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CLASSIFICATION OF PRIME PROJECTIONS OF KNOTS
IN THE THICKENED TORUS OF GENUS 2 WITH AT MOST 4
CROSSINGS

A.A. Akimova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: akimovaaa@susu.ru

We begin classification of prime knots in the thickned torus of genus 2 hav-
ing diagrams with at most 4 crossings. To this endt is enough to construct a ta-
ble of prime knot projections with at most 4 crossigs, and use the table to obtain
table of prime diagrams, i. e. table of prime knots In this paper, we present the
result of the first step, i. e. we construct a talel of prime projections of knots in
the thickened torus of genus 2 having at most 4 cssings. First, we introduce
definition of prime projection of a knot in the thickened torus of genus 2. Second,
we construct a table of prime projections of knotsn the thickened torus of genus
2 having at most 4 crossings. To this end, we enuraée graphs of special type
and consider all possible embeddings of the graplisto the torus of genus 2 that
lead to prime projections. In order to simplify enumeration of the embeddings,
we prove some auxiliary statements. Finally, we pre@ that all obtained projec-
tions are inequivalent. Several known and new trick allow us to keep the process
within reasonable limits and rigorously theoreticaly prove the completeness of
the constructed table.

Keywords: prime projection; knot; thickened tordgyenus 2; table.

Introduction

One of the main problems of the knot theory isitol fan algorithm to recognize a knot (or link),
i. e., to provide the studied object with a uniédentifier. For instance, the identifier can beagivby a
catalog number. This approach involves the prolieiconstruct complete tables of knots and links ar-
ranged with respect to some their numerical charistics. Many researchers worked in this ariardyri
last 150 years. Most of the constructed tablesiden&nots and links in the 3-dimensional spheee, s
[1-3]. Recently, increasing interest in the theofyglobal knots (i. e., knots in arbitrary 3-marhifs)
leads to tabulation of knots in manifolds differémam the 3-dimensional sphere. Note tables ofdliimk
the projective space [4], knots in the solid tojbis knots in the thickened Klein bottle [6], as livas
prime knots in the lens spaces [7]. Note thatheknot theory, recent tables includes only theadted
prime objects, which can not be obtained by sonmknoperations from already tabulated objects. Vir-
tual knots and knots in the thickened surfaces haem of particular interest in the last 20 ye@tere-
fore, some tables of such knots were also consiutt particular, the works [8] and [9] presentf@et
tables of virtual knots arranged with respect tmbear of classical crossing and construct a ligavhe
properties of each knot. However, these tablescanstructed without taking into account primeness
and such important property of a knot as the geletisrmined by the minimal genus of the thickened
surface which can contain the given knot. The @étdea is to classify virtual knots taking intacaant
both parameters, i. e. not only number of classicadsings, but also the genus of a knot, seedherp
[10, 11] for tables of prime knots and links in thé&kened torus. In a sense, such tables cannmdzo
ered as tables of prime virtual knots and linkgerus 1.

We begin classification of prime knots in the tlénkd torus of genus 2. To this end, in this paper,
we present the result of the first step, i. e. westruct a table of prime projections of knotsha thick-
ened torus of genus 2 having at most 4 crossingsnfin result states that there exist exactly di¢-p
wise inequivalent such projections. Further, werndtto use the obtained table of prime projections
order to construct table of prime diagrams, iable of prime knots.

The paper is organized as follows. Section 1 greglired definitions and the main result of the
paper. Section 2 describes main ideas of the tadalaf prime projections of knots in the thickened
torus of genus 2.
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1. Main Result

A direct product of two copies of an 1-dimensiosphereS' is calleda 2dimensional torus
T = S'xS%. Further, for shortness, we refer to a 2-dimeraidorusT as a torud. Fig. 1,a shows an
example of a toru¥ endowed with a pair “meridian-longitude” of

- >
=

(a) (b) (c)
Fig. 1. (a) Atorus T endowed with a pair “meridian  -longitude” , (b) a torus T°with a hole and a disk D,
(c) a 2-dimensional torus T, of genus 2 formed by a connected sum of two copies of a torus T°with a hole

A surface F° with a holés obtained from the original surfageby removing the interior of a 2-
dimensional diskD. Further, for shortness, we refer to a 2-dimerdialisk D as a diskD. Fig. 1,b
shows an example: a torli®with a hole is obtained from a torlidoy removing the interior of a didh.
Hereinafter, we writ€ to show that a surface has one h#leép show that a surface has two holes, etc.

By a 2dimensional torugd, of genus 2ve mean a surface formed by a sum of two copies Df
dimensional torug©° with a hole constructed by identifying (gluing &tlger) their holes, see Fig.d,
Here each toru$?®is called a handle of a 2-dimensional tofuof genus 2. Further, for shortness, we
refer to a 2-dimensional tords of genus 2 as a torUs.

Let us define types of simple closed circles, widah be considered in a tortis

A simple closed circl€ LI T, is said to beut, if the complement,\C consists of two components.

In the torusT,, a cut circleC can be eithetrivial, i. e. bounding a disB, or nontrivial. In the first

case, the complemei$\C is formed by a disb
and a torug,° with a hole. In the second case, the
complementT,\C is formed by two copies of a

i o torusT°with a hole.

E A simple closed circleCU T, is said to be
noncug if the complemenfl,\C consists of the
unique component. Namely, the complement

Fig. 2. Examples of circles in the  torus T, T>\C is a torusr®°with two holes.
Two noncut simple closed circlé€s, C, LI
T, are said to bgarallel to each otherif the complement,\(C, O C,) consists of two components,
which are a torug°with two holes and aannulusA, i. e. a 2-dimensional sphe®&°with two holes.

Fig. 2 shows example€;,C, LI T,are two noncut circles parallel to each othdrile C;, C, LI T,
are nontrivial and trivial cut circles, respectivel

Consider a torud, and an interval = [0, 1]. By athickened torus of genus\#e mean a 3-
dimensional manifold homeomorphic to the directdora T,xI.

A smooth embedding of the setmfpairwise disjoint circles in the interidmt(T,xI) of the thick-
ened torudl,xl is called aim-component linkn T,xI. In particular, ifm=1, we have a smooth embed-
ding of the unique circle imt(T,x1), which is called a knot ifi,;x | and denoted bi{ LI T,x I.

As in the classical case, knots in the thickenedstd,x | can be given by thentiagrams which
are defined by analogy with a classical knot diagexcept that a knot is projected into the torpis-
stead of a 2-dimensional sph&fe

A projectionof a knotK in the torusT, is a diagram oK such that the crossings of the diagram con-
tain no under/over-crossing information. Therefar@rojection can be considered as an embeddiag of
connected regular graph of degree 4, i. e. valeheach vertex of the graph is equal to 4. VertiueS
are calleccrossingsof G, while connected components of the compleriigis are calledacesof G.

Two projectionsG andG' in the torusT, are said to bequivalentif there exists a homeomorphism
f: T,—T, such thaf(G) = G'.

We say that an intersection poof two circlesC,;,C, LI T, is nontransversalif only two of four
angles neaP are formed by both circlgs; andC,, while the third and the forth angles are formatyo

6 Bulletin of the South Ural State University
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by the circleC; andC,, respectively. Otherwise, i. e. if all four angle=arP are formed by both circles
C,andC,, the intersection poirR is calledtransversal

We define the following three types of projectiamshe torusr,.

1. The projectior is calledessentiglif each face o6 is homeomorphic to a didh.

2. The projectior is calledcompositeif at least one of the following conditions halds

(a) There exists a didR LI T, such that the boundafp intersectss transversally exactly in two
points, which are internal for two distinct edgé$spand at least one vertex Gfis insideD.

(b) There exist two parallel noncut simple closedlesC,, C, LI T,, and two distinct edges, e
of G such that foi = 1, 2 the circleC; intersects the edge transversally at exactly one internal point,
and both surfaces (a torli®° with two holes and an annulég to which the circles divide the tordg
contain vertices 06.

(c) There exists nontrivial cut simple closed @r€land two distinct edgess ,e, of G such that for
i = 1,2 the circleC intersects the edge transversally at exactly one internal point, anthtsurfaces
(two copies of a torug®with a hole) to which the circl€ divide the torug, contain vertices ofb.

3. The projectior is calledprime, if G is essential and noncomposite.

Our table contains only prime projections. Indesehessential projections correspond to knots that
can be found in already existing tables of knotth3-dimensional sphe®& [1-3], thickened annulus
Ax| (solid torus) [5], or thickened torts<I [10]. In its turn, composite projections corresgpaa knots,
which can be constructed using already known krastioned above. Namely, composite projections
of types (a)—(c) correspond to knots, which camdrestructed as sums of a classical knot and aifnot
the thickened toru$,xl, a knot in the thickened tordsxl and a knot in the thickened tortsl, or two
knots in the thickened torasI, respectively.

Theorem 1.In the torusT,, there exist exactly 14 pairwise inequivalent pripmejections with at
most 4 crossings. The projections are given in %ig.

Theorem 1 is proved by three steps described itidBez.

2. Proof of the main result

Let us describe main ideas of the tabulation ahprprojections given in this section. We do this in
three steps. First, Subsection 2.1 enumerates g@pspecial type. Then, Subsection 2.2 considérs a
possible embeddings of the graphs into the tdeugiving prime projections. Finally, Subsection 2.3
proves that all constructed projections are pagwigquivalent.

2.1. Enumeration of graphs with at most 4 verticesvhose embeddings into the torug§, can be
prime projections

Lemma 1.If a projectionG LI T, is prime, therG is connected and contains no loop nor any cut pair
of edges (i. e., removing the pair of edges givdiseonnected graph).

Proof of Lemma 1 is similar to arguments used tivei,emma 2 in [11].

Lemma 2.Let GLI T, be a prime projection with crossings, then G contains exactiy%) faces.

Proof. Take into account the Euler characteristic of dragT,and the fact thab is essential.

Lemma 3. There exist exactly 3 graphs with at most 4 vegiowhose embeddings into the tofys

can be prime projections, see graphsc given in Fig. 3.
Proof. By virtue of Lemma 2, it is easy to see that ar@
graph which embedding into the torlig gives a prime projection

contains at least 3 vertices. Lemma 1 gives camtiton an abstract « b c
quadrivalent graph, which embedding into the toFugives a prime  F19- 3 The graphs of special type
projection. All graphs with at most 4 vertices sfyiing the first and second conditions are enureérat
in [10]. In this list, there are exactly 3 graplegisfying the third condition, see graphsc given
in Fig. 3.

2.2. Construction of prime projections

Lemma 4. All projections shown in Fig. 5 can be obtaineceageddings of the graphs- cgiven
in Fig. 3. Namely, the graph gives the projection;3the graphb gives the projections;4and 4, and
the graplt gives the projections,44s and 4 -4,.

Proof. We construct all the projections by the followimgthod [11].

Let GU T, be a prime projection represented as a ubiafi the circlesC;, i = 1, 2,...,m, havingk
nontransversal points.

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 7
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Let l;, I, be small arcs containing a nontransversal poirthefprojectionG. We can remove the
point by the mové/ shown in Fig. 4. The dashed #rshows how to perform the inverse mawe.
Remove each nontransversal point of the projec@iday the moveM. The obtained uniob® of the
same circle<, i = 1, 2,...,m contains only transversal points and is endowet kvdashed arcB to
show where the move! was performed. Of course, the initial project®rtan be obtained frotd* by
the inverse mov&™ performed along each dashed prsee Fig. 4.
According to Lemma 3, all prime projec-

tions in the torug,with at most 4 crossings can
M be obtained as embeddings of the graghs In
W — order to construct all the projections, we repre-
sent an embedding of each graph as a union of a
——— number of circles and enumerate all possible
M-1 combinations of types of circles and intersection
points.

Fig. 4. Move M removes a nontransversal point, while ~ M™

is performed along the dashed arc B and creates the point Let us give three obvious statements, which

allow to reduce such enumeration.

Lemma 5. Let GU T, be a prime projection represented as a unionrofesi withn intersection
points. Then

(i) this union contains no more thar-8) cut circles,

(i) for n <4, all cut circles are trivial.

Proof. Statement (i) is true according to Lemma 2 anddbethat each cut circle involves an addi-
tional face. If Statement (ii) is not satisfiedetts is either a link projection, or a nonessentialjgro
tion. This completes the proof of Lemma 5.

Lemma 6.Let GLI T, be a prime projection represented as a ubiaf circles, andC LI U be a cir-
cle having exactly two intersection points with extltircles embedded in the torlis Then both points
are nontransversal, @ is cut, and at least one of two points is nontrarsal, ifC is noncut.

Proof. If both intersectiorpoints are transversal, th&hforms a projection of a component of a
link, while we consider only projections of knotk.C is cut, then both intersection points are either
transversal, or nontransversal. This completeptbef of Lemma 6.

Lemma 7. Let GLI T, be a prime knot projection obtained from the uni#fn which is endowed
with k dashed arcg. Then the following conditions hold.

(i) The union ofu*and allk dashed arcg divide the torug into disks.

(i) For any two circle<C,, C, LI U, there exists a sequence of dashed fuasd other circles that
connectC; andC,.

Proof. If Condition (i) is not satisfied, then the prdjen G is nonessential, and we arrive at con-
tradiction with the fact that the projecti@is prime. If Condition (ii) is not satisfied, thé&his a projec-
tion of a link, whileG is a knot projection. This completes the proof efrima 7.

Let us enumerate all possible embeddings of thehgia-c giving prime projections.

Graph a Let the projectiorG be an embedding of the graglin the torusT,. The pairs of double
edges form three circles in the tofizssuch that each circle has exactly one intersegdnt with each
of two other circles. According to Lemma 5, allobirs are noncut. Note that there exists at mostrist
versal intersection point, otherwise there existsrele with two transversal intersection pointsl ame
arrive at contradiction with Lemma 6.

Case 1.f all intersection points are nontransversalntinee remove all the points by the madve
and see that the three circles without common palivide the torud, into more than one part, i. e. we
arrive at contradiction with Lemma 2.

Case 2lf exactly one of three intersection points isigeersal, then, without loss of generality, we
consider the circle€; andC; to be a pair “meridian-longitude” of one of thendes of the torus,, and
the circleC; to be a meridian of another handle. We remove hotitransversal points by the maove
and cut the toru$, along all the three circles to obtain a spH&t®with three holes. By virtue of Lem-
ma 7, there exists the unique way to draw two dhsinesp such that to connect each of two holes cor-
responded to the circlé; with the hole formed by the circl€® andC, under the condition that there
exists exactly one endpoint of a dashedfaon each circleC, i = 1, 2. Apply the inverse mové™
along each dashed gt@nd obtain the projectid.
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Graph h Let the projectiorG be an embedding of the graplin the torusT,. The pairs of double
edges form four circles in the torlig such that each circle has exactly one interseqtiont with each
of the two other circles and does not intersectaleth circle. Note that there exist at most Z¢rzgersal
intersection points (moreover, each circle contaimsnore than one transversal intersection poartia),
erwise there exists a circle with two transversgrisection points and we arrive at contradictioth w
Lemma 6.

Case 1Suppose that all four intersection points are raogversal.

Remove all the points by the moi and see that the four circles without common odivide
the torusrT, into more than two parts, i. e. we arrive at cadittion with Lemma 2.

Case 2Suppose that exactly one of four intersection {gamtransversal.

According to Lemma 5, there exists at most onecitate, moreover, this circle is trivial. Therefore
without loss of generality, we consider the cirdiesandC, to be a pair “meridian-longitude” of one of
the handles of the tords, andthe circleCsto be a meridian of another handle, while the ei€jcan
be either cut or noncut. We remove all three nastrarsal points by the mow and cut the torus,
along all the four circles.

Case 2.1If the circleC,is cut, then we obtain a sphe3e”°ith four holes. By virtue of Lemma 7,
there exists the unique way to draw three dasheslpasuch that to connect one of two holes corre-
sponded to the circlé; and the hole corresponded to the ciClevith the hole formed by the circlé€
andC, and to connect another hole corresponded to thie €l; with the hole corresponded to the circle
C,under the condition that there exists exactly amdpeint of a dashed aficon each circl€;, i = 1, 2.
Apply the inverse movM™ along each dashed gf@nd obtain the projectich.

Case 2.2If the circleC,4is noncut, then we obtain a sph&®°with three holes and an annulis
In S°° py virtue of Lemma 7, there exists the unique wagraw two dashed ar@ssuch that to con-
nect the hole corresponded to the cirCleand the hole corresponded to the cirClewith the hole
formed by the circle€; andC, under the condition that there exists exactly om#peint of a dashed
arc f on each circleC;, i =1, 2. In A, by virtue of Lemma 7, there exists the unique wayraw a
dashed ar@ such that to connect the hole corresponded toitbie C;and the hole corresponded to the
circle C,. Apply the inverse moviel™ along each dashed g@nd obtain the projectiofy.

Case 3Suppose that exactly two of four intersection f®are transversal.

According to Lemma 6, these transversal pointsrigeto different pairs of circles. Therefore, with-
out loss of generality, we consider the cird@sandC, to be a pair “meridian-longitude” of one of the
handles of the torus,, while the circle<C; andC, form a pair “meridian-longitude” of another handle.
We remove both nontransversal points by the nidvand cut the torus, along all the four circles to
obtain an annulud. By virtue of Lemma 7, there exists no ways tondta&o dashed ard$ such that to
connect two holes under the condition that theist@xactly one endpoint of a dashed fron each
circleC;,i=1,2,3,4.

Graph c Let the projectiorc be an embedding of the grapim the torusT,, thenG can be repre-
sented as a union of three circles such that tisesiC; andC, have no common points, while the circle
C;intersects each of them alternately. Further, auithoss of generality, we consider the cirCleto be
a representative of the circl€ andC,. Note that there exist at most 2 transversal $etgron points
(moreover, each of the circl€ andC, contains no more than one transversal intersegpioomt), oth-
erwise there exists a circle with two transversggrisection points and we arrive at contradictioth w
Lemma 6. Also, according to Lemma 5, there exista@st one cut circle, moreover, this circle ig-tri
ial.

Case 1Suppose that all intersection points are nontrenssy.

Case 1.1Suppose that there exists no cut circles and cenaitlpossible cases of parallel circles.

If there are no parallel circles, then we removehs nontransversal points by the mdweand cut
the torusT, along all the three circles to obtain two copiea spheres°®with three holes. In each®?
by virtue of Lemma 7, there exists the unique wayitaw two dashed ar@ssuch that to connect the
hole corresponded to the cirglgwith each of the other holes. Apply the inverse elv' along each
dashed ar@ and obtain the projectiof..

If the circlesC; andC, are parallel to each other, then they bound amlae@ without crossings,
therefore, the projectioB is honessential, and, therefo@is nonprime.
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If the circlesC, andC; are parallel to each other, then we remove alinth@ransversal points by
the moveM and cut the toru$; along all the three circles to obtain a spH&i®with three holes and an
annulusA. In S°°9 by virtue of Lemma 7, there exists the unique Wwagraw three dashed afgsuch
that to connect the hole corresponded to the citgh&ith each of the other holes. B by virtue of
Lemma 7, there exists the unique way to draw aethsincf such that to connect two holes. Apply the
inverse moveV™ along each dashed gf@nd obtain the projectichy.

Case 1.2Suppose that there exists a cut circle and remibtieeapoints by the movhl to obtain a
sphereS°°%yith five holes.

If the cut circle iC,, then, by virtue of Lemma 7, there exists the uaigvay to draw four dashed
arcspP such that to connect each of two holes correspbimi¢he circleC, with the corresponded hole
formed by the circléC; and to connect the hole formed by the cit€lewith both holes formed by the
circle Cs. Apply the inverse moviel™ along each dashed gf@nd obtain the projectiof.

If the cut circle isCs, then, by virtue of Lemma 7, there exists the ueigvay to draw four dashed
arcsp such that to connect each of holes correspondétetoirclesC,; and C, with the hole formed by
the circleC; alternately. Apply the inverse mow™ along each dashed gs@and obtain a projection of
a link.

Case 2.Suppose that exactly one of four intersection tgois transversal. Without loss of general-
ity, we consider the circlgS; andC; to be a pair “meridian-longitude” of one of thendées of the torus
T,, while the circleC, can be either cut or noncut. We remove all threstraasversal points by the
moveM and cut the torus, along all the three circles.

If the circleC,is cut, then we obtain a tordi8°with two holes. By virtue of Lemma 7, there exists
the unique way to draw three dashed @rsach that to connect twice the hole correspondéle circle
C, with the hole formed by the circl€s andCs;, and the last hole with itself. Apply the inverseve
M along each dashed gF@nd obtain the projectiot.

If the circleC,is noncut, then, without loss of generality, we sidar the circleC,to be a meridian
of another handle of the torllg, and obtain a sphef&®with three holes. By virtue of Lemma 7, there
exist two ways to draw three dashed greich that to connect each of the holes correspbtaléhe
circle C, and with the hole formed by the circl€s andC;, and the last hole with itself alternately. In-
deed, the third possible way leads to a link ptapec Apply the inverse movs™ along each dashed
arcf and obtain the projectiords and4s.

Case 3Suppose that exactly two of four intersection are transversal.

According to Lemma 6, each of the circlésandC, contains exactly one transversal point, there-
fore, both the circle€; andC,are noncut. The circl€; is also noncut, since the circleésandC,do not
intersect each othand the circleC;has exactly one transversal point with the ci@lewhere = 1, 2.

Case 3.1Suppose that the circl€y andC, are parallel to each other. Without loss of gergral
we consider the circle§; andC, to be two meridians of one of the handles of tradT,, while the
circle C; is a longitude of the same handle. We remove hottiransversal points by the moveand
cut the torudl, along all three circles to obtain a tofwith a hole and a disR. In D, there exists no
dashed arcB, otherwise we obtain either a link projection,aononessential (therefore, nonprime) knot
projection. InT®, by virtue of Lemma 7, there exists the unique wagonnect the hole with itself by
two dashed ard such that there exist exactly one endpoint ofsinéd ar@ on each circleC;, i = 1, 2,
and two endpoints of different dashed gbasn the circleCs. Apply the inverse mov™ along each
dashed ar@ and obtain the projectich.

Case 3.2Suppose that the circl€s andC, are not parallel to each other. Without loss ofegah
ity, we consider the circl€; to be a meridian of thieth handle of the torus,, wherei =1, 2, while the
circle C3 is a connected sum of two longitudes of both hesxdiVe remove both nontransversal points
by the moveM and cut the torus, along all three circles to obtain a sph&fewith two holes. By virtue
of Lemma 7, there exist exactly four possible wiysonnect the two holes by two dashed @resich
that there exist exactly one endpoint of a dashed an each circle€C;, i = 1, 2, and two endpoints of
different dashed ardson the circleCs. These four ways are different in the sense ofdhewing two
facts. First, either there exists a dashed3aronnecting a hole with itself, or both dashed frcennect
different holes. Second, either there exists anfiexg of the circleC; having both endpoints of different
dashed arcB, or there exist two fragments of the cir€lethat belong to the same hole, and each frag-
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ment contains an endpoint of a dashedparpply the inverse movM™ along each dashed gcand
obtain the projectiond,, 4, 4,1, and4,s. This completes the proof of Lemma 4.

3, {12 ([} 44 {2 14 b}
< < < &~
%\\ ,d>
4 {214 ¢} 45 {2 14 ¢}

4y {313 ¢} 45 {3 13 ¢}
X
4g {4 12 b} 47 {4 12 ¢}
511 (} 49 {b 10
419 {6 10 ¢} 44 {19(}
449 bb(} 444 bb(}

Fig. 5. Prime knot projections in the torus T, with at most 4 crossings

3.3. Proof of the fact that all constructed projedbns are pairwise inequivalent

Lemma 8. All 14 projections given in Fig. 5 are pairwisequivalent.

Proof. We associate each face of a projection with arahhumber, which is equal to the number
of edges which form the boundary of the face. Hacle of a prime projection is homeomorphic to a
disk. According to Lemma 2, the number of faceg@th projection given in Fig. 5 is equal to 2 with
the exclusion of the projectidh.

Associate each projection (except for the projec89 given in Fig. 5 with an ordered seét i; X},
wherei, andi, are natural numbers, which are associated witrsfatéhe projection and taking in non-
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decreasing order, arndis the graph such that the projection is an embegddf x in the torusT,,
xLI{b, c}. By analogy, the projectioB, is associatedith the ordered set {1a}.

Such ordered sets are enough to prove that akkgiions given in Fig. 5 are pairwise inequivalent,
with the exception of the following 4 pairsiy(4k), (44, 4s), (4o, 4i0), and (42, 413).

Let us prove that projections in each of the paresalso inequivalent. We say that an eelgéthe
projectionG has typei( j) if eis a common edge of tlayonal and-gonal faces of the projectidh

1. Projections (4 4;) are inequivalent. Indeed, recall that the “stnfighead” rule determines a
cycle composed of all edges of the projection. Omls, the cycle is such that there are the same num-
ber of edges of type (14, 14) between two edgégpef (2, 14).

2. Projections (4 4s) are inequivalent, because there exists no biieatiapping between their
Gauss codes: 12324143 and 12324134, respectively.

3. Projections (4 4,0) are inequivalent, because onlycbntains the edge of type (6, 6), while the
type of each edge ofdis either (10, 10), or (6, 10)

4. Projections (4, 413) are inequivalent, because only dontains the edges that are common for
the same 8-gonal face, while all edgesgfae common for both 8-gonal faces.

Note that all tabulated projections are prime bystaiction.

This completes the proof of both Lemma 8 and Thedte
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KNACCUOUKALIUA NPUMAPHbIX MPOEKLIUA Y3NOB B YTOJILEHHOM TOPE
POMA 2 C HE BOJIEE YEM 4 NEPEKPECTKAMM*

A.A. Akumoea
FOxHO-Ypanbckuli 2ocydapcmeeHHbIlU yHUgepcumem, 2. YensbuHck, Poccutickass ®edepauyusi
E-mail: akimovaaa@susu.ru

Mpl HaunHaeM KiaccH(UKAIHMIO MPUMAPHBIX Y3JIOB B YTONIIEHHOM TOpE poja 2, UMEIOIUX JIHa-
rpaMMBbI ¢ He Oonee uyeM 4 nepekpectkamu. Kitaccudukarus mpoBoautcs B 1Ba mara. Ha nmepBom mare
CTpOUTCS Ta0JIMIla MPUMAaPHBIX MPOCKIMA ¢ He Oonee yeM 4 mepekpectkamu. Ha BTOopoM miare moiry-
YeHHas TaOJHIIa MCIIONB3YEeTCs AJIS MOCTPOCHUS TAaOJMIBI IPUMAPHBIX TUarpamm, T.e. TaOIUIIBl MPH-
MapHBIX y3JI0B. B 3TOM cTaThe MBI Mpe/CTaBIsIeM pPe3yIbTaT IePBOTO IIara, T.e. CTPOUM TalIIUIy BCeX
MPUMapPHBIX MPOCKIHH Y3JI0B B YTOJIIIEHHOM TOpE poja 2, UMeIomuX He Oojee 4 mepekpecTkoB. Tab-
JUIa CTPOUTCA B TpH 3Tamna. Ha mepBoM 3Tare Mbl BBOAMM OIpeIeIeHe TPUMApHON MPOEKINH y3Jia B
YTOJIIICHHOM TOpe poja 2. Ha BTOpoMm 3Tame MbI CTPOUM TaONUILy NMPUMAPHBIX MPOCKIHMH y3II0B B
YTOJIIIEHHOM TOpe poaa 2, uMermmx He Oojee 4 mepekpecTkoB. s 3Toro mMel nmepeuucisieM rpagsl
CIEUALHOTO BUJIA M pacCMaTPUBAEM BCE BO3MOXKHBIE BIOXKEHUS 3TUX TpadoB B TOp pojaa 2, KOTOpbIE
MPUBOJAT K MPUMAapPhIM MPOEKIHSIM. 37€Ch MBI JOKa3hIBaeM HECKOJIBKO BCIIOMOTATEIBHBIX YTBEPIKIe-
HUW, COKpalIaloIINX MEPEUrcICHUE TaKUX BIOKeHUU. HakoHell, Ha TpeThbeM 3Tare, MBI JOKa3bIBacM,
YTO BCE MOJYYCHHBIC MPOCKIUU HEIKBUBAJIICHTHBI. Psii U3BECTHBIX U HOBBIX MPUEMOB MO3BOJIWI yAEP-
KaTh MPOIECC B Pa3yMHBIX MpeAesiaXx U CTPOro TEOPETUIECKH JOKa3aTh MOJHOTY MOCTPOSHHOMW Tabiu-
IIBI.

Knioueswie cnosa: npumapuas npoexyus, y3en, ymoayeHHvlid mop pooa 2; mabauya.
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OPTIMAL CONTROL OVER SOLUTIONS OF A MULTICOMPONENT
MODEL OF REACTION-DIFFUSION IN A TUBULAR REACTOR

O.V. Gavrilova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: gavrilovaov@susu.ru

This article studies a mathematical model of reaabn-diffusion in a tubular
reactor based on degenerate equations of reactionfiision type defined on a
geometric graph. It is precisely the degenerate casthat is studied, since when
building the mathematical model it is taken into acount that the speed of one
sought function is significantly higher than the sped of the other. This model be-
longs to a wide class of semilinear Sobolev-typegtions. We give sufficient con-
ditions for the simplicity of the phase manifold ofthe abstract Sobolev-type equa-
tion in the case ofssmonotone andp-coercive operator; we prove the existence
and uniqueness of a solution to the Showalter-Sidov problem in the weak gen-
eralized sense, and the existence of optimal controver weak generalized solu-
tions to this problem. On the basis of the abstradheory, we find sufficient condi-
tions for the existence of optimal control for a mthematical model of neural sig-
nal transmission.

Keywords: Sobolev-type equations; phase manifdidw&lter—Sidorov problem;
reaction-diffusion equations; optimal control prebt.

Introduction

Take a finite connected oriented gra@= G(V; E) with vertex setV ={V} il\/I:l and edge set
E={E} *f:l, where each edge is of lendik» 0 and transverse cross-section atea0. Consider o1t
the multicomponent system of reaction-diffusion atpns
Viji = OqVijss + By (Ve Voo Yo )+ Uy
Vojt =0 oVajss + Foj (Vi Vg oy Vj )+ Ug

Vit = AVigss T Fig(M js Vo joee o M) + U,

0= + f + (1)
=0Vt jss T Fren) j(Vaj Vojo e Vim )+ Uge 1)
0= Vmjsst T miM V2 e s Vi) Uy

forall sO(|;)t0R,j=1K,

with positive parameters, i = 1,m and some functiogLUC”(R™,R) for i = 1m andj = 1,K . Here the
functionsv; = vi(s, t), i = 1_k andv; = v(s, t), i = k+1,m characterize the concentrations of reagents

(activator and inhibitor)p;, i = 1,m are the diffusion coefficients; the functiofiscorrespond to the
interaction between the reagents; the prescribedtifinsu; = u(s, t) characterize exterior actions. For

(1) at each verte¥; fori = 1,m impose flow balance and continuity conditions

> dvgO.- > dv(l.)=0, 2
j:EjDEa(Vi) rE DE“)(\{)
V(0.0 =v 0=y G 1)=v k1) ©)

for all E;, UE*(V;) andE,, E.UE”(V). HereE““)(V;) stands for the set of edges starting (ending).at
Conditions (2), (3) and the system (1) constitutie mathematical model of reaction-diffusion in a
tubular reactor. Complement (2), (3) with the ShibevaSidorov initial conditions

Vi (80) = (9 forall &1(0,j1), i=1,k j=1K @)
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Initially, a nondegenerate system of equationsiefreaction-diffusion type
{g\/t =alhv+ fi (v, W+ y, 5)
W = fAw+ (v W+ .
was obtained in [1-3], depending on the two dedwedtionsv = v(s, t) andw = w(s, t). These systems
model a large class of processes. In the case

fLV,W)=y—(@+1v+ VW H(ywW=dw GV (6)
the system (5) describes the Lefever—Prigogine d&dasor [1], proposed as a model of an autocatalyti
reaction with diffusion. The FitzHugh—Nagumo mof&I3] is of this type with

R W) =AW=k B4 W =B, w-k v . (7)
The first qualitative analysis of the system (5peared in [4] under the assumption that the rate of

change of one concentration is much greater thah a@h the other. This assumption leads to the
degenerate system

{ 0=alAv+ f (v,W)+ U,

8
W = fAw+ (v, W+ . ®)

The analysis of the morphology [4] of the phasecspaof the degenerate FitzHugh—Nagumo
model (7), (8) and the Lefever—Prigogine Brussel#6), (8) on open bounded regions showed that
these phase spaces contain fold and cusp sinigdad]. Multicomponent reaction-diffusion models
are studied in [5, 6]. They usually involve manigibitors. Models with three and four components on
activator and two or three inhibitors, and theabdity were studied in [5]. Goal of this article ieseach
of multicomponent reaction-diffusuin with differemumbers of inhibitors and activators not only
inhibitors.

Consider two Banach spac¥sandU. The preimage of the degenerate system (1) witididons
(2), (3) is the abstract semilinear Sobolev-typeation

%LH M(X) = u, ker L# {0}, )

HerelL is a continuous linear operator aMdis a smooth nonlinear operator to be specifiec&e Th
analytic and qualitative aspects of initial (muttipt initial-final) value problems for linear and
semilinear Sobolev-type models are studied in [J-C2mplement (9) with the Showalter—Sidorov
initial condition

L(x(0)-x,) =0. (10)
Considering this initial condition instead of tHassical Cauchy condition
X(0)=x (11)

in the case of degenerate equation (9), we cardabei lack of existence of a solution for arbitrary
initial data [8]. Condition (10) directly generadz condition (11) since Cauchy and Showalter—Sidoro
problems are equivalent in the case thatexists and is continuous. However, condition (tels to
guarantee the uniqueness of solution to problem (), for instance in the cases that the phase
manifold of (9) lies in a Banach manifold with sirgrities [4, 8]. Thus, to find conditions underiakn
the solution is unique, we must study the structiirdie phase manifold.
Our goal is to study the optimal control problem

J(x U) - min (12)
by the solutions to (9), (10) in the weak geneedlizense [13, 14]. Hed¢x,U) is a certain purpose-built
quality functional with controlliU,y, whereU,y is a closed convex set in the control spacélhe
optimal control problem for linear Sobolev-type atjons with the Cauchy initial condition was
originally posed and studied in [9]. That artiahitinted a series of studies of optimal controlippeons
for linear Sobolev-type equations with variousiaticonditions [10-12]. Sufficient conditions fdnet
existence of a solution to problem (9), (10), (&®enL is a Fredholm operator were obtained in [11].
We give sufficient conditions for the simplicity tife phase manifold of problem (1)—(3) in case not
Fredholm operator. Optimal control problems in was reaction-diffusion models are studied in [12].
The Showalter—Sidorov problem and the optimal anproblem for degenerate two-component
FitzHugh—Nagumo model (7), (8) is considered ir] jhZzhe case that, < 0 andp; = k.
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This article is organized as follows. In the fisgiction we talk about abstract semilinear Sobolev-
type equations and discuss sufficient conditiomgtie simplicity of the phase manifold of the ahstr
equations (9) in the case sfmonotone andp-coercive operatoiM and prove the existence and
uniqueness of a solution to (9), (10) in the weahkeagalized sense using the Galerkin method. In the
second section we construct a mathematical modedauition-diffusion in a tubular reactor basing on
the initial-boundary value problem for degeneraaction-diffusion equations defined on a geometric
graph. In the third section we study the optimattoa problem for a mathematical model of neural
signal transmission and give sufficient conditiémsthe existence of a solution to it.

1. Abstract semilinear Sobolev-type equation in thease of s-monotone and p-coercive operator

Consider abstract semilinear Sobolev-type equg@pwith the Showalter—Sidorov initial condition
(20). All our arguments in this section will be bdn the general theory of abstract Sobolev-typa-e
tions, which is described in sufficient detail By [L1]. Take a separable real Hilbert speice (H;[-,])
identified with its adjoint, as well as an adjopuir (A; A") with respect to-[] of reflexive separable
Banach spaces such that the embeddings

AO HOA (13)
are dense and continuous. Take a selfadjoint nativegdefinite operatdcLIL(A;A") with
HO kerL = cokeil. 0 H, A=kerL O coimL , A = cokerL O imL . (14)

Remark 1. Condition (14) is satisfied, for instaricethe case thatLIL(A; A) is a selfadjoint non-
negative definite Fredholm operator [11].
Take ans-monotone andp-coercive operatoMLIC'(A; A) with r>1 (tha_tl is, M'xx]>0

(XYLA0} and [ Cy, € O, such that (9, X] = Culx|® and M ()], <4 wherep> 2)

possessing symmetric Fréchet derivative. Note ¢laty strongly monotone operatorssnonotone,
while everys-monotone operator is strictly monotone. In tunerg p-coercive operator is strongly co-
ercive.
By condition (14), there exists a projectiQralong cokel onto imL. Make the assumption that
(I =Q)u is independent of J(0,T). (15)
Consider the set

M:{{XDA'( I-QMx=(1-QUu, ifker L0} (16)

A, if  kerL ={0}.
Introduce
coimL ={x0 A:[ x #] = 00¢ O ker L \{0}}.

Denote byP the projection along kdr onto coimL. Given a pointM put x}) =PxlicoimL.
Definition 1. [8] Call a seMa BanachC'-manifold atx,LJMwhenever there exist neighborhoods
OLIMandQ, LI coim L of the pointsxg and x}) = Px, respectively and &'-diffeomorphismD: O—O

such thaD™ is the restriction of the projectidhto O. Refer to the paif, O,) as a chart. The sbtis
called a Banack'-manifold modeled on the space cdinwhenever each of its points admits a chart.

Theorem 1. [8] Suppose that condition (15) is nret [ is smonotone angb-coercive operator.
Then the seMis a BanaclC'-manifold projecting diffeomorphically along k&ronto coimL every-
where with the possible exception of the origin.

The proof of the Theorem 1 is analogous to thefppdbdheorem 1 in [8].

Remark 2. Observe thatxf= x(t) for tLI[0,T] is a solution to (9) then it must lie M Refer toMas
the phase manifold of equation (9).

Since the spacA is separable, there is an orthonormal systemh@rsense off) of functions {;}
which is complete iA. Construct Galerkin approximations to the solutioif9), (10) as

n
x"(s9)=>a(94 (9, (17)
i=1
where the coefficients, = g(t) fori = 1,... n are determined from the following problem:
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[L&”,¢i}+[M(X”),¢.]=[u,¢.], (18)
[L(x”(O)— >q)),¢i] =0,i=1,.. n (19)
Lx"(0) - Lx, for n - +e0 strongly in the subspace im (20)

In the case dimkek < +owo it is necessary to have> dimkerL. Equation (18) constitute a degenerate

system of ordinary differential equations. SuppibseT,LIR ., T,= T(Xo), andA" = span{1,¢,,...,¢n}.

Lemma 1. [17] LeM be s-monotone ang-coercive operator. For everyLIA there exists a unique
local solutionx"LIC'(0, T,; A") to problem (18), (19).

The proof rests on the existence Theorem for swiatto a system of algebraic-differential equa-
tions with the Showalter—Sidorov condition [17].

Construct the space

X ={x| xU L,(0, T;coimL)n L, (O,T; A), %0 L, (0, T;coim L)}

Definition 2. [11] Call a weak generalized solutit; (9) the vector functiorlIX satisfying the

condition

T T
Jo(0)] S Lxs M3, w]de= [p(o]u o 60 v 4090 L0, ) @1)
0 0

Call a solution to (9) a solution to the Showal&derov problem whenever it satisfies (10).

Theorem 2. [11] LeM be ssmonotone ang-coercive operator. For everyl A, TUR., ullL,(0, T,
A)) there exists a unique solutign/X to problem (9), (10).

This goes in several stages and relies on the rapivity method of [13, 14].

Assume that all requirements of the previous sedi@ satisfied and the embeddikhg H is com-

pact. Construct the spatk= L0, T; A), l+1 =1 and define in it a nonempty closed convexlgt
p q

Consider the optimal control problem

J(x,U) > inf, uldUy (22)
defining the objective functional as

T T
I u =B X= 7Y, dt- (1=B)f| )
0 0

Herez; = z4(t) is the required state.
Definition 3. [11] Refer to a paifX, 0) OXxU,y as a solution to the optimal control problem (9),

(10), (22) if

} dt0(0,1), (23)

J(%U) =inf J(x U,
(x,u)

where the pairsx( u) LIXxXxU,q satisfy (9), (10) in the sense of Definition 2|l the vector functiond
the optimal control.

Remark 3. Refer as an admissible element of prolg®m(10), (23) to a paix(u) LIXxU,q, satisfy-
ing problem (9), (10) with

J(X, U) < +oo,

If Uyg 20 then for everyullU,4 LI U by Theorem 2 there exists a unique solutienx(u) to prob-
lem (9), (10). Hence, the set of admissible elesenthe problem is nonempty. Using the results ob-
tained in the paper [11] we can show that

Theorem 3. [11] LeM be ssmonotone angb-coercive operator. GivexplLIA andTU R, , there ex-

ists a solution to problem (9), (10), (22).

2. A mathematical model of reaction-diffusion in aubular reactor

In this section we construct a mathematical modieeaction-diffusion in a tubular reactor basing
on the initial-boundary value problem for degeneragaction-diffusion equations defined on a
geometric graph and reduce it to the abstract Shew&idorov problem (9), (10), we construct
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functional spaces and establish the main propestieperators. Take on finite connected orientegplr
G the multicomponent system of reaction-diffusioruaipns (1) with flow balance and continuity
conditions (2), (3) and the Showalter—Sidorov atitionditions (4).

Consider the Hilbert space

L(G)={9=(g% %--» G-, &): g0 (O, })}
equipped with the inner product

(9,h = d;

EJDE

gJ(Sh($d»

1

O'—o-—

Construct the Banach space

H={g=(g, ..., (o &) gU V\j(o, i) and conditions (3) holds
with the norm

'
Il = 3 o J(ga(9+ F(9) de
EjDE 0
Put
Lo(G)={9=(g % - Gjoo-ry &)1 g0 L (O, | )}
The set,(G) is a Banach space with the norm

|
J

o) @= 2 di[lg(9F ds

ok, = %] 13

By the Sobolev embedding theorem, the spAlée (0J;) consists of absolutely continuous func-

tions, and sad is well-defined, dense, and compactly embeddemllin(G). Fix a>0 and construct the
operator

g
(Ag,h= > di[(ge(9h(3+ ag( B f()F ¢ g.hOH.
EJ-DE 0
The operatoAUL(H;H") is bijective, its spectrum is real, discrete fiofte multiplicity, and accumu-
lates only at 40, while its eigenfunctions constitute a basis fug spaced [15]. Denote by §;} a se-
quence of eigenfunctions of the homogeneous Detgdoblem for the operatéy on the graplG, and
by {u} the associated sequence of eigenvalues in déngeasier with multiplicities taken into account.
Consider the Hilbert space

H=15(G) ={v= (% V..., ¥n): YO L(G)}
equipped with the inner product

[v.¢] :i”' 2

and identified with its adjoint. By analogy, constr the spacé& = H™ and denote bA" the adjoint toA
with respect to the inner producthh Writing x = (v4, Vo,... Vi), £ = (&1, &, -+, &n), @andu = (Ug, Uy, ... ,Un),
define the operators
[Lx =)+ + (M), %40 A
M), {1= a1(Vs, {19+ TR, T +a A Vag {09 +( TR, 2+
(Vs ¢ g+ F X, 3 xC O A
Lemma 2. (i) The operatarLIL(A; A) is selfadjoint and nonnegative definite.
(i) Suppose thaf; LIC*(R™, R) fori = 1,m andj = 1,K . ThenMLIC*(A; A").
Proof. Claim (i) follows from the construction bf The containmerLIC*(A; A) is a classical re-
sult [16].
'[Fhl]s, problem (1)—(4) reduces to the Showalter—+8idproblem (9), (10).
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3. Optimal control problem for a mathematical modelof neural signal transmission
In the this section we apply the abstract resuitthe second section to study the optimal control
problem for a mathematical model of neural sigmahsmission, which can be obtained from a
multicomponent reaction-diffusion model (1)itake as (6). Proceed to a mathematical modelwfahe
signal transmission based on the FitzHugh—Nagurstesy

Viji —OqVyss + BraVy + BNy Tt B\ T K 1\;1 = Uy

Vojt = QoVojss + BoVaj + BoNg oot B gy Uy + K 2\?3 = Uy,

Vigt = Vigss T B\ j+ BieVa j+ -t BimVmit K k\;ka Uy

—QisVie)jss T BrenVijt Bue V2t -t B e omVin = Uk »

(24)

_amvmjss+:8rmvl j+IBnQV2 j+---+:8 mY mi— U mij
forall sO(0,1),t0R, j=1K,
defined on a finite connected oriented gr&pltand complemented with conditions (2), (3), whére t
matrix B = {$;} im,jzl has the property
[Cg,Cs >0:C[ x <[ Bx k= C[ x k. (25)

By analogy with Section 2, consider the Hilbertape=(L ' (G), [-,-]) and the Banach spase= H™

By the Sobolev embedding theorem, there are deas@naous embeddings (13); furthermore, the
embeddin@A LI His compact. Writex = (v, V,... Vi), £ = (1, &, -+, &m), @ndu = (Ug, Up,..., Uy). Then the
operatoM = M; + M, becomes

[M1(X), (1= a1(Vis, {19 +H{Brvit BaN ot A BVin {1+ @ §Vald 2+
HBovit BoNot...t BV 2+ + 0 1 Ving{ md +
HBuaVi+ BrVat -+ BV md ms XU A
[M5(X, 1= K, {) +KAVRE p + 4 K (.0, XC 0 A
where Vv = (V3 Vig,..., V3.
Lemma 3. (i) Suppose thatOR, fori = 1,m and condition (25) is satisfied. Then the operator
M,LIC”(A; A) is ssmonotone and 2-coercive.

(i) Suppose thatOR, fori = 1,k. Then the operatdv’lzl_lc""(Lﬁ(G), L'fl(G)) is ssmonotone and 4-
3

coercive.
Proof. The Fréchet derivatives i andM, atxLIA are defined as

[M1,&,{1= 01615 {19 +(Brf 1+ B1f 5t Brf md 1+
+05(S25:¢29) T Bk 1t Bof ot * Bafmd 2+ F
+am<§tmsvzm§+<:8 mf1+l[3 m£2+---+,3 mél n( >m X'ZDAv
[Moy&, 1= 3Ky (VEEL ) + 3K AV 2 3+ + 3G (& £\, x{ O A
Then the continuous embeddM@(G) U Lx(G) yields

[ M. JClél el
[ M2, | )\ s
[ Mok (&.62).¢ [ & €| €A I I 1
[ Mo (&.62.63).¢ | £ €| I€ 4 AIEdA1¢0 € =max
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whereM';, andM', stand for the Fréchet derivativeshdf andM, atx. SinceM {2 =0 andM$? =0, the
operatordM; andM, areC*-smooth. Since

[M$, €= 01($16: 19 (L1 1+ B1S o+ B mé 2+

+05($5: 629 T(Bof 1 Lok ot ¥ Bafmé 2+
+am<fms’gm§+<ﬁ frﬁ(l"-:g rﬁ52+'-~+/8 m§1 n{ >m> 01 X’ED A1
[My&, 1= 3Ky (VP& 8 + 30 AVEE 58 3+ + 3G (6 &0 >0, xED A
it follows that the operatotdl; andM, ares -monotone. Since
2 2
Cu {5 <[Mi(%. 4 < G K.
(Mo =}t @)+l (@) +.o kil (@),

it follows thatM, is 2-coercive anill, is 4-coercive.
Remark 4. By the construction bf the sets kelr, coimL, cokerL, and imL are defined as

kerL ={0}x{0} x...{0} xHxHx...xH

Kk m-k

coimL=H xHx...xH x{0} x{0} x...0}

k m—-k
cokerL = {O0}x{0} x...40} xH xH x..xH |
K m-k

imL=H xH x..xH X0} 40} x...%0}
k

m-k
Hence, condition (14) is satisfied.
Construct the set
M= { XU Ay s S () + BrenpVat B Vot +
+:3(k+l)mvm'<(k+1> Tt <0’ n ms{ m>s+ <:3 ht /3 gVot... +

BV € ) = (U ey € ) o+ (U )
Condition (15) becomes
O....,0U4q ».. Uy, ) is independent df_i(0,T) (26)
Then Theorem 1 and Lemmas 2 and 3 imply the foligwheorem.
Theorem 4. Suppose that1R, fori = 1,m, KOR, fori= 1,k and conditions (25) and (26) are
satisfied. Then the sitis a simple BanacB8™-manifold modeled on the subspace chim
Construct the spaces

X ={X=(V% Voot Vs Vs 150 ¥ ) 2 ¥VO L (O, T; H)n L, (O, T; H))
%DLZ(O,T;H)J =1,..kx0OL, OTHNL (OT H))
U={u=(uw, u,...,y,): yO LS(O,T; L(Q), i=1,.. ,k

3

u OL,(0,T;H),i =k+1,...m}.
By analogy with Section 2, construct an orthonorregstem {1, ¢,,..., ¢}, where {p} are
eigenvectors oA, which in view of the embedding (13) constitutebaais for the spadd. Construct
Galerkin approximations to the solution to probl@y (3), (24) as

V(s 9=Yd (0 (3, i=1,...m
=1

where the coefficienta! fori = 1,m andl = 1,n are determined by the system
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(M} = aVs + ByVi + Byt .+ Btk (V)P40 =(ugd),
(Vi = Vs + BotVi + B oyt B gVt K AVY ) =(ugp),

Vit = A Visst BaM + B Vo +...4 B Vit K (V.0 ) =( u g ),
<_ak+lv?k+1)ss+ ,5’(|<+1)1V£1 + ,B(k+1)2Vg+ ot B l)nvrr]ni¢ » =(Uge 199

<_amvrr]nss+/8rmvln+:8 rﬁvg+"'+/3 mrynn¢ )i=(u n¢>i’

i=1n,

and the Showalter—Sidorov conditions
MO)=Vor.8) =0,..{\ (O vy ¢) =0j =1n

Then Theorem 2 and Lemmas 2 and 3 imply the foligwtheorem.

Theorem 5. Suppose thatIR, fori= 1m, KOR, fori= 1,k and conditions (25) are satisfied.
Givenxoll4 andullU, there exists a unique solutighiX to problem (2)—(4), (24).

Choose a nonempty closed convexl$gt | U. Consider the optimal control problem

J(x U) - inf (27)
by solutions to problem (2)—(4), (25), where th@otive functional is defined as
4

kT 2 m T
w0085 - ¢l aws B J|v- o
kT ) m T 4
1= B2 [} o 3+ @8 X [l o, 8D 0.1,
i=10 i +1p 3
Then Theorem 3 and Lemmas 2 and 3 imply th_efohgvﬂiheorem.

Theorem 6. Suppose that xR, fori = 1,m and conditions (26) are satisfied. Then for every
XoLIA problem (2)—(4), (24), (27) admits optimal control

The author is grateful to Professors N.A. Manakawmd G.A. Sviridyuk for setting the problem and
productive discussions.
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OMTUMAIIbHOE YNPABJIEHVE PELLEHUAMU MHOIOKOMIMOHEHTHOW
MOZAENN PEAKUUN-ONDPDY3NUUN B TPYBYATOM PEAKTOPE

O.B. raepusnoea
HOxHo-Ypanbckuli eocyGapcmeeHHbIlU yHugepcumem, e. YensbuHck, Poccutickass ®edepayusi
E-mail: gavrilovaov@susu.ru

Craths OCBSIICHA U3YYCHUIO MAaTEMAaTHICCKON MOJICTN peakiuu-Tuddy3un B TpyOIaTOM pPeaKTo-
pe Ha OCHOBE BBIPOXJICHHBIX YpaBHCHHH TUNA peakiuu-mudQy3ud, 3aJaHHBIX HA TEOMETPUYECKOM
rpade. Uccnemyercs UMEHHO BBIPOKICHHBIN CTyYaid, TaK KaK MPHU MOCTPOCHUH MaTeMaTHIECKON MoJIe-
JIM YYUTHIBAETCSI, YTO CKOPOCTh OJTHON MCKOMOW (DYHKIIMH 3HAYUTEIHHO MPEBBIIIACT CKOPOCTh JIPYTOi.
Wzyuaemass Mojenb OTHOCHUTCS K IIUPOKOMY KJacCcy MONYJIMHEHHBIX MoJeield cOOONEBCKOTO THIIA.
[IpuBOATCS TOCTATOYHBIC YCIOBUS MPOCTOTHI (PA30BOr0 MHOT000pa3us aOCTPAKTHOTO YPaBHEHUS CO-
0OJICBCKOTO THTIA B CIy4Yae S-MOHOTOHHOTO U P-KO3PIIUTHBHOTO OIEPATOPa; JOKA3BIBAIOTCS CYIIECTBO-
BaHHWE W CAMHCTBEHHOCTH perneHus 3amadn llloyontepa—CumopoBa B c1aboM 0O00OIIEHHOM CMBICIEC U
CYIIIECTBOBAHME ONTHUMAILHOTO YIPABJICHUS CIA0BIMU OOOOINEHHBIMU PEIICHUSIMHU paCcCMaTpUBAESMON
3amauyn. Ha ocHOBe aOCTpakTHOW TECOPUM HAWCHBI JOCTATOYHBIC YCIOBUS CYIISCTBOBAHUS ONTHMAIIh-
HOT'O YIPaBJICHUS JUIsl MATEMaTHYECKON MOJICIH TIepelavd UMITYJIbCa TI0 HEHPOHaM.

Knioueswvie cnosa: ypasnenus cobonesckoeo muna;, gasosoe mnozoobpasue;, 3aoaya llloyonmepa—
Cudoposa; cucmema ypasuenuil peakyus-oudgysus; 3a0ava onmumMaibHO20 YNPAeIeHUs.
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OBPATHAA 3A0AYA HECTALUMOHAPHOI'O TEHEHUA
HECXXUMAEMOMW XXUAKOCTU B TPYBE
C NPOHULUAEMOU CTEHKOU

X.M. N am3aes

A3sepbalidxaHckuli 2ocydapcmeeHHbIl  yHueepcumem Hegpmu U npombiwneHHocmu, 2. baky,
AsepbatidxaH

E-mail: xan.h@rambler.ru

PaccmaTpuBaeTcs mpouecc HeCTAlIMOHAPHOTO TeYeHHsl BSA3KOH HeciKHMae-
MOH JKMIKOCTH B TPyD0e ¢ MPOHUIIAEMOiIl CTEHKOIl, OMMChIBAeMbIi HeJTUHeHHOMH
cucremoil auddepeHIHANBHBIX YPABHEHHMII B YaCTHBIX NPOM3BOAHBLIX B mepe-
MEHHBIX CKOPOCTb—AaBJeHHe. JTa CHCTeMa YPaBHEHMIl CBOAUTCHA K OJHOMY He-
JIMHeI{HOMY YpaBHeHHI0 Napa0oM4YecKOro THNA OTHOCHUTEJIbHO CKopocTH. B
paMKax IoJIy4eHHOH Mo/e/id MoCcTaB/IeHa o0paTHasi 3a/1a4a M0 oNpeeSIeHHI0 KO-
3¢ GunrenTa NPOHNIAEMOCTH CTEHKH TPYObl, 3aBHCSALIEr0 JIMIIb OT BPEeMEHHOM
nepemenHoii. Ilpu 3ToM Ha BbIXOie TPYOBI 3aaeTcs AONMOJHHUTEIbHOE YCJIOBHE
OTHOCHTEJbHO JaBJjieHus ;kuaKkocTH. IlocTpoeH pa3HOCTHBIN aHAJIOT MOCTABJIEH-
HOH Ko0I(pPuUUUHEeHTHOIl o00paTHOIl 3aJayd ¢ MCNOJIb30BAHHEM KOHEYHO-
Pa3HOCTHBIX aNNpoKcHMANuii. {1 pelleHnsl MOJYy4YeHHOH PAa3HOCTHONM 3a1a4u
NPeVIOKEHO CreNHalbHOe NMpeACTaBIeHne, MO3BOJIIONee HA KaKA0M AHCKpeT-
HOM 3HAYeHHMH BPEeMEHHOI MepeMeHHOIl pacIienuTh 3adavyy Ha JABe B3aMMHO He-
3aBHCHMbIe JIMHelHble Pa3HOCTHBIE 32/1a4M BTOPOT0 MOPSIAKA.

B pe3yabTaTe mosy4yeHa siBHasi popMy.ia I onpedeseHHs] NPHOJIHKEeHHO-
ro 3HaYeHHsl K03(pHUIHEeHTa MPOHNIAEMOCTH CTEHKH NPH KAKAOM JIHCKPETHOM
3HAYeHHHU BpeMeHHOil nepemeHHoii. Ha ocHOBe mpeaioskeHHOTO0 BBIYMCIUTE/Ib-
HOT'0 AJIrOPUTMA ObLIM MPOBedeHbl YHCACHHbIE IKCIIePHMEHThI A1 MOJeIbHBIX
3agad4.

Kmiouesvie cnosa: HeCmayuoHaprHoe medenue JHeuoKocmu, mpyoa ¢ npoHu-
yaemoil cmeHKou; Kodgh@uyuenm npoHUYaemMocmu CmeHKu mpyool; ko3¢ @u-
YUueHmHuas 0opamuas 3a0ayd; pasHoCMHAs 340ayd.

BBenenue

I'unponuHaMuveckre UCCIeIOBaHUS JBIKEHHS OJHO(A3HBIX XKHUIKOCTEH B mepoprupoBaHHBIX
TpyOax MOMHUMO TEOPETHUECKOTO 3HAUCHUHS], UMEIOT ¥ MHOT'OUYHCIICHHBIC TIPAKTHYECKHE MPUMEHEHUS B
MHEBMO- M THAPOTPAHCIIOPTE, XUMUIESCKON TEXHOJOTHUH, Pa3paboTKe HEPTIAHBIX U Ta30BBIX MECTOPOXK-
JICHUH TOPU30HTANBHBIMU CKBOKHHAMU, PAKETHOM TEXHUKE, METHOPAIIMH, THAPOJIOTHH, ONOMEXaHUKE U
T. . [1-4]. TIpu uccaemoBaHUM TaKWX 3a1ad JAUCKPETHOE paclpeesieHre Touek mepdopanun (Todek
0TOOpa MU MOJKAYKK KHUIKOCTH) 3aMCHACTCS HEMIPEPHIBHBIM U UCCIICAOBAHUS 3a/1a4 CBOISTCSA K U3Y-
YCHUIO HECTAIIMOHAPHOTO JABIIKCHHUS JKUAKOCTH B TPyOax ¢ MPOHHUIIAEMBIMU CTCHKaMU. YHCIIEHHOMY U
AHATUTUIECKOMY HCCIICIOBAHUIO0 MaTEMaTHUECKUX MOJICJICH HECTAIMOHAPHOTO TCUCHHS >KUJIKOCTEH C
Pa3IMYHBIMU PEOJIOTUIECKUMH CBOMHCTBaMHU B TPy0ax ¢ MPOHUIIAEMBIMU CTCHKAMU MOCBSIIEHBI pabOThI
[1-7].

Heo0xommumMo 0TMETUTB, YTO JUTS TIPAKTHKH TPAaHCIIOpTa 0JHO(MA3HBIX KHIKOCTEH B TpyOax ¢ mpo-
HUIIAEMBIMU CTCHKAMH Ba)KHOE 3HAYCHUE MMEET OIpesielieHne KodPPHUIMEHTa POHUIIAEMOCTH CTCHKU
TpyObl. OJHAKO ONpeaeuTh KOI(PHUIIMESHT MPOHUIIAEMOCTH CTCHKU SKCIICPUMEHTAIBHBIM MyTeM MpaK-
THYCCKH HE MPEICTABISICTCS BO3MOXKHBIM. B CBSI3M ¢ 3THM B JaHHOW paboTe 3a7aya OmNpeaesICHUs KO-
¢ puLeHTa TPOHUIIAEMOCTH CTEHKH TPYOBI MPEACTABIIACTCSA Kak KO3 GHUIIMEHTHAs 00paTHas 3aj1a4a 1
npeyIaraeTcs YUCICHHBIN METO ¢ PEIICHHS.

IlocTaHoBKa 3a]a4i U MeTO/ pellleHUs

[lyctp paccmarpuBaeTcs MpOIECC HECTAIMOHAPHOTO TEUSHHS HECKUMAEMON BSI3KON JKHIKOCTH B
TOPU3OHTAJILHO PACIIONIOKEHHOM TpyOe ¢ MPOHHUIIAEMOl CTeHKOM, JuinHoM | , nnamerpom d . Marema-
TUYECKYI0 MOJIeNTb JAHHOTO TpoIecca MPeJICTABUM B BHJIE CUCTEMBbI U GepeHIMANbHBIX YPaBHCHUH B
YacTHBIX MTPOU3BOJHBIX, BKIIOYAIOIIYIO B ce0sl ypaBHEHHE ABHKCHUS:
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ramszaee X.M. O6pamHas 3ada4a HecmayuoHapHO20 me4yeHus1 Hecxumaemolu
JXudkocmu 8 mpybe ¢ npoHuyaemoli cmeHkoU

du(x, 1) ouxt __19p(xY, 0%u /1|u(xt)|
+u(x 1) 5 ux9, 1)
ot ox O  0X " ox
u quddepeHnnansHoe ypaBHEHHE HEPa3phIBHOCTH TTOTOKA C YYETOM PACXojia KUAKOCTH Yepe3 CTEHKU
TpYOBI:
-2D - 2q(x, @
0X
rae P(x t) — maBmeHue KUAKOCTH B TpyOe, U(X 1) — cpemHsas cKOpocTh 1Mo cedeHuio Tpyosr, (X, t) —
CKOPOCTh OTTOKA XHMJKOCTH Yepe3 CTEHKY TpyObl, V — KHHEMATH4eCKas BS3KOCTb XHUAKOCTH, 0 —
TUIOTHOCTb JKUIKOCTH, A —KO3()(DUIHUEHT THIPABIHYECKOTO COMPOTHUBIICHHUSL.
IpearnoaoKuM, 4TO OTTOK JKHUIKOCTH Yepe3 MPOHUIAEMYIO CTEHKY TPYObI IPOUCXOMT B COOTBET-
creun ¢ 3akoHoMm Crapiunra [5, 6], corlacHO KOTOPOMY CKOPOCTh OTTOKA SKHIKOCTH MPSMO TIPOIOp-
[MOHAJIbHA PAa3HUIIE MEXKTY JaBJICHHEM JKUIKOCTH BHYTPH TPYOBI M IaBICHUEM B OKPYXKAIOIICH Cpejie:

a(x ) =k(O(p(x - R(x ), 3
rae Po(X t) — maBnenue BHemHel cpensl, K(f) —kodGuIMEHT NPOHUIIAEMOCTH CTCHKHU TPYOBI. Yuu-
ThIBas cootHomenue (3), ypaBueHue (2) 3aluineM B BUJIE:

_ou(x,t
D = AP Y- R(x D). ) (4
[peobpa3yem cucremy ypaBHeHuit (1), (4).HaI/IZ[€M p(x t) u3 ypaBuenus (4)
~d au(xt)
t)= t , 5
p(x )= R(x9- &) ox 5)
U MOJTy4YEHHOE BBIpa)KCHHE M0JIcTaBUM B ypaBHeHue (1). B pesynbrare nomyunm:
2 2 A t
QXD 0 pQUXY__10P(xD, d_0Pux, 0" Ux)_ Ium luxy.  ©
ot ox L 0X 4pk(t) ox 0X
O<x<l, O<t<T.
[Mpenmnonoxum, 4to s ypaBHeHHUs (6) U3BECTHO CileyIoliee HayalbHOe
u(x 0)=@(x) ()
Y IPaHUYHBIC YCIOBUS
u(0,t)=6(), (8)
u(l,t) = w(t). 9)

OueBHIHO, UTO, 3a1aBas GyHkmu @(X), O(t), w(t), k(t), pemmus npsmyro 3agauy (6)—(9),moxHO
HaNTH pacrpeneieHre CKOPOCTH TedeHus B Tpyde U(X,t). A mo dopmyie (5) —pactpenesnenue napie-
HUs 110 JUTHHE TpyObl. Terneph MpeAnonokuM, uTo KodQPUIMEHT MPOHUIIAEMOCTH cTeHKU TpyObl K(t)
HEU3BECTCH M TOICKHUT OMpPEACIeHNI0 Hapsay ¢ dynkimei U(X, t). OmHako a1 KOPPEKTHOU MOCTa-

HOBKH 3a/J1a4d HEOOXOIMMO 3a/1aBaTh TOMOJIHUTENbHOE yeaoBue. [IycTh B KoHIe TpyObl X =| Hapsmy co
CKOPOCTBIO TCUCHHUS OJTHOBPEMEHHO 3aJIa€TCS U IABJICHUE KHUKOCTH
p(l,t) = p(t).

Torma, 3amucaB ypaBHeHue (4), mpu X =| ¢ yueTom KpaeBOro ycioBHs Ul JABICHUS, B KAYeCTBE

JIOTIOJTHUTENILHOTO YCIIOBHS IS ypaBHEeHUsI (6) 6yz[eM UMETh
-2 - 200 - (1.0). 10§

Takum oOpas3oM, 3ajaua 3aKiaroyacTcs B onpeaeiacHud mapel Gyrkimid{ u(x,t), k(t)}, ymosmerso-
psromux ypaBuernto (6) u ycaosusm (7)—(10).IToctaBnennas 3amada (6)—(10)oTrHOCHTCS K Kitaccy Ko-
3 PUIIMEHTHBIX 00OPATHBIX 33/1a4 MaTeMaTHYecKoi Gpu3uku [8, 9].

Jns yucneHHoro pemeHus koddduiueHTHol oOpartHoit 3amaun (6)—(10), cHavana mocTpoum ee
JMCKpETHBIN aHasor. C 3ToM IeNbI0 BBEJIEM PABHOMEPHYIO PA3HOCTHYIO CETKY

@={(t;,%):x =idx t = jAt, i=0,1,2,n,j= 0,1,2,n},
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MaTtemaTtuka

B MIPSAMOYTOJIBHOM 00IacTh {Os x<l, 0<t ST} c miaramu AX=1/n mo mepemennoit X u At=T/m

no BpeMenu t. VCmonb3ys MOJYHESBHYIO alllPOKCHMAIMIO 110 BPEMEHH JUI HEIUHEHHBIX YICHOB
ypaBHenus (6), muckpeTHbiii aHanor 3agaun (6)—(10)Ha ceTke 0 TpenCTaBUM B BHIIE

) . ) . . j-1 . .
uij_qjl_l_u'j—luiJ L1—1_\,,l1'+1 2y + Ul 1d }5 2|jl+iﬂj—1l_/]‘u' ‘U_J 21 Piim Dy
At ' AXx AP kJ 4p NG 2d ' p  2Ax
i=12,...n-1,

wW=g,i=0,2

u =6, u=w
N T
_ =2k - ply,

A~ gt T Ren)

rre U =u(. g ), Pl = pe(xt ) K =k(y ),y =iy ) wh=w(t ), 67 =6(t; ). g =ax).
[Tomyduennas pa3HOCTHAs 3aada MPEIACTaBISAET COOOM CHCTEeMY JHHEHHBIX anreOpandecKux ypas-
HEHHH, B KOTOPOH B Ka4eCTBE HEM3BECTHBIX BBHICTYIAIOT MPUOIMKEHHBIE 3HAYCHNSI HCKOMBIX (DYHKIIUN

u(x,t) m k(t) B y3max pasHOCTHOI CETKH &, T. €. u, kl,i=0,1, 2 ..n, i=1 2,3, ...m. dauuyto
CHCTEMY Pa3HOCTHBIX YPaBHCHHIA MpeoOpa3yeM K BHIY:
. . . 1 - L .
aiqj—l_qtﬂj"'pliLl:Udl"'if L,oi=1,2,...n-1 (11)
ul =6', (12)
ul=w, (13)
Uy =t~ K E(Vl - f)Ax, 14§
=1L, 2,...m
wW=g,i=0,2,...n, (15)
rie

Ay 1|Ax2At
2

a =VAt+ Y 'AAX, b = VAL, ¢ =g + b +AX +

oG 247 WAL (Pl — PY)AIAX
4p ! 2p

C uenbio pasaenenus pasHocTHol 3amaun (11)—(15)Ha B3aMMHO HE3aBMCHMBIE TIO3a1a4H, KaXKIas

U3 KOTOPBIX MOYKET PEHIaThCsi CAMOCTOSATENBHO, PEIIEHHE 3TON CHCTEMBI MTPU KaKIOM (PHKCHPOBAHHOM
3HaueHud j, j =1, 2,...m npeacrasum B Buze [10, 11]:

- Ay

Oi

=& +k_1j/71 ,i=0,1,...n, (16)
roe &, /7ij — HEU3BECTHBIE TIepeMeHHbIe. [10ICcTaB g BEIpaKEHIE IS uij B (11)—(13),momyunm
. : . . 1 . ~ 1 1 .
[aeli-ag vhehi- 17+ T adhim ol v pglam 470, &+ Taf =0 v Tl =w.

U3 IOCICAHUX COOTHOIIICHHI MOJIy4YUM CJICAYIOMIUC PAa3HOCTHBIC 3adavu JIsd ONPCACICHUA BCIIO-
MOTr'aTCJIbHBIX MCPEMCHHBIX EI J y /7iJ

aifij—l_qfij +b<tij+1= i, (17)
&=w. (19)
anly-an’ + bk = ¢ (20)
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ramszaee X.M. O6pamHas 3ada4a HecmayuoHapHO20 me4yeHus1 Hecxumaemolu
JXudkocmu 8 mpybe ¢ npoHuyaemoli cmeHkoU

n =0, (1)
M, =0. (22)
Pasnoctasbie 3amaun (17)—(19)u (20)—(22)npu kaxaom GpuKCUpoBaHHOM 3HaYeHHu | =1, 2,...m

MIPEACTABISIFOT CO00# CUCTEMY TMHEHHBIX anreOpandecKuX YpaBHEHUHN ¢ TpEeXIuaroHaIbHOW MaTpHUIIEH,
Y PELICHUS ATUX CHCTEM MOKHO Haiitu MetonoM Tomaca [9].
[Moncrasus npencrasienue (16)B (14),0yaeM uMeTs:

1 . 1 4 .
i = gi Il -
fn +_j,7n _En—l +_j/7n—1 k _(yJ den)AX-
k k d
Ortcrona MOKHO OTPEIEIHUTh MPUOIKEHHOE 3HAaYeHHE KOd(PQHUIMeHTa MPOHUIIAEMOCTH CTEHKH
Tpy6nl K! Kak monoskuTenbHBIA KOPEHb JAHHOTO ypaBHEHHUS

_—d(&) - &L %\ d(&) - &))? -16dAx7h b)Y~ )
a(y" - ply)ixid '

Onpenenus ki mo dopmyre (23), MOXKHO TIOCIIEIOBATEIBHO HAUTH ulj, ué,...,Lﬂl_l M0 pPEKyppEeHT-

k! (23)

Hoit ¢popmye (16).
IMocne onpezeneHus pacipeeNieHHs: CKOPOCTH JKHIKOCTH 10 JUIMHE TPYOOIIPOBOa MOXKHO Iepeii-
TH K ONPENENICHUIO pacnpenesicHus napieHus. [loctpouB muckpeTHblil ananor ypaBHeHus (5) Ha ceTke
@, TOJIyYHM CIICIYIOIIYIO0 PACUCTHYIO (POPMYITY JJIsl BEIYHCIICHHS 1aBICHHS
N e
| i Ak f Ax
Takum 00pa3oM, BBIUMCIUTEIBHBIA aJIrOpUTM pelreHus Kod(h(GUIMECHTHONH 00paTHOH 3amadu
(6)—(10) mo onpenenenuto kodduIHEHTa MPOHUIIAEMOCTH CTeHKU TpyOb! K(t) mpu xakmom auckper-

,i=0,1,2,...n- 1 (24)

HOM 3HAYCHUU BPEMCHHOI IEPEMCHHOM t;, j=1,2,...m ocHOBaH Ha.
1) pemieHnn BYX JIMHEHHBIX Pa3HOCTHBIX 3aaa4 BToporo nopsaka (17)—(19)u (20)—(22)otHoCcH-

TEIBbHO BCIIOMOTaTENIbHBIX MIEPEMEHHBIX qﬁ‘, /7iJ , i=1n;

2) onpeneneHuH k! us (23);

3) ucnonb3oBanuu npencrasnenus (16) mist Beramenenus U}, i =1,n-1.

Pe3yabTaThl YHCIEHHBIX PACYETOB
IIpemmoKeHHBI BEIYUCIUTEHHBIA aITOPUTM OBLT OTIPOOOBAaH Ha MOACIBHEIX 3a1adax. UncIeHHbIe
pacyeThl MPOBOAMIUCH O CIACAYIOIIEH cXeme:
— i 3amanHbIX GyHkuid ¢(X) , 6(t), w(t), k(t) ompenensiercs pemenue npsimoii 3axaun (6)—(9),
T. e. pymkusa U(x,t), 0sx<l, O<t<T;
d oadu(lt) _

— HaiigenHas 3aBucumocts  P(l,t) = p.(I,t)— = y(t) npuHEUMaeTcsT B KayecTBE TOY-

4k(t) ox
HBIX JAHHBIX IS PEIIEHUsT 00paTHOM 3a1a4n 1Mo BoccTaHoBIeHHIO K(t) .

UwncneHHbIE pacueThl BBHIMOJHSIINCH HA Pa3HOCTHOH ceTke ¢ maramu AX = 0,5M, At = 0,01c.
Pe3ynpTaThl YHUCIECHHOTO 3KCIIEPUMEHTA, TpoBeaeHHoro mist caydas d = 0,4m, | = 100m, 6(t) =

1,5m/c, w(t) = 0,5m/c, @x)=1,5-x/I m/c, p = 1000kr/™®, v = 10° m%c, k(t) = 0,05m*c/kr,

k(t)=0,4- 0,3sin10® M2-c/xr, k(t)= 0,1/\/E m2-clkr, A = 0,02mpencraBieHs! B TaOIUIIE.

Pe3ynbTaThl YHCIEHHOTO SKCIIEPUMEHTA CBHUAETENLCTBYIOT, UTO TPEIIOKEHHbIH BEIYUCIIUTEILHBIIN
AJITOPHUTM C BBICOKOM TOYHOCTHIO BOCCTAHABIMBAET 3aBUCHMOCTE KO3((DHUIMEHTA TPOHUIIAEMOCTH CTEH-
KU TPYOBI OT BPEMCHHU.

AHanmu3 pe3yabTaTOB YHCICHHBIX PACYeTOB IMOKA3BIBAET, YTO MPEIIOKEHHBIM METOJ YHCIEHHOTO
MOJICIIHPOBAHMS MOYKHO TIPUMEHSTE TIPH UCCIIETOBAHNY MPOIECCOB TEUEHMS OMHO(DAZHBIX KUAKOCTEN B
Tpy0ax ¢ MPOHUIIAEMBIMU CTCHKAMH.
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YucneHHsble pe3ynbTaThl No onpegeneHuto dpyHkummn K(t)

k(t) =0,05 k(t)=0,4- 0,3sin10 k(t) =0,1//t

tj ' © Tounoe Brramc. Tounoe Brraumc. Tounoe Brramca.

0,5 0,05 0,05 0,688 0,688 0,141 0,141
1,0 0,05 0,05 0,563 0,563 0,100 0,10(
15 0,05 0,05 0,205 0,205 0,082 0,082
2,0 0,05 0,05 0,126 0,126 0,071 0,071
2,5 0,05 0,05 0,440 0,440 0,063 0,063
3,0 0,05 0,05 0,696 0,696 0,058 0,058
3,5 0,05 0,05 0,528 0,528 0,053 0,053
4,0 0,05 0,05 0,176 0,176 0,050 0,050
45 0,05 0,05 0,145 0,145 0,047 0,047
5,0 0,05 0,05 0,479 0,479 0,045 0,045
55 0,05 0,05 0,700 0,700 0,043 0,043
6,0 0,05 0,05 0,491 0,491 0,041 0,041
6,5 0,05 0,05 0,152 0,152 0,039 0,039
7,0 0,05 0,05 0,168 0,168 0,038 0,038
7,5 0,05 0,05 0,516 0,516 0,037 0,037
8,0 0,05 0,05 0,698 0,698 0,035 0,03%
8,5 0,05 0,05 0,453 0,453 0,034 0,034
9,0 0,05 0,05 0,132 0,132 0,033 0,033
9,5 0,05 0,05 0,195 0,195 0,032 0,032
10,0 0,05 0,05 0,552 0,552 0,032 0,032

3akioueHue

B paMKax OHHOMepHOfI MOJACIIN HCCTAIMOHAPHOI'0 TCUYCHUS BSI3KOM HEC)KMMAaeMOM KHUIKOCTH B
TpyOe ¢ MPOHHUIIAEMON CTEHKOH paccMoTpeHa KoaGhGHUIMEHTHAs 00paTHas 3a/a4a 10 OIMPEICICHUIO 3a-
BUCHUMOCTH KO3()(HIIMEHTa MPOHUIIAEMOCTH CTECHKH OT BpeMeHH. [IpelioKeHHbIH Oe3uTepaliiOHHBIN
BBIYMCITUTEILHBIN AJITOPUTM MO3BOJIACT B KaXKAOM BPCMCHHOM CJIOC MOCICAOBATCIBHO OMPEACIATh KO-

3O GUITMEHT MPOHUIIAEMOCTH CTECHKH, PACIPEICICHIE CKOPOCTH KUIKOCTH M JTaBJICHUE TI0 BCEH JTMHE
TpYyOHI.
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INVERSE PROBLEM OF UNSTEADY INCOMPRESSIBLE FLUID FL OW
IN A PIPE WITH A PERMEABLE WALL

Kh.M. Gamzaev
Azerbaijan State Oil and Industry University, Baku, Azerbaijan
E-mail: xan.h@rambler.ru

The process of unsteady flow of viscous incompbdsdiuid in a pipe with a permeable wall de-
scribed by a nonlinear system of partial differainéiquations in the velocity—pressure variablesois-
sidered. This system of equations is reduced toghesnonlinear equation of parabolic type withpest
to velocity. Within the framework of the obtaineddel, the inverse problem is posed to determine the
permeability coefficient of the pipe wall, whichpids only on the time variable. In this case,dth-a
tional condition relative to the fluid pressureset at the outlet of the pipe. A difference anatgtithe
coefficient inverse problem is built using finitéfdrence approximations. For the solution of tiee r
ceived difference problem, the special represemtas offered allowing to split problems into twaim
tually independent linear difference problems @ siecond order on each discrete value of a time var
able.

As a result, an explicit formula is obtained toedstine the approximate value of the wall perme-
ability coefficient for each discrete value of ttime variable. On the basis of the proposed computa
tional algorithm, numerical experiments were caroet for model problems.

Keywords: unsteady fluid flow; pipe with permeablall; coefficient of permeability of the pipe
wall; coefficient inverse problem; difference preiul.
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O IBHOM PELLEHMU KPAEBOW 3A0AYU TUMA HI§I7IMAHA
AnA ObOBLUEHHbLIX AHAJIMTUMECKUX ®YHKUWXA B EAUHUYHOM
KPYTE

K.M. Pacynoe
CwmoneHckul eocydapcmeeHHbili yHusepcumem, 2. CmorneHck, Poccutlickas ®edepayust
E-mail: kahrimanr@yandex.ru

J1s1 Ka4ecTBEHHOT'0 HCCIeJOBAHMs KPaeBbIX 32724 B TeX HJIM HHBIX Kjaccax
(yHKIUI KOMIJIEKCHOT0 NepeMeHHOro cyllleCTBeHHOe 3HaUYeHHe HMeeT Mmpoo.ie-
Ma pa3pelIMMOCTH 3THX 3aJa4y B SBHOM BHJe, T. €. BO3MOKHOCTH NOCTPOEHHS
o0IIUX pelleHHIl paccMaTpHBaeMbIX 3aAad, HCHOJIL3YSl JUIIb (opmMyJibl pele-
HHSl KJIACCHYECKHX CKAJIAPHBIX KpaeBbIX 3a4a4 Pumana uam I'masbepra nus
aHATUTHYeCKUX (YHKIMIA, a Takike pelmias KOHeYHOe YHCJIO0 CHCTEM JIMHEHHBIX
aJredpanvyecKux ypaBHeHHl n/vin JTMHEHHBIX Tu¢depeHNHATbHBIX YPaBHEHMUIA,
JJISl KOTOPBIX MATPHIA CHCTeMbI MOXeT ObITh BBINMKHCAaHA B KBajparypax. B
NMPEeACTABJIICHHOH CTaThe PAacCMAaTpPHBaeTCs HA KOMILIEKCHOW IJIOCKOCTH OHO
cemelicTBO TH( depeHINAIBLHBIX YPABHEHHII ¢ YACTHBIMH MPOM3BOJHBIMH BTOPO-
ro mopsaka ¢ ko3pduuuenToM npu MCKOMoi (GyHKIUH, 3aBHCAIINM OT HATY-
PANbHOIO mapamMerpa N, a pelieHUus] KOTOPOro NPHHATO HA3BLIBATL 0000ICHHBI-
MM aHAJIMTHYeCKMMHU GYHKIMSAMH nopsiaka N. Kpome Toro, B cratbe copmyin-
poBaHa 00lIasi MOCTAHOBKA KpaeBoii 3agaun Tuna HeilimaHa nisi 00001meHHBIX
AHATUTHYECKUX (QYHKIHUI NPOU3BOJLHOIO MOPSIAKA N, a TaAKKe MOJYy4eH SABHbII
MeTO/l pellleHHs NMOCTaBJIeHHON KpaeBoii 3a1a4l B Kjacce 0000LIeHHbIX aHAJIM-
THYecKHX (YHKIMIA MepBoro nopsiika B ciayvae, KOraa HocuTejJeM KpaeBbIX yc-
JIOBMIi fIBJIsIeTCA eIHHUYHAS] OKPY’KHOCTh. YCTAHOBJIEHO, YTO B paccMaTpuBae-
MOM ciy4ae peuienue 3agauu Tuna Heiimana 115t 00001eHHBIX AaHATUTHYECKUX
(GyHknumii mepBoro mopsiika peaynupyercs K IOCIeI0BATEJIBHOMY PpelICHHIO
npocreimei ckajJsapHoi 3agayn PuMaHa B Ki1acce OrpaHH4YeHHBIX HA 0ecKOHeY-
HOCTH KYCOYHO AHAINTHYECKMX (YHKIUH M 0JHOro JHuHeliHOro nuddepeHnu-
AJIbHOT0 YpaBHeHHs Jiijiepa BTOPOro Mopsiaka, T. . HCKOMAas 3aJa4a B paccMar-
pHUBaeMOM cJydae AOMYCKaeT MOJHOe ONMHCAHHE KAPTHHBI ee Pa3peliMMOCTH.
IMony4yeHHbIe 001HMe pe3yJbTAaThl HITIOCTPHPYIOTCS HA KOHKPETHOM NpHMepe.

Kniouegvie crosa: kpaeeas sadaua; 3adaua muna Heiimana, senoe peuienue,
0000Wennas ananumuyeckas QyHKyus, oug@epenyuaivhoe ypasuenue Jinepa; eou-
HUYHAS OKPYIHCHOCHIb.

1. Jlna zOT ", rme T™ — HekoTopas 061acTh HA MIOCKOCTH TIEPEMEHHOTO Z = X+ iy, pacCMOTPHM
ceMencTBO AuddepeHINaNbHBIX YpaBHEHUH:
2
oW + n(n+1) W =
020z (1+72)?
0o _1(o0 .0 0 _1(0 . .0 .
3pech —=—| ——1— |, —=—| —+i— |, nON,aW(2=U(x Y+ IM X Yy —uckomast pyHKIIH.
0z 2\0x 0y) 0z 2\0dx 0y (3=U0xY (xy by

Hackosbpko HaM M3BECTHO, BIEPBbIC Ha HEKOTOPhIC KAYECTBEHHBIC CBOMCTBA PEILICHUI ceMeiicTBa
ypaBuenuii (1) ooparun Baumanue K.B. Baysp (K.W. Bauer)s pa6ore [1]. boiee noapobro dyHkumo-
HaJIbHBIE CBOMCTBA pelieHnii ceMelicTBa ypaBHenuit (1) uznoxensl B Monorpaduu [2]. B wactHoCTH, B
[2] ycranoBieHO, 9TO MpH KaXKaoM (GUKCHPOBAHHOM 3HAYCHHH MapaMeTpa N oliiee pemenne mudde-

0, 1)

peHmmansHOro ypasHeHus (1) B HeKOTOpOit 0HOCBA3HOM 061macT T MOXKHO HPEJCTaBUTh B BUJC

_y ) 0|97 (2) o" | (2 +
W(2=(01+ z2 07| @+ 2™ +a_21 a2 || zOT", (2)

rae ¢ (2), 7 (2 —ronomopdusie 8 T dynximy.
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Hanee, cnenys [3], dyukiuu Buaa (2) OyneM Ha3bIBATh 000OUCHHBIMU AHATUMUYECKUMU (DYHK-
yusmu nopsoka N B obmactd T, a dynkumn ¢ (2) u 7 (Z), BXomsmme B IPaByIo YacTh PABEHCTBA
(2), ans ynobcTBa Ha30BEM COOTBETCTBEHHO NEPBOLL U 6MOPOU 20JIOMOPPHIMU KOMHOHEHMAaMU 0000-
mieHHOW aHanuTrdeckoi GpyHkuuu W(2) . Tlpu 3ToM Kiacc BceX 00OOMICHHBIX aHATUTHICCKUX (YHK-
it opsika N B o6sacti T Gymem o603Hauath cumsosiom GA, (T).

Iycte rtpanmma L o6mactu T — rnagkas kpuBas JKopmana. Jns ymo6cTBa CHMBOJIOM
GA,(T)n H(m)( D Oynmem o6o3Hauath kiacc 00OOMICHHBIX aHAMTUYECKUX Topsaka N (N=1) B 006-

nactu T dynxumit W(2) , ronoMopdHble KOMIOHEHTBI KOTOPBIX HEMpPEPHIBHBI B cMbIcIe I'enbaepa B

T"OL BMecTe CO CBOMMH TIPOM3BOAHBIMH JO TOpAAKAa M  BKIIOUMTENBHO, T. €.
+ + m
0" (2. (0 AT)n HY (Y.
CdopmynupyeM Tenepb OOIIy0 MOCTaHOBKY 3aiauu Helimana mist 000OUICHHBIX aHATUTHYECKUX
GbyHkImit nopsiaka N wim, xopode, 3amadn N, : naumu ece @pynxyuu \W(2) , npunadnesxcawue knaccy

GA,(T)n H(n+1)( D), epanuunvie 3navenuss Komopwix y0081emeopsion ciedyioujemy COOmMHOUEHUIO:

% =h(t), tOL, (3)
n

20e 0/0n_ —npoussoodnas no enewneti nopmanu k L, a h(t) —sadannasn @ynxyus, yoosremeopsiowas
yenosuio Iervdepa, m. e. h(t) O H(L).

Jlanee, roBOpst 0 TOM, YTO KpaeBasi (rpaHUYHAs) 3a/1a4a pewaemcs 6 siehom eude (cM. Takxke [4-5]),
MbI OyZeM MMETh BBH/IY, 4TO ¢ 00lee pelieHne MOKHO HAWTH, HCTIONB3YsI JTHIIb GOPMYIIBI IS periie-
HUS CKaJISIPHOM 3aa4i COTPSDKEHHUS JUTS TOIOMOP(HBIX (DYHKIIHIA, a TAKXKE pelas KOHSYHOE YHUCIIO JIU-
HEHHBIX T (PepeHInaTbHBIX YpaBHEHHI U (MJIH) CUCTEM JIMHEHHBIX alreOpanyecKiX ypaBHCHUI, MaT-
PHIIBI KOTOPBIX OMPEAEISIFOTCS € IOMOIIBIO KBaAPATYP.

Panee aBropoM [7] OBLIO yCTaHOBIEHO, YTO KpaeBas 3amava Jupuxie s (QyHKOMA Kiaacca

GA/(T)n H(")( ) B KpyroBeIx 00IacTSX pemracTcs B SBHOM BHIE. I TTaBHOM IEIBIO JaHHON CTAaTHH
SBJIAETCS yCTaHOBNEHUE TOTo (BakTa, uto 3amauy N, B kiaccax GA,(T')n H(™D (D Ttakke MOXHO
PELUNTE B SBHOM BHJE, HAIIPUMe, B cy4ae, korma N=1u T ={z|2<1} .

2. SBublit MeTo pemenus 3anauu N, B ciydae, korma n=1, T ={z | #<1} n L={t: |t| =1} .B
cuty npesacrapienus (2)mpu N=1u T ={z | #<1} BCSKYIO O0OOIIECHHYIO aHATUTHYECKYIO (DYHKIIHIO
W(2 u3 knacca GA(T™) n H(Z)( L) MoxxHO 3a/1aBaTh Takx:

W(z)—d¢ (2 22_¢(2) dff (3 2z
dz 1+zz dz 1+
e ¢t (2), (20 AT)n HAI(D.

Wrak, pemenus kpaeBod 3amaunm N; Oymem wuckateh B Buzpe (4). Torma yumTeiBas, 4To Ha

F(a zOT, (4)

[N

L ={t: |t| =1} BBIIONHAETCS TOKAECTBO T == M CpaBeIMBO COOTHOIIEHUE (CM., Hanpumep, [4, ¢. 37]

t
i [5, ¢. 303])
ow tOW 16W

5
o ot tot ©
rpaHuyHOE ycioBre (3) B paccMaTpuBaeMOM ClIydae IPUMET BHI:
2 + + 2+ +
(A0 O _dp ), a7 O _dTO _py g, (6)
dt? dt dt? dt
B cBoto ouepens, u3 (6) momydaem paBeHCTBO
D (t)=-F*(t)+h(t), tOL, (7)
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0nsi 0606uWeHHbIX aHaIumu4Yyeckux (oyHKUULli 8 eQUHUYHOM Kpy2ae

MIPH MTOJTyYE€HUN KOTOPOTO OBLTH MPUHATHI 0003HAUEHHUS

v 420" (2) ' (2) _ (3 dff (3
¢ @)=z g ' F (372 dZ w 2T ®

Iycts T~ — gONONHEHHE 3aMKHYTOTO €MHMYHOro kKpyra T [J L [0 paciIMpeHHO# KOMIUIEKCHOI

mnockocty (t.e. T~ =C\(T* O L)). Toraa, BBOASA B PACCMOTPEHHE BCIIOMOTATEIbHYIO FOIOMOP(HYIO

B T~ ¢yukuuto F~(2), ceasannyio ¢ F*(2) mo gopmyse

F‘(z)z?(lj,zm T, )
z
paBeHCTBY (7) MOKHO TIPUAATE CIEIYFOIMI BHUI;

®*(t)=-F(t) +h(t), tOL. (10)

IMony4yennoe paBeHcTBO (10) CITyXKHUT TpaHUYHBIM YCIOBHEM NPOCTEHINCH 3a1a4i CONPSDKSHHS OT-
HOCHUTEIBHO OTpaHHYEHHOMN Ha 0eCKOHEYHOCTH KYCOYHO ronomMopdHoi ¢byHKINN

®(2) ={DP*( 2, F( 3} (cm. [6,c. 106]).
Pemrenus 3amaun conpspxerust (10) 3a,Z[aIOTC$I (dopmynamu (cM., Hampumep, [6, ¢. 112]):

®*(2) = jh(r) d&r-c 21T, (11)

27

F- (Z)__er(r) &r+C AT, (12)

rne C=a +if —npou3BoibHas KOHCTAHTA.
B cuny popmyn (9) u (12) monydaem
F*(2) :F(EJ :2— M g (13)
771

z r-1

Ha ocuopanuu (8), (11)u (12), otHocuTensHO ToT0MOphHEIX KoMIoHeHT ¢ (2Z), ¥ (2) uckomoit
06061menHo# anamuTryeckoit Gpyaxmmu W( 2 , moydaem cieayromne ypaBHEHHS:

d2¢+(z)_dp+(z)_ +

— =0"(2, 4T, (14)
d*f* (2 _dff (z)

—> 5 =F'(2, 4T, (15)

sneck ®7(2) u F*(2) — dynxuuu, onpenensemsie no popmynam (11)u (13) cooTBeTCTBEHHO.

Iockonbky muddepennnansusie ypasaenus (14) u (15) oTaugaroTcs UMb IPaBEIMA YaCTAMHE, TO
JIOCTATOYHO TIOCTPOHTH 0O0IIee PelIeHHe OHOTO U3 HUX, Hanpumep, (14).

CHauaa ¢ HOMOIIBIO NOJICTAaHOBKH (" (Z) =w ypasHenue (14) mepemnuineM B BUe
4
dy~ (z
A ELUCE (16)

Vpasuenue (16) B knacce ronomopdusx ynkmmit w* (2)0 AT) n H(l)( D paspemmmo Toraa u
TOJILKO TOT/Ia, KOT/Ia BBITIONHAIOTCS yeaoBus [5, ¢. 161]:
do™(0)
dz
+
[ 2
z z | @-ry "™
14'e@) M,
Z dz | - (1_ r)l—AZ 1

:O,

17)
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D7 (z
snech I =|z|; My, A (K= 1, 2) —nonoxuTeNbHbIE KOHCTAHTBI, pu 3ToM 0< A, <1; j g )dz -
®*(2) +
BIIOJIHC KOHKPETHAsl IIepBo0OpasHas GyHKimn ——— B T .
z

Ipenmonoxum, uro ycnosue (17) BHIOIHIETCS W HalieHo obIee pemienne ypaBHenus (16) mo
tdopmyne [5, c. 161]:

W (2)= Az+ er;gz) dzzOT", (18)

3neck A =a;+if, — Ipou3BOJIbHAS KOMIUICKCHAs KOHCTaHTa. Torna, B cuiy " (2) = (od( 2) , o01Iee

pemenvie ypasaenust (14)3amgaercs Tak:

¢+(z):%ﬂzz+jw+(z)d2r A zOT, (19)
npu 3toM A =a, +if, (K= 1, 2) —n1pou3BoIbHBIC KOHCTAHTHI, & ILP+(Z) dz — kakas-HUOyb MEPBO-
o6pasnas Gpynkumn W (2) = ZI ® (Z) dz

Paccyxmas anamorungaso, HonyqaeM, YTO TIPH BBIIOTHCHUH CICAYIOIMNX YCIOBUI

dF*(0) _

dz

F*'() . F'(3|_ R

I > dz+ . |S(1_r)l—u1’ (20)

14F@__ P
z  dz | (@-r)pee

roe r =|Z|; B, (k=1, 2) —monoxurensHble KOHCTaHTHI, pudeM O0< /4 <1, Bce pemeHus ypaBHe-

Hus (15) onpenensirorest mo popmysie

f*(z)=%8122+j9+(3d2r B zOT", (21)
By =V +19, (k= 1, 2) -1pon3BOIBHBIC KOHCTAHTBHI, IQ+ (z) dz — HekoTOpas nepBooOpa3Has GYHKIIUU

F()d_

QF (z)—zj

Ecinu B npaByto gacth Gopmyist (4) moacraum BMecto @' (z) u f¥(z) ux 3HaueHus, onpenense-

mble popmynamu (19)u (21) cOOTBETCTBEHHO, TO MOJIYYNM peleHue 3amaun N, :

2z (1 .
1+z_z(§ {.\%+J'LP () de 2}+

W()= Az-W'(3-

0y (1 (22)
z —2 " —
=|=Bz+|Q dz B|,
e A
saecs A =a, +ify, B =y +i9, (k=1, 2) 1pon3BonIbHBIC KOHCTAHTHI,
+ +
W*(2) = z_[cb gz) dzQ*(2) = zj': gz) dz (23)

BrIen3ioskeHHbIe PacCy ISHHS TTO3BOJISIOT CHOPMYITUPOBATE CIEIYIONIYIO0 TEOPEMY.
Teopema A. Kpaesas sadaua N; ¢ xnacce gymxyuii GA(TT) n H(Z)( D, 20e T'={z | #<1} ,
peutaemcst 8 sI8HOM 8uUOe, Npu4em OISl ee PA3PeUUMOCU He0OX0OUMO U OOCMAMOYHO, YMoObl YYHKYUSL

Bulletin of the South Ural State University

34
Ser. Mathematics. Mechanics. Physics, 2020, vol. 12, no. 1, pp. 31-36



Pacynoe K.M. O sieHOM peweHuu Kpaeeol 3ada4yu muna HelimaHa
0nsi 0606uWeHHbIX aHaIumu4Yyeckux (oyHKUULli 8 eQUHUYHOM Kpy2ae

h(t) yooeremeopsna ycrosusm (17) u (20). B cayuae svinonnenus smux yciosuil obujee peuterue 3a0a-
yu N; onpedensiemes no popmynam (22)—(23)

31ech BaXKHO OTMETHTB, YTO PACCyKICHHS, N3JIOKCHHBIC NIPU JIOKA3aTEIbCTBE TEOPEMBI A, MO3BO-
JISIOT PUMEHHUTH CIIEIyIoNlee obuyee npasuno 1is petenus 3agauu N; 8 TH ={z | #<1} ;

1. YuureiBas popmyiy (4), npuBoanuM rpanndHoe yciaoue (3) k Buny (6) u mepexoaum k 2.

2. PaccmarpuBast Bcrmomoraresabhbie yakiwn (8) u (9), u3 rpanuuroro yciosus (6) momydaem pa-
BeHcTBO (10)u mepexoanm Kk 3.

3. Pemras 3apauy conpsokenus (10), onpenensiem pynkuun (11)—(13)u nepexomum k 4.

4. Cocraisiem nuddepenimansabie ypasaenns (14), (15)u nmposepsieM BeinonHenue ycaopuii (17)
u (20). Eciin Bemomnuasiores oba yenosust (17) u (20), To o dopmynam (22), (23)HaxoauMm perreHe
uckoMoi 3agaun N;, ¥ Ha 3TOM 3aBepmaeTcst anroput™. Eciu ke He BBINOJIHSETCS XOTS OBl OJHO M3
ycaouii (17) u (20), To 3akmodaeM, uto 3agaya N; He MMeeT pelIeHus, U Ha 3TOM 3aBEpIIACTCS ajro-
pHTM.

Mpumep. Tpebyercs wHaittu ¢ynximn W(2O GA(T) n HZ)( D, e T ={z | 4<1} ,
L ={t: |t| =1} , yIOBIETBOPSIOLINE TPAHHIHOMY YCIOBHIO

W() s, 1
an t

toL. (24)

Pewenue. 3necs h(t) = t3 +1/ t*. CnenoBarensHo, B 1aHOM cirydae 1o dopmysam (11) u (13), mo-
nyqaem: ®*(z2)=Z2-C, F'(2=7 +C,rae C=a+i L —cBobonHas koHcTaHTa. HerpyaHo mpose-
puth, uro ¢pynkn ®*(2)=Z2-Cu F'(2)= 7 +C ynoBieTBopstoT TpeboBanusam (17) u (20) coot-
BETCTBEHHO. 3HauuT, B iy Gopmyn (22)—(23),Bce pertenus 3amaun (24) onpenenstorcs mo Gopmyiie:

3 _ 4
z 2z (1 Z
W(D= Az ——22 | = A2+ + Cz A+

(2= 4 2 1+zz(21f\ 6 2%

.7 _ 2z(1-2 7 < -
+Bz+ ——-——=|-Bz+—-C# B|,
% 3 1+zz[23‘ 15 J

snece C=a+if, A =a,+ip, B =y +id, (k=1, 2) cBoOOIHbIE KOMIUIEKCHBIC KOHCTAHTHI.
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To research the boundary value problems in sonssetaof functions of a complex variable and to
develop the effective numerical solving methodstf@se problems, the problem of the explicit soluti
is of substantial significance, i.e. the possipibt solving these problems with formulas of thassical
Riemann problem and Hilbert problem for analytifiaictions and finite number of linear algebraic
equations and/or linear differential equations when matrix of the system can be written in quadra-
tures. In this article, on the complex plane westder one family of differential equations with ead-
order partial derivatives and a coefficient at sbaght-for function, depending on a natural paranret
Solutions of these equations are commonly calledtigdized analytic functions @f order. In addition,
in this article we give general formulation of theundary value problem of Neumann type for the gen-
eralized analytic functions of the arbitrary ordeWe obtain a new method of solving of the formedhat
problem for the generalized analytic functionstaf first order in case when boundary is the uniei
It is established that in the case under considerdihe solution of the Neumann type problem fa th
generalized analytic functions is reduced to theseoutive solution of simple scalar Riemann problem
in the class of limited at infinity piecewise anidyfunctions and Euler linear differential equatiof the
second order. The obtained general results are gisapplied to a specific example.

Keywords: boundary value problem; Neumann type lprabexplicit solution; generalized analytic
function; Euler differential equation; unit circle.
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WCCNEOOBAHUE MOBAJIbHbIX CBONCTB 3AMKHYTON
HEPEIYNIAPHOW M’MMNEPMNOBEPXHOCTU C BUEKTUBHbIM
FTAYCCOBbIM OTOBPAXEHMEM C NOMOLbIO ®YHKLUUAU
YPOBHHA

B.I'. WapmuH, A4.B. LapmuH

TromeHckul 2ocydapcmeeHHbIl yHusepcumem, 2. TromeHb, Poccutickas ®edepayusi
E-mail: d.v.sharmin@utmn.ru

CTpoeHne 3aMKHYTBIX H He3aMKHYTBIX PeryJsipHbIX THIepPHOBEPXHOCTEi ¢
HHbBEKTHBHBIM FayCCOBBIM 0TOOpaskeHHEM [0CTATOYHO Xopomo u3ydeHo. Ilpm
peumleHuH psjaa 3aga4y auddepeHnHATbHON TeOMeTPHUH MOXKeT O0Ka3aThCs, 4TO
HCKOMasi THIEPHOBEPXHOCTh ¢ OMEKTHBHBIM IaycCOBBIM 0TOOpazkeHHeM OyaeT
HeperyJasipHoii. B HacTosieli craTbe H3y4yawTcs rj100ajJbHble CBOICTBA Hepery-
JISIPHBIX 3aMKHYTBIX T'MIIePIIOBEPXHOCTell B YeThIpeXMepPHOM eBKJHA0BOM MPO-
CTPaHCTBe, 0c000€ MHOKECTBO KOTOPBIX fIBJsieTCS 00beIMHEHHEeM 3aMKHYTBIX
OPHMEHTHPYeMBbIX JIBYMePHbIX MHOrooopasuii. B padore ucrnoab3ywrcs:. Teopus
Mopca, cBOlicTBa NOJSAPHOTO NPeo0pa3oBaHUs OTHOCUTEJIBLHO runepcdepsl, Teo-
pema T'aycca—bonHe, MeToabl Kiaaccuyeckoil auddepeHnHATBHO reoMeTpUH
THNIEPNOBEPXHOCTEH M MOBEPXHOCTEl, KOPa3MepHOCTh KOTOPBIX 0oJbmie 1. [lo-
KA32aHO, YTO NPH HEKOTOPBIX yCJIOBHAX KOMIOHEHTAMH 0c000r0 MHOKeCTBa pac-
CMATPHBAEMbIX THIEPHOBEPXHOCTEH MOTYT OBITH TOJIBKO TOPBI M c(epbl, NIPU-
4yeM BAOJL cdepbl KacalTcs APYr Apyra BhIMYKJAs M CEeAJI0BAasi KOMIIOHEHTBI
peryJasipHOCTH. BbIsicHeHO, YTO 3aMKHYTasi HeperyJsipHasi THIIEPINOBEPXHOCTh C
«0TCeKaeMbIMHU» KPasiMH U OMEeKTHBHBIM IayCCOBbLIM 0TOOpa’keHHEM COCTOUT U3
JABYX JIOKAJbHO BBIMYKJIBIX KOMIOHEHT, TOMeOMOP(HBIX TPeXMepHOMY 1IApY, H
OJHOIi ceJIOBOi KOMIIOHEHTbI, TOMEOMOP(HOIi TONMOJIOrNYecKoMYy INpOH3Be/e-
HHIO JBYMepHOii cepbl Ha oTpe3ok. IlocTpoeHb! MpUMepBbl 3aMKHYTBIX HeBbI-
NMYKJIBIX THIIEPNIOBEPXHOCTeH ¢ 0MeKTUBHBIM rayCCOBBLIM 0TOOPaXKeHHEM.

Kniouesvie cnosa: esxnu006o npocmpancmeo; eayccogo omoopasicerue; Hesbvl-
NYKNAs 3aMKHYMAs, HepeyNApHAs SUnepno6epxXHoChib; JUNepoea Xapakmepucmuxa,

Qynxyus yposHsi.

BBenenne

CTpoeHHe 3aMKHYTBIX U HE3aMKHYTBIX PETyJIAPHBIX THIICPIIOBEPXHOCTEH ¢ HHBEKTHBHBIM Iaycco-
BBIM OTOOpaXKeHHWEM JOCTAaTOYHO Xopomio m3ydeHo. [lpu pemreHuun pspa 3amad auddepeHIanbHOM
TEOMETPHUU MOXKET OKa3aThCsl, YTO HCKOMAsi TUIIEPIIOBEPXHOCTh C MHBEKTHUBHBIM I'ayCCOBBIM OTOOpaxe-
HUEM OyIleT HeperyIIpHOM.

B pabote [1] nmpoBeneHa kimaccupuKaiys MOBEPXHOCTEH 0Oe3 MmapaboMYecKuX TOYEK, TaycCOBO
0TOOpakeHHE KOTOPHIX 00JIaacT HEKOTOPBIMH CIEIHAILHBIMUA CBOWCTBAMH, B TPEXMEPHOM POCTPaH-
ctBe JlopeH11a—MHUHKOBCKOTO.

B crarbe [2] monmydena mojHas KiaaccupHUKaIMs KBa3UMHHUMAIBHBIX MOBepXHOCTEH JIopeHIia ¢ mo-
TOYCYHBIM 1-THITa TayCCOBBIM OTOOPaKECHUEM B TICEBAOEBKINI0BO 4-1pOCTPAHCTBO.

B pab6ore [3] m3ydeHB HEKOTOpBIE XapaKTEPUCTUKK IOBEPXHOCTEH BpaIeHHs C MOTOYEYHBIM 1-
THIIA TAYCCOBBIM OTOOPAKEHUEM B YETHIPEXMEPHOM CBKJIMIOBOM IIPOCTPAHCTRE.

JlokanbHBIM ¥ TJIO0ATBFHBIM CBOMCTBaM 3aMKHYTHIX HEBBIMYKIIBIX THIIEPIIOBEPXHOCTEH, UMEIOIINX
TCOMETPUYECKUE OCOOCHHOCTH, C OUCKTUBHBIM CHEPUYSCKUM OTOOPaKCHHEM IOCBAIICHBI Pa0OTHI
A.JL Bepuepa [4], A.A. dynkuna [5] u B.I'. lllapmuna [6].

B HacTosmmel cTaThe M3Y4YEHO TOMOJOTHYECKOE CTPOCHHUE 3aMKHYTHIX HEPETYISPHBIX THIICPIIO-
BEPXHOCTEH CHEIHAThHOTO BUIa C OMEKTUBHBIM T'ayCCOBBIM OTOOPaXXCHHEM B YETHIPEXMEPHOM CBKIIH-
JIOBOM IIPOCTPAHCTBE.

OCHOBHbBIE ONIpeIeIeHHsI U TPUMeEPBI
Onpenenenne 1. KonTunrenmus rumepnoBepxHoctd [ (Up,Uq,...,U,) B JaHHOH TOdYKe

r”(ulo,uzo,...,uno — DTO MHOXECTBO MpPEACNbHBIX TOJOXECHUU Jyuyel, HMEIOIIMX Hayajlo B TOY-
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Ke F(ulo,uzo,...,uno) U OPOXONAIMX  4epe3 TO4Ky [ (Up,Up,....Uy)ZT (u]o Uy vty ,  TIpH
(U Uy ) = (U oy ey ).
3ameuanue. B perynspHoi TOuke KOHTUHICHIUS COBIAAAET C KacaTeIbHOU TUIEPILIOCKOCTBIO.
Onpenenenne 2. Tunom ceanoodpasHocty runeprnosepxHoctu V" kmacca C? esximmoBa npo-

+
crparctea E™! B rouke M OV" HaspiBaercs mapa uncesn (P, 0), TI€ p — YHCIIO [OJOKHUTETLHBIX ITIaB-
HBIX KPUBH3H, @ ( —YUCIIO OTPULIATEIHHBIX TJIaBHBIX KPUBU3H B pacCMaTpHUBAEMON TOUKE.

+
ECli  THMIEPIIIOCKOCTh B €BKJIMIOBOM  mpoctpamcTBe  E'™™  sajama  ypasHeHueMm
A X, + A OX,+...+ A,,0X,,,—1=0, TO ee MOTOCOM OTHOCUTENLHO HEKOTOpOil runepchepsr S"

ABIIseTCA TOUKa ¢ koopauHaTamu (A, Ay, ..., Avyq)-

(]
+ o
Onpenenenne 3. Munepnosepxuocts V" [ E" ! waspBaercs TIOJISIPHOM TSI THIIEPITIOBEPXHOCTH
+ o
V" O E™ ornocurensHo Hexotopoii runepedepst S”, ecin kaxas ee Touka X © eCTb MONIOC THIEP-

IIJIOCKOCTHU a'x y KacaTeIbHOH B TOUke X DVn (J'II/I6O TUICPIUIOCKOCTH, coz[epxcameﬁ KOHTHUHI'CHIIMIO B

touke X OV" 11 0coObIX TOUEK).

Onpenenenne 4. ITycTh perynspHas THIEPHOBEPXHOCTh 3ajaHa morpyxkenuem f :W" E™ u
wOW" . OkxpecTHOCTH Q TOUKM (UHA3BIBAETCSA KAHOHMYECKOM, ECITM CPEIU KACATENLHBIX THIIEPILIOCKO-
creil B Toukax MHOkectBa f(Q), oTimmunbix or Touku f (@), HET mapaIeIbHBIX KacaTeIbHON THIIEp-
miockocTr B Touke f () . Eciu cyxenne orobpaxenus f na Q sensercs moxennem, to f (Q) Hasbia-
eTcsl KaHOHWYECKOM OKpecTHOCThIO Toukm f(w), a Touka f(w) — perymsapHOii B CcMBICIE
A.B.IMoropernoga [7, c. 208].

Onpenenenne odbekTa mccsaeaoBannsi. Pacemorpum runeprosepxrocts V3 0 E*| yrosnerso-
PSIOILYIO CIIEAYIOIIHUM YCIOBUSAM:!

1) V3 sBisercs 3aMKHYTOi HEBBITYKION TMIIEPIOBEPXHOCTBIO, 3aJaHHOM TONONOTHYECKHM IIO-
rpy’KeHHEM r:s® . E, npudeM BEeKTOp-GYHKUUS T SBISIETCS HENpPEpbIBHO-IUPPEepeHINPYEMOI;

2) Ha rumeproBepxHocTH V3 cymiecTByer HelycToe MHOXKECTBO 0COGBIX Touek V2, B KOTOPBIX
rank(d?) =2, IpuYeM 3TO MHOKECTBO SBIIICTCS 00pa3oM OOBEIWHEHWS KOHEYHOTO YHCja ITOMapHO

HeIIePECeKAIOIINXCSl 3aMKHYTHIX OPUEHTHPYEMbIX JBYMEPHbBIX IOJMHOr000pasuii rumepcdepsl S°, u
0COBEHHOCTb Ha THIICPIOBEPXHOCTH V° SBISETCS T€OMETPHUCCKON, Pery/spHbe KOMIOHEHThl V3
IpUHAIEXKAT KIacCcy Cckk=2;

3) runeprnoBepxHOcTh V> I0MyCKaeT B3aHMHO OJHO3HAYHOE FayCCOBO OTOOPAXKEHUE B CIICAYIOLIEM

CMBICIIE. B KaXKIOH TOYKE V3 CYIIIECTBYET €IWHCTBEHHAS THICPILIOCKOCTD, COMIEpKalas KOHTHHTCH-
A0 THIIEPIIOBEPXHOCTH B dTOM TOYKE, U MOKHO TaK BEIOpATH ITOJIE HOPMaIeH M K 3TUM THUIIEPIUIOCKO-

CTSIM, 9TO C TIOMOIIBIO ATUX HOpMaJiel OYIET OCYIIECTBIATHCS TOMEOMOPHH3M V3 na S
4) runeprnoBepXHOcTh V> SBISETCS OrHGAILIEH TOCTPOCHHOTO OIS THIIEPIUIOCKOCTEH;

5) chepuueckuii 06pa3 Kak1olH KOMIIOHCHTHI Viz 0coGoro MHoxecTBa V? THIIEPIOBEPXHOCTH
V3 stBiisieTcst pery IspHoil MOBEPXHOCTHIO Ha rumepchepe S°;

6) st 060 KOMITOHEHTBI Viz TOBEpXHOCTH V2 B Ka)KIO0M TOUKE BETHIHHBI K; u K, He paBHBI
Hymo, rae K; u K, KpuBHU3HBI B HalpaBlICHUSAX BEKTOpoB M ¥ M, oOpasyromux 0a3uc HOpMalbHOM
IUIOCKOCTH JBYMEPHOU IIOBEPXHOCTU Viz, IpUYeM BEKTOp N IPUHAIIEKUT BEKTOPHOMY IIOJNIO, OIpe-

JICTICHHOMY B TIyHKTE 3.
3ameuanue. C MoMoIbI0 BEKTOPOB N U M BBIYUCIISAIOTCS BTOPBIC KBaapaTudHble (hOPMBbI MTOBEPX-

HocTH V;%, KOTOPBIE HCIIOMB3YIOTCA Ui HaxokaeHus Bemmann K, n K, . TayccoBa KpHBH3HA MOBEPX-
HOCTH paBHa cymme BenmnunH Ky n K, .

TocTponM npuMep runeproBepxHocTd B E* | yosnersopsiomeii yenomsiv 1—6.
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Wapmun B.I., UccnedoeaHue 2nnobanbHbIx ceolicme 3aMKHymol Hepe2ysisipHoU 2unepnosepxHocmu
Wapmun [.B. ¢ bueKmMueHbIM 2ayccoebiM 0MobpaXeHUeM ¢ MOMOWbI0 (OYHKUUU YPOBHSI

PaccmoTtpum Ha miockocTu E? 3aMKHYTYIO KPUBYIO | ¢ 4eThIpbMS TOYKaMH BO3BpaTa, UMEIOIIYIO
OMeKTHBHOE C(epHIeCcCKOe OTOOPaKEHHE M COCTOAIIYIO U3 YEThIpeX IyT: IBE AYT'H — YacTH JIBYX BETBEU
TUIEepOOITBbl, CHMMETPHUYHBIC OTHOCUTEIIEHO MHUMOUN OCH, JIBE JPYTHE — 3TO IyTH OKPYKHOCTEH OHOTO

paaunyca, oOpalleHHBIE BBIYKIOCTHIO BHYTPh OIpPaHUYEHHONW KOMITOHEHTHI MHOXKECTBA E%\I. B Tou-
Kax BO3BpaTa KacaTelbHbIE K OKPYKHOCTH W TUIIEpOOJIe COBMANaloT. Bpamas 3Ty KpuBy0 BOKPYT MHH-

MOM OCH TUNepOOIBl B €BKIUIOBOM INPOCTPAHCTBE E3, MOTyYUM 3aMKHYTYIO HEBBITYKIYIO MOBEPX-
HOCTH C OMEKTUBHBIM CHEPUISCKUM OTOOPaXKEHUEM, COCTOSIIYI0 M3 OJHOM CEeIJIOBON KOMIOHCHTHI H
JIBYX BBIITYKJIBIX KOMIIOHEHT ¥ UMEIOIIYIO /IBa peOpa BO3BparTa.

ByeM Bpamiath MOMyYeHHYIO IOBEPXHOCTh B MPOCTPAaHCTBE E* BOKpYT MmiockocTell cnMMeTpHu.
[Tpu BpameHHH BOKPYT INIOCKOCTH, HE MepeceKarolieil pedpa Bo3Bpara, IOJIy4uM TUIIEPIOBEPXHOCTD B
MMEIOIIYIO B3aMHO OJTHO3HAYHOE Chepuueckoe OTOOPaKEHUE U COCTOSIIYIO M3 JABYX CEIUIOBBIX KOM-
MOHEHT ¢ THnaMu cemioobpasHoct (2, 1) u (1, 2). Ocoboe MHOKECTBO MPEACTABISIET COOOH TOp

Kmmddopna, T.e. Top B E4, rayccoBa KpHBH3HA BO BCEX TOYKaX KOTOPOT'O paBHA HYJIIO.
Ecnu ke miockocTh BpalieHus mepecekaeT pedpa Bo3BpaTa, TO MOJIYYHM THIEPIIOBEPXHOCTH, CO-
CTOSIIIYIO U3 TPEX KOMIIOHEHT: JIBYX JIOKAIBHO BBITYKIIBIX, TOMEOMOP(HBIX TPEXMEPHOMY MIAPY, U OJI-

. . . 2
HOHM CeJIOBOW KOMIOHEHTHI, roMeoMopHoil mumuHapy S° X |. Ocoboe MHOXKECTBO — JiBa Hemepece-
KaIOLINXCsl MHOT000pasus, KaKI0e U3 KOTOPhIX TOMeoMOp(hHO ABYMEpHO# chepe.
Tononornyeckoe cTpoeHne KOMIOHEHT 0c000I0 MHOKeCTBa
Teopema 1. [lonHas kpuBU3HA ”VZ Kdo koMmoHeHTHI \/i2 oco6oro MHOKecTBa V2 TUIEpIIOBEPX-
i

Hoct V3, YIOBJICTBOPSIIOINICH YCIOBUAM 1—6,IBISETCS HEOTPUIATSIHHOM.
Joxa3zaTenbcTBo. [IpeanonoxumM MpoTUBHOE, T. €. Hvz Kdo <0.
i

ITo onpenenenuto 00bekTa HecnenoBanus Bennundbl K; n K, He oOpamarorcs B HOIIb B TOYKAX

MHOT000pazus Viz. B cunty npeanonoxenust XoTst Ob1 OHA U3 HUX CTPOTO OTpUIaTenbHa. [ omnpene-

nenHoctu nonoxum K, <0.

PaccmoTpum nuddepenunansHoe ypaBHEHHE Ha \/i2

byydug +2b,du du+ b, d6=0, 1)
rae by, by, by, — KO3pduIMEHTH BTOPOI KBaApaTHYHOH (HOPMBI MOBEPXHOCTH Viz B HaIlpaBJICHUU
BeKTOpa M.

Tak kak no teopeme ['aycca—boHHe 3iijiepoBa xapakTepUCTUKAa KOMITOHEHTHI \/i2 CTpPOTO OTpHlIa-

TENbHA, TO JII000e nuddepeHnnaIbHOe ypaBHEHHE Ha STOM MHOT000pasyiu JI0JKHO HMETh 0COObIe TOY-
ki [8, c. 232].B ocobsIx Toukax auddepennuansaoro ypasaenus (1) mmeem by, = by, =b,,=0. ITomy-

YN TIPOTHBOPEYHE C YCIOBHEM 6 OmpeesieHrs] OCHOBHOTO 00BEKTa HCCIIEJOBAHNS.

Caencrue 1. KommonenToi Viz 0c060ro MHOXkecTBa V2 THUTIEPIIOBEPXHOCTH Ve, YIOBIIETBO-
pstomeit ycnosusaM 1—6,MoxkeT ObITh 100 AByMepHast cdepa, 1100 ABYMEpPHBIH TOP.

CaencrBue 2. Eciu KOMIOHEHTa \/i2 ecTh AByMepHas cdepa, To Benuuunel K; u K, nomoxu-
TEJIBHBI.

CBs13p poia KOMIOHEHTbI 0CO0OI0 MHOKECTBA € THUIIOM KACAIOIIMXCSH BI0JIb Hee PeryJsipHbIX
KOMITOHEHT runepnosepxuocru V>

Teopema 2. Eciin koMnoHeHTa \/i2 0co6oro MHOxecTBa V2 TUIEPIIOBEPXHOCTH V3 romeoMopdHa
cdepe, To BIOIb HEe KacaloTCs APYT APYTa SJUTUNTHYECKAs U CEIJIOBAsI KOMITIOHCHTHI.

Joxa3zaTeabcTBo. KOMITOHEHTY Viz B anbpHEHeM OyaemM 0003HadaTh 32, IIycth @ ecTh OKpecT-

HOCTH 0c060# Toukn M [0S? Takas, uro ee MOJISIPHEIN 00pa3 @ SIBISIETCS KaHOHMYECKOM OKPECTHO-
[
ctbro Toukn MY Ha momsproii runepmosepxuoctn VP . OKpecTHOCTH W MOXHO BBIODATh TaK, UTO

0
rpaHuIia KaHOHHIECKOH okpectHocTH dwl] Toukn M Gyner mepecekars monspHsiii 06pa3 S* komrto-

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 39
2020, Tom 12, Ne 1, C. 37-43



MaTtemaTtuka

HenThl S° 0coGoro MHOXKecTBa V2 10 3aMKHYTOI KpHBOiA, fessmeii dwl] Ha 1Be 061acTH U12 u ug, a

O
MHOKecTBO S° GyseT euTh ¢ Ha obmacTh Uy u U3 [6, c. 94,1emma 2].

IIepes TOYKY M He MpoOXOAAT KaCaTCJIbHBIC THUIICPIIOCKOCTHU K V3 B Toukax X # M MHOXecCT-

Ba S? N w, nockoneky Bemmumnsl Ky 1 K, B Touke M [ S? monoxutesnsubl. [I03TOMy Ha KacaTebHOi
3 O 2"
TUTIEPIUIOCKOCTH K THUIEpIoBepxHocTH V B Touke M~ Her Touek u3 S° nwl, T.e.
. . .
T,V n(S nw)=M.
Touka M" — momsprstit 06pas Toukn M , mpuHamIeKAaIei 0cOGOMY MHOKECTBY PACCMATPHBAC-
MO THIIEpPIIOBEPXHOCTH V3. Cornacro pesynbTatam pabotsl [6, ¢. 96, nemma 5], Touka M Y spnsiercs

~ v D 3 *
mapaboIMIeCKOM TOYKOH Ha THUIEPIOBEPXHOCTH V® . Torma muOXecTBO TM*V3 N @ TIpEACTABISICT
c000¥1 OJTMH KOHYC U JIGKUT TH0O0 B 00JIACTH U13 , 1100 B o0JsacTu ug’ . OTcroga cnenyer, 4yTo KacaTemb-

D —
Hasl TUIOCKOCTP K TUIIEPIIOBEPXHOCTH V? B rouke M umeer ¢ oamoit u3 3aMKHYTHIX oOJacTen uf’ -

60 U23 TOJIBKO OJIHY 00ITyI0 TOuKy M 5 1. e. 6o ul3 , 00 ug’ SIBJISICTCS JIOKAJIBHO BEITTYKJION B OKpe-

[
cTHOCTH Kpasi. TOr/ia COOTBETCTBYIOMAs 00IACTh Ha runeproBepxHoctd Vo B okpecTHOCTH TouKH M |
MIPUHAJUICKAINAS €€ Kpalo, SBISETCS BBIMYKIIOW. 113 3TOT0 U JIOKANBHOTO pe3ylibTaTa O CTPOSHHH B OK-
PECTHOCTH OCOOOM TOYKH TMITEPITOBEPXHOCTH C MHBEKTHBHBIM C(hepUUECKUM OTOOpakeHueM [6, c. 95,

TeOpEMa 2] CJICOYCT, YTO BAOJb KOMIIOHCHTHI SZ KacCaroTCa ApYT Apyra JIOKAJIbHO BBIIMMYKJIAd U CCAJIO-
Basi KOMIIOHCHTHEI.

CaenctBue 3. Eciin BIOJIb KOMIIOHEHTEHI Viz oco6oro MHoxkecTBa V2 TUIEPIOBEPXHOCTH V3,
yIOBJIETBOpAIOIIEH ycnoBusaM 1 — 6, kacaioTcst APYr Opyra JBE CEAJOBBIX KOMIIOHEHTHI, TO TOBEpX-
2
HOoCTb V;“ romeoMopdHa Topy.

I'mnepnoBepxXHOCTH € «OTCEKAEMbIMM» KPAsIMHU IVIAJAKMX KOMIIOHEHT
[lycTh amst TUTIEPIIOBEPXHOCTH V3, yIOBJIETBOpsItOIIEH ycinoBusm 1—6,cymectByet npsimas |, ta-

Kasl, 4TO JUIsI JTF000M PEryJIipHON KOMITOHEHTHI Vi3 Ka)/1asi KOMIIOHEHTa ee Kpast VJ-2 SBIISICTCSL «OTCE-
KaeMoi», T.¢. CYIIEeCTBYET THIEPIIOCKOCTh E?, HepIEHIUKYIApHas mpsaMoit |, u EJ-3 N \/J-2 =0. IIpu

3TOM MHOT0O0Opa3zue Vi3 C IJIOCKMMHU KpPasMH, MOMy4YeHHOE «OTCEYEHHUEM» CBI3HBIX KOMITOHEHT Kpas
PETYIAPHON THUIEPIIOBEPXHOCTH Vig, roMeoMOpHHO Vis. [IpenmonoxxuM, 9TO Kakaas THIIEPIOBEPX-
HOCTh Vi3 uMeeT He 0osiee IByX KOMIIOHEHT CBSI3HOCTHU Kpas, U CYIIECTBYET XOTS ObI OJHA pPeryIspHas

KOMIIOHCHTA CO CBA3HBIM KpacM. HyCTI) TOYKH, B KOTOPBIX KAaCaTCJIbHBIC T'MIICPIINIOCKOCTU K \/3 nep-

NEHIUKYIApHEL |, mpuHamiexar int D\7,3
I

JIis Kaxa0ro MHOT000pasus \/i3 nocrpouM Qynkmuio yposus f; oTHOCHTenbHO mpsimoii | . Ilo-
cTpoeHHast QYHKIMS ABJISETCS HoImycTuMoi (ynkuueir Mopca [9, ¢. 206]. JIerko BHAETH, YTO MHOXKECT-

BO KPHUTHYECKHX TOYCK 3TOW (QYHKIMHU, paccMaTpuBaeMoii Ha Nt _D\/i3 , COCTOUT TOJBKO U3 IBYX TOYEK,
|

NPUYEM 3TH TOYKHU SIBIISIOTCS HEBBIPOXKICHHBIMA KPUTUYCCKAMH TOUKAMH.
3ameuanue. JIJi1 U3ydeHUsT TOMOJIOTHICCKAX CBOWCTB M THITA CEII000Pa3HOCTH KOMITOHEHTHI \/i3

JIOCTATOYHO U3YUYHTh TOMOJIOTUIECKHE CBOMCTBA M THII CEIJI000Pa3HOCTH KOMIIOHEHTHI Vi3 .
N 73
Jlemma 1. Eciiu uHzIEKC 0c000i TOUKH paBeH K, TO THI cemoo0pasHOCTH KOMIIOHEHTH V,” paBeH
(3-k.K).
. 73
Joxa3atenbeTBO. B okpectHOCTH KpuTHdeckoi Toukn POV munekca K ¢yskmmio f; moxHO
3a7ath cieayronmmM oopasom [9, ¢. 192, nemma Mopcal:
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WapmuH [.B. ¢ 6UEKMUBHBLIM 2ayCCO8bIM OMOBPaXeHUeM ¢ MOMOWLIO PYHKUUU YPOBHS
K 3
fi (U, Uz, Ug) = f(p)_Z'wf*‘ > i 2
i=0 =+l

MIPH 9TOM KacaTeJbHasi THIIEPINIOCKOCTh B TOUKE P MeprneHauKysipHa npsmoi | . Torma ypasHenue (2)
MOXKHO paccMaTpHBaTh KaK ypaBHEHHE COMPHUKACAIONIETOCS Mapabojouja ¢ THIIOM CEII000pa3HOCTH
(3—k,k) MTOBEPXHOCTH Vi3 B TOYKE P ¢ ochio | .

Jlemma 2. KoMmoneHTa Vi3 CO CBSI3HBIM KpPaeM COJIEPKUT KPUTHUECKYIO TOUKY, MHAEKC KOTOpOMH
PaBEH HYIIIO, MPUYEM 3Ta KOMIIOHEHTA SIBJISETCS JIOKAJTBHO BBITYKIIOM.

Joka3zarenbcTBo. Tak Kak yuciio beTtu rpynmnsl roMonoruit HO(Vi3, Z) paBHO €IMHHMIIE, TO B CHITY

HepaBeHCTB Mopca [9, c. 212, Teopema 3.7] pynkius f; umeer Ha Vi3 XOTs1 OBl OHY KPUTHUYECKYIO
TOYKY MHJIEKCa HOJIb. B cmiry memMMsbl 1 1 OCTOSIHCTBA THHA CENI0O00PAa3HOCTH HA PETYJIIPHON KOMITO-

HCHTC, \/i3 SBJIACTCSA JIOKAJIBHO BBIHyKHOﬁ.

Jlemma 3. Ha runepriosepxuoct V2 ¢ nonycrimoii GpyHKimeii ypoBHs f, He cymecTByeT KOMIIO-

HEHTHI CO CBS3HBIM KpaeM, TOMEOMOP(HON MTOTHOTOPHIO.

Hoxa3zarenbceTBo. [10CKONBKY NOTHOTOPHUI HE ABIAETCA JIOKAJbHO BBIMYKJION KOMIIOHEHTOM, TO Ha
HEM JIOJDKHA CYIIECTBOBATh TOUKA ¢ TUIIOM ceanioodpasnoct (2, 1)wmm (1, 2).C apyroii CTOPOHBI, MO
JIEMME 2 Ha 3TOH KOMIIOHEHTE CYIIIECTBYET TOUYKA MHJEKCA HOJIb, B KOTOPOM THII CEIJI000pa3HOCTH pa-
BeH (3, 0).

Teopema 3. KomnonenTa Vi3 CO CBSI3HBIM KpaeM roMeoMop(Ha TPEXMEPHOMY IIapy, COIACPIKUT

POBHO OJHY KPUTHUYCCKYIO TOUKY (bYHKI_II/II/I f| " ABJIACTCA JIOKAJIBHO BBIHYKJ'IOI;’I.

Joka3zaTteabcTBo. B coorBeTcTBUM ¢ nemmamu 2 u 3, \7i?’ SIBJISIETCS JIOKAJIbHO BBIMYKIJIOH KOMIIO-
HEHTO, TOMEOMOP(HOU TpeXMEPHOMY IIapy, Ha KOTOPOW (QYHKIIUS YPOBHS HMEET KPUTHYECKHE TOUKH.
DiiylepoBa XapaKTEPUCTHKA 3TOH KOMIIOHCHTHI paBHA CIUHUIIE.

JlokaxxeM, 4TO Ha paccMaTpUBaEMON KOMIIOHCHTE HE CYIIECTBYET IBYX KPUTUICCKUX TOUYCK (DYHK-
1y ypoBHs f|.

IIpennonoxum, 4To Ha \7i3 ¢yuknus f; umeer nBe kpurnueckue Touku uHAekcoB O u 3, Torna \7i3

ABIsETCSA Ae(OPMAIMOHHBIM PETPAKTOM OOBEAMHEHHS HYJIBMEPHOH M TpexmepHoil kietok [9, ¢. 210,
teopema 3.3]. Tak kak siinepoBa XapaKTEPUCTHKA €CTh TOMOTONMHUYECKUN WHBAPHAHT, MOJIYYaeM, UTO

JUTsE KOMITOHEHTHI Vi3 OHAa paBHa HYJI0. [TonydeHHOE POTUBOPEUHE JJOKA3hIBACT TEOPEMY.
Teopema 4. KommoHeHTa Vigc KpaeM, COCTOSAIINM U3 JBYX KOMIIOHEHT CBSI3HOCTH, ToMeoMop(hHa

x|, u ¢Gyskmus f; He nMeeT Ha HEH KPUTHIECKUX TOYCK.

Jloka3aTesbCTBO 3TOW TEOPEMbI aHAIIOTHYHO J0Ka3aTeNbCTBY TeopeMbl 3. [Ipu noka3zaTenbeTBe Hc-
HOJIb3yeTcsl TOT (akT, 4To BMecTo (GyHKIMM ypoBHS f; MOXHO paccMarpuBaTh (YHKIHMIO YPOBHS
(— fi ) . Torna, ecnu kputndeckas Touka Gpynknun f; uMeer nugekc K, To st GyHKIuN (— f| ) 9Ta XKe
Toyka Oyznet umeth nHnekc (3— k) [9, c. 211].

Caencreue 4. Ha runeprnosepxuoctd V3 cyIecTByioT poBHO [BE KOMIIOHEHTEI JIOKATBHOH BBI-
MYKJIOCTH, TOMEOMOP(HBIC TPEXMEPHOMY Ilapy, Ha KaKAOW U3 KOTOpbIX (yHKuus ypoBHs f, mmeer
POBHO OJIHY KPUTHYECKYIO TOUKY.

Teopema 5. Komnonenra Vi?’, romeoMopdHas S% x |, SBIISETCS CEUIOBOIA.

Joxa3zareabcTBo. [Ipeanonoxkum mpoTuBHOEe. OTcedeM Kpas dTOW KOMIOHEHTHI. Ilomydmm 1u-

JIUHP x| ¢ KpasiMH, JIeKaIlUMU B 3-4UIOCKOCTSX. [lepeceueM 3TOT IUIMHAP TPaHCBEPCAIbHO 2-
MIOCKOCTBIO, MapauienbHol npsiMoit | . Toraa, ¢ oMHON CTOPOHBI, B MEPECCUCHUH JOIDKHA TTOTYUUTHCS
JIOKaJIbHO BBIMYKJIasi KpUBas, a, C APYrod CTOPOHBI, 3Ta KpUBas HE JODKHA OBITh JIOKATBLHO BBITYKJIOH,

TaK KaK KOMIIOHCHTa \/i3 oOpailieHa BBITYKJIOCThIO BHYTPb TMIIEPIIOBEPXHOCTH V3 [6, c. 96,1eMMa 6].
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Teopema 6. ['HneprnoBepxXHOCTH V3 ¢ orcekaembivu KpasiMH PETYISPHBIX KOMIIOHEHT COCTOUT W3
TPEX KOMITOHCHT: JIBYX JIOKAJILHO BBITYKJIBIX, TOMEOMOP(HBIX TPEXMEPHOMY APy, U OJHON CEIIOBOM

KOMITOHEHTBI, TOMEOMOP(GHON HHIHHAPY SR

JlokasareabeTBo. IumeprnoBepxHocTs V> He MOXKET COCTOSTH TONBKO M3 JBYX KOMIOHEHT JIO-
KaJbHOM BBIMYKJIOCTH, TOMEOMOPGHBIX TPEXMEPHOMY IIapy, Tak Kak 3TO MPOTUBOPEUUT Teopeme 2.

ClIe10BATEIIBHO, OHA CONEPXKUT XOTS Obl OJHY CEIOBY0 KOMIOHEHTY, roMeoMopduyo S? x | . Eciu
ObI CEJTOBBIX KOMIIOHEHT OBLIIO HE MEHEE JBYX, TO HAIUTUCH ObI JBE CEIIOBBIX KOMIIOHEHTBI, KOTOPBIC
KacaJluch ObI IPYT Apyra BIOJL HEKOTOPOTO MHOXKECTBA, roMeoMophHOTro chepe, 4To OnsTh MPOTHBO-
pedut Teopeme 2.
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The structure of closed and non-closed regular tsyptaces with an injective Gaussian mapping is
thoroughly studied. When solving some problems iffekntial geometry, the desired hypersurface
with a bijective Gaussian mapping may prove to be-regular. In this paper, we study global proper-
ties of non-regular closed hypersurfaces in founadisional Euclidean space. A singular set of these
surfaces is the sum total of closed oriented twoedisional manifolds. The paper uses the Morse the-
ory, the properties of the polar transformationhwitspect to the hypersphere, the Gauss—Bonnet theo
rem, the methods of the classical differential getwynof hypersurfaces and surfaces, the codimension
of which is greater than 1. It is proved that ungEntain conditions the components of the singsdsiof
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the hypersurfaces under consideration can be only tors and spheres. In this case, the convex and saddle
components of the regularity are tangent relative of each other along the sphere. It is found that a closed
non-regular hypersurface with "cut off" borders and with bijective Gaussian mapping consists of two
locally convex components homeomorphic to a three-dimensional ball, and one saddle component
homeomorphic to the topological product of a two-dimensional sphere on the closed interval. The article
provides examples of closed non-convex hypersurfaces with a bijective Gaussian mapping.

Keywords: Euclidean space; Gaussian mapping; non-convex closed non-regular hypersurface; Eu-
ler characteristic; level function.
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PELWLEHUE 3AO0A4YUN O HANPAXEHHO-OE®POPMUPOBAHHOM
COCTOSAIHMMX NOJNIOro UMNUHAPA U3 HEJIMHENHO
HACNEOCTBEHHOIO MATEPUANA NO4 OEUCTBUEM
BHYTPEHHEIO U BHELWLHEIO JABJIEHUNA

A.B. Xoxnoe

Hay4yHo uccnedosamernbckuli uHcmumym mexaHuku, MIY umenu M.B. JlomoHocosa, e. Mockea,
Poccutickas ®edepauusi

E-mail: andrey-khokhlov@ya.ru

ITocTpoeHo To4YHOe pelieHHe KBa3MCTAaTHYecKOil KpaeBoil 3ajadu, aHaJo-
THYHOM KjIaccu4eckoii 3agaye Jlame 11s1 m0J10T0 NMJIMHAPA B TEOPHH YIPYTOCTH,
HO JJIsl NMJIMHAPA U3 (U3HYeCKH HeJIWHEHHOr0 peOHOMHOI0 MaTepHaJia, MoA4H-
HAIOIIerocs Onpee/IoNeMy COOTHOIICHUIO BA3Koynpyroctu PadoTHoBa ¢ aBy-
Msl MIPOU3BOJIbHBIMU MATEPHATbHBIMA (PYHKIUSMH, U JJI5l IPOU3BOJIBHBIX, 3aBU-
CAIUX OT BpeMEHH JaBJICHHUI, 32JaHHbIX HA BHYTPEeHHell U BHEIIHeH MOBEPXHO-
ctu uuauHapa. Ilpeamonaraercs, YTO AAaBJeHHs] MEHSAIOTCA MeJJIEHHO — Tak,
YT00bI BJHSIHHEM HHEPIHOHHBIX YJIEHOB MOKHO ObLI0 NpeHedpeyb, AedopMUpO-
BaHHOE COCTOSIHHE Mpeanosaraercs IIOCKUM (T. e. Tpy6a GeCKOHEUHO JJIMHHOI
WJIM KOHEYHOIi, HO ¢ HYJIEBLIMH O0CEBBIMH NepeMeleHUsIMH TOY€eK TOPLOB), a Ma-
TepHaJd — OJHOPOJHBLIM, H30TPONHBLIM M Hec:kuMaeMmbIM. Iloas mepemernenmii,
AedopManuii 1 HANMPS:KeHUI B J11000H MOMEHT BpeMeHH BbIpPa:KeHbI Yepe3 OJHY
(GyHKIMI0O BpeMeHH, KOTOpPasi HAXOAUTCH B pe3yJbTAaTe pellieHHs BbIBEJCHHOI0
HEJIMHEHHOr0 (PYHKIMOHAJILHOIO YPABHEHHH, COAep:Kallero MaTepHAIbHBIE
¢ynkmnn OC u 3apaHHyI0 Harpysky. M3 mocTpoeHHOro pemenns KpaeBoi 3aga-
4YH CJIeAyeT, YTO 3Ta (PyHKIHUsI BpeMeHHU SIBJISICTCS HENMOCPEeACTBEHHO U3MepsieMOoi
B JKcHepuMeHTe GyHKIueH. ITo MO3BoJIfIeT HCI0Jb30BATh MOJTYy4YeHHOE PelleHue
AJIsl ompeesieHUs] MAaTePHAJIBLHBIX (PYHKINH HeJHHEIHOr0 onpefessionero co-
oTHolIeHUsI PaboTHOBA 10 JaHHBIM MCIIBITAHUS TOJICTON TPYOKH.

Kniouegvie cnosa: 6A3KOYnpoy2oniacmuyHoOCmy, Qusuieckas HeauHeuHocmy,
onpeoensioujee coomnoutenue éazkoynpyzocmu Pabomnoea; sadaua Jlame, none na-
NPAICEHUL; NOAZYYECMb; UOEHMUDUKAYUSL.

BBenenne
JlaHHAs CTAThs MPOJOIDKAET IMKI pabor [1—7] mo cucTeMHOMY aHAIMTHYECKOMY HMCCIIEIOBAHHIO
(usnuecky HeaMHERHOTO onpenesomniero cootnomenus (OC) BA3KOYIPYroMmIaCTHYHOCTH BHIA

& 1) =3P(LM) o) [g; ~0,q 1 +31P(L(D)q (1)
L(t) =Moo, L(t)=11,0,, Hy:jﬂ(t—r)dy(r), Hoy:jﬂo(t—r)d)/(r), 2

C MpOM3BONBHBIMH MatepranbHbiMu QyHkmmsiva (M®) T(t), P(x), My(t), D (X) (M u M, -
{yHKumK caBuroBoit n o6bemHuol nonsydect, @ u P, — pyukuuu Henuuennoctn). Ero uens — BbI-

sBaeHne Komiiekca MomenupyeMeix OC (1) peosorndyeckux 3¢ (heKTOB M rpaHuIl 06IaCTH IPUMEHNMO-
CTH, c(ep BIHUSIHUS €T0 MaTepPHATbHBIX QYHKIUI 1 (EeHOMEHOJIOTMIEeCKUX OTPAaHNYCHUI Ha HUX, pa3pa-
60TKa crmocoOoB uaeHTH(UKauH, Bepudukarmu 1 HacTpoiiku OC. Takoil aHATU3 10 CUX TMOp HE ObLT
nposened 1t OC (1). OC (1) —oauH U3 IpOCTERITNX BAPHAHTOB 0000IIEHNS OJHOOCHOTO COOTHOIIIE-
uust PaGoraoBa [8—13]

o(e() = [N(t-1)do(x), o(t) = [R(t-1)¢'(e(x)) &(r) , t >0, (3)
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Ha CJIOKHOE HAIPSHKEHHOE COCTOSHHUE, MONTYYAIOIIUICS B MTPEAONIOKEHHH H30TPOITHOCTH M TEH30PHOM
JIMHEHHOCTH MaTepHalia, OTCYTCTBHSI B3AMMHOTO BIIMSIHHS IIAPOBBIX U JIEBUATOPHBIX YacTel TEH30POB M
npeHeOpekeHus BIusHueM TpeThbix nHBapraHToB. OC (1) omuchIBaeT H30TEPMHUYECKUE MPOLIECCHI Je-
(OpMHUPOBaHKS HECTAPEIONIMX M30TPOIHBIX BA3KOYIPYTHX MATEPUAIIOB, CBS3bIBAsI HCTOPUH M3MEHEHHSI
TeH3opoB Hanpsvkenuit 6(t) u (Mamsix) medopmanmii €(t) B IpOM3BONBHOM ToUKe Teia (B IMPemITono-

KEHUH He3aBHCUMOCTH 00beMHOI nepopmarmu 0 = 3€, = &; (t) OT KacaTeIbHBIX HANPSDKCHUH, a CABHU-
roBbIX AedopMalmii — 0T cpefHero HanpspkeHust o = o (1)/3). B (1) €= (%qj § )2 o= (% Si § )OS —
MHTEHCUBHOCTH AehopManuii ¥ HanpspKeHWd (BTOpble HHBAapUaHTBl JAEBHATOPOB €=€—&)| n

S=6 -0yl ), HanpspKeHHe W BpeMs MPEAIoaraloTcs 00e3pa3MepeHHbIMU, BXOHbIC mporiecchl o(t) —

KyCOUYHO-TTIafkuMu ipu t = 0.
OnnoocHbrit BapuanT OC (3) 6su1 petoxken 0. H. PabotHoBbIM [8—13] anst onvicaHust HeJIMHEH-
HOH mo3y4ecTr kKak 06001mmenne omHoMepHoro JuHeiHOro OC BA3KOYIPYTOCTH

t t
£(t)=jﬂ(t—1’)d0(z’):l'[0, U'(t):J.R(t—T)dg(r):Rg' t>0, (4)
0 0

MTOCPECTBOM BBeAcHMS HononHuTensHOH MD ¢(U) . B (4) n (3) QyHKIMK TON3y4ecTH U pelaKCaIliu
M(t), R(t), cBa3aHBl HHTETPATLHBIM YpaBHEHHEM

j; R(t- )M (c)de =t (5)

BBIpA)KAIOIIMM YCIIOBHME B3aUMHOM obpatHocTH orepatopoB (4) (@ (3)). B anrmmosssraabix padorax OC
(3) umeHyercst ypaBHEHHEM KBa3WIMHEHHON Bszkoympyroctd («QLV»), a ero aBTopoM cymTaeTcs
4. danr (Y.C. Fung) [14-23]B paborax [8-13, 24—27 np. OC (3) npuiarajaoch K ONMUCAHUIO OA-
HOMEPHOTO MOBEICHHS CTEKJIOIUIACTHKOB, rpaduTa, METAJUIOB M CIUIABOB, KOMITO3UTOB, a B [14—23] —
CBSI30K, CYXOXKWIHA U IPYruX OMOJOTHYecKHUX TKaHel. IlompoOHbIe 0030phI JTUTEpaTyphl U 00JaCTe
npunoxenust OC (3) npuBeneHsl B cTaThsx [2, 4—6].

KoHkpeTHast 1ieqb JaHHOM CTaTbU — MOCTPOCHHUE TOYHOTO PELICHHs KBAa3HCTaTHIECKOM KpaeBoii 3a-
Ja4yM, aHAJIOTUYHOM KIIacCHUeCKo# 3amade Jlame sl MOJIOro IMMIMHAPA B TEOPHUH YNPYTOCTH, HO IS
WIHHIpA U3 GU3UYECKH HETMHEWHOTO PEOHOMHOrO MaTepuaia, MOMYUHSIONICTOCS OMPEACTISIONeMY
COOTHOIICHHUIO Bsi3KOyIpyroct PabotroBa (1) ¢ mpOM3BOIBHBIME MaTEPUATbHBIMU (QYHKIHSAMHE, U JUTS
MPOU3BOJIBHBIX, 3aBUCSIIMX OT BPEMEHH JaBJICHHUH, 3a/laHHBIX Ha BHYTPCHHCH M BHEIIHEH MOBEPXHO-
CTSAX IMJIMH/PA.

1. Orpanuyenusi Ha MaTepuaiabHbie pynkuuu OC PaGoTHoBa
B omuomeproMm ciydae (3) oopatrHoe OC umeeT Bun 0 = R@P(£) (KOMIO3UIMS HETUMHEHHOTO OIIe-

paropa aedcTBUs QYHKIMH ¢ W JTHMHEHHOTO MHTErpanbHOro omepatopa R u3 (4)). OOpamenue Tpex-

mepHoro OC (1) (r. e. (1)), st mo6sIX Bo3pacTaomux MO @ n @, nmeer BUI

Ty =Re#o(6) , =Re(e), 5 () =30() ()™ § (D, (6)

rae Gynxnun penakcanmu R(t) u Ry(t) cessansi ¢ 1 u I uaTerpansHeiMu ypaBHeHHIME BHAA (5).

W3 tpex matepuanbHbix yHkuuid ¢, M, R B OC (3) mumub n8e He3aBucuMmel, a B OC (1) —4etbipe
He3aBucuMbix M®. Ha ¢pynkimu nonsydectu u penakcanuu B OC (3) u (1) Hanokum Te ke MHHUMAJTb-
HbIe OTPAHWYCHUS, YTO U B JIMHEHHOW Teopuu Bsaskoynpyrocta: [1(t), My(t), R(Y), Ry(t) mpeamona-
raroTcs MOJNIOKUTEIBHBIME U nuddepenuupyembiv Ha (0; ), dynkmum M u 1, — Bo3pacTarommmu
u BeIMyKJIbIME BBepX [28—30],a R u R, — yObIBatomumu u BeimykiisiMu BHE3 Ha (0;0), R(f) 1 Ry(t)
MOTYT UMETh HHTETPHPYEMYIO 0COOEHHOCTh MM O -CHHTYISIpHOCTH B T. t =0 (cmaraemoe #d(t), # >0,
o(t) — menpra-dynxims). M3 5THX yCIIOBHIA cieqyeT CylnecTBoBaHHe mpemesioB R(+o) =inf R') =0,
R(O)=supR(t)> C (R(0)=+c, ecmu R He orpanmyena cBepxy) u [1(0)=infl(t)=0
(y(0) = y(0+) —obo3nauenue npenena pyakmuu Y(t) copasa s . t =0).

HaM® ¢ u ¢y B OC (3)u (6) mu Ha MO P(X) u Py(X) B OC (1) HaoKuM CIEayIOUINe MUHH-
ManbHbIe TpeOoBanus [5, 7]: dynkuus ¢(u) HempepsiBHO nuddepeHnnpyemMa U CTpOro Bo3pacraeT Ha
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Ow), w>0, a @,(u) — na muokectBe (. ;0)U (O, ) (rme w.w, <0), mpuuem @(0+)=0 u
$o(0+) =@, (0-)= O (unaue BxoguoMy nporeccy &(t) =0 coorBeTcTBYeT HeHyneBoil oTkiuK o(t)). U3
Bo3pacTaHus P(U) u @P,(U) ciemyer cymecTBOBaHHE M Bo3pacTaHue (M HempepbiBHas auddepeHnu-
pyemoctb) obpatHbix (yrkumii P(X) =¢~L, x0(0;X), X :=supg U), u Dy(x) = ¢61, xO(X;X), rme
x=inf @y(U) = go(aw. +0), X =supg, U)=¢@, @, — 0), u o6parumocts OC (1). AHanornuHo, odparu-
mocts OC (1) cnenyer u3 Bozpactanust @ u @y . Bennuunsl X, X 1 X, HX KOHEUYHOCTb WM OEcKo-
HEYHOCTh, — B&XKHBIC XapakTepucTHKu M@, CyIIeCTBEHHO BIHSIOIINE HA CBOMCTBA TCOPETUICCKUX KPH-
Beix OC (1) [1-7]. [lns maTepuanoB ¢ OAMHAKOBBIM MOBEACHUEM TIPU PACTSHKEHUH M CHKATHU (PYHKIUH
@y u @y HEUeTHB U X =—X, @ = -, . [Ipumepsl ceMeHCTB QyHKIMH, KOTOPbIE MOXHO (¥ ya00HO)
MCIIOBb30BaTh st 3aganust MO ®, @, wn ¢, ¢y, npuBeneHs! B [3—7].

B uactHOCTH, Ui 3a1aHMsA BBITYKIIONH BBepX MD ¢ M ¢y ¢ KOHEYHBIM X yJOOHO HCIIOJb30BaTh
(hyHKIIUY BHJIA!

o(u) = WZTykfok(u) =WZFVk(1‘e_)"ku) , W= z;nyklk

(MHOXHTENP W BBEICH IS BBIOMHEHHs ycinoBus Hopmuposku ¢'(0)=1). IIpu 4 >0, y, >0 Bce or-
panndeHus Ha M® ¢ BBINIOJIHEHBI, TaK KaK OHU BBINOJIHEHBI JJIsL KOXIOTO ciaraeMoro ¢ (U) u coxpa-

HSFOTCS TSI KOMOWHAIMN ¢ TTONOXKUTENbHBIMA KO3 purmmenTamu. Jiis 3axanns BeITyKII0H BHU3 MD ¢
MO>KHO HCITOJIB30BaTh CYMMEI C TIOJIOKATEIHHBIMHE ITOKA3aTeIISIMHA SKCTIOHCHTHI.

2. ITocTanoBKa KpaeBoii 321a4U ¥ BHIBOJI Pa3pelialoniero ypaBHeHHs1
PaccmoTrpum 3amady 06 omnpeneneHnr HANPsODKEHUH 1 nedopMaruii B TOJICTOCTEHHON TpyOe U3 Ha-
CJIEJICTBEHHOTO HEC)KUMAEMOT0 MaTepuaia, noguuHstonierocs Henuaeiinomy OC PabotHoBa, noj neii-
CTBUEM IEPEMEHHBIX BHYTPEHHETO U BHEIIHETO JaBJCHUN. VIHEpPIIMOHHBIMU 4ICHAMU NpeHeOperaeMm,
noyiarasi, 4To JABJICHHUS MEHSIOTCS MEUICHHO (KBa3HCTATHYECKas MMOCTAHOBKA). ByaeM HCMONb30BaTh
WIMHIPUYIECKYI0 CUCTEMY KOOpAMHAT. B cuily Hec:)kuMaeMoCTH MaTepuaia JeBHaTop TeH3o0pa aedop-
Mmarmu coBmaaaet ¢ uuM, a OC PabotrHoBa (1) penynupyercs k onaomepaomy OC € = P(Io) ¢ ayms
por3BOIBHEIME M® (P u M wiun ¢ u R), cBsI3BIBaIOIIEMY MHTEHCHBHOCTH HANPsOKEHHH U nedop-
MaIuii, U YCIOBHUIO MPOMOPIIUOHATBHOCTH JICBUATOPOB:
_2 -1 -
(0 =50(&(t) "g (), o=Re(e). ()
[TepBoe ypaBHenune OC (6) He HCTONB3yeTCS, U CpeIHEe HANpsDKEHHE Oy/eT HalIeHO U3 PEeLICHUS
KpaeBoii 33/1auu, KaKk 00BIYHO OBIBACT MPHU MCIIOJIB30BAHUU YCIIOBUS HEC)KUMAEMOCTH.
IlycTs I W I, — BHYTPSHHHUI U BHENIHUI paanychl HeHarpyxeHHoro mwnHapa (mpu t =0), p;(t)
u P,(t) —3amaHHbIE NaBIeHUS Ha BHYTPEHHEH M BHENIHEH NMOBEPXHOCTSAX IwuIMHApa mpu t>0, T.e.
KpaceBbIC YCIOBUS UMEIOT BU]T
Oy |r1= P, o, |r2 ==p2(1), gy |rl= O I’l: 0, gre |r2 =0 LZ: 0. (8)
3amaua oceCHMMETPHYHA, M TIOTOMY B JIF000# Touke (r,H,Z) B moboii MOMEHT BpEMEHH BCE KOM-
MIOHEHTHI TTEPEMEIEHHH, Te(pOPMAIHi 1 HAIIPSHKEHUI He 3aBUCAT OT yria & u
0,020, 05,20, uy(t)=0, 9)
_, -1 _ — — —
Eg(rt)=r “(Ugg+u,)=ulr, & (rt)=u,, =0u/or, &,(r,t)=u,,, (20)
r1e BBeIeHO obo3HaueHue U:= U, (r,t) s paguaabHOTO IIepeMeIeHUS.
Bynem cuntath TpyOy OECKOHEUHO JTHHHOM (OYCHD JJTUHHOM) WM KOHEUHOMH, HO 3aKpETUICHHO Ha
TOpLAX TakK, YTO OceBoe mepemenieHne U, =0 u kacaTelbHble HANpPSHKEHUs HA TOPLAX OTCYTCTBYIOT:
0,0=0mn 0, =0. Ecnu TpyOa OeckoHEUHO JUIMHHASA, OHAa HAXOJUTCS B COCTOSHUH IIOCKOH nedopma-

1IUU, BCE KOOPAUHATHBIC JTUHUM IIMIHMHIPUIECKON CUCTEMBbl KOOPIAUHAT HE UCKPUBIIAIOTCS U, B CHITy Ha-
JIMYUST TOTIONTHUTEILHON TPYIIIBI CHMMETPUil (CABUTOB BIOJbh OCH Z W OTPAKEHHH B TUIOCKOCTSX, TIep-
MEHIUKYISPHBIX eii) U, U O, , He 3aBUCAT OT Z W CIIPaBeUINBbI PABCHCTBA:
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0,50, £45=0, £4=0,£,20,u,=0, &,=3(u ,+u, )=0, &, =1(u,, +r'u,,) =0, (11)

(momumo (9)). Eciin TpyOa KOHEYHO# UTHHBI, TO B 3aBUCUMOCTH OT XapaKTepa IPaHUYHBIX YCIOBUI Ha
TOpLAX BO3MOXKHO HAJIWYUE CIABUTOBBIX HANpPsDKEHHH M aedopmarmii BOim3u Topuos. Ho eciu Ha Top-
Iax 3aJlaHbl yKa3aHHble ycnoBust U, =0, 0, =0 u 0, =0, To OHa HaXOAUTCSA B COCTOSIHUM IIIIOCKOM
nedopmaru 1 BeImodHsIOTCs paBeHcTBa (11). U3 (9) u (11) cnenyer, 4to TeH30phI AeopManuii 1 Ha-
npsbkeHui quaronanbebl: € =diag{e, &y, 0}, o :=diag{o,, 0,, 0} , npuueM 3aBUCHMOCTU HEHYJIEBBIX
KOMITOHEHT OT KOOpAMHAT UMeroT BUI: U, (I,t), & (r,t), &(r,t), o,(r.t), gu(r.t), o,t).

Cucrema ypaBHEHUI paBHOBECHUS CPE/Ibl B IIHMJIHMHAPHYCCKON CUCTEME KOOPAMHAT

-1 -1 -
0'”+I’ ar0,0+0;zz+r (ar_00)+Fr_O'

g,

-1 -1 _
ror T1 Ogg+0g ,+2r "Oy+Fy=0,

-1 -1 —
arz,r +r 002,0 +az,z+r Jrz+F z_o’

B culy cuMMeTpuid moist HanpspkeHus (9) u (11) skBuBaNieHTHA JIMIIb OJTHOMY YPaBHEHHIO B TIPOCKIIMU
Ha pajinyc, IPUHUMAOIEMY BU]

., +17(0, —0,) =0. (12)
BTopoe ypaBHeHHE BBIIIOIHEHO TOXKAECTBEHHO, TaK Kak J,4» =0, 0y, =0, 045, =0 (Bce 3TH cBOIicTBa
COXpaHSIOTCA W B 3aJade C OCEBOM HArpy3Koil, paBHOMEDPHO pacIlpeae/ieHHOM 1o Topuam). Tperbe

+1r o

YpaBHCHUC NIPUHHUMACT BUJ O'r r

2t ;=0 (rax xax 0, ,=0), oOuee pemeHne 3Toro OOLIKHOBEH-

Horo 1Y wumeer Bup O, =C(t, 2) rt, <r<r,, t=0, HO U3 HyJeBBIX KpaeBbIX ycinoBud (8) mis
o,,(r,z,t) npu r =r; u r =r, nomygaem C(t, 2=0wu o,, =0.

Vcnosue HecxkumaeMocTn Matepuana &, + &y + &, =0 B cuny &, =0 npuHuMaeT BUJ

& +&;=0. (13)
Hcnons3ys (10), moayuanm obsrkaoBenHOoe Y du/adr +u/r =0 ms u(r,t), otkyma
u=C()rt, p<rsr,, t>0. (14)

[TpousBonbHas ¢ynkims C(t) BbIpaXkaeTcsi yepes paaualbHOE IEPEMEIICHHE TOUYCK BHYTPEHHEW WM

BHemHel nosepxHocTy TpyOs: C(t) = nu(r,t) =ru () wmm C(t) = ru(r,,t) =ru,(t) ). U3 (14)u (10)

BCE HEHYJICBbIE KOMIIOHEHTHI T€H30pa Je(OpPMAIMU BEIPAXKAIOTCS Yepe3 OJHY HEU3BECTHYIO (DYHKIIHIO
C(t):

gg(rt)=ulr =C(t)r2, g (rt)=ou/ar =—C(t)r 2. (15)

Bocmonbzyemcst OC PaboTHOBa (7), CBSI3BIBAIOLIMM MHTCHCHBHOCTH HANPSDKCHUH U AeopMaliii 1

KOMITOHEHTHI 1eBHaTopoB. Tak kak nedopMmaluu caBura OTCYTCTBYIOT (OcH riaBHbe) B £, =0, TO ne-

BHATOp TeH30pa aedopmarmu umeet Bua €= diad &, £y,0} , a UHTEHCUBHOCTD Aedopmaruii —
_2 2 2, 22 05_2r a2, o2 05_ .y
5-%[(%‘%) +& )| =g e 6 &4 —%|C(t)|r (16)

(B 3aBHCHMOCTH OT COOTHOLICHHs NpeAblcTopuil maBieHuit Py(7) u P,(7) Bo3MoxeH M000H 3HAK
C(t)). deBuarop TeH30pa HAIPSHKEHHUM B 1000 TOYKE TOKE THATOHAIEH B CHITy TEH30PHOM JTMHEHHO-
ctu OC:
s:=diag{o, -0, 0y -0y 0, -04 ,
rae oy(r.t) = (o, +o, +0,)/3 —cpennee Hanpsbkenue. Tak kak 110 (7) IeBHATOPHI IPOIIOPLIHOHAIBHEI,
Tous €, =0 cnenyer 0, —0, =0 (nmpu tex t, korma £(t) #0, .e. C(t)#Z0), 1. e.
0,=0y,umu 0, =(0, +0y)/2. (17)

Torma |0, -0y Elog-0y |, |0, -0, |=log—0, F 0,5P, -0, wu noromy BblpakeHHe Ui HH-

TEHCHBHOCTH HAIPSDKCHUI YIIPOIIAeTCS:
o =@[(ar —0.) % +(0,-0,)*+(0,-0,)?) 015:%( o, -0, ?+0,5(0, —ay) 3 05:% o -ayl.

W3 yca0BuUs MPOIMOPIHOHAIBHOCTH 1eBHATOPOB (7)
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0, -0y=%60le,0,-0y=%¢,0l¢,
rae o (15)u (16)
g le=-Bc)/|C)E-BsgnC t), &/e=LBC)/|Ct)FLsgnC ()

HWrak,
g, -0y = —@sgnc to, ogy-0, =§sgnc ty ., (18)
rae B ciiy (7) u (16) ”HTEeHCUBHOCTB HANIPSDKEHUH paBHA
o =R#(e) =RP(ZICH)|r?). (19)

VpaBHEHHE paBHOBECHS B MPOCKIMHM HAa Paauyc (IBa APYTUX BBINOJIHEHBI aBTOMATHYECKH B CHITY
cummetpuit moist Hanpspkenust (9)) umeer Bun (12). Beruuras popmynst (18) apyr u3 apyra, Haiiaém

0, -0, = —%Sgnc t )o 1 moxcraBum 510 BRpakenne B (12): 0, , =%SgnC tor? e

0 =ZsgnC ORE (5 ICE)Ir )] (20)
(Tak KaK yMHO’KEHHE Ha (DYHKIIUIO OT I KOMMYTHUPYET C JIMHESHHBIM HACIICICTBEHHBIM oriepatopoM R).

[TpounTerpupyem ypasnenue (20) ot I; 10 I, HOIB3YSICH IEPECTAHOBOYHOCTHIO OIEPATOPOB HMH-

TErPUPOBAHUS 110 I M N0 T , U CAENIaeM 3aMeHYy IIEPEeMEHHON X = % |C(t) | p~2:
ro_ _ L|C|r_2
0,(r) =0, () =% s9rC ORI[ p7'¢(F I o?)dp] = - saC (R [

-2
<=ICln

$ % X" dk.
V3
BeenéM obosHauenms T o=r/r;,  q:=(r/r,)?0(0;1), y(t) =2C(Y E2 (8 cury (16)
| y(t) |=£(r) —unTencuBHOCTH nedopmarmit ipu =1, u |y(t) |=£(,)/q), u

F(s):= jos¢(x) x1dx, s>0. (21)

N 2 - _ 1 0/l 1
Torza C(t) =7 (O u g, () +py = -=sgny ¢)R[ Ly(m g df, e

o,(F)=-py+J5sgny ORIF (ly ) - F (ly €)1%2 D, FO[Lr,/ry], t20. (22)

Ecnu cymectyer npasas npoussogHas @'(0+0) umu xors 661 @(X) = A| xf +o| xf ), a>0,
npu X — 0+ 0, To HecoOcTBeHHBIH HHTErpal (21) @o3MoxHO, MErOIINI 0cCOOEHHOCTh B Touke X =0)
cxomurcs, F(S) menpepsiBHa crpaBa B Touke S=0 u F(0+)=0 (anpu a=1 eme u F'(0+)=0). U3
Bo3pactanus @(X) u ycnosus @(0)=0 (rorma ¢(x)>0) cnenyer gospacmanue F(S) Ha mHTEepBaie
s>0: F'(s)=¢(9 st>0.

IIpu r =r, B (22),ucnons3ys BTOpoe KpaeBoe yciaoBue (8), moayuynM HHTETrpalbHOE YPAaBHCHUE IS
onpenenenns Y(t) (1 Bcex KOMIIOHEHT HaIPHKEHMI U gedopMarimii):

=P =FsgnyOR[F(y®) - Faly®D. t>0.

B cuny Bospacranus F(S) Bcerma cupasemmmBo Hepaserctso F(|y(t)|)—F(q|y(t)|)> C (rax xax
gqU(0;1)). ITockonbKy (GyHKIHS pelakcanuy MOJOKUTEIbHA, TO B JIFO0OH MOMEHT BpeMEHH (DyHKIHS
fO)=R[F(y®)])-F(q|y()|]] mnomnoxurensua wu mnoromy 3Hak sSgny¢) cosmamaer ¢
z(t):=sgn(p (t)- p, (t)). Taxum oOpaszom,

P P2 =35 AORCKI WD~ F(d W(91], q:=(r/1,)?0(0;1), t>0. (23)

[Mpumensist k (23) oOpatHblii k R nuHelHbI onepatop IT, momy4ynM GyHKIMOHAIBHOE YpaBHEHHE

st dyukan Y = y(1)|:

F(y®D-F@ly® D= P@). P®):=+3M[z - p)]=+30| g- pl, t>0. (24)
3neck P(t) —wu3BecTHas QyHKIMS BpEeMEHH, €CITH 331aHbl (PYHKIUS MOJA3YYeCTH M Harpy3ka. OueBHIHO,
ypaBHeHue (24) MoxxHO cBecTH K nuddepenumansaomy ypaBHenuto (3agadye Komm) mms y(t) .
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3. Boipaskenus 1Jis1 moJieid gepopManiuii 1 HanpsizKeHHi
ITocne ompenenenns (B obmiem ciaydae mnpubmokénnoro) Y(t) wu C(t)=§ y(1) I’l2 u3

ypaBHeHus1 (24) HaXOAATCS OIS TIepeMeNIeHui, fedopmanuii n Hanpspkeruit o (14), (15)u (22):

U (rt)=CcOrt=Lymrrt=Lynn/f, uy=0, u,=0; (25)
& (D) =COr? ==Lyt =-Lyr-’, (26)
go(rt)=—¢,(r 1) =2y ) 2, 27}
o, (rt)=-p + = 2(OR[F( (O )~ F( y1/7 ], (28)
rae z(t):=sgn(p (t)- p, (t)), T:=r/r; O[Lr,/r4]. UaTeHCHBHOCTH AedopMalIMil U HATIPSIKEHHUIL:
e(rt)=%IC() I 2=ly O I 2=l O)F? o(rt) =ReE) =Rp(ly ) |/7?). (29)

Hanpsokenust 0y u 0, =(0, + 0y)/ 2 MOXHO BEIpa3uTh U3 ypaBHeHUs paBHoBecus (12), Ho mpoine

ucrnonk3osatk (18): 0, =0, +%SgnC t=o +% ZORS (|y ()| 772 ), . e.

2
ap(r.t)=-py +LZOR[F( YO - FAy® 177 ]+Z z(Re (y®) 177,
ap(rt) ==py+LZ(OR[F( y() )= FUYW1/7 ¥ 2 (1y ) 177, (30)

0,(r1)= (0, +0p)/12=0; + 59T (=0, + Lz RS (ly )17

o, (rt)==p + = ZOR[F( (O )~ F(y(®)| Py g (ly®)|77%) (31)

B cuy (17) cpennee HanpspkeHue 0y =0, U 0, =0, = (0, +03)/ 2.
MOo»HO 10Ka3aTh, 9TO, €CIHM Pa3HOCTh maBieHuil P (t) — po(t) momoxurensHa M HECTPOTro BO3pac-
taet, To ¢pynkuun Y :=| y(t)| u y(t) Toxe Bo3pacrarot (cTporo), u noromy U, (r,t)u £y-(r,t) momoxu-

TEJbHBI M BO3PACTAIOT 110 BpeMeHH, a aedopmanust &, (r,t) orpuuarensHa u yosiBaeT (B crity Gopmyin
(25)—(27)).

CymectBeHHO, uto (yHKIms Y(t), MOTHOCTBIO OMPECSIONIas MO epeMenieHni u qedopmanuii
B IF000M MOMEHT BpEeMEHH, MOKET OBbITh Hali/IcHa HE TOJBKO B pe3yibTaTe pelieHns ypaBHenus (24), Ho
U SIBISIETCS HEeNOCPeOCMBEHHO USMEPSEMOU 6 dKChepuMeHme (pyHKyuell, noCKoIbKy OHa TPOMOPIHO-
HaJbHA OTHOCUTEIFHOMY W3MEHEHHIO BHEIIHETO pajiiyca TPYObl U KOJBIIEBOM aeOopMalluy Ha MOBEPX-
HoctH (cM. dopmyinsl (25) n (27) mpu r =r,). DTO MO3BOJSET UCIONB30BATh IOJIYYCHHOE DPEIICHHUE
kpaeBoii 3amaun (25)—(31)mns unentudukamun OC (7).

ITonyduenHoe oOiiee pemieHHe KpaeBoW 3amadd mpu J00bIXx M® 1Mo3BOJISET permaTh 3adaqd st
MHOTOCIIONHBIX (COCTaBHBIX) TPYO M3 pasHbIXx Marepuaios, cieayronmx OC PabotHoBa (¢ pasHbIMU
napamMy MaTepHalbHbIX (QYHKIHMIA), U OMPEaesITh KOHTAKTHBIC MaBicHUS cI0EB. OTMETUM TaKKe, YTO
eciu mooxuth [M(t) =const, My(t) =0, To OC (1) Bepoxkmaerca B OC Ui ynpyromacTHIeCKOro

HEC)KMMaeMoro Marepuaia (0e3 HacJIeJCTBEHHOCTH) C MPOU3BOIEHOH M® ®D(X), T. €. IPUBOIUT K TEO-

pHUH MaJIbIX YIpyromiactuyeckux nedopmaiuii A.A. WiproiinHa, a MOCTPOSHHOE B 3TOM CTaThe pelle-
HUe 3a1a4u I TpyOBI IpeBpaIaercs B Kiaaccuueckue pemenns [31-33].

3akiaoueHue

B crathe mocTpoeHO TOYHOE pEIIeHHE KBa3MCTATUYECKON KPaeBOH 3ajadd, aHAJIOTUYHOUN KJIacCH-
4yeckoii 3aiaue Jlame 11 mosoro MWIMHAPA B TEOPUH YIPYTOCTH, HO JUISI IMIIMHAPA U3 (GU3NIECKH He-
JTUHEHHOTO HEC)KMMaeMOT0 PEOHOMHOT0 MaTepuaja, MOAYHHSIONIETOCS OIMPEIeNIIOmeMy COOTHOIIIE-
nuto PaboTtHoBa (1) ¢ IBYyMs MPOU3BOJLHBIMH MATEPUATBHBIMU (YHKIUSMH, U I MPOU3BOJIBHBIX
(MeICHHO MEHSIOIINXCS) 3aBUCHMOCTEH JIaBJICHUI OT BPEMEHH, 3a/IaHHBIX HA BHYTPEHHEH W BHEIIHEH
MTOBEPXHOCTH muuHApa. [lons mepememniennii, nepopmaruii 1 HaNpsHKEHUN B 11000 MOMEHT BpEeMEHHU
BeIpaXkaroTcs mo dopmynam (25)—(31), (11)epes ogny QyHKIMIO BpeMEHH, KOTOpass HaXOIUTCS B pe-
3yJIbTaTe PEIICHUS BBIBSIACHHOTO HEIMHEHHOTO (YHKIIHOHAIBLHOTO ypaBHEHUs (24), comepkaniero Ma-
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tepuanbhbie Gynkimu OC U 3aJaHHy0 Harpy3Ky. VI3 mOCTPOSHHOTO pelIeH s KpacBou 3a1a4u CICAyeT,
4TO 3Ta QYHKIHMS BPEMEHH MOXKET OBbITh Haii/lcHa He TOJbKO W3 ypaBHEHHs (24), HO U SBISCTCS HEMo-
CPE/ICTBEHHO HU3MEpsIeMOi B dKCIiepuMeHTe GyHKIMel (OHa MPOMOPIIHOHATbHA OTHOCUTEIBHOMY H3Me-
HECHHUIO BHEIHEro pajuyca TPyObl M KOJBIIEBOH AedopMaiiui Ha MOBEPXHOCTH). DTO MO3BOJSET HC-
HOJIB30BaTh mosydeHHoe perierne (25)—(31)ams onpeneneHns MaTepralbHbIX QYHKIHNA HETHHEHHOTO
OIPEICISIOIIETO COOTHOIICHHST PaOOTHOBA TI0 TAHHBIM UCIIBITAHUS TOJCTON TPYOKH (€CIHM MCIIBITAHUS
MOKAa3bIBAIOT, YTO MPUHSTHIC TIPH MOCTAHOBKE 33a4M MPEINOIOKCHUS JOCTATOYHO XOPOIIO BBIMOJIHS-
IOTCS [UISl MaTepHana).

B nocnemayrommx CTaThAX [UIAHUPYETCSl [ETATbHO HCCIIEAOBaTh CBOMCTBAa HAIPSIKCHHO-
nedopmupoBaHHOTo cocTosuus (25)—(31)B cayuae 3amaun O MOA3YyYECTH TOJCTOM TPYOBI M3 (PU3HMUECKH
HEJIMHEHHOTO HACIIEACTBEHHOT0 MaTepuaia TOJ JCHCTBHEM IOCTOSHHBIX TaBJICHHM, CPABHHUTH HX CO
CBOWCTBaMHU PEILCHUsS 33a4d B pAMKaX JINHEHHON TEOPUH BA3KOYMPYTOCTH, MONYYUTh 00IIEe BhIpaKe-
HHE ISl BpeMEHH pa3pyIleHus: TpyObl (C UCIonb30BaHUEM 1e(DOPMAIIHOHHOTO KPUTEPHS Pa3pyIICHUS U
KPUTEPHEB, YIUTHIBAIONIMX HCTOPUIO 1eHOPMUPOBAHHS, NPEITIOKEHHBIX B [34]), BBIBECTH ypaBHEHHE
KPUBO#1 JUTUTENBHOM MPOYHOCTH, pa3paboTath MeToauKy uiaeHTudukanun OC PaboTHOBA U OCTPOUTH
pelIeHHsT aHATOTHMYHBIX KPAaeBbIX 337a4 B MECHEE OTPAaHUYUTENBHBIX MPEAMONIOKEeHHUIX: 1) ¢ ydetom
WHEPIUOHHBIX YJICHOB B YPAaBHEHHUX paBHOBeCHs (YTOOBI MOJYYUTh BO3ZMOXKHOCTh MOJICIIMPOBAThH BHO-
POIOJI3YYeCTh MPU MEPHOTMYESCKH MCHSIOMIEMCS BHYTPEHHEM JABICHUM); 2) C 3aJaHHEM MPOU3BOJIb-
HO# 0CEBO# CHIIBI (@ HE HyJICBOTO OCEBOTrO TMEPEMEILICHHUs) Ha TOPIAX ISl OMMCAHUS HCIIBITaHU# 00pas-
I1a Ha COBMECTHOE JICUCTBUC NABJICHUS M 3aJaHHON MPOIOJILHOM CHIbl; 3) OTKA3aThCs B MOCTAHOBKE
3aj1a4M OT MOCTYJIaTa HECKMMACMOCTH MaTepuaa, 3aMeHHUB €ro Ha YCIOBHE MOCTOSHCTBA KO3 PHIIHCH-
ta Ilyaccoma [y(t)=cl(t) wmwm na mnocrymar o6 ynpyroMm wu3MeHeHHH o00bEMa (koraa
My =const= 1K, ®,(x) =x BOC (1)u g, =K&,) [5, 7, 30]; 4)mocTpouTh penIeHust 3THX 3a1a4 U1
COCTaBHBIX (MHOTOCJIONHBIX) TPYO C pa3HbIMU COYCTAHHSIMH BS3KOYIPYTHX CBOWCTB CJIOCB U IWJIHHI-

pHYECKUX OAITIOHOB € TTONyC(HEPHUUSCKUME «TOPLIAMK» MO AaBjIeHHeM (IOJI3yd4ecTh U T. I.).
Paboma evinonnena npu noodepacxke PODHU (epanm Ne 17-08-011464).

JlntepaTtypa

1. XoxmoB, A.B. AcuMnToTHKa KPUBBIX TOJI3YYECTH, IIOPOKICHHBIX HETMHEHHOW TeopHel Hace -
CTBEHHOCTH PabOTHOBAa MpPU KYCOYHO-TIOCTOSHHBIX HATPYKCHHUSX, W YCIOBHS 3aTyxXaHus namstd /
A.B. XoxuoB // Becthuk MockoBckoro yH-Ta. Cepusi 1: Maremaruka. Mexanuka. — 2017. —-Ne 5. —
C. 26-31.

2. XoxynoB, A.B. AHanu3 o0IMMX CBOWCTB KPUBBIX MOJI3YUECTH MPU CTYIICHIATOM Harpy>KEHHH, T10-
pPOXKIaeMBIX HEIMHEHHBIM COOTHOLICHHEM PaboTHOBa Ui BS3KOYNPYTOIUIACTHYHBIX MarepuaioB /
A.B. Xoxnos // Bectauk MI'TY um. H.3. Baymana. Cep. EcrectBennsie Hayku. — 2017. -Ne 3(72). —
C. 93-123.

3. Xoxyo, A.B. O ciocoOHOCTH HEMMHEHHOTO OIPESIISIOIIEro COoTHOIeHusI PaboTHOBa [utst Ha-
CJIC/ICTBEHHBIX MATEPUAJIOB MOJCIMPOBATH AMArPaMMbl J1e(hOPMHUPOBAHUS C MAJAIOIIAM yd4acTKOM /
A.B. Xoxios // IIpobaemsl mpounocTH u mactuaaoctu. — 2018. -T. 80,Ne 4. —C. 477-493.

4. XoxnoB, A.B. AHanu3 CBOHCTB KpHMBBIX peNlakcalldd C HadalbHOW cTaaued rampsie-
(hopMHpOBaHUS, OPOXKIACMBIX HETHHEHHON Teopuel HacnencTBenHocTn PadotHoBa / A.B. Xoxios //
MexaHnka KOMITO3UTHBIX MaTtepuanoB. — 2018. -I. 54,Ne 4. —C. 687-708.

5. Xoxios, A.B. MoaenupoBaHie 3aBUCUMOCTH KPHBBIX ITOJI3YUYECTH TPU PACTDKEHUU B KO3 dH-
nuenTta ITyaccoHa peoHOMHBIX MaTepHalioB OT FMAPOCTATHUECKOTO JABIECHUS C MOMOUIbI0 HETMHEHHO-
HACIIeICTBEHHOTO cooTHOmeHus Paborrnosa / A.B. XoxioB // MexaHnKka KOMITO3HIIHOHHBEIX MATEPHAIOB
u koHcTpykmmii. — 2018. . 24,Ne 3. —C. 407-436.

6. Xoxios, A.B. CpolicTBa cemeiicTBa auarpamMm Je(OpMUpPOBaHNs, TOPOKIAEMBIX HEIHHEHHBIM
cootHomenrem FO.H. PaGoTHOBa 14 BsizkoynpyromiacTuaHbIX Matepuainos / A.B. Xoxios // U3Bectus
Poccuiickoii akanemun HayK. Mexanuka TBepmoro Tena. — 2019. Ne 2. —C. 29-47.

7. Xoxmnos, A.B. CBolicTBa KpUBBIX 00BEMHOMN, OCEBOU U MOMEPEYHON MOJI3YYESCTH TIPU OJHOOCHOM
pacTsHKEHNH, TOPOKIaeMbIX HETMHEHHBIM COOTHOILICHUEM Bsi3Koynpyrocti PadorHoBa / A.B. Xoxios //
IIpobaembr ipourocT ¥ miactuHocTH. — 2019, —T. 81, Ne 2. —C. 146-164. DOI: 10.32326/1814-
9146-2019-81-2-146-164

50 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2020, vol. 12, no. 1, pp. 44-54



Xoxsnoe A.B. PeweHue 3ada4u o HanpsikeHHO-0eghopMupoeaHHOM COCMOsIHUU
nosio2o yusuHApa u3 HeluHeliHO HacsiedcmMeeHHO20 Mamepuana ...

8. Pa6orHoB, 10.H. PaBHoBecue ympyroii cpeast ¢ mocneneiictsuem [ FO.H. Pa6oruos // Tlpuknan-
Has MaTeMmaTuka u Mexanuka. — 1948. -T. 12, Ne 1. —C. 53-62.

9. Pa6orHog, O.H. ITonsyyects anementoB koHcTpykuuii / FO.H. PadorHoB. — M.: Hayka, 1966. —
752c.

10. Iepryuos, H.H. Ananu3 noseaenus rpadura Ha OCHOBE HETMHEWHOM HACIEACTBEHHON TeopuH /
H.H. Hdeprynos, JI.X. [Tanepuuk, FO.H. Pa6otros // IMT®. — 1971. Ne 2. —C. 76-82.

11. Pabotnos, O.H. IIpunoxenre HeTMHEHHON TEOPHUH HACIEACTBEHHOCTH K OIMCAHUIO BPEMEH-
HBIX dQdekToB B monumepHbix Marepuanax / FO.H. Pa6ornos, JI.X. ITanepuuk, E.M. Cremansrues //
Mexanunka moaumepoB. — 1971, Ne 1. —C. 74-87.

12. Pabotnos, }0.H. Onucanne mon3ydecTn KOMIIO3UIIMOHHBIX MaTEpUaNOB MPH PACTSHKCHUU H
cxatnu / FO.H. Pa6oruos, JI.X. ITanepuuk, E.. CrenansrueB // Mexanuka monumepoB. — 1973, —
Ne 5. —C. 779-785.

13. PabotHoB, FO.H. DnemenTs! HacneacTBeHHOM Mexanuku TBEPAbIX Ten / FO.H. PaboTHOB. — M.:
Hayxka, 1977. — 384.

14. Fung, Y.C. Stress-strain-history relations aft sissues in simple elongation / Y.C. Fung //
Biomechanics: Its Foundations and Objectives (KdS. Fung, N. Perrone, and M. Anliket. nayu.

Tp. — Prentice Hall, New Jersey, 1972. — P. 181-208.

15. Fung Y.C. Biomechanics. Mechanical Propertfdsving Tissues / Y.C. Fung. — N.-Y.: Sprin-
ger, 1993. — 568 p.

16. Linear and Quasi-Linear Viscoelastic Charazédion of Ankle Ligaments / J.R. Funk,
G.W. Hall, J.R. Crandall, W.D. Pilkey // Journal Biomechanical Engineering. — 2000. — Vol. 122,
Iss. 1. — pp. 15-22.

17. Sarver, J.J. Methods for Quasi-Linear Viscdmlddodeling of Soft Tissue: Application to In-
cremental Stress-Relaxation Experiments / J.J.€8aP/S. Robinson, D.M. Elliott // Journal of Biome
chanical Engineering. — 2003. — Vol. 125, Iss. B.454-758. DOI: 10.1115/1.1615247

18. Abramowitch, S.D. An Improved Method to Analyibe Stress Relaxation of Ligaments Fol-
lowing a Finite Ramp Time Based on the Quasi-Ling&acoelastic Theory / S.D. Abramowitch,
S.L.-Y. Woo // Journal of Biomechanical Engineerirg?004. — Vol. 126, Iss. 1. — P. 92-97.

19. A simplified approach to quasi-linear viscogtasnodeling / A. Nekouzadeh, K.M. Pryse,
E.L. Elson, G.M. Genin // Journal of Biomechanie2007. — Vol. 40, Iss. 14. — P. 3070-3078.

20. DeFrate, L.E. The prediction of stress-relaabf ligaments and tendons using the quasi-linear
viscoelastic model / L.E. DeFrate, G. Li // Biomankts and Modeling in Mechanobiology. — 2007. —
Vol. 6, Iss. 4. — P. 245-251.

21. Duenwald, S.E. Constitutive equations for ligatnand other soft tissue: evaluation by experi-
ment / S.E. Duenwald, R. Vanderby Jr, R.S. Lakégtd Mechanica. — 2009. — Vol. 205. — P. 23-33.

22. Lakes, R.S. Viscoelastic Materials / R.S. Lake€ambridge: Cambridge Univ. Press, 2009. —
462 p.

23. De Pascalis, R. On nonlinear viscoelastic aeddions: a reappraisal of Fung's quasi-linear vis-
coelastic model / R. De Pascalis, I.D. Abrahams].Warnell // Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Scienc@814. — Vol. 470, Iss. 2166. — 20140058.

24. Jlomakus, B.A. MozaenupoBanue mporecca nedopManiy HEIMHEHHBIX BS3KO-ynpyrux cpen /
B.A. Jlomaxun, M.A. Konrynos // Mexannka monumepos. — 1967. -Ne 2. —C. 221-227.

25. CyBopoga, }0.B.Henuneitnass Moaeib H30TPOIHOM HACIECACTBCHHON CPEAbl JJIs CIIydas CIIOXK-
Horo HanpspbkeHHoro coctosiaus / FO.B. CyBoposa, C.M. AnekceeBa // MexaHuKa KOMIIO3UTHBIX Mate-
puayioB. — 1993. Ne 5. —C. 602—-607.

26. Cysopora 10.B. O Henuneiino-HacneacTBeHHOM ypaBHeHuu FO.H. PaboTHOBa 1 ero mpuioxe-
Husx / H0.B. Cysopoga // U3Bectust Poccuiickoit akagemun Hayk. Mexanuka tBepaoro tena. — 2004, —
Nel.-C. 174-181.

27. Anekceera, C.J. AHau3 BA3KOYIPYTUX CBOMCTB HMOJUMEPHBIX KOMITO3UTOB C YIJICPOIHBIMU
HanoHanonuurensmu / C.U. Anekceea, M.A. ®pownst, .B. Bukroposa // KoMIO3UTEI 1 HAHOCTPYKTY-
pel. — 2011. Ne 2. —C. 28-39.

28. XoxioB, A.B. AHaim3 oOIMX CBOWCTB KPUBBIX MOJ3YYECTH MPU IMUKINYECKUX CTYIEHYATHIX
HaArpy’KeHHUsX, IOPOKIaEMBIX JTHHEHHOM Teopueii HacaeacTBennoctd / A.B. Xoxnos // Bectauk Camap-

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 51
2020, Tom 12, Ne 1, C. 44-54



MexaHuka

CKOT'O TOCYJapCTBEHHOTO TeXHMYecKoro yHuBepcurera. Cepus «DU3HKO-MaTeMaTH4YECKHE HAyKU». —
2017. -T. 21,Ne 2. —C. 326-361.

29. XoxyoB, A.B. JIBycTopoHHUE OLIEHKU I (DYHKIIUH pellakcallii JUHCHHON TCOPUH HACIIEACT-
BCHHOCTH 4Yepe3 KPHUBbIC pelakcaluu Npu ramp:iaehopMUpPOBaHUM U METOAUKH € uaeHthduxanun /
A.B. Xoxnos // U3Bectus Poccuiickoit akanemun Hayk. Mexanuka tBepaoro tena. — 2018. Bepm. 3. —
C. 81-104.

30. XoxyoB, A.B. UHAMKATOPBl HEIPUMEHUMOCTH JIMHEHHOW TEOPHH BA3KOYIPYTOCTH IO JaHHBIM
UCIIBITAHUI MaTepHalla Ha T0JI3y4eCTh MPH PACTSHKCHUH C HAJOKEHUEM THPOCTATHYECKOro TaBiIeHUs /
A.B. XoxioB // MexaHnka KOMIIO3HIIMOHHBIX MaTtepuaioB U koHcTpykuuii. — 2019. — Vol. 25, no. 2. —
C. 259-280.

31.Hanau, A. [lnactuuHoCTh U paspymenue TBepasix ten / A. Haman. —Mocksa: U31-Bo nHOCTD.
ut., 1954. -T. 1. — 648&.

32. UnprommmH, A.A. Yopyro-miactndeckue aehopMaliy moiasiXx uIaaapos / A.A. WinsiommH,
I1.M. Oru6anos. —M.: U3a-8o MI'Y, 1960. — 22%.

33. Mamunaun, H.H. Tlpuknagnas teopus mimactuuHoctd W noisydectn / H.H. MamunuH. —
M.: MamHocTpoenue, 1968. — 40@.

34. Xoxmnos, A.B. Kputepuu paspylieHus Ipy HOA3yYECTH, YIUTHIBAIOIIHNE UCTOPHIO IehOPMHUPO-
BaHUs, U MOJAeIUpoBanue amuTenbHoil npounoctu / A.B. Xoxmos // U3Bectus Poccuiickoit akamemun
Hayk. Mexanuka tBeproro Tena. — 2009. Ne 4. —C. 121-135.

Ilocmynuna 6 pedaxyuto 7 oxkmsaops 2019z,

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2020, vol. 12, no. 1, pp. 44-54

DOI: 10.14529/mmph200106
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We construct the analytic solution of the quasiistaoundary value problem for a hollow cylinder
(a thick tube) under given pressure similar tolthme problem in the elasticity theory but for aimgér
made of physically non-linear elasto-viscoplastatenial governed by the Rabotnov constitutive equa-
tion with an arbitrary material functions. We assguthat pressure values preset on an internal and ex
ternal surfaces of the thick tube depend on timechange slowly enough to neglect inertia termihian
equilibrium equations. We also suppose that a mahtsr homogeneous, isotropic and incompressible
and a plain strain state is realized, i. e. the tskdong enough or zero axial displacements arengon
the edge cross sections of the tube. We derivdoitxplosed form expressions for displacement,istra
and stress fields via the unknown function of temel obtain functional equation to determine thiscfu
tion implying radii of the tube, pressure valuepaledence on time and material functions of the Rabo
nov constitutive equation are given. It followsrfrahe exact solution of the boundary value problem
that this unknown function of time can be simplyasred in pressure tests of tubular specimen. This
observation allows to use the solution construfbeddentification of the Rabotnov constitutive egu
tion.

Keywords: elastoviscoplasticity; physical non-lingg the Rabotnov constitutive equation; the
Lame problem; stress field; creep; identification.
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BASIS SET SUPERPOSITION ERROR: EFFECTS OF ATOMIC BA SIS
SET OPTIMIZATION ON VALUE OF COUNTERPOISE CORRECTION

E.V. Anikina, V.P. Beskachko
South Ural State University, Chelyabinsk, Russian Federation
E-mail: anikinaev@susu.ru

Using the DFT method, we simulated the adsorptionfoa single hydrogen
molecule on pristine low-dimensional carbon nanomairials: carbon nanotubes
(CNT), en-yne (CEY), and graphdiyne (GDY). For wavdunction decomposition,
we employed two approaches: localized pseudoatonuchitals (SIESTA package)
and plane waves (VASP package). For CNT, CEY, GDYand bulk carbon
(graphite), we optimized atomic basis sets. Deltaest of used DFT packages
showed a good agreement for carbonAc = 0,36 meV/atom. We demonstrated
that after atomic basis set optimization the valuef counterpoise (CP) correction
of basis set superposition error (BSSE) in calculaans of hydrogen adsorption
energies reduces. Moreover, this CP correction catdilbe by several times bigger
than the corrected hydrogen adsorption energy. Thafore, to obtain reasonable
results in weakly interacting systems, CP-correcteddsorption energies in the op-
timized PAOs are needed. In considered systems, hpdien adsorption energies,
which were calculated in this way, agree with the reergies obtained using the
BSSE-free plane-wave basis set.

Keywords: Density functional theory (DFT); localizepseudoatomic orbitals
(PAOSs); projector-augmented wave method (PAW);adidst; hydrogen adsorption;
carbon nanomaterials.

Introduction

On the way to the hydrogen economy, several prablginould be solved. Among one of them is
the creation of effective and compact hydrogenagfes. Carbon nanostructures are promising materials
for such utilization since they have unique mectanproperties [1, 2], porosity, low density andthi
surface area [3]. However, there are numerousrafies of carbon. Therefore, in search of a material
with the needed properties, computer modelling ¢aidcrease the experimental costs and shorten trial
and error loop.

Density functional theory, a popular approach om@stic simulations, allows researchers to obtain
precise results even for big systems [4], whichlwamseful in modelling of, for example, carbonman
tubes (CNTs), where simulation cell could contgina several hundred atoms [5]. Though this method
does not require empirical data of a simulatedesgstto reduce the many-electron problem to one-
electron, some theoretical approximations are reeede

One of the key approximations is the wave functiecomposition over a certain finite basis. The
most common approaches are localized pseudoatabitals (PAOs) and plane waves. For big systems
or structures with a large vacuum volume (likehia tase of adsorption modelling), PAOs are an effec
tive method since they give accurate results withlow computational cost [6]. However, PAO basis
set is prone to a significant basis set superposiiror, BSSE (an over-estimation of binding eperg
due to the unequal basis sets between the integaotinded system and non-interacting separated sys-
tems), in weakly interacted systems [7]. To redB&SE, counterpoise (CP) correction by Boys and
Bernardi [8] can be used. Though, it is not cléary atomic basis set optimization influences theea
of this correction and corrected hydrogen adsonp&nergy. And if it is possible to get similar teet
BSSE-free plane-waves results, using PAOs.

Therefore, in this work, we consider different aibpes of carbon and their interaction with the mo-
lecular hydrogen. For each carbon system, we op&ifRiAO basis set (for carbon atom). Then we calcu-
late CP-corrected hydrogen adsorption energiesrddith the default SIESTA basis set parameters)
and after basis set optimization. The resultingrbgdn adsorption energies for 2D structures are-com

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 55
2020, Tom 12, Ne 1, C. 55-62




dusunka

pared with the BSSE-free plane-wave basis calaumatiAdditionally, we perform delta-test of utiléze
DFT packages, using different PAO basis set parnsiet

Models and simulation parameters

Spin-polarized DFT calculations were performed IESTA package [9, 10], where PAOs are im-
plemented as a basis set. Adsorption on 2D carbontsres (CEY and GDY) was also investigated
using the Vienna ab initio simulation package (VAEHL] with the projector-augmented wave (PAW)
method [12] and BSSE-free plane-wave basis set.|d¢@ density approximation, LDA (Ceperley—
Alder functional [13]), and the generalized gradiapproximation, GGA (Perdew—Burke—Ernzerhof
functional [14]), were employed as the exchangeetation functional. Geometry relaxation was per-
formed by the conjugate-gradient method. For afHIA calculations, pseudopotentials were taken
from the FHI pseudodatabase [15]. In the VASP satnohs, we used the 2012 version of pseudopoten-
tials, which treats the following electrons as waks 1s for H and22p® for C.

Carbon nanotubesWe considered internal and external adsorptioa single hydrogen molecule
on the pristine CNT(5,5). The simulation cell cansafour primitive cells of the nanotube (80 carbon
atoms in total). The optimized translational par@nén GGA (LDA) is 9,87 A (9,78 A). In non-
periodic directions (perpendicular to the tube’spawe put ~100 A of vacuum. The force convergence
criterion is 10* Ry/Bohr. The mesh cut-off [16] is 360 Ry (210 Ry) GGA (LDA) calculations. With
the 1x1x32 Monkhorst—Pack set ¢fpoints, the numerical precision of hydrogen adsonpenergy
calculations is 10 meV.

En-yne We considered the adsorption of a single hydragelecule. The simulation cell contains
two primitive cells of the CEY (20 carbon atomstatal). SIESTA simulation parameters: optimized
sizes of an orthorhombic cell for GGA (LDA) calctitms — 11,28-9,76-50°%11,20-9,69-50 &; the
mesh cut off for GGA (LDA) calculations — 350 RyL(®2RYy); k-points set — 1£11x 1; the force con-
vergence criterion — 5-TORy/Bohr. All these parameters allowed us to calteuhydrogen adsorption
energies with the precision of ~7 meV. VASP simolafparameters: optimized sizes of an orthorhom-
bic cell for GGA (LDA) calculations — 11,26-9,74-88(11,20-9,69-20 #; plane-wave basis set cut-off
— 600 eV:k-points set — 89x1; the force convergence criterion —316V/A. All these parameters al-
lowed us to calculate hydrogen adsorption enesgittsthe precision of ~3 meV.

Graphdiyne We considered two configurations of a single bgén molecule: on top of the big
trigonal pore, and on top of the small hexagonaép®he simulation cell contains one hexagonal GDY
primitive cell (18 carbon atoms in total). SIESTinslation parameters: the optimized translatioreal p
rameter in GGA (LDA) is 9,48 A (9,39 A), the distanbetween the structure and its image — ~ 100 A;
the mesh cut off for GGA (LDA) calculations — 359 R10 Ry);k-points set — 89x1; the force con-
vergence criterion — 5-TORy/Bohr. All these parameters allowed us to calteuhydrogen adsorption
energies with the precision of ~ 7 meV. VASP sirtiala parameters: the optimized translational pa-
rameter in GGA (LDA) is 9,46 A (9,39 A), the distanbetween the structure and its image — 20 A;
plane-wave basis set cut-off — 600 ekfpoints set — 89x1; the force convergence criterion —
102 eV/A. All these parameters allowed us to calculgtdrogen adsorption energies with the precision
of ~3 meV.

PAOQO basis set optimization

For basis set optimization, we used the methodotaggeribed in [17]. For all considered structures
(pristine CNT, CEY, and GDY), we separately optietizbasis set parameters for carbon atoms. All
parameters for hydrogen were taken from [17]. Salteonsidered adsorbents consist of one atom type
(carbon), during the basis set optimization, weckiegl only the structure total energy and the
characteristic bond length.

As an example, in Fig. 1 we demonstrated the opttiin procedure for C( orbital in the case
of CEY. In the presented example, we chose thengptvalues for orbital cut-off and SplitNorm using
the criterion of minimal total energy. Additionallwe monitored the length of a C—C boml, . . After

orbital cut-off reached the valug,, = 7,5 Bohr,d-_c remains on the same level (1,3942 A). Since
bigger r., employs higher computational costs, we chqge = 7,5 Bohr as an optimal value. The

dependence of the structure total energy on SpiitNparameter has a pronounced minimum at
SplitNorm 0, 25, which has been chosen as an optimal value.
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Fig. 1. Dependence of CEY total energy and C—-C bond
parameter of C(2p) orbital. Solid grey lines note the chosen value o

length on a) cut-off radius of

b)

C(2p) orbital; b) SplitNorm

f orbital parameters
Optimal basis set parameters are shown in TabtgJ; (is a cut-off radius of a modified orbital, it

derives fromr,,, and SplitNorm). For comparison, we also presenfgtnized parameters for graphite
and default PAO parameters in SIESTA.

Table 1
Optimal parameters for C(2s) and C(2p) orbitals for different carbon allotropes
Structure CNT CEY GDY Bulk Default PAO
oy » BOhF 8,03 8,66 8,03 7,64 4,09
C() SplitNorm 0,27 0,35 0,35 0,35 0,15
Feut » BODI 3,03 2,81 2,81 2,81 3,35
oy » BOhr 10,06 7,64 9,57 8,66 4,87
C(2n) SplitNorm 0,26 0,24 0,20 0,24 0,15
Fcut » BONT 3,18 3,27 3,52 3,27 3,48

Table 1 shows that, firstly, for different referensystems, we got slightly different optimal basis
set parameters using the same pseudopotential casds. Secondly, all optimized parameters differ
noticeably from the default ones (especially, ). Therefore, default basis set parameters shoeld b

used cautiously, and each new system requires $etsiptimization.

Delta test

To compare used DFT packages (VASP and SIESTA)peviormed the delta test [18] between
SIESTA results for different sets of orbital paraene and VASP data [19]. The obtained results are
presented in Table 2.

Table 2 shows that the biggeAt. (and, consequently, the worst agreement with tASK data)
was obtained with the default basis set for cartbanmthermore, different PAO basis sets resulted in
different delta parameters (it can be seen inivelak. ). Generally speaking, the reference system used
in the current version of delta test is a bulk giwee (and for this reason delta test cannot bd tme
comparison of pseudopotential, for this purposesid@ration of different allotropes is needed).
Therefore, to compare DFT packages, where atonsis Ists are utilized, it is necessary to optimize
PAOs parameters on the needed reference systeR).(Bal, the correct value in our caseAg for

graphite: A =0,36 meV/atom. This small value implies the good agrestrbetween VASP and

SIESTA results for carbon structures with the ugestudopotentials (results of the delta test
considerably depend on the quality of pseudopaitm)ti
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Table 2
Delta parameters, obtained for different PAO basis sets
Structure CNT CEY GDY Bulk Default PAO
A- , meV/atom 1,88 1,47 0,32 0,36 2,86
RelativeA. , % 15,1 11,8 2,6 2,9 22,4

CP-corrected hydrogen adsorption energies
We simulated the adsorption of a single hydrogefeoude on CNT(5,5), CEY, and GDY. Relaxed
structures are presented in Fig. 2.
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bed hydrogen on: a) internal surface of CNT(5,5); b
top of the GDY small pore.

Carbon and hydrogen atoms are grey and red, respect
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) external surface

Hydrogen adsorption energy was calculated as feliow
BSSE _
Epind = Epaset EHZ -

is the total energy of a complex “carbon nanonmater hydrogen molecule”E, . is

EbaSeHZ 1
where EpaserH,

the total energy of a carbon nanomaterl:‘s;li,2 is the total energy of an isolated hydrogen mdkecu

Here, if E,,q >0, hydrogen attracts to the base structure, anditiger is E;,,4 the stronger is this
binding.
CP corrections by Boys and Bernardi were calculagefbllows:

Ecp = BEpase ghost Eobasé' EHZ— ghost EtEI)Z )

where Egae- ghost IS the total energy of a carbon nanomaterial d¢ated in the full basis of a complex

“carbon nanomaterial + hydrogen moleculeZ),.. is the total energy of a carbon nanomaterial
calculated in the basis of a carbon SUrUCIUER, _ghost is the total energy of a hydrogen molecule

calculated in the full basis of a complex “carb@momaterial + hydrogen moIecuIeIE,ﬂ2 is the total

energy of a hydrogen molecules calculated in theisbaf this molecule. All these energies are
calculated in relaxed geometries presented in Figithout further structural optimization. This
correction, E.p , should be always negative. Then the final hydnogésorption energy was calculated
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as Eyg = Epngt+E cp. The results of hydrogen adsorption energy calculations, as well as the value of
CP correction by Boys and Bernardi, are presented in Table 3.

Table 3
Hydrogen adsorption energy (meV) and the value of CP correction by Boys and Bernardi (meV)
CNT(5,5 GDY
(5,5) CEY
Basis set external internal big pore small pore
Ebind |ECP| Ebind |ECP| Ebind |ECP| Ebind |ECP| Ebind |ECP|
GGA
optimized 5 44 35 231 ég) 43 (185) 47 (1?1) 57
default -15 205 22 318 40 230 -34 369 -17 184
LDA
optimized 70 71 238 234 (igg) 44 (igg) 86 (593%) 110
default 69 233 168 345 117 301 127 428 169 117

Table 3 shows that almost in all ca$E§p| drops after basis set optimization (for example, in the
case of GDY big pordECP| decreased by almost 8 times). However, even with the optimized basis set,
|ECP| is significant in comparison witk,;,; (especially for GGA calculations). Mostly, in LDA calcu-
Iations|ECp| is bigger than in GGA calculations, though, as expedigg, is bigger too (since LDA
overestimates the energy of vdW interaction, and GGA underestimates it [20]). As 4E@§MEbmd

is lower in LDA calculations than in GGA. All in all, we have not found the general trekg,in and

basis set optimization. In some cases (for example, LDA calculations of external adsorption on
CNT(5,5) or adsorption on top of the GDY big poig),; changes only slightly after basis set optimi-

zation, while in other cases the changé&jp,, can be significant.

To compare results, obtained with PAO basis set, with the BSSE-free plane-wave basis, we calcu-
lated hydrogen adsorption energies on 2D carbon nanomaterials in VASP. Results of these calculations
are presented in Table 3 within the brackets. And the difference between the CP-corrected hydrogen ad-
sorption energies, calculated with the optimized basis set, and the VASP adsorption energies is within
the numerical precision. This is not true fBy;,,; obtained with the default basis set of carbon. To

summarize, if one wants to get fast and precise hydrogen adsorption energies in weakly interacting sys-
tems, using PAOs, one should both optimize the basis set and employ CP correction by Boys and Ber-
nardi.

Conclusions

In this work, we obtained the optimal parameters of PAOs basis sets, implemented in SIESTA, for
CNTs, CEY, GDY, and graphite. The delta-test of VASP and SIESTA showed good agreement for car-
bon (A, =0,36 meV/atom). Simulation of hydrogen adsorption on low-dimensional carbon nanomate-

rials indicated the necessity of basis set optimization for each considered system and BSSE correction in
the case of atomic basis set usage for modelling of weakly interacted systems. If these are done, the re-
sulting adsorption energies will coincide with the ones, obtained with the BSSE-free plane-wave basis,
within the numerical precision.

The reported study utilized the supercomputer resources of South Ural State University [21].
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OLUNBKA CYNEPMO3NULUUN BA3BUCHOIO HABOPA: BITUAHUE ONTUMU3ALIUN
ATOMHOMNOAOBHOIO BA3UCA HA BEJINYNHY YPABHOBELUUBAIOLLEU
NOMPABKH

E.B. AHukuHa, B.I1. Becka4ko
FOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUsepcumem, 2. YensbuHck, Poccutickass ®edepauusi
E-mail: anikinaev@susu.ru

[MpomoxenupoBaHa ancopOIMs MOJEKYJIBl BOJOPO/a Ha YHCTHIX YIJIEPOJHBIX HaHOMAaTepuasax
HU3KOHM pa3MepHOCTH: yriepoiHbix HaHoTpyOkax (YHT), enunne u rpaduaune. Mcnons3oBanuch aBa
MOJAX0JIa K PA3JIOKEHUIO BOJIHOBOM (DYHKI[MM CHUCTEMBI: IIOCKHE BOJIHBI (makeT VASP) u aromHoro-
nooueie opoutanm (maket SIESTA). Ins YHT, enuna, rpaduanna u rpaduta ObUIM TOTYyYEHBI OINTH-
MaJIbHBIE ITapaMeTPBl aTOMHOIIO00HOr0 O6asucHoro Habopa. Jenbra-Tect ncnonb3oBanubix DFT naxe-
TOB Ha aTOMe yriiepojia mokas3an xopoiee cornacue: Ac = 0,36 maB/aTtoM. Beruncnenne sHeprum aj-
copOiuu BojiopoJia ¢ nonpaskamu boiica—bepHapau mokasano, 4To mocjae ONTUMH3AINN aTOMHOTION00-
Horo Oa3ucHoro HaOopa ommubka cyneprno3uuuu 0azucHoro Hadbopa (BSSE) ymensmaercs. Ilpu stom,
3Ta OMMOKAa MOXKET BHOCUTH 3HAUMTENBHBIN BKJIAJ B SHEPIHIO aJICOPOLUM, TO3TOMY IJISl IOJIyYCHHS
KOPPEKTHBIX Pe3yJIbTaTOB B CJ1a00CBA3aHHBIX CHCTEMaX HEOOXOMMO BBIYHCIISTH SJHEPTHIO aICOPOLIUH C
«ypaBHOBENIIMBAIONIMMU» TOTPaBKaMH TOCie onTHMu3anuu Oaszuca. BerumcieHHBIe TakuM 00pa3om
SHEPTUH afCcOpUONN C TOYHOCTBIO JI0 NOTPEIIHOCTH BBIYMCIICHUS COTIACYIOTCS C pe3yJbTaTaMH, IOy-
YEHHBIMH C ITOMOIIBI0 0a3rca U3 MIOCKUX BOJH, He moaBep:keHHoro BSSE.

Kouesvle crosa: meopusi pyHKyuoHana 31eKmpoHHOU NIOMHOCIU; AMOMHONOO0OHbLIL OA3UCHbLI
Habop; Memoo NPOEKYUOHHBIX COCOUHUMENbHBIX 80JIH; Oelbma-mecm; adcopoyus 6000pooa; yeaiepoo-
Hble HAHOMAMeEPUAIbl.
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BNUAHUE YCNOBUU USMEPEHUA U KBAHTOBAHMUA
HA THO®OPMATUBHBIE MAPAMETPbI 3XO-CUTHAJA 0OXAOA

B.B. 3aeonokuH, B.1. Tam6osyes
tOxHo-Ypansckutli eocydapcmeeHHbIl yHUsepcumem, 2. YensbuHck, Poccutickass @edepayus
E-mail: zavolokinvv@susu.ru

IlpuBenena u obocHoBaHAa (U3MKO-MaTeMaTHYecKas MOJAE]Ib IX0-CHIHAJIA
OTPaKEHHOT0 OT 00J1a4YHO-T0KIeBBIX cucTeM. IIpensokeHbI aIrOPUTMBI MOJY-
YeHNs] HecMelleHHbIX, I (PeKTHBHBIX M COCTOSITEJHLHBIX OIIEeHOK MepPBOro M BTO-
POro HAYAJLHBIX MOMEHTOB 3X0-CHTHAJIa OoT A0x1s. IIpenioxkeHbl cxeMbl OleH-
KH (U3MYeCcKHX MapaMeTPoOB KameJsb 0I5l HA OCHOBE OIeHKH MOILIHOCTH OTpa-
sKEeHHOT0 CHTHAJIa: HABEJEHHOT0 THMOJbHOT0 MOMEHTA KAIIN I0KIs, 3aTyXaHHUs
NMpPH PACNpPOCTPAHEHHH CHTHAJA BA0JbL cepruyecKkoll KOOPAMHATHI JATBHOCTH
TyAa U OOpPaTHO W NMAPaMeTPOB 00J1AYHO-A0XKIEBOii CHCTEMbI: HHTEHCUBHOCTH
A0S, BOTHOCTH 00Ja4HO-10:k1eBOi cucremsbl. [lokazaHa cBsi3b HaBeJeHHOIO
AMNOJBLHOr0O MOMEHTA Kamellb J0K/Isl ¢ OIEeHKAMM JMIJIeKTPUYECKOoi NMpoHHIIae-
MOCTH M IPOBOIMMOCTH A0KAEBBIX Kameb. JTa CBA3b BbIPAKAETCS Yepe3 Co0T-
HOLIEHHUSI MEKAY ONTHYECKHMHU H YIeKTPHYECKHMH XapaKTePHCTHKAMM Kamesb
HOKIA. DTH COOTHOIIEHHSI TIO3BOJISIIOT COCTABHTH M PEIUTh CHCTEMBI aJredpan-
YeCKHX YpPaBHEHUH OTHOCHTEJBHO CTATHCTHYECKHX OIEHOK IMIJIEKTPHYeCKOi
NMPOHMIIAEMOCTH M TPOBOJAMMOCTH KameJb 1015, HA OCHOBE IpeIBAPUTEJbHO
BBINOJTHEHHBIX OLEHOK HABeIEeHHOTO JHMIOJIbHOI0 MOMEHTA KameJb J0KIA, KO-
TOpbIE MOJIY4YAI0TCS HA OCHOBE CTATHCTHYECKHX AJITOPHTMOB (hopMUPOBAHHS CO-
CTOSITEJIbHBIX WM HECMEIIeHHBIX OLEHOK IEePBOro W BTOPOr0 MOMEHTOB JXO-
curnana noxas. Ilokazana cBsa3s (GpopMHPOBaHMS OLIEHOK € YCJIOBHSIMH IPOBe-
AeHUS U3MepeHHUid, 3aBHCSIIUMHI OT BpeMeHH roja u cyrox. Ilpennoxennple cra-
THCTHYECKHE AJITOPUTMBI NO3BOJISIOT YCTPAHUTH CMeELIeHHe YKA3aHHBIX OLEHOK
(u3MYeCKHX MapaMeTPOB BBI3BAHHOE TPeMsl COCTABJSIOIIMMH. TeIUIOBbIM Y-
MOM NPHEMHHKA, 3X0-CHTHAJIAMH NMPUHUMAEMbIMH N0 OOKOBBIX JeMecTKaM aH-
TeHHbI H LIIYyMOM KBAHTOBAaHHUs. JTO JeJaeT JaHHbIe OLEHKH He TOJbKO HecMe-
IIEeHHbIMH, HO U (QU3HYecKH peaqu3yeMbiMu. PopMHpPOBaHUE OLIEHOK MO Mpea-
JlaraeMbIM aJITOPUTMAaM TpPeINnoJiaraeT HCTHHHO KOTePeHTHYI0 M3MePHUTeJbHYI0
cucremy.

Kniouesvie crosa: oyenku mowHocmu CUZHANA MeMeOdX0; YUCIEHHOE peuleHue
ypasHeHus Memeoyenu, HageOeHHbll OUNONLHBIL MOMEHM KANAU 00HCOA, Npo8oou-
MOCMb U OUINEKMPULECKAs. NPOHUYAEMOCb O0HCOeB8Ot KANAU, WYM KEAHMOBAHU,
paouoguszuueckue u 3MeKmpoxuMuyecKue 3a0aiu.

BBeaenne
M3BectHO [cM. 1-3], uTO HaHHBIE O (PU3UUECKUX CBOMCTBAX JAOKAEBBIX Kamelb: K, — HaBeJAEHHOM

JUTIOJIHHOM MOMEHTE KaIlly, I(ro, Ky R) — 3aTyXaHUH [IPHU PacOpOCTpPaHEHHH CHTHaa BIOJbL chepu-

YeCKON KOOPAHMHATHI NATBHOCTH, & TaKKe JaHHBbIC O (PU3UYECKUX CBOMCTBAX OOJIAYHO-I0XKJIEBBIX CHC-
TeM: R — HHTEHCHBHOCTH AOXIA 1 M — BOOHOCTH 00JavyHO-T0KIEBOI CHCTEMBI JIeXKaT B OCHOBE (hu-
3MKO-MaTeMAaTHYECKUX MOJICTICH OPUCHTUPOBAHHBIX HA PEIICHUS TPEX TPYIII 33724 pannoGu3nveckue,
3aj1au 00pabOTKU CUTHAJIOB U DJICKTPOXUMHUECKHUE.

DTO clieAyronue 3aaun: UCCIICOBAHNE 3arpS3HCHHS BO3YITHOW CPEJbl, IIOCTPOCHHUE 30H Pajiio
MOKPBITUSI COTOBOM CBSI3M B OCAJKaxX M 30H OCHaOJICHHs CHUTHANIA TP PaJHOPEIICHHON CBA3H, MOCTpOe-
HHE KapT COJICHOCTH (M/WITH 3arpsA3HEHUI aKBaTOPHUii, MITH BO3AYIIHOTO OacceiHa), 0OHapyKeHHUS MaTo-
TCHHBIX MOHOB B KaILIAX JOXKIS, U3MEPECHUE BOJHOCTH OOJIAYHO-IOXK/IEBBIX CUCTEM C IICJBIO MPEIOT-
BpaH_[CHI/IH BOSI‘OpaHI/IH ):[BI/IFaTCJIeﬁ peaKTI/IBHI)IX CaMOJICTOB, I/I3MCp€HI/IC BOJHOCTHU M HpI/I HpI/IHyILI/I-
TENBHOM TIOJIMBE CENbCKOXO3SMCTBEHHBIX YIOAUN B 3aCYILIMBBIC TOABI U3 KYYEBBIX 00JIAKOB, TIOCTPOE-
HUU METEOPOJIOTHICCKHIX KapT.

DopmyaupoBKa paguoduznyeckoii Mogeau GopMHPOBAHMS CUTHAJIA METE03X0
ANTopuT™M CceJeKIMU (PU3MYECKUX CBOWMCTB Kamlenb AOXKAS W (PU3HYECKUX CBOWCTB 00JavyHO-
JOXIEBBIX crcTeM manoxeH B [1, 2]. B [1] mokazano, a B [2] 060CHOBAHO, YTO 9XO-CHUTHAI OT OJHOPO/I-
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HBIX ¥ W30TPOITHBIX HUMITYJIBCHBIX OOBEMOB JIOXKIS €CTh IEHTPUPOBAHHBIA JIBYMEPHBIH HOPMalbHBIN
BEKTOpP. DTOT BEKTOp SBISAECTCS MHPOPMATUBHBIM OTHOCHTENBHO K, , I(rO,KW,R), R u M. Kowm-

IUIEKCHAs AMDJIEKTPHYECKas MPOHUIIAEMOCTE & (a)) (c™. [2]) cBsA3aHA ¢ KOMIUIEKCHBIM OTHOCHTETBHBIM

TOKa3areseM PeOMIICHHUS U C HABEICHHbIM JUIIOIbHBIM MoMeHTOM Kaw K, (cm. [2, 3]) Tak:
(m2 (w) —1)
(m2 () + 2)

(@)= ()~ k() = £(a) = (&' () +ie" () @

KOMITJIEKCHBIH OTHOCHTEIBHBIN IMOKa3aTeNlb MPEIOMIICHUS, & (a))= 5'(a))+i£"(a)) — OTHOCHTEIbHAS

(1)

rae

KOMIUTEKCHAs TUAJIEKTPHUYECKAs MPOHUIIAEMOCTh Kallelb JOKIS, (4 — OTHOCHTEIbHAS MarHUTHas Mpo-
HHUIaeMocTh Boasl 4 =1 (0,999991) dm. [4]);

k(w):ﬁyu(s'(w))z+(e"(w))2—s'(w)j= n (s'(w))%( 7 jz-a'(w) _

:\/%,u(\/(g'(a)))z +(599,75810) —8’(0))} ; (3)

= \/%#(\/(g(w))z +(599,75810)° +£'(a))J (4)

— JICUCTBUTEJIbHBIN MMOKa3aTes b MPEIOMIICHHS; £ — BEIIECTBEHHAsI YacTh KOMIUIEKCHOM AMAICKTpHYE-
CKO#l MPOHHIAEMOCTH; £' — MHHMAs 4acTh KOMIUICKCHOW AMDJICKTPHYECKON MPOHHIAEMOCTH; 0 —
yIelbHask IPOBOJUMOCT CpPEIlbl PACIPOCTpaHeHus (Kaluid BOJBI); A — JUIMHA BOJHBI 30HIUPYIOLIETO
CUTHAJIa; @ —KpPyroBas 4acTOTa 30HIUPYIOIIEro CUrHaja; C= ]/ \/€o My — CKOPOCTH CBETa B BAKyyMe;

&y — IEKTPUYECKas MIOCTOSIHHAS (JIEKTpUUEcKas (IMAIeKTpUUEeCKast) IPOHUIIAEMOCTb BaKyyMa); Ly —

MarHuTHas MOCTOSIHHAs (MarHUTHAS IPOHHUIIAEMOCTh BaKyyMa).
MHOTOKpaTHO 30HIAMPYS Ha KaKIOH M3 paboumx 4actoT (cM. [2]) u Kaxaslii pa3 (o pe3yabTaramM
YeThIPEX 30HIMPOBAHMI) YUCICHHO pelliasi CUCTEMY M3 TpexX ypaBHEeHHi (5), Kak10e U3 KOTOPHIX TOJy-

qaeTcs I TEKYIIEero 30HAUPOBaHYS, ITOTy4aeM BeiOOpouHble 3HadeHns K, , | (rO,KW,R) nR. Ha oc-

HOBE BBIOOPOYHBIX 3HaYeHUi K, moiydaeM npsMOyroyibHbIE MaTPHILBI BEIOOPOK ||KW|| . 3aTeM, U3 BHI-

A~

KW

HeHHele Gopmyisl Jlebas (cMm. [5, 6]), cBsa3piBaromiiie MeXMy COOO0H BETHMUHHBI: KOMILIEKCHYIO THIJIEK-
TPUYECKYIO TIPOHMIIAEMOCTh, 1 — TEMIEPATypPy OKPYKAroLIe Cpelibl 0, @ W YYUTHIBAIOIINE 3aBUCH-

60poK ||KW|| , bopMHpPYyEM MaTPHIIBI OIIEHOK ‘ . Y, maxoner, ucrnons3ys ¢popmynsl (1)—(4)u yrou-

MOCTb ¢ U € OT T U @, GOPMHPYEM MaTPHIIHI oueHOK”(}” u ||§|| 3aMeTHM IpHU 3TOM, UTO (PHU3HUECKHE

BernunHbl K, 1 R He 3aBUCAT OT JaBlIeHUS B JHAla30He BO3MOXKHBIX 3HAYEHMIT aTMOC(EPHOro JaB-
JIEHHS Ha Tpacce pacupocTpaHeHus paguocuriaia (cm.[2, 3]).
CBs3b MOIITHOCTH 3XOCUTHAIIA P(ro) u K, (CM. [3]) umeer By

24122 21
P(I’O)= thg A4l (r0(14}-<]\7N—);R) r01 HW i | er'I 6(0 SIanquﬂ-
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Tam6oeuee B./. Ha UHghopMamueHbie napamMmempbl 3X0-cu2Hasa 0oxosi
2 2
R |26( :0’ );732|KW|2 NO/\‘7y(7,/\Dmax)%z[cth(alzr)—J/(aFr)]C—ZT
= AZ|K,[* No(a R"B)_7 Y(7.0R 7 D). 3)
B (5) npunsats! ciemyromme 0603HaYEHNUS. P( "0) — MOIITHOCTB 3X0-CHUTHAJIA OTPAKEHHOTO OT JIOXKICBO-
r0 HMITYJIbCHOTO OO0BeMa. = —4| K w|2 Z — ynenbHas dS(deKTHBHAS IUIOMIAAb PaCCESHUS.
z _NZ D — oTpaxxaeMOCTb pa3pelraeMoro MmiyibcHoro oosema AV (cm. [2]), D; — anamerp

Kar, AV — BeIM4YMHA MMIYJIBCHOTO 00beMa Ha yJalleHuH [, Iy — 3HaYeHHEe HAKJIOHHOH NaJbHOCTH

(cdepuueckoii KOOpAUHATBI) 10 LEHTPA UMITYIbCHOTO 00beMa AV , P, — MOIIHOCTB, U3IydaeMas Ie-

pEeAaTYNKOM, g2 — K03 PUIMCHT yCUIIeHHS AaTYNKa (AHTCHHBI) OJHOBPEMEHHO Ha MPHUEM U Mepeaady,
W(r, 1) = {erf [(2aF/ c)(p = r + cr/ 4)| - erf[ (2aF ¢)(p - r- a/ 4]} ;
— BUJI BECOBOW (DYHKITUM IO JATBHOCTU. [ — 3HAYEHHE TeKylIel cepruueckoil KOOpAUHATEHI,
Vg
= (6)
2/In2
— nepBeIid K03 duIHeHT GOPMUPOBAHUS aMILIUTYIHO-4ACTOTHOM XapakrepucTuku (AUX) cormacoBaH-

HOro (MIbTpa MpHUEMHHKA, F — MmmMpHHA MONOCH MPOMYCKaHWs MPHUEMHHKA 10 YPOBHIO ITOJOBUHHOU
MOIIHOCTH, 7 — JUTUTEILHOCTh 30HIUPYIOIIEr0 UMITyJIbca, R — HHTEHCHBHOCTH OcaakoB Mm/4ac. [pu

HCIIONIb30BAaHUK pacpeaesIeHnst Kaeab 1Mo pasMepam Mapmana—Tlansmepa N ( D) =N, eP  (em. [7)),
yTouHsomux ko3dduimentos JiuternoBa u [{upkyHoBa 1 pe3yapTaToB U3 [8], UMEeT MECTO BhIpaXke-
HUC ISl YTOYHCHHOW OTPaKaeMOCTH JOXKIS Z = NO/\_7 y(7,d) (mapamerpsr Ny u A Bxojsmue B
(dhopMyITy, OITUCHIBAIOIIYIO paclpe/e/icHHe Kareib mo pa3Mepam). [Ipu 3ToM, IPH METEOPOIOTHUECKUX
M3MEPEHMSIX HCIIONTB3YIOT CJIeMyIOIIre mapel rapaMeTpoB No u N
A=aR” = 3, 7|:R_O’37MM_1, N, = 5,5[116 MMt — JUTS OCaJKOB B T€UEHHE NEepBbIX 15 MUH BhITIaICHUS
muém (om. [8]), A =4,3R "% um L Ny = 1010 mm~t — st ocakoB ciyerst 30 MEH mOCHIE HAYANA HX
Beimazenus qaeM (cm. [9, 10))u A =4, 6|:R_O’23MM_1, Ny =1, A mmt — JUTSE HOYHBIX OCAJKOB (CM.
[8, 9)). y( 7,d) —HenosHas ramma Gysknus (cm. [10]), d =AD,,, u D, —MaKCUMaIbHBIN JHaMETp
kamwm (D, = 6,5MmM (em. [3])).

r r
| =ex _I(k9+k)dr =ex _J‘((kgH20+k902)+(K?+K:)) dr
0 0
— TOTepd B OJAHY CTOPOHY 3a CYeT oclabileHus B arMoc()epHBIX Ta3aX, B JOKIEe M Ha Kall-

max. Ky = (kgHZO + kgoz) — k03 HUIMEHT paBHBIN cyMMe KOXQQUIIMEHTOB 3aTyXaHHs B aTMOC(HEPHOM
kucnopozae u mapax Boxusl. K =(k; + k.) — kospduiment ocnabnenns B 1oxk/e U Ha KaIIIX O0OJIAKOB.
[Mockombky K. m K, 3aBucst ot HemsBecTHBIX K, , R, M, a Takxke OT Temmepartypsl cpesibl, CE30HHO-
IO BUJ/Ia OCAJKOB U BPEMEHHU CYTOK, TO U BenuuuHa | (rO,K va) (bOopMabHO SBJISIETCS HEU3BECTHBIM B
BoIpakeHUH (5) Tak Kak 3aBUCUT OT HEM3BECTHBIX (DU3MUCCKHUX BETHUIMH.

¥ 2 I (a,F, T)

f(w(r, ro))zdr = .!;Iofvi o—T Jr =

0

(7)

— pe3yNbTaT BHIYKCIICHUE BHEITHETO HHTETpaja BeIpaxeHus, | =erf (b) — K02 PHUIMEHT TTPH BECOBOM

¢byHKIIIH fvi(ro—r), KOTOPBIA ~HOPMHpPYET €€ MaKCHMalbHOE 3HAauYeHHe K EAWHHIE,
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|, (a,F,r)=[cth@Fr)-¥ (@F7 )] — koo puimenT noTEps B MPUEMHHUKE 00YCIOBIEHHBIH OrPAHUYEHHON
MOJIOCOM MPOIYCKaHUsA

fw(ro—r)zm(erf(x+ b) - erf( x- 3); (8)
—HopMmupoBaHHasg AUX npueMHuKa
b=Frr/4In/2; 9)
— BTOpOI KO3 duIment popmupoanust Gopmer AUX npuemMHnKa
x=(2aFc)(p-r); (10)

— opmanbHas nepeMeHnas Gpyukiun (8).
AHaJTUTHYECKOE pEIICHIHE Ir(a,F,r) MOJIy9aeTcsl MPH HM3BECTHOW AaINmpOKCHUMAIUU (YHKITHH

erf(y) ¢byuxuueit th(y). ATnpoxkcuMaIys yIUTBIBaeT peanbuble 3HaueHus Benuund (9)—(10)u BoHI-

HOJIHSETCS ¢ OOJBIIOI TOYHOCTBIO (CM. [2]).

2T 7792
[ ] 14(6.9)sin@)Xodp=—L.
00 8In2

— 3HaUYCHHE BHYTPEHHETr0 HHTerpaia Beipaxenus (5) (M. [3]). Berancnenne BHyTpennero unrerpana (5)
BBITIOJTHEHO TIPHU TIPENOI0KEeHUH, uTO hyHKIms f (0,(0) — €CTh OCECHMMETPHYHAsI KPHUBasi FayCCOBCKO-
ro BUAa. § — yriosas IIMpHHA (B pajJuaHax) OAHOKPATHO MCHONB3yeMoW (6o Ha mpueM, Jubo Ha
riepeavy) JuarpaMMbl HAIIPaBICHHOCTH aHTEHHBI (WM 1aT4YuKa); ¢ —a3uMyT; 6 —yroi mMecra.
OObeauHUM 1O OOLIMM TpH3HAKaM Bce mapamerpsl hopmyisl (5) B Tpu rpynmsl. [lepsas rpymma

Pugz 773 512 [

2512 28In2

HBIC KOHCTPYKTHUBHBIC IMaAPaMETPhI I/IBMepI/ITCHBHOﬁ CHCTEMBI (HOCTOHHHBIC napamMeTpsbl (I)I/IKCI/IPOBS.HHBIC

(oOpazyer MHOXHUTENE A= cth(aFr)—i}C—ZT B (5)) u 00BeIMHSET aPUOPHO M3BECT-

aFr

JUISl K&KIOTO TEKYILEro 30HAMpoBaHus). Bropas rpymma obpasyer Bextop B =(Ng,a,/) ampuopHo
M3BECTHBIX IapaMETPOB JIOK/sA, KOOPJMHATEl KOTOPOTO ONpPE/ENEHbI Bhllle. TPeThs Ipymma 5T0 HEeu3-
BECTHBIC M CTATHCTHYECKH OLICHUBACMbIC BETMYHHEI | (rO,KW,R) , K1 R.

3amMeTuM, 9TO HEM3BECTHBIC IMapaMeTphl I(rO,KW,R), Ky ¥ R MOXHO rpy0o0 OLEHUTH IO TPeM
30HMPOBAHHSIM (Pl(ro),Pz(ro), ( ro)) ,9UCJICHHO pellias CUCTeMy U3 Tpex ypasuenuit (5). Jlas n 30H-
JTAPOBAHUH KOKIOW U3 M YacCTOT CTPOUTCS MaTpHIla CTATUCTHICCKOW BHIOOPKHU ||P(r0)|| HeoOXxoauMast
U pacyera OIeHOK | (ro, Kws R), Ky, R, M, a3arem u oueHok ¢ u ¢ no dopmynam (1)—(4) n

YTOYHEHHBIM SMIHpHYecKuM Gopmyiaam Jlebast (cMm. [5, 6]). MeHsiss 4acTOThI 30HAUPOBAHKS B OKPECT-
HoctH yacTothl f =2,99792ITn (A=10cMm, roe K, nexwur B okpectHocTH Toukn 0,9286mpu t

20°C)u f =48,353622Tu (A=0,62cm, rne K, nexur B okpectHocTH Touku 0,8926mpu t

20 °C) popMupyem MaTPHIIBI ||&|| 3§ ||§|| 10 YTOYHEHHBIM SMIHpHUECKUM Gopmynam Jebas (cm. [5, 6]).

OTH MaTpUllbl HYKHBI JUIS pEHICHUs] Paguo(U3NUECKUX M IIEKTPOXUMHUYECKHX 3ajad. 3aMeTHM, YTO
nHpopmanuo o0 GU3NUECKUX CBOMCTBAaX JOXKAEBBIX Kamenb HeceT K, , a mHdopmanuio o cBoicTBax

. 2
00J1a4HO-10KIEBOI CHCTEMBI | (rO,KW,M ) , R, M . Tlpu sTOoM, |KW| U3MEHSETCS BCETO B MPeZieNnax OT
0,8312m0 0,9340 [3]ans miun BonH B nuamna3one ot 0,06m qo 0,10m B auanasone temmnepatyp ot 0 10
20 °C.Torga 0o4eBHIHO, YTO CMEIIEHUE OLIEHKH BEIUYHHEI P(ro) , BBI3BIBAEMOE Kak TporieccoM Qop-

MUPOBAaHUA 3X0O-CUT'HAJIA (TeHHOBOﬁ IIyM NpUEMHHUKA TAKKC UCKAKACT OLCHKY P( ro) ), TaK U KBAHTOBA-

2
HUEM, HemomycTuMo. st nensHerx chep |KW| cocrasisieT okosro 0,18 [3]u He 3aBHCHUT HE OT TEMIIE-

paTypsl, HU OT JJIHHBI BOJHBL. [103TOMY 3MMOW 3aTPyIHEHO HM3MEpEeHHE (DU3NUECKUX CBOUCTB aTMO-
chepHO BiIary.
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Tam6oeuee B./. Ha UHghopMamueHbie napamMmempbl 3X0-cu2Hasa 0oxosi
AaroputMbl GOPMHUPOBAHMS COCTOATEJbHBIX M HECMEIIEeHHBIX OLIEHOK NEePBOro0 M BTOPOro Ha-
YaJIbHBIX MOMEHTOB 3X0-CHI'HAJIA J0XKIA

OKOHYATENBHEIN BUJI BEKTOpPa BTOPOTO HAYAILHOTO MOMEHTA 3XO-CHUTHAJa JOXKIA OyJIeT UMETh
BU]I.

P=(P(1).P(1p+c7)) =P, (11)
rJe 7T — [iar AUCKPETH3ally MPU BIOOPKE CHUTHAA WM MHTEPBAJ BPEMEHH MEXIY COCEIHUMHU BbIOO-
POYHBIMH OTCUETAMH JaHHBIX; C — CKOPOCTh CBETA.

HamoMHuuM, 4TO TIepBOE ¥ BTOpOE MpeiokeHne pasaena PopMyaupoBKa paarnodu3ndeckoi 3aa-
4K UMeeT clreayromuii BUI B [1] mokasaHo, a B [2] 000CHOBaHO, YTO 9X0-CHTHAJ OT OJHOPOIHBIX M U30-
TPOTHBIX UMITYJIBCHBIX OOBEMOB OIS €CTh IEHTPUPOBAHHBIA TBYMEPHBI HOPMAJIbHBIH BEKTOP. ITOT
CITy4aifHBI BEKTOD sSBIIsieTCS HHOOPMATHBHEIM OTHOCHTENBHO K, | (rO,KW,R) , RuM.

JIeHCTBUTEIBHO KaKIbIi 3J€MEHTApHBIM OTpakaTedb — Kallls MO HaXOIAUTCS Ha CIy4ailHOM
PaCCTOSIHUM OT M3Iy4arelisi U CIy4ailHbIM 00pa3oM OpHEHTHPOBaHa OTHOCHTENILHO IUIOCKOTO (hpoHTa
Maarolel JIeKTPOMArHUTHON BOJIHBI. Karuim 10 1st mproOpeTaoT CKOPOCTh B MOJIE TATOTSHUS 3EMITH.
dopMa Karuid Mpu 3TOM OyJIeT OTIMYaThCst OT cepudeckoi popmbl. [IpudrHa OTKIOHEHHS OT chepu-
4ecKoi (OPMBI B TOM, YTO Ha JBHIKYIIMECS KalUM JCWCTBYIOT: CONPOTHUBIICHHS BO3/1yXa, BETEP U
CTONKHOBeHMs Karenb (cM. [2]). KpoMe Toro, Karin MMeIOT pas3indHbie pa3Mepsl. I109TOMy 3X0-CHTHAI
OT KaX/I0W Karui OyeT MMETh CllydaiiHyto a3y, pacipeaeieHnyro B uuTepsaie ot [0, 2r).

Takum o6paszom, nutupys (pasy uz [2] 3anumiem. Ternepb Mbl MOXKEM MPHUMEHHUTH IIEHTPAIBHYIO
MpeJIETbHYI0O TEOPEMY K JEUCTBUTENbHOM M MHUMOM 4acTAM CUTHaja. TeopeMa yCTaHaBJIMBAET, YTO
pacrpenesieHie CyMMbl HE3aBUCHMBIX CIIy4alHBIX BEUYUH CTPEMHUTCS K HOPMaIbHOMY 3aKOHY IPH
YCJIOBHH, YTO YHCIIO CITaraeMbIX BEJIUKO U HHU OJHO M3 HUX HE BBIIEIACTCS IO BEIHYHHE B CPABHEHHU C
ocTajgbHbIMH. OYEBHIHO, YTO 00a 3TH YCIOBHSI CIIPABEUIUBBI [Tl THAPOMETEOPOB (OXKIEBBIX Karelb),
OTKYJIa CIIIyeT, 4TO CHH(A3HAs U KBaJpaTypHasi COCTABIIAIONIAS PACIPEICIICHBI TI0 HOPMAJIbHOMY 3a-
KOHY C HYJIEBBIM CPETHHM.

ITosToMy Ha BXOJ€¢ NMPHUEMHHMKA MPOUCXOMUT CIIOKCHHE JBYX BEKTOPOB B KaKIOW M3 KBAApaTyp

KOMIUIEKCHOTO CHTHAJIa: BEKTOpa CHTHAJIA 3X0-CHTHANIA TOKAS ¢ M BEKTOpAa CUTHANA TEILIOBOTO ITyMa
npuemuauka N. Torma oOpabareiBacTcsi BekTOop curHama 7 =¢ +N, KOTOPBIA TPOWIS YacTOTHO-

n3dupaTenbHbIe 1enu (4To yureHo B (5)), moctynaer Ha aHanoro-uuppoBoii mpeodpa3oBarteb, Ie Mo/-
BEPraercsi AUCKPETU3alMU 110 BpEMEHU U KBAHTOBAHUIO 110 YPOBHIO.

B urore moaydaercs CyMMapHBIil BEKTOp 6 = & + M+ (|, U3 KOTOPOrO U HAIJICKHUT BBIICIUTH HH-
(hOPMATHBHYIO COCTABIISIONIYIO BEKTOP ¢ .

ITockonbKy TEMIOBOM IIYM M 3X0-CUTHAJ JOXAS UMEIOT PA3IMYHYIO IPUPOTY, TO KOOPJAUHATHI BEK-
TopoB ¢ ¥ N He KoppemupoBanbl. C APYroi CTOPOHBI BEKTOP ( CTATHCTHUECKH CBS3H C BEKTOPOM,
7= £+0 Tak KaK MOJIy9aeTcsl U3 HEro ¢ TOMOIIBI0 HEIMHEHHOTO mpeobdpazoBanus. B atom cioydae,
cnenys Teopeme nucrnepenit [12, 13]:

n n
D| > X [=2.D(X;)+2> K ; (12)
i=1 i=1 i<j

U, nepexons k cucreme 0003HaYCHNH TaHHOM CTaTbu, MOKEM 3aIucarhb.

D5 =Df + Dy +D; +2K, 7 + 2K, . (13)

Buanm, 4ro u3 Beipaxkenus (13) ciemyer ciemyroliee O4EBHIHOE COOTHOIICHHE, MO3BOJISIONICE
BBIYHCIIUTH UCKOMYIO HH(GOPMATHBHYIO (PU3UYCCKYIO BETUIUHY I% = 55 :

Pg? = Dg? = D; - Iln - DZ _ZKF’? - ZKZYﬁ = Dg - Iln - DZ _ZKZ,ﬁ . (14)
B pa6ote [14] monyueHo BhIpakeHHe ISl BEKTOPA BTOPOr0 HAYAJIHHOTO MOMEHTA IIyMa KBAaHTOBA-

HUSA DE :

. 2 2 o (_q)" 2 2 o (—1)"
DZZ(D(yD(z): %+é7%%q co{%ﬂnmj;A—+A—z( ) q co{%nmzj . (15)
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Bropoe ciaraemoe B popmyite (15), kak cnenyet u3 (14), ipUBOAMT K CMEUICHHIO OIIGHKH BEKTOpa
P- =Dz npu BBINOIHEHUH OLECHKU JQXKE M0 BHIOOPOYHOMY aIrOPUTMY OLIEHKH BTOPOTO LEHTPAIBHOIO

MOMeHTa (yYHTBIBAs TIPEBAPUTEIBHO BBIYUCICHHBIC OLCHKA M) W M), MEepBOro MOMEHTA, BBIIOIHCH-

HBIC 110 BHIOOPOYHOMY AJITOPHUTMY TEPBBIX MOMEHTOB).
Paccmotpum pesynbtat (10) ¢ yuetom GopmymupoBkr paanodusnyueckoit 3aaaun. M3BecTHO, 9TO
peanpHOE 3HAYEHHE TIPOBOANMOCTH JOXKIEBBIX Kallellb ¢ J0cTaToyHo mamo. Hampumep (cm. [15, 16]),

o =0,38010 S emmt JUIS TIIATEIBHO OUUIEHHOU BOABI, O = 5104 - 100010* cmm ™ — JUIS MOXKIe-

BOW BOJbI W JIMHEHHO 3aBHCUT OT ee MuHepanu3amuu (cM. [16]) (T. e. OT 3arps3HeHUs aTMOC(EpHOI
BJIATW NIPOMBIIIICHHBIMH BbIOpocamu). CHavana M3 YHCICHHOTO pelieHus ypaBHeHHH Buaa (5), yauThl-

Basi AI[PHOPHO H3BECTHBIH BEKTOp B = ( No,a',,B) 1 ko3 duimeHT A, HoJaydaeTcs BRIOOPOYHOE 3HAUE-
Hue K,,. 3aTteMm, o aHcamOII0 BEIOOPOUYHBIX 3HaueHUil K, CTpOMTCS MaTpuia OLEHOK “Kw(ii )H H,
Hakonell, o ¢popmynam (1)—(4) u yrounenusiM dopmynam ebas (cm. [5, 6])monyuaem omeHkn ||§|| 3§
||5|| JUTSL PEIICHUS YKa3aHHBIX BO BBEJICHUH PATUOPU3NICCKUX U ANMEKTPOXUMHUYECKUX 3a/1a4.
HNudopmanuro o K,, HeceT MOIIHOCTh MPUHATOTO CUTHATIA P( ro) . Ho, P( ro) TIPSIMO  TIPOTIOPITHO-
HalbHA afg (c TourOCTBIO 10 KO3 Punmenta A u3 (5)). [Tosromy npu m; 0 u m, # 0, kak ciexyer u3

(14), nosiBisieTcst CMEIIEHNE BEKTOPA 55 IPUHUMAEMBIX CHTHAJIOB HA OCHOBAHHH T€OPEMBI CIIOKCHHUS
JMCIIEPCHI, KOTOPOE 3aBHCHUT OT BTOPBIX ciiaraeMbix B popmysae (14). Torma, eciid He IPUMEHUTH ajro-
putM (14),TO OLEHKH € U G TaKKe CTAHOBATCS CMEIIECHHBIMU M HECOCTOATENbHBIMH. Ha puc. n3obpa-
KEHO BTopoe craraemoe B hopmyie (15), kotopoe ects pynkuus f n m .

de-18
2e-18
] el
-29-12— ) %fﬁf%‘vlk
w1 W
-Ae-18 Q‘\a%{{ll’ \\\\!
0.48
0.49 f'.
0&q% | m
a) 5

3aBMCUMOCTM BTOPOrO CMAaraeMoro B BhipaxeHusix D = (Dl, D2) KaK pyHKuum 5= Az/rfg , (B=b) n m

ans opmynsi (14) npu A =1 (oTpaxarowme AOMUHAHTbI €CTh).

Ha pucynke: a —3aBucumocts nonydena npu S=0,8-1,6 —npu S =0,48- 0,5

OCHOBHBIE BLIBOJbI
OueHku 55 i=1,2,...,n GopMUpPYyIOTCSA U3 BEIOOPOK MOIITHOCTH P(rOi) 1=1,2,...,n(5).Taen
|

— KOJIMYCCTBO aHAJIU3UPYCMbBIX CKAHOB IPHU (bHKCHpOBaHHOfI JJIATCIIBHOCTH UMITYJIbCA U NJIMHC BOJIHBI
SOHAUPYIOLICTO MMIIYJIbCA IMMPU CCKTOPHOM CKAHUPOBAHUMU. KBa;[paT AMIIIUTY bl 3XO-CUI'Hajla OT Ka-
MCJIbHOU CTPYKTYPBI, HCHTP UMITYJIbCHOI'O o0BeMa KOTOpPOU paCIIOJIOKCH Ha YAAJICHUN roj , AMCCT BUI.

X = P(Aioi) Ci=12.N . (16)
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W3 [12] u3BecTHO, YTO OIEHKH TIEPBOTO M BTOPOTO IEHTPAIBHOIO MOMEHTa (HOPMUPYIOTCSI B BUIC

BBIOOPOYHBIX aJITOPUTMOB:
n
= (sl KT =1 @)
i=1

I§,7]_ =a =%é((sgr(\/g))\/_ rq) , 1= 1,2 (18)

rIae Sgr‘(1 /X,'J ) — aJITOPUTM OIIPEACIICHUS 3HaKa aMIUTUTYABl 9X0-CHTHAJA; Xi'j — MOJIYJIb aMILTUTYIBI

9XO0-CHUTHAJIA.

Bospamasice k (opMyTUpOBKE YEeTBEPTOrO ad3alia MpeAbIIyIIero pasJeina U yJ4uThIBas CTPOTOe
JTIOKA3aTeNIbCTBO IICHTPUPOBAHHOCTH CIIYYAHOTO BEKTOpA 3XO-CHTHANA, OTPAKEHHOTO OT JOXIS Cle-
nanHOe B [1] He TPyIHO BHAETH, YTO IUIL TOTrO, YTOOBI oneHKa Dy crana HeCMENIEHHOH, BEIHYUHY

OLEHKH M; MBI BEIHY)KIEHBI (OPMHUPOBATH (KOIHMTH) KOTEPEHTHO B KAX/I0M U3 KBaJIPATyPHbIX KaHATIOB
o anroputMy (17). Beraucienue OneHKu D,7]_ B KaXJIOM M3 KBaJpaTypHBIX KaHAJIOB IO BEIOOPOUHOMY

aJITOPUTMY BTOPOTO LICHTPAJIBHOIO MOMEHTa BCE PABHO OCTABHT €€ CMELICHHOMW, MOCKOJIBKY, IPU BbI-
HOJIHCHHUH OTEepallii KBaHTOBAHUS, J00ABISIETCS CMELICHHUE 9TOH OLEHKH B BUJIE BTOPOTO CIIaracMoro B
BeIpakeHun (15).

B korepeHTHOW m3MepuTenbHO# cucteme (cM. [17]) 3HaK BennuYuHBI (aMIUTMTYIbI CHTHANA)

\J%j Beerna onpenensiercs. Us [17] nzectro, uto (18) 310 HEKOrepeHTHOE HAKOTUIEHHE BBIOOPOK (K
BO3BEJICHUM B KBaJpaT TepAeTCA I/IH(bopMauHﬁ 0 3Ha1<e). U3 [17] u3BecTHO, 4TO BBIMIPHIII CUTHAI/IIYM
IpH HEKOTePeHTHOM HakoruieHuun d,,, = &bm / e NV N . BBIUTPBIII IIpU KOr€pPEHTHOM HAKOILIe-

HUH demx] = (mj )2 / O, e UN . TIo 3TOl mpuumnse 11 popMHUPOBAHUS OLIEHKH B cooTBeTcTBHHU C (17)

00beM BBIOOPKH TpPeOyeTCss MEHBIIHMA, YeM Ipu (GopMupoBaHuu OeHKH (18) mpu COBMAmaroMX JTHC-
nepensix oueHok. [loncrasmsist B (14) Boipaxkenue st koopanuatsl (15) u yuuTsiBas To, 4ro M; = ﬁ]

nepenuniem (14) B caemyromem BUje:

N _AZ A2 °°(—)” 27720
FL f] DJ Dﬁj — (ﬂ)zz() —7 co{—nmj ZEK'Z (19)

W3 [2, 3, 18] u3BecTHO, 4TO AMamna3oH u3MmeHeHus d = afw /

wiese AMEET MECTO OT 3HAYCHHH

Ug, KOrga 5xX0 OT KallCJIb «CIIPATAHO>» B IIYMC 0-147 , A0 3Ha‘l€HHfI, Koraa Ug MOXKET <3aHHMMAaTbh>» BECh

Z[I/IHaMI/IHCCKI/Iﬁ JHaIia3oH. CKOpOCTB CXOJOMMOCTH OLCHKHU % OIpeaACIACTCA BenuunHOM d. 3,I[CCI>
°l

2~ A2
OLICHKU Dg TpeOYIOT Takue 00bhEMBI BEIOOPOK, YTOOBI OIICHKA ‘KW‘ , Texamas B npenenax ot 0,8312
°l
. A2
no 0,934006rbu1a chopMupoBana ¢ Hamepen 3alaHHO TOYHOCTHIO. [Ipu 3TOM popmMupoBanue ‘KW‘ HE
JIOJDKHO TIPOTHBOPEUUTH YCIOBHIO (PU3UUECKON peanu3yeMocTu uamepenus. [loa peannsyemMocThio cie-
IyeT TIOHNMAaTh OTCYTCTBHS M3MEHEHHH | (rO,KW,R) , Ky, R, M BeiBannsx BerpoM. Torma (19)sto

AJITOPUTM aAlITUBHOTO OIICHUBAHUA PE MOIIIHOCTH, OTpa)KeHHOﬁ OoT I/I30Tp0HHOI>’I KaIleJIbHOI CTPYK-
°i

Typsl (IOX[Is1), YCTPAHSIOIINHN TaKKe ¥ BIMSHUE OTPaXkKarolled JOMUHAHTHI. 110 9TOM MPUYHHE OIECHKH
||&|| u ||§|| OYAyT COCTOATEIHHBIMU M HECMEIIICHHBIMHU.

Taxkum 00pa3oM, BUIMM, YTO €CJIM HE OTCTPOMUTHCS OT CUTHAA OTpakarollel JOMUHATHI, KOTOPBIil
npu popmupoBanuy oueHkH Dy = P:  HaKomMTCs KOPEPEHTHO, TO CMEIIeHNe oueHOK Dz =Pz moxer

MOJIHOCTBIO HMCKAa3UTh PC3YJIbTAThI paI[I/IO(l)I/BI/I‘-IeCKI/IX I/IBMepeHI/If/’I U HC MO3BOJIUTH PCIIUTL MPCAIoja-
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dusumka

raeMble pagropU3NUECKHE U DJICKTPOXUMHUECKUE 3a7auyd. ITO MPOM30HAET MO TOW MPHYUHE, UYTO
1] i N,a ng ~JN ,rtme N — o6bem BBIOOPKH

A, TIOCKOJIBKY TTpH (POPMHPOBAHUHU OLICHOK OEPYTCs BHIOOPKH HECKOJIEKHX HMITYJIBCHBIX 00BEMOB
(Ha uHTEpBaJie BPEMEHU OMpeIeIsIomeM HU3NIECKYI0 Peau3yeMOCTh CUCTEMBI), TO HECMOTPS Ha HC-
ye3aromiee Majble 3Ha4eHUsI BTOPOro ciaraemMoro B gopmyie (15) , 00beM BEIOOPOK CTOJIH BETHK, YTO

A

CHUTHAJI OTpaXKaroIell JOMUHAHTHI B HEKOTOPBIX CIy4dasX CMECTUT OICHKY DE IO 3HAYEHWI HE I103BO-
1

JSAIOUIMX TOJYYUTh HECMEILEHHbIE OUEHKH K, , I(rO,KW,a)), R u M H, COOTBETCTBEHHO OLIEHKH & U

o CTaHYT HE COCTOATCIbHBIMU.
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EFFECTS OF MEASUREMENT AND QUANTIZATION CONDITIONS
ON INFORMATIVE PARAMETERS OF RAINDROP ECHO SIGNAL

V.V. Zavolokin, V.I. Tambovtsev
South Ural State University, Chelyabinsk, Russian Federation
E-mail: zavolokinvw@susu.ru

The physical and mathematical model of the echo signal reflected from cloud-rain systems was pre-
sented and substantiated. The algorithms for obtaining unbiased, efficient and consistent estimates of the
first and second initial moments of raindrop echo signal were proposed. The estimation schemes of
physical parameters of raindrop were proposed based on the reflected signal power estimation, such as
induced dipole moment of a raindrop, attenuation during signal propagation along the spherical coordi-
nate of the distance back and forth, and the parameters of the cloud-rain system, such as rain intensity,
water content of the cloud-rain system. The correlation between the estimation of dielectric permittivity
and conductivity of raindrops was shown. The relationship between the induced dipole moment of
raindrops and the estimates of the dielectric permittivity and conductivity of raindrops is shown. This
relationship is expressed through the relationship between the optical and electrical characteristics of
raindrops. These relations make it possible to create and solve systems of algebraic equations for statis-
tical estimates of the dielectric permittivity and conductivity of raindrops, based on previously per-
formed estimates of the induced dipole moment of raindrops, which are obtained on the basis of statisti-
cal algorithms for generating consistent and unbiased estimates of the first and second moments of the
rain echo. The relationship of estimation formation with measurement conditions that depend on the
time of year and day is shown. The proposed statistical algorithms allow us to eliminate the bias of these
estimates of physical parameters caused by three components: thermal noise of the receiver, echo signals
received on the side lobes of the antenna and quantization noise. This makes these estimates not only
unbiased, but also physically realizable. The formation of estimates based on the proposed algorithms
assumes a truly coherent measurement system.

Keywords: signal power estimation of meteorological echo; numerical solution of meteorological
goal equation; dipole moment of a raindrop; conductivity and dielectric permittivity of a raindrop;
guantization noise; radiophysical and electrochemical problems.
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NMepcoHanuu

NEB MMXAUNOBWUY BENAKOB.
K 85-NETUIO CO AHA POXOEHUA

20 Hos16pst 2019r0ma ucnonusiercst 85 et co ausA poxaeHus JIbBa
MuxaiinoBuya bensikoBa, KBaaIu(pHUIMPOBAHHOIO MaTeMaTHKa M 3aMeda-
TenpHOro mexparora, npopaboraBmero B UIIM-UI'TY-IOYpl'Y mnourn
copok et (¢ 1957 mo 1996) u BHecHIEro 3HAYMTEIBHBIN BKJIAI B HEIO
OpraHW3aIli ¥ CTAHOBJICHHS MaTeMaTHYECKOro oOpa3oBaHUs B HAIleM
By3e. JleB Muxaitnosuu poauicst 20 HostOpst 1934rona B ropoae Yens-
Oouncke. C percTBa AEMOHCTPUPOBAN HE3aypsiIHBIE MaTeMaTHYECKHE
CHOCOOHOCTH H, OJTHOBPEMEHHO, CKJIOHHOCTh K (PU3HYECKOMY TPYILy, pH-
COBAHHIO, YTEHUIO, My3bIKe. 113-3a TpaBMBI, TOJIy4EHHOW IO HEOCTOPOXK-
HOCTH, C IIECTH JIET MHOTO BPEMEHHU NMPOBOIWI B OONBHHUIAX, MOKA HE
3apyOlieBantach 4acTh aMIyTHpOBaHHOW HOTH. [103TOMy ¢ paHHEro Jer-
cTBa MHOTO unTai. Ortel, BepHyBIIUIiCS ¢ (ppOHTA, MTPUBO3UI €My KHUTH
«vemmkamu», C Tex nop JleB MuxaiinoBuu Hauyan coOMpaTrbh KHUTH IO
MaTeMaTHKe, UCKYcCTBY, dunocopuu. OH npeanodntan «JIurepaTypHble MaMsSTHUKH, «)KmHL 3amMe-
YJaTeNbHBIX JIIOCH», «bHorpadudeckas cepus» u T. 1. JIl0OUMbIMEH (HACTOJIBHBIMH) KHUTAMH CO CTY-
nenyeckux Jiet Obumn «Counnenus: Kossmel [IpyTkoBa» u «Mou BocrioMmuHanus» Asnekcest Hukonaesu-
ya KpbutoBa — akageMuka, MaTeMaTHKa, KopaOiecTpouTels, MexaHuka. MHOTUMH UCTOPUSMH U3 3TOH
KHHUTH OH JIEIHUJICS C APY3bSIMH, CTYJICHTaMH, KOJJIeraMi. JTa KHUTA, BUIUMO, ITIOMOTajia ero CTaHOBJIe-
HHIO B KQ4eCTBE MOJIOIOTO PYKOBOAUTENS OJHOW M3 KpynHenmmx kapenp uacruryra (UIIH, okono 60
yesoBek). B mocnennue (mepectpoednsie) roasl 4acTo mutupoBan «BocnomuHanus» H.B. Tumogeena-
Pecogckoro.

3akonuuB B 1952roay cpennroro mkoiay Ne 27, JleB MuxainoBud moexai mocrynarb B MockoBs-
CKUI TrOCyJapCTBEHHBI YHHBEPCUTET Ha MEXaHHKO-MaTeMaTuieckuil (akynpTeT. MaTeMaTHKy claBaj
A.H. KonMoropoy, monydui HATEPKH, HO HMOJUTHYCCKH HE BBIJICPIKAHHOE COYMHEHHE O BoviHe 1812
roja He MO3BOJUJIO eMy cTaTh cTyneHToM MI'Y. Meicinu u uaen Annpesa Hukonaesuua Konmoroposa
OKa3aJli 3aMETHOE BIUSIHHE Ha €T0 CTAHOBJICHHE KaK MaTeMaTHKa.

BepnyBiucs B UensOMHCK, 3a TpH THS CIAN BCTYNUTEIbHBIE 9K3aMEHBI U ObUT MPUHAT Ha (PU3UKO-
MaTeMaTHYecKuid (akynbTeT UenssOMHCKOTro MeJaroriueckoro HHCTUTYTA.

VY4yeba naBanacek JIbBy MuxaiaoBudy jerko, 0e3 0coObIX YCHJIHI MMOCTHral OH a3kl HayKu. B yuebe
JEMOHCTPHUPOBAJ MOPA3UTENBHYIO LENIEyCTPEMIIEHHOCT. Yike Ha mepBoM Kypce JI.M. benskos moce-
IaJl KPY)KOK MaTeMaTHYeCKOro aHain3a, KoTopbiii Ben Crenan MBaHoBuu JlepraueB — oOpa3oBaHHBIM
MaTeMaTHK W TIeJIaror, Y4elIoBeK J0OpBI 1 HEMHOTO CBOCOOPAa3HBIi, ellle He JI0 KOHIAa PACCTABIIHICS C
BOCHHBIM IpouutbiM. Ha Tpetbem kypce JleBa bensikoB cran mocemaTth Kpy>KOK MO TEOpUH (YHKIIHUH,
KOTOpBIit Bent MBan SIkoBneBnd BapkoB — UeIoBEK, CHIPABIIIHil PEMIAIONLYIO POIIb B €r0 Cyab0e -

JleB MuxaiijioBiY ObLT aKTHBHBIM YYaCTHUKOM 3TOTO KPYXKKa U elle B cTyaeHueckue romsl (1956)
Obu1 HarpaxxAEH rpaMoToii MunucteperBa Boicuiero oopazoBanusi CCCP 3a Hayunyio paboTy «CHHTY-
nsipHBId nHTETpan Bamte—lyccena ans QyHKIMA ABYX EPEMEHHBIX».

ITomumo yue6nl JI.M. BessikoB, Kak y»e ObLJI0 OTMEUEHO BBIIIE, IPOSBIISUT HHTEPEC K MYy3bIKE, JIH-
Teparype, HeIUI0Xo pucoBai. Eie korna oH yuuiIcs B IIKOJIE, TOCEIaN 3aHATHS Xy/I0KECTBEHHOH CTy-
nuu npu J{Bopue kyneTypsl UT3.

OTH ero «BHeMaTeMaTHYECKHE» MOTEHIIMH HEe OCTAJIMCh He3aMEYEHHBIMUA B WHCTHTYTE, U OH CTal
OTBETCTBEHHBIM 3a BBHIYCK CTEHTa3eThl (DaKyIbTeTa.

[ocne okonuanus nactutyta JI.M. BenskoB Ol pacnpesnesneH Ha paboTy B mkoidy 3natoycra-20.
B nocénke He xBatano yuuTenei, yd4eHUKOB ObII0 Majio, u JIeB MuxaiioBu, TOMHUMO MaTEeMaTHKH, BEN

! B xonne matumecateix M.S. Bapkos Bmecte ¢ Hukomaem ApuctapxoBrueM CEHUMIIEBBIM OPTaHH30BANH JUIS BBIMTYCKHUKOB (DU3HKO-
MaTtemartadeckoro ¢axynsrera UI'TIM cemunap mo GpyHKIMOHATEHOMY aHANIN3Y. YUaCTHUKH CEMHHAPA U3yYald KHUTH IIPU3HAHHOTO CIIeIua-
JIHCTa N0 (YHKIMOHAIBHOMY aHaiu3y, yuenuka I.M. ®uxrenronsua, b.3. Bynuxa, pa6otsr JI.B. KaHTopoBrua u Jpyrux MaTeMaTHKOB, CIie-
IHAIUCTOB 0 (YHKIHOHANbHOMY aHanmu3y. 1.5, bapkoB MHOro BHUMaHHS YA CIIyMIATeNsIM CEMHHApa, PEKOMEHJ0BATI UM TeMbI A pe-
(hepaToB U JOKIJIAJOB U HACTOATENHHO HAIEIUBAI YIaCTHUKOB Ha IIPOJOJDKCHHE 00pa30BaHMs B aCIIUPAHTYpeE.
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MepcoHanum

(¢u3KKy, YepUyeHUe, PHCOBaHKE U JNaxke TpyJ (CTOJISIpHOE | ciecapHoe 1eio0). OH ¢ IeTCTBa JIOWI BO-
3UTHCS C AEPEBOM, CTOISIPHUYAN, CIIECAPHUYAN U 31€Ch EMY 3TO IIPUTOJHIOCH.

B 3naroycre-20 JI.M. Bemsikor mpopabotai roa. B 1957on BepHyiics B UensiOMHCK v ObUT IPUHSAT
Ha JI0JDKHOCTh aCCHCTeHTa Kadeapbl Briciiel MmaTematuku YITH.

B 3TOoM roay mokuHyn IODKHOCTE 3aBedylomiero kadeapoi Beicmeit marematuku YITU H.A. Cen-
yuineB. OH UCIOHsT 3TH 00s13aHHOCTH ¢ 19501013, napamienbHo ¢ 0OCHOBHOM pabotoii B UUMDCXe u
negarormaeckoM mHCTUTYTE. Kadenpoit cram 3aBegosars b.I'. JINTBHHEHKO®, OIMH U3 co3jaTeneii ¢du-
nuana YensOMHCKOro mojuTeXHUYeckoro MHCTUTyTa npu UM3. YueOHas Harpys3ka Oblia, MO cOBpe-
MEHHBIM TOHATUSAM <«OelIeHHas» —OKoIo 28 yacoB B HEJEIIO, IPU 5TOM 3apIuiaTa acCUCTEHTa COCTaB-
msma 1050py6.2 ¥ MOYTH HUKAKHX MOAPAGOTOK — JIHIIb JIETOM MOXHO OBUIO 3apaboTats g0 1500—
2000py0., ¥ 3TU ACHBTU MPEICTABISUIUCH LIEIBIM COCTOSHHEM.

B 1958roay B.I'. JIutBunenko cmennn U.H. I'ypbsiHOB — KaHIUAAT PU3UKO-MAaTEMaTHIECKUX HAYK,
J0 3Toro paborasmuii B Kuprusckom rocyaapcrseHHOM yHuBepcurere. OH MHOI'O BHUMAHUS yJIEIsil
HAayYHOMY POCTY COTPYIHHKOB Ka(eApbl, B YaCTHOCTH, CIIOCOOCTBYSI MX TOCTYIUICHHIO B aCIIUPAHTYPY.

Ha »toii BonHe, B 1959r., JleB MuxaiinoBu4 NoCTymnaeT B acupaHTypy Ha Kadeapy MaTtemaTuye-
ckoro aHanm3za KaszaHCKOro rocyqapcTBEHHOTO yHUBepcHTeTa (3ToW Kadenpoil 3aBeloBall W3BECTHBIH
MareMaTuk, A.¢.-M.H., npod. b.M. I'araes). Ho mpoyumics JI.M. BelsikoB B 04HOM acCUPaHTyPe TOIBKO
OJIMH TOJ — BBIHY>KACH OBUT YHTH IO CeMeHHBIM oOctosTeiabcTBaM. OH MPOAOoKUiI 00ydeHHe yKe B
3a04HON acmUpaHType, coBMelIasi padoTy HaJl IuccepTaluieid ¢ 00I3aHHOCTSIMUA aCCUCTEHTA, CTapILIero
IperoaBaTels, a Mo31Hee U 3aBe/IyIOIIero Kadeapo.

Huccepranuto Ha TeMy <« IpubIIKeHHOE pellieHHE U HaXO0XIeHHe COOCTBEHHBIX 3HaYEHU HEKOTO-
PBIX (QYHKIMOHAIBHBIX YPaBHEHHH C OIllepaTopaMu, MEPOMOpP(HO 3aBUCIIIUMH OT mapameTrpa» Jles
MuxaiiioBiy 3alUTHII 10T PyKOBoACcTBOM npodeccopa b.M. 'araesa B 1968roay B coBeTe KazaHcko-
ro rocyIapcTBEHHOT0 YHHUBEPCUTETA. 3BaHKE A0leHTa Ob110 prcBoeHo JI.M. bemsikoBy B 1971r.

B cBsi3u ¢ pOCTOM YHCIEHHOCTH COTPYIHHKOB Kadeapbl U paclipeHueM cdepbl WX MpenoiaBa-
TEJIbCKOM JeSITENIbHOCTH OOLIEMHCTUTYTCKYIO Kadeapy Beiciieil MatemaTtuku B 1963rony nenst Ha age:
kadenpy Beiciieii Mmarematukd Ne 1 u xadenapy Beiciieidt MareMaTHKH Ne 2. 3aBeAyIOIIUM IEPBOM Ka-
¢denpoii cranoButcs gouent A.Jl. Kanman, Bropoii — crapmmii npenogasarens B.A. JlesuH.

B 1965roay JIbBa MuxaiinoBuua bemnsikoBa n30uparoT Mo KOHKYpCY Ha JOJKHOCTH 3aBEAYIOIIETO
kadeapoii Beiciiel MaTeMatuku Ne 2, B KaKOBOM OH mpopaboTtan 0eccMeHHo 22 roia — BIUIOTh 10 1987
roja.

31ech NposSBUIIACH €Ille OJJHa CTOPOHA €T0 JapOBaHUS — BBIIAIOIINECS OPraHU3aTOPCKHE CIIOCOOHO-
ctu. JL.M. BensikoB cocpeaoToun OCHOBHbIE YCHIIUS Ha aKTUBM3ALMU U COBEPIIECHCTBOBAaHUU METOJH-
YEeCKOW M HayYHOH NEeATeNbHOCTH COTPYIHHUKOB Kadenpbl. DPPEeKTUBHEIM M €CTCCTBEHHBIM ITyTEM pe-
IICHUS IOCTAaBJICHHON 3aJa4y OBbUIO NPUBJICYCHUE MOJIOJBIX BBITYCKHHKOB BEAYIIUX BY30B CTpaHbl, U
JleB MuxaitnioBud ¢ 3TOH 3amaueil crpaBwiIcad — B KOPOTKHH cpok pykoBoanmas JI.M. bensxkoBeM ka-
(enpa MOMONHIIACH XOPOIIO 00pa30BaHHBIMHU CIICIMAINCTAMH, CIIOCOOHBIMU peIaTh CTOSIIHNE Tepen
Hell yueOHO-METOINYECKUE 3a/1aUH.

ITox ero pykoBOACTBOM aKTHBH3MPOBANIACh HAy4YHAs NEATEIBLHOCTD B Pa3HBIX 00JAcTAX MaTeMaTu-
ku. [lepBas B YensiOuHCKe (32 BCIO MCTOPHIO €ro CYIIECTBOBAHUS) MaTeMaTHUYeCKas JUCCEpTalus Ha
COMCKAaHHE YYEHOH CTENeHM JOKTOpa (PU3MKO-MAaTEMAaTHYECKHX HayK ObLIa 3alHIeHA COTPYIHHKOM
kadeaps! Beiciield MmareMatuku Ne 2 C.M. [luHYyKOM — OJHMM U3 BEAYIIMX CHELUAIUCTOB B O0JIACTH
KOMITJIEKCHOTO aHaJIn3a.

He menee 3HaunMTenbHBI OBUIM M JOCTHKEHUS Kadenpbl B 00IaCTH MEJarorndeckoi M MeToande-
CKOM JesITeNbHOCTH. [IpHOpUTET B MCTIONB30BaHUK HOBBIX TEXHOJIOTHH B OOYYEHHH MaTeMaTHKE MpH-
HAJJICKHUT cOTpyAHruKaM Kadeapsl Ne 2. OHM aKTUBHO MCIIONB30BAJIM B CBOEH paboTe kiacchl «PereTn-
Top» (MeTommueckas HoBuHKA 1964r.!), cuctembl «/Inanor» u «DOTOH», a TAKXKE APYIHE TEXHUUECKUE
CpeZICTBa U METO/Ibl aKTUBHU3ALIMH [103HABATEIbHON JESITEIbHOCTH CTyIeHTOB. OHU ke ObUTM MHUINATO-
pamu BHEIpEHHUS KOMIBIOTEPHBIX M MH(OPMAIIMOHHBIX TEXHOJIOTHHA B Y4eOHBIM mpolecc, MepBOIpo-
XOJIlIaMU B 00J1aCTH KOMIIBIOTEPHOT'O TECTUPOBAHHUS.

! BriecTsUMii METOMCT ¥ TMEAroT, OH BeJl METONMUeCKuil cemunap kadenpst 10 80X rojoB, moMoras B PaboTe HECKOIBKAM
TIOKOJIEHUSIM MOJIOJIBIX MPEToiaBaTerei
2Tlocse pedopmbl 1961r. — 105py6uieii.
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Jlee Muxatinoeuy bensikos.
K 85-nemuro co OHs1 poxxOeHusi

3aB. kadenpoii Beiciieii mareMatukud Ne 2 JI.M. BensikoB cTai HepBbIM MPEACTABUTEIIEM BBICIINX
y4eOHBIX 3aBeACHWM Ypasia B HaydHo-MeTommdeckoM CoBere mo martemarwke [ 'ockomBy3a Poccum.
Bnaronapst ero ycunusiM 1o COBEPILEHCTBOBAHUIO METOINYECKOH paboThl Kadeapsl, ABaXKIBI 32 UCTO-
pHIO ee CyllecTBOBaHHs Ha 0Oa3e Kadeapbl MpOBOAMINCH Bhie3aHble 3aceqanns HMC no matematuke
I'ockomBy3a Poccum ¢ menbio mpomaranisl €6 MEeTOAMYECKOTO OIMBITa CPeud MareMaTHieckux Kadenp
By30B Poccun. JleB MuxaiinoBuu ObUT WieHOM Hay4yHO-MeToAmdeckoro CoBera 1Mo MaTeMaTHKE IMPH
Munsyse CCCP (Bnocnencreun — MunoopHayku Poccun) ¢ 1979 no 1992ox.

JI.LM. benskoB 0b1 maUIMaTOpOM co3aanus B UIIU mayuro-meTonuueckoro CoBeTa 1Mo MaTeMaTH-
Ke, MPU3BAaHHOTO OPTaHM30BBIBATH M HAIPABIATH JEATEIHHOCTh BCEX MaTeMaTHUECKUX Kadeap By3a, OH
e CTaJl ero MePBBIM IPeAceaaTEIIEM.

3aciyru JI.M. benskoBa B 0671acTH METOIUYIECKON B yIeOHOI paOOTHI OBLIH BHICOKO OIICHEHBI. B
1973roxy OHNM 13 IEPBBIX BY30BCKHX paboTHHKOB B UemsiGuucke JIeB MuxaiinoBid Gbll HArPaKIeH
[Tou€THpIM 3HAKOM <«3a OTIMYHBIC ycIeXH B obnacTu Beiciiero oopazoBanusi CCCP». A B 1981rony on
Obu1 ynoctoeH opaeHa «3Hak [Touéra».

B 1987rony JI.M. BenskoB, 0 He 3aBHCSIIMM OT HErO NPUYMHAM, IMOKHUHYJ MOCT 3aBEAYIOIICTO
kadenpoii u BioTh A0 1996roma padoTan Ha Kadenpe Bbiciieii MaTeMaTHKd Ne 2 B JOJDKHOCTH TIPO-
(eccopa.

B 1996roay Jlee MuxaittoBud ObLI IIEpeBecH Ha TOJKHOCTE Ipodeccopa Kadeapsl MaTeMaTHue-
ckoro aHanmm3a YersiOMHCKOTO TOCYJapCTBEHHOTO MEAarornieckoro yHHBEpCUTETa. 3/1eCh, C CEHTAOpS
1998rona on Bo3rnaBun o0beAMHEHHYIO Kadenpy anreOpsl u reomerpun YITIY. 3a kopoTkoe Bpems
CIUTOTHJI KOJUJICKTHB, OCHACTWII Kadenpy HOBEHITUM HH()OPMAIMOHHBIM 000PYAOBaHUEM, aKTHBU3UPO-
BaJl YIeOHYIO U METOIMYECKYIO paboTy Kadeapsl, peaHuMHPOBaI pabOTy METOIUIECKOTO CEMHUHApA.

Ha sroii kadeape on u npopaborain g0 cBoeit konunnsl B 2002 roxy

JleB MuxaiinoBud ynocToeH no4ueTHelx 3BaHuii Berepan UIIM u Berepan Tpyna.

Jler Muxaiinouu besikoB ObLT pa3HOCTOPOHHE 00pa30BaHHBIM 4elloBeKOM. Ero mMaTemaTtndeckue
HAKJIOHHOCTH U TIEJarorn4eckKue yCTpeMIIEHU TApMOHUYHO COYETANUCh C OOIMIEKYIbTYPHBIMH. 3HAYH-
TEJIBHYIO YaCTh COOpaHHOW UM OMOTMOTEKH 3aHUMAIOT adhOOMBI KAPTHH BBIAIOIIMXCS XYI0XKHUKOB U
My3eeB Mupa. TpymHO cka3zaTk, KOMY U3 XyJ0KHUKOB OH OT/AaBajl MpearnodYTenre. EMy SSBHO HpaBWIKCH
kapTuHel MakoBckoro Koncrantuna Eroposuya (Mx OBIIO HECKOJIBKO OpaTheB). Komust moprpera KHsi-
ruHA BOJTKOHCKOM, ATOTO XY/JO’)KHUKA, BUCUT B €r0 KaOHHETE.

Jler MuxaiinoBuu o4eHb 00w My3biky. O6oxan @.U. [ansnuna. [InacTuHkH, 3aN¥CH, TUCKU C
€ro TOJIOCOM, a TaK)Ke KHUTHU 0 HEM coOupai MHOTO JieT. CaM 4acTo pucOBaJl €ro MOPTPETHl KapaHia-
moM. B mocieiHre TobI )KU3HH OTOTOBHII XOJICT M XOTeN ckonupoBath kaptuny K.A. KopoBuHa, rie
@.U. [lansnuH n300pakEH CUASIIUM 32 CTOJIOM, HO yCIIEH CIeJaTh TOJIBKO KapaH allHbII HAOPOCOK.

N3 coBpemennbrx meBro mobun ciaymark b.T. Illtoxonosa, P. M6parnmosa, B. Bricomkoro,
A. Beprunckoro, 9. IIbexy. K Benukum aktépam otHocHI . CMOKTYHOBCKOI'O, 0COOCHHO €My HpaBH-
nuck B ero ucnoinHeHuu ctuxu A.C. [ymkuna.

3aHnMascs KUHO- M BHJECOCHEMKOM, Jenai MmpeKpacHble (POTOmopTpeThl CBOMX NETe W BHYKOB.
Bt He uyxa copTy — BOE00, BEOCUTIE M JIBDKH A0 TMOCIETHIX JTHEH BXOIWIH B KPYT €ro WHTe-
pecoB.

JLLM. BenskoB ObUT 3as/JIbIM aBTOMOOWJIMCTOM, aKKypaTHO M YBEPEHO BOIMJ MAIUHY, U BCETAa
MPUXOIMIT HA TIOMOIIh «OE3JIOMIaTHBIM» KOJJIETaM M IpY3bsSM, KOTJa y Te€X BO3HHKalIa MOTPeOHOCTH
YTO-HUOY/Ib TIEPEBE3TH WK KyJAa-HHOYAb T0eXaTh.

Jler MuxaiinoBud ObLT TBEPJl B CBOUX yOEKICHUSAX M TOCTOSHEH B MpHBsI3aHHOCTAX. He yrolun
ITYMHBIX KOMITAHHUH W MHOTONIONHBIX MecT. OH OBbII caepaH B MPOSIBICHUU SMOLWH, C YBaKCHHEM
OTHOCHJICSI K CTapIINM, C HTY3Ma3MOM U JIF00OBBIO AETHIICS C MIAAIIUMHU.

Takum 3armomuamics JleB MuxainoBuy ero Kojuieram, Ipy3bsaM U CTyICHTaM.

B.U. 3ansanuH, A.b. Camapoe

! DTUM 3HAKOM HATPAXKATKCEH NPENOIABATENM BhICIIUX yueOHbIX 3aBeaennil Coerckoro Cow3a, MMEIOIIUE YIEHBIE CTEIEHH 1
3BaHus (Kak MpaBHIIO, JOKTOP HayK, mpodeccop) 3a ocoOble 3aciiyry B 00JIaCTH BBICLUIEr0 00pa30BaHMs, IOJrOTOBKY BBICOKO-
KB (HUIMPOBAHHBIX KAIPOB M MHOTOJIETHION (He MeHee 15 j1eT) paboTy B By3ax CTpaHbI
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CEPIEN IOPLEBWY N'YPEBWU.
K 75-NETUIO CO AHA POXAOEHUA

6 deBpans 2020roma UCIONHUTCS 75 JIET CO AHS POXKJIC-
HUA ¥ 49 71eT ¢ MOMEHTa Havana TPYAOBOH JIESTEIIbHOCTH JIOK-
Topa (QHU3MKO-MaTEeMaTHYECKUX HayK, mpodeccopa Kadeaps
onronHpopMaTtuku usndeckoro akynprera MHCTHTYTA €c-
TECTBEHHBIX U TexHHYeckux Hayk FOYpIl'Y Cepres FOpreBnua
I'ypeBuua.

Hayunyro nestensHocTs Cepreit IOpbeBry Hagan emie Ha
CTapUIMX Kypcax BO BpeMs y4eObl Ha crielmuaibHOCTH «Du3H-
KO-XUMHYECKHE HCCIICOBAHUS METALTypPIrHYeCKUX IpoIec-
coB» B UenssOMHCKOM MOJIMTEXHUYECKOM HHCTHUTYTE MOA PY-
KOBOJICTBOM JIOKTOpa TEXHHUYECKHX HaykK, mpodeccopa Bia-
ouMupa Anekcanaposnda KoxxeypoBa M JOKTOpa TeXHHYE-
CKHX HayK, npodeccopa ['ennaaus ['eopruesuda Muxaiinosa.

B 1967r. okoHumn ¢ ornuureM YensOMHCKHIA MOJUTEX-
HUYECKUI MHCTUTYT U B 9TOM JK€ IOy OBII 3a4MCIICH B aCIIH-
paHtypy, KoTopyro okoHumn B 1970r. ¢ 3ammroll kKaHAMAAT-
CKOM JAMCCepTallid B CPOK acmupaHTckoi moaroroBku. C 16
HostOpst 1970 roma Hauascs HempepbiBHBIM 49JICTHUN CTax
padotel C.IO. I'ypeBuya B YenssOMHCKOM IMOJIMTEXHUYECKOM
uHcTHTyTe (ceiiuac IOVYpI'Y).

C 1970r. u no 2019r. padoran B FOYpI'Y crapuium mpenoaaparesiem, J0LUEHTOM, Mpodeccopom Ha
kadenpe «Dusnka Ne 2», koTopas 3aTeM Oblia MeperMMeHOBaHa B Kadeapy OOIIeH U SKCIepUMEHTAIb-
HOU ¢um3uky, u Ha Kadenpe onrtonHpopmaruku. C 1983 mo 2019 —3aBenyromuii kadenpoit odmei u
skcnepuMmenTanbHoi ¢usukn YITN-UT' TYHOVYpI'Y. C 1995n0 1998rr. pabotan qekaHoM aBTOMaTHO-
MEXaHUYECKOr0, 3aTeM MEXaHHUKO-TEXHOJIOrnueckoro (akynasrera, ¢ 1998 mo 2006 rr. — npopekTop
IOVYpI'Y mo yuebHol pabote. B 1995r0oay Cepreit OpbeBuu 3amuimmaer TOKTOPCKYHO AMCCEPTALIUIO
«OCHOBBI TEOPHH M MPAKTUYECKOTO MPUMEHEHHUS BHICOKOTEMIIEPATYPHOTO YIbTPa3BYKOBOI'O KOHTPOJIS
(eppOMarHUTHBIX METAJUION3ICTHI».

SIBISISICH KPYMHBIM yYEHBIM B 00JIacTH (DM3MKM MarHUTHBIX SIBIECHHH, co3man (yHIaMEHTAIbHYIO
TEOPHIO B3aMMOJICHCTBUSI UMITYJILCHBIX JIa3€PHBIX, JCKTPOMAarHUTHBIX M aKyCTUYECKHX ToJied B dep-
POMAarHuTHBIX MeTaljiax, HaXOIAIIMXCA IpU Temieparype MarHuTHoro ¢asosoro nepexona. C.1O. I'y-
pEBUY SBJISETCS aBTOPOM HAYYHOTO OTKPBITHS «3aKOHOMEPHOCTh B3aMMHOTO IPEoOpa3oBaHUS 3IIEK-
TPOMArHUTHBIX U YIPYTHX BOJIH B (heppomMarHeTukax» (aurmiomM Ne 226)u 3aperucTprupoOBaHHON HaydY-
HO# runoTe3sl «I MIoTe3a 0 30HaX MOBBIMICHHON AJICKTPOMAarHUTHOW CEHCMOAKTUBHOCTH» (CBHICTEIb-
ctBo Ne A-300). Im co3zmaHbl (pU3nUUeCcKrue OCHOBBI BBICOKOTEMIIEPATYPHBIX M BHICOKOCKOPOCTHBIX Me-
TOJIOB M CPEJICTB OECKOHTAKTHOTO aKyCTHYECKOT'0 KOHTPOJIS KAueCcTBA METAITOM3ICITHH.

OH ycnemHo pyKOBOIUT CO3IaHHOH MO €ro WHULNATHBE BY30BCKO-aKaJleMHUYECKOH Jaboparopueit
aKyCTHKH METaJUIOB, KOTOpas BBINOJIHsIA Hay4dHbIe paboThl mo nporpammam COB, TKHT CCCP, AH
CCCP, PO®U, Munobpuayku P®. Yuactauk BJIHX CCCP (6poH30Bast Meaib), a TakKe MEKIyHa-
POIHBIX HAYYHO-TEXHHYECKUX BHICTaBOK B Bapmase (1988)u bpuo (1989).

C.1O. I'ypeBuu — aBTop 6onee 220 HayuHbIX ¥ YUeOHBIX IMyOnuKanui, 24 aBTOPCKUX CBUACTEIHCTB
CCCP u marenToB P®; omy0nukoBai mATh HayYHBIX MOHOTpadwii, B TOM uncie MoHOTrpaduio «Teopus
¢usnueckux monei» B 3x ToMax, yueOHoe nocobue «@usnka» ¢ rpudom MunobpazoBanus PO B nByx
TOMaXx, UMEET EBPONECHUCKUIl U POCCHUICKHN cepTH(PHUKATBI SKCIEPTa BBICIIEH KaTErOpUH IO aKyCcTHUe-
CKHM METOJaM KOHTPOJISI Ka4eCTBa METAJUIONPOLyKIUH. II0ArOTOBHI OTHOTO JOKTOPA M IBYX KaHIUIA-
TOB HayK, pyKOBOJWT HayIHBIMU paboTamu 1o rpantaMm PODOU n Munobpuayku PO.

C.JO. TI'ypeBud sBnsieTcs 4ICHOM pEelaKIMOHHON KOJUIErnu xypHana «Jledexrockonus» Y paabcKo-
ro otaenenne PAH, a ¢ 2001mo 2013rr. Takke ABJISUICS YWICHOM PEIaKIMOHHOW Koyiernu BecTHuka
IOVYpI'Y, cepun «MaremaTrka. ®usnka. Xumus» (¢ 2009r. — dMaremaTrika. Mexannka. OU3HKa»).

3a mHoronetHuit nodpocosectHb Tpya C.JO. ['ypeBudy mpucBoeHO MouYeTHOE 3BaHHE «3aciy-
JKCHHBII paOOTHUK BhICIIeH Ko (1998),0H HarpaxaeH opaeHom pyxosr (2004),menansamu u mo-
4y&THOH rpamMoToii ryoepHaropa YeasiOMHCKOH 001acTH.
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Waxun EJ1., lynbauHoe A.A., Cepzel FOpbesuy Nypesuy.
lony6ee E.B. K 75-nemuro co OHs1 poxxOeHusi

Tl'oBopur Illaxun EBrenuit JIconnmosuy, moneHT Kadeapsl ontonHpopmatuku: «HemHoro o iuy-
HOM — 3Hato Cepres HOpreBuda 6osee natuaecsta jet. C TOPAOCTHIO U ¢e0s1 CUNTaI0 €ro HaCTaBHU-
KOM — y4YEHBIM, TI€JIJar0OroM, BOCIIUTATEIEM MOJIOEkH. OT CBOEro MIMEHHU U OT MMEHU MHOTHX KOJUIET,
sraromux Cepres IOpbeBHuya, jkenar0 eMy XOpPOIIETo 370POBbs, HEUCCAKAEMOI TBOPYECKOW JHEPTHUH,
0OpOTHI M JIFOOBH NIpy3el, poaHbIX 1 Om3kux. Criacu0o 3a To, 94TO THI €CTh, Joporoi Cepexal»

[lynerunoB Anekcanap AHATONLEBUY — JOIEHT Kadeapsl onTomHpopMaTHKH: «f OmaromapeH
Cepreto OpreBudy 3a TO, 9TO OH TaK MIEAPO JCIUICS U MPOAOIDKAET EIUTHCS CBOMM OMBITOM y4eO-
HOH, HAYIHOU 1 afMUHUCTPATUBHOU PabOTHI B By3e».

Komnnern u apy3ss cepaedno no3apasisitoT Ceprest FOpbeBrya ¢ ceMUACCATUTIATIIIETHEM U KETAIOT
eMy JabHEHIINX YCIIEXOB B HayKe, MPETOJaBaHUH U JINYHOH JKU3HU.
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TPEBOBAHUA K NYBJIMKALWUN CTATbU

1. ITyOnuKkyrOTCS OPUTHHANBHBIE PaOOTHI, COJCPIKAIINE CYIICCTBEHHBIC HAYYHBIC PE3yJIbTAThl, HE OIMy0-
JUKOBaHHBIC B IPYTUX M3IAHMAX, IPOIICAIINE dTall HAYYHOW SKCIEPTH3HI M COOTBETCTBYIOIINE TPEOOBAHUAM
K MTOJITOTOBKE PYKOITUCEH.

2. B peakosuteruio npegocraBisiercs ajaektpontas (mokyment MS Word 2003gepcust paboTel 06beMoM
He Oonee 6 cTpaHUIl, IKCIIEPTHOE 3aKIIOUSHUE O BO3MOKHOCTH OITyOJIMKOBAaHUS pa0OTHl B OTKPBITOH IeYaTH,
cBenenus 00 apropax (©.1.0., Mecto paboThl, 3BaHUE M JOIDKHOCTH JUIsS BCEX aBTOPOB pabOThI), KOHTAKTHAS
HH(pOPMAIHSI OTBETCTBEHHOTO 32 TIOATOTOBKY PYKOITUCH.

3. Crpykrypa crateu: Y/JIK, HasBanue (He 6omee 12—15cmoB), criucok aBTopos, anaotanus (150—25QcmoB),
CIIMCOK KITFOYEBBIX CIIOB, TEKCT paboThl, uTeparypa (B MOpsIKe HIMTUPOBaHUS, B CKOOKAX, €CIIM 3TO BO3MOXHO,
JIaeTCsl CChUIKA HA OPUTHHAT TEPEBOTHON KHHUTH WIH CTATbU W3 JKypHAaIa, MEPEBOIIETOCS HA aHTIIMHACKUI
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHUe, paciupeHHas anaotanus (pedepar cratbu) oobemom 10 1800
3HAKOB C TIPOOEIaMH, CIIFCOK KJIIOYEBBIX CJIOB M CBEACHHS 00 aBTOPaX Ha aHTIIMHCKOM SI3BIKE.

4. TTapametpsl Habopa. [Tomst: 3epkanbHbIe, BepxHee — 23, HIKHee — 23,BHYTpH — 22,CHApYyKU — 25MM.
Mpudt — Times New Roman 11 piiacmirad 100 %,unTepBan — 0ObI4uHbIN, 6¢3 cMemienust u anumaruu. Ot-
crym kpacHo# crpoku 0,7 cM, mHTEpBan Mexay ad3anamu O T, MEKCTPOYHBIA HHTEPBAI — OIMHAPHBIH.

5. ®opmynsl. Ctuns Matemaruueckuil (udpsl, QYHKIMH U TEKCT — NPAMOI WPU(T, MepeMEHHbIE — Kyp-
cuB), ocHoBHOM mput — Times New Roman 11 pipkaszarenu crenenu 71 %u 58 %.Boikitouenusie dop-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enble. JXKenmarenbHo IpeToCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (PaiioB.

7. Anpec penakiMOHHOHM koyieruu xypHana «BectHuk IOYpl'Y» cepun «Martemaruka. Mexanuka. Ou-
3UKa»!

Poccus 454080,r. Yensbunck, mp. um. B.M. Jlenuna, 76, FOxHO-Ypanbckuii TOCYIapCTBEHHBIN YHUBEP-
cuteT, PaKyIbTeT MAaTEMaTHKH, MEXaHUKU U KOMITBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIECKOrO H KOM-
MBIOTEPHOT0 MOJCIHPOBAHMS, TIIABHOMY peaakTopy mpodeccopy 3arpebunoit Codppe Anekcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and@iter Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Anpec 3ekTpoHHO# moutel: Mmph@susu.ru

9. [MTonmHyO BepcHIO MPaBUII MOJATOTOBKHM PYKOMHUCEH U puMep oOpPMIICHHS MOXHO 3arpy3UTh C caiita
xypHana: cm. http://vestnik.susu.ru/mmph.

10.KypHan pacmpocTpaHsieTcss 10 MOJMKUCKE. OJEeKTpOHHas Bepcus: cm. Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétrauk.roypry.pd/mmph.

11.TInara c acnmupaHTOB 3a MyOJIMKAIIUIO HE B3UMACTCHI.



CBEAEHUA O XYPHAIJE

Kypnan ocnosan B 2009 roxy. CeunetensctBo o peructparwu [IM Ne @C77-57362 Beigano 24 mapta 2014 .
denepanpHOl cyk00H 10 Ha3opy B cdepe cBsA3M, MHPOPMAIMOHHBIX TEXHOJIOTHH M MaCCOBBIX KOMM YHHKAITHH.

Yupeautens — DenepanbHoe rocy1apCTBEHHOE aBTOHOMHOE 00pa30oBaTelbHOE yUPEXISHHE BBICIIET0 00pa30-
BaHus «HOKHO-Y panbCKuii rocyJapCTBEHHBIH YHUBEPCUTET» (HAIIMOHAIBHBIHN HCCIIEJOBATEIbCKUN YHUBEPCUTET).

I'naBHBIN penakTop xypHana — 1.¢.-M.H., npod. C.A. 3arpeduna.

Pemennem [pesunmyma Briciieit aTtectanionHoi koMmuccun MuHKCTEpCTBa 00pa3oBanust M Hayku Poccuiickoit
denepaunn xKypHat BKIOYeH B «[lepedeHb BenyMX peleH3UpYeMbIX HAay4YHBIX >KYPHAJIOB M W3/IaHUH, B KOTOPBIX
JIOJDKHBI OBITH OITyOJIMKOBAaHBI OCHOBHBIE HAyYHBIE PE3YJIBTATHI JUCCEPTALINI HA COMCKAHNE YUCHBIX CTEICHEH JTOKTO-
pa ¥ KaHOWAaTa HAyK» IO CIEAYIOIIAM HAYYHBIM CIICIMATbHOCTSIM M COOTBETCTBYIOIIMM MM OTpPAciisiM HAYKH:
01.01.01 — BemiecTBeHHbIH, KOMIUIEKCHBIH M (YHKUMOHAIbHBIM aHanu3 ((PpHU3MKO-MaTeMaTHYEeCKUE HAYKH),
01.01.02 — Iuddepenimansabie ypaBHEHHs, JMHAMHYSCKHE CHCTEMBI M ONITUMANIbHOE yrpaBjieHue ((Hu3uKo-mMarte-
Marudeckue HaykH), 01.01.07 — BerancnurensHas Mmarematrka (pusuko-maremarndeckue Hayku), 01.01.09 — Tuc-
KpeTHasi MaTeMaTHKa M MaTreMaTuueckas KuoOepHeTuka (¢pusuko-maremarndeckue Hayku), 01.02.05 — Mexanunka
XKHIKOCTH, Ta3a " 1iasmbl (pusnko-maremarnueckue Hayku), 01.04.05 — Onrtuka (pusuko-mateMaTHIeCcKnue Hay-
kn), 01.04.07 — ®uzuka KOHIEHCUPOBAHHOTO COCTOSHMS ((PU3UKO-MAaTEMAaTHYECKHUE HAYKN).

Pemenuem Ipesnnnyma Bricoieit arrecTanmoHHoi kKoMuccnn MuHucTepcTBa 00pa3oBaHus M Hayku Poccuii-
ckoii Penepanny xKypHai BKIIOYeH B «PerieH3upyemble HayuHble M3/IaHMs, BXOSIINE B MEXIyHapoJHbIe pedepa-
TUBHBIE 0a3bl JaHHBIX U CHCTEMbI IIMTUPOBAHMS U BKIIOYEHHbIE B [lepeueHp pelieH3UpyeMbIX HAyYHBIX M3/aHHUH, B
KOTOPBIX JIOJDKHBI OBITH OMYOJMKOBaHBI OCHOBHBIC HAay4YHbBIE PE3yIbTaThl AUCCEPTAIM HA COUCKAHUE YUEHBIX CTe-
MeHeH JOKTOpa W KaHAHUIaTa HayK» IO CIEAYIOMIMM OoTpaciisiM U rpymmam crennanbHocteil: 01.01.00 — Maremarn-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uznka, 05.13.00 — IHpopMaTHKa, BEIYUCIUTEIbHAS TEXHUKA U YIIPABICHHE.

Kypnan BxitoueH B Pedepatususlii )xypHan u bassr naraeix BUHUTH. CBenenus o xypHale eKeroxHo myo-
JUKYIOTCS B MEXIyHapOJHBIX CHPAaBOYHBIX CHCTEMax II0 MEPHOAWYECKHUM M TIPOJOIDKAIIMINMCS H3IaHHUAM
«Ulrich’s Periodicals Directory», «Zentralblatt MATH», «Russian Science Citation Index on Web of Science».

Moamucuoit munexc 29211 B obobeanHenHoMm kartanore «IIpecca Poccum», E29211 B HurepHer-kaTanore
arentcTBa «Kuura-CepBucy.

ITepuonn4HOCTS BBIXOJA — 4 HOMEpA B IO,

Anpec penakiun, usnarens: 454080, r. Yensounck, npocrekt Jlenuna, 76, M3narensckuii uentp HOYpl'Y,
kab. 32.
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