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MaTtemaTuka

YAK 517.44: 519.64:519.21 DOI: 10.14529/mmph190101
YPABHEHUA TUMNA CBEPTKU CO CITYYAUHbIMU OAHHbIMU

B.N. 3ansanuH, E.B. XapumoHoea
tOxHo-Ypansckutli 2ocydapcmeeHHbIl yHusepcumem, 2. YensbuHck, Poccutickass @edepauyus
E-mail: zaliapinvi@susu.ru

OO0cysknaercs BO3MOKHOCTD HCNOJIb30BaHUs NMpeoOpa3zoBanus Jlannaca ais
pelleHNsl MHTEerpaJbHbIX YPABHEHHUI THIA CBePTKH ¢ HETOYHO M3BECTHBIMH HC-
XOAHBIMHU JaHHBIMH. B mpeanono:keHun, 4ro omMMOKHM H3MEpPeHUHIl MOTyT OBITh
ONMMCAHBI CTAIIMOHAPHBIM CJIYYaWHBIM MPOIECCOM € HYJIeBbIM CpeIHUM (OTCYT-
CTBHE CHCTEMATHYECKHX OINMOOK H3MepeHHs])) H W3BEeCTHOH KOPpPeJsiHuOHHOI
(yHKIHel, M0Jy4eHbl OCHOBHbIE XapaKTePUCTHKH MOTPeIIHOCTH BOCCTAHABJIM-
BaeMoro curHana. IIpoaeMoHCTpPHPOBaHO, YTO YHC/IeHHAs peajJu3alus MeToJa
Jlanyiaca TeXHH4YeCKH 3HAYHMTEJIbHO YCJI0KHAET NPOLeypy peryJsipu3anum.

Knioueguie cnosa: ypasuenus muna ceepmru;, npeobpaszosanue Jlannaca, pecyns-
pusayus.

BBenenue
IIpu permeHun pa3IMIHBIX TPUKIAIHEIX 3a7a49, B YaCTHOCTH 3aJa9 TCOPHH JUHAMHYCCKUX U3Mepe-
HUH, 9aCTO BO3HUKACT MOTPEOHOCTH B PEIICHUN HHTETPATBHBIX YpaBHECHUH BONbTEpphI THITA CBEPTKU:

t
[Kt-nzn)dr =Y. (1)
0

3neck z(t) — HemsBectHas (yHkuus, U(t) — skcrepuMeHTanbHO M3MepeHHas ¢ynkiwmsa, K(S) — sapo

ypaBuenus (1), xapakrepusyrolee HCCIeayeMylo JTHHEHHYI0 cucteMy. [Ipeamosaraercs, 4to ypaBHe-
uue (1) paccMarpuBaeTcs Ha mpoMexyTke Bpemern [0; T], Tak 94To yroMsaHyThIe (GYHKITUHM OTIPEETEHBI

it O<t<T, T<+c0.
Xoporio uzBecTHo (Hampumep, [1—3]), uto 3amaua pernenust ypasuenus (1) ¢ HETOYHO 3aMaHHOM
MPaBOM YaCThI0 HEYCTOWYHMBA OTHOCHTEIILHO ONMIMOOK U3Mepenust. Eciu nomnycTuth, uto ypaBHenue (1)

o0azaeT eMHCTBECHHBIM pemeHneM Zy(t) st HeKoTopoil mpaBoit yactu Uy(t), To momymieHHBIE (MO-

KET 6I>ITI>, Jaxe MaJ'H:Ie) OTKJIOHCHHUSA OT Uo(t) MOT'YT NPUBOAUTH K 3HAYUTCIIbHBIM OTKJIOHCHUSIM OT

Z,(t) . [lonoOHast HEYCTOWYMBOCTH K HACTOSIIEMY BPEMEHH XOPOIIO M3YYCHA M MPEUIOKEHbI Pa3ind-

HbIe MeToBI peryispusanuu (Merox A.H. Tuxonosa, meronx M.M. JlaBpenTneBa, Meton B.K. MBanosa
U JIp.), TO3BOJISIOIINE IUMHUHHPOBATh OIMIHMOKU MPAaBOW YaCTH U MHUHUMHU3HUPOBATH MOTPEITHOCTH BbI-
YUCIUTEIbHBIX MPOLETYP.-

Meroa JIaniaca
OnmHuM u3 TeopeTrdecku d(PEeKTHBHBIX METONOB pelieHus: ypaBHeHus (1) sBisieTcss mepexona w3
BPEMECHHOHN B YaCTOTHYIO 00JacTh ¢ moMouibo npeodpasosanus Jlamaca ([4]). Eciu L[@#] — npeoOpa-

soBanue Jlammaca yukun @(t) , ompeneneHHoi Ha moaynpsmoii [0;+00) , To B CHITy TEOPEMBI O CBEPT-
ke ypasHenue (1) nepeiizer B aredpanveckoe ypaBHEHHE:

L{u] =L[K] O] ,
OTHOCHUTEIBHO TIpeoOpasoBanuii Jlamiaca (u3o0pakenmii) ymrkmmii U(t), z(t) u K(S), u3 xoroporo
JIETKO HaXOJIUTCS n300paskeHre HemsBecTHOU (yHKimu. s onpenenenus Gpynkuuu Z(t) Teneps moc-
TaTOYHO 110 H300PaKEHHUIO BOCCTAHOBUTH OPUTHHAI, [IOJIOXKHB!

z(=L" L 2)
LK]
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MaTtemaTtuka

Xopomo u3BectHO (Hanmpumep, [4]), uto mpeoOpazoBanue Jlaruaca ¢ynkimm ¢(t), Takoi, 4to
|@(t) M exp&t) onpeneneHo U MpeACTaBIseT cO00H aHATUTUYECKYIO (YHKIHIO B MOIYIUIOCKOCTH
Rep> g . [Ipu stom, ecmur ¢(p) = L{#] , To obOpamenne npeodpazosanus Jlamnaca 3agaercst popMyinoit

Mennuna—bpomBuua
Stils
[ wp)ePdp, s=Rep>s.

s—ild

p() =Ly ==
27
Peryasipuzanus

Cam 1o cebe merton Jlammaca pemienus ypapaenus (1) He permaer mpo0sieM, CBI3aHHBIX C YIIOMSHY-
TOW BBIIIE HEYCTOMYMBOCTBIO. I103TOMY MpsAMOE HCIOJIb30BaHHWE COOTHOIICHHS (2) He MPHUBOIUT K
yIOBJIETBOPUTEIBHOMY PE3YJIbTAaTy B CHTYaIlMH, KOT/a MpaBas 4acTh ypaBHeHUs (1) n3BecTHa HETOYHO.
Kak mokasbiBaer Gonee TOHKUH aHanu3 (Hampumep, [2]), cBsI3aHO 3TO 0OCTOATENHCTBO C HATMYHUEM Y
U3MEPSIEMOT0 CHTHAJIa BRICOKOYACTOTHBIX COCTABIISFONIMX. ECTECTBEHHBIM BBIXOJIOM B 3TOH CHUTyalluH
SIBJISIETCSI TIO/IaBJIEHHE BHICOKOYACTOTHBIX COCTABJISIONIMX MPaBoi yacTu ypaBHeHus (1).

HocTuraercs 3to cienyromuM obpaszom. ITycte h(a; ) — GyHKIMS IBYyX NEHCTBUTENBHBIX IEpE-

MEHHBIX, OTIpe/ieIcHHas Iy Bcex U u @ >0, Takas, 9ro:
1) 0a,u O0<h(a,u)<];
2) h(O;u) =1,
3) Olimy,, .o h(a; 1) =0;
4) dlim,_oh(a; p) =1.

ITonaras
500 = Yl g -
2(p = LIK] Ha;u), p=Imp,
paccMOTpHUM
_ 15y -1| Lu]
Za(t) =L [Z] =L [m h:| .
[lycts
u(t) = uy () +Au(t).
Torna:
L[u] =L[ug] +L[ Ad]
U
_ _ 1| Luol -1| L[AU]
z,()-z(h="L [L[K] (h 1)}+ C {—L[K] h} (3)

B 3TOM COOTHOIICHNH HIEPBOE CilaraeéMoe OIMCHIBACT TOYHOCTh 3aMEHBI pelieHnst Zy(t) dyHkunen
z,(t) (r.H. mounocme pecynsipuszayuu), BTOpoe — MOTPELIHOCT PELIeHHs], 00YCIOBICHHYIO OLIMOKaMU
Au(t) msmepenns mpasoii yactu ypaBuerus (1). Moxkuo mokasats ([2]), uto npu @ — O mepBoe cia-

raeMoe CTPEMHTCS K HYJIIO, B TO BpeMs KaKk BTOPOE MOXKET HEOIPaHUYEHHO Bo3pacTaTh. IIpu Hamnexa-
IIeM BBIOOpE TIapaMeTpa peryisipusaliid @ ¥ cradunmsupytromeit pynkimu h(a; () TouHOCTH 3aMeHBI

pemenus Zy(t) dbynkuueit z,(t) Oyaer UMeTh TOT ke MOPANOK, YTO M OIIUOKH M3MEPEHHUS PaBOil Yac-
tH ypaBHeHus (1). 3ameruM, uto ykinonenue Z,(t) ot z)(t) omeHuBaeTcs B COOTBETCTBHM C BHIOOPOM
HOPMHUPOBAHHOTO TPOCTPAHCTBA, B KOTOPOE MOTPYKEHBI 3TH (YHKIMHU. Yale BCero paccMaTpuBarOTCs

npoerpaticrsa Cory» Gy Liomy 1 Loyr

CayuaiiHble OIIMOKH U3MepeHui
[Tyctb Teneps ommOku Au(t) ommchIBarOTCS CTallMOHAPHBIM CiydaifHeIM nporeccoM Au(t) = £(t)

C nynesbiM cpeauM (M E(t) =0) u koppensumonnoi gpynkumeit Re(t—7) ([5]). B atom ciyuae u pe-

6 Bulletin of the South Ural State University
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3ansinuH B.U., YpaeHeHust muna ceepmku co cry4yaliHbiMu OaHHbIMU
XapumoHoea E.B.

menne ypaBuerus (1) —ciydaiinbrit mporece (BooOIe roBopst, He00A3aTEIbHO CTAlMOHAPHBIH). Pasym-
HOW Mepoii yxinoneHust Z,(t) or z(t) B xonkperHoii Touke t[J[0;T] MOXeT CIIy)XUTh BEIMYMHA JHC-

nepcuu pazHocTu (3) B 3TOM TOUKE:
P*(24:2)= M|z, - 2f,
a Mepoil ykinoHeHust Z,(t) or z;(t) xak »IeMeHTOB ()YHKIMOHAIBHOTO MPOCTPAHCTBA — HOpMa (YHK-
N O Kak QYHKIIUK [TEpEMEHHOM t B 9TOM MPOCTPaHCTBE.
Haiinem BepossTHOCTHBIC XapakTepucTuku Tmporiecca L[&] . HecnoxxHbie BRIKIAIKY TAIOT:

1 -
+T)2(L[R{]( p+ LRI -

B uactHOCTH, paccesHue npeoOpa3oBanus Jlamnaca cirydaifHOW OIMMOKU M3MEPEHHUM OMHMCHIBACTCS
JHMCIIEPCUEN, TaBaEMOM NIPEBIAYIINM COOTHOIIEHUEM IIpH P = P,

LIRA( B + I RI(
D(L[E]) =M | L g|2=—= i
2Rep
[Mycte Tenepr A(a;t) — cocraisromas morpemHoct (3), 00yciIoBIeHHAs ONIMOKAMU W3MEPECHUS

ML[&] =0, CovL[¢]=

mpaBoii yactu ypaHenus (1):

Aa;t) = L_l[ "[[ﬂ] h(a;Im p)}

B cuny cranmonapaoctu npouecca &(t) ero npeodpasoBanue Jlamnaca npeacTaBumMo B BUIE:
A =[SO Reps s,
' p-iw
rae { (W) —crexrpanbHbIii mporecc mis &(t) :

M | (dw) P= dFy (W)= (W) dw,
a Fg(wW), f(W) — cnexTpanbhas QyHKIMS U CEKTpanbHAs IUIOTHOCTh, COOTBETCTBEHHO, MPOLECCA

&(t) . Ipumensst hopmyiay MemnHa—bpoMBrYa, 3aKII0YaEM, UTO

A@it)= | gq (W (aw,

rIe
_ 1 5 h@:Rep)
tw) =— -
W =20 1 Tk (p-w

Ortcrona, mucriepeus Beanurnabl A(@;t) maeTcst COOTHOIIEHHEM:

‘dp Re p> s.

D(A(ast) = j|ga(tw)|2dl=f(w) j|g,(tw>F f(wadv. (4)
3aMeTuM, 4To.
2
2 & LT Ia )|
t; <
|94 ( W)|2< 7 .[ IL[K]] /S (u- W)

Tlpumensisa k UHTETpany B MpaBoi YacTu HepaBeHCTBO Komn—bByHSIKOBCKOTO, MolydyaeM HEpaBeH-
CTBO:

. e 7 Ha; u)l
|ga(t,w)|2s Dj| K |

M CIEAYIONIYIO U3 HErO OLEHKY IS TUCTIepcHuu BeanunuHel A(d;t) :

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 7
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. st )|
D(A(t,a)ng(O)DanD:[oI s I du, s> s.

3amMeuaHue 0 YHCJIEHHOI peaJn3anuu

ITpu peanusanumn Metona Jlammaca mis pemrenus ypaBHenus (1) Hanbomee mpoOIeMaTHIHBIM MO-
MEHTOM SIBIISIETCS OOpallieHHe CKOPPEKTHPOBAHHOTO U300pakeHUs, T.€. BBIYHCICHHE MHTErpana Medn-
nHa—bpoMBrya. Kitaccmueckne aHamuTHYeCKHe METOBI obparineHus mpeodpasosanus Jlamiaca (Ha-
npumep, [4, 6]) B peanbHbIX MPHUKIAIHBIX 33]a4ax, Kak MPaBHIO, HETPUMEHHUMBI M BO3SHUKAET HEOOXO-
JIMMOCTh UCTIONB30BAHHUS YHCICHHBIX METOMOB. J[0CTaTOYHO MOJHBIA 0030p BO3MOXKHBIX YHCIICHHBIX
MPOIICAYP PEUICHUS 3TOW 3aa4u IPEACTABIICH, HATIPUMep, B KHHrax [7, 8].

Crnenyer, oHaKO, 3aMETHUTh, YTO 3ajJada MPHOIKEHHOTO obOpameHus npeobOpa3zoBanus Jlammaca
HEKOPPEKTHA M TPpeOyeT perysipu3alny B TOH K€ Mepe, YTO M UCXOJHAs 33Jlavya PElIcHUS YPaBHCHUS
(2).

JleHCTBUTEIBHO, €CIIM MBI XOTHM MO H300paxeHnio (J/(p),Rep>§ BOCCTAHOBUTH OpPHUIHHAI
@(t),t >0, To pakTHUECKH MBI CTABUM 3314y PELICHNS HHTETPAIBHOTO YPaBHEHHUS:

[ pme™d=¢(p.
0

otHocuTenbHO GyHkuK @(t) mo 3amanHoi (HeTouHo!) yHKIMU Y(P) .

OTO 00CTOATENHCTBO TEXHUYECKH 3HAYUTENHHO YCIOXKHSIET MPEAIOKEHHYIO TPOIENypy pelIeHHS
ypaBueHus (1) 1 opreHTHpPYET HcCiea0BaTelei B MPUKIAHBIX 00IACTIX Ha UCIIOIb30BaHUE IS periie-
Hus ypaBHeHHs (1) mpsMBIX METOOB peryisipu3aiuu (METOI HEBS3KH, METOJ KBa3WpPEIICHHH U T.I1.),
TEXHUYECKH 00Jiee MPOCTHIX B YMCICHHON pean3alun, Hexenn Metox Jlammaca.
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EQUATIONS OF CONVOLUTION TYPE WITH RANDOM DATA

V.l. Zalyapin, E.V. Kharitonova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: zaliapinvi@susu.ru

The possibility of using the Laplace transform adve integral equations of convolution type with
imprecise initial data is being discussed. Theoa#i, the possibility of reducing the integral agjon
to an algebraic equation should greatly simplifg gfrocedure for its solution. However, the measure-
ment errors present in the actual measuring prazasse the need to filter the interference in tke f
guency domain. Assuming that measurement errorbeatescribed with a stationary random process
with zero mean (the absence of systematic measatesneors) and a given correlation function, the
main characteristics of the error in the signalarnégeneration are obtained.

It is shown that technically, numerical implemeittatof the Laplace method, connected with the
restoration of the Laplace original from its imagegnificantly complicates the procedure of itsueg
larization due to impossibility of using the MeHiBromwich inversion formula.

Keywaords: equations of convolution type; Lapla@ngform; regularization.
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S.I. Kadchenko ', G.A. Zakirova ? L.S. Ryazanova ! O.A. Torshina *

! Magnitogorsk State Technical University of G.I. Nosova, Magnitogorsk, Russian Federation
% South Ural State University, Chelyabinsk, Russian Federation

E -mail: kadchenko@masu.ru

In previous works of the article’s authors on devapment of the Galerkin
method, linear formulas for calculating the approximate eigenvalues of discrete
lower semi-bounded operators have been obtained. €formulas allow calculat-
ing the eigenvalues of the specified operators ofng number, regardless of
whether the eigenvalues of the previous numbers at@own or not. At that, it is
possible to calculate the eigenvalues with large mbers when application of the
Galerkin method is becoming difficult. It is shownthat eigenvalues of small num-
bers of various boundary-value problems, generatedy discrete lower semi-
bounded operators and calculated by linear formulasand by the Galerkin
method, are in a good conformity.

In this paper we use linear formulas to calculate pproximate eigenvalues
with large numbers of discrete lower semi-boundedperators. Results of calcula-
tion of eigenvalues by linear formulas and by knowrasymptotic formulas for two
spectral problems are given. Comparison of the re#ts of calculations of the ap-
proximate eigenvalues shows that they almost coimtg for sufficiently large
numbers. This proves the fact that linear formulas can be wsd for the considered
spectral problems and sufficiently large numbers oéigenvalues.

Keywords: spectral problem; discrete operatorssemi-bounded operatorsgi-
genvalues and eigenfunctions of an operator; Gatenkethod.

Introduction

It is known that the spectrum of a discrete operatmsists of isolated points that have no limit
points other than infinity. Moreover, each eigeeabf a discrete operator has finite multiplicity.

Let L be a discrete semi-bounded from below operatdmetkin the separable Hilbert spadelts
eigenvaluesu are determined by finding non-trivial solutionstioé equation:

Lu= uu, (D)
which satisfies the given homogeneous boundaryitond. Enumerate them in order of increasing val-
ues of eigenvalues, taking into account the miigl { .}~ .

To find the eigenvalues of the operatlorwe use the Galerkin method. Consider a sequence

{Hn}°°_ of finite dimensional spaced,, 0 H, which is complete itl. Suppose, that the orthonormal
n=1

basis of spacéd,, is known and consists of functim{mg(}rl::l. Wherein the functiongg must satisfy

all boundary conditions of the problem. Followirge tGalerkin method, we will find the approximate
solution of the spectral problem (1) in the form:

n
U, =2 3 (N4 2)

k=1

The following theorems were proved in [1].
Theorem 1 Let L be adiscrete semi-bounded from below operator acting iseparable Hilbert

space H. If the system of coordinate functitﬁr@}ﬂzl is a basis in the space H, then the Galerkin

method applied to the problem of finding the eigéums of the spectral problem (1), construabecdthis
system of functions, converges.
Theorem 2.Let L be a discrete semi-bounded from below operatting in a separable Hilbert

space H. If the system of coordinate functk{r@} is an orthonormal basis in the space H, then

k=1
2,(n) = (Lgg. @) + O, ®3)

10 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2019, vol. 11, no. 1, pp. 10-15




Kadchenko S.l., Zakirova G.A., Calculation of Discre  te Semi-Bounded Operators’
Ryazanova L.S., Torshina O.A. Eigenvalues with Large Numbers

n-1
whete &, =3[ i1 (n-1) =z (n)], & (n) is the Galerkin approximation of order n to therespond-
k=1

ing eigenvaluesy, of the operator L.

Formulas (3) allow, as shown in [1], to calculate approximate eigenvalues of discrete semi-
bounded operators with high computational efficiendnlike classical methods, they drastically rezluc
the amount of computation, solve the problem odiifig the eigenvalues of any matrices of high order.
Also formulas (3) allows to find eigenvalues redesd of whether know eigenvalues with lower num-
bers or not and solve the problem of calculatinghatessary points of the spectrum of discrete semi
bounded operators.

Numerous eigenvalue calculatiofg of boundary problems generated by discrete sennidbed
from below operators fon< 50 calculated by formulas (3) and the Galerkin methozlin good agree-
ment [1].

In this work, for further verification of the dewgled methodology for calculating the eigenvalues
of discrete semi-bounded operators using formBasKe compare the results of their calculatiomgsi
these formulas with the calculations using knowyngstotic formulas for the following spectral prob-
lems.

1. Asymptotic formulas for the eigenvalues of thepectral problems under consideration
Consider the classical spectral problem of the form
Y )+ AN Y= % =A% or u=S*, 0< x<m 4)
with boundary conditions
y(0)=0, y(m)=0, ®)
or
y(0)=0, y(7)- hy7)=0 (6)
with the requirement that the potentilX) , satisfying the condition:
Vs

[x|a()] dx<co.
0

In the thesis of Z.M. Gasimov [2] it was shown,ttfar eigenvaluesy, of spectral problems (4),
(5) and (4), (6) the following asymptotic formulas:

m
Uy =A2, A = n+ij' qo(t)sin? (ntydt+ O( ), @)
ﬂnO
4= S§=mo5—n 4 1 ”c()sinz[(ﬁ-OS)]tdf ab ®)
no " mn-0,5) m(n-0,5) ’ :
are true respectively. Here:
1 2/n 1 m
fo==+ry, 1= [tla@ldt+= [ |a®]dt
n 0 n1/2|’1

To find the approximate eigenvalues of the spegirablem (4), (5) we construct a system of coor-
dinate functions, each function of which is an afgaction of the spectral problem

-9 (X) = BAX), 0< x<m,
#0)=0, ¢(m)=0.

It is not difficult to show, that the spectral plem (9) has a set of eigenvalu@ﬁ} , which cor-

00
n=1

(9)

responds to an orthogonal system of eigenfunct{@sin(nx)}:zl. ConstantsC, are found from the

normalization conditions.
To find the approximate eigenvalues of the spegirablem (4), (6) we construct a system of coor-
dinate functions, each function of which is an afgection of the spectral problem:
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~@ () =px), 0< x<7,
@0)=0, ¢(m)-hy(r)=0.
The set of eigenvaludsyn}:’;’=l of the spectral problem (10) has no finite limifnds. All the eigen-
values are real, non-negative, simple. They aredbis of the transcendental equation

Jreod mly)-hsi{m/y)= 0 (11)

and the corresponding system of eigenfunctionsrtisogonal and have the forl{rCn sin(\/y_nx)}ml.
n=

(10)

ConstantsC,, are found from the normalization conditions.
In case you need to find the eigenvajjewith a sufficiently large number it is difficulotuse the
transcendental equation (11), because it is negegsaonsistently find all the valueg, with smaller

numbers. This leads to a sharp increase in conmpugdtcalculations. Therefore, in such cases liteis-
essary to use asymptotic formulas, which can bdyeabtained from formulas (8), assuming that

q() =0:
_c2 — _ h ~ ~ :1
=S § m0S T Q¢). - (12)

2. Numerical experiments
Denote byji the approximate eigenvalues of spectral problefhs(b) and (4), (6), found by the

Galerkin method, by the eigenvalues found by formulas (3), bythe eigenvalues found by asymp-
totic formulas (7) or (8). In all the above caldidas it was assumed that =0.

In tables 1 and 2 the eigenvalues of problem §)),found by formulas (3), and asymptotic formu-
las (7) with potentialy(X) = % —5x+13- sin(6x)+ 2& are given.

Table 1

n 7 fhn Hn |ﬁn _ﬁn| |/&n _/_‘n|

12 166,712 166,503 167,382 6,70510 8,792-10
13 191,685 191,507 192,257 5,719%10 7,494-10
14 218,663 218,511 219,157 4,935'10 6,463-10"
15 247,646 247,513 248,076 4,302'10 5,632-10"
16 278,632 278,515 279,010 3,78410 4,951-10"
17 311,620 311,517 311, 956 3,354'10 4,386-10"
18 346,611 346,519 346,910 2,99310 3,913-10
19 383,602 383,520 383,871 2,687110 3,512-10"
20 422,595 422,521 422,838 2,426%10 3,170-10"
43 1871,545 1871,529 1871,598 5,261°10 6,863-10F
44 1958,544 1958,529 1958,595 5,025°10 6,554-10F
45 2047,544 2047,529 2047,592 4,804%10 6,266-10°
46 2138,543 2138,529 2138,589 4,597%10 5,097-10°
47 2231,543 2231,529 2231,587 4,40%°10 5,744-107
48 2326,542 2326,529 2326,584 4,222210 5,508-10F
49 2423,542 2423,529 2423,582 4,052210 5,285-10F
50 2522,541 2522,529 2522,580 3,892°10 5,076-10°
51 2623,541 2623,530 2623,578 3,740°10 4,879-10°
63 3991,538 3991,530 3991,562 2,448:10 3,197-10°
64 4118,537 4118,530 4118,561 2,366°10 3,098-10°
65 4247537 4247,530 4247,560 2,294°10 3,004-10°
66 4378,537 4378,530 4378,559 2,20810 2,913-10°
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End of the Table 1

n fn ﬁn Hin |Il:2n - ﬁn| |ﬁn _ﬁn|
67 4511,538 4511,530 4511,558 2,045310 2,827-10°
68 4646,539 4646,530 4646,558 1,849°10 2,744-10°
69 4783,543 4783,530 4783,557 1,34810 2,665-10°
70 4922 577 4922,530 4922556 2,05310 2,590-10°
71 5063,898 5063,530 5063,555 3,426-10 2,517-10°

Table 2
n i Hn, |:[‘n - /_‘n|
1000 1000022,531 1000022,531 1,269%10
1001 1002023,531 1002023,531 1,267°10
1002 1004026,531 1004026,531 1,264%10
1003 1006031,531 1006031,531 1,262°10
1004 1008038,531 1008038,531 1,259*10
10000 100000022,531 100000022,531 1,268.10
10001 100020023,531 100020023,531 1,267-10
10002 100040026,531 100040026,531 1,264.-10
10003 100060031,531 100060031,531 1,268.10
10004 100080038,531 100080038,531 1,268.-10
100000 10000000022,531 10000000022531 1,269-10
100001 10000200023,531 10000200023,5B1 1,269-10
100002 10000400026,531 10000400026,5B1 1,269-10
100003 10000600031,531 10000600031,5B1 1,269-10
100004 10000800038,531 10000800038,531 1,269-10

Numerical calculations showed that the resultsabfudations of eigenvalues in three ways are in
good agreement. As the number of eigenvalues isesedhe difference between them decreases.

The results of calculations for sufficiently larngembers of the eigenvalues of the spectral problem
(4), (5) are given in the table 2. The calculatafneigenvalues with such numbers by the Galerkin
method causes difficulties due to the large dinmrsiof the matrices with which you have to work.
Therefore, a comparison is made between the appatei eigenvalues found by formulas (3) and the
asymptotic formulas (8). Far> 100 000 the values, andz, are almost the same.

In Tables 3 and 4 the approximate eigenvaluesegpiectral problem (4), (6) calculated by formu-
las (3) and asymptotic formulas (8) whtx 0,5 andq(x) = X —4 x+ 5— cos(X }+ & are given.

Table 3

n fn :&n Hn, |ﬁn _ﬁn| |ﬁn _ﬁn|

8 78,633 78,572 78,742 1,097-10 1,740-10"
9 96,619 96,572 96,708 8,864-10 1,362-10
10 116,610 116,572 116,683 7,314%10 1,114-10
11 138,603 138,572 138,665 6,137710 9,280-10°
12 162,598 162,572 162,650 5,221%10 7,849.10°
36 1338,574 1338,571 1338,581 6,287°10 9,177-10°
37 1412,574 1412,571 1412,580 5,057210 8,694-10"
38 1488,574 1488,571 1488,580 5,653110 8,248.10"
39 1566,574 1566,571 1566,579 5,371310 7,836-10"
40 1646,574 1646,571 1646,579 5,110°10 7,454-10°
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End of the Table 3
n fln fn Hn |ﬂn - /7n| |:&n - /7n|
66 4428,572 4428,571 4428,574 1,771°10 2,764-10°
67 4562,573 4562,571 4562,574 1,561°10 2,683-10°
68 4698,573 4698,571 4698,574 1,108°10 2,605-10°
69 4836,577 4836,571 4836,574 3,285310 2,530-10°
70 4976,588 4976,571 4976,574 1,42210 2,459-10°
Table 4
n fn Hn |/2n - ﬁn|
1000 99906,571 999006,571 1,221°10
1001 1001006,571 1001006,571 1,219°10
1002 1003008,571 1003008,571 1,216°10
1003 1005012,571 1005012,571 1,212°10
1004 1007018,571 1007018,571 1,211°10
10000 99990006,571 99990006,571 1,226-10
10001 100010006,571 100010006,571 1,226-10
10002 100030008,571 100030008,571 1,218-10
10003 100050012,571 100050012,571 1,218-10
10004 100070018,571 100070018,571 1,218-10
100000 9999900006,571 9999900006,571 1,229-10
100001 10000100006,571 10000100006,571 1,220-10
100002 10000300008,571 10000300008,571 1,220-10
100003 10000500012,571 10000500012,571 1,220-10
100004 10000700018,571 10000700018,571 1,220-10

The results of calculations of the approximate migéues of the spectral problem (4), (6), given in
Tables 3 and 4 are in good agreement.

Conclusion

Comparison of the results of calculations of thprapimate eigenvalues of the spectral problems
(4), (5) and (4), (6), carried out according tanfiafas (3) and asymptotic formulas (7) and (8), skiwav
for sufficiently large numbers the results are atrtbe same.

In previous papers in the development of the Galenkethod linear formulas for calculating the
approximate eigenvalues of discrete semibounded below operators were obtained by the authors of
the article. Formulas allow you to calculate thgeaevalues of the specified operators with any efrth
numbers, regardless of whether the eigenvalues thighprevious numbers are known or not. In this
case, it is possible to calculate the eigenvalu#s large numbers, when the application of the €kate
method becomes difficult. To test the new methaddalculating the eigenvalues of discrete semi-
bounded operators, computational experiments wenducted, which showed that the eigenvalues of
small numbers of various boundary-value problemsutated by linear formulas and the Galerkin
method are in good agreement. For further verificadf the obtained linear formulas, it became sece
sary to find out how they behave when calculatigervalues with large numbers when asymptotic
formulas begin to work. In this paper we use linkeamulas to calculate approximate eigenvalues with
large numbers of discrete semi-bounded from belperators. The results of calculating the eigenalue
by linear formulas and by known asymptotic formuiaistwo spectral problems are given. Comparison
of the results of the calculations of the approxargigenvalues show that for sufficiently large iens
they almost coincide. This confirms the fact tha¢ér formulas can be used for the considered ispect
problems and sufficiently large numbers of eigeueal

In the spectral problems considered, linear forsge the same result as asymptotic formulas.
This confirms the possibility of applying linearrfoulas to the approximate calculation of any eigen-

value of a discrete semi-bounded operator. By @it the linearity of formulas, finding eigenvalues
becomes computationally efficient compared to dagsical method.
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B mpeppiaymmx pabotax aBTOpOB CTaTbU B Pa3BUTHHM MeTojaa ['alepkuHa MONydYeHBl JTHMHECWHBIC
(hOpMyJTBI JUISI BEIYUCIICHUH MPUOIKEHHBIX COOCTBEHHBIX 3HAUCHUH JUCKPETHBIX MOJIYOTPaHUYCHHBIX
CHHU3y omepaTopoB. POPMYIIBI TTO3BOJISIOT BEIYUCIATH COOCTBEHHbIE 3HAUYEHUS YKAa3aHHBIX OIEpaTopoB
M000Tr0 HOMEpa HEe3aBUCHMO OT TOT'O, U3BECTHBI JIM COOCTBEHHBIC 3HAUCHUS C MPEILIECCTBYIOIUME HO-
Mepamu WK HeT. [Ipr 3TOM MOKHO BBIUMCIATH COOCTBEHHBIC 3HAUYCHUS U C OOJBIIUMHU HOMEpaMH, KO-
I/1a IpuMeHeHne Metona [ anepkuHa CTaHOBUTCS 3aTpyAHUTENbHBIM. [loka3aHo, 94To coOCTBEHHBIE 3HA-
YeHUsT HEOONBIINX HOMEPOB PA3NMYHBIX KPaeBbIX 3a]ad, MOPOXKICHHBIX JUCKPETHBIMU MOIyOTrpaHU-
YCHHBIMH CHU3Y OIepaTOpPaMH, BBIYUCIICHHBIC TIO JIMHEHHBIM QopMyinaMm u metonom [anepkuna, xopo-
IO COTJIACYIOTCSI.

B pabote nmpuMeHeHbI THHEHHBIE QOPMYIIBI JUIs BEIYUCIICHUS TPUOIMKEHHBIX COOCTBEHHBIX 3HAYE-
HUH ¢ OONBIIMMU HOMEpPaMH JAUCKPETHBIX MOTYOTPaHHMUYCHHBIX CHHU3Y OnepaTopoB. [IpuBecHBI pe3yib-
TaThl BBIYMCICHUH COOCTBEHHBIX 3HAYCHHU IO JIMHEHHBIM (hOpMYyJiaM U MO0 M3BECTHBIM aCUMIITOTHYE-
CKuUM (popMyrnamM Jisl IByX CIEKTPajbHBIX 3aj1a4. CpaBHEHHE PE3yNIbTATOB MPOBEACHHBIX BHIYUCICHHI
MPUOIMOKEHHBIX COOCTBEHHBIX 3HAYCHUN ITOKA3BIBACT, YTO JUIS JIOCTATOYHO OOJBIIMX HOMEPOB OHH
MPAKTUYECKU COBIAIAIOT. DTO MOATBEPKAAET TOT (aKT, YTO ISl PACCMATPHUBAEMBIX CIICKTPAILHBIX 3a-
Jlad ¥ JIOCTaTOYHO OOJBINUX HOMEPOB COOCTBEHHBIX 3HAYEHUN MOXKHO HCIOJNB30BaTh JIMHEWHBIE (Bop-
MYJTBL.

Knioueswie cnosa: cnexmpanvhas 3a0aua; OucKkpemHvie Onepamopbl; NoLy0epaHudenHvle Onepamo-
Pbl; coOcmeeHmble Yucia u coocmeentvle Qyukyuu onepamopa, memoo I anepxuna.

JlntepaTtypa
1. Kadchenko, S.I. A numerical method for invergectral problems / S.I. Kadchenko, G.A. Zaki-
rova // Bectuuk FOkHO-Ypanbckoro rocyaapcTBeHHOro yHusepcutera. Cepusi «MaTeMaTHUIECKOe MO-
JenupoBaHue U nporpammupoBanue». — 2015. . 8,Ne 3. — C. 116-126.
2. I'aceiMoB, 3.M. PerieHrie 0oOpaTHON 3a7aud O JBYM CIEKTpaM JUIsl CHHTYIISIPHOTO YPaBHEHHS
[Itypma—JIuyBuinist: quc. ...kaHm. ¢us.-mMaT. Hayk / 3.M. T'aceimoB. —baky, 1992, — 12%.
Hocmynuna ¢ pedaxyuro 10 oexaopsa 2018 2.

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 15
2019, Tom 11, Ne 1, C. 10-15



YOK 517.984.46, 517.983.28 DOI: 10.14529/mmph190103

O BbIYUCNEHU COBCTBEHHbIX YACEI U ®YHKLUA 5
AUCKPETHOI'O OINEPATOPA C AOEPHOU PE3OJIbBEHTOMW,
BO3MYLLEHHOIO OrPAHU4YEHHbLIM

A.N. Cedoe

MazHumozopckutli 2ocydapcmeeHHbIl mexHuUYecKul yHugepcumem, 2. MaszHumozaopck,
Poccutickas ®edepayusi

E-mail: sedov-ai@yandex.ru

PaccmaTpuBaercs 3a1a4a BbIYHCICHUS] COOCTBEHHBIX YHCeT U COOCTBEHHBIX
(pyHKUMI BO3MYLIEHHOI0 JMHEHHOI0 CaAMOCONPSKEHHOI0 oNepaTopa ¢ siAepHOM
Pe30JIbBEHTOMH, BO3MYIIEHHOT0 OrPAaHMYEHHBIM ONEPaTOpPOM, JeHCTBYIOIIMM B
cenapadeibHOM T'WIb0epTOBOM npocTpancTie. /st pemienus 3axaum npuMeHs-
eTcsl MeTO[ pPery/sipu30BaHHBIX CJIeI0B NpemiokeHHbI B.A. CagoBHHYUM U
B.B. /ly0GpoBckuM u pa3BuUTHIN UX yyeHukamu. Knaccuueckuii MeToa peryJisipu-
30BaHHBIX CJ1e0B /s NMOBbIIIEHHs] TOYHOCTH BbIYHMCJEHMIl NpeanoaaraeT Bbl-
YHCJIeHHe HEeCKOJBKHX WIeHOB psjga. CJI0KHOCTh BBIYUCICHUS] KAMKIOI0 MocJe-
AYHOIIero 4jieHa psiia HeJnHeiiHo Bo3pacraeT. Ilpensaraemoe B pabore m3meHe-
HHMe KJIACCHYeCKOro MeToAa MPUBOIUT K APYroMy psily, CKOPOCTh CXOAMMOCTH
KOTOPOro 3HAYMTEJIbHO (00/bIIIe, YTO M03BOJIsIET YMEHbIINTh KOJINYECTBO YICHOB
psiia MCHOJIb3yeMbIX B BhIYHMCJICHHAX. PasBuBasi nmpeaJioKeHHbIl MeTo, B pado-
Te npuBoAsATcs (opmyJbl AJsi BblUHCIAeHUs] Ko3ppuuuenToB Pypbe pasiiomxe-
HMS BO3MYLUIEHHBIX COOCTBEHHBIX (PYHKUMII B Psil 10 HEBO3MYILUEeHHbIM. 1151 BbI-
YHCJIECHUS TNEePBbIX COOCTBEHHBIX (PYHKUMI HMCHOJBb3yeTcsl O0paTHasi MaTpHLa
Bangepmonpa. IIpuBoasiTcsi OLIEeHKH OCTATKOB PS/I0B.

Kniouesvle cnosa: cobcmsennvle uucaa, coocmeennvlie QYHKYUY, A0epHblll one-
pamop; 603MyUjeHHbII ONepamop.

Brenenune
PaccMOTpUM JUCKpPETHBIM CaMOCONpPSIKEHHBIN onepaTop 1 ¢ SACPHON pe30NbBEHTON U JIMHEHHBIN
OTpaHUYEHHBIN omepaTop P, AeHcTByoIe B THIE0EpTOBOM npocTpaHcTBe H . sl MPOCTOTHI H3J10-

JKEHUs! TIPEATIOIOKIM, 4TO onepatop 7 — MOJ0KHUTENbHBIH ¢ mpocTbiM crektpoM o(T) ={4, }”_1 . Cob-

CTBCHHBIC 4YHCJIa ﬂ’n orepartopa T 3aHyMCpyEeM B TOPAAKC BO3paCTaHUA. O603HaYNM qgepes3

o(N)={u, }nz] coOCTBeHHBIE yncia oneparopa 1 + P, 3aHyMepOBaHHBIE B TIOPSIKE BO3PACTAHUS JCH-

CTBHUTEJIBHBIX YacTel ¢ y4eToM anreOpandeckoi KpaTHOCTH.
MoxHo nokasats (cM., Hampumep [1]), uTo ecnu cymiecTByeT HoMep N Tako#, YTo AJist JTFOOBIX

2||P
n= N BBINOJHAETCS HEPABEHCTBO ¢, :|—”ﬂ <1, To mepBbie N COOCTBEHHBIX YHCENT { U, }ivzl ore-
n+l — “n
patopa 7T + P ABIAIOTCS pEeLIEHUSIMU CUCTEMBl N ypaBHEHUI:
N N IN PR
Suw=>x +2a,§s>(zv)+g§;)(zv), tyeN, s=1N. (1)
k=1 k=1 k=1
2 D' -1 k N
3nech o (N)=—_Sp_[ ATPRy(A)] dA —  TONMpaBKM  TEOPHUHM  BO3MYIICHHIA,
2rik ry
) (N) = () N T _ Ayt A
£ (N)= z o’ (N), I'y — OKpy»KHOCTb paguyca Py == C LUEHTPOM B Havaje KOOpAH-

k=ty+1
HaT, R, pe3onbBeHTa oneparopa 1 .

IIpaBbie wactu ypaBHeHui (1) SBHO BBIpaKaroTCs depe3 COOCTBEHHBIE YHCIIa U COOCTBEHHBIC (DYHK-
IIUM HEBO3MYIIIEHHOTO omneparopa I u Bo3Mmymaromuii oneparop P. B.A. Cagosanunii u B.B. Jly6-
poBckuii B paboTe [2] BBICKa3aIy HACI0 HOBOTO METOAA BBIYMCICHUS COOCTBEHHBIX YHCEN BO3MYILCH-
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HBIX OIepaTopoB ¢ momornbio cucteMsl (1). Cepust pador B.A. Camosanuero, B.B. Iyoposckoro, C.J.
Kaguenko, B.®. Kpasuenko, .M. Kunsunoii [1, 3—9] npuBena kK co3maHuio ¥ 000CHOBAHHMIO METOJa
BBIYHCJICHHUS COOCTBEHHBIX YMCEN BO3MYIICHHOTO OINEPaTOpa, a TAKIKE CO3JAaHHUI0 YHCICHHBIX aJITOPUT-
MOB, pEaTH3YIONUX JaHHBIN MeTo. Maes MeToa COCTOUT B ClieayomeM. Mcmonb3ys TeoOputo CuMMET-
pHYECKUX MHOTOWICHOB U (hopmyiibl Hpl0TOHA, HaxoxIeHHe KOpHe# cucteMbl (1) CBOIUTCS K HAXO0X-
JICHUIO KOpHeW MHorowieHa cterieHu N, x03duimeHTs KOTOporo MoryT ObITH HaiJIEHBI CO CKOJIb
YroJHo 60b1I0H TOYHOCTHIO. [109TOMY morpemHocTs BeruuciaeHuss N mepBbIX COOCTBEHHBIX YnCEN U,

3aBHUCHUT OT TOTO, KaK TOYHO BBIYMCIICHBI MpaBbic yacT cucTeMsbl (1). HecMoTpst Ha mpuBe/CHHBIC B pa-
6otax [1, 4, 6-9]uricneHHble MPUMEPHI, HAWICHHBIC TAM OLICHKH OCTATKOB
© qtN +1
S —_ N _ s ty+l
&, (N)=sNoy ——=NAyqy' ™,
1-qy

HCJIb34 Ha3BaATb XOPOIINMMU. HO6I/ITBC$I MaJIoCTHU Et(':) (N) BO3MOKHO TOJIBKO 3a CUCT YBCJIMYUCHUSA CTCIIC-

HHU tN +1 umcia qN <1, YTO B CBOIO OUCPEAb BCACT K YBCIMYCHUIO YUCJIa MOIMPABOK TCOPUN BO3MYIIIC-

HUA algs) , KOTOPBIC MPUXOAUTCA BBIYUCIIATS. CH0XXHOCTh BBEIYHCIICHUS omnpaBoK HEJIMHEHHO pacTeT €

YBEIMYEHHEM HOMEpa MOMPaBKH, YTO 3HAYUTEIHHO YBEIMYMBAECT TPYAHOCTH MPAKTUYIECKOTO TIPUMEHe-
HUS METOJA U BeET K HAKOIUIEHHUIO OIIMOOK OKPYTIICHHS.
B npencraBiaeHHo# paboTe [emaeTcs MOMBITKA YMEHBIITUTH OIICHKH OCTaTKOB PSJIOB.

1. BerunciieHue coO0CTBEHHBIX YK el

e A PR R N A T P PR P T MY AS

. 1 .
Beenem o00o3HaueHms: I, =—min
k#n

R =(T-AB7, RN =(T+P-187, r=infr,, Qu={1:1ApA+rtn N{4,-APr},
nz n>N
P(T) —pe30abBEHTHOE MHOKECTBO.

HpI/IBCZ[CM HU3BCCTHBIC, HO HCO6XOZ[I/IMI>I€ I OCJIOCTHOT'O U3JIOKCHHUA PE3YJIbTAThI B BUIC HECKOJIb-
KHUX JICMM.

Jlemma 1. Ecau ||P|| <r,mo T+P —ouckpemnulii u cnpagediuso pasiodxicenue 8 cxo0OAWUNCs no

HopMe psi0
R(A) =Y. (D" RA)PRA), A0Q,. 2
k=0

O06o03HauuM coOCTBEHHBIE Uncia oneparopa T + P, uepe3 [/, 3aHyMepOBaHHBIE B IOPSAKE BO3pac-
TaHWS TEHCTBUTEIHHBIX ACTEH C yIETOM aJIreOpandecKoi KpaTHOCTH.
Jlemma 2. [10] ECJm”P” <TIy, mo euympu xoumypa [ 6ydem Haxooumvcs oOuHaxkoeoe Konuye-

cmeo cobcmeennvix uucen A, u My, (c yuemom xpammnocmu), N< N. Ecru ||P|| <T,, Mo 6Hympu KoHmy-

pa Y, 6yoem naxooumuvcs oounaxogoe Koauvecmeo coocmeennvix uucenr A, u , (c yvemom kpammuo-

cmu).
WHTerpupoBaHUeM 110 YacTsIM JI0Ka3bIBACTCS CIICIYIOIIas:
Jlemma 3. Eciu Q — 00HO3HQUHAS AHATIUMUYECKAst (DYHKYUS, Y — 3AMKHYMbLI KOHMYP, MO umeem

Mecmo paseHCmaeo.
sp gA) B(A)( PRA)" d=—% sp ') RE* A, KON.
y y

OG6o3Ha4yuM depe3 V,, u U, OpTOHOpMHpOBaHHbIE B H coOCTBeHHBIE (DYHKLUM ONEpaTopoB T U
T + P, cooTBercTByIOIE COOCTBEHHBIM YnCIaM A, U [/, , ¥ TepeiieM K 10Ka3aTesIbCTBY OCHOBHOTO
pesyibTara.

Teopema 1. Eciu ||P|| <Try, mo nepsbie N cobcmeennvix uucen [, onepamopa T + P agraromca

peuenusMU CUCmeMbl YPasHeHULL:
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—1(2 H)° E(z- 4) |:1(Z_/‘|)SFl K=2

20e aqgs)(N) = (_1) SSpI 1 ol Plg(/l)]k d — nonpasxu meopuu eozmywenuil, Z nexomopoe

2k A-2

Quxcuposannoe wucno, £ —3sasucawue om Z u M cxonv y2oono manvie yucna.
Hokazamenvcmeo. YMHOXUM psifl (2) Ha YUCIO —;S, s=1,N, IPOUHTETPUPYEM 10 KOH-
2ni(z-A)
typy I\ ¥ Haiinem ciexn. Uncno z> Ay + rN BbIOepem no3anee. [Tomyunm:
1 R(A)
-——Sp =-—-—Sp (-1* R PR
2 rIN(A—z)S 272' ju z)Z R PR

Beruucinm HUHTCTpal B JICBOH YacTu u INEPBLIC ClIaracMbIC B npaBoﬁ qacCTu. I/ICHOJ'H:ByH neMMbl 1 u

2, MOXHO TIOKa3aTh, YTO OMEPaTop J. R(A)dA sBnsercst mpoeKTOpoM Ha MPOCTPAHCTBO, HATSIHYTOE HA
Mn

. N
TUHEHHYIO 000JI0UKY {un} ooy - IMeeM

RA) y-_-1% RA) 4 IS [ RAY 4 s
27 pj (z=)° 278 é[r{‘(z—ﬁ)s v ”J m,zzl{r{(z—/\)s ’ ”}
13 U N 1 1 N1
—— 1 ———d), — =y .
ZmE[rj (2= °( - ) “] 2o i By
Amnamoruyso, mpu K=0:
I Ry 1
27 L (Z=A)° -1(2 2

Ipn k=1, I/ICHOJ‘IB3y$I JeMMy 3, UMEeM:
RA)PRMA) 4 -__S PR()
Pl Rt e
(z-2)° 27 r (z=1)

_S _y S(Pv. ¥)
2( n» n)j A)SH(/] /]) é(z_/ll)sﬂ.

N

OrnenuMm M-it ocTaTok psiza.

1 s 2y
‘ms j( e 2( D RO PRU)F d| = o # A)SHZ ( RR) #s
S 1

o » AnHa My z max||PI% [ 1|

k A0ry

2 i PRl 0

(2= Ay~ 1y)°
S(An + ) aN
(Z—AN _ rN )S+l 1_q’§1/|
3a cueT BbIOOpa uncia M U, IIaBHBIM 06Pa30M, YMC/IA Z TIOrPEIIHOCTH
< S(An *+'n) q,“f
&= o1 M
(Z_/]N_rN) 1-qy

MOXHO CACJIATh CKOJIb YTOAHO MaJIbIMH. ,Z[OKa?»aTe.HLCTBO 3aKOHYCHO.
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3amMeTuM, 4YTO eclii BBECTH 0Oo3HaueHus [, = v Ny = T TO CHCTEMa TIEPETHIIETCS B

Buze (1)

Z/ﬁ =S e Y Py W + Z ad (N+&.
=1 1=1 I=1
ObocHoBanne CyH_[eCTBOBaHI/ISI W €IMHCTBEHHOCTH pemeHI/m JAHHOW CHUCTEMBI, a TAK)KE AJITOPUTMBI
TIOMCKa PEeIICHHsI MOKHO HaiiTh B paboTax [1, 3—8].
IIpennonoxxum manee N> N .

Teopema 2. Eciu ||P|| <t, u A, oonokpammoe, mo cobcmseennoe YUcio My MONHCHO 6bIYUCTUND NO
dopmyne
51, (9
S - ,,S S
IBn _,7n +S(Pvn' Vn)’]n + zak ( r)+£S'
k=2
-1)¥s
(1fs ¢

oe al®(n) =
e (M) = ik

pJ‘ (/1 _12)5+1[ P%(A)]k d , Z — Hexomopoe gbukcupoeaimoe Yucino, £S — 3a6u-

cauee om Z CKOJlb yZOOHO manoe 4ucio.

Hoxazamenbcmeo aHAIOTHIHO Teopeme 2. YMHOXHM psif (2) Ha — , IPOMHTETPUPYEM

S

2ni(z-A)
10 KOHTYpY J,, ¥ Haiinem ciex. Yucna z>A, +1,, M 23 u SN BwOepem Takum 00pa3zoM, 4TOOBI
MOTPEIIHOCTH

- sr, qY
T M(z-A, -1, )" -0

OBLIN TOCTATOYHO MAJIBIMH.
OO0o01eHre Ha CiTydYaid KpaTHOTO CIIEKTpa MOXKHO CJIeNIaTh aHAIOTHYHO [9)].

2. Boiunciienne co0cTBeHHbIX GYyHKIM BO3MYIIEHHOT0 oniepaTopa
W3 nemmMsbl 2 1 BBEJIGHHBIX 0003HAYEHUH ClIEAYET, UTO BHYTPU KOHTYpa ), HaXOIATCS TOJIBKO YHC-
1a A, u [, a BHYTpH KoHTypa [ —uncna A, 4, K=1,N. Ilycts cHagana n< N. Paznoxum co6-

CTBEHHbIE PyHKLUH V,, B paa Dypbe 10 OPTOHOPMUPOBAHHOMY Oa3HCy {un} .
Vh = Z Gkl Crk = (Vm uk)- (3)

YMHOXHUM paBEHCTBO Ha

, 2> AN, TIONCHCTBYEM NIPOEKTOPOM ——— I R(A)dA u mo-
(z-4 271

N

m

JTy4HM:
1 ¢ R RA1)
- [ 2 g Z C j A& gy @)
7id T A E ™
Hpeo6pa3yeM HpaByIO YacTh PAaBEHCTBA (4) CIIETYFOIIAM 06pa30M.
R(4) H< o Coucl
k _—Z Gk Uk dh=)
277| = n lJN I (z A (,u -A) k=1(z—,uk)m
Jlnst BEIYKCIICHMS JIeBOH yacTH (4) BOCHOJ‘IB3yeMC$I HpeZ[CTaBIIeHI/IeM (2):

Ry,
= (PR 5
1= kz;,)( ) Ly ) ——R,(1)( PR( )) (5)

OuenuM St ocratok psiza (5):
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o K
_1k PR (] M dl<
S0 | o val <58 IOy o
NS _ Ay +1 q°
(A +r=A)(z= Ay -1)" kz”' "R)(A)P” (/1N+r—/ln)(z—AN—r)m1‘q’

p
rae g =H <1. Takum o0pazoMm, MpH HEKOTOPOM S, a TaKKe 3a CUeT BBIOOpa Z, MOXKHO IIONyYHTb
r

JOCTaTOYHO Malyro oueHKy. IlycTh, HampuMmep, Takas OICHKa MOJy4eHa npu S=2. Berumciaum aBa
NEPBBIX WICHA psiaa (5) ITpu k =0 umeem

J‘Md :_LH_J' 1 d1=—_"
on L (z=A)T 271 = (z=A)"(A, = A) (z=A)"

ITpu k =1 Bocmoms3yeMcst MPeaCcTaBIeHHEM Pe30IbBEHTHI B BHUe psaaa [11, . 5, 8§ 3]:

R(1) = kzl( ) Vi

Torna:
ino“)PFWWdA:-ij BU) Py
' (z-A" e (2= A7 (A, =)
_i 1 (Pv Vk)\4<d/]_
F, (=", /1)k21 A~
LGN Z{ (PR WY , (PyYY } (PY N ¥
=A™ & A A=A (A=) | B (220 A =2y

[MoacraBnsist Bce BEIYMCICHHBIC HHTETPAIIBI B (4), HOTYYHM:
S Cri Y = Vi
a1 (Z= )™ (2= A)"

P WY, s (PhYY , (PhYY |, (PY WY _,pn (g

(Z=4)™ & (27 A" (A =A) (240" (A=A) ) &z (A =4))

k#zn
< Ay +r q
Ho (A +r=A)(z=Ay-1)" 1-q

Janee mpeamoJioskuMm, 4ro Bce uucna f,, N< N pasmmunsl. Torma marpuna Bannepmonna

+

S

rre ||

1 y
L— L 06paTI/IMa. O003HaYMM DJIECMEHTHI 06paTHOI/I MaTpuibl 4€pe3 ka. VYMHOXHUM Ha

(z= )"

m=0,N-1
00paTHYIO MaTPHILy CHCTEMY ypaBHeHHIT (6), pa3pelyB ee OTHOCUTEIBHO HEU3BECTHBIX Cpy Uy -

CrklUi = ZkaL Ay

m=0

Em(Py, W Y, { (PR WY , (PyW¥ J+ (PY V¥ onl|
Z;)(z—/]n)m*l g\l (=A™ (An =) (A9 ™(A=2 ) k;\l(z_/]r)m(/ln_/]k) =

JIns HaXOXKIAEHUSI HeM3BECTHBIX KO3((UINECHTOB C, YMHOXHM CKAIIPHO paBeHCTBO (7) Ha V.
[omyunm:
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N-1
B= Y W) ———+ PR ) gy

k
= L@Z=A)™ (z=A)™

Takum 00pa3oM, Bce HEU3BECTHBIC OPTOHOPMHUPOBAHHbBIE COOCTBEHHBIC PyHKIMHU U, , K< N Oymyt

HalJIeHBI.
Octanbable GyHKIHM U, , K> N MOXHO HaXOZWTh aHAJIOTWYHO, AEHCTBYS Ha paBeHCTBO (3) mpo-

EKTOPOM —ij‘ R(A)dA . B cuiry nemmsl (2) BHyTpH KOHTYpa );, OyAeT HaAXOOHUTHCS IO OJHOMY COO-
an n

cTBeHHOMY umciy. [lociie mpeoOpa3oBaHuil TOMYYUM aHAIOTHYHOE paBeHCTBY (6), HO Gosee mpocToe

npeJICTaBIeHHE:

Conly, =V, + Z—(PV”’ Mo) Ve
k#n An = A

+R,

9
rre (R, s ——.
Rl =%
IIpn HEOOXOMMMOCTH MOXKHO BBIYHCIIHTH HE JBa MEpBBIX wieHa psaxa (5), a Heckonbko. OgHAKO
CII0KHOCTb BBIYMCIIEHHS KaKJI0TO CJIETYIOIIETO YWIEHa BO3PACTaET.
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ON CALCULATION OF EIGENVALUES AND EIGENFUNCTIONS
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The problem of calculating eigenvalues and eigestfans of a perturbed linear self-adjoint opera-
tor with a nuclear resolvent, perturbed by a bodnalgerator operating in a separable Hilbert spiace,
being considered. In order to solve the problem,ntfethod of regularized traces proposed by V.A. Sa-
dovnichy and V.V. Dubrovsky and developed by ttiellowers is used. The classical method of regu-
larized traces for enhancement of calculationstesxy assumes calculation of several terms ofiasser
The complexity of calculation of each subsequemhtef a series non-linearly increases. Alteration o
the classical method, which is proposed in thiskwigads to another series, the rate of convergehce
which is significantly higher, which allows decraasthe number of terms of the series that are red
calculation. Developing the proposed method, tlaeeeformulas for calculation of Fourier coefficignt
for expansion of perturbed eigenfunctions in aeselly non-perturbed ones provided in the article. |
verse Vandermonde matrix is used for calculatiofirsf eigenfunctions. Assessments of series remain
ders are given.

Keywords: eigenvalues; eigenfunctions; kernel ofmrgerturbed operator.
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CORRELATIONS BETWEEN ELEMENTS AND SEQUENCES
IN A NUMERICAL PRISM
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A numerical prism, previously introduced by the auhor as an ordered set
regarding the research of a three-parameter proballity distribution of the hy-
perbolic-cosine type, which is a generalization ofhe known two-parameter
Meixner distribution, is being considered. In geomiy-related terminology, ele-
ments of a numerical prism are the coefficients ofmoment-forming polynomials
for the specified distribution, which are obtainedwith the use of both differential
and algebraic recurrence correlations.

Each one of the infinite number of elements dependsn three indices deter-
mining its position in a prism. Fixation of one ortwo indices results in cross-
sections of the prism, which are numerical triangle or sequences. Among them,
there are such well-known cross-sections as the @tig number triangle, number
triangle of coefficients in the Bessel polynomialsequences of tangent and secant
numbers, and others. However, the majority of humecal sets in the prism’'s
cross-sections have never been described in litewsie before.

Considering the structure and construction algorithm, cross-sections of the
numerical prism turn out to be interconnected not mly by the general construc-
tion formula but also by certain correlations. As aresult, formulas of connection
between various groups of elements are presented the article. In particular,
expansion of secant numbers for the sum of producigrouped by the number of
tangent numbers’ cofactors with specification of coesponding coefficients in the
expansion, representation (automatic expression) @lements of a sequence of al-
ternating secant and tangent number through the preious ones, as well as a
number of other correlations for the sequences angarticular elements is deter-
mined.

Keywords: hyperbolic cosine distribution; cumulgntmoments; numerical
prism; cross-sections; secant numbers; tangent rausb

Introduction

We obtained the numerical s{altl (n; k, j)} structured as a «numerical prism» in the paper [1]
The construction of the numerical prism is basededations between the cumulangs and the initial
momentsa,, , wherenON, of the hyperbolic-cosine-type probability distriton defined [2, 3] by the
characteristic function:

f(t)=(ch£t—i£sh£t] , whereu,8,mOR; m>0, B#0, i=+/-1. (1)
o B om

The obtained three-parameter distribution is desdrin [4] and is a generalization of the Meixner
two-parameter distribution [5].

Theorem1 ([1]). For a hyperbolic-cosine-type distributiavith the characteristic function (1),
the formula for calculating the cumulantg, n=1,2,..., is the following:

) ﬂjnp(”Jzn{ﬁjn ] (ﬂJj ’
An (m " g m jZ:é)V( n) 7))’ (2)
where P, (b) are polynomials of the form:

Pn(b):iV(n )p,n=12., (3)

j=0
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and the coefficient¥ (n; j) of the polynomials are calculated by the recureemetation:
VED=1 V(@j)=0forall j#1,
V(n+L )=(-IV(n;j-D+ (j+ 1V (;j+ 1) for nON. 4)
The polynomialsk,(b) follow differentiation of the tangent function, diare known [6, 7] aBe-

rivative polynomials
Theorem?2 ([1]). For a hyperbolic-cosine-type distributiarith the characteristic function (1), the
formula for calculating the-th order moments is the following:

veg =(2) p[mi)=(£) S A
M (X )_an_(mJ Pn(m J_(mJ > U(nk pn‘i(ﬁJ ,n=0,1,2,.., (5)

ﬁ k:]_j:O
where the moment-forming polynomials of two argutse,(m b, n=0,1,2,.., can be represented in
the form:

RMBH=3Y Unk )ni b, (6)

k=1j=0
b=u/B, {U (n; Kk, j)} is a system of the integer coefficients of theypomials related by the equations:
U (0;0,0)=1, U(0;k, j)=0 for anyk, j#0,
Un+Lk, )=UMmk-Lj-D+ (- ok,j- I (+ W 0 k.j+ 1, (7)

for n=0,1,2,...

The identityU (n; 1, j)=V (n; j) follows directly from equations (4) and (7). Thiere, the numbers
V(n; j) are only special cases of numberén; k, j) for k=1.

For each fixedk , wherek N, the corresponding subsethﬂ(n; k, j)} forms a numerical trian-

gle. In terms of geometry, the s{ejl (n; Kk, j)} is a set of numerical triangles orderedkhyand can be

considered as a «numerical prism», where for ea@nd the triangle is a section of the prism [1, 8].
Similarly, we can obtain sections of the prism bynig the argumenj, j=0,1, 2,... These sets are

usually novel.
Let us either fix two of the parametensk, j, or express two of them through the remaining pa-

rameter. The numerical sequences obtained in tireencal prism include many well-known sequences
(tangent numbers, secant numbers, Stirling numiifettse first kind, coefficients in expansions ofiva
ous functions, for example, in the Bessel polyndsnietc.) [9]. However, the overwhelming majority o
the obtained sequences is not mentioned in thatite. The issue of novelty is solved with thephef

a sufficiently complete on-line encyclopedia ofiger sequence®EIS [10].

We notice the lasting interest in numerical seqaerand triangles. For example, the paper [11] pre-
sents a numerical pyramid which sections are knowmerical sets: those of Deleham, Euler, MacMa-
hon, Stirling. Also, the paper [11] gives a serafsnumerical sequences, among which only the se-
guencesA000182,A000184,A00147, andA085734 in OEIS are common with the numerical prism.
Other sequences and triangles are also presenibasts in the considered numerical prism. The pa-

per [12] identifies the first elements of the nu'malrtriangle{u (n;1, j)} as the numberg, , calculated
by the recurrence relatiof, , =dyy, Tk = (K= T, o1 + (K+ 1T, 1. This is a special case of relation

(7). Along with interest in finding new numericaiences, there is an increasing interest in ckssi
sets of numbers considered from different pointsiefv. In particular, the paper [13] presents s&npl
and asymptotically fast algorithms for calculatiraggent and secant numbers. In the considered nu-
merical prism, we can not only easily calculatestheequences, but also establish structural netatio
between the sequences.

Cumulants and moments in the numerical prism struatire

Therefore, the considered numerical prism is arered se{tU (n; Kk, j)} of the coefficients of the
polynomials B, (b) and B,(m b that form, respectively, the cumulants and momehtse hyperbolic-
cosine-type probability distribution [1]. Moreoveaccording to (2) and in view of the equality
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U(n;1,j)=V(n; j), the distribution cumulants are completely deteediby the distribution parameters

,8,m and the set of coefficienfs) (n;1, j)} :
j n

_ ﬂjn (ﬂJ_”{ﬂjnn w) _ (B) - _H
X, —m(— Pl=|=m= Mn)l&| =m = u(ni, j)b’, whereb=+-. (8)
n m n B m JZ:(:) B m JZ:(:) B

For n=1,12, j=0,10, the corresponding sectid) (n;1, j)} is partially presented in table 1. Ac-
cording to (7), subsequent values are calculateglgj without using differential relations. Noteath
the sectior{U (n;1, j)} is the known [10:4008293] triangle of coefficients in the expansicbrtgf”) X in

powers oftgx.

Table 1
Section {U(n;1,j)} of the numerical prism
N 0 1 2 3 4 5 6 7 8 9 10
1 1
2 1 1
3 2 2
4 2 8 6
5 16 40 24
6 16 136 240 120
7 272 1232 1680 720
8 272 3968 12096 13440 5040
9 7936 56320 129024 120964 40324
10 | 7936 176896 814080 149184( 1209600 362840
11 353792 3610112 12207360 18627840 13305600
12 | 353792 11184128 71867136 191431680 250145280 59667200

In order to calculate the initial momentg of the hyperbolic-cosine-type distribution (se¥),(Wve
use the parameterg,/,m along with all sections of the numerical pris{hj(n; K, j)} determined by,

wherek =1,n.
Let us consider the relation between the momentt @mmulants with reference to the set

{Unik, j} .
As is well known, the momenf{sz,} and cumulantg x,} of probability distributions are connected
by the following polynomial relations:
01 = )15
G2 =2t Xlz ;
o3 = 3+ 3Kt 15
a4 = 12+ Bx5+ 4 )+ 6 i ot 1% ©)
a5 = X5+ (5XXa*+ 10X X )+ (103X 3+ 15 x5 10 # x>
6= Xo+(BX X5+ 15X X 4+ 10¢5 1 (159X 4+ 6% ¥ X & 1¥°
(20U Xa+ A5XX 2 I 151X 2+ X
In the above expressions, the terms are groupestding to the number of cumulants-factors in the
product. For anyn nlN , the relation takes the form:

Uy =), 2 A gl s A (10)

k=1 §+9t+.Fg=n
570
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are the corresponding coefficients at the

wherek is the number of the multiplied cumulants, ¢

productsyg xs,---x ¢ » ands is the order of the cumulan; .

Theorem3. For the hyperbolic-cosine-type distribution, sidler the decomposition of the initial
momentsa,, into sum (10) of the cumulant products with giveefficients. Then the number of cumu-
lants-factors in the corresponding terms is detegchiby the parametds in the formula:

(B L L b
oy =| =] m Y Uk bl (11)
M/ k=1 j=o
Proof. As it follows from (5), (10),
(L) S S Uk pnto =3 2
On = PIIGL) = 2 A, 5.5 e g X - (12)
m k=1 j=0 k=1 §+o+.Fg=N
520
According to (8), the cumulants considered in (&) be represented as:
S 5§ .
Xs =m(£j D U(s:L b (13)

Note that, regardless of the ordgrof the cumulant, there is a factor in equation (13). Conse-

guently, there is a factom® in each product ok cumulants, despite of different ordesss,,..., g of
the cumulantggslxsZ...X% :
Substitute the cumulants in the form of (13) irfte tight side of (12):

an:(gjniiu(n;k,j)mw 3 Y a.. @[{%T@OU(&;LDH]

k=1j=0 k=1 g+s+.+g=n
520

N n n ) n n K s .
anz(ﬂ >m > Uk =(§j me 3 a .o %H{ZU(SI;L DU], (14)
k=0 k=1 i=1| ¥O

§t9+.+g=0
520

where each term of the polynomials of variabtesand b on the right side of (14) is such that the pa-

rametek of m‘ indicates the number of cumulants-factors in tberasponding product. Since the
polynomials on both sides of (14) are equal, coigffits at the same powersrofare also equal. Then,
the following equality holds for any:

mk(ﬁj” n U(nk J-)bj =(ﬁjnmk z a s, iﬁ{iU(si;l, Db’} (15)
mJ j=o m e i=1| EO

S+t g=0n
520

Therefore,

mk(éj > u(nk jp = > Ay s,..g XX sX g TOrk=12,.n.
j=0

S+ S+.+§=N
570

At the same time, the powkrand number of cumulants in the product are equaééch term on
the right side of the equation.

This completes the proof of Theorem 3.

Theoremd. There are the following relations for coeffidi@of the polynomialg,(m b :

k

Zn:U(n;k,j)bj: > oag. in[iU(si;l,j)b’},wherek=1,_n. (16)
j=0 F0

S.I.+%+'--+ =N 1=1
520

Proof. Divide both sides of (15) b(/ﬁ/m)n and compare expressions of the same powera df
the polynomials.
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Corollary 4.1. For any, the following condition holds for the sectit{)U(n;Z, j)} of the numerical

prism:

n ) s ) I )

Sumz b =Y a, {Z u(sd, js)b’SHZ UL, j )b“]_ (17)

j=0 stl=n, js=0 ji=0

s, 120
In particular, compare coefficients of the same @®wofb in the polynomials and obtain:

umaj) =Y ay { Y u(st g)tuu;l,jl)], where j =0,n. (18)
s+l=n, Js* i1=]
s, 120

Corollary 4.2. For any, the following condition holds for the sectit{)U (n;3, j)} of the numerical

prism:

s ) I .
ZU(n3])b‘ = > am{Zu(llJ.)bj']{ZU(SiLL)bJS}%ZU(|?1’J'| )0“]- (19)

i+s+l=n, i js=0 =0

i,s,120
In particular, compare coefficients of the same @®wofb in the polynomials and obtain:

ums i = Y a,s,.[ > U(i;l,ji)tw(s;l,js)twa;l,j.)],wherej=o_,n. (20)
i+s+=n, Ji*is*hi=
i,s,I120

Corollary 4.3. If b=1, then relation (16) implies the following relatifor coefficients of the poly-
nomials B,(m b):
n
YUumk )= Y ag 5. il—llz U(s;l, j):| wherek =1,n. (21)
j=0

St SN
5%
Corollary4.4. If b=0, then relation (16) implyies the following relatidor coefficients of the

polynomialsR,(m b):

Umko)= > 8 50 |‘|U(s,,1 0), wherek =1,n. (22)
St =N
§5%0
In particular,
U(m1,0) = > ag U(s;,1,0)=U(n;1,0);
s=n,
U(n2,0)= > a5 U(s1,0)U(l;1,0), (23)
ol
U(m3,0)= > &g, U(i;1,0)U (s;1,00U (1,0, (24)
i+s+l=n,
i,s,1£0
Corollary 4.5. If b=0, then the foIIowing relation is obtained from (28) summation ovek :
ZU(nkO)—z > R §|_|U(s,,10) (25)
k=1 51+532+ A+ g=N
§#

Theorenb. In a section of the numerical pri§h(n; k, j)} , the numerical triangl§U (2n;k,0) is
a decomposition of the secant numb&ﬁ} into the sum of products grouped by the humbédactbrs

of the tangent numbeffE,} . Namely,
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n
E, =1, E, :Z Z Qg 25,2 Tg Mg LL.LT g, (26)

k=1 25+2s+..+ 2§=2n,
520

are the positive integer coefficients in the repraation, see (9), of the ini-

where nON, Qg 25 ...2%

tial probability moments a,, =E, as the sum of products of the cumulangs, x,,....Xo,
(25,2s,...,2g are even orders of the multiplied cumulants).

Proof. According to [8], if the parameters of the hyp#itycosine-type distribution are
1 =0,8=1,m=1, then the cumulant§y,,} are tangent numberg,, =T,,, nON, and the initial mo-
ments{a,,} are secant number&, =1, a,, =E,, for nON. In addition, forz=0, 3=1,m= 1, rela-
tion (13) implies that:

%on =U(20;1,0), y,0,=U(2n-1;1,0)= G (27)
and relation (11) implies that:
2n 2n-1
agn =D U(2n; K, 0), apn4 = > U(2n-1k, 0)= G,
k=1 k=1

sinceU (2n-1;k, 0)= Oforn,kON .
We use relation (25) only for evanand s (sinceU (n; k, 0) andU (s;;1, 0) are equal to zero, ih

and s are odd). Redesignate the indices and obtain:
2n

2n k
> U@n;k,0) =>° > 825 25,25 | | V(281 0).
k=1 i=1

k=1 25+2s+..+ 2= 2n,
570

For nonzero summation indices, 25 +2s,+ ...+ 2§ = 2r, i.e. 5+ S, +...+ § = r, thenk<n.

Consequently, in the equality above, the summatianr k is conducted from 1 to. Therefore,
n

n k
> U(2n;k,0) =) > g 25,25 [ | U (28:1,0),
k=1 1=1

k=1 25+2%+..+ 2§=2n,

520
i. e.
n k
Uon = Z z aZSl,ZSZ ..... 2% I_l X 2s- (28)
k=1 25+29+..+ 2§=2n, =1
§5%0

Replace the moments and cumulants by the corresgpisécant and tangent numbers, = E,,,
Xos =T in (28). We arrive at relation (26):

n
En:z Z B9g 25,25 T Mg 0T 5.

k=1 25+2%+..+ 2§=2n,
520

This completes the proof of Theorem 5.
Theoren6. For fixedk, k=1,2,...,2n, each of sequencébl (2n; k,O)} is a sequence of such terms

in the decomposition of secant numbeﬁﬁh} that contairk factors consisting of tangent numbers.
Namely,

U (2n:k,0)= 3 B 25,25 Tg 0T .0, (29)
25 +25+..+ 2= 2n,
520
n
E, =Y U(2n;k,0), (30)
k=1

’’’’’ ¢ are positive integer coefficients in the repreaton, see

(9), of the initial moments:,, = E,, as the sum of products of the cumulagisys,..., X, -
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Proof. In order to obtain equation (29), replace by 2n in (22) and use relation (27),
wherey,, =T, . Relation (30) follows from (26) and (29).

Corollary 6.1. The sequendgJ (2n;1,0} is a sequence of the tangent numgers.

The statement directly follows from (29), sin@s, +2s, + ...+ 2§ = 21, 8yg 5, 2¢ =85, for
k =1, and all coefficientsa,, of the highest cumulantg,, in formulas (9) are equal to 1.

Corollary 6.2. The sequen({eU (2n; 2,0} satisfies the following relation:

U@2n;2,0)= > ayy URSLOU(2;1L,0= ) ayy L.
2s+2|=2n, 2s+21=2n,
s, 120 s, 120

The statement is a special case of (29) and (B®e 3, = y,,=U(2s;1,0) for any s, sON.
Corollary 6.3. The sequen({eU (2n;3, 0} satisfies the following relation:

u@n30)= > i 2 U(2i;1,0)U (X;1,00U (2;1,0= ) i §OLOF.
2i+|25()+2|=2h, _2i+|2552|=21,
i,s,1# 1,S,l#

The statement is a special case of (29) and (B#e 3, = y,,=U(2s;1,0) for any s, sOON.
Using the formulas for representation of cumulamterms of moments, we can also obtain inverse
relations expressing the tangent numH&r¥ in terms of the secant numbdi&,} indicated in the sec-

tion {U (n; k,0)} .

By analogy with Theorems 5 and 6, we can also sgprerelations between other sequences. Let us
give two examples. Lep/=1, f=1,m= 1. Then cumulants and moments of distribution cotetby
mutually inverse relations are the sequence (4, 26, 80, 512, 3904, 34816, ...) [l4000831] and the
sequence (1, 1, 3, 11, 57, 361, 2763, 24611, ...) JD01586], respectively. The latter sequence is
given by generalized Euler numbers. For1, S=1m= 2, a sequence of cumulants, i.e. a sequence of
alternating secant and tangent numbers, and a megjoé moments are equal up to a shift on two posi-
tions: y, =a,_,, k=2,3,... [8]. Therefore, this sequence can be restoredhkyprevious elements
(autoexpression). If we know the structure (repmeston of cumulants through moments and, con-
versely, moments through cumulants), then we carthes numerical prism to find specific terms in the
expression of each sequence through its pair sequen

Remark1l. For 2n<12, if all moments and cumulants of odd order areaédu zero, then
used in the formulas to connect moments and cuntailaf even order are

the coefficientsayg »s, ¢
as follows:
Oy = X2,
a5 = X4+ (3X3);
a5 = Xs+ (L5X X 2)* (15r3); (31)

g = Xg+ (28X X6+ 353 ) (210r5( 4 ) (10F5
010 = Y10+ (45X X gt 2100 ¥ o)+ (630%K ¢+ 157% x 5 ¥ (3150% 49 (945,
01y = Yo+ (B6) X 10+ 4625+ 495 x g} (148%°) ¢ 138060y x & 57X8,+
+(1386Q¥5 x5 + 5197X5x5 ¥ (5197Bx, 9 (10395 ;
Remark2. In order to illustrate the theory, the fragmemsection{U(n; k,O)} of the numerical
prism is given in table 2 (initial values fo= 1,16, k :1,_8). The rows present terms in the expansion of
secant numbers by tangent numbers.

Conclusion
In the present work, the structured values of thmerical prism result in different relations and

regularities in the field of numbers. At the sarimeet the numerical se{lU (n; k, j)} has other applica-
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tions. For example, for given coefficier{tlsl(n; K, j)} and formulas for the density of the hyperbolic-

cosine-type distribution [14], we can use the fefabetween the initial moments and derivativethef
characteristic function in order to obtain analgili¢ values of improper integrals for a certainsslaf
functions. For the parameters 8, m, the papers [15-17] present the general form ateformulas for

the integrals of expressions containing a betatfomavith complex-conjugate variable arguments. In
particular, according to [16], values of the inedgrof a combination of a power function, an expene
tial function, a hyperbolic secant or cosecant, smthe polynomials with different parameters are ob-
tained formON .

Table 2
Section {U(n;k,0)} of the numerical prism
n K 1 2 3 4 5 6 7 8
1
2 1
3
4 2 3
5
6 16 30 15
7
8 272 588 420 105
9
10 7936 18960 16380 6300 945
11
12 353792 911328 893640 429660 103950 10395
13
14 22368256 61152000 65825760 36636600 11351340 189189 135135
15
16 1903757312 5464904448 6327135360 3918554640 1489025 310269960 37837800 2027025

Therefore, the integer s@U(n; K, j)} introduced from probabilistic considerations isoatf inde-

pendent interest for mathematical analysis, nurtteory, coding theory, etc. A number of relatiofis o
the numerical prism and more detailed initial framts of sections are presented in the author's mono
graph [17].
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COOTHOLUEHUA 3JIEMEHTOB U NOCNEONOBATENbHOCTEM
B YXNCJTIOBOMU NPU3ME

M.C. Tokmauyees

Hoezopodckull 2ocydapcmeeHHbIl yHugepcumem um. Slpocnasa Mydpoeo, e. Benukul Hoezopod,
Poccutickas ®edepayusi

E-mail: mtokm@yandex.ru

PaccmaTpuBaeTcs yncnoBast mpru3Ma, paHee BBEIACHHAS aBTOPOM Kak YIOPSI0YEHHOE MHOXKECTBO B
CBSI3H C HCCIICJIOBAHHEM TPEXIapaMETPUIECKOT0 BEPOSTHOCTHOTO pacHpeiciiCHUs THUIIA THIIepOoInye-
CKOTO KOCHWHYCa, SBISIOMIETOCs O0O0OIIEHHEM HM3BECTHOTO ABYXIIAPAMETPHUECKOTO pacIpereIeHuUs
MaiikcHepa. B reomerpuueckoil TEpPMHUHOJOTHH 3J€MEHThI YHCIOBOH MPHU3MbI — KOA(PGHUIIUSHTB MO-
MEHTOOOPa3yIIIUX MMOJIMHOMOB JIJIsl YKa3aHHOTO paclpeesieHHs, KOTOPhIC TOIYYarTCS C TOMOIIBIO
Kak g hepeHInaNbHbIX, TaK U alre0panvieckux peKyppPEeHTHBIX COOTHOIICHUH.

Kaxnprit 13 6ecCKOHEUHOTO KOJMIECTBA DIIEMEHTOB 3aBUCUT OT TPEX MHJIEKCOB, KOTOpPhIE M OIpeie-
JISIOT €r0 MECTOIIOJIOKeHUe B mpu3Me. [Ipu pukcupoBaHUM OJHOTO WM JIBYX WHICKCOB TOJTYYarOTCS
CEUCHUS TMPU3MBI. YHCIOBBIC TPEYTOJIBHUKU WM YUCIOBBIE TocheAoBarenbHOCTH. Cpeau cedeHuit
UMEIOTCS IIUPOKO M3BECTHBIE, HAIPUMED, YUCIOBOH TpeyronbHUK CTUPIUHTA, YUCIOBOW TPEYTrOIbHUK
ko3 durmenToB B monmHOMax beccens, mocle0BaTebHOCTH TAHTCHIIMATBHBIX U CEKAHCHBIX YUCEI U
nip. OHAKO TOJABIISIONIEE OOJIBIIIMHCTBO YHUCIOBBIX MHOXKECTB B CCUCHHSX MPU3MBI paHEe B JIUTEPATY-
pe HE BCTPEYAINCH.

BBuny cTpyKTYpHI 1 adropuTMa IOCTPOEHHS, CEYSHHS YNCIOBOM MPU3MbI OKa3bIBAlOTCS CBSI3aHHBI-
MU MEXIy CO0ON He TONBKO oO0IIel (hopMyIioil MOCTPOCHHMS, HO M OIPEIEICHHBIMA COOTHOIICHUSIMH.
Kak pesynbraT, B CTaThe NPEJCTABICHBI (POPMYIBI CBSI3H MEXKIY PA3JIMYHBIMU TPYMIIAMU 3JICMEHTOB.
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B wactHOCTH, HaliIeHbI pa3iIOXKeHHE CEKaHCHBIX YHCET Ha CyMMY TPOM3BEACHHUN, CTPYNITHPOBAHHBIX TIO
KOJIMYECTBY COMHOXKHTENEH TaHTEHIIMAIBHBIX YUCEIl C YKa3aHWEM COOTBETCTBYIOMIMX KO3 (duineHToB
B Pa3NIOKCHHHU, TPEACTaBIcHUE (ABTOBBIPAKCHUE) SJIEMEHTOB TOCIEIOBATEIIBHOCTH YEPEAYIOINXCS
CEKAHCHBIX U TAHTCHIIUATBHBIX YHCEI Yepe3 CBOU MPEABIAYIIHUE, a TAKXKE PAI APYTUX COOTHOIICHUM TSt
MOCIIEeZI0BATENBHOCTEN U OTAETBHBIX 3JIEMEHTOB.

Knioueswie cnosa: pacnpedenenue muna sunepooauuecKo20 KOCUHYca, KyMYISHmMbl, MOMEHMbL; YU-
€064 NPUBMA;, CeHUeHUs; CeKAHCHble YUCA, MAHSEeHYUAbHbIE YUCTA.
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BbICTPOE PELUEHUE MOOENIbHOW 3A0AYMU
AnAa sUrAPMOHUYECKOIO YPABHEHUA

A.Jl. Ywakoe
HOxHO-Ypanbckuli eocyGapcmeeHHbIlU yHugepcumem, e. YensbuHck, Poccutickass ®edepayus
E-mail: ushakoval@susu.ru

PaccmaTpuBaeTcs OMrapMoOHHYecKoe YpaBHeHHe B 00J1aCTH MPAMOYT01bHOI
(¢opMbI, KOra KpaeBble YCIOBHSA SIBISIOTCH CMEIIAHHBIMHE. Unc/IeHHOE pelieHne
3TOM KpaeBOil 3a1a4d HCHOJIb3yeT UTePAMOHHYI0 (aKkTOpH3alUI0 HA (PUKTHB-
HOM NPOJOJIZKCHHH IOCJIe KOHEYHO-PA3HOCTHOIH aNmpoKCHMAaIlMU peliaemMoil 3a-
Aaun. B xoHe4yHOM HTOre Bce CBOANTCH K PElICeHHI0 JHHEHHBIX CHCTeM ajreo-
panvyecKUX ypaBHEHHUI, MATPHLIbI, KOTOPBIX TPEYTOJdbHbIE ¢ KOJMYeCTBOM HEHY-
JIeBBIX 3JIEMEHTOB B CTPOKAX TPH M MeHee. Ec/IM MOrpemHocTs annpoKcuMAanuu
HCXOJHOI 32Ja4M 10CTATOYHO MaJia, TO TpedyeMasi OTHOCHTe/IbHAsl MOTPELIHOCTh
HCMO0JIb3YeMOr0 HTePallHOHHOIO Mpolecca MoJay4Yaercss B HeCKOJbKO MTepaluid.
PazpaGoTaHHbIil HTepallMOHHBII MeTO] OKa3bIBaeTCAd B 3TOM CJydae MeTOI0M,
HMELIUM ONTHMAJILHYI0 ACHMITOTHKY M0 KOJU4YecTBY AeiicTBMil B apudmeTn-
yeckux omepanusx. IlpensioskeHHbIl HTepAUOHHBINH MeTOJ CYIleCTBEHHO HcC-
M0JIb3yeT 0COOCHHOCTH HaiileHHOW MoJeabHOil 3amaun. Takasa 3agada MoxkeT
BO3HMKATH B MeTOAaX THNA (UKTHUBHBLIX KOMIIOHEHT, 00JiacTeil, MPOCTPAHCTB,
KOI/Ia pelIaloTcs KpaeBble 32/1a4H1 ¢ JJITHNTHYCCKUMH YPABHEHUSIMH B 00J1aCTAX
JAOCTATOYHO NPOU3BOJbLHOI ¢opmbl. IIpuBoAMTCA ANrOpHTM NpH peaTHu3aANUH
HTEPAllMOHHOI0 Mpolecca, KOrAa BbIOOP HTepPANHOHHBIX NapaMeTPOB NMPOU3BO-
JAUTCSl ABTOMATHYECKH NPH HCMOJIb30BAHUHM MeT0Ja MHHHUMAJIbHBIX MONPABOK.
Yka3bIBaeTcsl KPUTEPHH OCTAHOBKH Npolecca MPU JAOCTHKEHMH YKa3bIBaeMOM
3apaHee OTHOCUTeIbHON norpemHoctu. IIpuBenen rpaguyecknii pe3yabTar Bbl-
YHCJIUTEJbHOT0 JKCINEPHUMEHTAa, MOATBEP KIAIIEero ACHMITOTHYECKYH0 OINTH-
MaJIbHOCTh MTEPAlHOHHOT0 MeT0Ja B BBIYMCJIUTEJIbHBIX 3aTpaTax. Papadorka
MeTO0/a CyIIeCTBEHHO HCIO0JIb3yeT KOMILJIEKCHBIN aHAIH3.

Kniouesvie cnosa: guxmugnoe npooondicenue; umepayuoHHvle Gakxmopusayuu.

BBenenue

PaccmaTpuBaeTcs OMrapMOHHYECKOE yYpaBHEHHUE, OHO ke ypaBHeHue Codu XKepmen — Jlarpamxka B
MPSIMOYTOJIFHOW 00JacTH, MPH OJHOPOAHBIX YCIOBHUSAX NIAPHUPHOTO 3aKPEIICHHS Ha TMape CMEKHBIX
CTOPOH MPSIMOYTOJbHUKA U YCIOBHUSX CUMMETPUM Ha Mape APYTUX CMEXKHBIX CTOPOH ATOr0 MPSIMO-
yroibHUKA. JJIT KOHEYHO-Pa3HOCTHOTO aHaJora 3TOM MOJCIBHOW 3a/layll — CUCTEMbI allreOpamdecKux
JTUHEHHBIX ypaBHCHHH — yKa3bIBaeTcs (PaKTOPHU30BAHHBINA MEpeo0yCIIaBINBATEh, UMEIONTUN TBAYKIBI
MIOTIEPEMEHHO TPEYTONbHBIN BU. [Ipy peanu3zaruu pa3pabaThiBaeMOTO HTEPAMOHHOTO METOAA BEIOOD
UTEPAIMOHHBIX MapaMEeTPOB MPOBOIUTCS HA OCHOBE METOJa MHHHUMAILHBIX mompaBok [1]. Mcxoanas
KpaeBas 3a/1a4a, HalpuMep, MOXKeT TOJTydaThbes Py MOJIEIMPOBAaHNH MepeMenieHnid y macTuH. [lpen-
JlaraeMblii METOJ] aHAIOTHYEH METOoJIaM THMa (PUKTUBHBIX KOMITOHEHT, MPOCTPAHCTB, HO OCHOBHIBAETCS
Ha KOMIUIEKCHOM aHallu3e.

HenpepsiBHas 3a1a4a
Hcxonmnast 3aqaya;

602N W= 6(WOWI % g 2 Q)
rae
7,=2 =JvOWA(Q): V. = V| _ql.
Zl_zl(Q)_ V]_D Z(Q) \h'l_o'a‘rz_o ;
npoctpancTBo CoGoseBa u3 GyHKUMH Ha 06IaCTH HPIMOYTOIBHOIO BUA!

Q=(0;by)* (0;b,), ¢ Ty ={by} x(0;b,)U (0;b)x{ b} ,T ,={ G x (0;b,)J (O )<{ @

A0, W) = [ DuAGd
Q
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— OmnmHeitHas ¢opma, rae 3aiaHHbIe KOHCTaHTH by, B, > 0. Pemenne 3agaun (1) cymecTByer U euH-

crBenHo [2, 3].
IIpu
(%)= _[ i dQ,
Q
rae f, —3amamHas GyHKIHS, CyMMEpyeMasi ¢ KBapaToM, 3ajaua u3 (1) 3amuceiBacTcs B BUIE:
¥ ou 0AU
20 =%, ol =aw|. =0, 4| =%8% _
A% = 1, ul‘rl_Aul‘rl_o’ aﬁ‘rz on ‘rz 0. (2)

rae N — BHEIIHSS HOpMaJlb Ha rpaHuiie oomactu 0Q .

JMckpeTHas 3a]1a4a U ee MPOJA0JIKEeHHEe
PaccmarpuBaeTcs TUHEHHas CHCTeMa anreOpandecKuX ypaBHCHHUH, MoyydacMas MpU JUCKpETH3a-
muu (1), (2)Ha 0CHOBE METO1a CyMMATOPHBIX TOXKICCTR!

o ORN: A, = f,, f,ORN, (3)
31E€Ch BGKTOpH:
VORN: ¥ =(Vqe vy ), N=mh, m, nON,
ImoJjiaracTcia, 4Tro
Vim(j-1yri = Vaj j o i=1..m, j=1..n,

a Vl,i i — 3HAYCHUA (byHKLII/If/’I npu JUCKPECTHBIX aPIrYMCHTAX B Y3JIaX CCTKU COOTBETCTBCHHO.

(%, ¥)=((i-0,5)0n,(j- 0,51),
KOT/JIa Iard CEeTKU BRIOUPAIOTCS CIICIYIONTHIE:

h =b/(n+0,5), h, =b,/(n+0,5),

CECTKa COCTOUT U3 y3.]-IOB yKa3aHHBIX BBIIIIC, a ManI/H_[a /\ pa3MepHOCTI/I N X N OHpez[eJIﬂeTCSI TaK.
m n
</\U1'\_’1> :gzl((zulj i~ Wi-y Ui q) h_12 +(2Yy ~ Yy -1
i=lj=
—Uy ,j+1)h52)((2V11,j ~Viog = Vg ) hf +(2 Vi,,” Vi- T Mo+ 1Py hh
Upjner = Vajpe1= 00 Uy o= Uy 4 Vg & Vig n = 1..m
u1,m+1,j :V1m+1,j =0, ul,Oj = ul,]j, ) Vl,O,: Vlﬂy’ j= 1....n

3Z[€CB <., > — CKAJIIPHOC NPOU3BEACHUC CICAYIOIICTO BUOA:

N
o = o AN
(O, %)= Uy vy by 00, % ORY.
k=1
Korna ¢ynkuus f; HempepbiBHa B 061acTi Q , TO MOXKHO II0JIaraTh

fij=f0,y) i=1..m, j=1..n.

Pemenne 3agaun (3) cymecTByeT U €AMHCTBEHHO, TToTOoMy 4To A> 0.
Crpoum nponospkenue 3anaun (3):
goRrR?N: pa=f, fOR?Y, f,=0, (4)
KOT/1a BEKTOPBI
VORMN: v=(%, %),

31ech OJlouHast, BepXHss TpeyronbHas Matpuna D pasmeproctn 2N x 2N TakoBa, 4To:

D11 =A, D=0, Dy =6p, Dy =My,

Hu
D= { A O }
HA M 4
I1€ MaTpUIbI
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6, = A9+6A, My=A*-6%, 9=0,0,-0,0,, A=0,0,+0,0,,
marpuust Uy, Uy ¢ pasmeproctsimu N x N ompenensroTes Tak:

m n
(0,0, %) = 2> (~(Uyjeqj = U ) Ve ) Ny Uppneg j = Vi =0, J=1,..0,
i=1j=1

m n
<DyUl’\_/1> = 22(_(%‘ j+1~ Ui j) h_zl Vij) he Ui =Vy5449=0, 1=1,..m.
i=1j=1
BBO/SITCS IOANPOCTPAHCTBA U3 BEKTOPOB B IpocTpancTee R2N :
Z={v=(4. %) 6%+ M=0}, Z,={v=(4. %) :%=0}.

Jlemma 1. Pewenue 3a0auu (4) G0 21 cyuwecmayem, eOUHCMBEHHO.

Metoa nTepanMOHHBIX (PAKTOPH3ANUIH NPH PUKTHBHOM NPOIOJIKEHHA
JlomosHuTeNbHO onpezescTcs oinounas Matpuiia C pasmeproctr 2N X 2N, koraa

C1=Cp=My, Cp =04, Cy1 =04,

{2
HA M g
Yro0bI pemiath 3aaauy (4), mpearaeTcsi HTepaluoOHHbIN POIECC:
a*ORrR2N: c@@* -t =-r (D"~ f), kKON, 1, >0,00° 0 Z,. (5)
B urepanmonHom nporecce (5) Ha KaXIOM IIare mojydaeTcs 3ajava ¢ (paKTOPH30BaHHBIM Ollepa-
TOPOM TaKoro BHUIA.

TOrMa

vocN: (LH?0 =F, FocV,

KOTOpast paclieIUIsLeTCs Ha IIPOCThIE 3a1a4u

a) TOCN, LT =F, FocN,

6) POCN, LI'P=T, TOCN,

8) QOCN, LQ=P, POCN,

r)uoch, U =Q, QocN,
31€Ch ManI/II_[BIZ

L=0, -i0,, %=L =0,+i0,, LL"=(0, -i0,)(0,+i0) =A+i g,
(L2 = (A+i6)% =My +i 6y,
IIO3TOMY
(Mg +i8,)(T, +iTy) = f+if,

501050

HAU1+ MHUZ: f2, fl+|f2:F,
TOrla Ha KaXX/I0OM IIare rmpouecca (5) BO3HHUKACT CICAYIOIIAs 3agava.

cu=f,u=(,w), f=(f.f,).

[l = (A%,

Teopema 1. /[na umepayuonnozo npoyecca (5) 6 oyenxe omnocumenvhol owubKuy:
- <& lu’ - ,
Hul Ui, =&t A

eciu Tk y kON 6bl6upal’ﬂb HA 0CHO8E MeMOOa MUHUMATbHBIX nonpaesokx, mo nojyuaemcs, 4mo.

{MGQ—HA@:T, 0, +it, =0,

BBoautcsa Hopma:
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& <cpX, cd(0;+w), p0(0;1).
Bui6oo. Ilo Buny matpun L, LY sameuaercs, uto 3amaua (3) ¢ N HemsBectHbIME TIO Teopeme 1 ¢

MIOMOIIBIO UTEpaliOHHOro mporecca (5) pemaercs NP OTHOCHUTENBHOM MOTPENIHOCTH & 32

O(NIn 51_1) apu(MeTHIecKux JACUCTBUI. A TIpU JOBOJILHO MajbIX 3HAUCHUSIX MapaMETPOB JUCKPETH-
sarun pemrenrie Tpebyer O(N) omepamnuii, a HTepallMOHHBINA MPoIlecC OYAET CXOMUTHCA B HECKOIBKO
WTEpalUi U MPEBPATUTCS B TTOYTH MPSMOU METO].

AJ'Il"Opl/ITM YUCJICHHOI'0 pelicHus MOIeJbHOM 3a1a4u JJIsl 6urapM01mqec1<oro YpaBHCHUA
Pemaercs 3agaua:

NG, = 1,

utepaioHHsiM mporeccoM (5). TIpu BrIOOpE UTEPAIIMOHHBIX MTAPAMETPOB MPUMEHSICTCS METOJl MUHHU-
MaJIBHBIX TOTPaBOK. Torma Ui pemaeMon 3ajaud B UTEPAIIMOHHOM TIPOIIecce MPUMEHSIETCS CIIETYIO-
TN aJITOPUTM BBEIYHCIICHUH, TIe l,Zik =0X - U — ommobka:

1) BeIOHMpaeTCs HaYaIbHOE MPUOIIKCHUE:

=002;
2) BBIYHCIIACTCS HEBSI3KA!
PRt = AT -F, FT=0,k ON;
3) uieTces monpaBKa;
WORAN: cw T =7, kON;
4) onpenensieTcsi KBaapaT HOPMbI OIIHOKH:

k-1 k=1 x k-1 k1 k 1
2= g =) = ) o
5) craBuTCS YCIOBHE OCTAHOBKU UTEPALIUIL:
E../E, <E? EO(0;1),kON;
6) BBIYHCIIICTCS TOTIOTHUTEIBHO BEKTOP:
7) HaXOJMTCSI AOTIOJTHUTEIILHO BEKTOP:
FlgR2N: cFkl =gkl kON;

8) ompenensiercs UTEpaLOHHBIIH TapaMeTp:

i <Dwk—1 \7\)<’1> <,7k—1 Wk—1> <,71k 1,Wk— 1> .

k — _ 1 1
< c Dt W > <<zk1——k1> <<¢lk1 1>
9) BBIYHUCIISIETCS] HOBOE Hpn6nm1<eHHe'
a“ =gt -7, W, KON;
EC(O; 1) —3amaBaeMast OTHOCHTEIIbHAS TOTPEITHOCTb.

IIporpamMmupyeMblii aJITOPUTM YHMCJICHHOTO pellleHUusl MO eJIbHOM 3a1a4H 1J151 OUTrapMOHMYECKOro
YpPaBHEHMUS
Pemaetcs 3anayva:

NG, = 1,
KOTOpasi MOXKET 3alIUCHIBATLCS B BUJIE:
h*AG = h'f
WA
a) h’AG =4 ,6) h*Ag = H 1,
€ClIu
h =b/(m+0,5), b= b/ (nt 0,5),F 1,..m, E L..n,n¥ nb= p B & h
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uTepannoHusiM mporeccoM (5). [Ipu BeIOOpPE UTEPAIIMOHHBIX MAPAMETPOB MPUMEHACTCS METOA MUHH-
MaJbHBIX TONpaBok. Toraa ayig pemaeMoi 3aaud B UTEPALMOHHOM Ipoliecce MPOrpaMMHUpPYeTCs IPu-
BEJICHHBIN paHee aNropuTM BblYMCIIeHUH. Pemraemas 3aa4 rnoigydaercs: U3 pa3HOCTHOM CXEMbl, KOTopas
3aMHChIBAETCS B CIEIYIONIEM BHIE:

A=Wy gy ~Upog —Ugj 1 Uy o & G, 1=L..m,j=1..n
rae
Ume1,j =0, Upoj = Uy 1510,
Upin+1=0, Uy o= Uy 5 I=1...m
u
4 . .
A0y~ -1y ~Ogeq ~Ogy -1 9y # May, = Ay, i=L.m,j=1.n
rac

Ome+1, j =0, U1,0j = U1y j=1,..n
G ,n+l:0' TR i=1,..m

1. Bribupaetcsi HauanbHOE TPUOTIKEHHE:
i°=007.
IIpy  mporpaMMHpPOBaHHMH  DJIEMEHTHI  MacCHBa ufi j ,1=0,.n+1 Tlonaraercst, 4TO
uy; =0, i,j=1
2. Beruncsiercst HeBs3Ka:
FE Rt =h AT - h 4, T,°1=0, KON,
noJpoOHeEe Tak:
2) qk th k1 ) rlk—l =h2Af|1k_l— h4_fl'

[Ipu nporpaMMHpOBaHUM MOJIATAETCS, YTO

oS0 Ut =u =10, ut =0, Ul = Ut =100
1in+1 1j ,0 1,n+1,j 1,0 1,3j
[Ipu mporpammupoBaHUn Oai_ i i,j=0,...n+ 1 — dneMeHThI MacCHBAa. DJICMEHTHI 3TOTO MaCcCHBA
BBIUHCIISIFOTCS 110 PopMyJIe:
k-1 _ k-1 k-1 1 kel i
a) Ch,j = 4u1H U o5 —Upep — Uy - T Wys al = 1,....n,
a 3aTeM I10JIaraerTcs, 4To
k-1 _ k-1 _ k-1 — — F
ql,i,n+1_o’ qu ,o_qﬂ, ,1’ - AN, qn+1; 0, qlq) qm = L

ITpu mporpaMMUpOBaHUH rlki_jl i,j =0,...n + 1—>neMeHTHI MacCHBA. DIEMEHTHI TOTO MACCHUBA BBI-

YHUCIIIOTCS 110 Q)opMyne'
_ k-1 _ k1
6) rll,j 4q1u ql J; q'[L,+ L q];, ql,
3. NmeTcs mompaska:
WOR?N: e =14 KON,

YTO PaBHOCHIIBHO MOCTIECIOBATEILHOMY PEIICHUIO YETHIPEX CHCTEM JIMHEHHBIX alreOpandeckux ypaBHe-
HUI C TPEYTOJILHBIMU MATPUIIAMHU:

a) TKrOCN: heT =R, 6) PXTOCN: hlP* =T,
g) Q“toCN: he@ =Pt ) wkroceN : hlwkt = gt
IMpy mporpaMMHpOBAaHHWM pEIICHHS CHCTEMBI W3 a) OyayT B MaCCHBE C DJIEMEHTaMHU
Tk 14, j=0,..n+1 TIlpu BHUKCIEHHH DOJEMEHTOB OSTOr0 MAaCCHBAa CHayajla I[10JaraeTcs

Ti 0 = Oj_ =0,i,j=1,...n, a 3aTeM BBIYHCIISAIOTCS SJIEMEHTHI MACCHBA 0 hopMyJIie:

Tt [ aea T @t -T2,
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KOT/Ia MHAEKCHI IPUHUMAIOT MOCIICIOBATEIBHO 3HAUCHUS |, | =1,...1n .
Ilpu mporpaMMHpOBAHHWU pEIICHUS CHUCTEMbI H3 ©0) OyayT B MaccuBe ¢
Pk i, j=0,..n+1 Tlpu BBHIYUCICHHUH DJICMECHTOB OSTOIO0 MACCHBa CHauasa

P n+1 F?Hl | = =0,1i,j=1,...n, a 3aTeM BBIYUCIISAIOTCS IEMEHTBl MaccHBa 1o Gopmysie:

k-1 _ k-1
RS =[a-)TXt+ @-i) Pl + @+ P ]/2
KOT/Ia HHAEKCHI IPUHUMAIOT ITOCIIEA0BATENBHO 3HaYeHud i, ] =n,...,1.
Ilpm mnporpaMMHpOBaHMU pELICHUS CUCTEMBI M3 B) OyOyT B MaccuBe C

Q,kj_li,j =0,..n+1 Tlpu BHYKCICHHHX DIIEMEHTOB OJTOTO0 MacCHBa CHadaja

1= Qlo(gl =0,1,j=1,...n, a 3aTeM BBIYHCIISIFOTCS DJICMEHTB MaccuBa Mo GopMyJie:

— - pk-1
=[@+)R ) QY +a-) QI /2,
KOT/la HHAEKCHI IPUHUMAIOT ITOCIIEI0BATENRHO 3HadeHus i, ] =1,...Nn .
Ilpn mnporpaMMHUpOBaHMU pEIICHUS CHUCTEMBI M3 T) OyAyT B MaccuBe C

Wk 1, j=0,..n+1 TIlpu BLIYKCIECHHHX DIEMEHTOB OTOr0 MacCHBa CHadaia

W n+1 VV1+1 ; =0, 1, J=1,...n, a 3aTeM BBIYMCIIOTCS MIEMEHTBI MaccuBa 1o popmyie:

k-1 _ k-1 k—l . -1
Wi =[a-)Qt+ a-wig! +ari) Wb /2,
KOoraa MHACKCHI NPUHUMAIOT MTOCJICA0BATCIbHO 3HAUCHUS |, j =N, ,1
4. OHpe,Z[eJ'IHeTCH KBaZpaT HOPMBI OIINOKH:

Hwk 1” . <rklak 1>h2 < kl’ >h—2 KON
p'c'D
IIpu nporpammupoBaHun Wfi ihl =0,..n+1 — »osnementsl Maccua. llpu
DJIEMEHTOB XTOI'O MaCCHBA I10JIaracTcs.

Wi =ReW ™ i j=1,..n+ 1
u

n n
=(3 2niwi;h KON.
izl j=1

5. CraButcs ycioBHe OCTAHOBKH UTEPALHA:
Ex1/Eq<E? EO(0;2),kON,
rac E —3aJaBacMas BEJINYHHA.

6. I[OHOJIHI/ITCHI)HO BBIYHCIIACTCA BCKTOp'

A< g =AW 75°1=0, KON,

nmospoOHee TakK:
a) qk—l — h2 A\_/\r_lu 6) ﬁlk_l — thqk_l
ITpu nporpaMMHUpPOBaHUH MOJIATAETCS, UTO:
Wt =wkt =1 n, Wt \M 1, ji=1..n

1i,0 1,1 1,0}

OJICMCHTaAMHU

nojdaracTcsa

JJICMCHTaAMH

noJjiaracTcs

OJICMCHTaMH

noJjiaracTcs

BBIYHCJICHUAX

[Ipu mporpammupoBaHun q{‘,‘ } i,j =0,...n+ 1 — sgeMeHTHl MaccUBa. DJIEMEHTHI 3TOTO MAacCHBa

BBIYHCISFOTCS 110 POpMYyIIe:
k-1 _ - S = 1
a) 0, =4 1;; Wk L+ L, V‘fj; -1 V))i,+ o b =150,
a 3aTEM I10J1aracTcs, 4To.

k-1 _ k-1 _ k-1 :_ k-1 _ k-1_ k1 ._
quiml =0, q1i o= qij » i=1,..n, q11+ o O,qm’— qm‘ = 1.0

[Ipu mporpammupoBaHun /71k,_ Jl i,j =0,...n+ 1 — sneMeHTHl MaccUBa. DJIEMEHTHI 3TOTO MAacCHBa

BBIYHUCIISIOTCS 10 hopMyIie:

BectHuk OYplY. Cepusa «MatemaTtnka. MexaHuka. Pusmnka»
2019, Tom 11, Ne 1, C. 34-42

39



MaTtemaTtuka

6) m  =4af - oy —akt - Ayt o dfh 40 i=1..n
7. JIOTIOTHUTEIIEHO HAXOAUTCSI BEKTOP:
q?k—l OR2N- h4cgk—1 =,7k—1’ KON,
qTo paBHOCI/IJ'IBHO HOCHCHOB&TCHBHOMY peH.ICHI/IIO ‘-IeTI:IpeX CUCTEM HHHeﬁHBIX a.HF€6paI/I‘-IeCKI/IX ypaBHe-
HUU C TpeerJ'IBHBIMI/I ManI/ILIaMI/I'

a) T¥rocN: heTr = A*%?, 6) PKtocN: hlPk L= TR 1
B) Qk 1|:|(CN hLle Pkl F) _k 1D(CN hLD=k l_le
IIpy mporpaMMHpPOBAaHHMH pEIIEHHS CHCTEMBI W3 a) OyayT B MaCCHBE C DJIEMEHTaMHU

Tk 1 | ] = 0 N+ 1 HpI/I BBIYHUCJIICHHUHA OJICMCHTOB 9TOI0 MaccuBa CHaydalia nojaracTcs

T =0,i,j=1,...n, a 3aTeM BBIYHCIISIFOTCS DJICMEHTB MaccuBa Mo GopMyJie:

TE = [(1+|)/71|J HLHTS + DT _1]/

KOT'JIa MHAEKCHI IPHHUMAIOT [TOCIIEI0BATENBHO 3HaYeHus i, =1,..n .
[lpu mnporpaMMHpOBaHWMHM pEUICHUs CUCTEMbl M3 ©0) OyayT B MaccHBE C DIIEMEHTaMH

Pk i, j=0,..n+1 Tlpu BbBIYHCICHUH DIIEMEHTOB 93TOr0 MacCHBa CHadJajga [OJaraeTcs

F{knfl = Fle i =0,1,J=1,...n, a 3arem BHIUCIIOTCS MIEMEHTBI MaccuBa 1o popmyie:

k-1 _ k-1
RS =[@-DTE + - Pl +@+i) PA)/2,
KOTJIa MHIEKCHI IPUHUMAIOT ITOCIIEI0BATENBHO 3HaUeHus i, j =n,...,1.
[lpy mnporpaMMHpOBaHWMM pPEUICHUS CUCTEMbI M3 B) OyayT B MacCUBE C DJIEMEHTaMH

Qlkj_l i,j=0,..n+1 Tlpu BBMUKWCIEHHH DJIEMEHTOB OTOr0 MAacCHBa CHAJala I0JaraeTcs

= Q'SE =0,1,j=1,...n, a 3aTeM BBIYKUCISIOTCS JICMEHTHI MAacCHBa M0 GopmyIie:

=[a+)RET+ @+ QS +a-D Q]2
Korga MHACKChI IPUHUMAIOT MMOCJIICAOBATCIIbHO 3HAYCHUA |, j = 1, LN
HpI/I NPOrpaMMHUPOBAaHUU DEIICHHS CHCTEMBl W3 T) OyayT B MacCHBE C OJIEMEHTaMHU
_,J i, j—0 .n+1 Ilpm BBHYUCICHWH DJJIEMEHTOB OTOTO MacCHMBa CHadaja IIOJIaracTcs

—k-1 _ _ .
S = —n+1 ; =0,i,j =1,...n, a 3aTeM BBIYMCIISIOTCS HIEMEHTBI MaccuBa 1o Gopmyie:

—k-1 _ N —k-1
=ij |:(1 |)Q L+ @-is5 +1j +(1+ |)—r i +l:|/2
Korga MHACKChI IPUHUMAIOT MMOCJIICAOBATCIIbHO 3HAYCHUA i , J =n, ,1
8. Onpenensercs UTepaluoOHHBIN apaMeTp:

) <Dwk—1,\7\)<—1> ) <,7k—1’ Wk—1> ) </71k—1,v\ik— 1> )
0= <C_1D\7\}<_1, DV\}<_1> B <<3|<—1,,7 k—1> a <<?lk—l’,71k—1>’ UN.

ITpu iporpaMMHUpPOBaHUH Elki_jl i,j =0,...n + 1—nsnemenTs! MaccuBa. [Ipy BEIYUCICHHUSIX DJIEMEHTOB

OTOr0 MaCCuBa I10JiaracTcs.
&1=Re=xtij=1.n

[Ipu nporpaMmMupoBaHuu:
n n

T =D MW Z Zfl;” i KON.
i=1l j=1 i=1l j=
9. Beruuciisiercst HOBoe HpI/I6JII/I)KeHI/Ie'
a* =kt -7, W, KON.
310 NpUOIKEHHIE U OTIPEIEISAETCS TI0 COOTBeTCTByIOH_{eﬁ hopmyie:
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0¥ =0 WL,
IIpu iporpaMMHUpPOBaHUH ufi j 1,1 =0,...n+ 1—o>nemenTH MaccuBa.
CrietyroIue 3JeMEHThI 3TOr0 MacCHBa BBIYUCISIFOTCS 1O (hopMyIie:
kK _ k1 _ -1 i
U Ul Wi i =10
OHU NPUHUMAIOTCS 32 TPHOIIKEHHOE PEIICHUE, €CIIH JI0 3TOTO BBIMOJIHSIOCH YCIOBHE OCTAHOBKH

UTEpaLUH.

JKcNepUMeHThI IPH YUCJIEHHOM PellieHNH MO/IeJIbHOI 3a1a4n
JJIs1 OUTAPMOHMYECKOT0 YPABHEHUS
B paccmarpuBaemoii 3aaye:
oAU,
on

A% =T, 8 Q, A6, =0, =0, \r2=%—fr‘]1\r2:0,

rac

Q=(0;b)x (01b,), [y ={by} x(0;b,)U (0;by)x{ b} M, ={0} x (O;b,)U (Osby)x{ ¢,

nosaraercs, uro b =b, =2,5,

f(xy) =3((25- 4¢ )(125- 4¢ ¥ 12(25- 42 )(25- 4% } (25 4% )125 ¢ ))/800

T.C.

0 (% y) =(25- 4% )(125- 4¢ )(25 4 )(125 47 )/10240(

[Ipu anmpokcumMaruu 3To¥ 3amayu BeIOMparoTcs 3HadeHus M= Nn=70, 72, 74,...,9( [Ins gucnen-
HOTO pelIeHHs MOTy4aeMbIX CUCTEM JIMHEHHBIX anreOpandeckux ypaBHenuii AU, = f; npumenum npu-
BEJCHHBI paHee aJropuTM, Mojaras qo =0, E=0,001 [na ¢pynxumu K =k(n) umcna urepaumii B

3aBUCHMOCTH OT N mpuBoauTcs rpaduk. [Ipu yciioBUM OCTaHOBKM B HUTEPALIOHHOM MpOLECcCe C BBI-
OpaHHO#1 oTHOCHTENBHOI TorperHocThi0 E[1(0; 1), MOXHO 3aMeTHTh, 4TO BeIYMCIeHUsT Ha DBM sKkc-

MEPUMEHTAILHO MOATBEP)KIAI0T aCUMIITOTHYECKOE MOBEJACHUE, HE3aBUCHMOCTh K — KoJlnvecTBa uTe-
pauuii or m(n) — KoJMYecTBa y3JI0B CETKU MO KOOPAMHATHBIM HAIIPABICHUSIM OCEH Ox(Oy) JUTSL TIOJTY-

yenuss E — 3amaBaeMoil OTHOCHTENIBHOM MOTPEITHOCTH PENICHHUs JIMHEHHBIX CHCTEM aareOpandecKux
ypaBHeHHIA (CM. puc.).
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Mpadmk 3aBucumocTn K — KkonuyecTsa utepaumin or mM(nN) — KONMYECTBA Y3NOB CETKU

no HanpaBrieHUsIM KoopAauHaT Ox(Oy) npu 3agaHHoON OTHocUTenbHOW norpewHocTn cyeta E=0,001
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FAST SOLUTION OF A MODEL PROBLEM
FOR THE BIHARMONIC EQUATION

A.L. Ushakov
South Ural State University, Chelyabinsk, Russian Federation
E-mail: ushakoval@susu.ru

The biharmonic equation in a domain of rectangskape when boundary conditions are mixed is
being considered. Numerical solution of this bougdelue problem uses iterative factorization an fi
titious continuation after finite-difference appnmation of the problem to be solved. Eventuallyergv
thing is reduced to solving the linear systemslgélaraic equations, the matrices of which are tugar
with three or less nonzero elements in lines. gragimation error of the initial problem is suffecitly
small, the demanded relative error of the usedtitgr process gets obtained in several iteratilonthis
case, the developed iterative method turns outetéthe method that has optimal asymptotics by the
number of actions in arithmetic operations. Theppeed iterative method essentially uses spec#giti
of the obtained model problem. Such a problem cize & methods of the type of fictious components,
regions and spaces, when boundary value problethselliptic equations in the regions of sufficigntl
arbitrary shape are being solved. The algorithmmgiementation of the iterative process, when the
choice of iterative parameters is made automayicading the method of minimal corrections, is given
The criterion for process termination after achigvihe preliminarily determined ratio error is sfied.
Graphic result of a computational experiment thatves the asymptotic optimality of the iterative
method in computational outlay is given. Complealgsis gets essentially used when developing the
method.

Keywords: fictitious continuation; iterative facipations.
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CONTROL OF COMPOSITE NONLINEAR DEFORMATION
BY LOCAL CURVATURE OF YARNS

S.B. Sapozhnikov, A.V. Kheruvimov, A.S. Khoruzhiy
South Ural State University, Chelyabinsk, Russian Federation
E-mail: sapozhnikovsb@susu.ru

Using the refined theory of dry bundles, we analyzkthe curvature (length
diversity) of yarns in the fabric composite for obaining the maximum effect of
pseudo-ductility (constant yield stresses during # deformation). Because of
length diversity, yarns destruction happens conseantly, starting with the
straight yarns and ending with the most curved onesThe polymer matrix en-
sures a monolithic structure and high damping of te oscillations due to the in-
tensification of matrix shears during tension/compession of the composite. To
simulate an ideal elastoplastic stress-strain diagm of the composite, we formu-
lated the law of changes in fiber lengths, the meelnical properties of which were
considered to be the same. To study the technologicpossibilities of the local
curvatures of yarns in fabric preforms, we performel experiments using the in-
denting method and arrays of conical and flat needls. We showed that conical
needles allow us to obtain simultaneous curvaturefavarp and weft yarns to the
same extent. The needle spacing controls the ratad straight and curved yarns;
so, by changing the spacing we can bring this ratioloser to the value required
for getting the needed length of the yield plateaun the case of flat needles with
various orientation to the warp yarns, we can obtai anisotropic yarns curvature
(of only one yarns family, for example). For expernental deformation of the fab-
rics with locally curved yarns we used aramid fabrés of plain weave and carbon
fabrics of twill weave.

Keywords: fabric composite; pseudo-ductility; cuiua of yarns; dry bundles
theory; indentation.

Introduction. Modern fiber polymer composites gain increasingupaity in the construction of
critical structures for the aerospace industry thu¢heir high strength and stiffness [1, 2]. Howeve
their mechanical characteristics also include Ibriiss (small possible deformations) and simultaneo
failure [3, 4], which decrease the operationalatality of constructions with stress concentratammes
(for example, open holes and roundings) and sradditys factors. Therefore, substantial nonlinear de-
formation, pseudo-ductility, together with the et high strength and stiffness, is highly dedeab
composites. Due to the growth of possible technagadlications pseudo-ductility of composites has
been drawing rising attention of researchers lagtyears, which can be seen from the number sudrge o
relevant SCOPUS papers (Fig. 1).

Nowadays researches on pseudo-ductility are coatheeith hybrid composites, which contain
both stiff and compliant fibers [5, 6]. Becausestiff fibers (carbon) composites have a high etasti
modulus, and compliant fibers (glass, aramid) supgtiff ones during the deformation process [7, 8]
creating conditions for their kinematic loading agrddual failure. The certain ratio of stiff andhgali-
ant fibers results in a yield plateau on the stsésEn diagram [9, 10]. The length of this platefas
pends on the distribution of the stiff fibers sgdmn longer plateau corresponds to wider distrdoufi/].

Therefore, the yield plateau length adjustmeninistéd and depends on the fibers production tech-
nology. Moreover, as fabric yarns consist of huddrand thousands of elementary fibers, the distribu
tion of the yarn's strength is insignificant. Tooal these restrictions, we proposed a modification
method for UD strips and materials of flat weaveg.(dabric, twill). This method is based on thguiar
local bending of yarns, which creates the presajtle diversity of yarns. Hence, there is no need to
combine stiff and compliant yarns: curved and gtryarns in the same layer will be compliant and
stiff, respectively. Polymer treatment createsdabmposite layer with pseudo-plastic properties,ciwhi
depend only on the length diversity of yarns. Femtfiore, shear strains in affected areas of thierlay
intensify the damping of oscillations.
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Fig. 1. Number of SCOPUS publications on topic ~ pseudo ductility composites _ per year (1972-2017)

Model. Consider the tension of a flat UD layer with ldgaurved yarns of different lengths (Fig. 2,
a). Yarns have the same mechanical properties:i@lastdulusE, ultimate stres¥, linear postcritical
behavior up to ultimate failure, which is charaided by softening modulug& . This model of UD
composite behavior at the kinematic loading (Figb,2solid line) was proposed in [11]. For curved
yarns the stress-strain curve has the same shapedhifted by the value of specific elongatidr(Fig.
2, b, dashed line). To model the functioning of theaidelastic-plastic material (Fig. 2) with the de-
fined yield strengthor and the yield plateau of the maximal lengilat tension it is necessary to obtain
the length function (the dependence of yarn’s sjpegliongation on the yarn’s number).

¢ o

c
Fig. 2. Properties of curved yarns
For simplicity, we assume that the composite IRagrns or groups of yarns of different lengths.
Piecewise linear dependence of the stsass the deformatiow of i-th yarn with the arbitrary curvature
J can be formulated as follows:
0,0<e<g4;

E(e-4).g<e<q +%;

,0)= . 1
5(£,9) X_E(£_4_5}4+5<£<4+5+_>§; (1)
E E E E
0,g>5|+1+1,,

E E

Superposition of stresses (1) for the case of #nallel connection of yarns with differedtis writ-
ten as follows:

N
o(e) 2%28(8,5| ). 2)
i=1

We calculated stress-strain diagrams of yarns thighdefined curvatures by using the superposition
method, implemented in MathCAD package.

Calculation example. In linear approximation length functiod = i-d, whered is the elongation
step, and is yarn’s number. For modeling of yarns made oboa fibers (with the volume ratio ~60 %)
in the epoxy matrix [12] we used the following manital parameterE€ = 150 GPaX = 1500 MPau
E’ = 300 GPa. Fig. 3 presents the diagram of kin@rlaading of one yarn and yarns bundle with the
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fixed elongation sted = 0,2 %. This value of the elongation step corraggdo the yield strength oscil-
lations less than 5 %, which can be neglected gineering applications.

E00 T T T T T T T T T
O, MPa
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O, MPa
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200

N=30
500
100
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0005 001 0015 002 0 pgpy goz 003 0.04 0.05 0.06 0.07 0.08 0.089 0.1
a b

Fig. 3. Diagrams of kinematic loading of (  a) one yarn and (b) 10, 20, and 30 yarns of differen tlength

Fig. 3, b shows that the composite’s yield plateau is lorfgeryarns with a wider length range.
However, at the same time yield strength decreasesspecific energy of deformation (area under the
stress-strain curve) remains the same and equdl1@ MPa, which coincides with the fracture energy
of one yarn at the kinematic loading.

We calculated the elastic range of the stressastnaiive, using dry bundles approximation. There-
fore, we neglected the bending stiffness and yashift in the epoxy matrix. In real cases, slightly
curved yarns will have a higher elastic modulusilevktraightening [13]. Moreover, in the initialcse
tion of the stress-strain curve, the composite halle bigger stiffness than the simulated predistio
(see dashed line in Fig. B).

Experimental tests. To validate our models, we experimentally invesgiégl aramid fabrics of plain
weave (P110) [14], modified by indenting.

Firstly, we used cylindrical needles of diameteni with a sharp conical end. Fig.bBishows that
the fabric area, affected by a needle, is limitethe square 5x5 nfimOutside this area the fabric is not
deformed. So, if the indenting step is larger tbamm, there will be straight yarns in the fabritieT
width of P110 fabric yarns equals to 0,5 mm. Theeefif the indenting step equals to 5 mm, in re-
peated affected areas of the fabric we will haweoat symmetrical arrays of curved yarns of differen
lengths (5 to the left and 5 to the right from tleedle hit). These lengths for Fig.bdare: 5,00, 5,10,
5,22, 5,37, and 5,60 mm (left array); 5,45, 5,32055,15, and 5,00 mm (right array). Of course, in
practice, an indenter will hit arbit

- i -

Fig. 4. Aramid fabric of plain weave P110:  a) before indenting; b) after indenting by conical needle
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For the sample, depicted in Fig.B}(single hit), we calculated the stress-strain euee Fig. 5),
using mechanical properties of aramid yarn RUSAR:[linear density ~28 teXg = 70 GPaX = 2000
MPa,E = 100 GPa. The dashed line in Fig. 5 standsHenfield strength ~400 MPa of the sample with
the periodic indenting through the whole fabricaaf@denting step 5 mm). As both warp and weft garn
are curved, mechanical properties during tensiongathese yarns will be the same (isotropic madalific
tion of fabric).

500 Ul.h'jPﬂ

4004

300§

200 ¢

100

£

0 0.0 01 015 02
Fig. 5. Stress-strain diagram of the sample, depict edin Fig. 5, b

Secondly, we used flat needles of width, equal tend and thickness, equal to 1 mm (Figa),In
this case, periodic indenting (direction of hitst& to horizontal/vertical lines, shown by white arow
on Fig. 6) led to the anisotropic curvature: onlgrpv (vertical) yarns were curved, weft yarn remdine
straight (Fig. 6b). Fig. 6,c presents the fabric of twill weave modified by emting by conical needle
oriented at 45to horizontal/vertical lines. Because of high tateyarn’s stiffness the area, affected by
the flat needle or the conical indenter of a dianef 3 mm, has quite big linear dimension: 100 mm.
White ellipses are the needle orientation schemes.

% o4 ) SO i aAE " s
s W “'
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Fig. 6. Flat needle ( @) and fabrics of b) plain and c) twill weave after indenting by flat and conical n  eedle, respectively

Conclusions. Modeling showed the great potential of the methbtbcal curvature of yarns, con-
sisted of brittle fibers, for achieving a long yigblateau of a composite Failure of high-qualitybca
fibers happens at relative deformations of arouftl By introducing length diversity of yarns (witte
elongation step of 0,2 %) we achieved ultimatesstref approximately 300 MPa and more than
500 MPa, and failure deformation more than 4 % 28d for the case of 20 and 10 different yarn's
lengths, respectively.

Indenting by conical needles of a diameter of 2 with the indenting step of 5 mm along warp and
weft yarns of aramid fabric of flap weave P110 hesliin the material with the yield strength of
400 MPa and yield plateau of 10 %, which is unaghle for traditional fabric composites. These €har
acteristics will allow us to use the indenting teclogy for the aerospace constructions with steess
centration zones (e.g. holes or roundings). Becafiggseudo-ductility our technology will decrease
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stress concentrations and increase failure loadhmgy,same effect as in hybrid composites [10, 15],
where layers of fiberglass and carbon fibers adtiernor carbon and glass fibers are mingled inyaine
of a composite.

This work was financially supported by the RusSarence Foundation (project No. 18-19-00377).
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YMPABJEHUE HENUMHEMHOCTbLIO AE®OPMUPOBAHUA KOMNO3UTA
C NOMOLbIO JIOKAJIbHOIO UICKPUBJIEHUA HATEWU

C.b. CanoxHukos, A.B. Xepyeumos, A.C. Xopyxul
FOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHugepcumem, 2. HensbuHck, Poccutlickasi ®edepauyusi
E-mail: sapozhnikovsb@susu.ru

Ha ocHOBe yTOUYHEHHON TEOPHM CYXUX IYYKOB BBIITOJIHEH aHAIH3 HEOOXOJIUMON MCKPUBIEHHOCTH
(«pa3sHOIIMHHOCTHY) HUTEH B TKAHEBOM KOMIIO3UTE VIS MOIYyYSHUSI MAaKCUMAIIbHOTO 3 eKTa MceBIo-
IUTACTUYHOCTH — TIOCTOSHCTBA HAMPSHKEHUH «TEKydecTH» MpU AeGOpPMUPOBAHUHU. PasHOMITHHHOCTH
obecrevynBaeT MoCeA0BaTeIbHOE pa3pyllicHHe HUTEH: CHavYalla pa3pyliatloTcs MPAMOJIHHEHHbIC HUTH, a
B KOHIIE — MaKCUMaJIbHO MCKpHUBIEHHBbIC. Hanmnuue moimMepHON MaTpHIlbl oOecreyrBaeT MOHOJHT-
HOCTh M BBICOKOE JeMI(pHUPOBAHHE KOJeOAHMIA 3a CUET MHTCHCU(HUKAIIMK CIBUTOB B MATPHUIIE MIPU pac-
TSOHKCHUM/CKATHU KOMITO3UTA. J[JIs1 UMHUTAIMU HACATBHOW YIPYromiacTHUSCKON IHarpaMMBbl PacTshKe-
HUSI KOMITO3UTa ObIIT HAlJIeH 3aKOH U3MECHEHUS JUTMH BOJIOKOH, MEXaHUYECKUE CBOWCTBA KOTOPBIX CUH-
TAJIMCh OJMHAKOBBIMHU. DKCIIEPUMEHTAIBHBIC CCIEJOBAHMS TEXHOJIOTMIECKUX BO3MOXHOCTEH JIOKAIh-
HOTO MCKPUBJICHUS HUTEH B TKAHEBBIX Mpe(opMax BBIMTOTHEHBI METOIOM HHICHTHPOBAHUS MACCHBOM
KOHMYECKHX WU TIOCKHX M. [Toka3aHo, 4TO MPH MCIONBb30BAaHUH KOHHUYECKHX UTJ PEAU3yeTCsl CHH-
XPOHHOE MCKPHUBIICHWE HUTEH OCHOBBI M YTKA B PaBHOM CTereHH. MI3MeHss IIar Wril, MOKHO IpOorpam-
MHUPOBATh COOTHOIICHNE TPSMOTMHEHHBIX U UCKPUBIEHHBIX HUTEH TakK, YTOOBI OHO MaKCUMAJILHO COOT-
BETCTBOBAJIO PACUETHOIN BeIMYMHE, HEOOXOMUMOMN IS TIONYyYCHHs 3aJaHHOU JJIMHBI TUTOMAJKHA TEKY-
yectu». [I[puMeHeHre IOCKUX UIJI C Pa3IMYyHON OpUEHTallled K HalpaBJIE€HUIO OCHOBHBIX HUTEW TO-
3BOJISICT MOJIY4aTh «AaHU30TPOITHOE» HMCKPUBJICHHE HUTEH, HANpPHMEp, UCKPUBICHUE JIMIIL OJHOTO Ce-
MeiicTBa. DKCIEPUMEHTATbHBIC UCCIEIOBAHUS Ne(hOPMHUPOBAHUS TKAHEH C JOKATBHO UCKPUBIEHHBIMU
HUTSIMU BBITIOJTHEHBI HA apaMUJIHBIX TKAHSIX MOJIOTHSIHOTO MEPETIETeHUS] U TKaHSIX M3 YTJIEPOJHBIX BO-
JIOKOH CapKEeBOTO IUICTCHHS.

Kniouesvie cnosa: mranegulii KOMRO3UM, NCEBIONAACMUYHOCTb, UCKPUBTEHHOCIb HUMEll, Meopusl
CYX020 NYUKaA, UHOEHMUPOBAHUE.
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KPYTUIbHBIE KONNEBAHUA CTEPXHEBbIX KOHCTPYKLUNA
C OCEBOUN HEOAHOPOOHOCTbIO TEOMETPUYECKUX
XAPAKTEPUCTUK

C.H. LlapeHko
LoHeukul HayuoHasbHbIU mexHudYyeckul yHueepcumem, 2. [JoHeuk, YkpauHa
E-mail: tzarenko@gmail.com

PaccmaTpuBaeTcs IMHAMHKA KPYTHIbHBIX K0J1e0aHUI B CTeP:KHAX € 0ceBOii
HEOTHOPOJAHOCTbI0 KPYTHJIBHOM skecTkocTH. CTep:KHM pa3jiu4yHOii koHduUrypa-
IMH HMET NIHPOKOe TNPpHMEHeHHe [JIs MOJAEJMPOBAHHS HANPSKEHHO-
Ae()OPMHPOBAHHOTO0 COCTOSIHMSI NMPH CTATHYECKUX M JHHAMHYECKMX Harpyskax
00BbEKTOB MAIIHHOCTPOCHHS, CTPOUTEILCTBA, OnoMexannku u np. Ileasto pado-
ThI ABJAETCA CO3AaHHMe 00IIero MoAXoAa AJsl MOCTPOCHUS MAaTeMAaTHYeCKHX MO-
Jenell KPYTHIBHBIX KOJ1e0aHMI cTep:KHell NepeMeHHOro ceuyeHus. B kadecrBe
00BbeKTa paccMATPHUBAETCA YNPYrUil cTepaeHb, KPYTHILHAA KeCTKOCTbh KOTOPO-
ro U3MeHsieTCsl N0 CTeNeHHOMY 3aKOHY OT NPOJ0JIbHOI KoopAuHaThI. luHaMuye-
CKHIi mpouecc ONMChIBAETCSA BOJTHOBBIM YPaBHEHHEM, a er0 pellleHHe HIeTCs Me-
TonoM @ypswe. Jliist yno6cTBa pelieHUsl TPAHMYHBIX 3a]a4 BBeJeHbI CHelHaJb-
Hble (P)YHKIIMM HA OCHOBE PeKYPPEHTHBIX COOTHOWIeHHi njasa pyHkunuii beccens.
C y4eToM cBOiicTBa OPTOrOHATBHOCTH COOCTBEHHBIX (DYHKIHUI ¢ BeCOM MOJIy4eHO
BBIpajKeHHe ISl KBaApaTa HOpMbl. B kaudecTBe mpuMepa paccMOTpeH ciay4aii
KOJIe0AHHIl 0T BHE3aIIHOT'0 NMPUJIOKEHHs HATPY3KH K OTHOMY KOHIY CTEep:KHH, y
KOTOPOro BTOPO¥i :KecTKO 3aKkperuieH. Ha ¢cB000IHOM KOHIle CTep KHS NpeanoJa-
raercsi HaJlM4ue JIOKAJIbHOW MHepHHOHHOW Harpysku. Ilosy4deHbl BbIpaxkeHUs
JJISl YIJI0OB 3aKPY4YHBAHUS U KPYTHAIINX MOMEHTOB B CEYeHHAX cTep:kHsA. Boimo-
HEHO CpPaBHEHHE INOJYy4YeHHBIX Pe3yJbTATOB pacyeTa B OTHOCUTEJIBLHBIX BeJIHYH-
HaX ¢ YNPOILIEHHOi 0IHOMACCOBOI MO/e/IbI0 HEBECOMOTO CTEeP KHS.

Kniouegvie crosa. kpymuivhblie KOMeOAHUS, BbIHYIHCOEHHblE KONeOaHus, cmep-
JHCEHb NEPEeMEHNOU JHCeCMKOCMU, YNpY2ulli CMepIiceHsb; 60IHO80€ YPaGHeHUue, Memoo
Dypve; dynkyuu beccens, cobcmeentvie yacmomsl; HanpaAdsCeHus; deghopmayuu.

B ynpyrux cuctemax, BXOAALIMX B COCTaB Pa3HOTO poja MEXaHW3MOB U KOHCTPYKLHH, HaOmoaeT-
Csl ABJICHHWE KPYTWJIBHBIX KOJICOaHUH, KOTOPOE MOKET SIBISATHCS CIEACTBUEM TEXHOJIOTUYECKOTO MpO-
1ecca WM pPe3yabTaTOM HETaTHBHBIX BO3IeHCTBUH. [IpobiemMa KpyTHIBHBIX KOJIeOaHHMH paccMaTpuBa-
eTcs, Kak B paMKax CaMOCTOATENbHOW CHEKTPabHON 3a/1a4d, TaK U MPH UCCIICAOBAaHUN ITapaMeTPOB Ha-
npspkeHHO-1epopmupoBanHoro coctostaus (HJIC) B pesynpraTe AMHAMUYECKHX BO3JICHCTBHI HAarpy30K.
Hamnpumep, B padotax [1, 2] paccmaTpuBaeTcs OCTPOCHHE MAaTEMATHYECKUX MOJICIICH sl ompesese-
HUS CTIIEKTpa COOCTBEHHBIX YaCTOT KPYTHIBHBIX KOJIeOaHWH, BKIIIOYAs BBISBICHHE YCIOBUN BO3ZHUKHO-
BEHUSI IapaMETPUUECKUX Pe30HaHCOoB. VccnenoBanne mapaMeTpoB CTPYKTYPbI H JE(EKTOB CTEP>KHEBBIX
KOHCTPYKIMI Ha OCHOBE aHAJIN3a 3HAUYEHHUI MEePBBIX YaCTOT COOCTBEHHBIX KPYTHIIBHBIX KOJIEOaHMH pac-
cMaTpuBaeTcs B cTathsax [3—5]. Pacueram ynpyrux BajaoB Ha JHHAMHYECKOE BO3ICHCTBHE HArPy30K I0-
CBSILLICHBI paboThI [6—8].

B HexkoTopeIX paboTax KoieOaHusl UCCIEAYIOTCA C yYeTOM HEeMHEWHBIX MapamMeTpoB Monend. Tak
BJIMSIHHE JCTUIaHAIINY TIOTIEPEYHBIX CEYeHNH TOHKOCTEHHBIX CTEP)KHEH Ha mapaMeTphl Koie0aTeTsHOTOo
nporuecca u3ydeHo B padore [9]. B craree [10] momyueHo ypaBHEHHE KPYTHIBHBIX KOJCOAHWI HENU-
HEWHO NedOopMHPYEMBIX CTEp)KHEH, yKa3zaH crioco0 ycpeaHEeHUs HEMUHEWHBIX CBOMCTB KOMITO3UIIMOH-
HBIX cTepxHei. OqHaKo IS MPAaKTUYECKUX LeJe THHAMHYECKUX PacyeToOB yIPYTUX CTep)kHeH Hanbo-
Jiee IMIMPOKOE pacTpoCTpaHEeHUE MOTydnia BoaHoBas Mozenb CeH-Benana u ee pemenne metogom Dy-
pbe [11]. [Ipumenenne metona Oypbe A ucclienoBaHus KOJeOaHUH KOHUUECKOTO Bajla C MCIOIb30Ba-
aueM QyHkIwii beccens paccMorpeno B pabore [12], a ciryuaii, korma KpyTHIbHAS JKECTKOCTh H3MEHSI-
eTCsl 10 JIMHEWHOMY 3aKOHY OT HPOJIOJIbHON KOOPIUHATHI, HCCIIe0BaH B cTathe [13], 0/jHaKO B CBOMX
paboTax aBTOPBI OrPaHUYMIIKMCE JIUIIb PACCMOTPEHHEM YaCTOTHOTO ypaBHEHHUS.

Taxum 006pa3oM, UCXOJ U3 TOTO, YTO B TEOPUU PACUETOB B HACTOSAIIEE BPEMsl HET €HMHOTO IOAXO0-
Jla K TIOCTPOEHUIO MaTeMaTHIeCKOH MOJENN KPYTHJIBHBIX KOJEeOaHU U CTEpKHEH, UMEIOIINX HeIu-
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HEHHOCTh TEOMETPHYECKUX W MEXaHMYECKHUX XapaKTePHUCTHUK, TIOMCK M Pa3BUTHE HOBBIX PEIICHUH naH-
HOM 3a71a4M SBIISICTCS aKTYaIbHOW HAYIHO-TIPAKTHICCKOM MpoOIeMoii.
B kauecTBe MaTeMaTHYECKON MOJEIU PacCMaTPUBAEMOTO O0OBEKTa MPH-

MeM YIPYTHii CTepXKEHb JIUHOMO |, pacrpeeIeHHbI MOMEHT HHEPIIUH MacC M
HONEPEYHOro cedeHus |, u KpyTuibHas xectkocTb Gl, kKoTOporo usMeHs- __@ Iy
eTCsI TI0 CTEIICHHOMY 3aKOHY OT MPO/I0JIbHOM KOOPIHHATHI X : T
|
In =M 2% Gl =Glu2"; z=(1- K=+ k; k=a/% (0<k<1), (1) i
I Gl,, !
rae |y, —MOMEHT MHEepIUH IUIOIa Ay OOJBIIET0 OCHOBAHUS CTCPXKHS, ) — :
IUVIOTHOCTh MaTepuala, IMOKa3aTellb CTCICHH O 3aBUCHUT OT KOH(HUrypaiuu i
KOHCTPYKIIUH, HAIPUMEp, ISl METAUIOKOHCTPYKIIUH MHPAMHUIATBHON (Bop- |
MbI a = 2, U1t TpyO KOHUYECKOH (opMbl o = 3,a 1T KOHHYECKOT'O CTEPIKHS i
CIUTIOIIHOTO ceueHus o = 4 (puc. 1). - I
YpaBHEHHE YTII0B MOBOPOTA ¢(X,t) C YYE€TOM MPHHATHIX 0003HAYCHHA, :
10 aHAJIOTHH C YPaBHEHUEM MPOIONBHBIX KoneOanuii [14] Oynet uMeTh BU: |
2 2 2 2 ‘
z"%ﬂrz”_l%: / 2f6f+ | sz} (2 :
o7 1" a2 s ot Gl,(1K) |
rae G — Moy casura, P(X,t) — BHELTHSS HArpy3Ka. !
Haiinem oOmee perienue ypaBHeHus (2) mpu p(z, t) =0 (ciyuaii cBo- :
OOIHBIX KOJIEOaHHIA). S A S e
Pasnensisi mepeMeHHbIe, MONyYaeM ypaBHEHHE [UIsi COOCTBEHHBIX (YHK- -
M, pelIeHue KOToporo umeet Bux [15]: XY
®n(2)=2 (G I (A 3+ G YA . 3) ™ cropwoanauon
riue KOHCTpPYKUUM C oceBoOM
HEeOAHOPOAHOCTLIO
1-u _ wl KPYTUNBHOI )ECTKOCTH
v= v Ap =

2 (1-k)c’
@), — coOCTBEHHbIE YaCTOTHI Konebanui, J, (Z) nYy, ( Z) — ¢yukuuu beccenst, ¢ =./G/y — ckopocTth

pacnpoCTpaHEeHUs] KPYTHIIBHBIX BOJIH B cTepxkHe [9].
Jlnst ymoOcTBa pelieHus 3ajad ¢ pa3HbIMU TPAaHUYHBIMU YCIIOBHSIMH BBEJIEM CIEIyrOIIHne 0003Ha-
qeHUS (HYHKITHN:

A2)=740(3,(€)¥-4(€0) = X (€) 3-4(¢0):
B(¢)=740(%(€) 4.(¢0) = 1<) ¥(<0)):
C(¢)=540(%-4(¢)%-1(€0) = Y-o(€) 3-4¢ d):

D(Z) :i_zTZO (Yv—l(Z) & (Zo) - 4/—1(5) x(fo)) ,

rae {y=A,K —3HadeHne apryMeHTa B HadaJbHOW TOYKE OTcYeTa. MICXOIs M3 peKyppEeHTHBIX COOTHO-

mennit s Gyaxmmii Beccens [16], mpencrasienusie GYHKIHE OYIyT UMETH CIIEIYIOIIHE YaCTHBIE 3Ha-
YCHMSL:

A({o) = D({0) =1; B({o) =C(¢o) =0.
Hcrons3yst IPUHATHIE 3aBUCHMOCTH, POM3BOJIBHbIE HIOCTOSIHHBIE B ypaBHEHUH (3) MOKHO BBIpa-
3UTh Yepe3 YroJ MoBOpoTa @, ¥ MOMEHT M, B HyJIEBOM CEYCHHH, TOTAA BBIPAXEHHUS UL Aedopmariuii
n YCI/IJ'H/II;’I JJIA HpOHSBOJ‘IBHOﬁ (bOpMBI KoJIeOaHUI MOYKHO OpCACTaBUTh B BUJC:
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Gly, (1-Kk) Gly, (1-K)

— =2 [ — 1 -1
M,(z)= 7?0, (2= 2”[¢0 KA, €A, 1+ M KT A, )zJ. (5)
Ha ocHOBaHMM TeopeMbl 0 B3aUMHOCTH paboT [17], IpH OTCYTCTBHM COCPEIOTOUYCHHBIX Macc C00-
CTBEHHBIC (DYHKIIMU OYIYT OPTOTOHAJIbHBI C BECOM ,O(Z) =¥, Jlns HaXoXJIeHHsT KBaJipaTa HOPMBbI

COOCTBEHHBIX (DYHKIMI BHa4Yaje MOCTYIIUM aHAJIOTHYHO, Kak B padote [14] ans coOCTBeHHBIX QyHKIMIA
C pa3IMYHBIMH UHJICKCAMHU:

(Aﬁ—/lrﬁ)}zl‘%@ dz=0 [ Z 70 )-0 ( Z2o ”)‘1
k

ITepeiins x npeaeny npu M — N, Noayyaem:

1 o 0 ( Zl—ZVcDr ) 1
—v 42 n V| n
24, [ 2% 02(2) dz= ) (z7o,) T
k
OHpeZ[CHI/IB YaCTHBIC MPOU3BOJAHBIC T10 /‘n , KBaJIpaT HOPMbI COOCTBEHHBIX (byHKI_[I/Iﬁ HaXOJWM B BU-

ae:
1

1 o v 2
N2 ==| 22 ”¢§+—(z”cb'n) __(qu,rn)q,n . (6)
2 A2 AZ
n n k
Termeps paccMOTpUM CITydail BBIHYXKIACHHBIX KOJICOAHWM, I 3TOTO TpeOyeTcs HaWTH pelIeHHe
@, (Z, t) HEOJHOPOIHOTO YPaBHEHHS:

~2V 41 2 Vo —
(Z2¢) B g p(z)-ﬁ (1 g ™
Pertenue ypasHenus (7) npecTaBUM B BHJIE PsAAA 1O COOCTBEHHBIM (DYHKIIASAM:
#2(2) =2 W ()®n (2. ®)
n=1

[ToxcraBuB >TOT psif B ypaBHeHHe (7) M IPHHUMAasi BO BHUMaHHE cooTHoIeHue A, = S, , momyda-
eM:

Zt
Z(W +a)ﬁw)212’¢ P ) 9)
Vi
[Ipumenus meton Pypre Kk ypasHeHuto (9), IpH ydeTe CBOMCTBA OPTOrOHATEHOCTH COOCTBEHHBIX
(GyHKIHMI ¢ BECOM, MOJTy9UM YPaBHEHHE OTHOCUTEIBHO Koaq)(bI/IuHeHTOB W, :

W +aRw, = —— K sz z Yo, (2 da (10)
Yol A
B kauectBe mpuMepa, pacCMOTPUM CXEMY BHE3AIMHOIO MPUIOKEHUS MOMEHTA K BEPXHEMY TOPILY
CTEpKHs, Ha KOTOPOM pAacIOI0KeHa JIOKalbHAsl MHEPIMOHHAsI HArpy3ka ¢ MOMEHTOM HMHepuuu |y, , a
HIDKHUHN ero KOHeIl )ecTKo 3akperuieH (puc. 1). Takas cxemMa MOKET MOJIEIMPOBATH KOHCTPYKIIMU OHIOP
JUHUHN JIEKTPOIIepeiad B aBapUIHON CUTYAIMH TIPU OOPBIBE MPOBOIA.
Jns viccnenosanus napamerpoB HJIC KOHCTPYKIIMU HEOOXOAUMO PEIIUTh TPAHUYHYIO 3a7a4y (2):

M(O,t)—IMq'}(O,t): 0; ¢(I,t)=0, (11)

C OJTHOPOIHBIMU HAYaJbHBIMU YCIIOBHAMU:
#(x,0)=0; ¢(x,0)=0. (12)
Pemrenue ypaBuenus (2) umem B Buze psaga (8). CobcTBeHHbIe (YHKIUU OMPEIETNM, UCIIONb3YS

METO]] HaYaJbHBIX MTAPAMETPOB, TOT/Ia C YYETOM MEPBOr0 IpaHUYHOrO ycioBus (11) moixyuum BeIpake-
HHS YTJIOB IOBOpOTA (4) M KPyTAIUX MOMEHTOB (5) /1S MPOU3BOJILHOM TAPMOHUKH:

#0(2) =402 (K AN 3-81, K B4, ) (13)
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M, (2)=0001 207 2 (e i, 321,600 ),

Iv (1-K) 5 @)
————~ — OTHOCHTEJ]IbHBIIl MOMEHT HHEpLHH, A, = —~—
Yol (1-K)c
TOTHOTO YPaBHEHHSI.
U3 BTOpOro rpanugHoro yciaosus (11) monydyaem ypaBHeHHE s HAXOXKIEHUsS COOCTBEHHBIX 3Ha-
YEHU!

3mech & = — COOCTBEHHBIE 3HAUECHUS Yac-

A(A,) -1,k B(A,) =0. (14)
OuenuM BiusHUE mapamerpa K Ha 3HAa4YeHWs] MEPBOrO COOCTBEHHOro uucia ypaBHeHus (14)

w =Acll, A, =4, (1— k) , QHAJIOTUYHBIM 00Pa30M OIPEAEIAIOTCS YaCTOThI UL CTEPKHEH MOCTOSHHO-

ro ceyenus [11]. UncieHHble HCCIEI0BAHUS 3aBUCUMOCTH /A, OT BeJIMYMHBI Mapamerpa K s nupamu-
IamsHON KapkacHO# koHcTpyKkiuu (v = —0,5),kornueckoro momoro (v = —1,0)u cmromuoro (v = —1,5)
crepxHeil 0e3 ydera cocpenoroueHHoi Maccel (¢ =0) mpeacraBnensl Ha puc. 2. M3 rpaduka BUAHO,
uro 11 caydas K =1 pemmuunna /Tl COBITAA€eT C M3BECTHBIM 3HAYCHHUEM /Tl =m/2=1,571[11], o6o3Ha-
YEHO IITPUXITYHKTHPOM.

Ha rpaduke puc. 3 mpeicTaBieHA 3aBHCUMOCTh A, OT BEIMUYHHBI JOKAIBHON MHEPLHOHHON Ha-
rpy3ku & mus mapamerpoB crepikus V =-1; k=0,5, myHKTHpOM IOKa3aHa 3aBUCHMOCTH UIS YIIPO-

IICHHOH MOJIEN KOHCTPYKIIMH C OJHOW CTENeHbI0 cBOOO b [18]:

A T -
=-15 ¢=0 A vE-10
\ k¥ 0,5
4 4
\ \
1
_ \ 3
- \
P, ™,
3 \\ N ‘\
L\
=—°ﬁ\% N
\
2 [ _"“:H:H‘:";":: & N
Ra—— 1 N
2= - — —_ _____%aah-r '"*‘-—-.‘__N___
1 0 ;
0,2 0,4 0,6 0,8 k 0,1 0,2 0,3 0,4 ¢
Puc. 2. 3aBucumocTtb /Tl OT BENUYMHbI NapameTpa Puc. 3. 3aBucumocTtb /Tl OT OTHOCUTENLHOro
OTHOCMUTENbLHOro nonepeyHoro pasmepa k MOMEHTa uHepumm §

o
c

A=

(15)

AHajM3 pe3ysbTaToB pacueTa COOCTBEHHBIX YHCEN IS PasHbIX mapaMeTpoB (v, K, &) mokasai, 4to
pasnuure 3HAYEHUH BeJIMUMHBI A 110 3aBucuMocTH (15) n epBoro kopHst ypaBHenus (14) —\; Hanboiee
CYIIECTBEHHO I CTEP)KHEN MMEIOIINX OTHOCHUTEIBHBIN momepeunsiii pasmep K =0,4+ 0,8, npu sToM
JUISL pacCMaTpUBAaEMbIX O0BEKTOB pas3iiuKe He mpeBbiiaeT 5 % npu sHauenusx & > 0,5.

C y4eToM HaJMYUs WHEPIUOHHOW HArpy3Kd Ha BepxHeM Topiie crepkHs (puc. 1), cOOCTBEHHBIC

(GyHKIHH OYIyT OPTOTOHAIBHBI C BECOM ,0(2) =2%+& ( z- k) rae 0 (Z) — nenbra (pyHknus dupa-
ka. Torma u3 coorHomenus (6) KBaapar HOPMbBI COOCTBEHHBIX (DYHKIUN OyIET ONMpeaenaThes mo Gop-
MyJIe:

1

2~
A? =§(k‘VC(An) —5/1n|</‘1D(/1n))2 _¢ K

E(&ﬁk” +2v-2)- 5

Jlns ciyyast BHE3AITHOTO TPUIIOXKEHHsT MoMeHTa M B ceuenun Z= K TpeOyercs HaiiTi olIiee pe-
IICHHE YPaBHEHUs, KOTOpoe B cooTBeTcTBHH ¢ (10) OymeT uMeTh BUJ:
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M (1-K)
T P (k). (16)

C yuerom HauyanbHBIX ycioBuid (12) obmee pemenne ypaBuenus (16) Oyner:

M 1
w (t)=— 1-coswit).
(Y (1-k)Gly, Aﬁ)l,?( )

Taxum O6p8.30M, B OKOHYATCJIbHOM BHUAC MOJYYUM YPABHCHHA YIJIOB IMMOBOPOTA U KPYTAIIUX MO-
MCHTOB.

Wn+wr§Wn=_

vz & 1 (L, _ )
¢(th):_¢01_k2., nZ:;Aﬁ/]nz(k A(/‘n Z)_E/]n K™ S/‘n ))(1—005@1),

M (z, t)=—le‘V§ﬁ( KY qA, 3-8, K* A, )z)(l—cosa)n )3

n=12n7'n

MI (1—k2”)
2VGly, (1-K)
BBenem oGo3HaueHust uisi Oe3pasmepHoro BpemeHu I =tC/|, Torma BelpakeHUs AJsl AWMHAMUYE-
CKHUX KOB(l)(l)I/ILII/IeHTOB yrijia 3aKpy4rBaHUsl BCPXHCTO TOPHA CTCPIKHA K¢ " KPYTALIIETO MOMCHTA B 34~

rae @ = — CTaTUYECKUHN YTOJI 3aKpYIUBAHUS.

nenke Ky, moxy4uM B BUZE!

Ko (1) == 2055 i (4, -1, K (4, ) 1= cosi ) )
n=1=n’In
K (r)=—i = (k™ c(4) -84,k 2 D(A,))(1- cosi 7). (18)

nZlAﬁ/]n
Ha puc. 4 npencrasnensl rpaduku 3asucumocteit (17) u (18), M3 KOTOPEIX BHIMM, YTO XapakTep
MOBE/ICHUSI U MaKCUMaJIbHbIC 3HAYCHUS TUHAMHUYCCKUX KO3(D(DHUIIMEHTOB MPU OTCYTCTBHH WHEPIIUOHHO-
ro MmomenTa (& =0) cyIecTBEHHO OTJIMYAIOTCS OT U3BECTHBIX PEIICHUN aHATOTHYHOM 3a1a4u IS Bajia

OHOPOIHOM CTPYKTYpHI [18], M1 KOTOPOro MakCHMMalbHbIe 3HaUeHMs K0d(duImMenToB pasusl 2. [Tpu
3HAYEHUAX MapaMeTpoB KOHCTpyKiwmu: V =-1, k=0,5 uncnenno u3 seipaxenunii (17), (18)momyunm

K pmax =147, Ky max =5,84.

0 1 2

w

k=0,5
k:0,5 V:—l
v=-1

05 /\\ 25 N /

INNANEEES '
1\ N h(

-15 \‘— -5,0

Puc. 4. 3aBucuMocTb AUHaMU4eCcKux K03(hppMLMEHTORB yrna 3aKkpy4MBaHUs CBOGOAHOro KOHLA CTEPXKHSA
M MOMEHTa B 3aZlefike OT 6e3pa3MepHOro BpeMeHu Npy oTCYTCTBUM MHEPLMOHHOTo MoMeHTa (§ = 0)

Ha puc. 5 npencrasnens! rpadun auHamudecknx koddduimentos (17), (18)npu Hammumu jo-
KaJBHOM WHEPIMOHHOMN HArPYy3KH IS IapaMeTpoB KoncTpykuuu: V =-1, k=0,5, £ =0, 2, nyaxTrpom
TIOKa3aHbl TUHAMHYECKUE KOI(PPHUIIMESHTHI sl HEBECOMOTO YIIPYTOrO CTEPKHS C OJIHOM CTENECHBIO CBO-
00/1b1, TOJTY4YECHHBIC H3BECTHBIM criocoooMm [17]:

_ _ 1_k2V
K,(r)=-(1-cosi7); Ky, (1) =1-&\>——cosir.
$(1)=-{amcose): Ry (1) 1-6
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W3 rpadukos (puc. 5) BUauM, 4TO YIpOIICHHAS MOJCIb JaeT JOCTATOYHYI0 TOYHOCTh pacyera MpH
HaJIMYWU OTNIPEACIICHHON BEJIMUMUHBI JIOKATLHON MHEPIIMOHHON HAarpy3ku. [Ipu 3TOM 04E€BUIHO, UYTO Me-
TOJ NPUBEICHUS MAacC HE OTPa’KaeT pealibHyI0 KapTUHY TMHAMHUYECKOI0 MpOIlecca B CIy4ae OTCYTCTBUS
COCPEOTOYCHHBIX HHEPLIMOHHBIX HATPYy30K.
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Puc. 5. 3aBUCMMOCTb AMHAMUYECKUX KO3 (PULIMEHTOR yrna 3akpy4MBaHUSA CBOGOAHOIO KOHLIA CTEPXKHA U
MOMEHTa B 3agenke oT 6e3pasMepHOro BpeMeHU Npu Hanu4yMm MHepLUMoHHoro MmomeHTa (§ = 0,2)

BriBoabI

1. CrepxHEBBIE MOJIENH UMEIOT IIUPOKOE MPUMEHEHNE B MHKEHEPHOU MPAaKTHKE pacdyeTra MHOTHX
00BEKTOB MAaIIMHOCTPOCHUS, METAITYPTHUH, CTPOUTEILCTBA, TOPHOTO O0OPYJAOBaHUs, OMOMEXaHUKH U
mip. [Ipu 3TOM OHU HCTIONB3YIOTCS KaK JJIsl HETIOCPEACTBEHHOTO PEIICHUS TeX WM WHBIX MPHUKIAIHBIX
3a/la4, TaK ¥ B CO3/aHUU TEOPETUYECKUX OCHOB JUISI HEJOTO psa METOIOJIOTHYEeCKHX pa3paboTok. Ta-
KHM 00pa3oM, CO31aHHE METOIOJIOTHH PacueTa Ha KPYTHIIbHBIC KOJIeOaHUS YIPYTHX CTEPIKHEH C OCEBOM
HEOJTHOPOJTHOCTHI0 TEOMETPUUCCKHUX XaPAKTEPUCTHUK SIBIISETCS aKTyallbHOW HayYHOH MPOOJIEMOid, KOTO-
pasi UMeeT CyIIecTBeHHOE (QyHIaMEHTAIbHOE U TIPUKIIAJHOE 3HAUCHHE.

2. JIns uccnenoanus napametpoB HJIC cTepKHEBBIX CHCTEM HCTONB3YIOTCS KaKk aHATUTUYECKHUE,
TaK U YUCIICHHBIC METOBI PeIIeHU 3a7a4. YUCIEeHHbIE METOIbI, HAPSIY C UCHOIB30BAHUEM MPOTPAMM-
HBIX KOMIUIEKCOB OOBEKTHOTO W MMHUTAIIMOHHOTO MOJIEITMPOBAHUSA, TTO3BOJSIOT PACCMAaTPHUBATh 3aJa4d
MPAKTHYECKH JTIO00H CIO0XKHOCTH, HO UMEIOT TaKhe HeAOCTaTKH, KaK, HallpuMep, HEOOXOANMOCTh MPH-
BSI3KM K KOHKPETHBIM MapaMeTpaM 00beKTa MCCICIOBaHMs, YTO 3aTPYAHSCT UX MPUMCHEHUE HA CTaJNH
MPOEKTHBIX Pa3padOTOK, OLICHKY Pe3yIbTaTOB pacyeTa | T. M. [IpeioxkeHHOe aHATUTHYECKOE PEIICHHE
JIUIICHO yKa3aHHBIX HEJIOCTATKOB W MIOMHMO 3TOTO TO3BOJISET MOJIYYHTH O0Jiee MOTHOE peCTaBlIeHUE
0 MEXaHHU3ME NMHAMHUYECKOTO MPOIecca U CTEMEHU BIUSHUS XapaKTEPUCTUK MOJEIH Ha €ro mapamer-
PBI.

3. Teoperudeckas IIEHHOCTh pa0OTHI 3aKJIFOYACTCS B MMONYYCHUU HOBOTO aHATUTHYECKOTO PEIICHUS
3a/laul KPYTHJIBHBIX KOJeOaHW Ha OCHOBE BOJHOBOTO YpaBHEHHS, a TakKe B pa3paboTKe alropuTMa
npuMeHeHus: Mmetoqa Oypbe I TUHAMUYECKUX PacdyeTOB YIPYTUX CTEPKHEH ¢ 0ceBOM HEOTHOPOIAHO-
CThIO TEOMETPUUECKUX CBOMCTB.

4. IlpakTryeckasi 3HAUUMOCTh padOTHI COCTOHT B BBIBOJIE PACUETHBIX 3aBUCUMOCTEH, KOTOpBIE MO-
T'yT OBITh HEMOCPEACTBEHHO NMpUMEHEHBI st MoAenupoBanus H/IC npu nuHaMUYeCcKuX BO3ICHCTBUSIX
Harpy3oK B TaKuX OOBEKTaX, KaK: BaJlbl CIOXKHOW KOH(UTYpAIUH, 3JEMEHTHI OypHUIBHOTO 000pYI0Ba-
HUS, KOHCTPYKIIMH OIOp JIMHUM »neKkTporiepenad u mp. [lomydeHHOe aHATUTHYECKOE pelIeHHe TaKkKe
MOKHO HCIIOJIB30BaTh JJIsSI IOCTPOSHUS 3TAJOHHBIX MOJCNeH U Bepu(UKAIUK PACYCTHBIX JaHHBIX MPH
paboTe ¢ MpOrpaMMHBIME KOMIUIEKCAMU OOBbEKTHOTO W MMUTAIMOHHOTO MoJeivupoBanus. [IpeanoxkeH-
HBIA aJITOPUTM pacdyeTa MOXKET OBITh TOJ0KEH B OCHOBY MH)KEHEPHBIX METO/IOB U MPAKTUYECKUX PEKO-
MEHJIAIUN TIPH pa3pab0TKe TEXHUICCKOHN M perilaMEHTUPYIOMICH JOKYMECHTAITHH.
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TORSIONAL VIBRATIONS OF AROD WITH AN AXIAL GEOMETR IC
INHOMOGENEITY

S.N. Tsarenko
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The dynamics torsional vibrations of a rod withaamal torsional rigidity inhomogeneity. Rods of
different configurations are widely used for simiirg stress-strain state in case of static and mma
load to the objects of mechanical engineering, ttaoson, biomechanics, etc. This work’s objectise
creating of a general approach to building mathexalimodels of torsional vibrations of rods of vari
able section. As an object we have consideredastielrod, the torsional rigidity of which changes
cording to the power law from the longitudinal cdioate. The dynamic process is described by a wave
equation, and is solved using the Fourier meth@dmake the solving of the boundary-value problems
more convenient, special functions based on reccereelations for the Bessel functions are intreduc
Taking into account the orthogonal property of viadgl eigenfunctions, an expression for the norm
square is obtained. As an example a case of vilmsis considered with sudden application of laad t
one end of the rod, with the other end of the remhdp rigidly fixed. The free end is supposed taube
der local inertial load. Expressions were obtaifeedhe torsion angles and torques in the crossesec
of the rod. A comparison was performed for the ibleta results of calculation in relative values wath
simplified single-mass model of the weightless rod.

Keywords: torsional vibrations; forced vibrationsariable rigidity rod; elastic rod; wave equa-
tion; Fourier method; Bessel functions; naturaldtencies; stress; strain.
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In order to identify the reasons for the differences between the available the-
oretical and experimental values of the total magnetic moment of Co,CrIn
Heusler alloy, in this work we studied the effects of various magnetic reference
states on the magnetic and electronic properties of the alloys by means of ab initio
and Monte Carlo methods. It is shown that the calculated ground state in the L2,
phase is ferromagnetic. However, the values for both lattice parameter and mag-
netic moment calculated for the ferrimagnetic state, where the Cr atoms are or-
dered antiferromagnetically, are found to be in good agreement with the availa-
ble experimental data. It is shown that the half-metallic behavior is realized only
in the case of the ferromagnetic order. By using the calculated exchange coupling
parameters in the Heisenberg Hamiltonian, the temperature dependences of
magnetization were simulated.

Keywords: Heusler alloys; reference states, density of states, exchange parame-
ters.

Introduction

Ferromagnetic half-metals (FHM) are potential candidates for applications in spintronic devices be-
cause of their high spin polarization of the electron density of states (DOS) at the Fermi level. This
means that there is an energy gap in DOS spin configurations. As a result, 100 % of spin-polarized cur-
rent can be achieved in these materials [1]. Co-based Heusler alloys are promising materials in FHM
class, due to their high spin polarization, large energy gaps, high total magnetic moments (u;,,) and Curie
temperatures (7¢) [2]. Nowadays, the most studied half-metallic Co-based Heusler alloys are Co,YZ
(Y =Cr, Fe, Mn, and Z = Al, Si, Ga, Ge) (for example, see Refs. [2—4] and references therein).

At present, Co,Crln alloy is not thoroughly investigated. However, it has attracted huge interest
from both experimentalists and theoreticians due to its complex FHM, ferrimagnetic (FIM), and antifer-
romagnetic (AFM) behaviours. Wurmehl et al. [5] reported that Co,Crln has the cubic L2, structure,
which can be represented as four interpenetrated fcc sublattices. Besides, the magnetization measure-
ments have shown that Co,CrIn compound has FIM order with the magnetic moment of 1,18 up at 5 K.
In contrast, the calculated value of magnetic moment was found to be 3,16 uz [6]. To find the reasons
leading to magnetic moment reduction in Co,Crln alloys, we investigated the magnetic ground states in
the framework of density functional theory (DFT) and supercell approach. In particular, we studied equi-
librium structural, magnetic, and electronic properties of Co,Crln compound with different magnetic
configurations. To extend obtained magnetic properties from 0 K to finite temperature, we employed
classical Monte Carlo (MC) simulations of the Heisenberg model with exchange coupling constants,
which were taken from ab initio calculations.

This article is organized as follows. Section 2 presents the details of ab initio and MC calculations.
Section 3 contains the main results. Key results and conclusions are provided at the end of the article
(Section 4).

1. Calculation details

We performed spin-polarized ab initio calculations, using density functional formalism, implement-
ed in the Vienna ab initio simulation package (VASP) [7, 8] and the spin-polarized relativistic Korringa—
Kohn—Rostoker code (SPR-KKR) [9]. We investigated ground state structural properties, using the pro-
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jector augmented wave (PAW) method and supercell approach, realized in VASP. We used the general-
ized gradient approximation (GGA) in Perdew, Burke and Ernzerhof (PBE) parameterization to describe
the exchange-correlation energy [10]. The computational parameters used for modelling in VASP are
following. Pseudopotentials were taken for the next electronic configurations: Co(3d*4s"), Cr(3p°3d°4s"),
and In(4d'"5p'5s%). Kinetic energy cut-off was 400 eV and kinetic energy cut-off for the augmentation
charges was 800 eV. The Brillouin zone integration was performed by the Monkhorst-Pack scheme [11]
with 8x8%8 k-point sampling for the structure optimization. All performed calculations were semi-
relativistic and spin-polarized. Structures were relaxed, using the conjugate gradient algorithm, and both
atomic positions and the supercell volume were optimized. To calculate the tetragonal distortions of the

cubic structure, we fixed the volume of the supercell as V,=a, = a’c.

Cubic L2, structure was used for ground state calculations. We considered 16-atoms supercell,
which consisted of 8 Co, 4 Cr, and 4 In atoms. To find the optimized magnetic order of the austenite
structure, we considered three different magnetic states, referred to as FM state (magnetic moments of
Co and Cr atoms are parallel), FIM state (two out of four magnetic moments of Cr atoms are reversed),
and the AFM state (all magnetic moments of Cr atoms are reversed). We assumed that the magnetic
moments of In atoms are negligible. Fig. 1 schematically shows the discussed spin configurations.

Fig. 1. Co,Crin 16-atom supercells with (a) FM, (b) AFM, (c) FIM spin configurations

After we defined the equilibrium lattice parameters, we calculated the exchange coupling constants
(3, total and partial DOS, and magnetic moments, using SPR-KKR package. For self-consistent cycles
(SCF) calculations, 2300 k-points were generated by a k-mesh grid of 45x45x45. The angular momen-
tum expansion (/.x) was restricted to three. In all calculations total energy converged 0,01 mRy. To
achieve the better convergence, we used BROYDEN2 scheme [12, 13] with PBE exchange-correlation
potential. We calculated the Heisenberg's projective magnetic exchange coupling constants and DOS
curves, using the spin-polarized scalar-relativistic (SP-SREL) Dirac—Hamiltonian with /., = 3 on a &-
mesh grid of 57x57x57 with 4495 k points.

Using obtained long-range exchange coupling constants we simulated the temperature dependencies
of magnetization in the framework of classical three-dimensional Heisenberg model and MC routine.
For the Hamiltonian we used the following equation:

Hz—ZJ..S.S. (1)

[/ A

where S, is the spin of unit length (|Si| =1), placed on a lattice site, and J;; are the exchange coupling

parameters from ab initio calculations for austenite phase. We carried out MC simulations for a cell with
3925 atoms and periodic boundary conditions, using the Metropolis algorithm [14]. Thus, for a stoichi-
ometric Co,Crln alloy, the model lattice contained 1098 Cr, 1099 In, and 1728 Co atoms. Changes of

the independent spin variables S, ={Sl." , 87,87 } were accepted or rejected according to the single-site

1

transition probability W = min{l; exp(—AH / kT )} . We used one MC step, consisting of N attempts to

change the spin variables, as the time unit. For each temperature 5-10° MC steps and 10 thermalization
steps were considered. To calculate the total average magnetization M at a specific temperature point,
we used the next equation:

M =2pc,me, + feme, s (2
where /i, ,and g, are the magnetic moments of Co and Cr atoms, respectively.
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2. Calculation results

Firstly, we determined the magnetic ground state of Co,CrIn Heusler alloy by calculating the total
energies per formula unit as functions of the lattice parameter (see Fig. 2, a). Fig. 2, a shows that austen-
ite structure with FM spin configuration is more energetically stable than FIM and AFM configurations.
The energy minimum for FM austenite corresponds to equilibrium lattice parameter a = 5,976 A, the
total magnetic moment is equal to 3,04 up/fu. For FIM austenite both total magnetic moment

1,29 up/f.u. and equilibrium lattice parameter a = 6,003 A are close to the experimental data, 1,18 uz/f.u.
and 6,059 A [5].

First-principles investigations of reference states
of Co,CrIn Heusler alloys
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Fig. 2. Dependence of total energy per formula unit on (a) lattice parameter, (b) tetragonality degree c/a
and (c) fixed total magnetic moment of Co,Crln alloy with FM, AFM, and FIM configurations.
The energy difference was calculated with respect to the stable configuration (FM)

To find a probability of martensitic transformation in this alloy, we calculated the dependency of
the total energy, relative to the cubic phase, on tetragonality c/a (see Fig. 2, b). Fig. 2, b clearly demon-
strates the absence of martensitic transformation in the stoichiometric Co,Crln alloy. Therefore, we fur-
ther present results only for the austenitic cubic state.

We also calculated the total energy of Co,Crln as a function of a fixed magnetic moment for FM
and FIM configurations (see Fig. 2, ¢). Fig. 2, c illustrates that FM configuration with the magnetic mo-
ment of =3 up/fu. is more stable than FIM configuration (1,3 up/fu.), which is close to experimental
results [5].

The predicted lattice constants and magnetic moments for different magnetic states of Co,Crln al-

loy, as well as available experimental data, are summarized in Table 1.

Table 1
Optimized lattice constant a, (in A), and total magnetic moment y (in ps/f.u.), for Co,Crin alloy in comparison

with experimental (ao

exp

, 1°°) and other theoretical (a,"*°, u*°) data

ao agxp agalc U luexp ﬂcalc
5,976 (FM) 6,0596 [5] 6,00 [6] 3,04 (FM) 1,18 [5] 3,16 [6]
6,024 (AFM) 0,50 (AFM)
6,003 (FIM) 1,29 (FIM)

DOS calculations were performed for the cell with the optimized lattice constant, consisting of four
atoms, by using SPR-KKR-CPA approach. Fig. 3 depicts total and partial DOS curves, calculated for
Co,CrlIn alloy with different magnetic reference states.

The most contributions to the majority and minority bands are caused by Co and Cr 34 states. In the
case of FM configuration, the spin up band shows the metallic behaviour, while the spin down band
demonstrates the semiconducting behaviour due to the appearance of an energy gap around the Fermi
level. The resulting spin polarization is 76 %. As we mentioned above, the presence of both occupied
majority spin-channel and unoccupied minority spin-channel at Er is the feature of the half-metallic be-
haviour. On the one hand, from element resolved DOS curves for FM configuration we can observe that
the gap is larger for 3d states of Cr than of Co. On the other hand, the metallic behaviour (see the spin up
band at Er, Fig 3, a) is attributed to the hybridization between Cr and Co 3d states. In the cases of FIM
and AFM configurations, the half-metallic behaviour changed to the metallic behaviour (energy gap
around the Fermi level for the spin down band disappeared).

Since Co-based Heusler alloys are strongly correlated systems where the electron-electron correla-
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tion can play a critical role, we studied the influence of Coulomb interaction on DOS curves, using
GGA+U approach. We set the values of U and J for both Co and Cr atoms to 3 and 0,8 eV, respectively.
Fig. 4 shows total DOS curves of Co,Crln alloy near the Fermi level, calculated in GGA and GGA+U
approximations.
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Fig. 3. Total and partial DOS of Co,Crin alloy for spin up and spin down bands: (a) FM, (b) AFM,
and (c) FIM spin configurations
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Fig. 4. Total DOS curves for spin up and spin down bands of Co,Crln alloy near the Fermi level in (a) FM, (b) AFM, and (c)
FIM spin configurations. Solid (dashed) lines denote results for GGA (GGA+U) approach

To estimate the spin polarization (P) from DOS curves, we used the next equation:

_ NT(EF)_N‘L(EF)

CNT(E)+NL(E)

The calculated spin polarizations P for different spin configuration of Co,Crln alloy are listed in
Table 2.

x100%. (3)

Table 2
Spin polarization (P) of Co,CriIn alloy with FM, FIM, and AFM spin configurations,
calculated in GGA and GGA+U approximations

Magnetic state FM AFM FIM
GGA 76,3 — 36,6
GGA+U 51,4 41,7 18,8

Fig. 4 shows that the addition of U term in DFT calculations practically did not change the majority
bands around the Fermi level, while in the case of minority channel we can observe that Coulomb inter-
action results in the gap broadening. At the same time, the spin polarization generally decreased.

Further, we present the results of KKR-CPA calculations of exchange coupling parameters for
Co,CrIn alloy with different magnetic configurations. Fig. 5 presents the dependence of magnetic ex-
change parameters for cubic Co,Crln structure on the distance between atoms.

Fig. 5, a shows that in FM case Co-Cr pair demonstrates the largest exchange interaction between
nearest neighbour atoms, while the interactions between Co-Co are slightly lower, and Cr-Cr atom pair
interacts antiferromagnetically with a weak contribution to the total exchange energy. Overall, large FM
Co-Cr and Co-Co interactions are responsible for the FM order and high Curie temperatures of austenite.
In the case of FIM and AFM spin configurations, the trends of exchange integrals (see Fig. 5, b, ¢) are
quite different, because in both cases nearest Co—Cr pairs have strong AFM interactions. As a result,
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FIM and AFM Co,Crln alloys demonstrate the competition between FM and AFM interactions, which

vanishes with the increase of d/a distance.

8 T 8 T 8 T
(a) (b) (c)
L Co,Crin (FM) | L Co,Crin (AFM) | L Co,Crin (FIM) |

@ Co-Co
W Co-Cr
4+ @ CrCr

- 1 1 Il
8 0,5 1 15 2

d/a

Fig. 5. Dependence of exchange coupling parameters of Co,Crin cubic structure with (a) FM, (b) AFM, and (c) FIM spin
configuration on the distance (d/a) between atoms i and j. We used the optimized lattice parameter for calculations

To obtain the temperature dependencies of magnetization and specific heat curves for Co,Crln al-
loy, we carried out MC simulations of classical three-dimensional Heisenberg model in the absence of
anisotropy and magnetic fields [14]. In view of the fact that in all cases the similar ferromagnetic-
paramagnetic phase transition behavior was observed we skip a discussion of this thermomagnetization
curves in more detail here. Table 3 presents the results of MC calculations. For AFM spin configuration,
the calculated temperature should be interpreted as Neel temperature. For comparison we also put tem-
peratures, which obtained with the help of Mean-field approximation (MFA) for multicomponent system
during SPR-KKR calculations according to P.W. Anderson [15]. It should be noted that the Curie tem-
perature obtained within the MFA are higher than the Curie temperature obtained from the MC simula-
tion, as shown in [16].

Table 3

Calculated temperature of magnetic phase transition T¢ (in K) for Co,Crin alloy with different
magnetic configurations

Magnetic state FM AFM FIM
Tc(MC) 335 600 174
Tc(MFA) 453 934 435

"In the case of AFM reference state, the calculated temperature should be treated as Neel tempera-
ture (7).

Conclusion

In conclusion, the structural and magnetic properties of Co,CrIn Heusler compound have been stud-
ied by using the first-principles methods and Monte Carlo simulations. The first-principles calculations
were carried out with the help of VASP and SPR-KKR simulations packages. Crystal structure optimi-
zation and fixed magnetic moment calculations have shown that the optimized ground state of Heusler
Co,CrIn alloy with L2, structure is ferromagnetic. However, in the case of the ferrimagnetic state, where
Cr atoms are ordered pairwise antiferromagnetically, calculated properties are close to experimental da-
ta. Energy calculations of tetragonal-type distortion of the cubic L2; structure for Co,Crln have been
demonstrated that the martensitic phase cannot be realized in the stoichiometric alloy. Co,Crln alloy
exhibits the pseudo-half-metallic behaviour only in the austenitic phase with the ferromagnetic order.
Addition of Coulomb interaction decreases spin polarization. By using the calculated exchange coupling
parameters in the Heisenberg Hamiltonian, we simulated the temperature dependences of magnetization.
In general, we would like to emphasize that to the complete understanding of whole complex picture of
the discussed problem, additional calculations for larger supercells and more different configurations of
antisite disorder are needed.
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Z[JISI BBISICHCHHUA NPHUYUHBL paannqnﬁ MCXKAY HUMCIOIMMUCA TCOPETHYCCKMMU U ISKCIICPUMCHTAJIb-
HBIMH 3HAYCHUSIMH ITOJIHOTO MarHUTHOTO MoMeHTa cruiaBa ['ericinepa Co,Crln B manHol pabote ObLIO
W3YYEHO BIMSHUE Pa3IMYHBIX OCHOBHBIX MarHUTHBIX COCTOSHHI Ha MarHUTHBIE W AJIEKTPOHHBIE CBOM-
CTBa CIUTABOB ¢ TIOMOIIKI0 ab initio m MoHTte-Kapimo Meronos. IlokazaHo, 9TO BEIYUCICHHOE OCHOBHOE
cocrosiHue B ¢asze L2, sBusercs deppomarHuTHbIM. OJHAKO PAaBHOBECHBIC 3HAYCHUS KaK NapameTpa
pEIIeTKH, TAK ¥ MArHUTHOTO MOMEHTA, PACCUUTAHHBIE [T (DeppUMArHUTHOTO COCTOSTHMUS, T/ie aTOMBI Cr
YHOPSA04YEHBI aHTH(EPPOMAarHUTHO, HAXOIATCS B XOPOIIEM COTJIACHU C MMEIOIIMMUCS 3KCTIIEPUMEH-
TaTbHBIMH JaHHBIMHU. [loKa3aHo, YTO MOTYMETAUIMUECKOE IMOBEACHHE PEATH3yeTCs TOJIBKO B CIIydae
(heppoMarHuTHOTO yrnopsimoueHus. Mcnomnap3ys paccuuTaHHbIC MapaMeTpbl OOMEHHOTO B3aMMOICHCTBUS
B raMmJIbTOHHAHe | 'eif3eHOepra, ObUIM CMOJIENUPOBAHbI TEMIIEPAaTypHBIE 3aBHCHMOCTH HaMarHUYeHHO-
CTH.

Knrouesvle cnosa: cnnaswl Ieticniepa;, ocHogHble COCMOAHUA; NIOMHOCMU COCMOAHUL, O0OMeHHble
napamempul.

JIuteparypa

1. First-principles study of spin-dependent thermoelectric properties of half-metallic Heusler thin
films between platinum leads / D. Comtesse, B. Geisler, P. Entel, P. Kratzer, L. Szunyogh // Phys.
Rev. B. -2014. — Vol. 89, Issue 9. — P. 094410.

2. Spintronics: from Materials to Devices / mox pen. C. Felser, G.H. Fecher. — New York, USA:
Springer, 2013. — 369 p.

3. Zagrebin, M.A. Electronic and magnetic properties of the Co,-based Heusler compounds under
pressure: first-principles and Monte Carlo studies / M.A. Zagrebin, V.V. Sokolovskiy,
V.D. Buchelnikov // Journal of Physics D: Applied Physics. — 2016. — Vol. 49, no. 35. — P. 355004.

4. Effect of structural disorder on the ground state properties of Co,CrAl Heusler alloy / M.A.
Zagrebin, V.V. Sokolovskiy, V.D. Buchelnikov, O.0O. Pavlukhina // Physica B. — 2017. — Vol. 519. —
P. 82-89.

5. Wurmehl, S. Co,CrIn: A Further Magnetic Heusler Compound / S. Wurmehl, G.H. Fecher,
C. Felser // J. of Chemical Sciences. — 2006. — Vol. 61, Issue 6. — P. 749-752.

6. Aly, S.H. First principles calculation of elastic and magnetic properties of Cr-based full-Heusler
alloys / S.H. Aly, R.M. Shabara // J. of Magnetism and Magnetic Materials. — 2014. — Vol. 360. —
P. 143-147.

7. Kresse, G. From ultrasoft pseudopotentials to the projector augmented-wave method / G. Kresse,
D. Joubert // Phys. Rev. B. — 1999. — Vol. 59, Issue 3. — P. 1758.

8. Kresse, G. Efficient iterative schemes for ab-initio total-energy calculations using a plane-wave
basis set / G. Kresse, J. Furthmtiller // Phys. Rev. B. — 1996. — Vol. 54, Issue 16. — P. 11169-11186.

9. Ebert, H. Calculating condensed matter properties using the KKR-Green's function method — re-
cent developments and applications / H. Ebert, D. Koedderitzsch, J. Minar // Reports on Progress in
Physics. —2011. — Vol. 74, no. 9. — P. 096501.

10. Perdew, J.P. Generalized gradient approximation made simple / J.P. Perdew, K. Burke,
M. Ernzerhof // Phys. Review Lett. — 1996. — Vol. 77, Issue 18. — P. 3865-3868.

BecTHuk KOYpIlY. Cepusa «Matematuka. MexaHuka. ®Pusmka» 65
2019, Tom 11, Ne 1, C. 59-66




dusuka

11. Monkhorst, H.J. Special points for Brillonin-zone integrations / H.J. Monkhorst, J.D. Pack //
Phys. Rev. B. — 1976. — Vol. 13, Issue 12. — P. 5188-5192.

12. Broyden, C.G. A class of methods for solving nonlinear simultaneous equations / C.G.
Broyden // Math. Comp. — 1965. — Vol. 19. — P. 577-593.

13. Numerical Recipes in Fortran / W.H. Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery. —
Cambridge, United Kingdom: Cambridge University Press, 1992. — 963 p.

14. Landau, D.P. A Guide to Monte Carlo Simulations in Statistical Physics / D.P. Landau,
K. Binder. — Cambridge, United Kingdom: Cambridge University Press, 2009. — 488 p.

15. Anderson, P.W. Theory of Magnetic Exchange Interactions: Exchange in Insulators and Semi-
conductors / P.W. Anderson // Solid State Physics. — 1963. — Vol. 14. — P. 99214,

16. Complex investigations of phase diagram of Ni-Pt-Mn-Ga Heusler alloys / M.A. Zagrebin,
S.A. Derevyanko, V.V. Sokolovskiy, V.D. Buchelnikov // Letters on Materials. — 2018. — Vol. §, no. 1.
—P.21-26.

Ilocmynuna ¢ pedaxyuto 9 aneapa 2019 2.

66 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2019, vol. 11, no. 1, pp. 59-66



YOK 538.91+669 DOI: 10.14529/mmph190109

MONEKYNAPHO-OUHAMUYECKOE MOOENIMPOBAHUE
OBPA30OBAHUA KIACTEPOB YITIEPOOA IMNMPU OTIMYCKE
MAPTEHCUTA Fe-C

I1.B. Yupkoe', A.A. Mup3oee?, [].A. Mup3aee?®

" Poccutickuti ®eldeparnbHbili 510epHbIl Llenmp — «Becepoccutickul Hay4yHo-uccriedogameribekull
UHcmMumym mexHu4eckol ¢husuku um. akademuka E./. 3ababaxuHa, 2. CHEXUHCK,

Poccutickas ®edepayusi

2 HOxHO-Ypanbckull eocydapcmeeHHbIl yHUsepcumem, 2. YensabuHck, Pocculickas ®edepayus
E-mail: p.chirkow@gmail.com

JanbHellee yiay4ylieHue CBOWMCTB cTajJed HEBO3MOXKHO 0e3 NMOHMMAHMS
MponeccoB, MPOUCXOASIIHNX HA PA3THYHBIX CTAAUIX TepMOOOPAOOTKH, HA ATOMM-
CTHYECKOM ypoBHe. B n1aHHOii paGoTe MeTOAOM MOJIEKY/JIAPHON JTHHAMUKH C HC-
M0JIb30BAHHEM MEKYACTHYHBIX NMOTEHIHAJIOB HA OCHOBE MOJe/IM NOIPYKEeHHOI0
atoma (EAM) npoBoaumjoch MOJeJMPOBAHHE MAPTEHCHTA CHCTEMbI JKeJie30-
yrjepoa. Hadmonaemast nuddysus yriaepoaa mno oKTadIpuyecKuM MeKI0y3ausiM
NP NOBBIIEHHBIX TeMnepaTypax (HeckoJbko coTeH °C) nmpuBoauT K (GopMHPO-
BaHn0 atoMamMu C OJIMIKHEro ynopsiioueHMsi B BHJe NePHOAUYECKHUX MIOCKHX
CKOILUICHUI, pa3/eJIeHHBIX MekKAy €000l 00/acTAMH pelIeTKH, NMPAKTHYeCKH
¢BO0OAHBIMHU OT yriepoga. OmpesesieHO, YTO 00JIACTH KJIACTepU3alMd HMEKT
OPHEHTAIMI0O OTHOCHTEJILHO pelleTKH xkeqae3a (102), uyro coriacyercs ¢ pe3yJib-
TAaTaMH 3KCIIEPUMEHTOB, I'le HCCJeI0BATNCh CTPYKTYPbI, MoJy4aeMble IPH OT-
NMycKe MAapTeHCUTAa Ha cTaguM AByX(dasHoro pacnaaa. PesyabraTsl aToMucTuye-
CKOro MO/JeJTHPOBAHUS MOKA3bIBAIOT, YTO NMPH KJACTEPU3ALUHU YIJIepoja NMpouc-
XOMT yBe/IMYeHHEe OTHOLICHNs MapaMeTPOB pPelleTKH ¢/a KaK B 00JIaCTAX KpH-
CTAJNIMYECKON pelleTKH, B KOTOPBIX NMPOHCXOAUT (GOpMHpPOBaHHE CKOIJICHHIA,
TaK M B 30HaX, He cofep:kammx atoMbl C. TonmmHa Ki1acTepoB oKka3anach paB-
Hoii 17 A, a obaacreii, He 3aHATHIX yriaepogoM — 30 A. YMeHblIeHHe dHEPrUH
CHCTEMBI ¢ TeYeHHneM Hal/I10AaeMoro npouecca MosKHO pacCMaTpUBaTh KakK JIBH-
JKYHIYI0O CHJIYy peaKknuu ¢ BeJu4ynHoii 453,61 JI:k/MoJib, YTO HAXOAUTCH B Ka4ecT-
BEHHOM COTJIACHH C APYTHMH padoTamu.

Knrouesvie crosa: mapmencum, omnyck cmanu; 08yx@asuwlii pacnad, Monexy-
JIAPHASL OUHAMUKA.

Brenenue

KoHCTpyKIIMOHHBIE CTaJld, OCHOBOW KOTOPBIX SBJISIETCS TBEPABIM pacTBOp yriepoja B JKelese, oc-
TAIOTCS OCHOBHBIMU MaTepualaMy COBpeMeHHOW MHAycTpuu [1]. B 3Tol cBs3u MOCTOSHHOM sBIseTCA
Hay4YHO-WH)XEHEpHas 3aada M0 CO3AaHUI0 HOBBIX MAaTEpUAIOB HA OCHOBE )Keje3a, 00JalaroImuX yiayd-
HIEHHBIMH cBOMCTBaMu. OHaKO pa3pabOTKa HOBBIX TEXHOJOIMH U CYIIECTBEHHOE YJIyUIICHUE CBOWCTB
MaTepHaioB TpeOyeT MOHUMAaHUS IPUPOIBI PUZNIECKUX MPOLECCOB MPOUCXOSIINX Ha aTOMHOM ypOB-
HE B CHUCTEME >KEJIe30—yTJIepoA Ipu TepMudeckoil obpaborke. OcoOblli MHTEpEC MpHBIEKaeT K cebe
MapTEHCUTHBIN NIEPEXO0, JIEXKAIUH B OCHOBE 3aKaJIKU CTAJIM U BOSHUKAIOUIUN [IPU PE3KOM OXJIAXKICHUN
ayCTEHHUTAa.

OKcnepuMeHTalbHbIE HCCIeI0BaHMs, BIiepBble BhIonHeHHbIE [.B. KyparomoBem u ap. [2], moka-
3aJIM, YTO MAapTEHCUTHBIH HEpeXo]l CBA3aH C KOJUIEKTUBHOW CIBUTOBOM NEPECTPOMKON KpHCTaIIHye-
CKOIl pemieTkd. B pesynbTare MapTEHCHTHOTO IMpeBpallleHrs 00pa3yeTcsl TeTparoHalbHas CTPYKTypa,
npeAcTaBisonias co00i HEMHOTO pacTsAHYTyro BAonb ogHoii ocu [001] u cxaryro mo ocsm [100] u
[010] OLK-pemeTky >xene3a. st 00BICHEHHS MPHUPOJIBI TETPArOHAIBHOTO MCKAKEHUS PEIIeTKH Map-
teHcuta K. 3uHepom [3] Oblna co3maHa TeOpHs KOJUICKTHBHOTO Ie(hOPMAIMOHHOTO B3aWMOJICHCTBH
MEXIYy aTOMaMH yriieponaa, pa3sutas 3atrem A.l'. XauarypsiHoum [4, 5]. B ocHOBE JaHHOUM TEOPUHU JICKUT
uzaes o BHIOOPOYHOM 3alONIHEHMH aTOMaMM YIJIepoAa ONHOH M3 TpeX MOAPEIICTOK OKTa3APHYECKHX
MEXI0Y3JIUil KpUCTalIa MapTEHCUTA.

K coxanenuto, kiaccuueckas Teopus 3uHepa—XadaTypsiHa He TIO3BOJISET aHAJIU3UPOBATh YCTAHOB-
JieHne OJIMKHETO MOpsKa aTOMOB yIJIepoAa BHYTPH X-, -, z-oApemeTok. OAHaKo B AKCIIEPHUMEHTAIb-
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HBIX MCCJEIOBaHMAX INPHU BBIAEPKKE MAPTEHCHTA BBICOKOYITIEPOAMCTBIX CTajed NMpH TemrepaTypax
20200 °C, T.e. Ha cTagnu ABYX(}a3HOTO pacmaia Mpy OTITyCKE MApTEHCHTA, ObLTIO OOHAPYKEHO SBJIE-
HUE KJIAcTepH3allid aTOMOB YIJepoJa B BHJE IUIACTUHYATHIX CKOIUIGHWH aTOMOB yriepojna B z-
moJpenieTke. YKa3aHHbIE CKOIJICHUS MEPEeMeKaloTcs aHAIOTHYHBIMU N0 (hopMe ydacTKaMu, TA€ aTOMBI
yIaepo/ia MpakKTUIeCKH OTCYTCTBYIOT. COracHO NaHHBIM padoT [6, 7] MIOCKOCTH CKOIUIGHWH HMEIOT
uaaekcel (103), B To ke Bpems B paborax [8, 9] yka3pIBaeTCs, 4TO IUIOCKOCTH MMEIOT HaIlpaBJICHHE
(102) u ronumuy okono 1 um [10].

Wzydenue nporuecca KiacTepusalvy MpH OTIyCKE MApTEHCUTA MPU MOMOIIY 3KCIIEPUMEHTaTbHbBIX
METO/IOB BEChbMa 3aTPYyAHUTEIHHO U CIOCOOHO MPEJOCTABUTh YPE3BBIYAHO OIpaHUYEHHBIH HA0Op NaH-
HBIX. B CBSI3U ¢ 3THM 0COOCHHO aKTyalbHBIM MPEACTABIISICTCS U3YUCHUE ITOTO MPOIIecca Ha aTOMUCTH-
9YEeCKOM YPOBHE METOJIOM MOJIEKYJIIPHON AUHAMUKH.

MeTtoauka MOJIEKYJISPHO-THHAMUYECKOT0 MOIeTUPOBAHNS

B Hacrosieit pabote it u3ydeHus nepepacipeieiCHUs yriaepoia MexK Iy MOAPEIIeTKaMyu MapTeH-
cuTa OBLI HCIONB30BAH METOJ KIACCHYECKOW MOIJIEKYJISPHOW JWHAMHUKA B TPOTPAMMHOM ITaKeTe
LAMMPS [11]. ns onmicanwsl B3aUMOJCUCTBHIA MexXay aroMaMu B crucrteMe Fe—C BOCITOB30BaHCH
HabOpPOM MEKUYACTUIHBIX TOTEHIINAI0B nmorpyxeHHoro aroma s Fe-Fe, Fe—C u C-C, npemioxeHHbIM
B pabote [12], KOTOpHIA, KaK MBI MoKa3anu paHee [13], MO3BOMSET JOCTATOYHO TOYHO OMKCATH ITOBEIC-
Hue mpuMecHBIX aToMoB BHeapenus C B OLIK xenese.

Pacuetsr npoBonumuce B NPT-ancam6ie Hosse—I'yBepa [14, 15]. [Ipu 3TOM OCyIIeCTBIIsUIICS HE3a-
BUCHUMBIH KOHTPOJIb HPUKIAIBIBAEMOT0 HAMPSXKEHUS BIIOJb KXKION U3 oceil. DTO MO3BOIMIO U3YUUTh
W3MEHEeHHEe JITUHBI stueiiku U nudy3nto aTOMOB yriiepoJia o OKTadAPUIECKIM MEKIOY3IHSIM Pa3iind-
Horo Tuma. dopma sSYEHKH OBlIa KECTKO 3aJaHa B OPTOTOHAIBHOM BHJE, 3allpermas TakKuM 00pa3oM
BO3HHKHOBEHHE CABHTOBBIX aedopmanuii. [Ipu MOAenMpoBaHUM HA CyNEpsYeHKy HAKIaIbIBAIUCH TIe-
pPHOJIMYECKHE TPAHUYHBIE YCIIOBUS, MOCKOIBKY YTJIEpOJl OTHOCHUTCS K YHCIY JIETKHUX DJIEMEHTOB, HC-
TIOJTH30BAJICSI HEOOJIBIIION BpeMEHHOHN ITIar MoaeupoBadus B 1 dc.

Bbrbu1o mpoBeeHo /1Ba THIAa pacdyeToB: MEPBBIA MPOBOIWICS MPHU MTOCTOSHHON TeMIIEpaType co Bpe-
MeHeM MonenupoBanus 150 He, a BTOpol mpeAcTaBisul co0oi mocienoBarenbHbld Harpes ot 300 mo
1300 K, a 3areMm oxjnaxkaeHue A0 NEPBOHAYATIBHOU TeMIepaTrypbl. PAacCMOTpEHO NIBe CKOPOCTU HarpeBa
u oxnaxaenus — 10 u 100 K/uc. Ha Bcex BpeMeHax MPOBOIWICS aHAIU3 CTPYKTYPHI, a TAK)KE aHaU3
TEOMETPHUN MOJEINPYEMON CyTepsTuetKH.

Puc. 1. Pe3ynbTaTbl aTOMUMCTUYECKOro MOAENUPOBAHUA KnacTepusauum yrrnepoga B peweTke Fe—C, Bo3HuKaro-
LeW Npy BblAepXKe NpU NOBbIWEHHbLIX TemMnepaTypax.

a) o6wuin BuA. PesynbTaTbl aTOMUMCTMUYECKOrO MOAeNMpPOBaHUsA KnacTepusauuu yrnepoaga B pewetke Fe-C, Bo3-
HUKatloLen Npy BbiAepKKe NpU NOBbIWEHHbIX TeMnepaTtypax. Mloka3zaHbl NON0XXEeHUA TONIbKO aTOMOB Yrrepoaa,
peweTka Fe ans HarnsagHOCTM He noka3saHa; 6) KoHdurypauma aTomMoB kenesa B KpUCTANNIMYECKOW peLueTke:
A — pervmoHbI ¢ NOHNXXEeHHbIM coAepXxaHueM yrinepoaa, B — obnactu knactepvsauum yrnepoaa
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AHanu3 u o0cy:KIeHue pe3yabTaTOB

[Ipu MofeTMPOBaHKH CyTepAUeiiky J0CTaTOYHO GonbIIoro pasmepa, > 100 A, = 250 Thic. aToMOB,
45%45%45 TpaHCHAIMIA dIIEMEHTAPHON SYEUKH, TIPU ITOCTOSHHOW TeMIieparype ObUIo 0OHapYKEeHO, Y4TO
MTOCJIC BRIICPKKU TIPH 3HAUNTEIBHBIX Temiepatypax (750—1000 K) aTomsl yriepoma o0pasyroT ymopsi-
JIOYCHHBIE CKOIICHUS B BUJE TJIOCKUX oOnacteii ¢ HampasieHueM (102) OTHOCUTENFHO PEIICTKH Kelle-
3a. Habnronaemas xapTHHa mpeacTaBieHa Ha puC. 1, @, TAe U1 HarJIAHOCTH MOKa3aHbl TOJIBKO pacio-
JIO)KEHUE aTOMOB yIJIEPOAA, a PELIeTKa jkene3a He MmokaszaHa. s Oojiee HU3KUX TeMIepaTyp MOJENH-
pOBaHME KJIaCTEpU3aLMM CTAaHOBHUTCS 3aTPYIHHUTENBHBIM, IOCKOJBKY PE3KO YMEHBIIAETCS CKOPOCTh
muddysun. Kak cnenyer u3 puc. 1, a, B mporecce kiaactepoodpa3zoBaHusl BOSHUKAIOT 00JIaCTH, B KOTO-
pBIX yriepoaa maio (obnactu A), pa3aeleHHbIe MEKAY cO00H MIacTHHOOOPa3HBIMH yYacTKaMH, I'I€ €T0
cojiepkaHNe 3HAYUTEIFHO TOBHITIICHO (B).

KoHUeHTpauusa C, at.%
(6]

T T T T
0 20 40 60 80 100 120 140 160
Bpems, HC
Puc. 2. U3meHeHMe KOHLEHTpaLuumn yrnepoaa ¢ Te4eHUeM BpeMeHU B Pas3fiUiHbIX obnacTtax
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-962400
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Puc. 3. U3aMeHeHMe noTeHUMan-HoON 3aHeprum cucteMbl Npu mogenupoBaHum npu T=1000 K

Pesynprarel Hamiero MoJeNUpOBaHUS OJIM3KM K JaHHBIM JKCIEPUMEHTA, MONyYeHHBIMH B pabo-
Tax [6-9], rme HaOIroManack aHaJIOTHIHASI KAPTHHA pacciaoeHus yriepoaa. B paborax [8, 9] Habmromamu
CIIMHOMANBHEIN pacman cucteMbl Fe—C ¢ BBIIEICHHEM YTJIepoaa BAOIHL IUIOCKOCTEH C OpHEHTAIHMEH
(102), B TO Bpems Kak JaHHBIE padoT [6, 7] yKa3bIBarOT, 4TO TUIOCKOCTH uMeroT uHaekc (103). [Tpu mpo-
BEJICHUH MOJEINPOBAHUS TeMIIepaTypa BCer/ia MoaepKUBAIach MMOCTOSHHOMN, a coiep)KaHue yriaepoaa
coctaBysuio 4,5 ar. %. Belin npoBeneHbl pacdeThl MPU PA3IMYHBIX pa3Mepax CyNepsiueikd BILIOTH J0
500 TBIC. aTOMOB JKene3a U pa3MepoM pedpa kyOa 0 2 HM. Pe3ynbraTel MOACTUPOBAHUS TIOKA3aJIH, YTO
TOJIIIMHA MIIOCKMX OOIacTeil, cojaep:Kalux yriaepos, IpuMepHo oauHakoBa (<17 A) u He 3aBucur ot
pa3Mepa sueiiku. B To jke Bpems TONIIMHA 30HbI ¢ MOHKEHHBIM COJICPYKAHUEM YTJIepOo/ia COCTaBJIsIeT
okono 30 A. Ormerum, uto mpu cpenHeM cofepxkanuu 4,5 ar. % B CI0AX BBIIENEHUS KOHIIEHTPALUS
yriiepoja yBeauuuBanach 10 ~9 ar. %. (puc. 2). IlogoOGHast reomeTpus BBIACIEHHUHA yriiepoja HabIoaa-
JIach KaK B psfe dKCIEPUMEHTAIBHBIX padoT [16], Tak 1 B paboTax 1Mo KOMITBIOTEPHOMY MOJIEIHPOBA-
uuto [17, 18].
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B mpormecce knmactepusaniy Mbl HAOJIIOJANIA TOCTENIEHHOE YMECHBIIICHUE TTOJTHON SHEPTUU CUCTEMBI
co BpeMeHeM (puc. 3). PasHuIly sHepruii 10 U mocie o0pa3oBaHus CKOMJICHUN MOXXHO PaccMaTpHUBaTh
KaK JIBIXKYIIYIO CHJIy Ipollecca, U e¢ BelnuuuHa oleHuBaercs B 453,61 Jx/monb. B padore [19] npu
KaJJOPUMETPHUICCKOM M3yUEHUH OTIyCKa MapTCHCUTA Ha €T0 PAaHHHUX CTaJIUAX HAOJI0IaTI0Ch BhIICICHUC
TeroTel 760 J[/Moib. Pe3ynbTaThl HAIIETO MOJCIUPOBAHHS KAYECTBEHHO COTIACYIOTCS C STHMH JIaH-
HeIMU. OTIHYUS B Pe3yJIbTaTax MOTYT OBITh OOBSCHEHBI BO3MOXHBIM BIIMSHUEM Ha MPOIECCHI KITacTe-
pHY3ayy CTPYKTYPHBIX NeheKTOB (IUCIOKAINN M MEK3EPEHHBIX TPAHMII), KOTOPhIC HE YUUTHIBATUCH B

pacucTax.
Tabnuua
JlokanbHoe usmeHeHne NapameTpPoOB KpUCTanIn4eckon peweTku cnnasa Fe-C
B pa3fiMyHbIX 06NacTsX pacYETHOM cynepsAYerKu NpU paccrnoeHuu yrnepoaa

a=b A ¢, A c/a
CBEKe3aKaJICHHBIM, 2,875 2,971 1,033
HEYTOPSII0Y.
g 06acTs A 2,864 2,924 1,021
>
5 o6nacts B 2,847 3,153 1,107
Q
=
(&)
2 B CpeaHEM 2.862 3,018 1,056
Ha CynepsiueiKy

[Ipu knacrepusanuu yriepoja NPOUCXOAUT CYIIECTBEHHOE yBEIHMUCHHE CTENEHH TeTparoHajlbHO-
CTH, KaK 3TO BUIHO U3 TaOnuiubl. YToObI 00BACHUTH MaHHBIN 3 dexT odbpaTumes k puc. 1 6), Ha KOTO-
POM TIpUBE/ICHA MOTydeHHAas IPH MOACITUPOBAHIH KapTHHA paclpee]eHns aTOMOB jkeJle3a Ha TUIOCKO-
cti Oxz cynepsuyelku (oBalaMy BBIZEIEHBI 00JIACTH, B KOTOPBIX JaHHBIA Cpe3 MepeceKaeTcs ¢ MIOCKH-
MU O0JIACTSAMH KllacTepu3anuu yriepoxa B). BumHo, 9To B o0macTsx, rie cpe3 mepecekaer o01acTb
KJacTepu3auu aToMoB C, perreTka OKa3bIBaeTCs BRITSHYTOH BIIOJIb OCH z. DTOT 3P KT, HECOMHEHHO,
CBSI3aH C TE€M, YTO B YKa3aHHBIX 00JIACTSX C ITOBBIIIEHHBIM COJCPKaHHEM yTepoa BO3pacTacT U BEJH-
YMHA TETParoHaNIbHOCTH, B COOTBETCTBHM ¢ AaHHBIMH Kypatomosa [2]. Kaszamocwk Obl, uro TOTHma Asst
obnactelt A, 00O€THEHHBIX YTJIEPOJOM, JOKHO HAONFONATHCS OTCYTCTBHE TeTparoHanmbHOCTH. OIHAKO
0Ka3aJI0Ch, 4TO 3TO He Tak. Kak BuaHO u3 puc. 1, 6, obmactu, 00 JHEHHbBIC 1 00OTallICHHBIC YIIIEPOIOM,
BBIHYKACHBI KPUCTAIJIOTPaQUUECKH COMPSATaThbcs APYT € APYroM (KOTEPEHTHOE COIPSIKEHHE) BIOJb
tockoctu Ozy. [lockonbKy 00acTH, e MPOUCXOIUT BBIACIEHHE YTIIIEPOAa, BRITITUBAIOTCS BJIOb OCH
Z BCIENICTBHE TETPAroHaIbHOW nedopMalyu 30HB OOeIHEHHBIE YTIEPOJIOM, BBHIHYXKACHBI HOJCTpau-
BaThcs K HUM. braronmapst 5ToMy 0O0CTOSATENLCTBY B HUX TaK)KE BO3HHKAET TETPArOHAILHOE HCKAXKEHHE,
XOTS M B MEHBIIICH CTENCHU.

PesynbTaTh! 17151 mapameTpoB pemeTku Bo Bpems HarpeBa oT 300 nmo 1200 K u nmocnenyroiiero ox-
JaKACeHUs TIOKa3aHbl Ha puc. 4. BUIHO, YTO MO TOCTHKEHUH HEKOTOPOW TEMIIepaTyphl MPOUCXOIUT pa-
3yNOPSIIOYMBAHUE aTOMOB YIJIEPOJa [0 OKTANOpPaM Pa3IMYHOTO THIA U HAOMIOAAeTCs MOTepsl TeTparo-
HanbHOCTH. [Ipruem ckopocTh OXiTaXKACHHs/HarpeBa OKa3bIBaeT c1aboe BIMSHUE HAa 3HAUCHUE TeMIlepa-
TYpPBI TOPSATOK—OeCIIopsIioK, Tak yMeHbInerne ckopoctu co 100 K/ac mo 10 K/mac mpuBoauT K m3MeHe-
Hu1o T Ha =10 K.

Habmomaemblii THCTEpE3UC TEMITEPATYPHI TIEpeXoa MOPAI0K—0ECTIOPSIIOK TP HAarpeBe U B cIydae
OXJAKACHHA, TO-BUANMOMY, BBI3BaH TEM, YTO JJIS Pa3yHOPSIOYEHHUS YTIIEpOAy HEOOXOAWMO IMPOCTO
MEPEMECTUTHCS B COCETHUE OKTAIOPhI TUTIOB X M J, B TO BPeMsi Kak Uil (POPMHUPOBaHUSI YIOPSIOYEHHO-
ro coctosiHus aroMaM C HE0OX0IUMO NPeoJ0eTh OoNbIHi MyTh AU((Y3UH, U 32 3TO BpeMsl IIPOUCXO-
JUT JOMOIHUTENHFHOE MePeoXIaXIeHue cucTeMbl. Tak, momydeHHble 3HaueHUs 1, OKa3aJInCh PaBHBI-
mu 1072 u 1035 K u1g HarpeBa U OXJTaXKAEHUS COOTBETCTBEHHO. OTMETHM, YTO THUCTEPE3NC TEMIIEPaTy-
pol T OBLT OOHapy>keH aBTOpamMH B HefaBHel pabote [20], omHaKo pa3iWvHbIE CKOPOCTH HarpeBa M
oxnaxaenus (100 u 80 K/Hc) BBI3bIBaNM COMHEHHS B Pe3yIbTaTax, KpOMe TOTO, He 00CYKIaI0Ch BIHSI-
HUE CaMOW BEITMYHMHBI CKOPOCTH M3MEHEHHWS TEeMIepaTyphl, T. K. 3Ha4eHUs B coTHM K/HC moctaTtouHO
JAJICKU OT HAOJII0IAEMBIX CKOPOCTEH OXJIAXKICHUS Ha TIPAKTHKE.
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IIpu oxnmaxknenun co ckopocthio 10 K/He Ha puc. 4, 6, 2 HabmogaeTcss GopMHUPOBAHKE TUIOCKOCTEH,
AHAJIOTUYHBIX ITOKa3aHHBIM Ha PUC. 1, YTO BBIpaXXacTcCsd B OOJIBIINX 3HAYECHHUAX CTEIECHHU TETparoHaJbHO-
cTH (OTHOIIICHWH ITAPaMETPOB ¢/a) U 00beMe, IPUXOAIIEeMcs Ha OuH aToM Fe.
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Puc. 4. U3ameHeHMe pelleTKn Npu oTnycke mapTeHcuTa cuctembl Fe-C Ha ctagum aByxdasHoro pacnaaa.

a), 6) TemMnepaTypHble 3aBUCUMOCTM YCpeAHEHHbIX NapameTPOB pelueTku Ansi ckopocTen Harpesa 100 u 10 K/Hc
COOTBETCTBEHHO; B), I) 06beM NpuXoAsLIUACA Ha OAUH aTOM Xerne3a

BriBoabI

B pabote mpoBeeHO MOJIEKYIIPHO-IMHAMUYECKOE MOCIUPOBAHUS MPOIIECca OTIYCKa MapTCHCUTA
Ha ctaguu nByX(dasHoro pacmaga no oOpasoBaHus kapOumoB. [Ipu MOBBIMIEHHBIX TeMIlepaTypax Ha-
OJrofTaeTCsl KacTepHu3alis yriaepoaa B BHJC IUIOCKHX 00JacTeld BHYTPH KPUCTAUIMYCCKOU PEIICTKH,
YTO HAXOJUTCS B COTJIACHH C JOCTYITHBIMU IKCIICPUMEHTAILHBIMU JaHHBIMH. [IpencTaBieHHbIN poIiece
OTIHCaH Ha aTOMHCTUYECKOM YPOBHE, TIOJTYUYEeHO, 4TO aTOMbI C B 3THUX KJIACTepaX 3aHUMAIOT OKTAIIOPHI z-
THIIA, 9TO BBI3BIBACT 3HAUUTEIHHOE TETPArOHAILHOE MCKAKCHHE PEIICTKH B DTHUX OOJIACTAX, a TaKkKe
pacTsbKeHHe, XOTh M 3HAUUTENIbHO MEHbIIee, o0nacTeli, He coaeprainux yriepoa. Bo Bpems paccMmat-
pUBacMOro mpollecca KIacTepU3alliyl HaOJIOJACTCsl YMCHBIICHUE IIOJIHOW SHEPrUM CHUCTEMBl Ha
453,61 I>x/MOJb, 9TO Ka4eCTBEHHO HAXOAUTCS B COTIIACHH C BEHMUNHOHN B 760 J[>K/MOJIb, TOTyUYEeHHON B
akcriepumente [19].

[IpoBenennoe M/I-MonenupoBanue HarpeBa MapTeHCHTA OT KOMHATHOW Temnepatypsl 1o 1200 K u
OXJIAKACHHUA 10 TIEPBOHAYAIHHOTO COCTOSHUS MOKA3aJ0, YTO BEIIIE OMpEAeeHHON TeMIepaTyphl i
HaOJIIoMaeTCs pa3ynopsaoucHIe yriiepoaa u o0pa3oBaHue KyOmdeckou pemeTkn. HabGmrogaemselid Tuc-
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Tepe3nuc Temreparypsl nepexoaa B 37 K mpu HarpeBaHHM M OXJIQKICHUU MOITBEPIKIACT PE3yJbTaThl
pabotsl [20], oMHAKO B JaHHOW pabOTe MOAEIUPOBAHHUE MPOBOAUIOCH CO CKOPOCTHIO H3MEHEHHS TEM-
nepaTypbl MeHbIel Ha nopsiaok (10 K/ue).

Uccneoosanue svinoaneno 3a cwem epanma Poccuiickoeo nayunozo ¢ponoa (npoexm Ne 16-19-
10252).
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Further improvement of the properties of steel is impossible without understanding of the atomic-
level processes that take place at the different stages of heat treatment. In this work a simulation of iron-
carbon martensite was performed using the method of molecular dynamics with interatomic potential
based on the embedded atom model (EAM). The observed diffusion of carbon on octahedral interstices
at high temperatures (at several hundreds of °C) causes the formation of short-range ordering of C atoms
by way of periodical plain clusters divided by lattice regions, which almost do not contain carbon. We
found that the cluster regions are orientated relative to iron lattice with (102) indices, what is consistent
with the results of the experimental studies of the structures produced during martensite tempering at the
stage of two-phase decomposition. The atomistic simulations results show that carbon clusterization
causes the increasing of the lattice parameters relation c¢/a, both in the lattice regions where clusters are
formed, and in the zones which do not contain any carbon atoms. The last fact is explained due to neces-
sity of crystallographic coupling of these two zones. The thickness of the clusters turned out to equal
17 A, and that of the regions not filled with carbon — 30 A. During the simulation the total energy of
modeling system decreases, and that can be considered as the reaction driving force with the value of
453,6 J/mole, which shows a qualitative agreement with other works.

Keywords: martensite; steel tempering; two-phase decomposition; molecular dynamics.
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BOPUC AKOBJIEBUY 3EJIbOBUY.
NAMATU KONNEMNA

16 nexabpst 2018 roma ymen W3 KU3HU
KPYITHBIN (PU3UK-TCOPETHK, UICH-KOPPECIIOH-
nent PAH, naypeat ['ocyiapcTBeHHO# nTpeMun
CCCP, uneH MEXIyHapOJHOW aKaJeMUH ac-
TPOHABTUKH, JIOHZOHCKOTO KOPOJIEBCKOTO 00-
1ECTBa, TepMaHCKOM akanemuu <«Jleomnosnbau-
Ha», aMEpUKaHCKOTO ONTHYECKOTrO O0IIEeCTBa U
Ip. aKaJgeMUil M MEXIYyHApOJHBIX HAYYHBIX
coo0rmecTB, naypear npemuu M. bopra Bopuc
SxoBneBUY 3eMbIOBUY, NPEKPACHBIA YUCHBIH,
3aMeUaTeNbHBIA TIEaror W MIUPOKOW AYIIH
YEJIOBEK, MHOTO CJACNABIIMK B HAayKe W 3all0-
JKHBIIUA OCHOBBI (PU3UYECKOTO 00pA30BaHUS B
IOVYpI'y.

Bopuc fxosneBnu pomwmics 23 ampens
1944roma B Mockse. Ero orer| — Bermaromuiicss usuk ko boprucosmnu 3enpmouy (1914-1987)rpu-
#1161 [epoii Conmanuctiuueckoro Tpy/ia, KOTOPOTO Ha3bIBAIN CaMbIM 3aCeKpeveHHBIM akageMukoM Co-
Betckoro Coro3a. Mates — Baprapa IasnosHa 3ensaosuu (Koncrantunosa) (1907-1976)poaom u3 ce-
MbH KOHCTaHTHHOBBIX, MHOTOYMCIICHHbBIE NPEACTABUTENN KOTOPOW BHECIM AOCTOMHBIA BKIAX B pas3-
JTHYHBE 00acTH HayKHu 1 TeXxHukh. (Onnu u3 eé OpartseB — bopuc ITapmoBry KOHCTaHTHHOB, aKkaJeMUK,
qupekTop JIGHMHrpaackoro Gpusuko-Texuuueckoro nHeruryra (1957-1967r.), I'epoit Coumanucruye-
ckoro Tpyna). [Tomumo bopu, B cembe yxe Obun aBe qouepu — Onbra (1938)u Mapuna (1939-2018),
KOTOpBIC MPUHSUIUCH OTIEKAaTh MAaJICHBKOTO OpaTa.

3aHATOCTH OTHA HE MO3BOJIA €My YACHSITh JOCTaTOYHOE KOJIHMYECTBO
BpPEMEHH BOCIUTAHUIO AETEH, HO, 0 BOCMIOMUHAHUSAM OJHOH U3 cecTep: «...c bo-
puckot y omya yace 06110 OobULIE Mepnenus U nedazou-
yeckoeo makma. [lo nepeoHauanvubiM HAMEPEHUSIM
umenno 0t bopu on nanucan ceor “Bvicuyio mamema-
muky 05 Havunarowux”...». bopuc SIKoBIEeBUY COXpaHIIT
Ha BCIO )KH3HB JIOBEPUTEIHHBIC OTHOIICHHUS C OTIIOM.

OcHOBHasl Harpy3ka 10 BOCIHTaHUIO JIETCH Jiexkala
Ha marepu. ATMocdepa «ro0pa, Teria U BEICOKOTO JIyXa,

JUIMEHHOTO MEIOYHOCTH W MEPKAHTHILHOCTHY, IapHB- L
1asi B CEMbE — LEIMKOM M TOJHOCTBIO e€ 3acimyra. «OHa

ObLTa YCTOBEKOM YIHUBUTEILHOW TAKTHYHOCTH, MATKOCTH U YBAXKCHHUS KO BCEM,
C KeM CoIlpHKacajiach, BKJIo4Yas Hac (M B IETCTBE, U BO B3POCIOM BO3pacTe),

i

34ThEB, BHYKOB». (V13 BocnmomuHaHuii cectpbl, M. 5. 3enpa0BuY).

Bops ObuI B 1eTCTBE OYEHB HETIOCE/TUB, MBITIMB U MHUIIMATUBEH. Kak BCITOMUHAET M3BECTHBIN (u-
3UK M JIpyr bopuca SIkoBieBHYa, yIaCTHHK OMHUCHIBAEMBIX COOBITHH M. JISHITyHCKUH: «...00HaMCObL,
K020@ o1 ¢ pebsamamu nporux 3a 3a00p Ha meppumoputo UXD, onu nauinu mam 604Ky uz-noo Hezaue-
Hotl usgecmu (ee nazvisauu kapoudom), u Bops nonucan 6 nee, a nomom Kunya myoa cnuuxy. [lpouso-
wien 63pui8...».OH ke pa3bIACHACT ... ecii KYCOK Kapouoa nonadem, Hanpumep, 8 1yxHcy, mo kapouo e
830psemcst — 6ydem GulOeIAMbCsl AyYemuier, Komopbiti 2opum 2oayovim niamenem. Ho b6ouxa peanyna
U3-38 02PAHUYEHHO20 NPOCMPAHCMEA, 8 KOMOPOM ObICMPO CKONUACS 20ptoyutl 283». Bpelsru nonamu
Bope B 1M110 1 HEMHOTO B 171838, OH TOIYYHII XUMHUYECKUE 03KOTH. Ero ponuresnei B TOT MOMEHT HE OblI-
j0 noma. Ha momors npudexan A.C. Kommnaneer, CbiH KOTOPOro ObLI €Ile OJHUM YY8CTHHKOM OIIBITA.
On otBe3 bopto B 6onbHMILY, 4TO, HABEPHOE, COXPAHUIIO EMY 3pEHHE.

B 1961roay bopuc fAxoBneBny moctynui Ha ¢pusudeckuii hakyabTeT MOCKOBCKOTO YHUBEPCHUTE-
Ta, KOTOPBIA OKOHYMI ¢ oTinureM B 1966r. [1o okOHYaHUM YHUBEPCUTETA OH MPOJIOIIKII O0YYCHUE B
acnpanType MHcTUTyTa TeopeTudeckoil u sxcnepumMenTansHoi ¢puzuku AH CCCP, roe B 1969r. 3a-
IIUTHI KaHAUJATCKYIO TUCCEPTAIIHIO.
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UHdopmauus

B 1969-1970r. b.4. 3enpaoBud padoTan B AOMHKHOCTH MHXKEHEpa B TOM )K€ MHCTUTYTE, OTKYyIa
3ateM mnepemen B Pusmueckmii mHCTHTYT AH CCCP, roe paboTal B JOJDKHOCTH MIIAAIIEro, a
BITOCJICZICTBHH CTAPIIIETr0 HAYYHOr'0 COTpYaHHKA B TeueHne 1970-198%r.

C 1981mno 1987roxn bopuc SlkoBjaeBrY — riaBHBIA HAaydHBIH COTPYAHHMK MHCTUTYyTa mpobiieM me-
XaHUKH. 31ech ke B 19810H 3aIuTHII JOKTOPCKYIO JUCCEPTALIHIO.

C 1987rona bopuc fkoBieBud paboTaeT Ha Ypajie B OCHOBAHHOH MM BY30BCKO-aKaJIeMHUCCKOM
nmabopaTopun HeTMHEHHOW onTuky. JlabopaTopus SBISETCS CTPYKTYPHBIM Topa3aciicaneM MHcTUTyTa
anextpopusnkn AH CCCP (ExarepunOypr) u FOxxHO-Y paibckoro rocy1apcTBEHHOTO YHHBEPCHTETA.

K aTomMy MOMEHTY OH yKe BITOJIHE CJIOKUBIIUICS YUCHBIH, ITUPOKO U3BECTHBIN HE TOJIBKO B HAIIICH
CTpaHe, HO ¥ 3a pyOekoM, aBTOP HECKOIBKMX MOHOTpaduii, maypeat I'ocymapcrBennoii mpemun (1983).

Bwmecte ¢ bopucom fxoeneBudem B ToM xxe 1987roxy Ha Ypan npuexanu U ero ydeHUKH — AJek-
canap Huxonaesnu UynuuoB u Opwuii EBrenpeBnu Kanuukuii (B Ty nmopy — aciupantsl MOTH). Uyts
MO3HEE, YKE C KaHIUIATCKOM crernenbio — Bukrop AxartonseBnd Kpusomekos (MU®DU), u Omer Ilet-
poBuu Hectepkun (M®TH). U koHEUHO, 3/1€Ch CIIEAYET YIOMSIHYTH skeHy boprca SIkoBieBnya, K TOMY
MOMEHTY KaHAuJaTa (U3NKO-MaTeMaTHueckux Hayk, Hanexmay BopucoBny bapanoBy. B 1988 rony
3TOT CITUCOK MOTMOJHUIA MOJIOJIbIC KaHAUAATHl (PU3NKO-MaTeMaTrueckux Hayk Opuit Bukroposuu My-
xuH (MOTHN), JTroamuna @enoposra Porauesa (MI'Y) u Haranus JImutpresna Kyunnkosa (MI'Y).

B 1987rony bopuca SlkoBneBuua u3bupatot wieHoM-koppecrnonaeaTom AH CCCP.

OcCHOBHOE HamnpaBJIieHHE Hay4YHbIX uccienoBanuii b.51. 3enpnoBuua — mpoOiieMbl HETMHEWHOUW OI-
TUKHU ¥ BOJHOBBIX IporieccoB. OH aBTOp OTKPBITHS BOJHOBOTO (poHTa. BceMupHO mpHu3HaHBI ero pado-
TBI 110 HEJIMHEHHOMY B3aMMOJICHCTBUIO BOJH B (DOTOpedpaKTUBHBIX KpPHCTALIAX, CIUH-OPOUTAIIEHOMY
B3aMMOJICHCTBHIO CBETa (3TO MOHSATHE BBEICHO MM BIIEPBBIC), TEOPETHYCCKUE HCCICIOBAHHS B3aUMO-
BIIMSTHUSI TIOJISIPU3AIIAN CBETA W MPOIIECcca ero pacrpocTpaHeHus. VM ke BBEIEHO B HAYYHBIH OOMXOI
TIOHSTHE MOJISIPHONW aCUMMETPUH CBETOBOT'O TIOJIS U MPeJICKa3aHbl HOBBIC onTHYecKue (D (HEKTH B TAKUX
TOJISIX.

Jlo cux mop CHuH-OpOHMTaIbHOE B3aUMOJCHCTBUE CBETA SBISCTCS aKTyallbHBIM HAIIPABICHHUEM HC-
CJIeTOBaHM ONTHKOB BO BceM mupe. OqHa U3 Hanbojee nuTUpyembix pabot bopuca fxosneBnda mo-
CBSIIICHA UMEHHO 3TON TeMaTHKE.

Hayunbie 3aiaun, cTosIBIINE TIepe]] BHOBb CO3JJaHHBIM HAYYHBIM TOJpa3/icjICHHEM, TPeOOBaIH MpH-
TOKa MOJIOJBIX HHUIIHATHBHBIX cOTpyaHUKOB. Oxnako B OYpI'Y (8 Ty mopy UITU-YI'TVY) uu HU3HKOB,
HU TeM 0oJiee CIennaIrcTOB-ONTHKOB He roToBwiu. 1 Torma bopuc SIkoBneBud ¢ KoijieraMmu, yCTpOUB
CBOCOOPAa3HBIN «KACTUHT», B KOTOPOM MOTJIM MPHUHSTH Y4acTHUE CTYJCHTHI JIOOBIX (aKyJIhTETOB BY3a,
OpraHWU30BaJl CICITHAIBHBIN TOTOK, TIe 00yJall XKeNarmux o nporpammam MI'Y u dusrexa.

Brocnencteun (1988—1989)By3 cram ocymiecTBIATh HAOOp CTYAEHTOB Ha DHEPrETHUECKHM (ha-
KYJIBTET 10 CHEIUATLHOCTH «DH3KKa U 3ICKTPO(PU3NKA BRICOKUX HAMPSKCHUI, TJIe TOTOBUIIU TTOTO-
HEHUE [Tt 1a00paTOPUH HEITMHEHHOW ONTHKH.

B 1994rony Bopuca SlkopneBruya npuriacuin padotate B YHuBepcurteT LieHTpanbHoit ®iaopuas! B
Opnango. OpHako HayyHBIE KOHTAKTHI € J1a00paToprell HeIMHEHHOW ONTHUKY Ha Ypaie u e€ COTpyIHH-
KaMmu He npepBanuch. Kak-ro bopuc SIkoBneBUY npu3HaiCs, 4TO €ro Jy4ilue HayYHbBIE TOBI MTPOILIH B
Yensbunacke. IMeHHO 371€Ch T0UTH Bee 3PP EKTHI, KOTOPBIE OH MPEACKa3bIBal Ha Oymare, HaOJIIO aTUCh
M 9KcrepuMeHTanbHo. OH coOpasl BOKPYT ce0s BBIIAIOIINXCS JII0IeH, KOTOPhIe MHOTOE CIeNaly B Hay-
Ke, ¥ JaXKe YIS U3 1a00opaTopuy U HAyKH, MHOTOTO JOOWIIKCH B *KHU3HU. DTO TOXe 0coOeHHOCTh bopu-
ca SlkoBieBHUa — IPUBJIEKATh K ceOe APKUX JIFOJICH U JCTUTHCSI C HUMH BCEM, YeM 00J1ajacrt.

B 2008 rony b.5. 3eipnoBud OmyOIMKOBal CTAThIO 10 MEXaHMUYECKUM KOJCOAHUSIM MasTHHKOB.
(BembmoBuu B.51. Huneoanc u napamempuueckoe 8036ymcoenue ocyuirsmopos, Y®H, 2008, T. 178,
Ne 5, C. 489-510)Ha mepBbIit B3TJIs1 pSIIOBast CTaThs, KOTOPask MOXKET BbI3BATh HHTEPEC TOJBKO Y CIie-
[IUAJIMCTOB, HO 3TO He Tak. CTaThs 3aTparuBaeT (pyHIaMEeHTabHBIE OCHOBBI (DU3HMKH, BOKPYT KOTOPBIX
TOYHIUCH OeCKOHEUHBIE fAebaThl B XX Beke, a IMEHHO: MPOOIEMBI «BOJTHOBOTO (XapaKTEPUCTHYECKOTO)
CONPOTHUBIICHUS (MMITEIaHCa)>» KaK B AJIEKTPOIMHAMHUKE, TaK U B KJIACCHYECKOH MeXaHUKe!

[Ipupona menapo omapmia b.5. 3enpa0BHYa BEICOYANHTIIIMI TYMAaHUTAPHBIMH U OOIIEYEITIOBEYCCKHU-
MU KadecTBaMHu. Ero Bcerma omnmmyany go0poKenaTenbHOCTh, WHTEIUIMTEHTHOCTh, MYJIPOCTh, TOHKOE
YYBCTBO IOMOPA, YyTKOCTb, 3a00TIMBOE M OT3BIBYMBOE OTHOLICHUE K OKPY)KAIOLIUM, YMEHHE 110 AOCTO-
WHCTBY IICHHUTH YEJIOBEKA, HEB3UPAs Ha PETaJIHH.
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Bopuc Slkoeneeu4 3enbdoeuy. [Mamsimu konneau

MmMenHo TakuM HaBcerna octaHeTcs bopuc SIkoBiaeBuY B maMsITe OJIM3KUX €My U TITyOOKO CKOpOsi-
IUX Apy3ed U COPATHUKOB BCEX TEX ¢ K€M OH pabdoTal, B3aWMOACHCTBOBAJ, APY)KIII, KOTO UCKPECHHE
yBayKaJl ¥ JIFOOUII.

HN36pannbie Tpyasl b.S1. 3eabaoBuua

Bcero bopucom SlkopnesudeM omnyoinukoBano 6ojiee 300HaydHBIX pabOT, B TOM YHCJIE YETHIPE MO-
HOFpa(i)I/II/I. Hwuxke MMPUBCACH OAJICKO HC MOJIHBIA CIIMCOK €ro Haumbosee HUTUPYCMBIX (1'[0 BCpCHUU 0a3nl
JaHHbIX SCOpUSX)a6OT, OHy6J’II/IKOBaHHBIX B pa3HbIC I'OAbl (HOCJ’IGZ[HGC YHCJIO B CKOOKaX — KOJIMYECTBO
IUTHPOBAHMIA).
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TPEBOBAHUA K NYBJIMKALWUN CTATbU

1. ITyOnuKkyrOTCS OPUTHHANBHBIE PaOOTHI, COJCPIKAIINE CYIICCTBEHHBIC HAYYHBIC PE3yJIbTAThl, HE OIMy0-
JUKOBaHHBIC B IPYTUX M3IAHMAX, IPOIICAIINE dTall HAYYHOW SKCIEPTH3HI M COOTBETCTBYIOIINE TPEOOBAHUAM
K MTOJITOTOBKE PYKOITUCEH.

2. B peakosuteruio npegocraBisiercs ajaektpontas (mokyment MS Word 2003gepcust paboTel 06beMoM
He Oonee 6 cTpaHUIl, IKCIIEPTHOE 3aKIIOUSHUE O BO3MOKHOCTH OITyOJIMKOBAaHUS pa0OTHl B OTKPBITOH IeYaTH,
cBenenus 00 apropax (©.1.0., Mecto paboThl, 3BaHUE M JOIDKHOCTH JUIsS BCEX aBTOPOB pabOThI), KOHTAKTHAS
HH(pOPMAIHSI OTBETCTBEHHOTO 32 TIOATOTOBKY PYKOITUCH.

3. Crpykrypa crateu: Y/JIK, HasBanue (He 6omee 12—15cmoB), criucok aBTopos, anaotanus (150—25QcmoB),
CIIMCOK KITFOYEBBIX CIIOB, TEKCT paboThl, uTeparypa (B MOpsIKe HIMTUPOBaHUS, B CKOOKAX, €CIIM 3TO BO3MOXHO,
JIaeTCsl CChUIKA HA OPUTHHAT TEPEBOTHON KHHUTH WIH CTATbU W3 JKypHAaIa, MEPEBOIIETOCS HA aHTIIMHACKUI
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHUe, paciupeHHas anaotanus (pedepar cratbu) oobemom 10 1800
3HAKOB C TIPOOEIaMH, CIIFCOK KJIIOYEBBIX CJIOB M CBEACHHS 00 aBTOPaX Ha aHTIIMHCKOM SI3BIKE.

4. TTapametpsl Habopa. [Tomst: 3epkanbHbIe, BepxHee — 23, HIKHee — 23,BHYTpH — 22,CHApYyKU — 25MM.
Mpudt — Times New Roman 11 piiacmirad 100 %,unTepBan — 0ObI4uHbIN, 6¢3 cMemienust u anumaruu. Ot-
crym kpacHo# crpoku 0,7 cM, mHTEpBan Mexay ad3anamu O T, MEKCTPOYHBIA HHTEPBAI — OIMHAPHBIH.

5. ®opmynsl. Ctuns Matemaruueckuil (udpsl, QYHKIMH U TEKCT — NPAMOI WPU(T, MepeMEHHbIE — Kyp-
cuB), ocHoBHOM mput — Times New Roman 11 pipkaszarenu crenenu 71 %u 58 %.Boikitouenusie dop-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enble. JXKenmarenbHo IpeToCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (PaiioB.

7. Anpec penakiMOHHOHM koyieruu xypHana «BectHuk IOYpl'Y» cepun «Martemaruka. Mexanuka. Ou-
3UKa»!

Poccus 454080,r. Yensbunck, mp. um. B.M. Jlenuna, 76, FOxHO-Ypanbckuii TOCYIapCTBEHHBIN YHUBEP-
cuteT, PaKyIbTeT MAaTEMaTHKH, MEXaHUKU U KOMITBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIECKOrO H KOM-
MBIOTEPHOT0 MOJCIHPOBAHMS, TIIABHOMY peaakTopy mpodeccopy 3arpebunoit Codppe Anekcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and@iter Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Anpec 3ekTpoHHO# moutel: Mmph@susu.ru

9. [MTonmHyO BepcHIO MPaBUII MOJATOTOBKHM PYKOMHUCEH U puMep oOpPMIICHHS MOXHO 3arpy3UTh C caiita
xypHana: cm. http://vestnik.susu.ru/mmph.

10.KypHan pacmpocTpaHsieTcss 10 MOJMKUCKE. OJEeKTpOHHas Bepcus: cm. Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétrauk.roypry.pd/mmph.

11.TInara c acnmupaHTOB 3a MyOJIMKAIIUIO HE B3UMACTCHI.
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My OJIMKYIOTCS] B MEXKITyHAPOIHBIX CIIPABOYHBIX CHCTEMAX I10 TIEPHOIUYECKIM U IMPOIODKAIOIIUMCS N3TaHUIM
“Ulrich’s Periodicals Directory”, “Zentralblatt MATH”, “Russian Science Citation Index on Web of Science”.

[onmucHoit ungexc 29211 B oobeaunenHoM katainore «lIpecca Poccuny, E29211 B MHTepHeT-KaTanore
arearctBa «Kuura-CepBucy.

Ilepuoan4yHOCTH BBIXO/A — 4 HOMEpa B ToOI.

Anpec penakuuu, wsnartens: 454080, r. YensOunck, npocnekt Jlenuna, 76, W3maTenbCkuil IEHTP
OYpI'Y, kab. 32.

BECTHHK
IOKHO-YPAJIbCKOI'O
T'OCYJAPCTBEHHOI'O YHUBEPCUTETA
Cepus
«MATEMATUKA. MEXAHUKA. ®U3NKA»
Tom 11, Ne 1

2019

Penakrop E.B. @edoposa
TexH. penakrop 4.B. Munux

Wznarensckuit nuentp FOxHO-YpaabCKOTo rocy1apcTBEHHOTO YHUBEPCUTETA

IToanucano B meuats 25.01.2019. Jlara Beixona B ceet 31.01.2019.
®dopmar 60x84 1/8. Tleuars mudporast. Yci. med. . 9,30.
Tupax 500 k3. 3aka3 6/17. Llena cBoboaHasL.

Ortnedarano B Tunorpaduu Mznarensckoro nenrpa FOYpIl'Y.
454080, r. Yensaobunck, mp. um. B.W. Jleauna, 76.





