CIRCULAR DOMAINS

K.M. Rasulov, Sh.S. Khankishieva
Smolensk State University, Smolensk, Russian Federation
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We consider the boundary value problem of Riemgpa {the conjugation problem) in the classes
of piecewise quasiharmonic functions. A homogengmublem of a Riemann type problem in the
classes of piecewise quasiharmonic functions osé&wend kind in circular domains is studied in deta
In particular, in this case a clear solution metigdeveloped for a homogeneous problem of Riemann
type, the logical essence of which consists in caduthe solution of the homogeneous problem under
consideration to a sequential solution of the comimamogeneous Riemann problem for analytic func-
tions and two second-order linear differential Ewdguations. Moreover, instability of the soluticofs
the homogeneous problem is determined with respetie change in the radius value of the considered
circular domain, and a complete picture of its abliity for different values of the index of thegbtem
and the radius of the circular domain is constuicleis proved that the main reason for the instgb
of the solutions of a homogeneous problem of Rigmigpe in classes of piecewise quasiharmonic
functions of the second kind in circular domainshwiespect to the change in the radius value of the
considered circular domain is the fact that the In@inof linear independent analytic solutions of bem
geneous differential Euler equations, to which diesired Riemann type problem is reduced, depends
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essentially on the radius of the considered circrégion. In this paper we use the methods othibe
ory of functions of a complex variable, the theofyntegral equations, and the analytic theoryitied
ential equations.

Keywords: the boundary value problem of Riemana;tpecewise quasiharmonic function; differ-
ential equation of Euler; circular domains; radio$ a circular domain.
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The paper is devoted to the problems of question-awer systems develop-
ment (QA-systems). The subject of the study is digssion of approaches to the
automatic filling of the database of the QA-systenbased on the analysis of the
unstructured text sources currently available in tke public domain of the Inter-
net.

The analysis reveals that the following ways of impmenting QA-systems
are distinguished: based on inference for ontologse rules and syntax, using arti-
ficial neural networks.

The methods for automatically search of question-awer pairs based on the
structure of sentences and on the basis of assodiatontological analysis has been
developed and tested in the research.

The method based on the analysis of the structurd eentences is effective for
texts such as lists of frequently asked questionsAQ), as well as literature texts
containing dialogs, direct speech, based on prelimary processing of the text, ex-
pressed in the form of a heuristic rule.

The method based on associative-ontological analgss focused to the class
of reference and dictionary texts and is based orhé assumption that in the de-
scriptive text there is a sentence (or a group ofestences) containing the main
idea of the text. In this case, the title of the t&¢ can be considered a question, and
this sentence (or a group of sentences) is the arswWe need to make the selec-
tion of meaning-generating sentences due to the santic reduction of the text
automation. For this purpose, algorithms of self-réerencing are applied based on
the associative-ontological approach to the procesg of texts in natural lan-
guage.

For the experimental verification of the possibiliy of creating an open QA-
system based on the automatic collection of questi@nswer pairs from the
Internet, a prototype of a collection module for tke database of the QA-system
has been developed.

Keywords: question-answer pair; associative-ontataf analysis; text; auto-
matic text processing; natural language; speeclogsition.

Introduction

The task of automatic speech recognition in readdmns is far from its solution, taking into
account the variability of the source of the spesignal and the acoustic noise that harbors thilini
sequence of audio segments. In recent years, isigmifprogress has been made in this area and there
are commercial voice-independent applications thaite successfully recognize speech in the
processing of voice commands (Google maps, Yandeps)n in interactive systems (Siri), in
stenographic systems [1]. The accuracy of recagnidf speech units in these systems has reached the
necessary threshold, so that users begin to tmistetic voice input and think about the transitiiamm
the usual means of contact input of informationdotactless ones.

The reached success in the field of speech redogn# associated with the development of cloud
technologies, which made it possible to use: 1)gda heterogeneous data for teaching a multi-level
hierarchical acoustic language model of languagksaeech; 2) crowdsourcing technologies for manual
processing of a huge volume of training and recaje audio and text data; 3) distributed computing
resources for servicing client voice applications.

The advantageous factors, that reduce the complekihe task, are the possibility of preliminary
tuning to a specific speaker and a relatively smiaké of the dictionary of recognizable speechsunit
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Among the possible areas of research contributinpé solution of the problem are the methods with
the application of: 1) multichannel recording anmbgessing of audio signals using an array of
microphones for filtering audio noise; 2) multi-sery recording of the process of speech formation
using different types of datacom (microphones, rigophones, video cameras, etc.); 3) biometric
analysis of the psychophysiological state of theakpr with the evaluation of speech capabilitie$ an
the choice of the most accessible communicationroéla

The effectiveness of human-machine interactioriss eelated to the current state of the operator.
In the works [2, 3] the technology of personifiedmitoring of working conditions of the personnel of
industrial enterprises and industries, implemeintetie interests of ensuring reliable activity drelth
preservation, is presented. The general scheme pdrsonified indicator of working conditions is
presented. In the works [4, 5] the analysis of dailogatents for methods and devices for diagnosing
the functional state of a human operator has bezformed, showing a low innovative ability of
inventions, and the forecast of the process ohsifie and inventive activity indicates a decre@s¢he
number of inventions in this branch of science eqdipment for the next years.

The problem of the variability of speech in theioas psychophysiological states of the speaker
caused by external factors is less studied andesepts the greatest complexity. To study it, it is
required to create the speech databases necessahefsubsequent learning of the on-board speech
recognition system. But first of all it's importart determine the hardware and software resoubhags t
can be allocated for the processing of speech aldic will determine which generation of speech
recognition systems (based on comparison of stdeddridden Markov models, artificial neural
networks, etc.) can be launched on the client @evic

Given the responsibility of the tasks to be solvéth the help of on-board client devices, it is
difficult to record training voice databases in |reperating conditions. The only option for the
introduction of speech technologies is the itemtirocedure for the gradual modification of speech
training databases, recorded primarily in an aiéfiy recreated acoustic environment. The maipsste
in the formation of speech databases are: 1) Glzeson, analysis of the amplitude-frequency
characteristics of audio noise and the creatioappiropriate databases; 2) an analysis of the vkiiyab
of the speaker's speech caused by audio noise.

It is probably possible to organize the implemeatabf the first step in conditions closed to real
operation. Audio recordings in the second study bancarried out in the laboratory, giving the
headphones audio speaker with the specified cleistats. The implementation of additional devices
for audio signals recording in real conditionscotirse, significantly accelerated the process lirgp
the problem of noise and variability of the speakepeech filtering.

Automatic text processing is an integral step mfibrmation of human-machine speech interfaces.
For QA-systems, it is important that the equivalensense questions can be recognized as the same
question, regardless of the words, style, syntaictierconnections and idioms used. To search or
generate an answer to a question, a QA systemlmustaccess to some knowledge base that contains
information allowing you to formulate a response.

There are two main types of QA-systems: closed-doror specialized (with a limited thematic
area) and open-domain (not limited to a particslasject area). The Open-domain QA-systems work
with information in all areas of knowledge, whictopides the ability to conduct search in relatezhar
An open-domain QA-system usually works with severlrces of knowledge, in which it searches for
answers depending on the class of the given que&i@].

The following ways of QA-systems implementing candistinguished: on the basis of inference on
ontologies [8], rules, and syntax [9], using actdl neural networks [10]. Also it is worth notirigat
there is the availability of approaches to imprdwve quality of QA-systems based on the user satisfa
tion score [11].

The system's response should be presented in tiredba phrase in natural language. In some
cases, the simple search for the data of the cbffiyecwommunicative act is enough, that gives tnesg
tion was ever used and an answer was given tajiléation-answer pair was formed).

The existing database filling technologies for Q&tems include expert filling [12], the use of
crowd sourcing technologies [13], methods of procedyeneration [14], automatic filling methods us-
ing existing anthologies (text corpus).
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The growth of the number of public information reszes in the Internet, which allows, on the one
hand, the completeness of the terminological thesawithin individual subject areas, and on thespth
hand, the diversity of thematic areas, has bectvadasis for making the assumption of the possibili
of automatic analysis of texts of various conteithwhe purpose to detect and highlight communieati
acts for their subsequent entry into the databfgeedA-system in the form of QA-pairs.

The joint use of the voice interface and QA-systemithin the framework of human-machine
interaction gives the following features:

1) the use of a closed-domain QA-system withinvbiee interface of interaction with the operator
can expand the functionality in cases where theadpes co-command can't be directly executed, in
which case the phrase is transmitted as a requéletQA system for issuing recommendations or re-
ceiving situational help. In this case, the QA egstshould be built on the extended thesaurus of the
voice interface of a specific board system anduidelthe basic aspects of the functioning of susysa
tem in the base of question-answer pairs.

2) the use of an open-domain QA system operatinfpanvoice assistant mode for issues not di-
rectly related to the operation of the on-boardnabile system (the analog of the assistants Sot; C
tana, Google Assistant, etc.) increases the pramfesatisfaction in communication with the systém.
this case, the filling of the system can be madmfavailable open resources, but in addition feises-
sary to take into account the variability of speeci the difference in the forms of question ptsase
constructing.

1. The approach to the QA-system’s database develognt

Consider the functional features of the QA-systhat allows creating a database of QA-pairs, ex-
tracting knowledge from the publicly available Imtet resources and providing a dialog question-
answer interface in the form of web service (theckldiagram is shown in Figure). As we can see on
the figure, the system consists of functionallyependent blocks for generating a database andsiiog u
this database to respond to user requests.

For filling the database there is a set of web twenand a module for collecting QA-pairs, that col
lect, download and analyze text documents, asasadixtracting question-answer pairs from them.

For the analysis of search queries (texts of goesfiand the choice of the most relevant answer to
this question, among the available question-angaies there is the interface search-and-dialogue co
ponent, represented on the structural diagraméyntierface module of the question-answer system.

The formulation of the final answer is made by ith@dule for responses generating (included in the
interface module of the QA-system), so that theltdsoks syntactically natural and represents #yac
what the user was looking for.

The mechanisms of decomposition of the questioar (ggery), search and generation of the answer
are considered, for example, in [15]. We will casi only methods of automatic collection of
documents for filling the database (DB) of the
QA-system based on the analysis of te
available in the web.

The available pages from the Internet &
downloaded using web crawler technolog
[16]. It crawls links in processed documen
according to specified algorithms, i
conjunction with a headless browser th
parses the original format of the download: [ . oaue ‘
document (PDF, HTML, MS Word, etc.) an | forcollecting ;je&”;i;f; H/\/vug
converts it to text format. Additionally, the QA-pairs

title of the document is retrieved. At thi 3
stage, the elements of the document i

Web-crawler Web-interface

filtered, containing blocks of information the

are not related to the main text: text block.,
navigation bars, etc. The structured scheme of QA-system with speech inte rface

In the work several methods of automatic
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selection of question-answer pairs were developedested based on the structure of sentencesrand o
the basis of an associative-ontological approadhxipanalysis [16].

Before the direct allocation of question-answerghiy any of the developed methods, the received
texts are subjected to preliminary processinghis tase the graphematic analysis [17], which ohedu
the definition of the boundaries of paragraphstesaes and words, taking into account the struaitire
sentences.

The selection of sentences from the text is madddayistic rules based on the search for the
delimiter characters of the sentences: «.», «!w», «2..» and the line transfer symbol. The words
boundaries are delimited characters: « », «,» «&», «(», «)», «# «"»,

Each word in the text is being lemmatized — noreealiusing the functiom of the morphological
analysis (n-function). In this context the normalization medhns obtaining the base form of the word

(called ‘lemma’), W 0T W, V,VD{V\/} , 1IN, where{W} is the set of word formd} is the base form
of the word,W is a word, W — set of words, and is the set of valid words in the language]N. A

valid set of words in the languag€ is defined by some thesaury&{W} O o} . The words belonging
to the set of stop-words are ignored.

2. The method of QA-pairs delivering based on theesitence structure analysis

For texts such as lists of frequently asked quest{&AQs), as well as prose texts containing dia-
logs and direct speech, a method based on thesisalithe sentence structure obtained by prepseces
ing the text, expressed in the form of the follogvimeuristic rule is effective. A sentence contajnin
direct speech is a sentence satisfying any ofdthesing conditions:

— the first symbol of the sentence is the symbol, «—

— within the sentence, a pair of symbols are sediplgnocated: the first character is the elemeint
the set {«,», «.», «!I», «?», «"»}, the second ctirmas the «—» symbol,

— inside the sentence, a pair of «:» and «"» sysad sequentially located.

From the sentences received, the author's worddedeted. The author's words are the text frag-
ment that satisfies any of the following conditions

— the text fragment is located after a pair of abtars: the first character is the element of #te s
{«,», «.», «I», «?», «"»}, the second characteéhe«—»symbol;

— the fragment of the text is separated by the sysnd-»;

— the fragment of the text is located before tlipisace of characters: «:» and «"».

Proposals that do not contain direct speech arsidemred in their original form, because they aren't
needed in preprocessing.

Interrogative sentences are allocated from the text

These sentences satisfy the following condition:

(the sentence contains more than two words) AN® gémtence ends with the sym&).

Immediately after the interrogative sentences withne paragraph, a sentence that satisfies the
conditions is selected:

(the sentence must not end with?Z»symbol) AND (the sentence contains at least omd)wo

Such a proposal will be considered an answer tajtlestion posed. If any sentence in this para-
graph doesn't satisfy these conditions, we belignad the question doesn’'t contain a response and it
won’t be entered into the database.

These heuristic rules can be written in the forna @fenerating grammar and implemented as a fi-
nite automaton.

3. The method on QA-pairs delivering based on assative-ontological approach

The method based on associative-ontological arsalggirimarily focused on the class of reference
and dictionary texts and it is based on the assomftat in the descriptive text there is a serggoc a
group of sentences) containing the main idea otfdke In this case, the title of the text (incluglithat
indicated through the meta tags of the online damujncan be considered as a question, and this sen-
tence (or a group of sentences) is the answer.
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The use of abstracting algorithms based on thecega@-ontological approach to the processing of
texts in natural language [18] makes it possiblautomate the selection of meaning-generating sen-
tences through the semantic reduction of the #he. abstracting of texts is based on bi-grams, evher
bi-gram is a pair of words found in one sentenceoAple of words that are often found in one sexgen
are considered associated, and the more ofteithim occurs, the stronger the connection. Tine se
tences containing concepts, whose sum of connecigogreatest, better than all other reflect thgest
area described in the text.

4. The experiments and discussion

For the experimental verification of the possiiliff creating an open-domain QA-system based on
the automatic collection of question-answer pawsifthe Internet, a prototype of the collection wled
working in conjunction with the web crawler of th@nitoring system for Internet resources is devel-
oped [18, 19]. The system processed 310,239 dodsmeth useful volume of the text 1.92 GB (with-
out taking into account the layout of the docuneat media data). While analyzing the texts, 2,238,3
guestions and answers were received, the dataizase 10 MB. The quantitative results obtained du
ing the experimental verification of various meth@ate presented in Table.

The obtained QA-pairs quantity

Method QA-pairs quantity
The method based on the structure sentences anafyisout the direct
: . 529117
speech registration
The method based on the sentence structure anfidysisect speech 1080730
The method of QA-pairs delivering based on assiwetaintological approach 310239

The greatest contribution to the formation of tlatathase of question-answer pairs among the texts
containing recorded communicative acts, mainly tlu¢ghe high specific content of question-answer
pairs within each document was made:

— by the prose texts containing dialogues of he(®&$46);

— by the sections of frequently asked question<QFA7 %);

— by the reference and dictionary sources usin@liparithm based on associative-semantic analy-
sis (21 %);

— by the user generated content (UGC): forums,shlogmments;

— by the documentary texts and news content.

Conclusion

A prototype of a system for collecting questionwa@spairs was developed on the basis of the ac-
tual material contained in the public domain of bfiernet.

Available pages were downloaded using web crawlghrology, which crawls links in conjunction
with a headless browser that parses the origimaidoof the loaded document.

Two methods were tested for identifying questiosvear pairs: a method based on analysis of the
structure of sentences, and a method based orsacia$/e-ontological analysis of texts.

Based on the analysis of the results obtained &yldveloped methods, it can be asserted that for a
particular sample the average number of questiemanpairs was 7,9 per 1 document (one question-
answer pair per 1 KB of text).

At the same time, an expert evaluation of the tpaind completeness of the database, carried out
using the interactive prototype, showed the imgolitsi of obtaining adequate answers for most @& th
specified search queries that the expert askesethieh system without regard to the subject area.

This indicates the limited ability to create an mmmain (not specialized) QA-system only by di-
rectly identifying question-answer pairs from uostured text sources currently available in thelipub
domain of the Internet.

In conclusion, the authors are pleasant to exprdssr sincere gratitude to Professor A.V.
Bogomolov for his constructive criticism, a joinisclssion of the problems of human-machine
interaction in the framework of medical and biolajiresearch and congratulate him on the fortyhfift
anniversary.
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METOAbl CO30AHUA PEYHEBbBIX U TEKCTOBbIX BA3 AAHHbIX
BOMNPOCHO-OTBETHbIX CUCTEM

A.Jl. PoHxuH, A.A. 3altueea, C.B. Kynewos, K.B. HeHaycHukoe
CaHkm-lNemepbypackull uHcmumym uHgbopMamuku U asmomamu3ayuu Poccutickol akademuu Hayk,
2. CaHkm-lNemepbype, Poccusi

E-mail: ronzhin@iias.spb.su

PaboTa mocBsieHa mpodieMaM MMOCTPOEHHST PEYEBBIX BOIPOCHO-O0TBETHRIX cucteM (QA-cucrem).
[IpenMeToM wucciieIOBaHUS SBISIFOTCS MOAXOJBI K aBTOMATHYECKOMY HAIOJHEHUIO0 0a3bl JaHHBIX BO-
MPOCHO-OTBETHOM CUCTEMBI IyTEM aHAIN3a HECTPYKTYPHUPOBAHHBIX TEKCTOBBIX WCTOYHHKOB, MUMEIO-
IIUXCS B HACTOSIIIANA MOMEHT BPEMEHH B OTKPBITOM JOCTYyIe B ceTn MHTEpHeT.

B pesynbrare aHanm3a BBISBICHO, YTO BBIJCIISIOT CIEAYIOIIHAE CIIOCOOBI peanmu3arun QA-cucrtem:
Ha OCHOBE JIOTHYECKOT0 BBIBOJA MO OHTOJIOTUSIM, IPAaBUJIaM U HA OCHOBE CUHTAKCHUCA, C UCTIONb30BaHU-
€M UCKYCCTBEHHBIX HEUPOHHBIX CETEH.

B nccnenoBannu pa3paboTaHbl U MPOTECTUPOBAHBI METOABI aBTOMATUYECKOTO BBIJIEIEHHUS BOMIPOC-
HO-OTBETHBIX Map Ha OCHOBE CTPYKTYPHI MPEIIOKEHUI U HA OCHOBE aCCOLMATUBHO-OHTOJIOTHYECKOTO
aHaImM3a.

MeTton Ha OCHOBE aHANIM3a CTPYKTYPHI NMPEIUIOKeHNH YD PEKTUBEH JUI TEKCTOB THITA CITUCKOB Yac-
TO 331aBaeMbix BompocoB (FAQ), a Takxke Xym0KECTBEHHBIX TEKCTOB, COACPIKAIIUX JAUATOTH, IPIMYIO
peyb, OCHOBAH Ha MPEBAPUTEIBHON 00pab0TKE TEKCTA, BRIPAKCHHBIN B BUJIC SBPUCTHYSCKOTO TIPABHJIA.

MeTto Ha OCHOBE aCCONMATHBHO-OHTOJIOTHYECKOTO aHAJIM3a OPUEHTHUPOBAH Ha KIIACC CIIPABOYHBIX
Y CIIOBApHBIX TEKCTOB M OCHOBAaH Ha MPEATIONIOKEHUH O TOM, YTO B TEKCTE OMUCATEIHHOTO XapakTepa
UMeeTcs MpeTiokeHue (MM Tpymna MpeIosKeHui), coaepikaliee OCHOBHYIO MBICTL TeKcTa. B aToM
cllydae 3aroJIOBOK TEKCTa MOYKET CUHUTAThCS BOMPOCOM, a 3TO MPeUIokKeHUe (MM TpyIa MpeioikKe-
HUIi) — 0TBeTOM. J[JIsi aBTOMATH3allUK BBIZCICHHS CMbICIO00pa3yIONMX MPEJIOKECHUIH 3a CYET CeMaH-
TUYECKOW PEAYKIUM TEKCTa MPUMEHSIOTCS aJITOPUTMBI pedepupoBaHUS Ha OCHOBE acCOIMATHBHO-
OHTOJIOTUYECKOTO TIOJIX0/1a K 00pabOTKe TEKCTOB HA €CTECTBCHHOM SI3bIKE.

Jnst sKcrieprMeHTalbHOM MPOBEPKU BO3MOXKHOCTH CO3JaHUSI OTKPBITOW BOIPOCHO-OTBETHOM CHC-
TeMbl Ha 0a3e aBTOMATHYECKOTo cOOpa BOIPOCHO-OTBETHBIX map w3 ceTu MHTepHET ObLT pa3paboTaH
MPOTOTHIT MOy ISl cOOpa 0a3bl JaHHBIX BOIPOCHO-OTBETHOHN CUCTEMBI.

Knrouesvle cnosa: onpocrho-omseemuas napa; accoyuamusHo-OHMON02UYeCKULl N00X00; MeKCHm Ha
ecmecmeeHHOM A3blKe; A8MOMamuyecKas 0opabomka mexcma, pacno3Ha8anue peyu.
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CEOMMEHTALUUA MAI'IOKOHLI,EHTPI/IPOBAHHOIZ
nonnancneEPCHOU B3BECU CTOKCOBCKUX YACTUL,
B NMJIOCKOM CIJIOE

B.A. Psixckux, A.B. Psixckux
BopoHexckuli eocydapcmeeHHbIl mexHu4eckul yHusepcumem, . BopoHex, Pocculickas ®edepayus
E-mail: ryazhskih_vi@mail.ru

Ha ocHoBe n1u¢dy3u0HHO-KHHETHYECKOr0 MOAXO0AA BbINOJIHEH aHATHTHYe-
CKHIl aHA/IN3 OCaXJAeHHS MAJOKOHIECHTPHMPOBAHHONH MOJIHUANCIEPCHON B3BecH
CTOKCOBCKHX YaCTHI B IUIOCKOM cJIoe MOKOsiuleiics qucnepcuonHoii ga3spl (Bs3-
Kasi Hec’KHMaeMasi *KUIKOCTh). IIpy oTcyTcTBHM mepeMeUINBAHUsI MaTeMaTHYe-
cKasi MoJeJb JUISi MOHOAMCIEPCHBIX YacTHI, 00001eHHAs HA MOJMIHUCIIePCHBIN
caydai ¢ MCNOJb30BAHMEM NPHHINMIA CYNEPNO3UIMH KOHICHTPAIMOHHBLIX IO-
Jieil, mpeJcTaB/ieHa B BU/le HA4aJbHO-KpaeBoii 3a7aum 1Js Ju¢depeHnnalbHOro
YPaBHeHHs NepBOro MOPsiIKa B YACTHBIX MPOM3BOJHBIX OTHOCUTEIbHO (pyHKIMH
TJIOTHOCTH pacmlpelesJeHusl YacTHII N0 pa3MepaM, pellleHHMe KOTOPOIi 3alMCaHO
AHAJTUTHYECKHUM COOTHOILEHHEM ¢ MOMOIIbI0 00001eHHO0l (pyHKkuuu X3BuUcaiiga.
ITony4yeHbl pacueTHbIe BbIPasKeHHs ISl JJOKATbHON CUeTHOH (PYHKIHUHU MJIOTHO-
CTH pacrpeJeeHHs1 YacTHI B MPOCTPAHCTBE Pa3MepoB, MACCOBOii KOHLEHTpa-
IMH B 00beMe U POCTa 0CaJAKa, MHBAPHAHTHBIX (PM3HKO-XUMHYECKUM CBOMCTBAM
rereporeHHoii cucremsbl. Iloka3aHo, 4To HaliieHHOe 00001IeHHOE peLIeHHe MOKeT
OBbITh NPHMEHEHO A/ AUCIHePCHOr0 AHAJHM3Aa B3BeCH KAK AJIbTePHATHBHAS METO-
JAHKA CeANMEHTOMETPHYECKOMY AHATU3Y, €CI U3BECTHA IMNHUPHYECKAST OTHOCH-
TeJbHAasl CelMMEHTANMOHHASA KpuBas. Ecim ucxonnasi cuerHasi QyHKIOMSA ILIOT-
HOCTH pachpefieJieHHsl YaCTHI 110 pa3MepaM OTHOCHUTCS K IKCIOHEHIHATbHOMY
THIY, TO U3 0e3yCcJI0BHON 3aJauM MUHHMH3ALMH JerKO MOKeT ObITh BbIYHC/IEH
cpeJHeYHCJICeHHbI pa3Mep YacTul B3BecH. JJaHHBI MoaXoa MoxkeT ObITH 0000-
IIeH Ha cjydail rpy0oancnepcHbIX B3Becel, CKOPOCTb OCA’KACHHMs] KOTOPBIX He
noguyuHsiercs 3akoHy CTokca, a TakKe /JJIsl IPOM3BOJIbHBIX HCXOJHBIX CUETHBIX
(yHKIUIi IUIOTHOCTH pacnpeae/ieHHs] YacTHI] B3BecH M0 pa3mepy. B aTom ciayuae
A HaxoxkaeHus1 GYyHKIMHM MUIOTHOCTH YacTHI MO pa3Mepy NpPUMeHsieTcs LeJie-
Basi QyHKIMs, 3allMCAHHAA B BHJe (PyHKIMOHAJIA, U 3a1a4a er0 MHHAMM3AIUU
NPHUBONUT C HEKOTOPOiIl CTeNEeHbI0 MPUOINKEHUS] K HCKOMON IKCIIepHMEHTAIb-
HOM c4eTHOI (PyHKIMH IJIOTHOCTH paclpe/ieJIeHHs YACTHUIL 110 pa3MepaM.

Kniouegvie cnosa. ceoumenmayus; nOAUOUCHEPCHAS B36€Cb; OCAOOK, MAOCKULL
C0U; KOHYeHmpayus.

Beeoenue. 1poiiecc ocakJIeHUs] MAJIOKOHIICHTPUPOBAHHOM MOJUUCIIEPCHONW B3BECH HAXOIUT IIIH-
POKOE HCIOB30BAHUE B DHEPTETHKE, XMMUUYCCKOW M MUIIEBOM TexHomorusx [1, 2], a ecau mpu 3TOM
Hecymias cpejia ABISIeTCS YCIOBHO HEMOABMKHOMW, TO 3TOT MPOIecC UMeeT pyHIaMEHTaIbHOS 3HAUCHHC
B CEIMMEHTOMETPUUYCCKOM aHam3e AucrepcHoi ¢asel [3]. B 4acTHOCTH, eciii CKOPOCTh YaCcTHI] MTOCTO-
STHHA, 9TO O3HAa4YaeT ypaBHOBEIIMBAHUE CHJIBI TSDKECTH CHJIAMH THAPOJMHAMHYECKOTO COTPOTHBIEHHUS,
TO TaKHE YaCTHUIIBI TIPUHSITO HAa3bIBATh CTOKCOBCKUMH [4]. AHamu3 mporiecca OCaKACHUS ¢ TO3UIHIA Me-
XaHUKU TETePOTeHHBIX CpPeJ BBI3BIBACT Psifl TPYIHOCTEH, CBS3aHHBIX ¢ HICHTU(HKanued MexdasHoi
rpaHuilbl [5], 4TO, B KOHEYHOM CYETe, JIeNIaeT HEBO3MOKHBIM TIOCTAHOBKY KPAeBbIX YCIOBHHA M MPHMe-
HEHUe UHTErpo-nIupHEepeHIMAaTHHOTO UCYUCIICHUS. AJIbTEPHATHBOM 3TOMY SIBIIICTCS MPUMEHEHUE U (-
(y3MOHHO-KMHETHYECKON MOJIENH mpoliecca ocaxacHus [6], 4To ¢ ycrexoM anpoOUpOBaHO MPH perie-
HUM psizga 3amaq [7, 8].

Ilocmanoexa 3a0auu. PaccCMOTPUM TIJIOCKHIA CIOM JUCIIEPCHOHHON Cpelibl BRICOTOM h co ¢B0OO-
HOW TMOBEPXHOCTHIO, KOTOpPasi COJIEPKUT PABHOMEPHO PACIIPEIEICHHYIO IUCIEPCHYIO (a3y MaloKOH-
HEHTPUPOBAHHBIX MOJHMIUCIIEPCHBIX YacThIl. HarpaBum ock OX JiekapTOBO# KOOpAWHATHI C HAYAIOM Ha
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MOBCPXHOCTU OCAXKIACHUA TCPICHAUKYIISIDHO K CBO60,Z[HOI>’I MMOBCPXHOCTH, TOTrAa Z[I/I(i)(l)y3I/IOHHO-
KHMHCTUYCCKasA MOJACIIb OCAXIACHUSA MOHOHHCHepCHOﬁ B3BCCHU NMCCT BHU] [9]

an()gr):‘nlan(xr)+D62r( XT) | )
or 0x oxZ
n(x0)=ry; @
( on(0,7) _ .
wW-— k) n(O,T)+ DT—O, (3)
wn(hr) + Dw 0, (4)

e T,X —BpeMs H JekapToBa KoopauHarta; N(X,7) — JokanbHas cueTHas KOHLEHTPAIUA 9acTHIL pas-

Mepa |; W — CTOKCOBCKasi CKOPOCTh OCaxJIeHHs dacTuil pasmepa |; D — koapPUIHEHT KOHBEKTHBHOTO

nepeMeInBanus B3BeCH; K — KHHETHUECKHI KOO (DHUIIMEHT BCTPauBaHUS YaCTHIL B CTPYKTYPY OCaJIKa.
Ecin nepememnpanue orcyreryer (D =0), 1o u3 (3) cnenyer, uto K — W, T. e. 4acTHIIBI, MOJIO-

HIeIIHEe K TOBEPXHOCTH OCAXKAEHHUS, OECIHPEISITCTBEHHO OKas3hIBAlOTCA B ocazike. Ilostomy (1)—(4)
TpaHC(HOPMUPYETCSI B CHCTEMY:

on(x7) :Wan( xr), 5)
or 0X
n(x7)=ny, 6)
n(0,7) # ny, (7)
n(h7)=0 )

U3 (5)—(8)cnenyer, uro
)=[H()-H(r-HwW)]n,

rae H(..) — ¢pyrkmms Xosucaiina. B cury MalOKOHIIEHTPHPOBAHHOCTH B3BecH cucteMa (5)—(8) moxer

OBITH 0000IIICHA HA TIOMUIUCTICPCHBIN CITydai, HCIIONIB3Ysl IPUHITUI CYTMIEPIIO3UITUN KOHIICHTPAIIMOHHBIX
MOJIEH, T. €.

of (x1,7) _ w(nIxL7) of (x,! T)

3 ©)
T o0x

f(x1,0)=f, (1), (10)
£(0,0,7) ={H(@) -H[r-n/w()} £,(), (11)

rne fo(1), f(x1,7) —ucxonmas u nokanbHas cueTHBle GYHKIMH TUIOTHOCTH PacTpeieleHs JacTHIl
TI0 pa3Mepam.
B 6e3pasmeprom Buze cuctema (9)—(11)rakosa:

OF (X,L.6) _ 20F(X,L8).

L ; (12)
0 X
F(X, LO)—FO(L)' (13)
F(0,L,8)=[H(8)-H(g-L2)]F, (L), (14)
me  6=w(l)r/n; X=xh; L=Ifi; F(X LH)—If(N)(xIT)' R (L) =iFN();
Imax
1N (L) =1 (x10)) | foMdl; gV (1)=1 (|)/j folddl; T= j FNO 1 L -
Imin Imin Imin

MHMHHMMaJIbHBIA 1 MAKCUMAIIBHBIN pa3sMephl YaCTHUIl B3BECH.
TIprMeHsist OHOCTOPOHHEE IpeobpasoBanue Jammaca o 8 , momyunm pemenne (12)—(14)
F(x,L8)={H(@)-n[a-1-x) 2} R (D). (15)

C IIOMOIIBIO (15) OIIPCACIICHEL. JIOKaJIbHAs OTHOCHUTCIIbHASA MACCOBas KOHICHTpALUI YacCTHUI[ BO
B3BCCHU

68 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2018, vol. 10, no. 3, pp. 67-71



Psixxckux B.U., CedumMeHmMauyusi MasIoOKOHUeHmpupoeaHHol nonuducnepcHoli e3secu

Psixckux A.B. CMOKCOBCKUX Yacmuuy, 8 Nns1I0CKOM cJjioe
Lmax Lmax
c(x.8)=cx7) | BR(x,LE)dL/ | R(DdL (16)
CO I-min I-min
Imax Imax
rae I-min :Imin/l_ ) I-max =|ma></|_' C(X'T) = Iﬂ/:OT I |3 f(X, I'T) dl ’ CO = K/pT I I3 fO(I)dl ’
|min |min

k, —Kkoadurent popmbl yacTHl], O; — IIOTHOCTH YACTHIL, CPEIHEOOBEMHAs! OTHOCUTEIbHASL MacCo-
Basi KOHLEHTPALXs YaCTHIL

6(§)=fc(x,§) dX; 17)

OTHOCHUTCIIbHAasA TOJIIIMHA OCaJIKa
L

_ 5(1.) max
A(H): 50 — I L5

I-min

I‘I’T'IEIX
F(o.L&)déldL/ | Pr(UdL, (18)

I-min

O = V|

rae

K/ Imax T kV Imax
o(r)=—2L I w(l)I® If (O,I ,E)df dl; p=——h j |3f0(|)d| ; & —IIOPO3HOCTH 0CAJIKA B3BECH.
1-¢ 1-¢
I min 0 min
Ilpumep pacuema. B npaktuke HanbOjee YacTO BCTPEYaeTCs SKCIIOHCHIIMAIBHBIN 3aKOH pacipe-
JICJICHUST B3BECH, HANPHUMEpP, B MPOIECCaxX KPUCTAUTH3AIMU TBEPAOH (ha3bl U3 PacTBOPOB, OOBEMHOM

KOHJIEHCAIIUN TIapooOpasHBIX cped U T. 1. B aTom cmywae Fo(L)=exp(-L) u npubmmkenno MoxHO
cuntats L, =0, L, — ©.3amernm, 4To ycIOBHE HOPMHUPOBKH TIPU STOM BBITIOJIHSACTCS aBTOMATHYE-
cku. Torma u3 (15) cmenyer

F(x,L8)={H(@)-H[g-1-x) 2]} exp-L).

1

0.8

046

0414

0 D!E D.I-l D!ﬁ D.IS 1I
X
Puc. 1. BeapasmepHas dyHKuuA “"°TH¢1°TV' pacnpeaene-  pyc, 2. OTHOCUTeNbHasA MaccoBasi KOHLIEHTpaLUma YacTuly
HUA YacTuy no pasmepy npu 6 =0,05 npn: 1- 6 =0,001;2- 6 =0,01;3- 6=0,1
Tpancdopmuposanue F (X, L8 ) B Ipollecce CeANMEHTAIH MTOKa3aHo Ha puc. 1. BeipaskeHue mist

JIOKaJIBHOM OTHOCHUTENHHON MacCOBOM KOHIIEHTPAIMK YacTHIT BO B3BecH (16) nmpurmuMaet Bun (puc. 2)
c(x,8)=[6-(1F +3 + 617+ § exd-19)/
rae L”=/(1- X)/8 . Kunernka ocBeT/ieHus B3BECH B MPOLIECCE OCANKICHUS ECTh

c(@)=2[600-3-(6@+ 16+ 60V8 + 27 /W) elp /17)].

OTHOCHUTEIIbHAS TOJIIMHA 0CaIKa MPEACTABICHA B KBaJpaTypax

g
a(8) =j[120— (5-524- 524+ 20F% %+ 6@ 1+ 126 M+ 12b eXp Q{ﬁ)]df.

0
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MexaHuka

B YaCTHOCTH, C€CJIM HM3BCCTHA OJOKCHICPUMCHTAJIbHAsA OTHOCUTCIIbHAA CCAMMCHTAIMOHHAA KpHUBas
0'3 (T) , TO pCIIMB ONITUMH3AIMOHHYIO 3a/1a9y

1-o(ar)/o, (7)) - min,
18pva
g(pr -p)

BSI3KOCTB HECYIIEH Cpenbl, § — YCKOPEHHE CBOOOIHOTO TaACHMS.

B KOTOpO# @ = w(l )/ h, verpymuo maiitn | = , TIIe 0 —IUIOTHOCTB, V — KHHEMaTHYECKas

3aknouenue. AHATUTUYECKUH aHAN3 TIO3BOJIMII MOIYYUTh OCHOBHBIE XapaKTEPUCTUKU KUHETHKH
OCAKIEHNUA MaJIOKOHIIEHTPHUPOBAaHHON MOJUANUCIEPCHOM B3BECH CTOKCOBCKHMX YaCTHI[ B HEMOJBHKHOU
Hecyllell cpeie HHBapUaHTHO (PU3MKO-XUMHUYECKHM CBOMCTBAM I'€TEpOTeHHOM CUCTEMBI U Ha €I0 OCHO-
BE MPETIOKUTH CIOCO0 MACHTHU(GUKAIIMK CPEHETO pa3Mepa B3BECH IO AKCIICPHUMEHTAIBHON CeluMEeH-
TallMOHHOM KpUBOI.
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SEDIMENTATION OF A SMALL-CONCENTRATED POLYDISPERSE SUSPENSION
OF STOKES PARTICLES IN A FLAT LAYER

V.l. Ryazhskikh, A.V. Ryazhskikh
Voronezh State Technical University, Voronezh, Russian Federation
E-mail: ryazhskih_vi@mail.ru

On the basis of the diffusion-kinetic approach.aaalytical analysis of the precipitation of a low-
concentration polydisperse suspension of Stokatclesrin a flat layer of a stationary dispersiveape
(viscous incompressible liquid) is performed. I tAbsence of mixing, the mathematical model for
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monodisperse particles, generalized to a polydésgpease using the principle of superposition of con
centration fields, is presented in the form of mitidl-boundary value problem for a first-order tielr
differential equation with respect to the partisiee distribution function in dimensions, the smntof
which is written in the analytic relation with thelp of the generalized Heaviside function. Thewal
lated expressions are obtained for the local cogrftinction of the density of the patrticle disttilon in
the space of dimensions, mass concentration itvaghane, and growth of the sediment, which are in-
variant to the physicochemical properties of theetogeneous system. It is shown that the genedalize
solution found can be applied to the dispersioryaismof suspended matter as an alternative teabniq
to sedimentometric analysis if the empirical refatsedimentation curve is known. If the initial ating
function of the particle size distribution dengigfers to the exponential type, then the averageben
particle size of the suspension can easily be kgml from the unconditional minimization problem.
This approach can be generalized to the case ofecsaspended solids, the rate of deposition oftwhi
does not obey the Stokes law, and also for arlitratial counting functions of the particle sizestli-
bution of the slurry in size. In this case, to fi@ particle density function with respect to siwe use
the objective function written in the form of a fitional and the minimization problem leads to daier
degree of approximation to the required experimestdantable density distribution function for parti
cles.

Keywords: sedimentation; polydisperse suspensiedinsent; flat layer; concentration.
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INVESTIGATION OF THE DIFFRACTION OF A FOCUSED GAUSS IAN
BEAM BY A HALF-PLANE NEAR THE BEAM WAIST

E.A. Bibikova 2, N.D. Kundikova *?, N. Al-Wassiti >3
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Diffraction of a focused Gaussian beam in the Vigiof the waist region at the edge of the screen
is considered on the basis of humerical simulasiod experimental investigation. The Gaussian beam
propagation has been simulated on the basis dfithmholtz equation solution by the spectral method.
The diffraction of coherent laser radiation (wawgidh of 0,63um) at the edge of a rectangular screen
overlapping half the beam in the transverse divectias been analyzed experimentally. The laser beam
is focused by the lens of focal length of 4 cm.&pendence of the diffraction pattern on the scpen
sition relative to the focal waist position is obel. It is found that if the screen is locatedligtances
less than the focal length, then the diffractiottgra is observed in the dark region and represants
semicircle with diffraction fringes. If the screenplaced in the waist region, then the diffractaitern
becomes symmetrical with respect to the screen, edgkif the screen is located at a distance greate
than the focal length, then the diffraction patteymbserved in bright area with the diffractiomdyes
appearing on the other side. The results can ket fos¢he accurate determination of the focusedssau
sian beams waist position.

Keywords: Gaussian beam; the beam waist; the fpleatle; light diffraction.

Introduction

The focusing of structured light beams gives risadw effects in the focal plane [1]. Changing of
the sign of circular polarization of asymmetrichligpeams causes the transverse displacement of beam
waist [2—6]. Transverse focal displacement is alsservable in beams with vortices. The value of thi
displacement from the geometric focus depends ertdpological charge of the vortices, the vortices
initial position in the beam, and the beam aperjoy8].

Besides the transverse displacement, the longaldatal shift from the geometric focus is ob-
servable. This focal shift is directed toward tleadm aperture and depends on a Fresnel number][9, 10
For the focused Laguerre-Gaussian beams the langgtiufocal shift increases with the increasing of
the focal distance and decreases with the incrgadithe waist region diameter [11].

The diffraction by the screen with the straight @dialf plane) has been investigated for several
decades and revealed new properties of optical sveh®. It was found that the diffraction of a beam
with a zero topological charge gives rise to opticatices (wavefront dislocations) [13]. Half pkan
edge diffraction allowed researchers to determimedependence of diffraction pattern on the sign of
circular polarization and to demonstrate the vodiearacter of the longitudinal field component lud t
circularly polarized beams [14]. The diffractiontbe Gaussian vortex beam by the edge of the screen
resulted in the formation of polarization singuies, which appear from the transverse and longiaid
components of the diffracted beam electric fieldl][Moreover, half plane and slit diffraction ofdras
made possible the determination of the energy floection in beams with wavefront dislocations [16,
17].

The diffraction of focused beams by a screen Mlitivaus to research the properties of light in the
waist region. In this paper we present the resiltsumerical simulation and experimental invesimat
of the half plane diffraction of a focused Gausd¥aam at the beam waist.
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Half plane diffraction of a focused Gaussian beamsimulation

To obtain the diffraction pattern of the Gaussiaar cross section after the diffraction of the
beam by the edge of the screen we solved Helmbgltation using a spectral method. We calculated
the far-field intensity distribution. The screensalacated at different distances from the focalstveu
such way, that it always overlapped the right bathe beam.

The results of the intensity distribution calcwas are shown in Fig. 1. We can see that the
diffraction pattern changes with the screen mown@lthe beam propagation axis. If the screen is
located in the waist region, the intensity disttibn is symmetric with respect to the screen edyd a
forms an ellipse, the major ellipse axis is perpandr to the screen edge (Fig.d, If the screen is
before or after the beam waist region, the intgndistribution has an evident diffraction naturedan
forms a semicircle with diffraction fringes. If theereen is far from the beam waist, the diffraction
pattern is more evident, and the diffraction patierage depends on the screen location (beforéter a
the waist region). If the screen is located betbeebeam waist, the diffraction fringes are to #feof
the screen edge (Fig.dl b). If the screen is located after the beam wam, diffraction fringes are to
the right of the screen edge (Figd,X).

Flg 1. Calculated far- fleld intensity distribution
The screen is between the lens and the focal plane (a, b); at focal plane ( c) after the focal plane ( d, f)

Half plane diffraction of a focused Gaussian beamexperiment

For experimental investigation we used the radiatiba He-Ne laser generated on the main trans-
verse mode at the wavelength- 632,8 nm. The laser beam was focused by a Id@hsthe focal dis-
tance of &m. The opaque screen with the vertical edge wasitedwn a two-coordinate micro-motion
stage. We can smoothly insert the screen into mmpegerlapping the right half of the beam, and move
the screen along the beam propagation. The chamdles far-field intensity distribution on the chpm
of the screen location relative to the focal wavgre recorded by a CCD-camera (Fig. 2). At some
screen locations we detected clear vertical fri§&s. 2,a, b), which were observable under any beam
cross-section overlapping (by half or not). At sgpaént the light spot formed an ellipse, the magbr
lipse axis was perpendicular to the screen edge #c). A further move of the screen along the beam
propagation axis led to the appearance of vertiifihction fringes at the other side of the intgndis-
tribution (Fig. 2d, f).

The comparison of Fig. 1 and Fig. 2 demonstrateg the symmetric diffraction pattern
corresponds to the screen location at the focalepl@his fact allows us to assume that the focahepl
position can be determined from the diffractiontgrt form. We showed that the symmetry of the
diffraction pattern is broken under the screen ldigment by 20 um from the focal plane. Therefore,
using a lens with the focal distance ofc#h, we could determine the focal plane position vath
accuracy of 20 um.

a) b) c) d) f)
Fig. 2. Experimental far-field intensity distributi ons. The screen is located a) at 1,5 mm before the focal plane; b) at
75 pum before the focal plane; c) at the focal plane; d) at 75 um after the focal plane; f) at 1,5 mm after the focal plane
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Conclusion

We investigated experimentally and theoreticall{f Ipdane diffraction of the focused Gaussian
beam in the vicinity of the waist region. We fouhdt if the screen is located at distances legs ttia
focal length, the diffraction pattern appears ia tkark region. If the screen is placed in the waigton,
the diffraction pattern becomes symmetrical witkpet to the screen edge. And if the screen idgddca
at a distance greater than the focal length, tfieadiion pattern appears in the bright area. Tdwmilts
can be used for the accurate determination ofdbiesed Gauss beams waist position.

This work was partly carried out within the scogdele topic of State Assignment N839-2016-
0003.
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Ha ocHOBe YMCIIEHHOTO MOJICIMPOBAHHS U 3KCIIEPUMEHTAIBHOTO MCCIIEIOBAHUSI PACCMOTPEHA JIU-
(dpakius Ha Kparo SKpaHa c(hOKYCHPOBAHHOTO My4ka ['aycca B OKpECTHOCTH 00aCTH MepeTsHKKH. Mo-
JICIIMPOBAaHUE PaCIPOCTpaHEHU MMyYKa ['aycca MpoOBOAMIOCH HA OCHOBE peEIICHUs ypaBHEHUs | enbm-
TOJIbIIA CTIICKTPAIEHBIM METOIOM. DKCIIEPUMEHTAIBHO UCCIIEA0BANACh TUPPAKIIHSI KOTEPEHTHOTO JIa3ep-
HOTO M3JTydeHHs Ha JuHe BoiHbI 0,63 MKM Ha Kparo IpsSMOYTOJILHOTO SKpaHa, MEePEeKPHIBAIOIIETO IM0-
JIOBHHY ITyYKa B MOMEPEYHOM HamnpapiicHnH. DokaibHas mepeTsikka (oOpMUPOBAIACH ¢ TIOMOIIBIO JIMH-
36l ¢ (POKyCHBIM paccrossHreM 4 cM. beuia 0OHapykeHa 3aBUCUMOCTh KapTHHBI AU(PPAKIIUU OT TOI0XKE-
HUS DKpaHa OTHOCUTEIHHO TOJIOKEHNS (DOKATBHOHN mepeTshkki. OKazanoch, YTO €CJIM dKpaH paciiolio-
JKE€H Ha PaCCTOSHHUSIX MEHbIE (DOKYCHOTO, TO MupaKkIIMOHHAS KapTHHA HAOMIOAaeTCs B 00JIaCTH TEHU U
MPENICTaBIsIeT CO00I MOMYKPYT ¢ MUPaKIMOHHBIMU TToJIocaMu. Eciy 3kpaH moMenieH B 001acThb mepe-
TSOKKH, TO TUPPAKIIUOHHAS KapTHHA CTAHOBHUTCS CHMMETPUYHOW OTHOCHUTENFHO Kpas dKpaHa. A eciu
9KpaH PacIoNIOkKEH Ha PACCTOSIHUU OoJIbIIeM (POKYCHOTO paccTosiHUS, TO qU(paKIMOHHAS KapTHHA Ha-
OJroIaeTCsl B CBETIION O0JIACTH, TIPU 3TOM AU(PPAKIIMOHHEIC TIOJIOCHI MOSIBIIIIOTCS YKE C IPYroil CTOpo-
Hbl. [TomydeHHbIE Pe3yabTaThl MOTYT OBITh HCITOJIE30BAHBI JUII TOYHOTO ONPE/ICIICHUS TIOJI0XKCHHUS TTepe-
TSOKKU c(HOKYCHPOBaHHBIX My4yKoB ["aycca.

Kniouesvie cnosa. ny4yokK Faycca; nepemsicKa nytma; d)OKCUlea}Z NJI0CKOCMb, duqbpaicuuﬂ ceemd.
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TPEBOBAHUA K NYBJIMKALWUN CTATbU

1. ITyOnuKkyrOTCS OPUTHHANBHBIE PaOOTHI, COJCPIKAIINE CYIICCTBEHHBIC HAYYHBIC PE3yJIbTAThl, HE OIMy0-
JUKOBaHHBIC B IPYTUX M3IAHMAX, IPOIICAIINE dTall HAYYHOW SKCIEPTH3HI M COOTBETCTBYIOIINE TPEOOBAHUAM
K MTOJITOTOBKE PYKOITUCEH.

2. B peakosuteruio npegocraBisiercs ajaektpontas (mokyment MS Word 2003gepcust paboTel 06beMoM
He Oonee 6 cTpaHUIl, IKCIIEPTHOE 3aKIIOUSHUE O BO3MOKHOCTH OITyOJIMKOBAaHUS pa0OTHl B OTKPBITOH IeYaTH,
cBenenus 00 apropax (©.1.0., Mecto paboThl, 3BaHUE M JOIDKHOCTH JUIsS BCEX aBTOPOB pabOThI), KOHTAKTHAS
HH(pOPMAIHSI OTBETCTBEHHOTO 32 TIOATOTOBKY PYKOITUCH.

3. Crpykrypa crateu: Y/JIK, HasBanue (He 6omee 12—15cmoB), criucok aBTopos, anaotanus (150—25QcmoB),
CIIMCOK KITFOYEBBIX CIIOB, TEKCT paboThl, uTeparypa (B MOpsIKe HIMTUPOBaHUS, B CKOOKAX, €CIIM 3TO BO3MOXHO,
JIaeTCsl CChUIKA HA OPUTHHAT TEPEBOTHON KHHUTH WIH CTATbU W3 JKypHAaIa, MEPEBOIIETOCS HA aHTIIMHACKUI
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHUe, paciupeHHas anaotanus (pedepar cratbu) oobemom 10 1800
3HAKOB C TIPOOEIaMH, CIIFCOK KJIIOYEBBIX CJIOB M CBEACHHS 00 aBTOPaX Ha aHTIIMHCKOM SI3BIKE.

4. TTapametpsl Habopa. [Tomst: 3epkanbHbIe, BepxHee — 23, HIKHee — 23,BHYTpH — 22,CHApYyKU — 25MM.
Mpudt — Times New Roman 11 piiacmirad 100 %,unTepBan — 0ObI4uHbIN, 6¢3 cMemienust u anumaruu. Ot-
crym kpacHo# crpoku 0,7 cM, mHTEpBan Mexay ad3anamu O T, MEKCTPOYHBIA HHTEPBAI — OIMHAPHBIH.

5. ®opmynsl. Ctuns Matemaruueckuil (udpsl, QYHKIMH U TEKCT — NPAMOI WPU(T, MepeMEHHbIE — Kyp-
cuB), ocHoBHOM mput — Times New Roman 11 pipkaszarenu crenenu 71 %u 58 %.Boikitouenusie dop-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enble. JXKenmarenbHo IpeToCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (PaiioB.

7. Anpec penakiMOHHOHM koyieruu xypHana «BectHuk IOYpl'Y» cepun «Martemaruka. Mexanuka. Ou-
3UKa»!

Poccus 454080,r. Yensbunck, mp. um. B.M. Jlenuna, 76, FOxHO-Ypanbckuii TOCYIapCTBEHHBIN YHUBEP-
cuteT, PaKyIbTeT MAaTEMaTHKH, MEXaHUKU U KOMITBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIECKOrO H KOM-
MBIOTEPHOT0 MOJCIHPOBAHMS, TIIABHOMY peaakTopy mpodeccopy 3arpebunoit Codppe Anekcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and@iter Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Anpec 3ekTpoHHO# moutel: Mmph@susu.ru

9. [MTonmHyO BepcHIO MPaBUII MOJATOTOBKHM PYKOMHUCEH U puMep oOpPMIICHHS MOXHO 3arpy3UTh C caiita
xypHana: cm. http://vestnik.susu.ru/mmph.

10. XKypHan pacnopocTpaHsieTcs IO MOJMUCKe. OIeKTpoHHas Bepcus: cm. Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétrauk.roypry.pd/mmph.

11.TInara c acnmupaHTOB 3a MyOJIMKAIIUIO HE B3UMACTCHS.



CBEAEHUA O XYPHAIJE

Kypnan ocaoBan B 2009roay. CunerensctBo o peructpanuu 1M Ne ®C77-57362Bb11aH0 24 MapTta
2014r. denepanbHOi cimyx00i 0 Ham30py B cdepe CBA3M, WHPOPMAIMOHHBIX TEXHOJIOTMHA M MAaCCOBBIX
KOMMYHUKAILIAN.

Yupenurens — DepepanbHOE TOCYIaPCTBEHHOE aBTOHOMHOE 00pa30BaTEeNIbHOE YUPEKACHHIE BEICIIET0 00-
paszoBanus «tOKHO-YpalbCKUi TOCYAapCTBEHHBIA YHUBEPCUTET» (HAIIMOHAIIBHBIA HCCIIEA0BATEIbCKUI YHH-
BEPCHTET).

I'maBHBIA penakTop xypHaia — 1.¢.-M.H., mpod. C.A. 3arpeduna.

Pemenuem Ipesuanyma Beiciield arTecTallMOHHOW KoMuiccM MUHHCTEPCTBA 00pa3oBaHus U Hayku Poc-
cuiickori Denepanuu KypHaI BKIFOUYCH B «[lepeucHp BEIYIINX PEIEH3UPYEMbIX HAYYHBIX )KYPHAIOB U M3JaHUI,
B KOTOPBIX JIOJDKHBI OBITH OITyOJIMKOBAHBI OCHOBHBIC HAyYHBIC PE3yJIbTAThl JUCCEPTAIIMI HA COMCKAHUE YUCHBIX
CTeNeHel JJOKTopa M KaHuIaTa HayK» 0 CIEIYIOIIMM OTpacisaM Hayk U rpymam creruanbaocteii: 01.01.00 —
MatemaTrka; 01.02.00 -mexanuka; 01.04.00 —usuka, 05.13.00 H1upopmaTrka, BHIUUCIUTEIbHAS TEXHUKA U
yIIpaBJIcHHE.

Kypnain BxmoueH B PedepatuBHbiii sxypHan u baser nanapix BUHUTU. Ceenenns o )KypHaiie €XKeroHo
MyOJINKYIOTCS] B MEXKIYHAPOIHBIX CIIPABOYHBIX CHCTEMAX I10 TIEPHOIUIECKUM U MPOJODKAIOIINMCS H3IaHUSIM
“Ulrich’s Periodicals Directory”, “Zentralblatt MAR”, “Russian Science Citation Index on Web of Sci&hn

[MonmucHo#t uaaekc 292118 o6beauaeHHOM KaTanore «IIpecca Poccun», E292118 MHTepHeT-KaTamore
arearctBa «Kuura-CepBuc».

[epromuuHOCTh BBIXOAA — 4HOMEpA B TOJ.

Anpec penakiuu, usgarens: 454080, r. Yensbunck, npocrnekT JlenmwHa, 76, M3gateabCKuii LEHTP
IOYpI'Y, kab. 32.
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