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MatemaTuka
YOK 517.956.35 DOI: 10.14529/mmph190201

O CNNABbIX PEWWEHUAX HATPYXXEHHOIO
FMMMNEPBOJINMECKOIO YPABHEHUA C OAHOPOAHBLIMU
KPAEBbIMKX YCNNOBUAMU

0.J1. Bo3sueg™?

Y Memumym uHgpopMamuku u npobrem peauoHanbHo20 yrpasneHus KabapduHo-bankapckozo Hayy-
Hoeo ueHmpa PAH, a. Hanb4uk, Pocculickast ®edepauus

% KabapduHo-Bankapckuli e2ocydapcmeeHHbIl yHugepcumem um. X.M. bepbekosa, e. Hanbuuk,
Poccutickas ®edepayus

E-mail: boziev@yandex.ru

PaccmaTpuBaercs cMemaHHasi 32/1a4a ¢ OJHOPOJHBLIMH KpPaeBbIMH YCJIO-
BUSIMH ISl HATPY’KEHHOT'0 BOJIHOBOI0 YPABHEHHs, COJAepaKallero MHTerpaja mo
NMPOCTPAHCTBEHHOII NMepeMeHHOH 0T HATYPAJIbHOW CTEeNeHM MOAYJISl PelleHH.
Beoautcs onpenesieHne c1aboro penieHusi JAaHHOM 3a1a4u, 118 KOTOPOro uccJe-
AYIOTCS BONPOCHI CYIIeCTBOBAHHUS M eIHMHCTBEHHOCTHU. /Il T0Ka3aTeJbCTBA Cy-
L[eCTBOBAHHUSI PelIeHUs] MCIOJb3yeTcsd MeTOJ KOMMNAKTHOCTH, KOTOPbIii ¢op-
MaJIBHO 3aK/II0YaeTcsd B TOM, UTO IPH J0KA3aTeJIbCTBe CXOAMMOCTH NPHOJIHKEH-
HOTI'0 pellleHNs, TOCTPOEHHOTo MeToi0oM I'anepkuHa, cylecTBeHHO HCHOJIb3YIOT-
csl BIOJIHE HeNpepbIBHbIE BJIOKeHHs! NMpocTpaHcTB ColoseBa. sl HCNOJIL30Ba-
HHSI MeTO/Ia Heo0XOAMMBbI ANPHOPHbIC OLEHKH pellleHHs 3aJa4H, KOTOpble Yac-
THYHO YCTAHOBJIEHBbI B MpPeAbIAYyIINX padoTax aBTOpa M B MpeAJiaraeMoii crarbe.
Besien 3a 3TuM cTposiTesi NpUO/INIKeHHbIe rajepkuHckne pemennsi. CymecTso-
BaHHe NPHOJMIKEHHBIX PelleHHIl 10Ka3bIBaeTcs ¢ MOMOIILIO TeopeMbl CyINecT-
BOBAHUS N1 OOBIKHOBEHHBIX An(pdepeHnuanbHbIX ypaBHeHmil. Ilociae 3Toro
NMPOU3BOMUTCA NpeebHBIH Mepexo, COOTBEeTCTBYIONIUI yCTPeMJICHHUIO pa3Mep-
HOCTH NPOCTPAHCTBA K 0€CKOHEYHOCTH. 3/1ech BO3HHKACT OCHOBHAS TPYAHOCTH
NPHMEHEHHSI METO0/a, CBS3AHHAS C HEJIHHEITHOCTBI0 YPABHEHHUS] H COCTOSNIasi B
J0KAa3aTeJIbCTBe KOMINAKTHOCTH ceMelicTBa MPUOJIMIKeHHBIX pelieHnii. [1s1 aToro
HCIO0JIB3YIOTCSl TeOpeMbl 0 KOMIIAKTHOCTH BJI02keHHUsI pocTpaHcTB CoboJieBa 3a-
JaHHOro Mopsiika B mpocTpancrBa CoGosieBa MeHbIero nopsiaka. EquncTBeH-
HOCTh ¢JIa00ro pelieHHsi JOKa3blBaeTcs CTAHJAPTHOH mNpouenypoii M3 Teopuu
JIMHEHHbIX 1 HeJIMHEeIHbIX THNep0oIMYecKUX YPaBHEHHIA.

Knioueguie cnosa: nazpysicennvie ypasHenus 6 4acmuvix npouU3BoOHbIX; anpuop-
Hble oyeHKU, cnaboe peuienue; cywecmeosanie U eOUHCIMEeHHOCHb.

Beenenue

B pa6ote [1] mis perieHns CMEIIaHHOM 337241 ¢ OJJHOPOAHBIMU KPACBBIMHU YCIIOBUSIMHU JIJISI HATPY-
KEHHOTO THIEPOOIMYECKOT0 YpaBHEHUS, allliPOKCUMHPYIONIETo AudQepeHIInalI-HOE YpaBHEHUE B Ya-
CTHBIX TPOW3BOAHBIX C HATYPaJbHOW CTEIICHHOW HEIMHEHHOCTHIO, OBUT TPEIOKEH MPUOIMKECHHO-
aHANMTHYeCKUi MeTolI. Ero 0COOCHHOCTRIO SBISETCS MCIOIB30BAHUE APHOPHBIX ONEHOK PEIICHHUs CO-
OTBETCTBEHHON HaYalbHO-KPAcBOW 3a1auM ISl JIMHEAPH3allul OOBIKHOBEHHOTO MH(QepeHIHATEHOTO
ypaBHEHUS, aCCOLMUPOBAHHOTO ¢ MCXOMHBIM. Pemenne 3amaun Komm [uisi OCIEIHEr0 UCIOMb3yeTCs
JUTSL 3aIACH TIPUOJIMKEHHOTO PEIICHHs HArpyKeHHOU 3ajadun. [loiaydeHHOe OMUCaHHBIM CIIOCOOOM pe-
NICHUE HCIOJb3yeTCs JUIs 3allycka HMTEPal[iOHHOTO Mpolecca HAXOXJICHHS «IOCTATOYHO TOYHOTO»
MPUOTMKEHHOTO PEIICHUS HETMHEHHON 3a1a4u ¢ OMHOPOAHBIMU HAYANBHBIMU yCIOBUsMU. B [2] MeTon
MEPeHeCeH Ha CyYaidl palMOHANIBHON CTENCHW HEITWHEWHOCTH MIIAIICTO YICHA B MapaboMYecKOM
YpaBHECHUHU.

B manHo# paboTe MUCCIEMyIOTCS BOIPOCH! CYIIECTBOBAHUS M €IMHCTBEHHOCTH cllaboro (00600mmeH-
HOTO) pelieHus 3a7a4H, PACCMOTPEHHO# B [1] ¢ OJJHOPOIHBIMU TPAHUYHBIMHU YCIOBUSMH.

B o6mactr Q = {(x,t): 0 <x <1, 0 <t < T} paccMOTpuM Harpy’keHHOE ypaBHEHHE C HATypalbHOI
CTereHbo P > 3:

Uy = Uy + by [| 4 de0, 21, B 0Q =0, 1. 1)
Q
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OHO MOXeET CIIYKUTBH I alllIpOKCUMAIuu HEIIMHEHHOrO YpaBHCHUA

U _aZL&x+ d 4'0 y=0,

BO3HMKAIOIIETO B 3a/1a4ax yIpPaBJICHHs, a TAK)KE MOJIEIUPYIOIIETO HEKOTOPBIC HEJIMHENHHBIE (PU3HUECKUE
nporieccel. KoHctanTsl @ u b sBisitoTCs apaMeTpaMu MOJEITHPYEMOTO TIpoliecca. Y paBHEHUS pas3iind-
HOT'O THIIA ¥ MOPSIIKA C MHTErPAIbHOM HArpy3KOH, aHAIOTHYHOM HCTob3yeMoit B (1), IpencTaBisioT u
CaMOCTOSITEIIbHBIN HHTEPEC, B CHITY TOTO, YTO KMH MOJIEIUPYIOTCS, HAIPUMED, MPOIECCH JOJTOCPOYHO-
IO MPOrHO3MPOBAHUS U PETYIMPOBAHUS YPOBHS I'PYHTOBBIX BOJ M IIOYBCHHOM BJIAr, MEpPEeHOCa YaCTHII,
HEKOTOPBIE 384K ONTHMAILHOTO YIIPABJICHHS.

Tpebyercs HaiiTu uHTErpHpyemMyto GyHkImo U(X,t), ynosierBopsromyo ypasueruto (1) B obiac-

1 Q, a Taxke npu @y(X),P,(X) U L, (Q) ycnosusm:
U(%0)= 4, (%), 4 (%0)= 4, (¥, 0 x5 | @
u0,t)=0,u(l t)=0,0t<T (3)
1. AnpuopHbIe OlIeHKH
Bcerony ||v|| z 0 IQ|\4 P dx BeIpaskaer Hopmy dyrKImH V(t) B IpocTpaHcTBe Lo(€2), Uy =0u,,/0t.

Ymuoxkas (1) ckansipHo Ha Uy ¥ IPUMEHSIST CTaHAAPTHBIC VTS TIOJAO00HBIX CIIyYacB HECIOMXKHBIC Mpe-
o6pa3oBaHMs, JIETKO MOYYHTh HEPABEHCTBA, BLIMOIHSIOMHECS s Beex 3Hadenuit t O [0, T)

Juratfos GO [ uEgs QO | ulg s =25, 0 & 1 @
Q

Hanee, B npennonoxennn U Ly ,(Q) ymuoxum ypasuenue (1) ckanspuo Ha GyHKumo uPt. Dite-

MCHTApPHBIC Hp€06pa3OBaHI/I$I u YMHO)KCHI/IC €ro Ha Sgr?u, MMPpUBOAAT K YPAaBHCHUIO

o = (p-D[|4"? (- & §) ax

rnociue I/IHTerI/IpOBaHI/I}I KOTOpOTO 110 t mosrygaem
F d b
S+ 2125, = rp-0f [| 47 ¢ - &) axae S| @010+ 2] 60y,
0Q

PaccMoTpuM oTJEIBHO MEpBOE ciiaraeMoe B paBoi yactu. [IpuMeHssr kK HeMy HepaBeHCTBO | €b-
aepa, B KotopoM S = ¢/(q — 1),monmyvaem npu q = 1B cury nepBoro u3 (4)

1
g
t <

[~ @y ) 473 o j‘ﬂﬁ 24

t
2
< supes j| {°" d ” fi+ 5& X dt sup ek
K NEPBOMY COMHOKUTCIIIO IPUMCHUM IMOCIICAOBATCIIBHO HECPABCHCTBO (DpI/II[pI/IXCEl " TPCTHC U3 (4)

supesi 72 < i suped iz < K]

B urtore okasbiBaercs, 4To
t p-2 p-1
P2, 2 22 G _G Kl
00 a
3T0 MO3BOJNSET MEPEUTH K HEPABEHCTBY

d Pk
SlulB o # SR, s BP0 Sk e+ Dl

IOCJIC OYCPCAHOTO UHTCTPHUPOBAHNA NPUBOAAIICTO K COOTHOILICHUTO

6 Bulletin of the South Ural State University
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Bosuee O.J1. O cnabbix peweHUsIX Ha2PyXeHHO20 2unep60o1u4ecKo20 ypaeHeHUs
C 0OHOPOOHBLIMU KpaeebIMU yc/108USIMU

t
o3 2 Jluf, dt+ K
[TprMeHsist K HEMY HEJTHHCHWHbIH aHAIoT HepaBeHc(;Ba I'ponyosna [3, ¢. 22], Buaum, uTo
o2 <G ®)
rae npu Beex t U [0, T] B cuity (2)

2K,

cr b
2+bK,T’ K22 p(p- 1) 2(p 21) €+ t||¢1|| *| e S,g

2:

JIuist TTOSTyYeHus eIle OJHOM OIEHKM HEOOXOAMMO YMHOXHTE (1) CKalsIpHO Ha ||u||E o U - Homy-

YeHHOE YpaBHEHHE TI0CTIe AIEeMEHTapHbIX IPpeoOpa3oBaHui TPUMET BUI:

o o fo 2 sz (1 f o[ 8 0080

[pounterpupyem ero Ha unrepsaie [0, t]:

||u||S,Q[qudx+ £ | Lfd% 24 (|| I, {J)Z dxdt =

t Q Q 00

= I%"U”EQ I(ut2 +azux2) dxdt+ | XO)"E,Q j( F( x0) +& §( xO)) d
0 Q o

O06a craraeMpIX IpaBoOi 4acTH orpaHquHH B cuny (4) u (5):
[Slg (i + 46) oo 6] 1 o)< ol 0 0451 €.0050)=
<Gyl IO, < G o )
Jux ) [ (B (%0) +2f (x0) =gy (4P, ([allg + &l (30 )<
’ <112 (121 +C:0)

BosBpamiasice k TOCIEIHEMY PaBEHCTBY M OIycKas B €ro JIEBOM YacTH IEPBOE CliaracMoe,
yoekmaeMcst, 9To

—_

t
g u| axats GO (6)
0Q

Co()= GO+ 040 (050 + CLD+ CHO)).

2. CymecTBoBaHme ¢J1ad0ro pemeHust
Onpenenenne. Crabeim pemerrem 3agaun (1)—(3) HazoBeM yIOBIETBOPSIONIYIO TIEPBOMY YCJIO-

Buio (2) pynkmmo ullL, (0,T; Hé (Q)), xotopas nmpu u, UL, (0,T; L, (Q)) u Besikoro wll Hé(Q) yIoBIe-
TBOPSIET TAKKE TOXKIACCTBY

(o[ ) o & 0 el

Jlnst moKa3aTeabCTBa CYIIECTBOBAHUS C1a00ro pelieHus 3a1add BOCIOIb3yeMcsl MeTooM BbyOHo-
Ba—Tanepkuna. Iycte Gynkumn Wi (x), j = 1, 2, ...,00pasyror 6asuc mpocTpaHcTsa Hé(Q). Ompene-

JIUM HpI/I6J'II/I)K€HHOC peuicHuc IMOCTaBJICHHOM 3aJa44 KakKk
m
Un =D 95 (W (X,
=1

C ABaXKIbI HeNpepbIBHO AuddepennupyeMbiMu GyHKIUsIME Qj(t), SBIAIOMUMUCS PEIICHHEM 3aa4u:

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 7
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(te ;) + 2 b W) + ] W U ) =02 m ™

um<x,0>=¢1m(x>=z¢1,-w,-(x) ~ ¢1(% B HH(Q) mpu m - w; (8)
i=1

Umt(X'0)=¢2m(X)=z¢2ij(X) - $5(% B Ly(Q) nmpu m - . 9)
j=1

3amaua Komm (8), (9) mns cuctemsl quddepeHnansHbpIX ypaBHeHuii (7) MOKeT OBITh 3allicaHa B
BUJIE!

Wi O+ bA, Ot & W, g,=0, 9;(0)=4¢y;, gi (0)=¢y ,1< jsm,
I BXOJIAIINE B TIOCIEIHEE YPAaBHEHHE MATPHIIBI OTIPEICIISIIOTCS KaK

Wi = )l e = ) A=l wlBg w

Tak kax det, # 0, To 3amaya (7)—(9)uMeeT emMHCTBEHHOE a0COIIOTHO HENMPEPHIBHOE PELICHUE.
Hopma ¢hyHKImT Uy, BXogsmas B (7), onpenensercs CIeAyOIIM 00pa3oM:

P m
> g(bw(i( ded | dX°[] MK d
i=1 Q

=1

U5 I|Um(><t)|pdx‘f
Q

Y6enumcs B CripaBeJIMBOCTH HEKOTOPBIX BCIIOMOTaTEIbHbIX YTBEPXKICHUH.
Jlemma 1. IlycTs (pyHKUIMH U 1 U; yIOBIETBOPSIOT ONpeAesieHnIo cnaboro pemenus. Toraa:

U, — U cuipHO B L, (O,T;Hé(Q)); o1
Uy — U, coubHO B L, (0,T 5L, (Q)). 11
Joka3zaTenbcTBo. JlomycTuM, 4To Kakaas u3 GYyHKIHUH Uy B Uy SBISETCS MPUOIHKCHHBIM PEIICHHU-
em 3anaun (7)—(9).Pa3Hocth ypaBHeHuii (7), 3alMCaHHBIX I KaXIOW U3 HUX, AT CIEYIOIIee ypaB-
HeHHe ¢ QyHKIHeH V= Uy, — Uy:

(v )+ 22 (v ) +B{1 gy th=l Wy th ) =0

Haiinem pa3HOCTb ypaBHEHHIA, IOIyYCHHBIX YMHOKCHHEM ITOCIIEIHET0 Ha ] VIS KasKIOTO | M CyM-
MUPOBaHUEM COOTBETCTBEHHO OT 1 710 Mu N:

(Vtt,\/t)+az(\4<"&t)+ l{" qﬂ”z,g o~ | L}”S,Q the 9:0'

C MMOMOLIBIO 3JICMCHTAPHBIX Hp€06pa3OBaHI/Iﬁ OTCroAa JICTKO INOJIYYHUTh YPABHCHHC

1d (Vt +a??) dx+B 40 [ o] WP =1 Wlbg )] v dxe,
Q Q

2dt

WHTETPUPOBAHKE KOTOPOTO IO { MPUBOAMT K CIIEAYIOIEMY:

t t
[ (2 +a®2) dx+2bf |6, [ vZdxdt +21f (|| P o = S,Q) [ Wy ohcit =F;
Q 0 0 0 o

Fon= [ (30 + 2 (x0) 0= [ ((9ar=42 )" + (81-61)7) ax
o Q

3amerunm, uro B cuiy (8) u (9):
F

mn

- Ompum,n - oo, (12)
Jlanee, mepeiieM OT MOCIIEHEr0 PaBEHCTBA K HEPABEHCTBY:

t
J-(th +a2VX2) dx< Ztﬂn Ul E,Q [ u| SQ‘ J' V U d}x gt E, (13)
o 0 Q

K Monyiro pasHOCTH 1OJ 3HAKOM HMHTErpajia B IPaBOil 4acTHW NMPUMEHUM YCTaHOBJICHHYIO B [4]
OILIEHKY, KOTOpas B JAHHOM CIy4ae UMEeT BHI!

8 Bulletin of the South Ural State University
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ol =% o] 5 PCCOVT [T = uf” o (14)
Q

s npopormkerus (14) Bocronb3yemces HepaseHcTBoM Dpunpuxca [5]:

VB 2
U® o =[lu P [ < PGy (D1 2 gxe PCa(OVI ]yl dx
“| "p,Q ” ” p,Q‘ g'[|\* 2\/5 gJ;| |

OtieHUM BTOPO# COMHOXKHTEb O] 3HAKOM MHTErpaja B npaBoii yactu (13):

gj)vtumtw*sywd dx /i % d i fu, dzﬂcfgj) 2 d

Torna amst nepBoro ciaraemMoro B npaBoii yactu (13) MOKHO 3amucarh:

2, 1 +dns o] [I1 o ¥ o (3 42 o0

bp\/7 (t) max{C t)

t[0,T] tE[O ]
Bepuemcs k (13) 1 yOeauMmcst B BHITIOTHCHUH HepaBeHCTBa

t
J.(vt2 + azvf) dx< Cg j j (vt2 +a 2\/Xz) dxdt+ F,,
) 00
Jlemma I'ponyosna [3, ¢. 9], npuMeHeHHas K TOCIIEHEMY, IPUBOJIUT K OL[EHKE:

j(vtz + azvxz) dxs F, &9,
)

KoTopas ¢ ucrons3oBanueM (8), (9)u (12) mpu m, N — o gaer
2 .2 2
J.((umt ~Up)® +a%(Upy— Up) ) dx- 0.
Q
Orcrona cinenyer BoinonHenue (10)u (11). Takum oOpa3om, teMMa ToKa3aHa.
Jlemma 2. [TycTb mocneoBaTebHOCTh Uy CXOIUTCS CHIIBHO K (yHKINHM U B L, (Q). Torma
p
- ||u|| pq CHJIBHO B L, (Q). (15)

Joxka3zaTeabcTBo. CXOIMMOCTB ClieyeT U3 OleHKH (14).
[lepeiizeM Kk 1oKa3aTeNbCTBY CYIIECTBOBAHUS c1a0O0r0 peHIeHus 3aa4u.

[uml 5.0

Teopema 1. Cnaboe pemenue 3anaun (1)—(3)cymectsyer npu ¢ OH %)( Q), 9,0L,(Q).

Joka3zareabcTBo. CranspHoe npousseaeHue (8) ¢ g'jm (t) u cyMmmupOBaHHME 110 | 1aeT ypaBHCHUE

(umtt1umt) + a2( U umb) + t(” ufuz,Q Ut u”)': 0.

Tak Kak MOCIICIOBATEIbHOCTh Uy SBJISETCS TOYHBIM pemendeMm 3amaun (1)—(3) mpu
$1(X) = Py (X), @2(X) =P, ( X, TO W15 Hee anprOpHBIE OLEHKY (4) MIPHHUMAIOT BH

t
”umx"zg = Cl( ) "umtuzg G(1). 16]
B cmity nepsoro u3 (16) cymecTByeT OAIOCIEIOBATENBHOCTD U, TaKas, 4To
U, ~ u cmabo s L, (0.T; H3(Q)). 7

3amMeTuM TaK¥XKE€, 4TO
L.(0T; H3(Q)) O HE(0.T:H3(Q))= HY(Q).
T.C. Un MMPUHAIJIC)KUT U MHOXKCCTBY, OI'PAaHUYCHHOMY B Hé(Q) HCHOHBSyﬂ KOMITaKTHOCTb BJIOKCHHUA

H(l) (Q) B L,(Q) , oTciona MOXHO 3aKIIFOUHTB, YTO

U, — U cuibHO B L,(Q) 1 moutn Berony. (18)
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B cBoto ouepens, B cuiry BToporo u3 (16) ciemyer, 9ro mpu M — 0 (GyHKUUS Uy, TPUHALICKHUT
MHO>XECTBY, OTpaHHYCHHOMY B L, (O,T; L2(Q)) . IIpu1 3TOM BBITIOTHSACTCS BKIIOUCHUE
L, (0.T;L,(@)) DL (0T;L,Q)=Ly(Q),
HO3BOJISIONIEE 3aKIIOYUTD, UTO Uy, IPHHAUICKHUT TAKKe OrpaHuueHHOMY B L,(Q) mHOxecTBy. Creno-

BaTCJIbHO, U3 IIOCJICA0OBATCIIbHOCTH Umt MOXXHO BBIACIHUTDH MMOAIIOCIICA0OBATCIBHOCTD U/A , TaAKY1O0, 4YTO

Uy — U crabo B Lm(O,T; LZ(Q)). 119

VYmuoxas Terepsb (7) Ha ”Um”E o gj(1) u paccyxkas aHATOTHYHO MPEIBITYIIMM CIlyqasM, MPUXO-

IuM K orienke (6), 3anrcanHoi B BHIE
t
P
[ [ lml? gt
0Q

p
Ona 03HAvacT, 4TO CYHICCTBYCT NOAIIOCICIOBATCIbHOCTD HUuH 0 U/A TakKas, 4To
p,

2
dxdt< G.

p
Hu#“p,g Uy — X cmabo B Ly(Q). 0§2
Bepuemcs k (7) u mepeiinem B HeM k mpeneny npu m= . U3 (17), (19), (20)cnenyer cnabas

cxoaumocth B L, (0,T) cnaraemeix jeBoii yactu ypaBHeHus (7):

() = (5 ) (e ) = (g | g )= (em):

s Toro, uyToObl (GyHKIMS U sBIsUlach ciadbiM perienuneM 3amaun  (1)—(3), HEoOxommmMo
BEITIOJTHCHUE PaBEHCTBA ) :||u||SQ U, CHpaBeIJIMBOCTh KOTOPOrO CIEIyeT U3 CIECIYIOIIEro

YTBEPKICHHUS.
Jlemma 3 [6, c. 25]. [lycts Q —orpannyenHas o0nacts, V,uV — OrpaHuYeHHblC QYHKUMM M3

L,(Q), 1< p<w, Takue, uto HV <C, v, - V mouru Berony B Q. Torna vV, — V cmabo B L,(Q).

H H p.Q
Jly1st mprMeHeHUs JIEMMBI HEOOXOAMMO TTOKa3aTh, YTO

fo =l e = I 4= 2

IToxaxkem cHayana c IIOMOIIBIO JICMM lu? CHJIbBHYIO CXOOAUMOCTDb Xﬂ - X- B camom Iee:

t 2 t )
] (l9a17 o v -2 u) o { £(\\ O RS Y LS [ e
t p 2 t b 2
<[ (Joul? o (v ~u))” e j j[ ll w1 8pg) ) o

B cuny (5) mepBoe ciaraemoe B paBoOil YacTH HE MPEBbINIAET BETHINHBI

t

CZH(u/,t - u[)2 dxdt- 0, ¢ - oo.

0Q

Bo BTOpOM cltaraeMoM B CHITY JIEMMbI 2:
p 2 2
(ldpe-1tpa) = Pl o0
Q
IMpumensts Teneps (14) u (15) ybexxmaemcst, 9To
HUIIHE oYt ~ || Lﬂ S,Q Y cuisHO B L, (Q) 1 moutu BCioxy.
CrnemoBaTenbHO

Juaf? o v =0 g u caabo s L(Q),
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OTKY/Ia CIIe/TyeT, YTO TPH BCEX | (byHKI_II/II/I U yZIOBJIETBOPSAET YPABHEHHIO

m,)J (o w)+ 4P w ) de (0, W

a 3HAYMT, SBIAETCS CIIA0BIM pemeHneM samaun (1) — (3). Y6emumcst B BBITOJHEHHH IEPBOTO U3
yenosuii (2). Cnabas cxogumocts U, (X 0) » u(x0) B Hé(Q) cienyer u3 (17), a u3 (18) cinenyer

u,(x0) - ¢, (x) B Hé(Q), B cuuty uero U(Xx,0)=¢, (X).

3. EIMHCTBEHHOCTH €/1a60r0 peleHust

Teopema 2. Cnaboe pemenne 3amaun (1)—(3)eauacTBeHHO.

Joka3zartenbcTBo. Bocnone3yemces mpoueaypoil, IpuMeHseMol B TEOPUH JTMHENWHBIX U HEIMHEN-
HBIX THIEpOOIMUecKuX ypaBHenui [6, ¢.28]. [Ipeanonoxum, uro 3anada (1)—(3)umeer nBa pemeHus —
U ® U,. 3ammchiBast JUIs K&KIOTO M3 HUX ypaBHeHHe (1), U X pasHOCTH, TAe V= U — U,, HOIYYUM
3amaqy:

Vo =22+ 40 w0y w)=0; (21)
v(x0)=0,y (x0)=0 (22)
Bynem uckats pemenve 3anaun (21), (22) —hyHkuuio
vOL, (o,T; Hg(Q)) NOL(0T;LQ).

s aroro ot (21) mepeiizeM K ypaBHEHHIO

v =2 Bl (w- w)+ by | 4o -] W) = 0
YMHOas1 KOTOPO€ CKAJIAPHO Ha V; IIOJIyYUM

a4 ot ] Vol il 0io)f vy e

Q
[Tocne unterpupoBanus ero B rpanunax ot 0 o t Halipém:

t t
J(@+a2@)axs 2] 4P, [ ¥ axae2 | 40 -] 4Pg )] cvar cheto.
0 Q 0 Q

Q

[anee moBTOpsieM Bce paccyKIeHHs, UCTIOIb30BaHHbIE TIPU JoKa3aTenbcTBe JeMMbl 1. Ilocie mpu-
MEHEeHUs JIeMMBI [ pOoHyOsI/1a B UTOTE MOTydaeM, 4To

(2 + a2 oo,
TO €CTh Q

gj;((u]Jt —u2t)2+ a (uy - UQX)Z) dx= 0.

Jlst Toro, 4ToOBI MOKa3aTh, 4To U = U,, npu S[(0, T) momoxum

S
w(x 1) = —jv(xa) do,t< s
t
0,t>s.
Ilycts, XpoMme TOTO,

t
w(x9=[Ux0) o,
0

oTKyga ciexmyet, 9ato W(X, ) =v(x - (X% § mpu t<s.
PaccMoTpuM cKajIsIpHOE TIpon3BeeHne obenx acteit (21) ¢ w(xt):

(W)= & (o W= {40 w0 .

OT KOTOPOT0 TIepei/IeM K PaBEHCTBY
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d 9
MW= 6w+ & (% W)= hgll g 52| o o8 Pt %

Ero I/IHTerI/IpOBaHI/Ie motc yquOM Toro, uro W(X, t) = Ompu t >S, maeT

—jm.w)dt aem W) d= q(n e w-l Wlo o

a Tak Kak W, =V, V\(x0)=—\i(x 5),To

(s 9l + @1 v g ) = @(n oo w0, b e

HpaBy}o YacCTb MOJIYYCHHOTO PABCHCTBA OLICHUM 10 MOAYJIIO, UYTO NPUBOAUT K HCPABCHCTBY

V(% s>||m+a€||y<m|m-2@(|| VIS [T

O6paTI/IMC$I K IOABIHTCTPAJIbHOMY BBIPAXKCHUIO B HpaBOI/I 9acTH, 4JIs1 KOTOpOro nMeeM

\(nuznpg U =] ) < sur] o P, [ ) ;Q)'g { v ax
s(nuluz,g+||u2||z,9)£m|vl<xo— wox ) ae(l 4o+l dia)fl i 9 s

Veunum mocJjieAHEC HEPAaBCHCTBO, OLICHUBAA CJIaracMbIC B IICPBOM COMHOXKUTECJIC C ITIOMOILBIO (5), a
KO BTOPOMY COMHOXXUTCIIIO IPUMCHSAS HCPABCHCTBA Feﬂb):[epa u (DpI/IZ[pI/IXCEI'

IC
(Il g v =Tl ] < 2 g MO0+ X <221 i+ 4 )

Orcrona ciemyer, 94To

2 L2 2 <IbCI(t)S 2, 2
Ivix 9l + #1408 H50 == (| kn + H ot 0K
HepasenctBo ['poHyosia, MpUMEHEHHOE K MOCIEIHEMY, IPUBOJAUT K PABEHCTBY

Ivx 9l + & ¥(x Y20 =0,
OTKYJia CIIEAYET HYKHBIM HaM pe3ynbTar:
V(X 9=y(x9- y( x3=0,

a UMEHHO — €IMHCTBEHHOCTh C1a00T0 PEIICHUS UCCISAyEeMOH 3a1adH.
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ON WEAK SOLUTIONS OF LOADED HYPERBOLIC EQUATION
WITH HOMOGENEOUS BOUNDARY CONDITIONS
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A mixed problem with homogeneous boundary condgimnconsidered for the loaded wave equa-
tion containing an integral over the spatial vaeaipom the natural degree of the solution moduitee
definition of the weak solution of this problemimgroduced, for which the questions of existence an
uniqueness are studied. The compactness methgddstal prove the existence of the solution. Tha ide
of the method is that when proving the convergeasfcan approximate solution built by the Galerkin
method, completely continuous embeddings of Sobgpeces are essentially used. A priori estimates of
the solution of the problem are necessary for higserhethod. Those estimates are partially estadaish
in the previous works of the author, and partiallg established in the proposed article. Follovtinig,
the approximate Galerkin solutions are built. Thestence of approximate solutions is proved by the
existence theorem for ordinary differential equasgioAfter that, a limit transition is made, as eerr
sponding to the aspiration of the space dimengianfinity. Here comes the main difficulty of appig
this method. It is related to the nonlinearity o tequation and consists in proving the compactokess
the family of approximate solutions. For this puseptheorems on the compactness of embedding Sobo-
lev spaces of a given order in Sobolev spacesspfialer order are used. The uniqueness of the weak
solution is proved by a standard procedure fronthkery of linear and nonlinear hyperbolic equation

Keywords: loaded partial differential equations;paiori estimates; weak solution; existence and
uniqueness.
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THE BARENBLATT-ZHELTOV-KOCHINA EQUATION
WITH BOUNDARY NEUMANN CONDITION AND MULTIPOINT
INITIAL-FINAL VALUE CONDITION

L.A. Kovaleva, E.A. Soldatova, S.A. Zagrebina
South Ural State University, Chelyabinsk, Russian Federation
E-mail: zargebinasa@susu.ru

The article is devoted to the study of the uniqueddvability of the Baren-
blatt—Zheltov—Kochina equation, equipped with the Mumann boundary condi-
tion and a multipoint initial-final value condition . This equation is degenerate or,
in other words, it belongs to the Sobolev type eqtians. To study this equation,
the authors used the methods of the theory of degerate operator semigroups,
created by Prof. G.A. Sviridyuk, and further develged by him and his students.
We would also like to note that the equation undestudy is supplied with a mul-
tipoint initial-final value condition, which is not just a generalization of the
Cauchy problem for the Sobolev type equations. Thisondition makes it possible
to avoid checking the consistency of the initial da when finding a solution.

Keywords: Barenblatt—Zheltov—Kochina equation; Neom condition; multi-
point initial-final value condition; unique solvaiby.

Introduction
Let 2 and § be Banach spaces; operatot]£(2;5) (i.e. linear and continuous), and operator

M OCI(2;F) (i.e. linear, closed and densely defined). Follayvj1], we introduce into consideration
L -resolvent set,oL(M)={,uD(C :(yL—M)_lﬂﬂ(%;QL)} and L-spectrum o-(M)=C\ p"(M) of
operatorM . The following statements are true.

Theorem 1.[1] Let operatorM be (L, p)-bounded,p{0} O N . Then there exist such projectors
P:A-2 and QF-3F, that operators LOEL(kerP;keQ)n £ (imP;imQ, and
M OClI (kerP; kerQ) n Cl (imP; imQ..

Introduce the following condition

n
o-(M)= .DOajL(M),nDN, what is more; NI #0 , there exi (A)
J:

a closed contouy; U C , bounding a domiajn] aj" M (),
such, thaD; nog M ¥O D, nD =0 Ojkl= 1.nk#l

Theorem 2.[2] Let operatorM be (L, p)-bounded, p00{0} ON and condition (A) is fulfilled.
Then there exist projecto 0£(2A) and Q; JL(F), j=1,...n having the form

—i — -1 :i — -1 i=
Pj—zm.}[(,uL M)~ Ldy, Q 2ni{L(m_ M) dy, j=1,..p

Moreover, one more statement is true.

Corollary 1. Let conditions of theorems 1 and 2 are satisfigteifPB =R P=PF, j=1..n,

RBR=RR=0, kI=1..nk#l; QQ=Q Q=Q, 7L.n,Q Q= Q QR=0, k,1=1,..n k=l
Put

n

R=P-2 R.Q=Q> Q,
k=1 k=1

due to corollary 1 operato®, 0.£(2), Q,0£(F) are projectors.
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Thus, let condition (A) is fulfilled, fixrj OR (rj <rj+1), vectorsuj O for j=0,..n, and con-
sider multipoint initial-final value condition [Zkee more [3])

Pj(U(Tj)—Lﬁ)z(), j=0,..n, 1)

for linear Sobolev type equation
Lu = Mu+ f, (2)

where vector-functionf OC” (R;J) will be defined below.

A vector-function ud C*(R;2(), satisfying equation (2), is calleal solution of equation(2).
Solution u=u(t), tOR, of equation (2), satisfying conditions (1) is edlthe solution of multipoint
initial-final value problem(1), (2).

In this paper we present the results of the Sobtylee equations theory witfL, p) -bounded op-

erator M [1] and the unique solvability of problem (1), (2]. Then the abstract results will be applied
to the study of the solvability of Barenblatt—ZlosttKochina equation

U, —xAy, =VvAu+ f, 3)
defined in cylinderQxR™ with boundary conditions
g—uu(x,t)=0(x),(x,t)DaQ><R (4)
n

and with multipoint initial-final value conditionfdhe form (1). HereQ O R™ is a bounded domain
with the boundary of the class” , and n=n(x), x00Q, is the unit normal external to domagh.

Thus, the subject of the paper is divided into paas. In the first part the information on thevsdilility
of problem (1), (2) is given, and in the second pawblem (1), (3), (4) is considered.

Note, that the Neumann conditions are a speci@ oashe “flow balance” condition for Sobolev
type equations considered on a connected oriemggghgthat is in the one-dimensional case. This the
ory is currently being actively developed, thetfsgidies were conducted in [4]. Sobolev type dqnat
with Cauchy—Neumann conditions in a bounded domadre studied in [5], but studies for the case of
replacing the Cauchy condition by a multipointiadifinal value condition for such a problem areneo
sidered here for the first time.

We also note, that equation (3) models the dynawiidbe pressure of a fluid, filtered in a frac-
tured-porous medium [6]. Herg is a real parameter characterizing the mediwmis the piezo-
conductivity coefficient of the fractured rock, wif R, vOR,. function f = f(x) plays the role of

an external load. In addition, equation (3) desgithe flow of second-order liquids [7], the heatc
duction process with “two temperatures” [8], theishare transfer process in the soil [9].

1. Abstract problem
Let A and § be Banach spaces, operators]£(2(;F) (i.e. linear and continuous) and

M OCI(;F) (i.e. linear, closed and densely defined). Suppwsaddition, operatoM is (L,o0)-

bounded (for terminology and results see [1]), ttheare exist degenerate analytical groups of résglv
operators

t_ 1 L t_ 10
U —EIyRu(M)e‘“ du u F _ajyl_y(l\/l)e/’t du,
defined on space®l and § respectively, moreoved ® =P, F° =Q are projectors. Here is a con-
tour, bounding a domai®, containingL -spectrumo® (M) of operatorM ; R/b (M)=(,uL— M)_1 L
is aright, and L, (M)=L(uL-M )_1 is aleft L-resolventof operatorM . For degenerate analytical

group the concepts dfernel kerU- = kerP = ketJ' . for all tOR andimageimU: =imP =imU" for
all tOR are correct. Denote by’ =kerU:, A'=imU-, and A’ =kerF-, F =imF", then
A°0A =92 and F°0OF =5 . Also denote byL, (M, ) the restriction of operatot. (M ) on F*

(domM n 2¥), k=0,1.
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Theorem 3.[1] (Splitting theorem)Let operatorM be (L, p) -bounded. Then
(i) operatorsL, OL(AX;5%), k=0, 1;

(ii) operators M, OCI(A%; 5%, M, Og@%3H;

(iii) there exist operatord;* 0 £(F52Y and Mo*OL(5%2%).

PutH =M, L, 0£2%, S= L*MOL@Y . Itis true

Corollary 2. [1] Let operatorM be (Lg) -bounded. Then for alzJC\ D

(UL=M)" =3 fFH MY Q)+ Y S 15'Q
k=0 k=1

An operatorM is called (L, p)-bounded pO{0} ON, if HP 20, andHP* =0. Let condition
(A) is satisfied. Then takes place:
Theorem 4.[2] Let operatorM be (L, p)-bounded, pD{O} ON, and condition (A) is fulfilled.

Then
(i) there exist degenerate analytical groups

1 o
UﬁzﬁjR};(M)e‘“dﬂ, j=1n
4

(i) U'U=U '=uU forall s, tOR, j=1n;

(i) UUP=U U= O forall s, tOR, k, 1 =1n, kzI.
n
PutUg=U'->"U,, tOR.
k=1
Remark 1. Units P, EUJQ v =0,n, (constructed by virtue of condition (A)) of degeate analyti-
cal groups{U} :tD]R} v =0,n, are projectors by corollary (1). We call the aers Py, Q; , j =0,n,
relatively spectral projectors.
Consider subspacex'! =imP,, e =imQ;, j =0,n. By construction

n . n .
at =0 oY andgt=0FY
j=0 j=0
Denote byL,; the restriction of operatdr on A =0,n, and byM,; denote the restriction of
operatorM on domM n Y | | =0,n. Since, as it easy to show, thetp]  dem if pLJdomM ,

then the domaidomM,; = domM n %Y is dense i, j=0,n.

Theorem 5. [2] (Generalized spectral theorenbet operatorsLO£(;§) and M OCI(2;5),
operator M is (L, p) -bounded,p {0} ON, and condition (A) is fulfilled. Then

(i) operators Ly; O &M ;59), My, Oe@™;3Y), j=0n;
(ii) there exist operatordy; 0 £(F";2Y), j=0n.
Theorem 6.[2] Let operatorM is (L, p)-bounded, pD{O} ON, moreover condition (A) is ful-

filled. Then for all f OC*(R;3J), u 0L, =0,n, there exists the unique solution of problem (2),
having the form

p n . n t
u(®) = - HIMGHI- Q) FO()+ DU Ty + > [ UTLEQ (3 ds (5)
q=0 j=0 i=0r,
16 Bulletin of the South Ural State University
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2. Concrete interpretation
Reduce problem (3), (4) to equation (2). For thissst

2l=(uDV\/2m+2 :Z—”zo onan F=W", niIN
n

All functional spaces are defined on the dom@inLet us set the operatots=1- YA, M =v4, more-
over L, MOL(A;F) forall YAR\{0} , vOR, and operatok is Fredholm (i.eindL = 0).

Denote by{/lk} the set of eigenvalues of homogeneous Neumanngmdior the Laplace operator
4 in the domainQ, numbered in the order of non-increasing withwaace for their multiplicity, and
by the{gok} denote the set of orthonormalized (in the senshe@Spacel, ) corresponding eigenvec-

tors. Note, that the first eigenvalue of the honmagis Neumann problem for the Laplace operator in
domainQ is zero, and the corresponding eigenfunction rstant.
Lemma 1.[5] For all y, vOR\{0} operatorM is (L,0)-bounded.

Note, that

{o, it x'O{A},

kerL = _1
spar{g =4}

By theorem 1 we construct a projector
I, if x70{A},
PE1i- > g, it x0{4},
Ly 1=A)

where([TJ is the scalar product ih? . ProjectorQ has the same form, but it is defined on the sgace
The relative spectrunr-(M) of operatorM has the form
L _ _ VA
o (M)= =
(M) (/Jk 1y
Choose such the partst(M), j =0,n, of the relative spectrum of operatht , that condition (A)
is satisfied (it is clear that this can done in entiren one way). Build the projectors

P = Z (L)@, 1=0n.
e 00 (M)
Take 7; R (7j<7j,q), u;0A, j =0n, f OC®(R ;¥) and for problem (3), (4) the multipoint
initial-final value condition is given
Y U 9-U(R,806=0, j=0,n. (6)
k:,ukEIO'IJ-‘(M)
By lemma 1 and theorem 6 it follows
Theorem 7. Let condition (A) is fulfilled. For allyOR, vOR\{0}, fOC”(R;J), u; 02,

,kDNJ.

j=0_,n, equation  (3) with  conditons (4), (6) has the qus  solution
uOC”(R;2) , which has the form

n et ” b a(ts)
um=@Q-nfMm+y > € (Yogode+y, 2 | ETTIC A8 o
=04 0ot (M) 1204 Oo-(M) 7
In conclusion, the authors consider it their pleaskty to express their sincere gratitude to Rrofe
sor GA. Sviridyuk for interest in the work and productidiscussions.

References
1. Sviridyuk G.A. On the general theory of operademigroupsRussian Mathematical Surveys
1994, Vol. 49, no. 4, pp. 45—74. DOI: 10.1070/RMAEH9IN04ABEH002390

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 17
2019, Tom 11, Ne 2, C. 14-19




MaTtemaTtuka

2. Zagrebina S.A. The Multipoint Initial-finish Hslem for Hoff Linear Model Bulletin of the
South Ural State University. Series Mathematicaldelbng, Programming & Computer Software
2012, Vol. 5 (264), Issue 11, pp. 4-12. (in Russ.).

3. Zagrebina S.A. The initial-finite problems fasntlassical models of mathematical physisl-
letin of the South Ural State University. Seriesatbematical Modelling, Programming and Computer
Software 2013, Vol. 6, no. 2, pp. 5-24. (in Russ.).

4. Sviridyuk G.A., Shemetova V.V. The phase spdae monclassical modelRussian Mathematics
(Izvestiya VUZ. Matematika2005, Vol. 49, Issue 11, pp. 44-49.

5. Kazak, V.O.Issledovanie fazovykh prostranstv odnogo klassalipelynykh uravneniy sobo-
levskogo tipa: dis. ... kand. fiz.-mat. ngukvestigation of phase spaces of a class of ssall Sobolev
type equations: Cand. phys. and math. sci. diSgglyabinsk, 2005, 99 p. (in Russ.).

6. Barenblatt G.I., Zheltov Iu.P., Kochina |.N. Basoncepts in the theory of seepage of homoge-
neous liquids in fissured rocks [stratdpurnal of Applied Mathematics and Mechanit860, Vol. 24,
Issue 5, pp. 1286—-1303. DOI: 10.1016/0021-8928(®BINJ-6

7. Ting T.W. Certain non-steady flows of secondenrfiuids. Archive for Rational Mechanics and
Analysis 1963, Vol. 14, no. 1, pp. 1-26. DOI: 10.1007/BEB0690

8. Chen P.J., Gurtin M.E. On a theory of heat ceotida involving two temperaturesournal of
Applied Mathematics and Physics (ZAMP)1968, Vol. 19, Issue 4, pp. 614-627.
DOI: 10.1007/BF01594969

9. Hallaire M. On a theory of moisture-transfi@st. Rech. Agrononi964, no. 3, pp. 60-72.

Received April 1, 2019

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2019, vol. 11, no. 2, pp. 14-19

YOK 517.9 DOI: 10.14529/mmph190202

YPABHEHME BEAPEHBJIATTA-XXENNTOBA-KOUYMHON
C FrPAHNYHbIM YCJTOBUEM HEMMAHA
N MHOIMOTO4YEYHbLIM HAYAJIbHO-KOHEYHbLIM YCITOBUEM

J1.A. Koeaneea, E.A. Condamoesa, C.A. 3azpebuHa
tOxHo-Ypanbckuli 2ocyGapcmeeHHbIl yHugepcumem, 2. YensbuHck, Poccutickass ®edepayus
E-mail: zargebinasa@susu.ru

[locBsmeHa W3y4YeHHUIO OJHO3HAYHOW pa3pelMMOCTH ypaBHeHHs bapenOnarra—KenroBa—
KounHoii, cHabXeHHOTO KpaeBhIM ycioBHeM HeliMaHa W MHOTOTOYCYHBIM HAYaIhbHO-KOHEYHBIM YCIIO-
BueM. OTMeTnM, uTo ypaBHeHHe bapenOnarra—KentoBa—KounmHoi MomenupyeT TMHAMHUKY JTaBJICHHS
KUAKOCTH, (PUIBTPYOIIEHCS B TPSIIMHHOBATO-MOPUCTON cPeae. KpoMe Toro, 0HO OIMUCHIBAET TEUCHUE
SKUJKOCTEH BTOPOro MOPSIAKA, OPOLECC TEIUIOMPOBOJHOCTU C «IBYMs TeMIePaTypPamu», mpoLecc Bla-
rorepeHoca B mouBe. JlaHHOe ypaBHEHHWE SBISIETCA BBIPOXKIEHHBIM WM, JPYTHMH CIOBaMH, OHO TIPH-
Ha/JIS)KHUT K ypaBHEHHUSIM COOOJIEBCKOTO THMA. /s viccenoBaHus N3yd4aeMoro YpaBHEHHS aBTOPHI BOC-
MOJIL30BAIMCh METOJAMH TCOPHH BBIPOXKJCHHBIX MOJYTPYII OIEpaTopoB, pa3pa0OTaHHOH mpod.
I'.A. CBupuatokoM, ¥ pa3BUTON ero ydeHHKaMu. OTMETHM TakXKe, YTO MCCIIEAyeMOe ypaBHEHUE CHa0-
JKEHO MHOTOTOYEYHBIM HadaIbHO-KOHEYHBIM YCIOBHEM, KOTOPOE SIBISIETCS HE MPOCTO 0000IeHreM 3a-
nmaun Kommm anst ypaBHeHU# cOOOJIEBCKOTO TUNA. YKa3aHHOE YCIOBHE JaeT BO3MOXKHOCTH H30€raTh
MPOBEPKU COIIACOBAHUS HAYaJIbHBIX TAHHBIX NPU HAXOXKICHUH PEIICHHUS.

Krrouesvie cnosa. ypasnenue bapenoramma—rKenmosa—Kouunotii; ycirosue Heiimana, mnocomo-
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O rPYBOCTU U BUPYPKALIUAX MONMUHOMUATBbHbIX
ANDODOEPEHLUUAIBbHBLIX YPABHEHUN HA OKPYXXHOCTH

B.Ll. PoiimeHb6ep2
Spocnasckull eocydapcmeeHHbIl mexHU4YecKkull yHueepcumem, 2. Sfpocnaerns, Poccutickas ®edepayusi
E-mail: vroitenberg@mail.ru

JAuHamuyeckasi cucremMa, 3agaHHas Ju(pdepeHUUATbLHBIM YPaBHEHHMEM HAa
MHOro0o0pa3uu — ()a30BOM NPOCTPAHCTBE CHUCTEMbl, Ha3blBaeTcs Ipy0oil, eciu
TOMoJIOrHYeckasi CTPyKTypa (a3oBoro moprpera He MeHsieTcsl IpH Iepexoje K
0Jim3koMy ypaBHeHH10. IloHsiTMe rpy0ocTH BO3HHMKJIO M3 NPEACTABJCHMS, YTO
CyllleCTBeHHbIe CBOIiCTBA JUHAMHYECKOIl CHCTeMbl, ONMUCHIBAIOIIEH pealbHbIi
npoiuecc, He J0JLKHBI MEHATHCA MPHU MAJbIX H3MEHEHHMSIX NapaMeTPOB CHCTEMbI.
K HacTosimeMy BpeMeHHU NOJIy4YeHbl ecTeCTBeHHbIe HE00X0AMMbIe M 10CTATOYHbIE
yca0BHS TPy0OCTH JTUHAMMYECKHX CHCTEM Ha 3aMKHYTBIX MHOT000pa3usx J1o0oii
pa3mepHocTH. OgHAKO eciid IpydOCTh paccMaTpuBaTh B 0ojiee Y3KMX KJjaccax
AUHAMMYECKHX CHCTeM, B YACTHOCTH, B IIPOCTPAHCTBE CHCTeM, 3aIaHHBIX Aud-
(epeHINANBHBIMY YPABHEHUSIMH € NMOJHHOMHATBHBIMHA NPABBIMH YACTAMH, TO
yca0BUs rpy0ocTH He MCC/e0BaHbI JaxKe IS MaJIbIX pa3mMepHocTeil ¢a3oBoro
npocrpaicTBa. B Hacrosinieid paGore paccMaTpUBAOTCH AUHAMUYECKHE CHUCTe-
Mbl, 3alaHHble TH(depeHIHaAIbHBIMH YPABHEHUSIMH, NPaBble YaCTH KOTOPbIX
SIBJISIIOTCS TPUTOHOMETPUYECKHMMHU MOJHMHOMAMH CTelleHH, He IpeBOoCXoAsiIei
HATYypaJbHOro 4ucia n. @a3oBbIM NPOCTPAHCTBOM TAKHX CHCTEM SIBJISIETCS OK-
py:kHOCTh. OmnmcaHbl ypaBHeHHs, Ipy0ble OTHOCHUTeIbHO mpocTpaHcTBa E(n)
BCeX TAKHX ypaBHeHMil. YpaBHeHHe siBJsieTcsl TPYObLIM TOrJa W TOJBKO TOrAa,
KOIJa ero npapasi 4acTb HMeeT TOJIbKO IMPOCThbIe HYJIH, TO €CTh Bce 0co0ble TOY-
KM KOTOPOro — runepooanyeckue. MHOkecTBO BceX IPyObIX YPaBHeHUH OTKpBI-
TO M BCHOAY IUIOTHO B npocrpaHcTBe E(n). B MHOXkecTBe Becex HerpyObIx ypaB-
HEHHIl BBbUIEJIEHO OTKPLITOE M BCIOAY INIOTHOE NMOJMHOKECTBO, COCTOfAIIee M3
YPaBHeHHMii NepBoil cTeneHu Herpy6ocTu. OHO SABJISETCS AHAJTUTHYECKUM MNOI-
MHOroodpa3ueM Kopa3MepHocTH oauH B E(n) u cocTouT U3 ypaBHeHHi, A1 KO-
TOPBIX BCe HYJIM MPAaBOi YacTH MPOCThIe, 32 HCKJIIOYeHHEeM OJHOr0 JBYKPATHOIO
HYJISl.

Kniouesvle cnosa: ougpghepenyuanvroe ypasuenue Ha OKPYICHOCMU, MPULOHO-
MempuyecKull ROIUHOM, 2pybocmy,; OuypkayuoHHoe MHo2000pasue.

Beenenue

[onsite rpyOOH IUHAMUYECKOW CHUCTEMBI, 33JaBacMOW BEKTOPHBIM IIOJIEM, TOMOJOTHYECKas
CTPYKTypa KOTOPOH He MEHSIETCS MPH MaJIbIX BO3MYIIECHUSAX OIS, OBUTO BBeACHO A.A. AHIPOHOBBIM H
JI.C. IlouTpsiruabM B 1937 rofy u B JabHEHIIIEM CTAIO0 IPEIMETOM MHOTOYHUCICHHBIX HCCIICIOBAaHUM.
I'pyOble cucTeMBbl BaKHBI U KaK MaTeMaTHYECKUI O0BEKT, U C TOUYKHU 3peHus npuioxkeHuii. K Hacros-
IIeMy BpPEMEHH TOJY4YeHBl e€CTECTBEHHBIE HEOOXOIWMBIC W JOCTATOYHBIE YCIOBUSA TPyOOCTH B TIPO-
CTPAHCTBE BEKTOPHBIX MOJIEN C C' -Tononorueii Ha MOGOM 3aMKHYTOM MHOT000paszun [1-2], a Takxke
MMOKAa3aHo, YTO Ha MHOTOOOPAa3usIX pa3sMEepHOCTH =3 rpyOblec CHCTEMBI HE THITHYIHEI [3].

B oTiinume ot 001Ie# cuTyanuu, OMMcaHne BEKTOPHBIX NojieH (auddepeHIaabHbIX YpaBHEHUN) Ha

OKPYXXHOCTH, TpyObIX OTHOCHTEIBHO IPOCTPAHCTBA BCEX BEKTOPHBIX mosedd kmacca C”
(re NU {eo,w} ), u ux Oudypkanmii — Becbma npocras 3a1a4da [4]. O1HaKo B «MEHbBIIEM» MPOCTPAHCTBE

mddepeHINATBHBIX YPaBHEHHI C MPABBIMH YaCTSAMHU, SIBISIONIMMUCS TPUTOHOMETPHUYECKHMH MOJIMHO-
MaMH CTeTIIeHH < 7, 3Ta 3a/1ada y’ke HeTpuBHaIbHA. OHa OyIIeT pacCMOTPEHA B HACTOSIIICH padoTe.

DopMyJIHPOBKA Pe3yJbTATOB
Ha oxpyxxHOCTH S'=R/27Z paccMoTpuM AuddepeHIaIbHOe ypaBHEHHE

p=a(p), (1)
rae
= - cos'psin’ 2
a() Zogiﬂ,gn a;; cos gsin’ @ 2)
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PolimeHb6epe B.LLI. O e2py6ocmu u 6ugbypkayusix nosIuUHOMUanbHbIX
dughghepeHyuanbHbIX ypasHeHUl Ha OKPYXHOCMU

— TpuroHoMeTprdeckuii moauHoMm crenenn <N (NON). Ypasuenne (1) 0TOKAECTBUM C €ro MpaBoif
yacThio — QyHKIMEH &, a TakkKe € yNops0YeHHbIM HAOOPOM YHCEN & , BBHIUCAHHBIX B JIEKCHKOIPa-

¢prueckom nopsiake map HomepoB (i,]), O<i+j<n,a wmHoxectBo E(n) Takux ypaBHeHHH C mpo-

CTPaHCTBOM R(n+1)(n+ 2)/2.

Vpasuenne allE(N) maseBaercs epybuim omuocumenvto muoxcecmea N OE(N), ecmm aA u
CYIIECTBYET Takas ero okpectHocts U(a) B A, uto mus moboro ypasaenuss AU (@) cymectByer
roMeoMophu3M ha’a:Sl ~ S, nepeBomsMii TPACKTOPHH YPABHEHUSI & B TPACKTOPUH YPABHEHUS .
Vpasuenne alJE(n), rpyboe otHOCcHTenbHO E(N), OymeM Ha3BIBATh TIPOCTO 2pyObIM YPAGHEHUEM.

Hycts £° =5°E(n) — muo)ecTBo ypasuernit alJE(N), ans koTopbix QyHkuus a(@) mmGo He
“MeeT HyJIeH, 00 WMeeT TOJBKO MpocThie Hyau. O603HAYNM Z?n (m=0,1,...,n) MOAMHOXECTBO B
ZOE(n) , COCTOSIIEeEe U3 YPAaBHCHHM, Y MPABBIX 9aCTEH KOTOPHIX 2M HYJEH, TO €CTh UMEIMUX 2M TH-
nepOOTHUECKUX 0COOBIX TOUYCK.

Teopema 1. 1) Mnoocecmso S°E(N) omkpwimo u écrody nnomno ¢ E(n).

2) Vpasnenue allE(N) sewsiemcs py6oim mozda u moavko mozda, kozda npunadnexcum LOE(N) |
npu 3mom 0 106020 aDZOE( n) eomeomoppusmol Ny, 5, ueypupyrowue 6 onpedenenuu epybocmu,

MOIHCHO 6bl6pal’I1b mak, 4mo

[ haa@)-¢ I O, 3
im max Mea@)=¢1 (3)

20e hy 3R - R —2omeomopdpusm, naxpwiearowuii 2omeomopgpusm hy 5.
3) Muoocecmea Z?n (m=0,1,...,n) Henycmoie;, oHu cOBRAOQAIOM C KIACCAMU MONOIOSULECKOU K-
susanenmuocmu ypastenuii uz LLE(N) = 28 O Zf 0..0 Zr? .

Hycrs ' =¥'E(n) — muOxkecTBO ypasrenuit alJE(N), aist KoTopsIx Bee Hynmu GyHKumn  a(d) —
MPOCTHIE, 32 UCKIIIOYEHHEM OHOTO IBYKPATHOTO HYJIS.

Teopema 2. 1) Muooicecmso T*E(n) omxpeimo u eciody niomno ¢ E(N)\Z°E(n) u sensemes
BIIONCEHHBIM AHATUMUYECKUM NOOMHOo2000pazuem E(N) xopasmeprnocmu ooun.

2) Vpasnenue allE(N) sewsemes 2pyboun omuocumensio E(N)\ZPE(N) moz0a u monvko mozoa,
Kko20a npunadaexcum TE(N); npu smom oz mobozo allSE(N) 2omeomoppusmbl h, 2, Queypupyro-

wue 6 onpedeneruu 2pybocmu, MOXNCHO 8bl0pams yooesiemeopsarowumu yeiosuro (3).

Jloka3aTebcTBO TeopeMsl 1

Orkpsrrocts  $°E(N), rpybocts ypasrenns al$°E(n) u ToT Qakr, 410 romeomopdusm hya
MO>KHO BBIOpATh yJOBJICTBOPSIOIIUM YCIOBHIO (3), O4EBH/IHBI.

JlokaxeM rwiotocts SE(n) B E(N) . Mycts ypasuenne allE(n) . Mokaxkem, 910 B IH06OH €ro ok-
pectroctr U () ects ypaaenue u3 SCE(n) . Bes orpaHndenns 0GMHOCTH MOXKHO CIUTATh, 9T a(@) —
HenyneBass GyHkuums. Tak kak a(@) — aHanuTHUecKass QYHKIHS, TO OHA HMEET KOHEYHOE YHCIIO HyJeh
KOHeuHO# KpaTHOCTH. [ToaToMy mpu moctatouHo manom [ >0 ypaBHeHue @ =a(@)+ [/ TPUHAICKUT
U(a) n =°E(n).

JlokaskeM, 4To W3 rpyboctn ypasrenns allE(n) ciemyer, uto allX°E(n). TIpeanonoxum mpo-
tusroe: alJE(N)\Z°E(n). Mycrs U(a) — okpecTHOCTb, GHUIypHpyIOIIas B ONPEICNCHHH IPyGOCTH.
TMockonsky B U (@) ects ypasHenne u3 X°E(N), To a(@) MMeeT KOHEUHOE YHCIIO HYJICH, BCE OHH HMe-
10T HEYCTHYIO0 KPATHOCTH, IPUYEM XOTs ObI OAWH W3 HUX, JUIS ONPEIEICHHOCTH @, IMEeT KPaTHOCTh

2m+1>3. Torma  a(@) =@ - @)™ +o((#-P)°™"), rae 1#£0. Vpashemne a,:
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¢ =a(¢)— u(sgnl )sing — ¢, ; npu nocratrouno manom >0 mpunagnexur U(a) u umeer Gonblue

0co0BIX TOuek, ueM a. [lockonbKy romeomMopduszm ha,a/, IEPEBOAUT OCOOBIC TOUKH yPAaBHCHUS &, B

0coObIe TOYKH YpaBHEHHS &, TO MOIydaeM IpoTuBopeurne. Tem campiM all ZOE( n).

VpaBuenne @ =1 mNOpUHAMICKAT 28. Ins moboro m=1,..,n ypaBHeHHe ¢ = a,?](¢) , TIe
m-1 .
an(®) = []sin@ -49), 4} =2 punagnenarr 39,
j=0 n
Iycts ypasnenne allS°E(n) mpeacraeneno B Bume (1)—(2) n a(m)#0. 3armmmem a(@) npu
¢ (-m m) B Bune a(p) = &tg(¢/2)), rne
. 1-t2) (2t 1 2n

O<i+j<n bo@+t?) @+t* s

Oyukuus a(t) umeer He Gonee 2n myseit. CooTBeTCcTBEHHO, U a(@P) uMeeT He Gonee 2N Hylel,

TO €cCTh aDZ?n npu mekotopom mM=0,1,..n. Ecmm aOX’E(n) wu a(m=0, 1o QyHKims
ay(¢) = a(¢ + £) nMeer CTONBKO ke HyNeH, 9to u a(@), a mpu gocratouno Manom £>0 ay(m)#0.
TakuMm o00pa3oM, KaKIoe ypaBHCHHE aDZOE(n) MPUHAMICKUT OTHOMY U3 MHOXKECTB Z?n,
m=0,1,...,n. OueBuaHO, 4TO Z?n — KJIaCChl TONOJIOTNYECKON YKBUBAJIEHTHOCTH.

Teopema 1 nokasana.

Joxa3aTe1bCTBO TeOpeMbl 2

Otkpsirocts SE(n) B E(N)\Z°E(Nn) ouesmana.

JlokaxxeM wIoTHOCTB. Ilycts ypasuenne alE(n)\=°E(n)\=E(n) . Mokaxem, uto B 1H060I €ero
oxpectroctr U (a) ectb yparerne u3 E(n) . Ecin Gpynkuus a(@) HeHysnesas, TO OHA UMEET Hyllb
@o xparnoctn k=2. Ecim a(¢) =0, to BosbmeM @ =0. Paccmorpum ypasuenne a,: ¢ =a,(4),
rae  a,(P)=a(@) - ub(@g), b(¢)=1-cos¢p—-¢,) Torna maiinercs takoe 0>0, 4ro mpH Beex
#0(0,9) a,00U(a), a ¢ —nBykpatubiii Hy:nb Qynkunn a,(¢) . Ouxcupyem [ U(0,0) n BoiGepem
Takoe 0<&<min{d - 1, 71}, uto Ha nyre [Py~ & @o+&] mer npyrux uynedt dynkumn a, (@),
MO[ o, o + ) . Oynkuus (@) =a(@)/b(¢) ompenenena B toukax ayru | =[@y +&,¢,—&+2m).
Ecmn a(¢) =0, To a, OSE(N)n U(a). Bom a(@) — HenyneBas (yHKUHS, TO MPOM3BOLHAS

f'(@) =[a(P) (@) — A @) B(P)]/ F(#) — Hemocrosuas amanurmueckas QyHkups Ha | . ITosTomy

f(#) uMeeT KOHEUHOE YHCIIO KPUTHYECKUX TOYCK, a TIOTOMY U KOHEYHOE YHCJIO KPHUTHYSCKHX 3Haye-
Huif. ClleoBaTenbHO, CYmMecTBYeT uucio f4 [(Uy, o+ E) , He ABIIONEeecs KPUTHISCKUM 3HAUCHHEM.
Ecmm a,(#)=0, o f(g)=a(@)/b(@)=14, a f'(¢)=[a(9)-mb(#)]/ g #0, u noromy
(a,)(#)#0. Tem campv BCe Hym OQynkumn a,(#) na | IpOCTble, U YypaBHEHHE
a, OZ'E(N) n U(a).

JlokaxeM, uto YE(N) — aHaTMTHYECKOE MOAMHOr00Gpasue B E(N) , ciexys Meromy u3 [5]. Ilycts
ay OZE(n) u @, — IBYKpAaTHbIN HyIb ay(@) . PyHKIMS A: S'xE(n) - R, ompeseneHHas paBeHCTBOM
a(¢,a):= a@) , aenserca ananuruueckoil. Tak kak d,(fy,39) =0, 855(do, ) # 0, TO MO Teopeme o
HesBHOH (QyHKIHMHM cymecTByoT unciio &£ >0, okpectHOCTh V(&) ypaBHeHUs 8, B E(N) n anammtu-
ueckas pynkumst @:V(g) - (Pg — &,y — &), Takue, uro s mo0bix @ (P, —&€,8,—€), alV(q):

a'(@)£0 u a(p)=8;(¢.a)=0= ¢g=9(a). 4)
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PolimeHb6epe B.LLI. O e2py6ocmu u 6ugbypkayusix nosIuUHOMUanbHbIX
dughghepeHyuanbHbIX ypasHeHUl Ha OKPYXHOCMU

Onpenenum anamuTudeckylo ¢yakumio g:V(a) —» R, momoxus g(a):= A@(a), 9= dP( 9).
ITycts h: @ =1.Torma ay+rh: g =ay(@) + 1,
0'(a)N= ] roo A @+ 7 D=L ,ool AB( @+ 7 ) +7] = &(Fo) L =0P(ao+ 1) +1=12 0.

Takum obpazoMm, Q'(g)#0. YMeHbIINB Npu HEOOXOAUMOCTH OKpecTHOCTH V(§,), MBI MOXKeM

cuntath, yro JalV(a) 0'(a)Z0 u Bce Hymu ¢ynkumu a(@), He NpHHALISKALINES HHTEPBAILY
(@o— €, 9o — &), npocteie. Orcrona u u3 (4) momaydaem, 4TO T*E(n) n V(&)= g 1(0), u moromy
Y'E(n) — BIOXKEHHOE AHATUTHYECKOE MTOIMHOr00Gpa3He KOPa3MEPHOCTH OJIHH.

SIcHO, UTO IIPH TIEPEX0/ie BEKTOPHOTO MO Yepe3 GudypKaloHHoe MHOrooGpasue -E(N) mpowc-

XOJHT CEJI0-y3T0Basi OUQypKaius — qBe THIEPOOTHISCKHE OCOObIe TOUKH CIIMBAIOTCS B OJTHY M HCYE-
3a10T.

I'pyGocts ypasHennst allS'E(n) ormocurensro E(n)\Z°E(n) u tor daxt, uro romeomoppusm

h, 3 MOXHO BBIOPATH YIOBJIETBOPSAIONIMM YCIOBHUIO (3), OUEBH/IHBI.

TokaeM, 4T0 U3 TpybocTH ypasHennst a ortHocurensHo E(n)\Z°E(n) cremyer ero mpunamiex-
HocTh K 2oE(N) . Iycts U (8) — OKpecTHOCTD, (PUIrypHPYHOLIAs B ONpeeIcHIH rpyGocTi. [ToCKOIBbKY B
U(a) ectb ypaBHenne u3 S°E(n), To a(@) MMeeT KOHEYHOE YKMCIO HyJIeil, OQMH U3 HHX, sl OIpe/e-
JIGHHOCTH @y, HMeeT YeTHyIo KpaTHOCT: a(@) = (4 — #y)*™ +0o((4 — #o)°™) , rae | 20, a ocrambHbe
MMEIOT HEYeTHOW KpaTHocTh. Ilpy n=1 orcioma cregyer, uro alS'E(n). Ilycre N2 wu

aldE(n) \Z°E(n) \ =XE( 1) . Bo3MoXkHBI TONBKO Creayomue ciaydan: a) M=2 wm 6) m=1u a(e)
MMEET Hyllb ¢, HeweTHOH kpaTHocTH 2K +12= 3. Paccmorpum ypasrenue @, ¢ =a,(¢), rae B ciy-
Jae a):
a,(#) = a(@) — u(sgnl )(A- cosp - ¢, ),
a B ciy4ae 0):
a,(9) = a(§) - p(sgnh )(1- cosp—¢ )(E cof(~¢y , | =0%a(g,)/9p*
Ipu mocrarouno manom U >0 @, — nsykparHeiii Hyns dyskumn a,(@), a,0U(a) n a,(4)

umeeT Oonplie Hyined yeM a(¢). Ho 3To mpoTHBOPEUUT CyHIECTBOBAaHUIO ToMeoMopduima ha,a/, . 13

TOJIYYEHHOTO IPOTHBOPEUHs. CIISAyeT, YTo ypaBHeHne a, rpyboe otHocurensuo E(n)\=°E(n), mpu-

Hautexut > E(n).
Teopema 2 nokazaHa.

3akiaouenue

B pabote ommcaHo MHOMXECTBO ZOE(n) mudpepeHInanbHBIX YpaBHEHHA Ha OKPY>KHOCTH

St=R/27 Z, C IpaBBIMH YaCTSIMH, SBJISIOMIUMUCS TPUTOHOMETPHUECKUMHA MHOTOYICHAMH CTEIICHH, HE
MPEBOCXOJIAINIEH 3aaHHOro Yncia N, rpyOble OTHOCHTENBHO MpocTpaHcTBa E(N) Bcex Takux cHCTeM.

ITokazano, 4To TpyOBIe ypaBHEHMS TUIMYHE B E(N) . YcTaHoBneHo, uTo B OM(ypKaIHOHHOM MHOKECT-

BE E(n)\ZOE(n) BCIOJY IUIOTHO aHAJMTHYECKOe OM(YpPKAIOHHOE ITOAMHOr000pasne KOpasMepHOCTH
OJHH.
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A dynamical system defined by a differential equatbn a manifold, the phase space of a system,
is called structurally stable if the topologicaiusture of the phase portrait does not change vplass-
ing to a close equation. The concept of structstiatility emerged from the idea that the esseptiap-
erties of a dynamical system describing a realgg®should not change with small changes in the pa-
rameters of the system. By now, natural necessadysafficient conditions for structural stability o
dynamical systems on closed manifolds of any dinoenlsave been obtained. However, if we consider
structural stability in narrower classes of dynahigystems, in particular, in the space of systdais
fined by differential equations with polynomial highand sides, the conditions of structural stgbili
have not been studied even for small dimensiorieephase space. This paper considers the dynamic
systems given by the differential equations, thjatrhand parts of which are trigopnometric polyndmia
of the degree not exceeding the number n. The péaaee of such systems is a circle. We describe
equations that are structurally stable with respethe spac&(n) of all such equations. An equation is
structurally stable if and only if its right-hanatie has only simple zeros, that is, all singulainfgoof
which are hyperbolic. The set of all structuraliglde equations is open and is dense everywhdtein
spaceE(n). In the set of all non-structurally-stable eqoas, an open, everywhere-dense subset consist-
ing of equations that are first order structuraihstable is distinguished. It is an analytic suhbifioéh of
codimension one i&(n) and consists of equations for which all the zexothe right-hand side are sim-
ple, except for one double zero.

Keywords: differential equation on the circle; toigometric polynomial; structural stability; bifur-
cation manifold.
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ACUMMTOTUYECKN ONTUMAIIbHOE PELLEHUE MOLOEJIbHOWU
3AAOAYN ANnA 3KPAHUPOBAHHOIO YPABHEHUA MYACCOHA

A.Jl. Ywakoe
FOxHO-Yparnbckuli 2ocydapcmeeHHbIlU yHUgsepcumem, 2. YensbuHck, Poccutickasi ®edepauyusi
E-mail: ushakoval@susu.ru

JKpaHUPOBaHHOE YPaBHEHHE paccMaTpHBaeTcsl HA NMPAMOYroJbHOMN 00Jac-
TH CO CMEIIAHHBIMH KpPaeBbIMH ycJ0BHsAMH. IIpu YncIeHHOM pelleHHH 3TOi 3a-
a4l Npefjaraercss MCHO0JIb30BaTh HTEPANHOHHYI0 (AaKTOPH3AIUI0 mociae (puk-
THBHOIO TPOAOJIAKEHUS] AUCKPETHOH 3aJa4M aNNPOKCHMHPYHOIIel peliaeMyro
3ajauy. B nTore pemnenne 0oCHOBBIBAETCS HA PEIICHHH CHCTEM JIMHEHBIX aareo-
panyecKHX YypaBHEHHMII ¢ MATPHMIAMH TPEYroJbHOI0 BHAA, B KOTOPBIX HEHY.Je-
BBIX JJIEMEHTOB He 0oJie Tpex B Kaxaoi crpoke. Ilpm nocraroyHo majoii mo-
TPELIHOCTH ANMPOKCHUMAIIMU paccMaTpPpUBaeMoii 3a1auu TpedyeMasi OTHOCHTEIb-
Hasl MOTPeNIHOCTh Mpe1jaraeMoro HTepaloHHOro nmpoiecca J0CTUTaeTcs 3a KO-
JIMYeCTBO MTepaluii, He3aBUcsALee OT MapaMeTpoB JMCcKperuzauun. Hrepanu-
OHHBII Mpouecc OKa3bIBaeTcss MEeTOAOM, JAI0LIHM ONTHMAJBHYI) aCUMITOTHKY
MO0 KOJUYECTBY onepauuii B apupmMeTndeckux aeiicteusix. PazpadoranHbiii urte-
PAIHOHHBIN MPOLECC OCHOBBIBAECTCH HA XAPAKTEPHBIX 0COOCHHOCTAX YKA3aHHOMH
MOJebHOM 3aJa4yu. JTa 3aJa4a MOKeT OBbITH MOJy4YeHa B MeTOAaX (PMKTHUBHBIX
KOMIIOHEHT, MPOCTPAHCTB, KOIJa PelIalT KpaeBble 3224 A1 IIMNTHYECKUX
ypaBHeHHH B 00JacTAX ci10xkHOH ¢opmbl. IIpuBoauTes aaropuTM peann3anuu
HTEePANMOHHOI0 METO/Ia ¢ BLIOOPOM MTEPAllMOHHBIX MAPAMeTPOB B ABTOMATHYe-
CKOM peKHMe, ¢ IPHMEHeHHeM MeTOoa MHHHMAIbHBIX HeBA30K, MONPABOK. JTO
JaeT KPUTEPHUii A1 OCTAHOBKM MTEPAlIMOHHOIO Mpolecca MPU MOJYYeHUH YKa-
3aHHOI MpeABAPUTELHO OTHOCHTEIbHOI norpemHocTy. [lpuBenen npocreimmnii
TeCTOBbIii MpuMep 1Sl BHIYMCJIMTEIbHBIX KCIEPHUMEHTOB, MOATBEP:KAAMIMIMNX
ACHMNTOTHYECKYI0 ONTHMAJBLHOCTh JJIfl MTEPAlMOHHOT0 MeT0Aa B KOJH4YecTBe
BBIYMCJIUTEJIBHBIX 3aTpaT. Peann3zanus MeToAa cylmecTBEHHO OCHOBBIBAaeTCH Ha
HCIMOJIb30BAHMM KOMILJIEKCHOT0 aHAJIU3A.

Kniouesvie cnosa. sxkpanuposannoe ypasuenue Ilyaccona, umepayuonnuie ghax-
mopusayuu; GurxmuHoe npoooadiceHue.

Beenenue

PaccmatpuBaercst sxpaHnpoBanHoe ypaBHeHHe llyaccona, B wactHocTH, ypaBHeHue Ilyaccona B
00JacTH MPSMOYTOJIBHON (hOPMBI C OJHOPOJHBIM YCJIOBHEM JlMpuxiie Ha JBYX CMEXKHBIX CTOPOHax
MPSIMOYTOJIbHUKA U OJHOPOJHBIM yclioBUeM HeliMaHa Ha JBYX APYTHX CMEXHBIX CTOPOHAX STOTO Mpsi-
MOYTOJIbHHKA. JIJIs1 AUCKPETHOTO aHAora 3TOW pemacMoi MOAETBHOM 3amad, CHCTEMBI aireopamde-
CKUX W JIMHEWHBIX YPaBHCHUN yKa3bIBACTCS NIEpe0o0yClaBiIrBarelb ¢ (PakTopH3anuel NornepeMeHHO Tpe-
yroneHOTo THNA. [Ipu BeuucneHusx Ha DBM B mpemaracMoM UTEpalMOHHOM TPOIIecce BEIOOP UTepa-
[IMOHHBIX TAPaMETPOB TPOW3BOAMWTCA C IOMOIIBI0 METOJIOB MHUHHUMANBHBIX HEBS30K, MOMPABOK M
ckopeiimiero cmycka [1]. Pemraemast kpaepas 3amada moirydaercs, Koraa Ha 9BM momenupyrores mepe-
MeIlIeHns MeMOpaH Ha YIPYTUX OCHOBaHUSAX HE 00s3aTENLHO MPSIMOYTOJbHOU (opmbl. [Ipennaraemsrii
METO/JT IMEET aHAJIOTUH C METOAaMH THIA (DMKTUBHBIX KOMIIOHEHT, IPOCTPAHCTB, HO UCIONB3yeT KOM-
IJIEKCHBII aHaJIN3.

HenpepbiBHas 3axaua
PaccmatpuBaercst cMemanHas KpaeBasi 3ajada Uil dKpaHHpOBaHHOTO ypaBHeHus Ilyaccona B Ba-
pHAITMOHHON ITOCTAaHOBKE Ha MPSIMOYTOIHHOM 00J1aCTH:

06O A(G W= g(WOVO W o0 W, (1)
rac
W = W) ={ 40 W©): ¥, =9

—npoctpancTBo CoboseBa n3 GyHKIUH Ha 00JacTH MPSIMOYTOJIBHOTO BUAA
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Q=(0;by)% (0;b,), ¢ Ty ={by} x(0;b,)U (0;b)x{ b} , T ,={ G x (O;b,)U (O;b.{ &

A, %) = [ (O + Ty Uy + KUY @, 620
Q

ecTb OmmHEHHas (opMa, IpU 3aJaHHBIX KOHCTaHTax by, b, >0,k = 0. Pemenne 3t0ii 3amaun cymect-

BYET M €MHCTBEHHO [2, 3].
Ecan

()= I fiv dQ,

Q
Korma f) sBIAETCH 3amaHHOM (QyHKIIEH, CyMMHpYeMOil ¢ KBaApaToM, 3aada (1) 3amuchBaeTCs B BUIC
oy,

A, = ul‘rlza aﬁ‘rz

=0, (2

rae N — BHEIIHsISI HOpMaJjlb Ha TpaHuiie obaactu 0Q .

JlMckpeTHas 3a1a4a ¢ NpPoI0JKeHuEeM
PaccmarpuBaercs nuHeliHas anreOpanyeckas CHCTEMa yPaBHEHHUH, MMOYYalOIIascs MPH arpOKCH-
manu (1), (2),ecnu ucmonp30BaTh METO] CyMMAaTOPHBIX TOXKIICCTB

o ORN: Ag = f, f,ORN. (3)
ITpu 5TOM HUCMONB3YIOTCA BEKTOPHI CIEIYIONIETO BUA!
VORN: ¥ =(Vq,. V), N=mih, m, nON,
a KOMIIOHEHTBI OTUX BEKTOPOB TaKOBBI, YTO
Ving-1j =Vapjs 1=1..m, j=1..n,

34€Ch Vl,i i~ €CTh 3HAYCHUA (byHKLII/If/’I JUCKPETHBIX apr'yMCHTOB B CIICAYIOIINX y3JIaX CCTKU:

(%,¥)=((i-0,5h,(j- 0,5}p),
Y TIIaTd CETKHU OEPYTCS CIETYIOITIE

h, =b/(n+0,5), h, =b,/(n+0,5),
CCTKa COCTOUT U3 y3JIOB BI:I6paHHI>IX paHee, Toraa MaTpuna AN pPasMCPHOCTHU Nx N OMPEACTIACTCA CIIC-
IOYIOLIMM 00pazoM:

m n
— o\ =2
<AU11V1> —ZZ((UmlJ = U )(Vie g, = Mgy ) T+
i=1j=1
=2
(U +1 = U (Ve 17 Vg ) N2 HKYy Yy ) DDy
Upjner=Vgjp+1=0,1=1,...m, Ut mer = Vime 1 =0, j=1,...n
3nech (LDJ —a3T0 cKanspHOE Mpou3BeneHNE 3aaBaeMoe GopMyIon

N
(W, %) =Y wy vy hh, 00,4 ORY.
k=1

Ecmu ¢pynkims f; HenpepsiBHA Ha o6macT Q , TO MOXHO MOJIOXKUTH, YTO
fij=f0%, %) i=1..m, j=1..n.
Pemenne 3agayn (3) OyaeT CylecTBOBaTh U SABIATHCS €IMHCTBEHHBIM, T.K. A > 0.
Crpoum npomoinkenue 3agayun (3):
goRrR?N: pa=f, fOR?NY, f,=0, (4)
KOT/Ia BEKTOPHI UMEIOT CIIeAyoLIyto Gopmy:
VOR™MN: v=(%,%,),
a Matpunia D pasmepHocT 2N X 2N OnouyHas U BepXHss TpEyrojbHast Takas, 4To:
Dy =A, D, =0, D3 =6, Dy =A,
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"
A 0O
D= ,
6 A
#=0,0,-0,0, A=0,0,+0,0,,

a marpuusl U, [, ¢ pasmeprHoctn N X N ompenenstores cieayomum oopasoM:

IIpU 3TOM MaTpHIbI

m n
<DXG1'\71> =ZZ(—(U1;+1J = Uy ;) h_11 Vi) hhe Ui j=Vipe1; =0, J=1,..0;

i=1j=1
o m n . _
<Dyu1,v1> =ZZ(_(U11 j+17 Ug ) o vy ) b Ui = Vg049=0, 1=1,..m.
i=1j=1
3a1a10TCs [TOANPOCTPAHCTBA BEKTOPOB 13 npocTpancTsa RN :
Wi ={v=4, %) oy A=), W ={v=(¥. %) y=0}.

Jlemma 1. Pewenue 3adauu (4) UD\M byoem cywecmeosamo u A61AMbCA €OUHCMEEHHBIM, a4 Uy

oyoem pewenuem 3aoauu (3).

MeToa uTepauMoHHBIX pakToOpU3anuii NPU (UKTUBHOM NMPOJ0JIKEHHUH
HononuutensHo onpenensiercs 6imounas marpuna C pasmeprnoctu 2N x 2N, xoraa

Cli=Cp=A, Cp=-0, C; =6,

Toraa
A -6
C= :
8 A
Yro0bI pemiath 3aaady (4), mpemiaraeTcs HTEPAIMOHHbIH IPOIIECC:
a“OR?N: c(@* -t =-r,(DU**- ), kKON, 7, >0,00° OW,. (5)

B urepanmonHom npouecce (5) Ha KaXJIOM Iare mojydaeTcs 3ajada ¢ (paKTOPH30BaHHBIM OIepa-
TOpPOM TaKOI'0 BHJA!

vocN: L0 =F, FocV,
KOTOpaH paCH.[eHJ'ISIeTCSI Ha HpOCTBIC 3aa4yu

371€Ch MaTPHIIBI
L=0, -i0,, L7=L =0,+i0,, LLZ=(0, -i0,)(0,+i0,) = A+,
O3TOMY
(A+iO)(T +iT) = f+if,
WK
AG -6U,= f, T +it,=U;
{6’U1+ AU, = f,, f,+if,=F,
TOT/a Ha KaX oM Iare mporecca (5) BO3HHKaET ClleAyrolas 3a1a4a.
cu=f,u=(G %), f=(7.5).
Jlemma 2. B umepayuonnom npoyecce (5) evinoansemes
op; + Ap3 = (-1 )OPL ™+ A3, @ OW,
20e 1,17k =gk - U, OkON U{ 0} — 0603Hauenue ouwudKuy.
Jlemma 3. B umepayuonnom npoyecce (5) ebinoansemcs
(Co.@) =(Ap.h) (AT, @5) P O,
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20e paccmampusaemcst CKAIAPHoOe NPoU38edeHue 6eKmopos Ciedyouie2o uod.
(0,V)=(0WAE=(4LV+(Y Y=y b Cy Y hiF
N N 2N
= zul,kvl,k hyh, + z Uy Vo = z Wy R 00, VO RN,
k=1 k=1 k=1
Hoxkazamenbcmeo. YAUTHIBas, 9TO

MMOJIy4acTCsa

(Co.p)=( Ay ,) ~ (00 0y =( KD 0 )+ (T 00 )= AT 7 ) +( AT 4T}

Jlemma 4. Umeiom mecmo HepaseHcmeda:

1. Da0(0; 1) (A, ) <( AP, 1) D@ OW;
2. Oy O +o0) (A 1) < y(CP ) D@ OW,.

Hoxazamenvcmeo. 1o nemme 3 BTOpOe HEPABEHCTBO PABHOCHIILHO
(AL @) <y (P00 = V(AT 0 )
¥ PAaBHOCWJIBHO IIEPBOMY HepaBeHcTBy Iipr @ =1- )1 y=(1-a ).
Bropoe HepaBeHCTBO MMeeT MecTo, T.K. marpuiibl A>0, C> 0. IocieaHee HEpaBEHCTBO MMEET
MECTO, T.K.

(CP.@)= O, -0 yp,)* +(O P +0,F)*>00@ %0

(O, +i0,) @, +i@,)z 0 0@ # 0.
Taxske MOXKHO OTMETUTSb, uTo 1t L1 W
D' 0(0;+e0): 0 (A, ) =( A'0,,00,) < A 00,00 ) - O,
mpu h,h, - 0, re.
(AD,.,) - 0.9, - 0,

T.K.
A :(Dxlmy_mylmx)‘pl -0,
npu h,h, - 0 0@ OW,,

o ¢popmye Telinopa Jist JMCKPETHBIX aHAIOTOB JIOCTATOYHO AU PepeHIPYEMbIX (HYHKIINH.
Jlemma 5. Hueiom mecmo credyrowue HepageHcmaa.

1_70'<Aw2'lp2> < (1—0')< A‘pl’lpl> S<Qﬁylﬁ> ) Dlﬁ 0 \7\{
Jloxazamenvcmego. icnonb3yercs, 4To

(A, ,)<a{ Ap,@,), D@ OW,

TOTJa HOHy‘laeTCH .

<A¢ﬁ2,w2><(1 a)( A, )= (KD F)-a({ AT, )<
< (AZL )~ (AL ,) =(Qp @), DY OW,.

Jemma 6. Hmerom mecmo Hepasencmea

Oy O (L+e0): (Cp, ) < (D@, @) < yo(Cp ) D@ OW,.

Jloxazamenvcmeo. 3amMevaeTcs, 4To

1- a<wa>

<A4771,4771> < -a)(Ap,@,)<(CP @)
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= <N/71J/71> _<A‘p2'¢72> = <A¢71’¢7]> :< W1[p> U@ DV—Vl'
[Ipu 3TOM HCIIONB30BANOCH, UTO
A<SA<IOA 0=1+KA", y=(@1-a)*.
Jlemma 7. Eciu 6 umepayuonnom npoyecce (5) evioupames

I, =1=2/(1+9y),

mo
<C¢k’$k> < qz <C¢/k—1’¢/ k—l> KON,
2oe
q=(dy-1)/(0y+1).
Hokaszamenvcmeo. 3 ureparmonsoro mnporecca (5) cmemyer
C@*-¢g'=-rDg"*, g =T, T=E-7C*'D, T=T'>0.

3necs E = E,,,\ —eaunnunas Matpuua. B nanHOM ciydae moydaercs, 4To

k o pk\ — k-1 k-1 <CTlﬁ .Tlﬁ> k=1 pk-1\ _
(co' g*)=(cTg**, 7@ >S§;MDW<C¢/ 7<)

- %Mp[@%‘m (cg g = mspﬁ.‘vﬁ’(«cz ;;’ggf,mf (cp g =

- _T<D‘p"p>2 k-1 ,7k-1 = ma 1_2 r 2 k-1 pk-1\ — 2 k=1 7, k=1
mr;&(l —@,m] (cp @)= maf| xaf | 200} (P ¢) = ¢ (ap** ),

Teopema 1. Eciu 6 umepayuonnom npoyecce (5) evibupams

Tk:TZZ/(l+5y)!

mo
o -u), <e]w’-al,.
20e
e< )00, q=(0-1)/ Oy +1),
a

M, =(AV, W) OWORN.

,ZZOK(ZS’CIWl@JZbCWlGO. U3 J0Ka3aTcCJIbCTBA JICMMbI 6 BHUIHO, YTO BBIMNOJIHAKOTCA HCPABCHCTBA, U3 KOTO-
PBIX CJIECAYET J0KA3aTCIbBCTBO

LA (- a) A5 (P ) =
<A‘p1"p1>_<p‘p2’lp2> S<Alp17lp1> ) Dwmwr

Teopema 2. /[ umepayuonnoeo npoyecca (5) 6 oyenke omuocumenvHol ouudKu
—Kk = —0 -
[o -, < elw -4,
ecau T, KON svibupams na ocnose memooa MuHuMAanbHbix NONPABOK, CKOpeUule20 CnycKka, mo nouy-
yaemcst, Ymo
e<cpX, cO(0; +w), pO(0;1).
BoiBoa. YuurteiBas Bua matpuil L, L”, MoxHO 3ameTHTh, uTO 3amaua (3) npu N HeusBeCTHBIX C
noMoLbko npouecca (5) pelaeTcs ¢ OTHOCHTENBHOI morpemHoctsio €, 3a O(NIne™) apupmernue-

CKHX OTepallnii, a HTEPAIMOHHBIN MPOIECC TP PeaH3alliK SBISCTCS aCUMIITOTHYECKH ONTHMAIIbHBIM
anropuTMom [4].
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AJITOPATM YHCJIEHHOT0 PelIeHHsT MOAEJIbHO 3a/1a4M 1151 IKPAHUPOBAHHOIO YPABHEHHSI
IMyaccoHa ¢ MUHMMAJbHBIMH MONPABKAMH
HrepanmonnsiM nporeccoM (5) perraercst auckperHast 3aaaqa (3):

At = fi.

[Ipu BBIOOpPE WTEPAIMOHHBIX MMAPAMETPOB MPUMEHSICTCS METOJl MUHUMAIBLHBIX TOIMpPaBOK. Toraa
JUTSL pelIaeMoii 3a/1adl B UTEPAIIMOHHOM TIPOIECCe MPUMEHSETCS CICAYIONUI alTrOpUTM BBIYUCIICHUH,
rae t,Z?k =gk

1. Beibupaercs HaguaIbHOE TIPUOITHKCHUE!

— U—omwuoKa:

a®=00W,.
2. Beruncsiercst HeBs3Ka:
FEL Rt = At - f, =0,k ON.

3. Umetes nomnpaska:

WOR?N: W = 7Rt KON,
4. OnpenenseTcs KBagpaT HOPMBI OIITHOKH:

sl [ () b
5. CtaBuTCS YCIIOBHE OCTAHOBKH UTEPAIIHA:
Ev.1/Eo<E? EO(0;1),kON.
6. Beruncisiercst TOTMOIHUTENBHO BEKTOP SKBUBAICHTHOM HEBSA3KH:
At = AW, 75°1=0, KON.

7. Haxoautcst TOTIOTHUTEIBHO BEKTOP SKBHBAJICHTHOH MOTPABKY:

EOR2N: cFkt =gkl KON,
8. OnpenenseTcst UTEPaIlMOHHBIN TTapameTp:

<DWk_l, W<—1> </7 k—1, Wk—1> <,71k— 1 V‘ik_ 1>
Iy = <C‘1D\7\)<'1, D\7\)"1> <$ = 1> - <€?lk— Lk 1> » KON,
9. BeruncsieTcss HOBOE MPHOIMIKCHUE!
a“ ="t -7 W, KON.

B ycimoBuu u3 mynkTa 5, ssBisrontuMes yeaoBueM octanoBku mnporecca E(0; 1) ects 3apanee BbI-

Ompaemasi OTHOCHUTEINIbHAS TIOTPEITHOCTD.

AJITOPUTM YHCJIEHHOT0 pellleHusl MOAeJbHOM 32241 AJI5l IKPAHUPOBAHHOTO YPABHEHUS
Ilyaccona co ckopeilliuM CIyCKOM
[Tpu BEIOOpPE UTEPAIIMOHHBIX MTAPAMETPOB MOKHO MPUMEHHTH METOJ CKOPEHIIEro CITyCKa, HCITOJb-
3y KpUTEPUN OCTAaHOBKM UTEPALIMOHHOTO Mpoliecca U3 METOIa MUHUMANIBHBIX MOMPaBOK, KOT/Ia pellia-
eTCsl MPEXHAA 3aa9a
AG =1,
utepannonusiM TiporieccoM (5). Ecnu nipu BeIOOpE MTEpAIMOHHBIX MApaMeTPOB MPUMEHSETCS METO.

CKOpCﬁH.ICFO CITyCKa, Toraa IJId pemaeMoﬁ 3ala4yd B UTCPAMOHHOM MPOLICCCC NMPCAJIAaracTcda aJlroOputm

K — i — ommbKa:

BBIUMCIIEHUH, €CTTU lflk =u
1. Beibupaercs HauaIbHOE TIPUOTHKCHUE !
a®=00wW,.
2. Beruncsiercst HeBs3Ka:
FEL Rt = At - f, =0,k ON.
3. Nmertcs nonpaska:
WORAN: et =7 KON,

4. OnpenenseTcs KBaapaT HOPMBI OIITHOKH:
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dns akpaHuUpoeaHHo20 ypaeHeHusi lMyaccoHa
2=

o <rk 1wk 1> <rlk 1 —k 1> KON.
5. CtaBuTcs yCIIOBHE OCTAHOBKHU UTEPAIIHIA:
Ex1/Eq<E? EO(0;1),kON.
6. BeraucrisieTcst OMOJTHUTENBHO BEKTOP 3KBHBaneHTHoﬁ HEBS3KH:
At = AW 7551=0, KON.

7. Onpeensercs UTeparuoOHHbBIN TapaMeTp:

<rk—1,wk—1> <rk—1wk—1> <r1 1|<—1>

Ie= <DWk_l,VVk_1> <Wk—1 = ke 1> <Wk 15 |¢1> kON.
8. Beruncnsiercst HOBoe IPHOIIHKCHHUE
¢ =0t - W, KON,

Taxoke B yCJIOBHHU M3 IIYHKTa 5, ABIIsromuMest ycaoBrueM octanoBkH mponecca E1(0; 1) ects 3apa-

HECC BI:I6I/Ipa€Ma$I OTHOCUTCIIbHAA MOTrPCIIHOCTD.

IIporpaMmupyeMblii aJropuT™M YUCJICHHOIO PellieHHs] MOJeIbHOM 3a1a4M VISl IKPAHMPOBAHHOIO
ypasHenus [lyaccona ¢ MUMHUMAJIbHBIMH NIONPABKAMH
Pemaetcs 3anayva:

AT = T,
KOTOpas MOXKET 3aIIMCbIBATLECA B BUJIC.
h?AT, = h* 1,
cClin
h =b/(m+0,5), b= b/ (nt 0,5),F 1,..m, E L..n,n¥ nb= p B & h

utepairorusiM mporieccoM (5). TIpu BeIOOpE MTEPAMOHHBIX MAPaMETPOB MPUMEHSIETCS METOJ MUHHU-
MaJbHBIX TONpaBoK. Toraa /it penaeMon 3aau B UTEPALIMOHHOM IPOIIECCEe MPOrpaMMHUPYETCsl MPHU-
BEJICHHBIN paHee airOpUTM BBIYMCICHUH. PemiaeMast 3a1a4 moay4yaeTcss U3 pa3HOCTHOM CXEMBI, KOTOpast
3aMKChIBACTCA B CIIEAYIONIEM BH/IE!

4ul’i’j —Ul-l_lj _u1,+1 ull,j -1 qu + ﬁK lrlj. ﬁ ifjl,Z izl,...m,jzl,...n
rie
Up a1, =0, Upgj = Uy, j=1,...n;
Ujn+1=0, Ugj p=Ug 5 1=1,...m.
1. Beibupaetcst HauanbHOE TPUOIIKEHHE:
a° =00W,.
IIpu mporpaMMHpOBaHHMH DIIEMEHTHI MAacCHBa ufi j 1,1 =0,...n+ 1 Tlonaraercs, 4To ufi i =0,
ij=1..n.
2. Brramcrsiercs: HeBsi3Ka:
F<l Rt =h A t-n%, 1,0, KON .
[Tpu nmporpaMMHUpPOBAaHUH MOJATACTCS, YTO

k1 =0, Ut =ut i=1,..0;

1in+1 1j ,0 i, 1’
k1=, uft =u?t j=1,..n
1,n+1,j 1,0 1,3j
HpH porpaMMHpOBaHNN rlki_jl — BJIEMEHTEI MacCCHBa, i,j =0,...n + 1. DieMeHTHl dTOr0 MaccuBa

BBEIYHCIIAIOTCS T10 @opMyne'
k-1 k-1 ukl 2 s
rll’l 4lJ1l] _u1 JJ U&_'_II_ |1j, h%(lrl h fJ]- | l J—l,...,r.
3. Mmercs mompaBka:
WEORN: h2ewf =1 kON,
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YTO PAaBHOCHUJIBHO IMOCICAOBATCIBHOMY PCIICHHIO ABYX CUCTCEM JIMHEHHBIX aJ'IFe6paI/I‘l€CKI/IX ypaBHCHI/Iﬁ
C TPCYrOJIbHBIMH MAaTpUIIAMMU:

a) QKtoCN: hLQ¥ = R 6) WX toceN: hlfwk = .
Ilpy mporpaMMHpPOBAaHHMH pEIIEHHS CHCTEMBI W3 a) OyayT B MAaCCHBE C DJIEMEHTaMHU

Q,kj_l i,j=0,..n+1 Tlpu BHIYKCICHUH DIEMEHTOB 5TOr0 MacCHBa CHayaja I[0JaraeTcs
L= Q'g}l =0,1i,j=1,...n, a 3aTeM BBIUUCIIAIOTCS dJIEMEHTHI MACCHBa 10 (hopMyIIe:
k-1 k-1
e[ Q) +a-nQlly/2,
KOT/1a MH/IEKCHI PUHUMAIOT TIOCIIEI0BATEIBHO 3HAUCHUS 1, | =1,...Nn .

Ilpu mpOrpaMMHUpOBAHWHM PEHICHUs CHUCTEMbl ©3 ©0) OyayT B MacCHBE C DIIEMEHTaMH

Wk 1, ]=0,..n+1. HpI/I BBIUMCIIEHHH OJIEMEHTOB 3TOTO MaccHBa CHauyaja Iojaraercs

,kn:,ll V\(]+1 ; =0, 1, ]=1,...,n, a 3aTeM BBIYHCIAIOTCS JIEMEHTBI MaccuBa 1o popmysie:
k-1 _
W= @-)Q +@- i) Wis; +(1+|)Wk+1]/2
KOTJIa MHJEKCHI IPUHUMAIOT IIOCIIeA0BATeNIbHO 3HaYeHus i, | =n,...,1.

4. OnpenenseTcs KBaapaT HOPMBI OIITHOKH
By = Hwklu <rk1"k1>h2 < k1—k 1>h—2 KON

[IpK MPOrpaMMUPOBAHHE WY+ — 3IeMeHTHI MaccuBa, i, =0,...n + 1. [Ipy BHYHCIICHUSX 2IEMEHTOB
i

p'clp

3TOr'0 MacCuBa I10JIaracTcs.
-1 _ k=1 ¢ i =
ij=ReW; -1 j=1.n+ 1

Ek—l (z Zrlu 1;;) KON.
=1

5. CtaBuTCs yCcI0BHE OCTAHOBKH I/ITepaI_II/II/I.
Ex/Eq<E? EO(0;2),kON,
rne E—3anaBaemas BenmmumHa.
6. JIONOTHUTENBEHO BBIYUCISIETCS BEKTOD:
At =h?AWCY, 7551=0, KON .
[Tpu nmporpaMMHUpPOBAaHUH MOJATACTCS, YTO
W =wt =1 n, Wl V\}< 1, ji=1..n

1i,0 1,1 1,0
[Ipu mpoOrpamMMHUpPOBAHKH l71k‘ i Jl— 9IIEMEHTBI MaccuBa, i,j =0,..n + 1. DieMeHThl 3TOr0 Maccusa
BBIYUCIIAIOTCS 10 (bopMyne'
miy =AW - wiy —wty - wih o wih o+ ot i =L
7. JIOTIOJHUTENBLHO HAXOUTCS BEKTOD:
FIOR2N: R2CFT =751 KON,

YTO PAaBHOCHJIBHO TOCIIEIOBATCIPHOMY PEUICHHUIO ABYX CHUCTEM JIMHEHHBIX alreOpandecKux ypaBHEHHUH
C TPEYTOJIbHBIMU ManI/II_IaMI/I'

IIpy mporpaMMHpPOBAaHHMH pEIIEHHS CHCTEMBI U3 a) 6yz[yT B MacCuBe C DJJIEeMeHTaMu
Q,kj_l i,j=0,..n+1 Tlpu BBHYKWCICHUH DJICMEHTOB OSTOr0 MacCHBa CHayajla MOJaracTcs

Qlkal = Q'é}l =0,i,j=1,...n, a 3aTeM BBIUUCIIAIOTCS dJIEMEHTHI MACCHBa TI0 (hopMyIIe:

Qt =@+t +a+nQl +a-nQih/2,
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KOT/Ia MHAEKCHI IPUHUMAIOT MOCIICIOBATEIBHO 3HAUCHUS |, | =1,...1n .
Ilpu mporpaMMHpPOBAHUU PEIICHUS CHUCTEMbI H3 ©0) OyayT B MacCHBe C DJIEMEHTaMH
:,k Jll j=0,..n+1 TIlpu BBHYKUCICHHUH DBJICMEHTOB JTOr0 MAaCCHBa CHAuana I[oJjlaracTcs

Sinn T e T =1,...n, a 3aTeM BBIYUCIAIOTCS JIEMEHTbI MaccuBa 1o gopmyre:

k-1 _ n—k-1
=7 =[a-0Q +a-03G +a+zhh]/2,
KOT/Ia HHAEKCHI IPUHUMAIOT ITOCIIEA0BATENBHO 3HaYeHud i, ] =n,...,1.
8. Ompenensiercst uTepallMOHHBINA TapaMeTp:

L o) (o
Cooi i () (@

[Ipu nporpammupoBaHUH Elki_jl — DJIEMEHTHI MaccuBa, i, =0,...n + 1. [Ipu BBIYUCICHUSIX dIIEMEH-

KON.

TOB DTOI'0 MAaCCHBa II0JIaracTcCs.

Kl =Rezti =10

IIpu nporpamMmMupoBaHUH:
n n

n n
_ k-1,, k-1 —1
=2 XMW /D Z 171 KON,
in jo1 ic1 j=1
9. BeIunCIIseTCss HOBOE IIPUOIMKEHHE:
o< =0 -1 W7, KON,
TIpy POrpaMMHEpOBAHIH Uy j —dnemenThl MaccuBa i, j =0,..n+ 1
Creyrommue 31eMEeHTEI 3TOTO MaCCI/IBa BI)I‘II/ICJI}IIOTCH 1o (bopMyne'
—_ 1 -
U1.,J Un; rkwk i j=1,
OHI/I HpI/IHI/IMaIOTC}I 3a HpI/I6JII/I>KeHHOC peH_IeHI/Ie, €CJIN 40 3TOro BBIITOJHAIOCH yCHOBI/Ie OCTAaHOBKH

urepanuii. MOKHO 3aMETUTh, YTO HE CIIOKHO BBINHUCATH U MPOTPAMMHUPYEMBIN aJTOPUTM YHCICHHOTO
pelIeHnsT MOJIEIBHOM 3a/1a4u U1 SKPaHUPOBAHHOTO YpaBHEHHs [lyaccoHa co CKOPEHIIIIM CITyCKOM.

TecToBBI NpUMep YHCJIEHHOI0 PelIeHUus1 MOeIbHOM 3aga4n 1Jis1 ypaBHeHus Ilyaccona
B paccmarpuBaemoii 3aaaue:
- ¢ (v T
pa=f, 8 Q, 0, =0, a*‘ =0,
rue
Q=(0ib)% (0by), [y ={b} x (0:b,)U (Osby)x{ b3 I, ={0} x (0ib)U (O )x{ ¢,
nonaraercs, uro b =b, =2,5,
fi(xy)=(25-2¢ -2y ) 4,
T.C.
U (X y) = (25— 4X )(25- 4y’ )/ 64
Mo>HO 3aMeTUTh, YTO PEIIEHHE AUCKPETHON 3aia4yu Torna OyJeT COBIaAaTh C PEIICHUEM Helpe-
PBIBHOM 33/1a4H B y3J71aX CETKU

Uy =0y(x; X)’ i=1..m, j=1,..n.
IIpu nmuckpeTH3ariyi HEMPEPHIBHOM 3amadu BHIOMpArOTCs 3HadeHus M= N=2. [Ipu gucieHHOM

PELICHUH MOJTYyYaeMbIX CUCTEM alreOpandecKux JIMHEHHBIX ypaBHEHU (3) IpUMEHseTCs MPUBEICHHBII
paHee aJITOPUTM C BBIOOPOM UTEPALIMOHHBIX [TApaMETPOB II0 METOAY MHUHUMAJIBHBIX IIONPABOK, IoJaras

Ulo =0, TOJNBKO Gepercst, 9T0 7; =1, TOr/IA BEIYUCIAETCS, UTO T, =4/9 U UTEPALMOHHBIN MPOLIECC AET
TOYHOE PEIIICHUE 3a JBE UTepanuu. JleiCTBUTEIBHO, ql =(16; 7,75;7,75; 7,5a qz =(9; 6; 6; 4) ecTb

pemenre cucteMsl (3). Ecmu s pemieHns pacCcMaTpHBaeMOM 3a1aun MPH TaKOH jKe MTUCKPETH3aINH
MPUMEHSATh METOJ] HTSPAIIMOHHBIX (DAKTOPHU3AIMI TPU MPOAODKESHUY MPABOM YaCTH U PEIICHUS HYJIEM C
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BBIOOPOM HTEPALMOHHBIX MMAPaMETPOB IO METOAY CKOPEHUIIero CIycka, mojaras Ulo =0, xorma beper-

Ci, 4TO Tl = 1, W BBIYUCIIAACTCA, YTO T2 = 4/9, TOorga I/ITepaLII/IOHHBIf/’I mponece 1aCT TOYHOC PCIHICHUEC TaK

Ke 3a JIBe uTepanun. JIeHCTBUTENBHO, TaK Ke Oy/IeT: Ull =(16;7,75;7,75;7,5 a U12 =(9; 6; 6; 4) ecth
petienre Toit ke cucteMbl (3). MOXKHO PEKOMEHIOBAaTh B METO/IAX MTEPAIIMOHHBIX (DaKTOPHU3AIMii BbI-
Ouparth BCer/ia TEePBbI HTEPAIIMOHHBIN apaMeTp 3a ¢IHHUILY.
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ASYMPTOTICALLY OPTIMAL SOLUTION OF THE MODEL TASK
FOR THE SCREENED POISSON EQUATION

A.L. Ushakov
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The screened equation is considered on rectangtdar, with the mixed boundary conditions. At
the numerical solution of this task it is suggedtedise iterative factorization after fictitiousntimua-
tion of the discrete task approximating the soltesk. As a result, the solution is based on tha-sol
tion of systems of the linear algebraic equatioiith watrixes of the triangular type, which contain
more than three nonzero elements in every lingatkter small error of approximation of the consider
task, the demanded relative error of the suggesteative process is reached in over the numbet- of
erations independent of the discretization parareefiéhe iterative process turns out to be the nietho
giving an optimal asymptotics as per the numbeopsrations in arithmetic actions. The developed it-
erative process is based on the characteristi¢fgsenf the stated model task. This task can aiabd
in the methods of fictitious components, spacessmihoundary problems for the elliptic equations in
areas of a complex shape are being solved. Theitalgois given for the fulfilment of the iterative
method with choosing of the iterative parameterthaautomatic mode, by applying the minimal resid-
ual, corrections method. This gives a criteriorstimp the iterative process when the specified pieli
narily relative error is obtained. An elementarsttexample is given on the computing experiments co
firming the asymptotic optimality for the iterativeethod in the number of computing expenses. The
fulfillment of the method is substantially basedtbe use of complex analysis.

Keywords: screened Poisson equation; iterativediazations; fictitious continuation.
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COBCTBEHHbIE KOJIEBAHUA BPALLAIOLLEIOCAH YMNPYIroro
CTEPXHA C AEMIM®EPOM

B.M. SleaHos

Mockoeckuli aguayuoHHbIU UHCmumym (HayuoHasnbHbIlU uccriedogamerbCKull yHugepcumem),
2. Mockea, Poccutickas ®edepayusi

E-mail: avtofur@yandex.ru

PaccmaTpuBaloTcst  coOCTBeHHbIe  KOJeO0aHUSI  yNPYroro  CTep:KHS,
HaxoJslerocss B MoJie LEeHTPOOeKHBIX CHJI HHEpPUMH M ONHpalollerocss Ha
BA3KOYNpYruii aemmndep. ITa MaTeMaTH4YecKasi MoAeJb ¢ A0CTATOYHOH A/l WH-
JKEHEePOB I0CTOBEPHOCTHI0 ONHMChIBACT JHHAMHYECKHE MPOLECChl BPAIAIOIIUXCS
JIONATOK TypOuH, padoyeil 4acTu Urjodpesbl U MPOYUX NMOAOOHBIX MEXaHU3MOB.
IHocTanoBKa 3axa4u 0 COOCTBEHHBIX 3HAYEHUSAX 0a3UpPyeTCs HA BAPHALMOHHOM
NPUHLUIE U CTABUTCH B KOMILIEKCHOH (popme. Takoii moaxox no3poJisier oleHH-
BaTh AeMIIUPYIOLIYI0 CIIOCOOHOCTH CTEP:KHSA Yepe3 MHUMYIK0 YacTh COOCTBEHHOM
4acToThl (KO3 PpuumeHT AeMnpUPOBAHMA), a TAKKE JErKO YCJI0KHATh U BapbH-
poBaTh napaMeTpbl KOHCTpyKuuu. Hanpumep, paccMaTpuBaTh cTep:KeHb € Ie-
peMeHHBbIM IIONEPeYHbIM CeYyeHHeM HWJIH NepeMEeHHOH IUIOTHOCTBI0O MO JJIMHe.
JlocToOBEepHOCTh Pe3yJbTATOB METOAMKH B CTaThe JOKAa3aHA MyTeM CPABHEHHUS UX
¢ HMeIIUMHNCA B JUuTepaType 1aHHBIMU. OCHOBHBIM pe3yJbTATOM cjelyeT CUU-
TaTh, YTO JJIfl CTPYKTYPHO-HEOHOPOIHBIX KOHCTPYKIU (T.e. KOHCTPYKIMH, CO-
CTOSAILIUX U3 YNPYTUX U BA3KOYNPYTUX 3JIeMeHTOB) MOKHO NPH HeU3MeHHOIi peo-
JIOTHH JieMI(pepa yBeJMYUTh HHTEHCHMBHOCThL rallieHHsl KoJIe0aHWi 3a c4eT pa-
IHMOHAJTBHOI0 BbIOOPAa MX reOMeTPHYECKHUX WM yNpyrux mapamerpos. Ilpnyem
MAaKCHMYM MOIJIOIIAeMOii JHEPruu KaK B MepPBOM, TAK U BO BTOPOM cJIyyae, OIl-
peaessiloT COBMeCTHO K03(uuueHThl AeMnGupoBaHust ABYX HU3LMX (Popm Ko-
JgeGanmii. U3 npuHuuna minmax cjiegyer, YTo B KadecTBe I100a1bH0ro Ko3gdu-
HUEeHTA JeMI(HUPOBaHUS BBICTYNAIOT MooYepenHO K03 PuuMeHTHl aeMidupo-
BaHus 1-ii u 2-ii popm kosiedanmii. B Touke 3xcTpeMyMa HadJK0JaeTCsl MaKCH-
MaJlbHOe B3auMojeiicTBHe 2-X HU3MMX (PopM KosedaHUii, B pe3yjbTaTe 4ero u
Ha0J1I0JaeTcsl 3TOT cHHepreTuyeckuii 3gpdext. OueBUAHO, YTO B CIydae BbIHYK-
JeHHBIX K0J1e0aHuii Mo100paHHbIe MapaMeTPbl MeXaHNYeCKOoil cucTeMbl odecrie-
4YaT MUHHUMAJbHbIE Pe30HAHCHBIE AMILTUTYABI.

Kniouesvie cnosa: cmeposcensv, Konebanus,; kodgguyuenm oemnguposanus, 643-
KOynpy2ocms, cobcmeeHuble Yacmomul, oemngep.

BBenenne

HanexHocTh paboTsl paboueii yactu uriaodpesbl, Jonacteil TYpOUH U IPpyTUX MOJTOOHBIX MEXaHU3-
MOB B 3HAYUTEIHHOI CTEIIEHU ONPEIENIeTCs] yPOBHEM PE30HAHCHBIX aMILTHTY/.

[lepeuunciieHHbIe 3J€MEHTHI (JIOMACTH, UTJIBI M T.J.) C XOPOIICH I MHXKCHEPHBIX PACUETOB TOYHO-
CThIO MOTYT OBITh TPEJCTABICHBI YIPYTUMHU CTEPIKHEBBIMU MOJICISIMH, HAXOIAIIMMHUCS B TIOJIE IICHTPO-
OeKHBIX crit [1].

Jlyis paccerBaHuUs SHEPTUH YIIPYTHX MOMEPEUHBIX KoyieOaHuii (kak HauboJiee OMACHBIX) U, B KOHEY-
HOM CYeTEe, YMCHBIICHHS PE30HAHCHBIX aMIUIMTYJ PACCMATPUBACTCS BAPUAHT YCTAHOBKU KOJBIICBOTO
OaHnaxa-neMiepa U3 BI3KOYIPYroro MaTepuaa, CBI3bIBAIOIIETO YIPYTHE DIEMEHTHI.

CxeMaTH4YecKH 4acTh KOHCTPYKIIMH MPEJICTaBIIeHa Ha puc. 1.

1. ITocTanoBKa 3a7a9Yn

3amaya 0 COOCTBEHHBIX IOMEPEYHBIX KOJICOAHUAX CTEPIKHSI CTABUTCS KaK IS ONMPEACICHHS CIIEKTpa
pe3OHaHCHBIX qacCTOT, TaK U OJIA KOJII/I‘-ICCTBGHHOﬁ OLCHKHU IIHCCHHpreMOﬁ 3Hepr1/11/1 B 3aBUCHUMOCTH OT
TCOMETPHYCCKUX U (PU3NUCCKHUX TAPAMETPOB MOCITH.
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[Mpeamonaraercs, YTO OAWH KOHEI[ YIPYTOro CTEPIKHS
JKECTKO 3aJie]laH B JIMCK-ONpPaBKy, IPYrol — CBOOOIEH.
B3aumoseiicTBiE CTEpXHS C BA3KOYNPYTUM OaHIaXOM B
MOJIETH 3aMEHSCTCS TOYEYHBIM €ro ONMHUPAHWEM Ha OJHO-
MEPHYIO BS3KOYIPYTyio mpyxuny (memidep). [Ipu Bpare-
HHM CTEPXKHSA B HEM BO3HHMKAIOT PACTATHBAIOIINAC IIECHTPO-
OexHble cwibl mHepiu. Ha puc. 2 sta cuna o0o3HaueHa

kak N (X) JUISl KaKJIOTO CEYEHHUs CTEPIKHS C KOOPAMHATOM
X. Kpowme Toro, | — muna crepxus, |,— koopausara kpen-

nenns gemidepa k crepskaio, C — KeCTKOCTh aemidepa,
() — yrioBasi CKOPOCTh BpAII[CHUS CTEP)KHS, a— Pajuyc
JTUCKA.

Puc. 1. Cxema KOHCTPYKLUM.
1 — AUCK, 2 — OCb BpalleHus,
3 — cTepXHU, 4 — KonbLEBOW GaHaax

N (x) X

[

¢

Puc. 2. ®dusnyeckan Mogenb CTepPXXHEBOW CUCTEMbI

Mamemamuueckas nocmaroska 3a0aqu

PaccmoTpum momepedHbie KoJeOaHUS KECTKO 3aJCTAaHHOTO OJHUM KOHIIOM YIPYTOTO CTEPXKHS,
OIMUPAIOIICTOCS B MPOU3BOJILHON TOYKE Ha BA3KOYNPYruil nemmdep. Ouznueckue U reoMeTPpUICCKHe
COOTHOIICHHS MTPUHUMAIOTCS B IMHEIHOM MOCTAaHOBKE. 3aKOH KOJIEOaHUS CTEPKHsI IPIMEM B BUJIE!

W(x1)=w (3 e, (1)

rae W, ( X) — coOcTBeHHast (popMa MONIEPEUHBIX KOTEOaHUH, W=k +i W, — KOMIUICKCHAs 4acTOTa KO-

nebaHuil, g —coOCTBEHHAs YacTOTa, () — KOIPPUIHUEHT AeMI(pUPOBAHUSL.

HpOI[O.]'IBHBIe CHJIbI MHCPpLIUHN N (X) , ﬂeﬁCTBYIOMHe B Ka’)KAOM CCUCHHU CTCPIKHA, HAXOAATCA KaK
1
N(X) :—ZpFQZ[|2+2a| = 2ax], @)

rae O — IUNIOTHOCTh MaTepuaia CTepKHs, F — IIommams mornepeyHoro ceueHus Crepkas, Q — yriosas
CKOPOCTH BpaIlEHUsI CTEPXKHS, & — PaJnyC KECTKON ONPaBKU-THCKA.
dopmyna (2) momydeHa B nmpeanonoxkenun Q= Cconsl, p=consiu X D[O, I] :

I[HH CTCPIKHA C IICPEMCHHBIMU CCUCHHUECM U IIJIOTHOCTBIO IO JJIMHE, CUJIa N (X) OMPEACIIACTCA KaK
!
N(x)=Q*[p(X) F(X(x+ 3 . A3)
X

Vuer HpOZ[OHBHOﬁ cunsl N (X) , @ TAKIKC BJIMSAHUA BASKOYIPYIoro 3JCMCEHTA Ha MONCPCUYHBIC KOJIC-

OaHuUs CTEP)KHS IPOIIE BCETO OCYIIECTBUTH MPU BapHUAIIMOHHOW MOCTaHOBKE 3amadu. [loTeHImanbHast
sHeprusd crepxkHa I, onpenensercs cieayronM COOTHOIIEHUEM:

|
-1 M2/
m, =2 Mg pax, 4)
0
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roe M (X t) — WU3rU0aroNuii MOMEHT B KaKIOM CeYeHHMH CTepkHA, E — Momyns IOnra, J —MomenT
WHEPIIUH TONIEPEYHOTO CCUCHUSI.

I/ISFI/I6aIOIl[I/Iﬁ MOMCHT M C y‘-IeTOM HpOI[O.HBHOﬁ CHUJIbI BBIYUCIISACTCA TAK
AW (x t

m () =20 Ny ). ®

Hpe,unonaraeTc;I, qTo Bﬂ3K0pryrI/Ie CBOP’ICTBa ,Z[eMrI(bepa OIINCBIBAKOTCA B paMKaX JIMHCHUHOU TCO-

puu bonbiiMana—BonsTeppsl. C moMomipio MeTo1a 3aMOpaKUBaHus [2] HHTErpalibHbIH onepaTop Boib-
TeppHI 3aMEHsIEeTCA Ha KOMILIEKCHYI0 xkecTkocTh C =Cg +iC,, rae

(6)

3meck C — MIHOBEHHAsT KECTKOCTh [H/M], R(T) — saapo penakcanud. Torma HMOTEHIUATbHAS SHEPTHS
nemmdepa onpenensercs no Gopmyie:

Cr=C 1—TR(T)cos(a)Rr) ar | ;C, =—CTR(T) siner Y,
0 0

1 s
rac IO — KOOpAWHAaTa TOYKMU KOHTAKTa CTCPIKHA C Z[eMH(i)CpOM, JICCTBUTENbHASL YacTh HI[ — DHEpPrud

yrpyroi nepopMarui, MHAUMAs 4aCTh — SHEPTHUsI AUCCHUTIAINY (PACCEUBAHS)
[ToTennuanbHas HEPTUsl CUCTEMBI B 1IEJIOM paBHA!

=TI +IT . (8)
Kunernueckasi sHeprus cuctemsl (0e3 yuera Maccm nemidepa) UMeeT BU

1

—Eije—a dx. ©)

W3 npuniuna raMHHLTOHa—OCTporpa,I[CKOFO Bapualys OT JIeUCTBUA 1o [ aMUIIbTOHY paBHA HYJIIO

&( j m)dt) =0, (10)
TYT tA1tB — UHTEpBAJI, 3a KOTOpLIﬁ CHUCTCMa MEPEXOAUT U3 MTOJIOKCHUSA AB ITIOJIOKCHUC B

IMocaemoBarensHo moxacTasisas B cooTHomenue (10) hopmymnsr (9), (8), (7), (4), (5), (2), (1)yomy-
YHUM BapUAIlMOHHOE YpaBHEHHE OTHOCUTEIBHO WO( ) :

EJ [ 0o sz\é ,szF
(7£(W) dX+J(;N(x)V\6 — 2EJ-[ N dx— O o) jwo d¥=0. (11)

['panuvHbIE YCIIOBUS ISl CTEPIKHS CIEIYIONINE!

x=0: W,= 0 ddﬂ= ; (12)
S dw o Pw
x=1: o7 vl (13)

Urak, 3aa4a COCTOMT B ONpeJeIeHUH coOCTBEeHHBIX hopm W, (X) YIOBJIETBOPSIOIINX BapHaIlH-
onnomy ypasHeHuto (11)u rpannunbiM yeiaosusm (12), (13).

2. Metoa pemeHust

[TocraBneHHas 3anaya pemaercss MerogoM Purna. Mckomoe pemenue W, ( ) NpUOTMKEHHO 3aMe-
HSIETCSI KOHEUHBIM psioM (mmuHol K) mo 6asucHbIM QyHKIMAM @ ( )

%up%wA¢

rjae O, —HEU3BECTHbIE KOY(PPUIHEHTHI.

(14)
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I rparnunsix yemosuii (12), (13)B kauecTBe 6a3ucHBIX (YHKIMI puHUMAarOTCs [3]:

é.(x) = (shr +sinrk)(ch%— cos)% ¥ (ch + cas, )(s%riﬁ— sﬁlglﬁ), (15)

rae I, —U3BECTHBIC KOPHU XapaKTEPUCTHYECKOTO YaCTOTHOTO YPaBHEHUS.

IMoxcrasnss (15), (14)B ypaBHenue (11) u Bapbupysl IO HEU3BECTHBIM &, , IOJIyYUM CUCTEMY OJ-
HOPOJHBIX aNreOpandecKuX ypaBHEHHI OTHOCHTEIBHO &, .

B MaTpu4HOM BHIE 3TH YpaBHEHHS UMCIOT CIICIYFOLIHN BUI:

[A+ D- & B]/\zo, (16)
rac A — MaTpula XCCTKOCTU CTCPIKHA (3HCMCHTBI I[eﬁCTBHTCHBHBIC), D — MaTpula KECTKOCTU ACMII-
(bepa (3HCMCHTBI KOMHJ'ICKCHBIC), B —MaTpula MacC CUCTCMBI, /\ —BeKTOp-CTOJ’I6eL{ HCHU3BCCTHBIX O'K .

Onementsl Matpuit A, D, B BBIUHCIISIFOTCSI COOTBETCTBEHHO T10 CIICAYIOUIUM (OpMyJIaMm:

2 2 2
I(ddf;k N 0, T8 TN g 6 an
dy = Ch(b)4i (1), (18)
|
F dx, k=1
bkl — Y .£¢;<¢I X (19)

0, k#l

Cucrema (16) uMeeT HeTpUBHAILHOE PEIIICHUE B CIIydae PaBEHCTBA HYIIO ee onpesenurens. B uto-
re MoJIyJyacM YacTOTHOE YpaBHEHHE OTHOCHTENBHO (J. 3a7aua Mo OMpeICICHUI0 KOMITJICKCHBIX KOPHEH
pelraeTcs ¢ MOMOIIBI0 UTEPAIMOHHOTO MeToaa Mrosuiepa [4], rae B KadecTBe HaYadbHBIX MPUOIIIKE-
HUH MPUHUMAIIUCh COOCTBEHHBIC YaCTOTHI YIIPYTO 3a/1a4uH.

3. Pe3yabTaThl pacueToB

K pesynbraTam ciieiyeT OTHECTH JIBE TPYIIIBI TPOBEICHHBIX PACUYETOB:

Ilepsasa OTHOCHUTCS K WUCCIICJOBAHUIO BOIIPOCA MPAKTHIESCKONH CXOIUMOCTU METOJa M JJOCTOBEPHO-
CTH TIOJTY4aeMbIX PE3yJIbTaTOB,;

Bmopas — x BHIOOPY paIliOHATBLHBIX T€OMETPHUYCCKHX M (PU3MYECKHX ITapaMeTPOB CHUCTEMBI, MIPH
KOTOPBIX €€ JUCCUIIATUBHBIC XaPaKTCPUCTHKU JIOCTUTAIOT HANOOBINNX 3HAUCHUM.

PaccMoTpuM 3TH TPYIITBI TOCIEAOBATEIBHO.

|. [y1g ucciieioBaHus MPaKTUISCKOM CXOAMMOCTH MeTo1a ObLIN pelieHbl 3 3axaun: A, B, C.

3agada konebaHU ypyroro crepxkHs (6e3 yuera memidepa U cui uHepnwn). Pe3ynbrarsl mo-

Ka3aJiH, YTO NPHU YBEIMUYCHUN Yncia wieHoB psija (14) coOCTBEHHBIEC YaCTOTHI MPUOIMKAIOTCS K UCTHH-
HBIM 3HaYCHHsIM cBepxy. B Tabn. 1 mpejcraBieHbl HEKOTOPBIE PE3YJILTATHI JUIS MEPBBIX 3-X COOCTBEH-
HBIX YacTOT YIIPYTOTo CTEPIKHS:

Tabnuua 1
PacyeT HM3LWKMX YacTOT B 3aBUCUMOCTU OT ANUHbLI psaa (14)
K 4 5 6 9 00
a), pan/cex 3,66 3,59 3,56 3,53 3,51
«, , pan/cex 23,9 23,1 22,7 22,4 22,0
s, pan/cex 64,2 63,9 63,5 62,5 61,7

PacueT nmpoBoauIICA JIJIsl CTEPIKHS CO CIEAYIOIIMMHU XapaKTePUCTUKAMU:
E=I=J=p=1, C=0 Q= (
3HayeHHs 4acToT &, Mpu K =00 COOTBETCTBYIOT TeopeTndeckuM BeanuuHam [3]. W3 tabn. 1 cie-
AYCT, 4TO YXKC IIpU K=9 PE3YJIbTAThl MOXXHO CHUTATH BIIOJHE YAOBJICTBOPUTCIILHBIMU.
PerreHHBIX 3a1a4 Ha C06CTB€HHBI€ KOH€6aHI/I$I YOpyroro CTCpKHs, HaXOAAMICToCA B IMOJIC LICHTPO-

OC)KHBIX CHJI HHEPIIMK U OJHOBPEMEHHO OIMUPAIOIIErocs Ha aeMiiep, B JIUTEpaType HATH HE yAaloCh.
[TosTOMy cXOaMMOCTh MeTOAa anpodupoBanack Ha 3amadax B, C.
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B. 3az[aqa KOJICOaHMIt HCIIOABMIXKHOT'O KOHCOJBHOI'O CTCPKHSA, OIICPTOIO Ha YIIPYI'YIO NPYXHUHY
Pacuernsnie HCXOOHBIC JaHHBIC ObLIH CICOYIOIINMU.

Q=0,E=2x10%s/m? J = 0,78% 10?m*1=0,1m,p=7,8x 10%r/n°,
F =3,14x 10°m?,C =10%u/ .

Koopannata kperieHus npyKHHBI K crepxHio npussaTa |y = 0,05m. B pabote [3] ms Takoit cuc-

TEMBI TepBasi KpyroBasi COOCTBEHHAsl 4acTOTa PaBHA a{ = 1758,2pan/c. Pacyer mo meromauke mpu
K =9 nan pesynbrar af = 1760,6pan/c. dns |, = 0,09m nmeem, COOTBETCTBEHHO, af = 2092pan/c

u af =2099,1pan/c.

CrnenoBaTennbHO, METOJ] YU€Ta YIIPYTO OITOPHI TAET TOKE BITOJIHE TOCTOBEPHBIE PE3YIHTATHI.
C. 3a1aua 0 COOCTBEHHBIX KOJICOaHHSIX YIPYTOrO CTEPKHsI, BPAIAIOUIETOCs CO CKOPOCThIO

dusnveckre U TeOMETPUICCKIE XAPAKTEPUCTHKU CTEPIKHS TE€ )K€, YTO M B MPEABIAYIIEM IpUMEpE.
Pannyc Bpamaromerocs nucka paser a = 0,1 m. XKectkocts nemndepa C =0.

B Tabn. 2 must pa3HBIX YTIIOBBIX CKOPOCTEH BpAIICHHS MPHUBEACHBI JBE PAacUETHBIE YaCTOTHI af ,

wf 1 JIBE TEOPETHUECKHE a{T , aJZT , B3ATBIE U3 paboTs [5].

Ta6nuua 2
3aBMCUMMOCTb ABYX HU3LWKNX YaCTOT OT CKOPOCTU BpalleHnsa
Q, panlc P, panlc of , panlc @, pan/c b, pan/c
3 816,2 814.,8 5121,3 5115,6
10 825,7 824,0 5128,2 5123,8

YacTtoTsl wf nonyyensl ipu K =9 psnga (14). DTo cpaBHEHHE TakXkKe SIBISIETCS H0Ka3aTeIb.CTBOM

JIOCTOBEPHOCTH TIOJy4aeMbIX Pe3yIbTaTOB.

Il. Bropas yacTh pac4eToB KacajlaCh ONTUMHU3AINH BI3KOYIPYTOd KOHCTPYKITUU. JIJIT TOTO 94TOOBI
KOJIBLIEBOM OaHIaK 3((EKTUBHO BBIMOIHSI CBOIO POJb, HEOOXOAMMO MOA0OpaTh MapaMeTphl CUCTEMBI,
o0ecrnevnBarone MaKCUIMalIbHOE paccerBaHWe dHepruu. B 3amade Ha coOCTBEHHBIE KOJIEOAHUS KOJH-
YeCTBEHHON MEpOU MOTIIOMICHUS YHEPTUN KaKIOH (DOPMOH SIBISIFOTCS COOTBETCTBYIOIIHE KO3 HHUTIHCH-
Thl Aemnuposanus ¢j . MccnenoBamuch ko3hpuuuenHTsl qemMnbupoBaHus HU3MUX GopM KonebaHUit

KaK HauboJjee ¢1abo 3aryxaronmx. KpoMe TOro, BIMsSHHAE CHII MHEPIMH 0COO0 BECOMO KaK pa3 Ha JTH
tdopmst (mo 35 %B cTOpoHY yBEIHUUEHHsI COOCTBEHHBIX 9acToT [6]).
B KkauecTBe BapbHpyeMbIX MapaMeTPOB CHUCTEMBI ObUTH BBIOpAHBI JBA. KOOPIAMHATA KPETICHUS

nemndepa (lg) 1 ee MrHOBEHHAs KECTKOCTh (C) B 3aBHCHMOCTH OT 3THX MapaMeETPOB PaCCUUTHIBA-
JUCh COOCTBEHHBbIE 4acTOThl U Kod(duruentsl aemnduposanus aj . st obeux 3agau Gpusndeckue u
reOMETPHUECKIE XapaKTEPHCTHKU CTEpXHsS ObUTM TaKWMH ke, kKak B 3amave |.B. YrmoBas ckopoctb
Bpamienus crepxxas Q =10 pan/c.

A. Ilpu nepBoM pacuere n3MeHsIach KoopAnHaTta |y npu GUKCHPOBaHHOM MIHOBEHHOMN JKECTKOCTH
nmemmpepa C =5x% 10° w/m. Bsskoynpyrue cBoiicTBa Aemmdepa OMUCHIBAIACH CIa0OCHHTYIISIPHBIM
SIpOM pelnakcarmn [2]: R(t) = Ae 2 ¢ napamerpamn A=0,01, a=0,1, 3=0,05. Ha puc. 3 npu-
BejIeHa 3aBHCUMOCTE KO3 (PHUIIHEHTOB HeMITQUPOBAHIS cqla{z oT KoopauHaTHI |y /1 .

[lepBrie aBe cOOCTBEHHBIC (HOPMBI 3aTYXaOT HAauOOJIee MEJICHHO, TIOATOMY STH IOKa3aTelu JIUC-
CUTIATHBHBIX CBOWCTB CHUCTEMbI OyAyT OINpeneisomumMu. ['paguku ykazaHHbIX K03()UIEHTOB mepe-
CEKAIOTCs, ¥ TOT/A, MCXOMAS W3 MPHHIHKIA MiNMaX, riodatbHeIM K03()(OUIHEHTOM IeMI(PUPOBAHUS,

XapaKTEPHU3YIOIMM JTHCCUTIATHBHBIE CBOMCTBA CHCTEMBI B 1IEIOM, Oy/IeT KpUBas & .
Ipaduk @ mpencraBnseT cOOOH CyMEPHO3HMIMIO KPUBOH af JI0 TOYKHU MEPECEUECHUs] U KPUBOH

af Tmocie TOYKH Tepecedenns. [ no6anbubiii KodGQUIMEHT neMndupoBanus ¢f HMMeEET SBHO BBIPA-
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JKeHHBbII MakcumyM npu [, /I =0,62, rae u Gyzner Haubosnee >ppekTuBHOE ralmeHne Hu3Wmux GopM Ko-

JIe0aHu.
12
=Lk
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0 / .

w 05 0,62 1,0

Puc. 3. KoacdhdpumumeHTbl aemncdupoBaHus B 3aBUCUMOCTU OT lo/l

B. Bo BTOpOM UYHCIEHHOM 3KCIIEPHMEHTE BapbHpOBajach MTHOBEHHAs JKECTKOCTh aemmdepa C.
Koopaunara kperienns aemmdepa K CTEpXKHIO Ipu 3ToM (ukcuposanach B Touke [,//=0,62. Ha

puc. 4 ToKazaHbl 3aBUCUMOCTH KO PHUIINEHTOB a)} , (0,2 OT MTHOBEHHO#H >kecTKocTH aeMmdepa C.
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Puc. 4. KoacdpuumeHTbl AemMndmpoBaHus B 3aBucumoctm ot C

U B oTOM cityyae rpaduk 11o0aILHOIO KOJ HUIUCHTA ACMII(PHUPOBAHUA ((f:6 NMECT MaKCHMYM
1 >

KOTOpBIH pocturaercs mpu C=2- 10% u/M. PaupoHabHbI BBIOOp paccMaTprUBaeMBIX ITapaMeTPOB II0-
3BOJISIET CYIIECTBEHHO YBEINYHTH KOADGUIHUEHT AeMITDUPOBAHUSI.

3akiouenue

[IpenyiosxkeH anropuTM penieHus: 3aadll O COOCTBEHHBIX KOJICOAHUSIX BPALIAIOIIETrocs YIPYroro
CTEPXHS C BSA3KOYNPYyruMm nemndepom. s Takux CTPyKTypHO-HEOIHOPOIHBIX CHUCTEM BBISBICH 3(-
(hekT B3aMMOJEHCTBHS HHU3IIUX COOCTBEHHBIX (OPM KOJEeOaHWs], TTO3BOJSIFOIIAN TTOBBICUTH JeMIT(H-
pYIOIIEe CBOWCTBA 3a CUYET PAIlMOHAIBHOTO BBEIOOpA MX T€OMETPHYCCKHX, YIPYTHX TapaMeTpoB (IIpH
HEU3MCHHOW PEOJIOTUU BS3KOYNPYroro 3jieMeHTa). Hannmune meHTpOOKHBIX CHJ WHEPIMU B KadyecT-
BEHHOM TUTaHE KapTHHY HE MEHSET, CABUTas JINIIh ONTHMAaJIbHbIE 3HAYCHUS TapaMeTPOB KOHCTPYKIINH.
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SELF-OSCILLATIONS OF A ROTATING ELASTIC ROD WITH DA MPER

V.M. Yaganov
Moscow Aviation Institute (National Research University), Moscow, Russian Federation
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We consider the self-oscillations of an elastic lmxhted in the field of centrifugal forces of itiar
and based on a viscoelastic damper. This matheahatiodel, with the accuracy sufficient for engi-
neers, describes the dynamic processes in thengtiatrbine blades, in the working part of the wire
brush, and in other similar mechanisms. The fortrartaof the eigenvalue problem is based on the
variational principle and is put in a complex forfirhis approach makes it possible to estimate the
damping ability of the rod through the imaginarytpaf the eigen frequency (damping coefficient), as
well as to easily complicate and vary the desigmmpaters. For example, a rod can be considered with
variable cross-section or variable density aloadength. In the article the validity of the methedults
is proved by comparing them with the data availablehe literature. The following should be consid-
ered as the main result: for structurally inhomagmers structures (i.e. structures consisting oftielas
and viscoelastic elements), in case of a constamipér rheology, it is possible to increase thengitg
of vibration damping due to rational selection loéit geometric or elastic parameters. Meanwhile the
maximum of the absorbed energy, both in the finst & the second case, is determined jointly by the
damping coefficients of the two lower forms of distions. According to the minmax principle, the
damping coefficients of the 1st and 2nd forms dilizions act alternately as the global dampingfeo
ficient. At the extreme point there is a maximurteraction of 2 lower forms of oscillations, as aule
of which this synergetic effect is observed. Ibisvious that in the case of forced oscillationg, $ie-
lected parameters of the mechanical system willigeominimal resonant amplitudes.

Keywords: rod; oscillations; damping coefficieniseoelasticity; eigen frequencies; damper.
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Atomic-like orbital basis sets allow efficient calalation of nanomaterial’s
surface properties within the density functional treory. However, unlike plane
wave basis sets, they require thorough optimizatioon a reference system before
modelling systems of interest. We considered the bia set optimization procedure
for several structures: bulk tantalum carbide, oxygn molecule, bulk lithium, and
a-carbyne. We showed that during the optimization pocedure not only the total
energy of a reference system should be monitored bather physical characteris-
tics (bond length and atomic charges) too. Moreovemptimal basis parameters
could not correspond to the minimum total energy ofa reference system to get
the correct physical properties. We obtained optimhorbital parameters, which
can be used for modelling of the following systemsixygen adsorption on tanta-
lum carbide surface, and Li-functionalized carbyne.Considering oxygen adsorp-
tion on TaC surface and Li-functionalization of cabyne, we also demonstrated
that the basis set optimization influences bindingnergies and atomic charges of
an adsorbent and a surface.

Keywords: Density functional theory; atomic-likesisset; projector-augmented
wave method; adsorption.

Introduction

Density functional theory (DFT) allows researcherstudy structure, properties, and behaviour of
nanomaterials without any empirical data and witihtprecision and reproducibility [1], which opens
great opportunities for new materials predictiond analysis of entangled experimental data. Wiéh th
help of this modelling method, we can search fancstres with desired properties [2] or in extreme
conditions [3]. However, though DFT implementatiais not require from researchers any empirical
data about a structure but type and positions @ist to reduce the many-electron problem to one-
electron, some theoretical approximations are reeede

One of the approximate approaches is a system fuaetion decomposition over some finite basis
set. Two types of basis sets are popular amongdhé state physicists: plane waves and atomic-like
functions. The former basis is easy to implemenpriogramming packages, it is asymptotically com-
plete and allows systematic convergence. Howeliercomputational cost of plane waves is quite high,
and vacuum regions in this approach will cost #rmes as a matter [4]. More efficient for linear-gugl
calculations are atomic-like orbital sets, whiclowl accurate calculation, easy result interpretatiad
low computational cost of a vacuum [5], therefdhey are suite for surface modelling. But such dasi
sets require optimization on reference systemsrbdézing a real project.

In this work, we will discuss the atomic-like basigtimization procedure and its influence on the
physical properties of two nanomaterials: tantabarbide and Li-functionalized carbyne (carbyne@Li).
The first material, TaC, could be a promising alkalditive to heatproof steels [6] if it is stabbeaxida-
tion. To check this stability we should clarify tmteraction mechanism of oxygen molecules with TaC
surface. The second material, carbyne@Li, is a @iomcandidate for hydrogen storage systems.

Models and simulation details

We performed DFT calculations using freeware SIESTRe [7, 8], where atomic-like basis sets
and periodic boundary conditions are implementdso Ao verify the obtained results we made simula-
tions in the Vienna ab initio simulation packageA8P) [9], where the projector-augmented wave
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(PAW) method is implemented [10]. In all calculai$) we used generalized gradient approximation for
exchange-correlation potential (GGA), Perdew—BuBtezerhof functional [11]. In all SIESTA simula-
tions, MeshCutoff parameter [12] was 350 Ry andwetoy relaxation was performed by the conjugate-
gradient method with the force convergence critedb5-10° Ry/Bohr (which is=1,3-10° eV/A).

Tantalum carbide and oxygen adsorptidiar basis set optimization of Ta and C, we chad& b
tantalum carbide as a reference system and modzilaid unit cell of eight atoms (four C and four Ta
atoms) with the translational parameter of 4,4&8eudopotentials were taken from [13]. For Briltoui
zone integration, we used ké&points in each periodic direction (10x10x10 sangpli The energy con-
vergence criterion in the electronic step was &¥. With the same unit cell we also made PAW calcu
lations with the following parameters: 11x11x11 Mbarst-Pack set ok-points, plane wave cut-off
energy of 600 eV, and the force convergence aviteoif 10° eV/A. For basis set optimization of oxy-
gen, we considered a single molecule in the ceB02¢30x30 A (singlek-point) as a reference system.
Pseudopotential for O was taken from the FHI psalatabase [14].

To reveal the influence of basis set parameteth@mdsorption of single oxygen molecule on TaC
surface we modelled four unit cells of tantalumbide (16 C atoms and 16 Ta atoms, see Fig. 3). We
found optimal translational parameters, which gpond to the minimum total energy of the systems,
for both cases: optimized basis set (8,845 A) afdult basis parameters (8,850 A). In non-periadic
direction we put 30 A of vacuum. For Brillouin zoimegration, we used 20x20kdpoints sampling.

Carbyne@Li.Pseudopotentials for this system were taken franRiHI pseudo database [14]. For
basis set optimization of C, we considered puarbyne [15] and simulated unit cell of singletgce
lene molecule (two carbon atoms) with a translatigrarameter of 2,57 A (in non-periodic directions
we put ~26 A of vacuum). In the periodic directisa used 64-points. For basis set optimization of Li,
we considered bulk lithium and modelled its prineti unit cell @=b=c= 7,64A:;

a=L[B=y=23,22). For Brillouin zone integration, we used 83oints in each periodic direction

(32x32x32 sampling). The energy convergence aoitein the electronic step was i@V.

To simulate Li sorption on the carbon chain we @gred seven acetylene molecules and single Li
atom in the unit cell with a translational paramete18 A (in non-periodic directions we put 27 A o
vacuum). We used 32x1x1 k-points sampling. Forstime system, we performed PAW calculations
with the following parameters: 15x1x1 Monkhorst-taet ofk-points, plane wave cut-off energy of
800 eV, and the force convergence criterion of aw/A.

Basis set optimization

For our calculation we used double-zeta polarizdR) basis sets generated by Sankey scheme [5]
and split-valence method [16]. With DZ orbitals nsseould vary two parameters: orbital cut-off radiu
and cut-off radius of a modified orbital, whichasntrolled by the parameter SplitNorm. The general
rule in optimizing the shape of the orbitals ismmimize the reference system total energy [16jwHo
ever, usually, not the total energy, but the endaliffierence between states of the considered system
plays the main role in numerical investigationgy(d@inding, cohesive, formation energy, etc.). Eher
fore, to obtain reasonable basis during the opttion, it is necessary to monitor also other phalsic
properties of a reference system, like interatadistance (in case of bulk calculations with a fixedt
cell “pressure” parameter [16] could be an indigatw/and charge. On Fig. 1 we illustrate the optan
tion procedure, using O(2p) and C(2p) orbitals (f@system) as an example.
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Fig. 1. Dependence of reference system total energy
b) SplitNorm of O(2p) orbital;

of oxygen molecule length are presented, on
Solid grey lines note the chosen value of orbital p

on basis set parameters:
c¢) SplitNorm of C(2p) orbital. On

c) — the Bader charge transfer from Ta atom to C.

arameters

a) cut-off radius of O(2p) orbital;
a) and b) also the dependencies
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Usually, the increase of the main orbital radiusdketo the decrease of the system’s total energy
and its consequent “stabilization”, along with theeratomic distance (Fig. &). And by varying the
radius of a modified orbital (match radius, cor&dlby SplitNorm) we can reach the minimum of sys-
tem’s total energy and correct the length paranm(@igr 1,b), as GGA in most cases results in overes-
timated bond lengths [17]. However, sometimes theice of the parameter corresponding to the
minimum total energy could be unphysical, and, @fae, we need to check other system’s properties.
For example, in Fig. 1c default SplitNorm = 0,1%responds to the minimum total energy, but we ob-
serve deceptive behaviour of atomic charges: asuprd Mulliken in this point there is almost no
charge transfer from Ta to C (0,6Rand Bader charge analysis [18] gives too higlhie/gR,6e). From
PAW calculations we found that Bader charge trarisf&,85e. So, by increasing SplitNorm, we could
decrease the Bader charg@g(q,) and at the same time increase the Mulliken chegeSplit-
Norm = 0,35 it equals to 0,99). Even though the total energy of TaC is not mined, the modelled
system has correct physical properties. All optadiparameters, along with the default SIESTA values
are presented in Table 1.

Optimized basis set parameters for considered syste ms (oxygen adsorption on tantalum carbide and Li-fu nctiona-llggglie .
carbyne). Default values for radii are noted in the parenthesis. Default SplitNorm parameter is 0,15f  or all cases.
1 Bohr = 0,529 A

System Q@ on tantalum carbide Carbyne@Li
Element C Ta ®) C Li
Orbital 5 2p 5d 6s 2s 2p 2s 2p 2s
Cut-off radius| 6,6 7,6 8,5 9,1 6,0 6,5 8,0 7,6 13,5
Bohr 41) | 49 | G5 | 67 | 33 | 39 | 41 | 49 | (7,8
Match radius, 2,7 2,8 3,6 6,0 2,3 2,8 2,8 3,3 7,0
Bohr 33 | 35 | (38 | (65 | (25 | 25 | B3) | 35) | 7.7
SplitNorm 0,40 0,35 0,25 0,30 0,25 0,15 0,35 0,25 ,350
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)
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4

Total
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Ta (6s)
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o
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E-E,eV
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0
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a)
Fig. 2. Total and projected densities of states of

calculation with the optimized basis set; ¢c) PAW ca

b)

Tantalum carbide and oxygen adsorption on its surfee
First, we performed spin-polarized calculationsbafk
TaC and plotted projected densities of states (PD&&
Fig. 2. This system is not magnetic, so its topéh golariza-
tion should be equal to zero and PDOS plot shoaldym-
metric with respect toy=0 (Fig. 2,¢). And, indeed, we got
such results for the optimized basis set (Fid)2However,
default basis parameters resulted in a slightlyommsetrical

plot, which is explained by a small total spin pidation of

DOS, states/eV
%) o IS} IS

'
IS

Ta (6s)
—C@p

TaC: a) SIESTA calculation with not optimized basis
Iculation. Dashed lines note the Fermi level

0
E-E,eV

©)

set; b) SIESTA

Fig. 3. a) Top and b) side views of an oxygen

the system (0,26). Therefore, basis set optimization allowsmolecule adsorbed on TaC surface. Ta atoms
us to obtain the correct properties of TaC. are orange, C atoms — grey, O atoms — blue
Also, basis set optimization significantly influescthe binding energy of an oxygen molecule ad-
sorbed on the surface of tantalum carbide. We takdi binding energy as follows:
Eoind = Erac@o, ~ Etac™ Eq»
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where Er,c g, Is the total energy of TaC surface with adsorbednOlecule, Er is the total energy
of relaxed TaC surface, arffl,, is the total energy of a single, @olecule. For the configuration de-

picted in Fig. 3 we goE,;,y =-1,70eV in case of the optimized basis set, &g, =-2,41 eV in case

of the default basis set. The difference of 0,7ceMld play a crucial role in the analysis of theutes
(e.g. in desorption temperature estimations frondliig energy), therefore, one should be cautioss, u
ing default basis sets during the modelling of acefprocesses.

Li-functionalized carbyne

O
0-0-0-g 4 o000

Cl C2 C3

Fig. 4. Relaxed structure
of Li-functionalized carbyne

For the relaxed structure of carbyne@Li (see Figwé
calculated Li binding energy and performed changaiyesis for
different basis set configuration (default, fullptonized, only
Li/C optimized). To compare results we also perfednPAW
calculations for the same system. The Li bindingrgn was
calculated as follows:

Eping = Ecarbyn@ Li — Ecarbyne_ i,

where Eq,pyneg i IS the total energy of Li-functionalized carbyrigy, e is the total energy of pristine
carbyne, anck; is the total energy of an isolated Li atom. Resaftthese calculations are presented in
Table 2.

Table 2

Binding energies and atomic charges (calculated fro m different methodologies) of carbyne@Li

. Qu, e Qc, e (Bader)

Basis set | Boino, 8V miiken THirshfield| Voronoi | Bader C1 C2 C2
optimized -1,86 0,96 0,60 0,62 0,99 -0,20 -0/17 224Q,
only C optimized] -2,08 0,96 0,61 0,66 0,99 -0,19 ,1#0| -0,22
only Li optimized| —1,91 0,55 0,52 0,50 0,99 -0,19 -0,21 -0,25
default -2,14 0,51 0,51 0,51 0,99 -0,25 -0,16 -0,25
PAW -2,09 - - - 0,92 -0,19 -0,19 -0,18

Table 2 shows that atomic charges (either Li od€pending on the charge analysis procedure)
change noticeably with the optimization of the baset. Quite surprisingly, the most significant
contribution is from C orbitals optimization, not. lAnd again, as in the case of TaC, the closest to
PAW results are atomic charges obtained with th@rped basis set. The energy difference between
Ening Calculated with the default and optimized basts &not negligible (0,28 eV), which indicates the
importance of basis set optimization procedure.

Conclusions

Using SIESTA package, we optimized 9 valence ddjitdecessary to investigate tantalum carbide
and Li-functionalized carbyne. We showed that dytime optimization procedure not only total energy
of a reference system should be monitored, butrgthgsical parameters (interatomic distance, charge
too. In some cases, the obvious rule of total gnermimization should be ignored in order to geg th
correct physical properties of the investigatedesys. Optimized orbital parameters could be utlize
for further research of the considered systemsdafse, with the corresponding pseudopotentiakgdio
in simulation details). We also demonstrated tlestidset optimization changes noticeably the sapti
properties of the considered materials. Therefdeéqult basis set parameters should be used calytiou
for surface investigations.

The reported study utilized the supercomputer nessuof South Ural State University and Insti-
tute of Mathematics and Mechanics, UB RAS. Thikwas partly carried out in accordance with the
state assignment for the Institute of Solid Staterfistry of the Ural Branch of Russian Academy of
Sciences (no. AAAA-A19-119031890029-7).
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ONTUMUIALNA NAPAMETPOB BA3SUCHOIO HABOPA
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AToMHONIO/TIOOHBIE 0a3MCHBIC (DYHKITUHU MO3BOJISIOT 3PPEKTUBHO MOJIEIUPOBATH CBOWCTBA MOBEPX-
HOCTEH B paMKax TeOpHH (DYHKIIMOHANA SJIEKTPOHHOH IIOTHOCTH. OIHAKO B OTIMYHE OT 0a3MCHOTO
Ha0Opa M3 IJIOCKUX BOJH aTOMHOIIOIO0HBIC OpOUTAIU TPEOYIOT ONTUMHU3AIMN Ha MOJICIBHBIX CUCTEMAax
nepe]] pacueToM MHTEPECYIOIINX CBOWCTB. B nmanHOU paboTe ObuIa paccMOTpEHa MPOIeaypa ONTHMH3a-
MU aToMHoIo100HOTr0 OazucHoro Habopa it pacdetoB B makere SIESTA. beuto mokasaHo, 4To mpu
ONTHMH3ALNHN CIIEAYET He TOJBKO MUHUMH3UPOBATH IOJHYIO YHEPTHIO MOJAETHHONW CHUCTEMBI, HO M OT-
CIIC)KUBATh U3MEHECHUS JPYTUX (GU3NUCCKUX TapaMeTpOB (IUIHH CBs3CH, 3apsaa0B aToMOB). bonee Toro, B
HEKOTOPBIX CIydasX ONTHUMAaJbHBIC MapaMmeTpbl 0a3uCHOro Habopa, HEOOXOAWMBIE ISl KOPPEKTHOTO
OTIMCaHUS MOJIENBHOI CHCTEMBI, HE COOTBETCTBYIOT MUHUMYMY NOJHOW 3Hepruw. [yis 1eMoHCTpannn
TaKOr'o MOJX0/a ObUIM ONTUMHU3UPOBAHBI MAPAMETPhl BAJICHTHBIX OpOUTANICH IS CICAYIONUX CUCTEM:
KpUCTAJUTMYECKUi kapOua tantana TaC, MoJekyna KUCIOpoa, KPUCTALIHYECKUN JIUTUH U o-KapOWH.
Ha mpumepe pacyera agcopOuny MOJIEKYJIBI KACIOPOa Ha TIOBEPXHOCTH KapOW/ia TaHTalla U aTOMa JIH-
THS Ha KapOWHE MOKAa3aHO, YTO MPEAJIOKEHHBINH BapUaHT ONTHMH3AIMK 0a3uca UrPaeT CYIICCTBEHHYIO
POJIb TIPU OlIEHKE COPOIIMOHHBIX CBOWCTB MTOBEPXHOCTEH.

Kurouesvie cnosa: meopust (pyHKYuoHARa NIOMHOCIU, AMOMHONOO0OHDBIU OA3UCHBIN HADOD, MemOoO
NPOEKYUOHHBIX COCOUHUMENbHBIX BONH, A0COPOYUsL.
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BNWXHUU NOPAQOK B CMNJTIABAX Fe—Cr: MOOENTMPOBAHUE
METOAOM PELWUETOYHOI'O MOHTE-KAPJ10

r.g. bauposa, A.A. Mup3oee
FOxHO-Yparnbckuli 2ocydapcmeeHHbIlU yHUgsepcumem, 2. YensbuHck, Poccutickasi ®edepauyusi
E-mail: mirzoevaa@susu.ru

IIpoBeneno uccienoBaHne 0JIMKHEro mopsiika B cmiiaBax Fe—Cr meromom
MonTe-Kapisio. MoaeaupoBaHie mMpoBOAWJIOCH B paMKax ajroputma Merpomno-
Juca B nporpaMmMuoM nakere LAMMPS. AHaau3 TaHHBIX MOIEJTHPOBAHHUSA OCY-
IIECTBJISJICSI C MOMOIILI0 NPOrPaMMHOI0 o0ecreyeHus Jisl BU3yadu3aluu W
anamu3a 1aHHbix OVito. Mozesib crijiaBa mpeanojiaraer, 4To CTPyKTypa peureTku
(puKcHpoBaHA M YTO B3aHMO/EHCTBHUS CYIIECTBYIOT MeXKAY MePBBIMU COCEAAMU U
BTOPBIMH cOCeIsIMHU. YCTaHOBJIeHO B3aumojeiictue Fe—Cr ¢ npuMeHneHueM mo-
TeHIMaJa Me:xkaToMHOro B3aumoneiicreusi Abell-Brenner—Tersoff (ABOP). Bbi-
JIM H3Y4eHBbI pa3juyHble KOHIEHTPAMN MpuMeceil BHeIPeHNHsI XpoMa B jKeje3e, a
umenno 5-50at. %. Paccunrana sHeprusi cMmemenus cucrembl Fe—Cr mpu pas-
JIMYHBIX KOHIIEHTPAIHUsX NpuMeceil BHeApeHus. PacyeTsl moka3aam, 4TO BBI-
OpaHHBIi MOTEeHIMAJ B3aUMO/IeiiCTBHSI BEPHO BOCIIPOM3BOIUT W3MEHEHMsI 3HAKa
IHEPruM cMemenusi Kak GpyHkuuu kounenrpanuu Cr. [Ipy npuMeHeHnn B KiHe-
THYECKOM MOJeJIMpOBaHMH 1Mo MeToay MoHTe-Kapiio moreHumaa npaBHIBLHO
NpencKa3bIBaeT pa3jioiKeHHe NMepBOHAYAIBLHO cJy4aiiHbix cmiaBoB Fe—Cr B 3a-
BHCHUMOCTH OT KoHueHtpauuu Cr. OmnpenejeH nmapamerp O0JIM)KHEro mopsiaka
Kayuau, KoTopblii HCHOJIb3yeTcsl 11 KOJIMYeCTBEHHOI OIEHKH CTeNeHU YHopsi-
ao4yeHHs. B cooTBeTcTBHY ¢ IKCTIepUMeHTaMH HA0II0AaeTCsl CHIIBLHASI TeHAeHIUS
ynopsitodenusi B pacnpeneaennn Cr mpu HU3KMX KOHIEHTPANMSIX, YTO MPOSBJIS-
eTcsl B OTPULATEIBHBIX 3HAYEHUSIX APAMeTPOB OJIMKHET0 MOPSAIKA.

Kniouegvie cnosa: meepovie pacmsoput; mooderuposanue Moume-Kapno; suepeus
CcMeuleHUst; XpoM, OIUNCHUL NOPSAOOK.

Beenenue

JKene3o0-XxpOMHUCThIC CTATH BBI3BIBAIOT 3HAUUTEILHBIN HHTEPEC B CBSA3U C IIMPOKUM HCIIONb30BAHH-
€M B TIPOMBIIIUICHHOCTH ¥ UMEIOT OOJIBIIOE TEXHOJIOTHYECKOE 3HAUCHHE OJ1aroapsi CBOMM MPEBOCXOI-
HBIM CBOWMCTBaM. B 4aCTHOCTH, OHM HCTIOJIBb3YIOTCA B PEAKTOPHBIX Cpe/lax M3-3a UX XOpOIlIeil ycTon4u-
BOCTH K paJIHallAOHHOMY PacIyXaHHIO U KOPPO3HOHHOH cTOWKOCTH [1]. CTpyKTypHOE COCTOSIHUE MaTe-
PHAJIOB SIBISICTCS BaXHBIM (PAKTOPOM, OTPEACISIONIMM UX (PHU3MUYECKHe W XuMUdeckue cBoiictBa. Co-
TJIACHO CYIIECTBYIONIMM MPEACTABICHUSIM, BAXKHYIO POJIb B (POPMHUPOBAHUH (PUBUIECKUX U XUMUYCCKUX
CBOWCTB B CIUIaBaX Ha OCHOBE JKeJie3a WrpacT HAJIMYME ONPEACICHHOTO THIA OJNVKHETrO MOpsKa.
BakHUE MOPAMIOK B CIUIaBaX 3aBUCHT KaK OT COCTaBa, Tak U PESKUMOB TepMOOOPabOTKH, a ero onpe/ie-
JICHHE BO3MOYKHO JIMIIIb B pPaAMKaX MHKPOCKOIHUYECKOTO MOJX0/1a, YUUTHIBAIOIIETO OCOOCHHOCTH B3au-
MOJICHCTBUIT MEXTy aTOMaMH Pa3HbIX KOMIIOHEHTOB. K HacTosmeMy BpeMeHH HanboJiee OJTHO U3yYeH
OMKHUE mopsaaoK B OuHapHO# cucteme Fe—Cr.IlepBonauanbho (a3oBast fuarpamma JUis 3TOTO CIUTaBa
ObLTa oreHeHa ¢ ucroyib3oBanueM metonoiorun CALPHAD. Beuio mokaszaHo, 4yTo quarpamMma MMeeT
BHJ KyIOjla PAacCIOCHHS, BEepXHsSA Touka KoToporo Jjekur Hmwke 800 T. Jpyrumu cioBaMu, TEIUIOTA
00pa30BaHMs CUUTANACH MOJOKUTEIBHONW BO BCeM auara3oHe KoHieHtpanuit [2]. [IpopsiB B moHHMa-
HUM MHUKPOCTPYKTYPBI 3THX CIUIABOB OBUT CAETaH C MOMOINLI0 HEWTpOHOTpahUIeCKUX M3MEPEHUH B
1984roxy [3], KoTOpBIE MMOKA3aIN OTPHUIATEIBHOCTD MapaMeTpoB OimmkHero mopsaka Kaymu npumeceit
Cr, uTo yKka3bpIBaeT Ha WX ONIM)KHEE YHOPSIOYSHNE TIPH MaJIbIX KOHIIEHTPAIHSAX, U HHBEPCHIO 3HAKa STUX
napamMeTpoB ¢ yBenauueHreM KoHmeHTparmu Cr. JlaHHbIe pe3yabTaThl 3aTeM ObUTH MHOTOKPATHO MPOBE-
peHbl U yTouHeHB! [4]. J[ns mposSCHEHUsS aTOMHUCTHUYCCKHMX JeTajel TaKoro MOBEJCHUS 3TOrO CIiaBa
OBbLT PEANPUHSAT PSIT MEPBONPUHIIAIIHBIX UCCIICA0BaHU# [5—7], MOCBSIICHHBIX pacyeTy SHEpPTuil B3au-
MOJEHCTBUST MEXKTy aTOMaMd KOMIIOHCHTOB. BBIJIO MOKa3aHO, YTO WHBEPCHs OJMKHErO MOpsSIKa B
TBepaoM pactBope Fe—Crersizana ¢ TeM, uto atombl Cr B MaTpuile FeoTTankuBarTCs Mpu HU3KOM KOH-
NEHTPAIMH, TOTJa KaK NPH BBICOKOH KOHIICHTPAIIMU OHU NPHUTITUBAIOTCA. V3MeHeHue 3Haka B3anMo-
JEUCTBUS MIMEET MarHUTHYIO mpupoy [6]. OOHapyxkeHHas 0COOCHHOCTh MOXKET JIS)KATh B OCHOBE psijaa

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 51
2019, Tom 11, Ne 2, C. 51-57



dusunka

MEXaHUYeCKUX M NMpOo4YHOCTHHIX cBoMcTB OLIK TBepmpix pactBopoB Fe—Cr.Hampumep, GONBIIMHCTBO
MEXaHUYECKUX CBOWCTB JJAHHBIX PACTBOPOB CHJILHO HEMOHOTOHHBI NPH U3MEHEHNH KoHIeHTparmu Cr,
C 3aMETHBIM M3MEHECHHEM TIOBEJICHUS BONM3K KOHIeHTpanuu xpoma X = 0,1.B To ke Bpemst JocTmxe-
HUS B TIEPBONPHUHIIMITHOM MOAEITHNPOBAHUH DHEPTHI B3aUMOJICHCTBUI MEXTy aTOMaMH KOMIIOHEHTOB B
cucteme Fe—CrnociayXuim OCHOBOW UIsi pa3pabOTKM TOYHBIX MOJEICH MEKaTOMHOTO MOTEHIIHANA,
KOTOpBIE TIO3BOJISIOT IIHPOKOMACIITAOHOE MOJEIHPOBAHNE MHUKPOCTPYKTYPHI IJAHHBIX CIUIaBOB TpHU
Pa3IMYHBIX 3HAYCHHUAX KOHIICHTPAIMK U TeMIepaTypsl MeTogoM MoHTe-Kapio n MonekymnsipHoii TruHa-
muku. Hanbolee moiHOe M3ydeHue TeMIepaTypHOi 3aBUCUMOCTH TapaMeTPOB OIMKHETO MOPsAKa Tpo-
BeZIcHO B paboTte [7] ¢ ucnosnb3oBanreM EAM motennmanoB. OmHAKO CIEAYET OTMETUTh, YTO HepxKa-
BEIOIIME YKENIE30-XPOMHUCTBIE CTallH, MCIONb3yEMbIE B PEaJbHBIX YCIOBHAX, COOTBETCTBYIOT JOMOIHU-
TETHHOMY BBEJCHHIO HEKOTOPOTO KOJMYECTBa yriepona B Oa3oBblii ciuiae Fe—Cr,B pesynbraTe 4ero
BO3HUKAIOT 0OJIee CII0XKHBIC THUITBI MUKPOCTPYKTYPHI CTasii. BIioJiHe BO3MOXKHO, 4TO JOOABKHU yTiaepoaa
MOTYT CYIIECTBEHHO HM3MEHHTh KapTHHY OJIKHEro mopsiika 0a30BOM cHCTEMBI. JTO CTAaBHUT 3a/ady
U3YYUTh OJIMKHUEA MOPSIIOK B TpoliHoi cucteMe Fe—Cr—Ca He mpocTo mojiarathCsi Ha pe3yybTaThl, IM0-
JY4eHHBIE JUIsl YHCTO METaTMdeckoi cuctembl Fe—Cr. /s u3ydeHUs TPOWHOW CUCTEMBI KEJIe30—
XPOM—YTJIEPOJl B HelaBHe# padore [8] Oblaa mpemiokeHa CHCTEMa HOBBIX MEKYACTHUYHBIX MOTCHIIMA-
JIOB, OTMCHIBAIOIIMX KOBAJEHTHYIO IMPUPOAY yriieponHbix cBszeii BOP1uma (bond-order potentidl[9].
[Ipexae yemM NPUCTYIIUTh K MOJISTHPOBAHUIO TPOWHON CUCTEMBI, HEOOXOAUMO YOEAUTHCS, YTO Mpe/iia-
raeMble MOTEHIIUANBI CIOCOOHBI IPABUIIBHO BOCIIPOM3BECTH ONMKHUMN MOPSIOK B Oa3oBol cucteme Fe—
Cr. B cBsi3u ¢ 9TUM B IaHHOH paboTe MPOBEJICHO MOJICITHPOBAHKE NapaMeTPOB OJIMKHETO TIOPSIIKA CHUC-
tembl Fe—Cruaa ocHOBe moTeHnnanoB padbots [8]. [IpoBoauMOE HCCISIOBAHUE CTABHT JBOSIKYIO IIEJIb: C
OJTHOHM CTOPOHBI, YOSIUTKCS, UTO IpeaaaraeMbie MOTSHIIMATBI TTO3BOJISIFOT MPABUIBLHO BOCIIPOU3BECTH
9KCIIEPUMEHTAJIbHBIC JaHHbIe paboThl [3, 4], a BO-BTOPBIX, W3y4YHTh, HACKOJIBKO UyBCTBHTEIBHBI pe-
3yJIbTAThl TAKOTO MOJEIMPOBAHUS OTHOCHUTENHFHO BRIOOPA THIIA MEKYACTUIHOTO IMTOTEHIIHATIA.

MeTonabl

OKCIEPUMEHTAILHO YCTAHOBJICHO, YTO CTEIICHb JAJIBHETO MOpsIKa HE TOJHOCTHIO OMpeeIsIeT Xa-
paKTep B3aUMHOTO PACIOIOKEHHUS AaTOMOB Pa3HOr0 COPTa MO y3JaM KPUCTAUIMYECKOM pelIeTKU. DHep-
TUs B3aUMOJCHCTBUSL MKy aTOMaMH Pa3HOTO cOpTa pa3Has, U MO3TOMY KaXKIbIii aTOM CTPEMHTCS OK-
PYXHTB ceOs WM aTOMaMH APYTOTo COpTa, I OMHOMMEHHBIMHU aTOMaMu. PazHuWIIa B SHEPTHH B3aUMO-
JMEHCTBUS MEXAY aTOMaMH PAa3IMYHOTO POJa U OJHOTO BHIa MOXKET OBITh TOCTATOYHOM TSI TOTO, YTO-
OBI coceld OJTHOTO WJIU JPYroro Poja HAXOJMIUCHh BOJIM3H KAXIIOTO aTOMa, JJaXKe €CIIH B TBEPAOM pac-
TBOpPE HET JaTbHETO TopsiaKa. FIMEHHO 3TO pacIpenesieHne aTOMOB Ha3bIBACTCS ONFKHUM TTOPSIIKOM.

Mepa 6mKHero mopsika — 310 otHomrerne NP —uncia atomos A i B, pacrionoxkeHHbIX Ha pac-
crostHuM I} K NG Gy Gy, K uncay nap atomoB A u B, koTtopbie Obuin GBI Ha 5TOM PACCTOAHHMHU C UX IOJI-
HOCTBIO XaOTHYHBIM PAacHOIOKEHHEM BJOJNb Y3I0B pemeTkd (31ech N — olliee 4ucio aToMoB, G —
KOJIMYECTBO Y3JIOB B | KOOPAMHAIIMOHHOM cepe, Cp U Cg —KOHIEHTpanuu atoMoB copta A u B) [10].

CrienoBatesibHO, MapaMeTpoM OJIMDKHETO TOpsIIKa B HEYIOPSAOYSHHOM TBEPAOM PAacTBOpE JUIs i-i
KOOPIMHALMOHHON c(epbl Ha3bIBAIOT BEMUYMHY, KOTOPYIO TaKKe Ha3bIBAIOT MapaMeTpaMu MOpsaKa
Kaynu:

NiAB B Fi)AB
- =1- , (1)
NCACs G &

rac RAB — BCPOATHOCTb HAXOXACHUA aTOMa Buai KOOpI[PIHaLIPIOHHOﬁ cq)epe OKOJIO aTOMa A, Haxods1-

a, =1

IIETOCsI B HAayaJie KOOP/IHHAT.
B npenpiaymmx sKcnepruMeHTaIBHBIX HCCIIEIOBAHUIX OJMKHEro Topsiaka B Fe—Crucnosip3oBanu
napaMeTp OmkHero nopsaka, crneuuduunsiid s OLIK-pemerku [3]. Dtor mapamerp ompenensercs
KaK CpelHee IO CPeJHEMY 3HAUYCHHUIO MapaMeTpoB ONMIKHEro MOpSKa, ONPECICHHBIX Ul TEpBOi U
BTOpOIi coceHnx obonoyek u3 (1):
_8a +63
- L)

ay, 14 (2
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Baupoea ..,
Mup3oee A.A.

BnuxHuli nopsidok e cnnaeax Fe—Cr. modenupoeaHue
memodom pewemoyHo20 Moxnme-Kapno

rae a; U @, — napaMeTpbl OmmKHEro mopsiaka 1 u 2 KOOpAHHALMOHHBIX cep COOTBETCTBEHHO. s
oOecrieYeHus COTJIACOBAaHHOCTH C JIUTEPATYPOH M YIPOIIEHHST CPABHEHHS MBI COCPEIOTOUUMCS Ha 3TOM
cpeanes3BenieHHoM napamerpe SRO.

CyIIecTBYIOT ONpEACICHHBIC METOABI ONMPEACICHUS MapaMeTPOB OJIMKHETO TOpsKa, K IpUMepy,
MeToa yuera aup(Hy3HOTO paccesiHUsl PEHTTEHOBCKUX JTy4ei, CBA3aHHOTO CO CTATHYECKUMH CMEICHUS-
MH aTOMOB-KOMITIOHEHT TBEPJBIX PACTBOPOB, METOA OCTATOYHOTO 3JCKTPOCOMPOTHBICHUS TPH H30-
xpoHHOM oTkure [11]. B XuMuYeckn HEYmopsIOUEeHHBIX OHHAPHBIX CIUIABAX JUTS MOACTHPOBAHUS (a-
30BBIX TIEPEXOJI0B YIIOPSI0UCHUSI-PA3YNOPSIOUCHHS ISl PA3TMIHBIX THIIOB KPUCTAJUTUICCKOW PEIIETKH
YCIEenTHo puMeHseTcs Meron Monte-Kapio, 6marogapst BEICOKOH CKOPOCTH U OOJBITION €MKOCTH Tia-
MSTH B COBPEMEHHBIX BBIYHCIIUTEIBHBIX MalnHax [12—14].

Unes metona Monre-Kapio 3akimodaercsi B KOHCTPYUPOBAaHHN AITOPUTMA, IPHUMEHIEMOTO K BBI-
OpaHHOI cucTeMe aTOMOB U TIO3BOJISIONIECTO TOCTPOUThH CTATHCTHUECKUI aHCaMOITb ee KOH(HUTypaluii, ¢
OOJIBIIMAHOBCKUM PACTIPEICIICHUEM 110 SHEPTUAM. BMeCTO npsMoi TeHepaluu CyYaiHbIX KOHPUTypa-
Wi, YTO SIBJISICTCS TOCTATOYHO CIIOKHBIM JIETIOM, UCTIONB3YETCs MPOIeypa IePeCTaHOBOK aTOMOB Mec-
Tamu (arroput™M MeTporrorca).

B mpemaraeMoM HaMu TIOAXOJC MPH MOACTUPOBAHUM CUCTeMbl Fe—Crucmonp3yeTcst MOTeHIHAT
MmekaromHoro B3ammopeiictBusi Abell-Brenner—Tersoff (ABOP)IIpumeHeHne 3TOro mnoTeHIuana
obocuoBano TeM, uro eme B 2013roxy rpynma ¢unckux yuensix (K.O.E. Henriksson, C. Bjorkas
K. Nordlund) B cBoeii pabore mpencTaBWaM aHAINTHYECKYIO mMmapamerpmsanuio B (opme Abell-
Brenner—Tersoffuis cucremsr Fe—Cr—C IToTeHinan BOCIIPOU3BEN MapaMeTp PelieTKu, SHepruu (op-
MHPOBaHUS M YIIPYIHe CBOMCTBA OCHOBHBIX KapOuaoB Feu Cr, Obuia mocTpoeHa KpuBas 3Hepruu Gop-
mupoBanusi Fe—Cr,ipu 3ToM ObUIO JOCTHTHYTO OTIMYHOE COTJIACOBAHUE C MPEIBIIYIIIMMHU UCCIIEI0BA-
HUSIMH U DKCTICPUMCHTATBHBIMHU TaHHBIMH [8].

MojenupoBanne TpOBOAWIOCH MeTogoM MoHnTe-Kapio B pamkax anroputMa MeTpormoiuca B mpo-
rpaMmMHoM mnakere LAMMPS. Ananu3 mMaHHBIX MOJCIMPOBAHUS OCYIIECTBIISLICSA C IOMOIIBIO IIPO-
rpaMMHOTO 00eCTeYeHusl U BU3yalu3alud U aHain3a JaHHbix OVit0. BbUTH MCHONB30BaHbI SYCHKH
monenupoBanust ¢ 20x20%20, 22x22x201[K enuananbiMu stueiikamu, conepxkanmmvu 16 000u 21 296
atoMoB cootBetcTBeHHO mpu Temmeparype 700K. ConepxkaHue xpoma BapbupoBanocs oT 5 mo 50
aATOMHBIX TPOIEHTOB. HawanbHas koH(UTypalus 3ajaBaliach CIIyYalHBIM pacIpe/elicHHEM aTOMOB
JIBYX THIIOB.

Oueprus popmupoBanus cucteMsl Fe—Cronpenersiiach BoIpaKeHHEM:

Er = B(Fe« Ck )~ (Nee & (FE} N, E (Cr), ©)
rae E — obmas nmorenumanbhas sHeprus, Np, n Ng, umcno aromoB Fe m Cr cooTBeTCTBEHHO,
E.(Fe) —sueprus 1 aroma Fes OLK ctpykrype, E.(Cr) — sneprus 1 aroma Cr.
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Puc. 1. QHeprus coopMmmupoBaHus GUHapHoro cnnaBa
Fe—Cr (OUK pelweTka, cogepxauwas 21 296 atomoB).
1 — pe3ynbTaThbl 4aHHOW PaboThkl, 2 — pe3ynbTaThbl
pa6oThl [8], 3 — pe3ynbTaTbl paboTsi [5]

Puc. 2. QHeprus dhopmMrMpoBaHusi GUHapHOro cnnaea
Fe—Cr (OLUK peweTka, cogepxawas 16 000 atomoB).
1 — pe3ynbTaTbl faHHOMN PaboThI, 2 — pe3ynbTaTbl
paboThli [8], 3 — pe3ynbTaThl paboThbl [5]

Pe3yabTaThl H 00CysKICHHE

JJ1s mpoBepKH aeKBaTHOCTH COCTABICHHOIO MOTEHIMAla U pab0TOCIIOCOOHOCTH MPOTPaMMBbI OBLIO
MPOBEIEHO MOJIENMpOBaHue CTPYKTypsl cruaBa Fe—Cr. bouta paccunTtana sHeprusi (OpMHpOBaHHS
CTPYKTYpBI U HOCTPOCHA 3aBUCUMOCTH 3Hepruu (opmuposanust oT xonneHntpauuu Cr. Ha puc. 1 u 2
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NpUBEACHBI TPaQUKH 3aBUCUMOCTH JHEPruM (OpMHUPOBAaHUS sl CTPYKTYpHI, coiepxkamieid 21 296u
16 000atomoB. ITonmy4eHHbIe pe3ynbTaThl ObUIM CPaBHEHBI ¢ pe3ynbTatamu padot [8] u [5], u3 rpadu-
KOB BH/JHO, YTO PE3yJIbTaThl BOCIIPOM3BOAATCS HEIUI0X0. HebombImoe pacxoxieHne CBSI3aHO ¢ TeM, 4TO
MOZEIMPOBAHUE B ITHX paboTax OBUIO MPOBEICHO METOAAMH MOJICKYIAPHOW TUHAMHKH, B TaHHOW pa-
6ote —MeTogom MonTe-Kapio.

Ta6bnuua 1
MocTosiHHas peLwweTKn n aHeprusa Koreamm gns 4YncTtoro Xxpoma
BEJIMYMHEI Beruncienus [8] Beruncienus [5] Jlannas pabora
a, A 2,872 2,878 2,873
E.(Cr), eV/atom —4,0994 4.1 —4,095

B tabxn. 1 npuBenensl gaHHbie 11 yuctoro Cr (mapameTp pelieTKd M SHEPTHsl KOTe3UH), KOTOPhIC
TaKXKe ObUIN CPaBHEHBI C JaHHBIMU IPEABLIYIIUX padoT.

Omnpenenenne napamMeTpoB 0Jm:kHero nopsiaka Kayium

C momoIneio mporpaMMuoro obecreuenns OVito ObUTH ONpeIeIeHsl KOOPANHAIIMOHHBIE YHCIa IS
Feu Crmo 1u 2 koopauHanuoHHsIM cdepam u 1o dopmyite (1) paccuuTansl mapaMeTphl OIMKHETO TIO-
psnka i CTpYKTypbl, copepxanieit 21 296u 16 000atomoB (tabum. 2, 3).Takke npuBeACHBI Paccyu-
TaHHbIe U3 (2) cpeqHue 3HaYeHHs apamMeTpoB. Ha puc. 3 mokazaHa 3aBHCHMOCTE ITapaMeTPOB OIIMKHe-
ro TOPSIKa OT KOHIIEHTPALIMH, PE3yNbTaThl PACUETOB JaHHOW pabOTHl CPABHHUBAIOTCS C PE3yJIbTaTaMH
[3].

U3 rpaduka BUAHO, UTO 3HAUEHUE YCPEIHEHHOTO MapameTpa OJMKHETo MOopsiKa IpH KOHIEHTpa-
mmu Cr 5ar. % 6:113K0 K CBOeMy MaKCHMAaJIbHOMY OTPHIATEIIFHOMY 3HAYCHHUIO U MEHSIET 3HAK IpUMep-

HO ipu koHHeHTpauu Cr 11at. %.
Tabnuua 2
3HayeHUsA napaMeTpoB GnuXHero nopsigka ansA cnnaea Fe—Cr (21 296 aTomMoB)

Fe—Cr, Cr i, % Fe—Cr, Cr 1@t, % Fe—Cr, Cr 1a1, %
a —0,01349288 —0,007461376 0,002408333
a, —0,029393676 —0,028678848 0,179015983
ap —0,020307507 —0,016554578 0,078097326

Ta6nuua 3
3HayeHUsA napaMeTpoB GnuxHero nopsigka ansA cnnasa Fe—Cr (16 000 aTomMoB)

Fe—Cr, Cr &a1,% Fe—Cr, Cr 1Q1,% Fe—Cr, Cr 151,%
o} —0,011842879 —0,002258001 0,015275
a, —0,033326444 —0,034959427 0,146297094
a, —0,021050122 —0,016272898 0,071427326

01
0,08

0,06

20

-0,04

——1 -g-2

Puc. 3. UsMeHeHMe cpefHero 3HayeHusi napameTpa GrvikHero nopsaKa B 3aBUCUMOCTU OT KOHLIEHTpaLuu.
1 — paHHas pa6orTa, 2 — pa6orta [3]; a) 21 296 atomoB; 6) 16 000 atomoB

[Tozxe Omaromaps ONTHMH3AIMU 3KCICPUMEHTAIHHOTO OOOpYIOBaHMS OBLIM IMPOBEICHBI yIyd-
IIICHHbIE U3MEPEHUs, KOTOpPhIE Ty 0oJiee TOYHOE OIpe/IeIeHrne apaMeTpoB OIMHKHETO MopsAaKa. beuio
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bauposa I .4., BnuxHutli nopsidok e cnnasax Fe—Cr: modenupoeaHue
Mup3oee A.A. mMemodom peuwiemo4yHoz2o MoHme-Kapisno

OIIPE/eNIeHO, YTO YCPEIHEHHBIH HapaMeTp OJMKHEro IMopsika MEHSeT 3Hak Ipu KoHHeHTpamuu Cr
11 ar. % [4]. [lng cpaBHEHHS C STUMH pe3yjibTaTaMH ObUIO TpoBeaeHo MmojenupoBanue Fe—Cr mpu
873 K (puc. 4).

——1 -H-2

a) 6)
Puc. 4. U3ameHeHue cpeaHero 3HaYeHUs napameTpa GruKHero nopsiaka B 3aBUCUMOCTU OT KOHLIEHTPaLuu.
1 — paHHasA paborTa, 2 — pa6ora [4]; a) 16 000 atomoB; 6) 21 296 aTomoB

Kax Buamm u3 puc. 4, KOHICHTpanus WHBEPCHH ITIPH MOJCIUPOBAHHU COCTABMJIA HPUMEPHO
11,3 aT. %, 4TO XOpOILIO corNacyercs ¢ SKCIepUMEHTAIbHBIMU JTaHHBIMU [4].

3akiouenne

C wuCnoigp30BaHMEM HOBOTO THIIA MIOTEHIIMAIOB MEXaToMHOTO B3ammoneticteus (ABOP-
MOTEHIHAIOB) MPOBEJEHO MOJICINPOBAHKE MTAPaMETPOB OJIKHETo MOpAaKa B OMHApHBIX cIutaBax Fe—
Cr metonom Monte-Kapno. [IpoBeneHo TecTHpoBaHHE BRIOPAHHOTO IOTEHIIMANA B3aMMOICHUCTBHUS H
WCIOJIB3yEeMOM MPOrpaMMBbI IyTeM CpaBHEHHS pe3yJIbTaTOB C JaHHBIMH dKcrepuMenTa [3, 4], a Taxxke ¢
pe3yabTaTaMy MOJEITUPOBAHUS C UCIONIb30BaHHeM noTeHuuanoB EAM-tuna [6]. Vi3yueHa 3aBUCUMOCTD
CpeAHUX 3HAYEHUH IapaMeTpoB OJIM)KHEro mopsiaka it 1 1 2 KOOpAMHALMOHHBIX cep OT KOHLUEHTpa-
MK U1 Temneparypsl. Iloka3aHo, 4To paccunTaHHBIE ApaMETPhI OJIMDKHETO MOpsaKa ¢ HEOOIBIINM pac-
XO0X/IEHHEM COBIIAJAIOT C pe3yJbTaTaMu paboThl [6], @ TAaKXKE XOPOIIIO COTIACYIOTCS C JaHHBIMH JKCIIe-
pumMmeHTa [3, 4].

Aemopul brazooapam MuHucmepcmeo HayKu u 8viculeli WKOJIbl 3a NOOOEPHCKY pabomsl 8 pamMKax
epanmos Ne3.8385.2017/BY u 3.9660.2017/BY.
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SHORT-RANGE ORDER IN Fe—Cr ALLOYS: SIMULATION
BY THE LATTICE MONTE CARLO METHOD

G.D. Bairova, A.A. Mirzoev
South Ural State University, Chelyabinsk, Russian Federation
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Short-range order in Fe—Cr alloys was studied byMionte Carlo method. The simulation was car-
ried out in the framework of the Metropolis algbnit in LAMMPS software package. Simulation data
analysis was carried out using Ovito data visutibraand analysis software. The alloy model assumes
that the lattice structure is fixed and that intéicns exist between the first neighbors and tluose
neighbors. The FeCr interaction was determinedguiie Abell-Brenner—Tersoff interatomic interac-
tion potential (ABOP). Various admixture concerit$ of chromium interstitial in iron have been
studied, namely, 5-50 at. %. The mixing energyheffe—Cr system was calculated for various concen-
trations of interstitial impurities. Calculations@ved that the chosen interaction potential cdgrect
simulates changes in the sign of the mixing enargya function of Cr concentration. When used in
Monte Carlo kinetic modeling, the potential corhegredicts decomposition of initially random Fe—Cr
alloys, depending on Cr concentration. The Cowheyrtsrange order parameter, which is used for quan-
titative assessment of the degree of order, has determined. According to experiments, there is a
strong tendency of ordering in distribution of @l@v concentrations, which becomes evident in nega
tive values of the short-range order parameters.

Keywords: solid solutions; Monte Carlo simulatianixing energy; chromium; short-range order.
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In this article, we presented the ab initio calculation of vacancy formation
energy according to Schottky in the alloy Mn;GaC. Calculations were carried out
in the frameworks of the density functional theory (DFT), implemented in VASP
software package. For approximation of the exchange-correlation functional, the
generalized gradient approximation in the Perdew—Burke-Ernzerhof formula-
tion was used. It was shown that for the alloy under research, the most energeti-
cally favorable formation of a vacancy is in the place of C atom; formation of va-
cancies in places of Mn atoms is also beneficial, whereas the Ga vacancies are en-
ergetically unfavorable. Also, the concentration of vacancies at a finite tempera-
ture was calculated. It was shown that Mn and C vacancies have almost identical
equilibrium concentration at a nonzero temperature; at that, the concentration of
Ga vacancies is negligibly small. In addition, elastic moduli for various magnetic
orderings (ferromagnetic, noncollinear, and antiferromagnetic) in the alloy under
research were calculated. Using the quasi-harmonic Debye model, the Helmholtz
free energy curves were constructed. Using these curves, it was also shown that
Schottky monovacancies do not destabilize the ferromagnetic phase. Stability of
the ferromagnetic phase is due to the large contribution of magnetic entropy to
the Helmholtz free energy for the alloy under research.

Keywords: vacancy; vacancy formation energy, Helmholtz free energy; ab initio.

1. Introduction

The ternary X;YC carbide phases formed with the participation of d-metals VIla-, VIIla- subgroups
(X) and non-transition elements IIb—VIb-subgroups (Y) have a simple cubic structure of
antiperovskitetype [1]. Being in the high-temperature region of paramagnets of the type, a series of
perovskite-like carbides undergoes tetragonal lattice distortions at low temperature s and exhibits mag-
netic properties that correspond to the formation of several possible types of magnetic structures.

Antiperovskite compounds of the Mn;GaC type are interesting due to their relatively simple and
stable cubic structure, numerous possible technological applications (sensors, microelectromechanical
systems, storage devices, etc.) [2—6] and a wide range of properties such as: the giant magnetoresistance,
magnetovolume effect, giant negative thermal expansion, magnetostriction. Moreover, this type of com-
pounds can be used as a refrigerant for magnetic cooling devices [7], thanks to the presence of its
magnetocaloric effect, which is observed around the magnetic phase transitions [8—12].

2. Computational details

The total energy of the studied alloy was calculated using the density functional theory implement-
ed in the VASP [12, 13]. For approximation of exchange correlation potential was used the generalized
gradient approximation (GGA) in the Perdew—Burke—Ernzerhof (PBE) formulation [13]. For VASP
pseudopotentials we used the follow electronic configurations: Mn(3p®3d°4s"), C(1s'2s*2p?),
Ga(4d'%4s4p"). The kinetic energy cut-off was taken to be 500 eV. A Monkhorst-Pack grid was em-
ployed to sample the Brillouin zone [14]. Grid k-points §x8x8 was used.

In this paper, a defect of the vacancy type was considered. Calculations of the energy of the crystal
containing the vacancy were performed on 90 atomic supercells. The super cell was obtained from the
unit cell by means of translations (3 3 2). In this supercell, an atom (Mn, Ga or C) was removed near the
center.

The defect formation energy is calculated with the following equations:
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B/ =B~ Bt Ir}\/lmult\)/ln + I’baﬂ%a+ nouoc (1)

Eyv is the energy of the crystal containing the defEgts the energy of an ideal crystal,is defect
concentration for Mn, Ga, C, respectivglyis chemical potential of an isolated atom. In orgestudy
thermodynamical properties of materials studiedeurfithite temperature and pressure, we applied the
guasi-harmonic Debye model. Free energy was cagrlilzsing the equation:

F=E+ I:vib _TSnix - T$nag' (2
wherekE is the total energy of the crystal, obtained bgtfprinciple calculationsS, is mixing entropy,
Snag IS Magnetic entropyr.,i, is free energy of a crystal lattice. In this wavk neglect the electronic

contribution to free energy, due to its smallnddagnetic and defect formation entropy was calcdlate
by following equation:

S = K GIN( G)+ k1~ G)in(1- G ©
Siag = kgln (m+1), (4)
wherem s the magnetic moment obtained in self-consistafdulationskg is Boltzmann constang, is

concentration of vacancy. Free energy of a crystsice includes zero-point energy and temperature
dependent part according to:

90 .3
Fip =KgT|=—2+3In|1-e T + D(T) ||, (5)
8T
where®y, is Debye temperatur®(T) is Debye function:
CIN
[T ——dx (6)

3
o LI P
G)D OD 0 eX—l

In order to calculate the Debye temperature, wel tise quasi-harmonic Debye model [15], where
the Debye temperature can be expressed as

h B
Op = 2] Y62 \Nyn f (a)\/%, (7)

wherekg is the Boltzmann constanty is the equilibrium volume) is the number of atoms per unit cell,
B is the bulk modulugy is the molar mass of compound. The functis) is given by

f(0)=3 z(z?ff*;)fz{%fz _l, ®)

whereo is the Poisson’s ratio.

3. Results and discussions
3.1. Properties of MnGaC without defect

First, using ionic relaxation, we found the equilin lattice parameter, energy, and magnetic mo-
ment for various magnetic configurations showniun E.

Table 1 shows the optimized lattice parameters,ngiég moments, and total energy for various
magnetic states. For M@aC, the optimized lattice constant is found te:(#%824 A for favorable state
and~ 3,862 A for noncolinear state that is slightlyslésan the experimental one by 1,5 % and 0,5 %
respectively & 3,88 A [3, 7, 8]).

Tablel
Equilibrium energy per atom, magnetic moment per un it cell, and lattice parameter for Mn  ;GaC
Magnetic | Total energy, Magnetic Equilibrium lattice
configuration eV moment, |3 parameter, A
FM —7,971 4,711 3,824
NC —7,959 0,020 3,862
AFM —7,947 0,000 3,803
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Also, Poisson's coefficients, bulk elastic moduid &ebye temperatures, indicated in Table 2, was
calculated for various magnetic orderings.

Table 2
Poisson’s ratio, Young's modulus, and Debye tempera  ture for various magnetic states
Magnetic configuration % E, GPa Op, K
FM 0,242 266,0 570,2
NC 0,284 179,5 465,3
AFM 0,277 286,6 584.,4

3.2. Defect formation energy

The purpose of calculating the defect formationrgyés to estimate the stability of the different
kinds of vacancy in the parent phase in;8aC alloys.

The formation energy of a vacancy was estimatedrdowy to equation 1and it is given in Table 3.
It can be seen from this table the most likely fation of a vacancy in the position of the atomtQs |
also likely the formation of a vacancy Mn atoms.

Table 3
The energy of the formation of a vacancy at the sit e of the atom Mn, Ga and C, respectively
Mn Ga C
E,, eV 0,625 0,692 0,604

Fig. 2 shows the temperature dependence of theeotmation of vacancies per cell, this

concentration was estimated using the equation:
_B
C,=Ne'eT, ©)

whereN is number of atoms in a cell.

As can be seen from this figure, vacancies makisible contribution to free energy starting at a
temperature of 400 K. It can also be seen thatdancies are formed significantly less than vaesnci
at C and Mn sites. Vacancies Mn and C make abeuwdme contribution to the entropy of mixing.
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Fig. 2. Concentration of various types of vacancies in Mn 3GaC

3.3. Helmholtz free energy

To assess the stability of the various phasedréigeenergy of the compound under study was cal-
culated. Figure 3 shows the dependence of the Hdimbnergy per atom versus temperature for vari-
ous magnetic configurations. This graph demondr#iat monovacancies do not destabilize the FM
phase in the temperature range under study. ltaw/s that the ferromagnetic configuration is adsant
geous in comparison with the antiferromagnetic mmatcollinear configuration.
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Fig. 3. Free energy for various magnetic configurat  ions Mn ;GaC

4. Summary

Thermodynamic structural and magnetic propertiesevealculated for MgGGaC alloy within the
density functional theory. Equilibrium lattice pareters, the magnetic moments, the Debye tempera-
ture, and the elastic constants are calculatedaidous magnetic orderings investigated alloy.

It is also shown that Schottky monovacancies dalesetabilize the ferromagnetic phase. The stabil-
ity of the ferromagnetic phase is due to the |a&ribution of magnetic entropy to free energy.
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NEPBOMPUHLMIMHOE BbIYUCINEHUE SHEPITMU ®OPMUPOBAHUA BAKAHCUI
B AHTUNEPOBCKWUTE Mn3;GaC

[.P. Batiaymnun’, M.A 3azpe6un”?’, B.B. Cokonoeckuli”®, B.[]. ByyenbHukos™’

"Yens6urckud e2ocydapcmeeHHbIl yHUsepcumem, 2. YensabuHck, Pocculickas ®edepayus

2fO>KHo-)/paanKud eocydapcmeeHHbIl yHugepcumem, 2. YensbuHck, Poccutickasi ®edepauus

3HayuoHanbHbIl uccredosamenbCKUll MexHOMo2uYecKull yHusepcumem «MWCuC», 2. Mockea,
Poccutickas ®edepayusi

*E-mail: dOnik1996@mail.ru

B nannoit paboTe mpeacTaBieHO MEPBONPHUHIIMITHOE BRIUHCIEHIE YHEPTHH 00Pa30BaHUs BaKaHCHMA
no Illotku B crutaBe Mn;GaC. BeruucieHust MpoBOAWINCH B paMKax T€OpUU (PYHKIIMOHAJIA TNIOTHOCTH
(DFT), peammzoBanHoii B mporpaMMmHOM Tmakere VASP. [lns anmpokcumanmu oOMeHHO-
KOPPEIAIMOHHOTO (DYHKIIMOHAIA HCIOJIb30BaJIach 0000IIeHHAsT TpagueHTHAs alpoKcuMaIus B Qop-
mynupoBke [lepapro—Bypke—Ditzenxoda. [lokazaHo, 4To B UCCIEIYEMOM CIUIaBE HauOOJee IHEPreTH-
YEeCKH BBITOJIHO 00pa30BaHUE BaKaHCUU Ha MecTe atoma C, Tak ke BBITOJHO 00pa30oBaHHUE BaKaHCUW Ha
MecTax aToMOB Mn, B TO BpeMs Kak BakaHcuu (Ga SIBISAIOTCS YHEPTeTUYECKH HEBBHITOAHBIMU. Takke BbI-
YrclieHa KOHIEHTPAIUs BaKaHCHHA MPH KOHEYHOH Temrieparype. IIponeMoHCTprpoBaHo, 4TO BaKaHCHU
Mn u C UMEIOT NPaKTUYECKU OJMHAKOBYIO PABHOBECHYIO KOHIIEHTPALHIO [P HEHYJIEBOW TeMIlepaType,
TIpH 3TOM KOHIIeHTparus Bakancuid Ga mpeHeOpexumo mana. Kpome Toro, paccuntaHbl MOAYJIH yIIpy-
TOCTH /ISl Pa3IMYHBIX MarHUTHBIX yHOpsnoueHuil (peppomMarHuTHOE, HEKOJUIMHEAPHOE M aHTH(Eeppo-
MarHuTHOE) B HCCIIENyeMOM cIuiaBe. VICmonb3ysi KBa3UTapMOHHYECKYIO Mojenb [lebasi, moCTpoeHbI
KpUBBIC CBOOOIHOM 3Hepruu [ enbMronbia. Mcmonb3ys 3Tu KpHUBbIE, TOKa3aHO TAKXKe, YTO MOHOBAaKaH-
cuu llloTkm HEe mecTabmmm3upyIoT GpeppoMarauTHyo ¢azy. CTabuiapHOCTh peppoMarHuTHOM ¢asel 00y-
CIIOBJIEHA HAJIMYHEM OOJIBIIOTO BKJIAJa MATHUTHOM SHTPOITUK B CBOOOAHYIO dHEepruto [ eapMroibua ams
HCCIIEyEeMOro CIIaBa.

Kniouesvie crosa: saxancus; snepeus oopazoganus eaxancutl, snepeus I enomeonvya, ab initio.
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®A300BPA30OBAHUE, CTPYKTYPA U MOHHAA NPOBOAUMOCTb
AHTUMOHAT-MOJIMBAATOB CEPEBPA

F0.A. Jlynuykas, [.A. KanzaHos, J1.FO. KogasneHko,
@.A. SlpoweHko, O.B. AHmoHo8a

HensbuHckul eocydapcmeeHHbili yHugepcumem, 2. YensbuHck, Poccutickas ®edepayusi
E-mail: lupitskaya@gmail.com

MetoaoM TBepAo(da3HOH peaKkIMU CHHTE3MPOBAHBI COEIMHEHUS] HA OCHOBe
aHTHMOHATa cepedpa, odpa3ylouuecs MPH YaCTHYHOM 3aMellleHUH HOHOB MATH-
BAJIEHTHO# CypbMbl HOHAMH IIECTHUBAJIEHTHOTO MoJubaeHa. B mupokom Temme-
parypuaom unrtepnaiie ot 30010 1023 Kuzydensl ocobeHHOCTH mponeccoB (a3o-
o0pa3oBaHHUs cMeceil ¢ Pa3IMYHBIM MOJILHBIM COOTHOLIEHHEM MCXOTHBIX KOMIIO-
HEHTOB CHCTEeMBbI, coJep:Kalleli HUTPAT cepedpa, OKCHIbI TPEXBAJTCHTHON Cyphb-
MBI U HIECTHBAJEHTHOT0 MoudaeHa. C MOMOMIBIO JTaHHBIX TEPMOTPABHMETPH-
YeCKOTr0 aHAJM3a YCTAHOBJEHBI ONTHMAJBLHBIE TEMIEPATYPbI CHHTE3a TOPOII-
KOB. MeT0/10M KauyeCTBEHHOr0 PeHTTreHO(a30BOro aHaIM3a OMNpesesieHbl COCTa-
BbI NMPOAYKTOB peaKIUU TBepA0(a3HOro B3aUMOAEHCTBUA NMPHU Pa3TUYHBIX H30-
TepMuyeckux Bbiaepxkkax. /lusi temmeparypol 1023 K BbisiBleHa roMoreHHas
o0JiacTh 00pa3oBaHUsI TBepPIOr0 PacTBOPa aHTHMOHAT-MOJUOIATOB cepedpa co
CTPYKTYPOil THNa [e(eKTHOro NMUPOXJIopa B KOHIEHTPALMOHHOM HHTEpBaJie
0,0£x<2,0.B pamkax mpocTpaHcTBeHHO# rpynnsl Fd-3m monHonpoguasHbIM
ananuzom (Meroqom PuTBesibla) NPOBEIEHO YTOYHEHHE KPHCTAIHYECKOH
CTPYKTYPbI (KOOPAMHATHI 32CEJIEHHOCTH MOHOB MO KPUCTALIOrpaduuecKuM mo-
3UIUAM, MapaMeTPbl YJTeMEHTAPHOH siYeliKH) M YCTAHOBJIEHA B3aHMOCBSI3b CO-
CTaBa MOJIYYEHHBIX MHPOXJIOPHBIX (pa3 €O CTPYKTYPHOIT pa3ynopsiIo4eHHOCTHIO.
MeTonoM THIIEKTPUIECKOH CHEKTPOCKONMAN B 4acTOTHOM auamna3one or 10 I'm
a0 2 MI'n ucciienoBaHbI 31eKTPONPOBOASIINE CBOHCTBA aHTHMOHAT-MOJIHOIATOB
cepedpa. s kepaMuyeckux o0pa3unos, crnedeHHbIX npu 1373 K, onpenesieHbl
OTHOCHTeJIbHAs MVIOTHOCTH M CPEeHUI pa3Mep YacTHII.

Kniouesvie cnosa. gaszoobpaszosanue; anmumonam cepebpa, meepovie pacmeo-
pbl; cmpyKmypa muna 0eeKmHo20 nupoxiopa; UOHHAA NPOBOOUMOCHb, Kepamuye-
CKUe Mamepuaol.

Beenenue

B Hacrosiiee BpeMsi 3HAYUTEIbHOC BHUMAHHE YACISCTCS TIOMCKY HOBBIX KATHOH- M aHHOHIIPOBO-
ASIIUX MatepuanoB [1—7], KoTopble MOTIK Obl KOHKYPHUPOBATh C CYHICCTBYIOIIUMHU Ha CETOMHSIIHUN
JICHb TPAIUIMOHHBIMU TBEPABIMH yeKTpoiauTaMu. C 3TOH TOYKH 3pEHHs WHTEPEC MPEICTABISIOT OK-
CHJIHbIC COCTMHCHHsS, MMEIOIINE KapkacHoe ctpoeHue [4—7]. Takue marepuaibl HaXOIST ITHPOKOE
MPAKTHYECKOE MPHUMECHEHHE B KQUECTBE AJICKTPOJIUTOB B PA3IUYHBIX dJICKTPOXUMUYECKHUX YCTPOHCTBAX:
TOIUTMBHBIX 3JIEMEHTAX, JJIEKTPOJIM3epax BOISIHOTO Mapa, cencopax [3, 71.

Cpean W3BECTHBIX HMOHHBIX IMPOBOJHUKOB CO CTPYKTYPOH THIA MHPOXJIOpa CIEAYyeT BBIICIUTH
KJ1acc okcuioB cemeiictBa A,B,O;, XapaKTepU3YIOIMXCS TPHUMECHOH pa3ymnopsI0YeHHOCTBIO KPUCTAI-
JIMYECKOH PEIICTKH U BBHICOKUMH 3HAYCHUSMHU SJICKTPONPOBOTHOCTH. THUIMHYHBIMHU MPEICTABUTEIISIMH
TAaKUX OKCHJIHBIX CHCTEM SBIISIOTCS aHTUMOHATHI OJIHOBAJIEHTHHIX MeTamioB MSO; (M* = Na, K, Ag),
MOJIYYUTh KOTOPBIE MOYKHO TyTeM TBepaodasHoro cunTesa [3, 5]. OnHako npu HarpeBaHUU COCAUHCHUSI
OKa3bIBAIOTCS TEPMHYCCKH HEYCTOWYMBHIMA — B CHCTEME IPOTEKAIOT CIIOKHBIC OKHCIUTEIBHO-
BOCCTaHOBHUTEJIbHBIC TMPOIIECCHI, COMPOBOMKIAIONINECS HM3MCHEHHEM BaJCHTHOTO COCTOSIHUSI OKCHJIOB
CYpPBbMBI, TIPH 3TOM 00pa3ytoTcst (a3bl pa3InuHOrO COCTaBa K CHMMETPHUH.

B [5—7], u3BecTHO, uTO cTAaOMIM3HPOBaTh aKypHBIH Kapkac (16C-u 48f- mo3unnu) aHTUMOHATOB,
U30MOPGHBIX MUPOXJIOPY, U TPH ITOM MOJIYYHTH (a3bl ¢ MAaKCHMAIbHBIM COICPKAHUEM Ie(PEKTOB B
katuoHHO# moxapemerke (16d- u 8b- mosummm) MOKHO IyTeM TeTepOBAJCHTHOTO 3aMEMIEHUS HOHOB
Sb(V) ma Mo(VI) wmu Sb(V) ma W(VI) B 16C1103u1usIX CTPYKTYphl COOTBETCTBEHHO. BBHIY OIU3KUX
3HAYCHHI MOHHBIX PAJMyCOB KaTHOHOB [3, 7] cliemyeT 0XKuaaTh, YTO B IIMPOKOM KOHIICHTPAIIMOHHOM
HHTEpBaiie 00pasyrorcst TBepasie pacTBopbl Agr S M,Os (M — Mo, W), obnagaromniie BHICOKUMH
3HAYCHUSMH HOHHOW TIPOBOTMMOCTH.
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B cBsi3u ¢ 3THM 1enbi0 paOOThI SBHIIOCH U3yYEHUE OCOOEHHOCTEH mporeccoB (pa3zooOpa3oBaHus B
cucreme Ag,0-ShO;—MO0O; nipu HarpeBaHuH, ONMpeAeICHUE TOMOTEHHON 00JacTH YCTOWYHMBOCTH aH-
THMOHAT-MOJIHOIaTOB cepedpa, H30MOPMHBIX MHUPOXIOPY, YTOUHEHHE UX KPUCTAININIECKONH CTPYKTYPBI
10 MOPOIIKOBBIM JaHHBIM METO/IOM PHTBebIa W UCCIEAOBAHUE JICKTPONPOBOIHOCTH CUHTE3UPOBaH-
HBIX COCAMHCHUH B IIMPOKOM YaCTOTHOM U TEMIIEPaTypHOM WHTEpBajax.

O0BEKTbI 1 METOBI

Jlns cuHTe3a aHTUMOHAT-MonubmaToB cepedpa Agy Sk M0,0s (0,0<x<2,0) ucnonb3oBanu
HpeBapUTEIBLHO MpocymeHHble okeuabl SIp0;, M0O; kBanmnpuKaiy «x.4.» U a30THOKUCIIOE cepedpo
AgNO; kBamubukaiuy <«d.1.a.». [IpUroToBICHHBIC CMECH B COOTBETCTBHM C 3aJaHHBIMH HaBECKaMH
UCXOJHBIX PEarcHTOB CMEUIMBAIM ¥ TIIATEIBHO MEPETHPAIA B araTOBOHM CTYyINKe ¢ J0OaBICHUEM He-
OO0JBIIIOr0 KOJMYECTBA STHIIOBOTO CITUPTA B TEUEHHE JAJUTEIBHOTO BpeMeHH [6, 7].

[TonyueHHYI0 CIIUPTOCOAEPIKAIIYIO LIUXTY MpeccoBaiu oy AapieHueM S0MIla B Bume nuiIvHLI-
pHUYECKUX 00pa3loB AuamMeTpoM 8 MM u tonmuHod 1-3MM [7] u nmpokanuBaau B MyQeapHOMN TeYH IpH
Pa3NUYHBIX TEMIIEpaTypax B COOTBETCTBUH C JAHHBIMH TEPMOTPABUMETPHUECKOTO aHanu3a [6, 7].

KonTposbs ¢a3oBoro cocraBa 00pasioB Mociie KakI0d H30TEPMUUYECKON BBIICPKKU OCYIICCTBIISIIH
C TIOMOIIBI0 peHTreHoBckoro ammapara JJPOH—3 (MOHOXpOMAaTHYECKOE H3JIyueHHE) IPH KOMHATHON
TeMreparype. AHaJIM3 PEHTTEHOBCKUX NTU(MPAKTOrPaMM U YTOYHEHUE KPUCTAIUIMYECKON CTPYKTYpPHI CO-
eIMHEHHH, XapaKTePU3YIOIIUXCs MPOCTPpaHCTBEHHON rpymmoi Fd-3m nposogunu meromom PutBesb-
ma [7].

Kepamudeckue 00pasiibl, H3rOTOBJICHHBIC B BUE Ta0JIETOK, IS UCCICAOBAHUI JIEKTPONPOBOIHO-
CTH TIOJYYalld ITyTEeM MPECCOBAHUS MOPOIIKOB ¢ MOCheAyonuM criekanueM rpu 1373 KB Teuenue 6 u.
Onpe/eneHre 3JICKTPUYSCKUX MapaMETPOB MOJYYEHHBIX COCAMHEHUN MPOBOIWIN C IOMOIIBIO HMMIIC-
mancmetpa Z-1500J (Elins, Russia)unrepsaie gacror ot 10T o 2 MIm.

AHann3 MEKPOCTPYKTYpPBI 00pa3iioB U MUKPO30H/IOBBIN 3JIEMCHTHBIN aHAIIN3 OCYIIECTBIISUIN C Ha-
MBUICHUEM Ha 00pa3Ibl TOHKOT'O MPOBOJSIIETO CIIOS IUIATHHBI C TIOMOIIBI0 PACTPOBOTO JIEKTPOHHOTO
mukpockona JEOL JSM-6510A.

Pe3ynbTaThl M 00CyxkIeHIe

Cornacho [7], ¥3 JaHHBIX TEPMOTPABUMETPHUYECKOTO aHAIU3a CIEAYET, UTO IPOLECC 00pa30BaHMS
AHTUMOHAT-MONNOJaTOB cepedpa XapaKTepHU3yeTcss MHOTOCTYIICHYaThIM M3MEHEHHEM MacChl B HCCIIe-
nyemoM wuHTepBaie Temmepatyp 300-1023 K, 4To COOTBETCTBYET NPOTEKAHUIO OKUCIUTEIBHO-
BOCCTaHOBHUTEIBHBIX TIporieccoB B cucteMe AGNOs—SkpOs—MoO; ipu TBepmohazHoM CHHTESE.

(222)
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(400)
— (622)
b(444)

— (440)

200

100
] % a

0 T T T T T T
10 20 30 40 50 60 70
20, rpaa.

I, oTH.en.

Puc. 1. PeHTreHorpammbl coeguHeHun Ag,.,Sb,,Mo4Og (0,0 < x < 2,0),
nonyyeHHbIX B pe3yrnbTaTte TepMoo6paboTku npu 633 (a), 843 (6), 1023 K (8)

AHanuM3 PEHTIeHOBCKUX MH(PaKTOrpaMM MO3BOJIMIT BBISIBUTH CIIOXKHBINM XapakTep B3aUMOIEHCTBUS
KOMITOHCHTOB B HCCJICYEMBIX PEAKIIMOHHBIX cMecsX. Tak, peHTreHorpaMmbl 00pasios (puc. 1), repmo-
obpaborannsix npu 633 K, cogepixkar makcumymsl (puc. 1, a), npunamnexamune okcugam SOz (ce-
HapMoHTHT), MOO; u daszam kybuueckoit cunronnu (Ag.MoO,; u SM0,015), KOTOPBIE YCTONYMBEL
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BILTOTH 10 843 K, TONBKO MpHU JalbHEHIIeM MOBBIIICHIH TEMIIEPATyphI MMOTHOCTHIO PEArupyIOT ¢ 00-
pasoBaHHEM CJIOKHBIX OKCHIOB IpoctpaHcTBeHHOH Tpymmbl Fd-3m (SO 1 AgSbQ) (puc. 1, 6).
VYBenuuenue temmepaTypsl B uHTepBaie oT 969 no 1023 K mpuBoauT k 00pa3oBaHMI0 OJHO(A3HBIX
npoaykToB coctaBa Ag,_.Sky M0,Og ¢ KyOuYeckuM THITOM CUMMETPHH KPUCTAITMUYCSCKON PEIIeTKH, Ha
YTO YKa3bIBae€T CTPOTO OMpECICHHAs IOCIEI0BATEIBHOCTD SIPKO BBIPAKEHHBIX JU(PPAKIIMOHHBIX MaK-
cuMyMoB (puc. 1, 6), yIOBICTBOPUTEILHO OMMCHIBAIOIIMXCS KBAAPATUIHOW (HOPMOI KPHUCTAIIOB IS
mp. rp. Fd-3m[5].

I, orH.en.

Puc. 2. 3kcnepumeHTanbHas (+), TeopeTuyeckas (a) U pasHocTHas (6) Audpakrorpammbl
obpasua coctaBa Ag1,10Sb1,10M00,9006

Takum 00pa3oM, TaHHBIC TEPMOTPABUMETPHUUIECKOTO M KaYeCTBEHHOTO PEHTTeHO(ha30BOr0 aHATH3a
MO3BOJIMJIM 3aKJIIOUNTH, YTO TeTepoBajeHTHOe 3amernenne monoB Sb(V) ma Mo(VI) B antumonare
AgSbQ; nyrem TBepmodasHOro cHHTE3a MPHUBOAUT K 00pa30BAHUIO IMUPOKONW KOHIIEHTPAIIMOHHOMW 00-
JacTH, B KOTOPOH oOpa3yeTcs TBepblii pacTBop coctaBa AgQ,_.Sh,_M0,0s (0,0< X < 2,0) co cTpykTy-
poti Trma 1eheKTHOTO MUPOXIIOPA.

[To pesynbpraTtam peHTreHAH(PAKIIMOHHOTO aHaN3a Js (a3, KPUCTAIUTU3YIONIMXCSI B paMKax Tp.
rp. Fd-3m BoIsBIIeH XapakTep pacripeieieHus] HOHOB MO0 KPUCTAIIOTPAPHUSCKUM TO3UIHSIM CTPYKTY-
pol Tuma nupoxiopa [7]. Ha puc. 2 Habnromaetcst Xopoliiee COBMaJCHHE SKCIIEPUMEHTAILHON U pacyer-
HOH peHTreHorpamm st coeauHeHust Agy 1050 10M0p,0d06. B TabJ1. iprBeICHBI OCHOBHBIC TTAPAMETPhI
YTOYHEHHS KPUCTAIIMYECKON CTPYKTYPhI aHTHMOHAT-MOJINOIaTOB cepebpa [7].

Pe3ynbTaThl YTOYHEHUS KPUCTaNIM4eCKOWU CTPYKTYpPbl aHTUMOHaT-MonubaaToB cepe6pa [7]
3

CoctaB (azsl a A V,, A R,, % Ryp, %0 X

Ag,ShOs 10,249 1076,575 8,7 9,1 1,56
Ags 5:5b1 MO0 105 10,247 | 1075945  10,3| 10,5 1,58
Agl,7(5blv7dv|00'3006 10,243 1074,686 10,1 11,0 1,63
Ag1 555by 59M0p 4505 10,243 1074,686 9,8 10,4 1,65
AG1 45D 4M0o0 605 10,241 | 1074,056 9,7 104 1.7
Agl,zﬁbl,zdvloo,7506 10,239 1073,427 8,9 9,0 l,E 9
Agl,]_CSbleVlOo'goOG 10,237 1072,798 8,7 9,0 1,57

B [3, 5, 7] orMeuamoch, 9TO MOBBICHTH YCTOMYMBOCTD TPEXMEPHOTO KapKaca, 0Opa3oBaHHOTO H3
counenenHpIX BepimHamu [BOs)™°® — oxrasapos (B(n) — snementsr V, VI rpymi), B coeMHEHHSX aH-
THMOHAT-BOJIb()PaMaTOB OJHOBAIICHTHBIX META/LIOB MPU 00A3aTE€IBHOM YCIOBUH OTCYTCTBHUS PETYIIAp-
HbIX nedextoB B 16C-u 48f-o3ummsx kapkaca [5] MOKHO myTeM BBEICHHS HOHOB KaJIUsl B KATHOHHYIO
noapemerky (8b41o3unum) crpykTypsl THIA mupoxiopa. [Ipu aTom 16d1103HIMH OCTAIOTCS MTOTHOCTHIO
WIM YaCTUYHO Pa3ylopsAI0YeHHbIMH [3], UTO MO3BOJSET HOHAM ¢ HeGONbIIMM HOHHBIM paxumycom (Li*,
Na') murpuposaTts 1o cucteme kananos (16d-u 8b41o3unun) B Hanpapienun <111>.

Cremyer monarartb, 9T0 ¥ B coequHeHusnx Ag,_.Sh_M0,0Os MexaHI3M HOHHOTO TPaHCIIOPTa COXpa-
HsieTcs [7], onHaKo HOHBI cepedpa He TOIBKO YYacTBYIOT B IIEPEHOCE AIICKTPHYECKOTO 3apsia, HO H CTa-
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OUITU3UPYIOT KapKac CTPYKTYpPhI, CTATUCTHYECKHU pacronarasch B 16d1103unusx, mpu sTomM 8b4103uiiin
OCTAIOTCSl BAKAHTHBIMH.

MakcumasbHble 3HaYCHHs TIPOBOMMOCTH HAOIIOAaINCh y 00pa3iioB coctaBa Ag; 5550 s9VI0g 4806 1
BO BCEM HCCJIEyeMOM YacTOTHOM JMana30He MPEBBIIIAIN B JBa pa3a aHAJOTWYHBIC 3HAYCHUS UIS He-
nonupoBanHoro coctaBa AQSbQ (puc. 3, a, 6). Kak BuaHO u3 puc. 3,3aBUCUMOCTD JIEKTPOIPOBOIHO-
CTH KepaMH4YeCKHX 0Opa3loB C POCTOM YaCTOTHI CYIIECTBEHHO HE M3MEHSTCS BIUIOTH 0 HEKOTOPOTO
3HAQUCHMS, HAYMHAsA C KOTOPOTO SKCIOHEHIMAJIBHO BO3PACTAaeT, YTO, IMO-BUANMOMY, COOTBETCTBYET
MEK3EepPEHHOMY BKJIaJly B OOILYIO MPOBOIUMOCTH. [10JHast MPOBOIMMOCTH 0OPA3LOB ¢ POCTOM TeMIIepa-
TYpbl YBEIUUMBACTCS, @ TPAHUYHAS YacTOTa CMEIIAETCsl B 00J1aCTh BBICOKMX 4acTOT. Bo3pactanue mpo-
BOJMMOCTH BO BCEM HCCJIEAyeMOM TEMIICpaTypHOM HHTEpBaje NMPH HU3KUX YacTOTaXx OOYCIIOBICHO
YBEJIMYCHHEM KOHIICHTPALMHA OCHOBHBIX HOCUTEIIEH 3apsja.

T, K

2 - - ]
HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH ® 313
; 5 . 373
~r - 433
i T RO + 493
3 -4 - w—l s 8 Nt etymnanes 553
= Al ka0 S A s - 613
5 k- o.’[o e0e®e® 673

1 2 3 4 5 6 7

lg(f)9 I'n

Puc. 3. 3aBUCUMOCTL 3MEKTPONPOBOAHOCTU 06pa3LoB cocTaBa AJ 1 s5Sb1 ssM0g 4505 OT YaCTOThI M TeMnepaTypbl

Ha mukpodororpadusix ckona (puc. 4, a) u noBepxaoctu (puc. 4, 6) 00pa3ioB, CICUCHHBIX MPH
1373 K, mabmromatorcst arnmomepanuu 4actuil ¢ pasmepom 0,2—0,5mMrM. MukpocTpykTypa oOpasna
IpeCTaBlIeHa YaCTHYHO PACIUIABICHHBIMU CPOCIIMMUCS MHOrorpaHHukamu (puc. 4). [ImoTHOCTH Hc-
CIIeTyeMBIX KepaMHuecKux 00pasioB coctapmia 88 %.

3akioueHue

Takum o6paszom, B cucteme AgGNO;—SBO;—M0O; u3ydeHbl 0COOCHHOCTH 00pa30BaHUSI aHTUMO-
HaT-MoJHOAaToB cepedpa npu TBepAaodazHoM cuntese. s Temnepatypsl 1023 KBbIsiBIIeHa TOMOTeH-
Has o0JyiacTh 00pa30BaHUs TBEPAOTO PAaCTBOpa aHTHMOHAT-MOJHOAaTOB cepedbpa Agy xSk M0,Og
(0,0<x<2,0) co cTpykTypoii THIA AeheKTHOrO nupoxyopa. Ha OCHOBaHUHU TaHHBIX PEHTTEHAUDPAKITH-
OHHOTO aHaJM3a MPEJUIOKeHA MOJICNb pacIpe/ieieHHs HOHOB 10 KPHCTAUIOrpaGuIecKuM MO3UIHSAM B
pamkax mp. rp. Fd-3mu ycraHoBieHa B3aMOCBSI3b COCTaBa MOJTYYCHHBIX MUPOXIOPHBIX (a3 co CTPYK-
TYpPHOH pa3ynopsIoueHHOCThI0 W UX WOHTPOBOISIIMMHU CBOHCTBaMHU. I kepaMUYecKuX 00pasioB,
crnieueHHbIX npu 1373 K,onpeneneHsl OTHOCUTENbHAS IVIOTHOCTh U CPEAHUI pa3Mep YacTHII.

Paboma evinonnena npu noodepocxke PODU 6 pamxax nayunoeo npoexma Ne 18-33-00269.
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PHASE FORMATION, STRUCTURE AND ION CONDUCTIVITY OF SILVER
ANTIMONATE-MOLIBDATS
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Silver antimonate-based compounds, formed at pantilastitution of ions of quinquevalent anti-
mony with ions of hexavalent molybdenum, have bgernhesized using the method of solid-phase re-
action. Specificities of phase formation processkemixtures with various mole ratios of the initial
components of a system containing silver nitrate exides of trivalent antimony and hexavalent mo-
lybdenum have been studied in a wide temperatmgerérom 300 to 1023 K. Using the thermogravim-
etric analysis data, optimal temperatures for ssgithof powders have been determined. Using the
method of qualitative X-ray phase analysis togethign the method of high-temperature X-ray diffrac-
tion, compositions of reaction products of solickpé interaction at open air heating have been-deter
mined. For the temperature of 1023 K, a homogemoea of formation of a solid solution of silver an-
timonat-molibdates with the structure of a defexfpyrochlore-type within 0,8 x< 2,0 concentration
interval has been determined. In the framework$&a{f3m spatial group, a full-profile analysis (the
Rietveld method) has been carried out to spec#yctlystal structure (coordinates of populationooisi
by crystallographic positions, elementary cell pagters), and interrelation in compositions of the o
tained pyrochlore phases with their structural iieo and ion-conducting properties has been deter-
mined. Ceramic properties (relative density andaye size of particles) of the samples sinterdtieat
temperature of 1373 K have been studied.

Keywords: phase formation; silver antimonate; saadutions; defective pyrochlore-type structure;
ion-conducting properties; ceramic properties.
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TPEBOBAHUA K NYBJIMKALWUN CTATbU

1. ITyOnuKkyrOTCS OPUTHHANBHBIE PaOOTHI, COJCPIKAIINE CYIICCTBEHHBIC HAYYHBIC PE3yJIbTAThl, HE OIMy0-
JUKOBaHHBIC B IPYTUX M3IAHMAX, IPOIICAIINE dTall HAYYHOW SKCIEPTH3HI M COOTBETCTBYIOIINE TPEOOBAHUAM
K MTOJITOTOBKE PYKOITUCEH.

2. B peakosuteruio npegocraBisiercs ajaektpontas (mokyment MS Word 2003gepcust paboTel 06beMoM
He Oonee 6 cTpaHUIl, IKCIIEPTHOE 3aKIIOUSHUE O BO3MOKHOCTH OITyOJIMKOBAaHUS pa0OTHl B OTKPBITOH IeYaTH,
cBenenus 00 apropax (©.1.0., Mecto paboThl, 3BaHUE M JOIDKHOCTH JUIsS BCEX aBTOPOB pabOThI), KOHTAKTHAS
HH(pOPMAIHSI OTBETCTBEHHOTO 32 TIOATOTOBKY PYKOITUCH.

3. Crpykrypa crateu: Y/JIK, HasBanue (He 6omee 12—15cmoB), criucok aBTopos, anaotanus (150—25QcmoB),
CIIMCOK KITFOYEBBIX CIIOB, TEKCT paboThl, uTeparypa (B MOpsIKe HIMTUPOBaHUS, B CKOOKAX, €CIIM 3TO BO3MOXHO,
JIaeTCsl CChUIKA HA OPUTHHAT TEPEBOTHON KHHUTH WIH CTATbU W3 JKypHAaIa, MEPEBOIIETOCS HA aHTIIMHACKUI
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHUe, paciupeHHas anaotanus (pedepar cratbu) oobemom 10 1800
3HAKOB C TIPOOEIaMH, CIIFCOK KJIIOYEBBIX CJIOB M CBEACHHS 00 aBTOPaX Ha aHTIIMHCKOM SI3BIKE.

4. TTapametpsl Habopa. [Tomst: 3epkanbHbIe, BepxHee — 23, HIKHee — 23,BHYTpH — 22,CHApYyKU — 25MM.
Mpudt — Times New Roman 11 piiacmirad 100 %,unTepBan — 0ObI4uHbIN, 6¢3 cMemienust u anumaruu. Ot-
crym kpacHo# crpoku 0,7 cM, mHTEpBan Mexay ad3anamu O T, MEKCTPOYHBIA HHTEPBAI — OIMHAPHBIH.

5. ®opmynsl. Ctuns Matemaruueckuil (udpsl, QYHKIMH U TEKCT — NPAMOI WPU(T, MepeMEHHbIE — Kyp-
cuB), ocHoBHOM mput — Times New Roman 11 pipkaszarenu crenenu 71 %u 58 %.Boikitouenusie dop-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enble. JXKenmarenbHo IpeToCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (PaiioB.

7. Anpec penakiMOHHOHM koyieruu xypHana «BectHuk IOYpl'Y» cepun «Martemaruka. Mexanuka. Ou-
3UKa»!

Poccus 454080,r. Yensbunck, mp. um. B.M. Jlenuna, 76, FOxHO-Ypanbckuii TOCYIapCTBEHHBIN YHUBEP-
cuteT, PaKyIbTeT MAaTEMaTHKH, MEXaHUKU U KOMITBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIECKOrO H KOM-
MBIOTEPHOT0 MOJCIHPOBAHMS, TIIABHOMY peaakTopy mpodeccopy 3arpebunoit Codppe Anekcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and@iter Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Anpec 3ekTpoHHO# moutel: Mmph@susu.ru

9. [MTonmHyO BepcHIO MPaBUII MOJATOTOBKHM PYKOMHUCEH U puMep oOpPMIICHHS MOXHO 3arpy3UTh C caiita
xypHana: cm. http://vestnik.susu.ru/mmph.

10.KypHan pacmpocTpaHsieTcss 10 MOJMKUCKE. OJEeKTpOHHas Bepcus: cm. Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétrauk.roypry.pd/mmph.

11.TInara c acnmupaHTOB 3a MyOJIMKAIIUIO HE B3UMACTCHI.
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