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TABULATION OF PRIME PROJECTIONS OF LINKS
IN THE THICKENED SURFACE OF GENUS 2
WITH NO MORE THAN 4 CROSSINGS!

A.A. Akimova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: akimovaaa@susu.ru

In this article, we present the result of the first step of tabulation of prime
links in the thickened surface of genus 2 that admit diagrams with no more than 4
crossings. Namely, we describe all three steps of tabulation of prime link projec-
tions in the surface of genus 2 with no more than 4 crossings. First, we define
primality of a link projection in the surface of genus 2. Second, we tabulate prime
link projections in the surface of genus 2 with no more than 4 crossings. For this
purpose, it is sufficient to consider graphs having special type and enumerate all
possible embeddings of the graphs into the surface of genus 2 giving prime link
projections. At this step, we prove some auxiliary statements to simplify enumer-
ation of the embeddings. Finally, we show that all obtained projections are none-
quivalent in the sense of homeomorphism of the surface of genus 2 onto itself.
Our main result states that there exist exactly 15 pairwise nonequivalent prime
link projections in the surface of genus 2 with no more than 4 crossings. Several
new and known tricks allow rigorously theoretically prove the completeness of
the obtained tabulation, as well as to keep the process within reasonable limits.
Further, we intend to use the obtained table to classify prime diagrams, i.e. to ob-
tain table of prime links.

Keywords: prime projection; link; thickened surface of genus 2; tabulation.

Introduction

In the knot theory, one of the oldest and the most important problems is to recognize a knot (or a
link), i. e., to associate the considered object with a unique tabulated one. This problem involves the
problem on complete classification of knots and links ordered taking into account some their properties.
Many researchers worked in this aria during last 150 years. Most of the obtained classifications consider
knots and links in the 3-dimensional sphere, see [1-3]. Recently, increasing interest in the theory of
knots and links in arbitrary 3-manifolds (i. e., global knots and links) leads to tabulation of knots and
links in manifolds different from the 3-dimensional sphere. However, in contrast to the case of knots and
links in the 3-dimensional sphere, there is a gap between global knots and links in the sense of tabula-
tion. In order to show this gap, compare presence of classifications of global knots and links.

As regards tabulation of global knots, note that knots in the solid torus [4] and the thickened Klein
bottle [5], as well as prime knots in the lens spaces [6] are tabulated. In the knot theory, recent classifica-
tions consider only the so-called prime objects, which can not be obtained by some known operations
from already tabulated objects. Knots in the thickened surfaces and virtual knots have been of particular
interest during last 20 years. Hence, some classifications of such knots were also obtained. In particular,
the works [7] and [8] present perfect classifications of virtual knots ordered taking into account the
number of classical crossings and obtain a list of some characteristics of each knot. However, in these
classifications, such important properties of a knot as primality and genus are not taken into account.
Recall that genus of a virtual knot is the minimal genus of the thickened surface which can contain the
considered knot. We propose to tabulate virtual knots taking into account both numerical characteristics,
i. e. not only the number of classical crossings as usual, but also the genus of a knot, see the articles [9,
10] for classifications of prime knots in the thickened torus and the thickened surface of genus 2, respec-
tively. In a sense, such classifications can be considered as classifications of prime virtual knots of genus
1 and 2, respectively.

1 The work was supported by RFBR (grant number 20-01-00127).
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As regards tabulation of global links, note classifications of links in the projective space [11] and
prime links in the thickened torus [12]. Also, note a classification of virtual links of special type, name-
ly, alternating virtual links [13], see also [14] for the associated database, which include alternating vir-
tual knots as well.

We begin tabulation of prime links in the thickened surface of genus 2. For this purpose, in this arti-
cle, we present the result of the first step, i. e. we obtain a classification of prime projections of links in
the surface of genus 2 with no more than 4 crossings. Our main result states that there exist exactly 15
pairwise nonequivalent (in the sense of homeomorphism of the surface of genus 2 onto itself) such pro-
jections. Further, we intend to use the obtained classification of prime projections in order to obtain clas-
sification of prime diagrams, i. e. classification of prime links.

The article is organized as follows. Section 1 describes required definitions and the main result of
the article. Section 2 gives classification of prime projections of links in the surface of genus 2.

1. Main Result

A direct product of two copies of an 1-dimensional sphere S*is said to be a 2-dimensional torus
T = S'xS. Hereinafter, for shortness, a 2-dimensional torus T is called a torus T. As an example, con-
sider a torus T endowed with a pair “meridian-longitude” of T shown in Fig. 1(a).

@ .
(a) (b) (c)

Fig. 1. (@) A torus T endowed with a pair “meridian-longitude”, (b) a torus 7°with a hole and a disk D?,
(c) a 2-dimensional surface T, of genus 2 formed by gluing two copies of a torus T°with a hole

Let us remove the interior of a 2-dimensional disk D® from the initial surface F. As a result, we ob-
tain a surface F° with a hole. Hereinafter, for shortness, a 2-dimensional disk D? is called a disk D% As
an example, consider Fig. 1, b, where a torus 7° with a hole is obtained from a torus T by removing the
interior of a disk D2 Hereinafter, the notation of a surface with holes is endowed with the symbols of the
form °, the number of which coincides with the number of holes.

A 2-dimensional surface T, of genus 2 is a surface obtained by identifying (gluing together) holes of
two copies of a 2-dimensional torus 7° with a hole, see Fig. 1, c. Here each surface 77 is said to be a
handle of a 2-dimensional surface T, of genus 2. Hereinafter, for shortness, a 2-dimensional surface T,
of genus 2 is called a surface T,.

We define types of simple closed curves, which can be considered in a surface T,.

A simple closed curve Cc T, is called cut, if the complement T, \ C consists of two components.

In the surface T,, a cut curve C can be either trivial, i. e. bounding a disk D?, or not trivial. In the
first case, the complement T,\ C is formed by a disk D? and a surface T,°with a hole. In the second case,
the complement T, \ C is formed by two copies of a torus 7°with a hole.

A simple closed curve Cc T, is called not cut, if the complement T, \ C consists of the unique com-
ponent. Namely, the complement T,\ C is a torus 7° with two holes. Two not cut simple closed curves

C,C, < T, are called parallel to each other, if
the complement T,\ (C,UC,) consists of two
components, which are a torus 7°° with two holes
_ ~ and an annulus A, i. e. a 2-dimensional sphere S

@ with two holes.
Fig. 2 gives examples: C; ,C, < T, are two

not cut curves parallel to each other, while
C;,C, — T,are not trivial and trivial cut curves,

Fig. 2. Examples of curves in the surface T, .
respectively.

6 Bulletin of the South Ural State University
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Consider a surface T,and an interval | = [0, 1]. A 3-dimensional manifold homeomorphic to the di-
rect product T,x | is called a thickened surface of genus 2.

A smooth embedding of a set of m pairwise disjoint closed curves in the interior Int(T,xI) of the
thickened surface T,x1 is said to be an m-component link in T,x7 and denoted by L < T, x/I. In particular,
a knot in T, x[ is obtained, if m =1, i. e. we consider a smooth embedding of a unique curve in Int(T, x1).

As in the classical case, a link L in the thickened surface T,x I can be represented by its diagram,
which is defined by analogy with a classical link diagram except that L is projected into the surface T,
instead of a 2-dimensional sphere S2.

A link projection in the surface T, is a diagram such that the crossings of the diagram contain no in-
formation about under/over-crossings. Hence, a link projection can be considered as an embedding of a
regular graph of degree 4, i. e. valence of each vertex of the graph is equal to 4. Vertices of G are said to
be crossings of G, connected components of the complement T, \ G are said to be faces of G, while each
projection of a component of the link is said to be a component of G.

Two link projections G and G' in the surface T, are called equivalent, if there exists a homeo-
morphism f: T,— T, such that f(G) = G'.

An intersection point P of two curves C;, C, < T, is said to be not transversal, if only two of four
angles near P are formed by small arcs of both curves C; and C,, while the third and the forth angles are
formed only by small arcs of the curve C;and C,, respectively. Otherwise, i. e. if all four angles near P
are formed by both curves C; and C,, the intersection point P is said to be transversal. Note that there
exist situations when C; and C, are the same curve C. In this case, we take into account the relative posi-
tion of two small arcs of the curve C as described above.

We define the following four types of link projections in the surface T».

1. The projection G is said to be essential, if each face of G is homeomorphic to a disk D%

2. The projection G is said to be composite, if at least one of the following conditions holds.

(a) There exists a disk D’ T, such that the boundary 6D? intersects G transversally exactly in two
points, which are internal for two distinct edges of G, and at least one vertex of G is inside D2,

(b) There exist two parallel not cut simple closed curves C,,C, < T, and two distinct edges e, €, of
G such that for i = 1, 2 the curve C; intersects the edge e; transversally at the unique internal point, and
both surfaces (a torus 7°° with two holes and an annulus A) to which the curves divide the surface T,
contain vertices of G.

(c) There exists not trivial cut simple closed curve C and two distinct edges e; ,e, of G such that for
i =1, 2 the curve C intersects the edge e; transversally at the unique internal point, and both surfaces
(two copies of a torus 7°with a hole) to which the curve C divides the surface T, contain vertices of G.

3. The projection G is said to be not split, if each component of G contains at least two crossings.

4. The projection G is said to be prime, if G is essential, not composite, not split and contains more
than one component.

In this article, we consider only prime projections, i. e. only those that correspond to objects, which
can not be obtained by some known operations from already tabulated ones.

Indeed, not essential projections correspond to links that can be found in the classifications of links
in the 3-dimensional sphere S* [1-3], solid torus (thickened annulus Ax1) or thickened torus TxI [12].
Here we note that today there exist no classification of links in the solid torus, but, as well as in the case
of knots, we consider the construction of such a classification as an independent problem, which is be-
yond the scope of our interests in this article.

In their turn, composite projections correspond to links, which can be obtained using already known
links. Namely, composite projections of types (a)—(c) correspond to links, which can be obtained as
sums of a classical link and a link in the thickened surface T,xI, a link in the thickened surface T,xI and
a link in the thickened torus TxI, or two links in the thickened torus TxI, respectively. Note that one of
two terms in the sum can be a knot (see classifications obtained in [1-4, 9]), since the result is a link an-
yway.

Finally, a split projection corresponds to a link, which can be considered as a trivial union of al-
ready tabulated links, while a link having the unique component is a knot.

Theorem 1. In the surface T,, there exist exactly 15 pairwise nonequivalent prime link projections
with no more than 4 crossings. The projections are shown in Fig. 5.

We prove Theorem 1 by three steps presented in Section 2.

BecTtHuk OYplY. Cepusa «MatemaTuka. MexaHuka. Pusmka» 7
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2. Proof of the main result

In this section, we present main ideas of the tabulation of prime link projections. The tabulation is
performed by three steps. First, Subsection 2.1 presents some auxiliary statements. Then, Subsection 2.2
enumerates all possible embeddings of the graphs into the surface T, giving prime projections. Finally,
Subsection 2.3 shows that all obtained projections are pairwise nonequivalent.

2.1. Some auxiliary statements
Lemma 1. (Lemma 2 in [15]). Let G T, be a prime projection with n crossings, then G contains
exactly (n-2) faces.
Lemma 2. (Lemma 3 in [15]). There exist exactly 3 graphs
with no more than 4 vertices whose embeddings into the surface
T, can be prime projections, see graphs a—c shown in Fig. 3.

Lemma 3. Let G T, be a prime link projection represented (, % B
as a union of curves with n intersection points. Then this union
contains at most (n-3) cut curves. Fig. 3. The graphs of special type

Proof. The statement is true in accordance with Lemma 1
and the fact that each cut curve involves an additional face. This completes the proof of Lemma 3.
In this article, in order to obtain all the projections, we use the method of removing not transversal
points [12] and the cutting technique [15].
Let G T, be a prime link projection represented as a union U of the curves C;, i =1, 2,..., m with k
not transversal intersection points.
Let I, I, be small arcs containing a not

M transversal point of the projection G. We can
> remove the point by the move M given in Fig. 4.
The dotted line p shows how to perform the in-

— verse move M,
-1 Remove each not transversal point of the
M projection G by the move M. The obtained union

Fig. 4. Move M removes a hontransversal point, while M* Uk of the same curves Ci’ i = 1’ 2 ey M includes
is performed along the dotted line B and creates the point  Only transversal points and is endowed with k
dotted lines P to show where the move M was
performed. Of course, the initial projection G can be obtained from U* by the inverse move M™ per-
formed along each dotted line f, see Fig. 4.
Lemma 4. Let G — T, be a prime link projection obtained from the union U¥, which is endowed with
k dotted lines B. Then the union of U*and all k dotted lines B divide the surface T into disks.
Proof. Otherwise, the projection G is not essential, and we arrive at contradiction with the fact that
the projection G is prime. This completes the proof of Lemma 4.

2.2. Construction of prime projections

Lemma 5. All projections given in Fig. 5 can be obtained as embeddings of the graphs a — ¢ shown
in Fig. 3. Namely, the graph a involves the projection 34, the graph b involves the projections 4,4, 44;,and
4,4, and the graph c involves the projections 4,—4s, 45—41pand 445, 415.

Proof. In accordance with Lemma 2, all prime projections in the surface T, with no more than 4
crossings can be obtained as embeddings of the graphs a — c. In order to obtain all the projections, we
represent an embedding of each graph as an union of a number of curves and enumerate all possible
combinations of types of intersection points and curves.

Graph a. Suppose that the projection G is an embedding of the graph a in the surface T,. The pairs
of double edges form three curves in the surface T, such that each curve has the unique intersection
point with each of two other curves. In accordance with Lemma 3, all curves are not cut.

Step 1. Assume that all three intersection points are not transversal, then, following [15], we arrive
at contradiction with Lemma 1.

Step 2. Assume that exactly one of three intersection points is transversal, then, following [15], we
obtain the knot projection only.

8 Bulletin of the South Ural State University
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Step 3. Assume that exactly two of three intersection points are transversal, then there exists a curve
(e.g., Cy), which has the unique transversal intersection point with each of the rest curves. Hence, all
three curves are not cut. We remove the unigue not transversal point by the move M and cut the surface
T, along all the three curves.

If the not cut curves C, and C; are not parallel to each other, then we obtain an annulus A. In ac-
cordance with Lemma 4, there is the unique way to construct a dotted line p such that to connect two
holes. Perform the inverse move M along the dotted line f and obtain the projection 3,.

If the not cut curves C,and Csare parallel to each other, then we obtain a disk D? and a torus T° with
a hole, i. e. the projection contains more than one face, and we arrive at contradiction with Lemma 1.

Step 4. Assume that all three intersection points are transversal, then the projection contains a 3-
angle face, i. e. more than one face, and we arrive at contradiction with Lemma 1.

Graph b. Suppose that the projection G is an embedding of the graph b in the surface T,. The pairs
of double edges form four curves in the surface T, such that each curve has the unique intersection point
with each of the two other curves and does not intersect the fourth curve.

Step 1. Assume that all four intersection points are not transversal, then, following [15], we arrive at
contradiction with Lemma 1.

Step 2. Assume that exactly one of four intersection points is transversal, then, following [15], we
obtain the knot projections only.

Step 3. Assume that exactly two of four intersection points are transversal. Note that these transver-
sal points belong to different pairs of curves, since each pair of curves has no more than 1 common
point. Hence, without loss of generality, we consider the curves C; and C, to be a pair “meridian-
longitude” of one of the handles of the surface T,, while the curves C; and C, form a pair “meridian-
longitude” of another handle. We remove both not transversal points by the move M and cut the surface
T, along all the four curves to obtain an annulus A. There is the unique way to construct two dotted lines
B such that to connect two holes under the condition that there exists the unique endpoint of a dotted line
B on each curve C;, i =1, 2, 3, 4. Perform the inverse move M along each dotted line f and obtain the
projection 4,.

Step 4. Assume that exactly three of four intersection points are transversal, then there exists two
curves (e.g., C; and C,), each of which has the unique transversal intersection point with two other
curves. Namely, C, has the unique transversal intersection point with C, and, e.g., C3, while C, has the
unique transversal intersection point with C; and C,. Hence, all four curves C;, i = 1, 2, 3, 4, are not cut
and pairwise not parallel. We remove the unigue not transversal point by the move M and cut the surface
T, along all the four curves to obtain a disk D2 There is the unique way to construct a dotted line p such
that to connect the hole with itself under the condition that there exists the unique endpoint of a dotted
line p on both curves C; and C,. Perform the inverse move M along the dotted line p and obtain the
projection 4.

Step 5. Assume that all four intersection points are transversal, then each curve has the unique
transversal intersection point with two other curves. Hence, all four curves C;, i =1, 2, 3, 4, are not cut
and pairwise not parallel. Obviously, we have the projection 444.

Graph c. Suppose that the projection G is an embedding of the graph ¢ in the surface T,, then G can
be represented as a union of three curves such that the curves C; and C, have no common points, while
the curve C; intersects each of them alternately. Hereinafter, without loss of generality, we consider the
curve C; to be a representative of the curves C; and C,. In accordance with Lemma 3, there exists no
more than one cut curve.

Step 1. Assume that all intersection points are not transversal.

Step 1.1. Assume that there exists no cut curves, then, following [15], we obtain the knot projections
only.

Step 1.2. Assume that there exists a cut curve.

Step 1.2.1. Suppose that the cut curve is trivial. As mentioned above, in accordance with Lemma 3,
the rest curves are not cut. Also, note that the rest curves are not parallel to each other, otherwise as a
result of cutting the surface T, along each curve C;, i = 1, 2, 3, we obtain a disk D?, an annulus A and a
torus 7°°° with three holes, i. e. the projection contains more than two faces, and we arrive at contradic-
tion with Lemma 1.
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If the trivial cut curve is Cy, then, as mentioned above, the curves C, and C;are not cut and not par-
allel to each other. We remove each of four not transversal points by the move M and cut the surface T,
along all the three curves to obtain a disk D?and a sphere S>> with five holes. Note that the hole asso-
ciated with the curve C, is connected by a dotted line p with each of different holes associated with the
curve Cg, since otherwise the projection contains more than two faces, and we arrive at contradiction
with Lemma 1. Note that there is a misprint in [15], since we have the knot projection, if two holes asso-
ciated with the curve C, are connected with different (but not the same as it was mentioned in [15]) holes
associated with the curve Cs. Indeed, if each of two holes associated with the curve C, is connected by a
dotted line B with the same hole associated with the curve Cs, then we perform the inverse move
M along each dotted line p and obtain the projection 4.

If the trivial cut curve is Cs, then, as mentioned above, the curves C; and C, are not cut and not par-
allel to each other. We remove each of four not transversal points by the move M and cut the surface T,
along all the three curves to obtain a disk D?and a sphere S>> with five holes. There is the unique way
to construct four dotted lines B such that to connect each of holes associated with the curves C; and C,
with the hole formed by the curve C; alternately. We perform the inverse move M along each dotted
line B and obtain the projection 4s.

Step 1.2.2. Suppose that the cut curve is not trivial. Then this curve is Cs, since otherwise we have a
not essential, i. e. nonprime, projection. For the same reason, the curves C; and C, are not parallel to
each other. We remove each of four not transversal points by the move M and cut the surface T, along
all the three curves to obtain two copies of a sphere $°°° with three holes. In each S$°*, there is the unique
way to construct two dotted lines 3 such that to connect the hole associated with the curve C; with each
of the holes corresponded to the curves C; and C,. Perform the inverse move M along each dotted line
[ and obtain the projection 4.

Step 2. Assume that exactly one of four intersection points is transversal. Without loss of generality,
we consider the curves C; and C; to be a pair “meridian-longitude” of one of the handles of the surface
T,, while the curve C, can be either cut or not cut. We remove all three not transversal points by the
move M and cut the surface T, along all the three curves.

Step 2.1. If the curve C,is cut, then C,is trivial, otherwise we have a not essential, i. e. nonprime,
projection. Hence, as a result of cutting the surface T, along all the three curves, we obtain a torus 7¢
with two holes and a disk D?. Note that there is the unique way to connect by a dotted line p a fragment
corresponded to the curve C, with a fragment corresponded to the curve Cs, since another way leads to a
projection that contains more than two faces, and we arrive at contradiction with Lemma 1.

Step 2.1.1. If the hole associated with the curve C, is connected with different fragments of the
curve Cs, then, following [15], we have the knot projection.

Step 2.1.2. If the hole associated with the curve C, is connected with the same fragment of the curve
Cs, then we consider the following two possible situations.

First, there exists a fragment of the curve C; that contains no endpoints of the dotted lines . In this
case, we perform the inverse move M along each dotted line p and obtain the projection 4,.

Second, both fragments of the curve C; contain endpoints of the dotted lines B. In this case, we have
a projection that contains more than two faces, and we arrive at contradiction with Lemma 1.

Step 2.2. If the curve C, is not cut, then as a result of cutting the surface T, along all the three
curves, we obtain a sphere S with three holes.

Step 2.2.1. If both holes associated with the curve C, are connected with the same fragment of the
curve Cs,, then, following [15], we have the knot projections both when there exists a fragment of the
curve Csthat contains no endpoints of the dotted lines f and when such a fragment does not exists.

Step 2.2.2. If holes associated with the curve C, are connected with different fragments of the curve
Cs, then, without loss of generality, we fix one of two possible fragments corresponded to the curve C;
and consider all possible ways to connect by a dotted line B this fragment with one of two fragments cor-
responded to the curve C;. Since the curve Csshould intersect the curves C; and C, alternately, then we
have only two possible situations that are different in the sense of the choice of the fragment corre-
sponded to the curve C,. Then we perform the inverse move M along each dotted line § and obtain the
projections 45 and 4.

Step 3. Assume that exactly two of four intersection points are transversal.
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First of all, we note the following obvious fact, which is very important for Steps 3-5 considered
below. Namely, if both points that belong to the curve C, (or, due to symmetry, the curve C,) are trans-
versal, then the curve is not cut. Indeed, if the curve is either not trivial cut or trivial cut, then either the
projection is not essential, i. e. nonprime, or the condition that the curve C; intersects the curves C; and
C, alternately is not fulfilled, respectively.

Step 3.1. Suppose that both transversal points belong to the curve C;. Then, as mentioned above, the
curve Cyis not cut.

Step 3.1.1. If the curve Csis cut, then the projection contains more than two faces, and we arrive at
contradiction with Lemma 1.

Step 3.1.2. If the curve Czis not cut, then first of all note that the curve C, can not be not trivial cut,
since otherwise either we have a not essential, i. e. nonprime projection, or the condition that the curve
Cs intersects the curves C, and C, alternately is not fulfilled. We remove both not transversal points by
the move M and cut the surface T, along all three curves. If the curve C, is not cut, then we obtain two
copies of an annulus A. If the curve C, s trivial cut, then we obtain a sphere §°° with three holes and a
disk D?. In both cases, in accordance with Lemma 4, there is the unique way to construct two dotted
lines B. Perform the inverse move M along each dotted line f and obtain the projections 4, and 4.0, re-
spectively.

Step 3.2. Suppose that each of the curves C; and C, contains the unique transversal point, then, fol-
lowing [15], we obtain the knot projections only.

Step 4. Assume that exactly three of four intersection points are transversal. Without loss of general-
ity, we suppose that the curve C; contains two transversal points, while the curve C, contains one trans-
versal point and one not transversal point. Hence, the curves C, and C; are not cut, since each of these
curves contains the unique transversal point. As it was mentioned at Step 3, the curve C; is not cut. We
remove the not transversal point by the move M and cut the surface T, along all three curves to obtain a
disk D% Due to symmetry, there is the unique way to construct a dotted line p such that to connect the
fragment corresponded to the curve C, with the fragment corresponded to the curve Cs. Perform the in-
verse move M along the dotted line p and obtain the projection 4.

Step 5. Assume that all four intersection points are transversal. As it was mentioned at Step 3, both
curves C; and C,are not cut.

Step 5.1. If the curve Cj is trivial cut, then we arrive at contradiction with the condition that the
curve Csintersects the curves C; and C, alternately.

Step 5.2. If the curve Cs is not trivial cut, then we have the projection 4.

Step 5.3. If the curve C; is not cut, then we consider the following two possible situations.

Step 5.3.1. If the not cut curves C; and C, are parallel to each other, then the projection contains
more than two faces, and we arrive at contradiction with Lemma 1.

Step 5.3.2. If the not cut curves C; and C, are not parallel to each other, then we obtain two projec-
tions: 4,5and again 4;,.

This completes the proof of Lemma 5.

2.3. Proof of the fact that all obtained projections are pairwise nonequivalent

Lemma 6. All 15 projections shown in Fig. 5 are pairwise nonequivalent.

Proof. Let us associate each face of a projection with a natural number equal to the number of edges
forming boundary of the face. Each face of a prime projection is homeomorphic to a disk. In accordance
with Lemma 1, the number of faces of each projection shown in Fig. 5 is equal to 2 except for the pro-
jection 3.

Associate each projection (with the exclusion of the projection 3;) shown in Fig. 5 with an ordered
set {(m) iy i, X}, where m is the number of components, i; and i, are natural numbers, which are associat-
ed with the faces of the projection (taking in nondecreasing order), and x is the graph such that the pro-
jection is an embedding of x in the surface T,, xe {b,c}. Similarly, the projection 3, is associated with the
ordered set {(2) 12 a}.

Such ordered sets are sufficient to prove that all projections shown in Fig. 5 are pairwise nonequiva-
lent except for the following 4 pairs: (44, 4,), (4s, 46), (4s, 4o), and (412, 413).

1. Projections (44, 4,) are nonequivalent, because only the first projection contains no self intersec-
tions of a component. The same is true for (4s, 4¢), (4s, 49).
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2. Projections (415, 413) are nonequivalent, because 4,, contains exactly 4 edges that are common
for different 8-gonal faces, while 4,3 contains exactly 6 such edges.

Note that all tabulated projections are prime by construction.

This completes the proof of both Lemma 6 and Theorem 1.

2) 12 a} 4, {(2) 2 14 ¢}
“ “
2) 2 14 ¢} 2) 313 ¢}
=2 G
) 412 b} 2) 412 ¢}
“
46 {(2) 4 12 ¢} 11(}
“ “
2) 8 8 ¢} 49 {(2) 8 8 ¢}

"':a‘é' %‘

—11() 211(} 411 112 I)
—11) 85(} —11; 86(}

5”

414 {(4) 8 8 b}

Fig. 5. Prime link projections in the surface T,with no more than 4 crossings
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TABYNALUUA NPUMAPHbBIX MPOEKLUWUA 3ALEMNIIEHUA B YTOJILIEHHOM
KPEHAOEJIE POOA 2 C HE BOJIEE YEM 4 NEPEKPECTKAMU

A.A. Akumoea
IOxHo- Yparnbckuli eocydapcmeeHHbil yHusepcumem, e. YenssbuHck, Poccutickas ®edepayusi
E-mail: akimovaaa@susu.ru

Ms1 mpencraBisieM MEPBBIN 3Tan TaOyISIUN MPUMAPHBIX 3aleTUIEHHH B YTOJIEHHOM KpeHese
pola 2, UMeIoIIUX JUarpaMMbl ¢ He OoJiee yeM 4 IepeKpecTkaMu, a UMEHHO, IPUBOJISATCS BCE TPHU 3Tana
KJaccu(uKalMy NPUMapHBIX MPOEKIMH 3aleIUIeHHi Ha KpeHaeIe poda 2, UMeroImuX He Oosee yeMm 4
nepekpectka. CHavaa Mbl BBOJIUM TIOHSITHE TPHUMAPHOCTH TIPOEKIIMY 3alleTUICHHs] Ha KpeHene poja 2.
3aTteM MBI CTPOUM TabIUITy MPUMAapHBIX MPOEKINH 3alleIUIeHNi Ha KpeHAene poaa 2, UMEeIonInx He 0o-
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nee ueM 4 mepekpecTka. J{as 3Toro Mel mepeducisieM rpadpl CIEUATLHOTO BIJIa U PACCMAaTPUBAEM BCE
BO3MOJXKHBIC BJIOXKCHHS 3THX IpadoB B KpEHACTh poja 2, KOTOPbIE MPUBOIAT K MPUMAPBIM IMPOCKITUSIM.
C nenpro COKparieHuss MepeYrcIeHNs] TAKUX BIOYKEHU MBI JJOKa3bIBa€M HECKOJIBKO BCIIOMOTATENbHBIX
yTBepxaeHni. B KoHIle paboThl MBI MTOKA3bIBAEM PA3TMYHOCTh BCEX MOJTYUSHHBIX MPOEKIUN B CMBICIE
roMmeoMopdu3Ma KpeHaens poja 2 Ha ce0s. Ham ocHOBHOI pe3yibTaT COCTOUT B TOM, YTO CYIIECTBYET
poBHO 15 momapHO HEAKBHBAJEHTHBIX MPUMAaPHBIX MPOEKITNHA 3alleTICHI Ha KpeHaene poaa 2 ¢ He 0o-
nee 4yeM 4 mepexkpecTkaMu. P HOBBIX M M3BECTHBIX MPHUEMOB MO3BOJMIHA CTPOTO TEOPETHUECKH TOKa-
3aTh MOJIHOTY IIOCTPOSHHOM TaOMUIIBI M YAEpKaTh mpolecc nepedopa B pasyMHbIX npeaenax. [lomyyen-
Has Kiaccu(UKalus MPOeKIHid OyJeT HCIOJIb30BaHA JUIsl MPOBEJACHUS KiacCU(DUKAIMKA TPUMAPHBIX
JIarpamm, T. €. TOCTPOSHUS TaOIUITBI TPUMAaPHBIX 3aIleTIICHHAN.
Knioueswvie cnosa: npumapnas npoexyus; 3ayenienue; ymoawenHulil Kpenoeis poda 2; mabauya.
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ON BASIS PROPERTY OF ROOT FUNCTIONS FOR A CLASS
OF THE SECOND ORDER DIFFERENTIAL OPERATORS
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It is well known that the Sturmian theory is an important tool in solving
numerous problems of mathematical physics. Usually, eigenvalue parameter ap-
pears linearly only in the differential equation of the classic Sturm-Liouville
problems. However, in mathematical physics there are also problems, which
contain eigenvalue parameter not only in differential equation, but also in the
boundary conditions.

In this paper, we consider a Sturm-Liouville equation with the
eigenparameter dependent boundary condition and with transmission conditions
at two points of discontinuity. The aim of this paper is to investigate the
completeness, minimality and basis properties of rootfunctions for the considered
boundary value problem.

Keywords: eigenfunctions; orthonormal basis; Riesz basis; completeness.

Introduction
In this work, we consider

f(u):=—u" +q(x)u = Au, (1)

for xe[-1,4) (&, &)V (&;,1] with the boundary conditions
L (u):= qqu(-1) + U (1) =0, (2)
Lo (u):= (Au(1) - AU (1) + A Au(D) - U (1) =0 3)

and the transmission conditions

Ly(u) = u(& —0) ~Su(& +0) =0, @
Ly (U):=u (& -0)-5u (§+0)=0, 5)
Ls(u) :=u(& —0) —yu(&; +0) =0, (6)
Le(u):=U (& -0)—yu (£ +0) =0, ()

where -1<§<¢&,<1, q(x) is a real-valued function, which is continuous on
[-1.&4)u(&.&)u(&.1] and has finite limits q(& £0):= Iignoq(x) (i=1,2); A is a complex pa-
X—> ii

rameter; & and yare positive coefficients, aj,dj,ﬂj,,éj (j=L2)are real numbers such that
|| + |ao| # 0, B + | Bo| # 0, ‘ﬁl‘+‘,6~’2‘¢0 and p = B, — BB, #0. In [16], the asymptotic formulas

for the eigenvalues and eigenfunctions of problem (1)—(7) are obtained.

Spectral problems for Sturm—Liouville equations with the eigenparameter dependent boundary con-
ditions are of particular interest due to physical applications and are examined in [2, 6, 9, 10, 17]. To this
end, the method of separation of variables is applied to solve the corresponding partial differential equa-
tion when the boundary conditions contain a directional derivative. Problems on eigenvalue for the se-
cond order equation with spectral parameter in the boundary conditions are considered in [5, 7, 8, 11-15,
18]. The corresponding problems led to the eigenvalue problem for a linear operator acting on the space

L, @CN, where CN is N — dimensional Euclidean space of complex numbers. In [9], for distinct cas-
es, it is shown that the eigenfunctions of the spectral problem formed a defect basis in L, (0,1). In [4],

Rayleigh—Ritz formula is developed for eigenvalues.
The goal of this work is to investigate the problem of completeness, minimality and basis property
of the eigenfunctions of boundary value problem (1)—(7). In this study, we introduce a special inner
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product in a special Hilbert space and construct a linear operator A in the space such that problem
(1)—(7) can be interpreted as the eigenvalue problem for A.

1. Operator Theoretic Formulation of the Problem

In this section, we introduce a special inner product in the Hilbert Space H = L,[-1,1]© C and de-
fine a linear operator A in the space such that problem (1)—(7) can be interpreted as the eigenvalue
problem for A.

For p >0, let us define the inner product in H by

a 2 Lo 522
(0,v)= J'u(x)v(x)dx +6° Iu(x)v(x)dx +6%y° Iu(x)v(x)dx + 27wy (8)
-1 a &

for
i= [“mj,v _ (V“’j cH.
U Vi
For convenience, we use the notations
Ri(U) = Au(1) - Bou (1),
Ri(U) = Au(1) - Ao (2).
In this Hilbert space, we construct the operator A:H —H as
Al = [—u + q(x)uJ
—Ry(u)
on the domain

aja= (UL(JX)j eH,u(),u'(x) e AC([-L,&) (&, &) (&),

1
DW={ V(E0= lim uU (0= lim v (9.(=12). ©)

{(u)el,[-1,1], Lu=Lu=Lu=Lsu=Lgu=0,
Uy = Ry (u),

where AC ([a, b]) is the space of all absolutely continuous functions on the interval [a,b]. Hence we

can interprete boundary value transmission problem (1)—(7) in H as

AU = A0, (10)
u(x
where U=[~( )Je H.
Ry (u)
It is clearly verified that the eigenvalues of A coincide with the eigenvalues of problem (1)—(7) (see
Lemma 1.4 in [15]). Also, there exists a correspondence between the eigenfunctions:

- Uy (X) ]
U, (X) & ~ :
“ (Rl(uk)
The operator A is symmetric for p >0 (see Theorem 1 in [16]).

2. Main Results
Lemma 1. The domain D(A) of the operator A is dense in the space H.

Proof. Let us use the same method as in [1]. Suppose that f e H is orthogonal to all §e D(A)

-~ (f(x X -
with respect to the inner product (8), where f =( ]E )], g :(gé )]. Denote by C; the set of func-
1 1
tions
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¢_|_(X),XE[—1,(§1),
D(x) = ¢2(X)1X€(§1’§2)1
%(X)axe(fz,l]:
where ¢(x) eCq’[-1,4), 4(X)eCq (&.£).85(x) €Cqy (&.1]. Since Cy ®0cD(A) (0€C), any

ux)) < _ .
a :[ E) )] eCy @0 is orthogonal to f, namely,

& 2 i 2.2
(4,9) = ju(x)v(x)dx+52 fu(x)v(x)dx+52;/2 _[u(x)v(x)dx 27 u vy = (f,u)y,
-1 a &
where (,); denotes the inner product in L,[-1,1]. This implies that f(x) is orthogonal to (53‘” and

(f,u); =0. Hence,

~ - (0
Therefore, f, =0 since g; = R;(g) can be chosen arbitrary. So f = [O] Therefore, D(A) is dense

in H. This completes the proof of Lemma 1.

Lemma 2. The operator A is selfadjoint.
Proof. We know from Lemma 1 that the operator A is dense in the space H. Further, since A is
the symmetric operator then, it is sufficient to show that the deficiency spaces are the null spaces and

hence A= A" (where A" is the adjoint space of A). Now we prove that the inverse of (A—Al) exists.
If Au(x) = Au(x),
(2—2)(u,u),, =(u,Au), —(u,u), =(u,Au), —(Auu), =0.
Since AR, we have 1—1=0. Therefore, (u,u), =0, thatis u=0.
Then R(4;A) :=(A—/1I)_1, the resolvent operator of A exists.

Take A =+i. The domains of (A—il )71 and (A+il )71 are exactly H. Consequently, the ranges of
(A—il) and (A+il) are also H. Hence the deficiency spaces of A are
N_j:= N(A"+il)=R(A-il)" =H"' ={0},
N; == N(A" —il) =R(A+il)" =H* = {0},
therefore A is self-adjoint. This completes the proof of Lemma 2.

Theorem 3. The eigenfunctions of the operator A form an orthonormal basis in the space
H=L[-11]®C.

Proof. The operator A has countably many eigenvalues {4,}._,, which have the asymptotic form
[16]:
_z(n-1)

n

Then, for any number A, which is not an eigenvalue, and for an arbitary f € H , we can find an el-

o) oo,
n

ement 0 e D(A) satisfying the condition (A-A1)d = f. Therefore, the operator (A—Al) is invertible
except for the isolated eigenvalues. Without loss of generality we assume that the point A =0 is not an
eigenvalue. Then we obtain that the bounded inverse operator A is defined in H. Therefore, the
selfadjoint operator A~ has at most countably many eigenvalues, each of which converges to zero at
the infinity. Hence, the selfadjoint operator A is compact. Applying the Hilbert-Schmidt theorem to
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this operator we obtain that the eigenfunctions of the operator A form an orthonormal basis in H. This
completes the proof of Theorem 1.
Now we consider the case p <0. We assume that the operator A is defined by formula (9) on the

domain D(A). Inthe space H =L, ©C, for G,V eH, the scalar product is defined by the formula
a 2 i 52,2
(4,9)= J.u(x)v(x)dx +5° Ju(x)v(x)dx +8%y° _[u(x)v(x)dx 4
-1 a &
In this case, the operator A is not selfadjoint in the space H . Therefore, we introduce the operator

J as
o 3)
J= ,
0 -l

where | is the identity operator in H. The operator J is selfadjoint and invertible.
In this case, boundary value problem (1)—(7) is equivalent to the eigenvalue problem for the opera-
tor pencil

UpVsy. (11)

(B=4J)a=0 (12)
in the space H such that B = JA. We obtain that (10) is equivalent to (12).
Lemma 4. The operator A is J — selfadjoint in the Hilbert space H.
Proof. Similarly to Lemma 1, we can show that the domain D(A) is dense in the space H. From

(11) and (12) applying two times integration by parts, we obtain that (B0, ) is real. Hence, the operator

B is symmetric. Therefore, the operator A is J — symmetric in the space H. Since A is J — symmet-
ric densely operator, then, similarly to the proof of Lemma 2, it can be shown that the operator JA is
selfadjoint. This completes the proof of Lemma 4.

Corollary 5. One element of the system {u,}, can be eliminated such that the remaining elements
form a complete and minimal system in the space L,[-1,1].
Proof. By Theorem 1, the system of eigenfunctions

0, (x) = {U"U(X)},
1

(u, € C) of the operator A forms an orthonormal basis in H. Hence, the system of the eigenfunctions
{Un (x)}iO is complete and minimal in the space H. Therefore, of course, codimP =1, then by Lemma

2.1 in [15], the system {P0, (x)} = {u,(x)} whose one element is omitted forms a complete and minimal

system in P(H) = L,[-1,1]. Hence, the eigenfunctions {un(x)}:’)o (n=ny, ny is an arbitrary nonnega-

tive integer) of boundary value problem (1)—(7) form complete and minimal system in L,[-1,1]. This
completes the proof of Corollary 1.
Theorem 6. The eigenfunctions of the operator A form a Riesz basis in the Hilbert space H .
Proof. Since the operator J is a bounded operator, then using Theorem 1, it can be shown that the

operator B =JA is invertible because of the fact that the selfadjoint operator B~ is compact. The
selfadjoint operator B~ has at most countably many eigenvalues which converge to zero at infinity.
Hence the operator B™* is compact. Then applying Theorem 2.12 in Section IV of [3] to the operator B,
we obtain that the eigenfunctions of the J — selfadjoint operator A form a Riesz basis in the space
H =L, ®C. This completes the proof of Theorem 2.

3. Results and Discussion

The paper is devoted to one class of the Sturm-Liouville operators with the eigenparameter-
dependent boundary conditions and the transmission conditions. A new operator A associated with the
problem is established, some spectral properties of this operator is examined in an appropriate space H
and basisness of its eigenfunctions is discussed.
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The Sturmian theory is an important tool in solving many problems of mathematical physics. Usual-
ly, the eigenvalue parameter appears only linearly in the differential equation of the classic Sturm-—
Liouville problems. However, in this study the eigenvalue parameter appears both in the differential
equation and boundary condition. Moreover, two transmission conditions at two points are added.
Therefore, the problem is different from the classic Sturm-Liouville problems and it has novelity.
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O BA3SUCHOM CBOUCTBE KOPHEBbIX ®YHKLUNA
OAHOrIO KINACCA ANPPEPEHLUUAIIbHBIX ONMEPATOPOB
BTOPOI'O NOPAOKA

B. Ana, X.P. Mamedoe

MepcuHckuti yHusepcumem, MepcuH, Typuus
E-mail: volkanala@mersin.edu.tr, hanlar@mersin.edu.tr

Xopomo u3BecTHO, 4Tto Teopus LlITypma sBisseTcss BaXKHBIM HHCTPYMEHTOM PEIICHHS IMUPOKOTO
KJacca 3agad Matematuueckod ¢usuku. Kak mpaBuio, B kimaccuueckux 3agadax lIrypma—JlnyBusis
COOCTBEHHBIE 3HAYCHUSI JITHEWHO BXOJST TOJNBKO B MU depeHnnansHoe ypaBHenne. OHaKo B MareMa-
TUYECKOM (hU3MKE BCTpEeyaroTcs 3afayd, B KOTOPHIX COOCTBCHHBIE YMCIA MOSABISIOTCS HE TOJIBKO B
IuQQepeHInanbHOM YPaBHEHHH, HO U B TPAHUYHBIX YCJIOBHSX.

B at0ii cratee MBI paccMaTpuBaeM 3afgauy LTypma—JInyBus, coOCTBEeHHBIE 3HAYEHUS] KOTOPOH
BXOZST B ypaBHEHHUE, IPUCYTCTBYIOT B IPAaHMUYHBIX YCIOBHUSX U AOTIOIHUTEIBHO HOJIKHBI OBITH COTIaco-
BaHBI C YCJIOBUSMH IIPOXOXKICHUS PEIICHHS Yepe3 1Be (PUKCUPOBAaHHbIC TOUKH Pa3phIBa.

Lenpro maHHOM pabOTHI ABISIETCS MCCIICOBAHUE TOJHOTHI, MUHUMAJILHOCTH U 0a3UCHBIX CBOMCTB
KOpHEBBIX (DYHKIMH paccMaTpUBaeMOM KpaeBoH 3aqau.

Knroueswie cnosa: cobcmeennvie ghynkyuu; opmonopmuposantulii oasuc; bazuc Pucca; noanoma.
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JNNOKANbHAA KPAEBAA 3AOAYA A1 OAHOIO KITACCA
YPABHEHWUA TPETBEIO NMOPAOKA
SAMNMUNTUKO-TUMNEPBOJIMYECKOIO TUMA

B.U. Ucnomoe®, 5.3. YcmoHog?

' HayuoHanbHbili YHUsepcumem Y36exkucmara um. M. Ynya6exa, 2. TawkeHm,

Pecnybnuka Y3bekucmaH

E-mail: islomovbozor@yandex.com

2 Yupyukckuli eocydapcmeeHHbIl nedazoaudeckuli uHcmumym, 2. Yupyuk, Pecrniybnuka Y36ekucmaH
E-mail: bakhtiyer.usmanov@mail.ru

ITocnennne roasl Bee 0oJibIle BHHMAaHHE CHEHUATUCTOB NPHBJIECKAIOT He-
KJIACCHYeCKHe YPABHEHUSI MaTeMaTH4ecKoil (PU3NKH, 3TO CBA3AHO KAK ¢ Teope-
THYECKHM HHTEpecoM, TAK M NPAKTHYECKUM. YPaBHEHHMS TPeTbero MopsiaKa
BCTPEYAIOTCH B Pa3jJMYHBbIX 3agavax (U3NKH, MeXaHUKU U OmoJornu. Hampu-
Mep, B TEOPUM TPAHC3BYKOBBIX Te€YeHMH, PacIpOCTPAHEHHUHM IJIOCKOH BOJIHBI B
BSI3KOYIIPYTOM TBEpPAOM TeJle, POrHO3MPOBAHUS M PeryJIUPOBAHUA I'PYHTOBBIX
BO/.

Hccnenyercs kpaeBasi 3a1aya AJisi YpaBHEHHMs TPeThero MOPSAKA € IJIJIMII-
THKO-THNEePOOJINYeCKUM ONepaTopoM B TIaaBHOil 4YacTtu. PaccmarpuBaemoe
YPABHEHHE COCTABJISACTCS U3 IPOU3BEICHUS HelepecTaHOBOYHBIX Nuddepenun-
AJBHBIX ONEPaTOPOB, MO3TOMY H3BeCTHbIe IpeACTABJICHUS 00IIero peleHus
BBe/leHHbIe A.B. Bunanze u M.C. CanaxurAnHOBbIM He NpuMeHsioTcs. s usy-
YeHHUs YPABHEHHUs] CMEIIAHHOI0 THUIIA TPeThero NopsAAKa HAMH IPUMeHeH MeTo/,
He TpeOdYIOUIMH CHEeNHAJIbHOIO NpeICTABJIEHUS 00LIero pelieHUsl paccMaTpH-
BAeMOI0 ypaBHeHHUsl. JTOT MeToJ 00YC/J0BJIUBACT U3yUYeHHe YPABHEHHMS JJIIUII-
THUKO-TUIIEPOOJIMYECKOr0 THUIIA BTOPOro MOPSAKA C¢ HEU3BECTHBIMU IPABbIMH
YacTAMHU, YTO NPeACTABJsSET MHTepec AJsl pellieHUus Ba)KHbIX OOpaTHBIX 3aJa4
MeXaHUKHU U puznku.

JokazaHbl TeopeMbl CYLIECTBOBAHUSI M €JIMHCTBEHHOCTH KJIACCHYECKOI0
pelleHus] MOCTaBJACHHOH 3a1a4l. Jloka3aTe/IbCTBO OCHOBAHO HA IPHMHLMIIE JKC-
TpeMyMa /Ul YPAaBHEHHsI TPeThero IMopsjaKka U HA TeOPUH CHHIYJISAPHBIX, dpea-
roJIbMCKHX HHTErpaJbHbIX YPaBHEHHUIA.

Kniouesvie cnosa: noxanvnas sadaua; ypagHeHus mpemvbe2o nopaoka, oopamuas
3a0aua; ypagHeHus: ¢ Heu38eCMHbIMU NPABLIMU YACMAMU, NPUHYUNL IKCMPEMYMA, Me-
moo pezyasapusayuu; ypasuenus @pedzonvma.

BBenenue. B nmocnennue roapl Bce 60JbIille BHUMaHKUE CIEIMATUCTOB IPUBJIEKAIOT HEKIIACCUYECKHE
YpaBHEHUSI MaTEMaTHUECKOW (U3UKH, 3TO CBA3AaHO KaK C TEOPETHUECKHMM HMHTEPECOM, TaK M IMpaKTHue-
CKHM.

OnHUM 13 BOXHBIX KJIACCOB HEKJIACCHUYECKUX YPABHEHHH MaTeMaTHUECKON (DU3UKH SBIISETCS YpaB-
HEHHE COCTABHOIO M CMEUIAHHO-COCTABHOI'O THIIA, IVIABHBIE YACTH COAEPIKAT ONEPATOPBI AILIUITHYE-
CKOT'0, JJUIMIITHKO-TUIEPOOINUECKOro U napadosio-runepOonnyeckoro Tunos. KoppekTHeie KpaeBble
3a7auyl JJ1sl ypaBHEHHN SIUTHIITHKO-TUIIEPOOINYECKOTO B NMapado10-rTUIepOoTMIecKOro TUIIOB TPETHETO
MOpsAKa, KOT/a IJ1aBHAsl 9acTh ONEPATOpa COACP>KHUT MPOU3BOJHYIO IO X WM Y, BIEPBHIC H3YYEHBI B

paborax A.B. bumamse u M.C. Canaxuraunosa [1], M.C. Canaxutmunosa [2], T.I. xypaesa [3],
KpOME TOT'O 3TH YPaBHEHHUsS BCTPEUAIOTCS B pa3jIMuHBIX 33Jlayax MexaHuku. Hampumep, pacnpocrpaHe-
HHUE TUTOCKOH BOJIHBI B BSI3KOYIPYroM TBepaoMm Teie [3]. B aTux paboTtax mpu UcCleTOBaHWU KPACBBIX
3a]1a4 MCIOJBb30BaHO MPECTABICHUE OOIIEro PElIeHUs] YPaBHEHHUS CMEIIIAHHO-COCTABHOTO THIIA B BHJIC
cyMMbl QyHKIMA. Takoe mpeacTaBIeHHEe UMEET BaXKHOE MECTO JUIS YPaBHEHHUH, COCTABIISIEMbIX U3 TIPO-
W3BEJICHUS TIEPECTAaHOBOYHBIX AU(QepeHIaIbHBIX OepaTopoB. Jlajgee 3To HampaBieHUE IS Pa3iny-
HBIX YPAaBHEHUH ¢ YaCTHBIMH MIPOU3BOAHBIMU TPETHETO MOPS/IKA pa3BUBaAoCh B padborax [4—10].

Hacrosmas pabora TOCBAIIEHA HW3YYEHHIO YypPaBHEHHUS TPETHEro TMOPSAKa C  3JUIMIITHKO-
TUIEPOOIMUECKUM OMepaToOpoOM B IUIaBHOHM yacTH. [IpuMeHEH MeToj, He TPEeOYIOIMHA CIEIHalbHOIO
MIPEJICTABJICHUS O0IIEro PElIeHUs paccCMaTPUBAEMOr0 ypaBHEHH. DTOT METOJ OOYCIIOBIMBAECT H3y4Ye-
HUE ypaBHEHUS JILTUITHKO-TUNIEPOOIIMYECKOTO THIIA BTOPOTO MOPSIKA C HEM3BECTHBIMH MTPABBIMU Yac-
TSMH, YTO MPEJCTABIISICT HHTEPEC IS PEIICHHUS BAXKHBIX O0OPATHBIX 3a/1a4 MEXaHUKH U (DU3HUKH.
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Jloka3aHbl TeOpeMbl CyLIECTBOBAHUSA U €IUHCTBEHHOCTU KJIACCHMYECKOI'O PELICHUS [10CTaBJIECHHON
3agaun. Jloka3aTeabCTBO OCHOBAHO HA NPHHLMIE SKCTPEMyMa AJIsl ypaBHEHUs! TPETHETO HOPSAKa M Ha
TEOPHH CUHTYJISIPHBIX, PPEATOIBMCKHX HHTETPANbHBIX YpaBHEHUH.

1. ITocTanoBKa 3axauu. PaccMoTpuM ypaBHEHHE
0 Uyxy +Uyyy s mpu y >0,
a(Uyy —Uyy ) +b(u, —uy),  mpu y<O,

)

rae a u b — neficTBuTenbHbIe ynca, npudem a” +b? = 0.
[Tycte D; — koHe4Has oHO3HAYHAsl 00JIACTh B IUIOCKOCTH (X,Y), orpanuueHHas npu Yy >0 kpu-

Boit o X%+ Y% =1 ¢ konnamu B Toukax A(—1,0), B(1,0) u orpeskom AB = {(x,y): -1<x<1, y=0}.
KpuBas o yuupopma otHocutenbHo ocu Y, Touka N(0,h) aToii kpuBOW sBIsCTCS €IUHCTBEHHOM
MaKCUMaJbHO yAalleHHOU oT ocu X Toukoit. Yactu AN u BN nyru o yHudopmsl orpeska ON ocu
Yy, 3necb O — Hauano koopauHaT. D, — oGmacTh, orpannueHHas npu Yy <0 orpeskom AB u aByms
xapakrtepuctukaMmu  AC: X+y=-1, BC: X—y=1 ypaBHenus (1), BBIXOASIIIUMH W3 TOUYKH
A(-1,0), B(1,0) u nepecekaromumucs B touke C(0,-1), D=D, UD, U AB.

3anauva. Haiitu pyrkimo U(X,Y) €O CIEAYIOMIUMHU CBONCTBAMH:

1) u(x,y)eC(D;)nC'(D; UABUADUBC)(j=12); 2) u(x,y)eC3(D;), U,, €C(D;) u

ona B obnactu D; ynoenetsopsier ypasuenuio (1); 3) Ha IMHUM M3MEHEHHS THIIA BBITIOJHSIOTCS yCIIO-

BUs CKIICMBAaHUA

Iimou(x, y) = a(Xx) Iimou(x, y)+ B(x), (x,0)eAB, 2
y—>— y—>+
lim u, (x,y)=y(x) lim u (x,y) +5(x), (x,0)€AB; 3
y—-0 y—+0
4) pyukims U(X,Y) yIOBIETBOPSIET TPAHUYHBIM YCIOBHUIM
ux.y)l,=p(xy), (xy)eo, (4)
u(% Y| o =y, (x), —~1<x<0, (5)
WM, ), —1<x<0, ()
on e
MUY _ (), 0<x<1 )
on  ge
rae ¢(X,Y), w;(X)(]j=13) —u3BecTHbIE QYHKIMH, IPAIEM
a(x), B(x)eCl(aB) NC3(AB), ¥(x), 5(x) eC(aB) NC?(AB), (8)
P(xy) = yp(x.y), ¢(xy) €C(o), 9)
Yy (D =y31) =0, y;(0)=-w;(0), v (0) +w2(0) = %Pl//é (0), (10)

v, (X) eC*[-1,0]NC?*(-1,0), w,(X)eC[-L0]NC?*(-10), w,(x)eC[0,1]nC?*(0,1). (11)

2. UccienoBanue 3agauu. [Ipennonoxum:

Ul(X, y)v (Xv y) € D ’
Hexy) :{ u,(%y), (xy)eD,. (12)

Torna ypaBaenue (1) MOKHO TIEpenHcaTh B BUJIE IBYX CUCTEM

U (X, Y) = vy (X, y) + @1 (X), 13)
U Ty =0, (X,y) €Dy,
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{UZXX —Uyyy =0, (x,y), (14)

rae v,(X,Y) —pousBoIbHAsA J0CTATOYHO riaakas QyHKUuMs, a @ (X) — MPOM3BONbHAS JABAXK/bI HENpe-

priBHO nuddepernupyemast GyHKIHS

®,(X), —1<x<0,
@1(X) = (15y)

0,(X), 0<x<1

puyeM
@, (1) = w,(1) =0. (15,)
Herpyano 3ameTnTh, 4TO 001IIeE pelIeHne YpaBHEHHS auzy +Cv, = 0, wnMmeer BULI
b

0, (X,Y) = @, (X) exp[—g y] , (16)

rae @,(Y)=a,,(y)+ @, (y) — npousBoibHas HeNpepbIBHAS QYHKINS.

Teopema. Ecmu 3amannbie GyHKIIHH yIOBICTBOPIOT yeiaoBusam (8)—(11), To perymspHoe peireHue
MIOCTaBJIEHHOM 3a/1a4u B o6actu D cymiecTByeT U ¢TUHCTBEHHO.
Jokaszamenscmeo meopemot. B cuny (16) pemenue 3amnaun Ko ¢ HaqaabHBIME JTaHHBIMA

U, (x,—0)=7,(X), (x,0)eAB, Uy, (x,-0)=v,(x), (x,0)cAB, (17)

mutst ypaBHeHus (14) B oomactu D, mpepcraBum B BUzIE

X+y Ry 3
u, (%, y _—[Tz X+Y)+7,(X-Y) ]+% _[ 2(8) dr§+— _[ dé I coz[ jexp[—¥}dn. (18)
X=-y x y
[oxacrasmnss (18) B (6) u (7), momyuaem
au,(x,y)| 2| eau, Lo, ~
oy 2l ],

-1

2x+1
:%{Ta (D] oo "jexp[—b“zla"ﬂdn}:wxx),

au, (X, y) :ﬁ{auz 6u2}
on |gc 2| 0x oy -~
1, 1 ¢ 2x-1 b(£+1-2
=${r2 v+ [ o (&ijexp[—%}dé}wg(x),
WM W3 IMMOCIICAHUX ABYX PABCHCTB IOJYYUM

120 (14p b(-1-7) :
> I Wy > exp T oa dn:\/Z//z(x)—Tz(—l)—Vz(—l), (19)
- I (‘5”) p[ b(é;:)}dn=—\/§W3(X)—7§(1)+Vz(1)- (20)

2x 1
Huddepenuupys (19) u (20) o X, HaxoxUM

03(9) =2 wz(x)exp[ b(xa”)} _1<x<0, (21)
@,y (X) = —2y} (x)exp[@}, 0<x<1. (22)

Taxum 00paszom, HensectHble Qynkuun @;(X) (j=12) c yuerom (151), (16), (21) u (22) monuo-

CTBIO OIPENETISIOTCS ¢ IIOMOIIEI0 yenoBwid (6) u (7).
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Teneps neobxoxumo Haiitu U;(X,Y) (j=12) B obnactn Dj, nonesysce ocrapumamucs ycnopusmu

(4), (5) u ycnoBusimu ckienBanus (2) u (3). Jlyist atoro Haiinem GYHKIIMOHAIBHBIC COOTHOIICHHS MEXKTY
i (x) uv;(x).

Honcrapnss (18) B (5), a 3atem, auddepeHEpys o X , IMeeM

75 (X) =y ( ):%%(lej H (%), (23)

H(x)== fwz[ ZXjeXp[ b(i;X)}dg.

Pemenue ypaBaenus (13) yIOBISTBOPSIONICE TPAHUYHBIM YCIOBUSIM
LI (XN e=0(X V) —@1(y), vy (%+0)=1(x), xe(-11), ye[01] (24)
B obmactu D; maercs dopmynoii:

rae

0G(&£(s),m(s); %, Y)
on

u(xy) = j G(L,0;x Y (Bt + |

90

¢ (8)— @1 (&(s)) |, (25)

e @ (s)=(E(s),n7(s)) — msBectnas Qpynkuus, a G(E,7;X,y) = 2t 5 1
2| rnp ol Py &

I'puna st ypasHenust Jlaruiaca, yI0BIeTBOPSIOLIAs OAHOPOAHOMY YCIOBHIO (4) U Uy, (x, +O) =0:

} — (pynkuuun

ot X4y?=l, rP=(x=8P+(y-n)? K== +(y+m?: pP=x"+y?

==&+ (-0, B=X-+F+n), f=p—xz, v=p—y2.
[Monoxwus B (25) y =0, muddepeHunpys mo X, MOIydIuM
Tl(X)———I|: 1 ! }vl(t)dtJrgl’(x), -l<x<1, (26)
rae
00=] e T RACONE
7, (X)=0,(%,+0). (27)
B cuny (17), (24) u (27) u3 (2), (3) Haxomum o
() =a()n(x)+ A(X), (x.0)eAB, (28)
Vo(X) =y(X)v(X) +0(x), (x,0)AB. (29)
[Moxacramsist (28) u (29) B (23), monyunm
a’(x)j 71 (1) dt + ()7 (X) + B'(X) — 7 (X)1y (x) - 5(x) = %‘/’1’ (XT_lJ —H(x). (30)
-1

Uckmouns 71(X) u3 (26) u (30), moayunM CHHTYJISIPHOE HHTETPAIbHOE YPaBHEHHE OTHOCHTEIBHO
bysxun v, (X) :

P(x) t T
v1(X) j T vl(t)dtz j M (X, ), (t)dt + H,(x), (31)
-1
rac
a(X) a'(x) z
PO9= 0 M= ] [t— 1- tz}dz’
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Hl(x>=—7(1x) {;wl'(xz‘ 1)—H(x)—ﬂ'<x)+5(x)}

CuHryssipHoe uHTerpaibHoe ypaBHenue (31) meromom perymspusanuu Kapiaemana—Bekya [2] k-
BHBAJICHTHBIM 00pa30M CBEJEM K HHTETPAbHOMY ypaBHEHHIO DpearosbmMa BTOPOro pojia OTHOCUTEIb-
HO V;(X), 6e3yciioBHas pa3pelInMoCTh KOTOPOTO CIIEMyeT U3 JIEMMBI:

Jlemma. Ecnu BBIIOIHEHO yCIIOBUE
a(X)y(x)>0, vxe[-11], (32)
TO B 00acTu D perieHue mocTaBIeHHON 3aJa4l € IMHCTBEHHO.
Hokazamenscmeo nemmet. Ilycts y,(X) =y, (X) =y,3(X) =@(X,y) =0, S(X)=5(x)=0, Torna u3
(151, 21) u (22) maxomum ,(x)=0, xe[-11]. Orciona B cuny (12)—(14) mnocrapnenHas 3agada

pexynupyercs B obnactu D x 3amaue: u,(X,Y)|,=0, 0<y<]

ou, (X,
=0, —1<x<0, M =0, O<x<1.

AC on

AU, (x,Y)

u, (X, y)|AC =0, —1<x<0, o

BC
13 mpunnmna skcrpemyma[ll] ciemyer, 9To penreHHe NOCTaBIEHHOHM 3amaun npu y;(X) =0,
P(X)=8(x)=0 cBoero nonoxutensHoro Mmakcumyma (IIM) u orpunarensHoro munuMyma (OM) B
3aMKHyTO# o6mactu D; jgocthraer nuuib Ha o . JIeHCTBUTENBHO, B CHTy MPMHIMIA SKCTpEMyMa Jis
SIUTMNTUYECKHUX ypaBHeHHH [11, ctp. 25] pemenne u(X,y) ypaBaenus (13) BHyTpu obmactu D, =He
MoxeT pocturath cBoero IIM u OM. Tlokaxkewm, uto pemienne U(X,Y) ypasuenus (13) He mocTuraer
csoero [IM (OM) Ha unrepBanax AB. IIpeanonoxkum obpathoe. Ilycth U(X,Y) B HEKOTOPOil TOUKe
E(XO,O) unrepBaia AB nmocrturaer ceoero [IM (OM). Tornaa B cuny npunnuna 3apemba—Xupo [11] B

TOYKE E(XO,O) AMEEM

Vv, (X9) <0(v; (%) <0). (33)
Hanee B cuty y;(X) =y, (X) =w5(X)=0, S(X)=0(X)=0 c yuerom (12), (21), (22), (28), (29) u
(32) u3 (23) B Touke E(Xy,0) € AB TIM (OM) umeem y(Xy)v;(%,) > 0 (y(xo)vl(xo) < O). 3T0 MPOTH-

BOpEYHT HepaBeHCTBY (33).
Takum obpa3om, B cuiy (12) pemerne U(X,Y) MOCTaBICHHOM 3amauu  He qocTuraet ceoero [IM

(OM) B TouKe (X,,0) € AB.

CnenosarenpHo, uckomoe pemenue csoero IIM (OM) B obmactu D, nocTuraer B TOYKax KpHBOH

Q|

Otcrona ¢ yuetom U, (X,Y)|,=0 umeem u; (X, y)=0 B obmactn D, . B cuily eMHCTBEHHOCTH periie-

nus 3ana4u Komw B o6mactu D, s ypasrenus (14) momyuanm Uy(X,y¥) =0, (X,y) € D,. Crnenosa-
tenso, u3 (12) cremyer u(X,y)=0, (x,y)eD. TeM caMbIM pellieHHe IOCTABICHHOH 3agaun
€IUHCTBEHHO. J/lemMma 0okazana.

Ha ocnoanun Haiimennbix dynxmmii  @; (X) e C(AB)C?(AB), ;(x) eC(aB)N C?(AB) u

vi(x) e C?(AB), (j=1,2) peuieHue MOCTABIEHHOI 3a1a4n CTPOMTCS B 061acTH D, Kak peureHue 3aja-

g N 1us ypasHenus (13) (cm. (25)), a B obnactu D, HaxoauTes ¢ moMolbo penreHus 3anaun Komm

quist ypaBaenus (14) (em.(18)). U3 mocieanero cieayer, 4To mocTaBieHHas 3ajada B oomactu D on-
HO3Ha4HO paspemnma. Teopema Ooxazana.
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In recent years, non-classical equations of mathematical physics have been attracting more and
more attention of specialists; this is due to both theoretical and practical interest. Third-order equations
are found in various problems of physics, mechanics, and biology. For example, in the theory of transon-
ic flows, the propagation of plane waves in a viscoelastic solid, and the prediction and regulation of
groundwater.

One of the important classes of non-classical equations of mathematical physics is the equations of
composite and mixed-composite type, which the main parts contain operators of elliptic, elliptic-
hyperbolic and parabolic-hyperbolic types. Correct boundary value problems for equations of elliptic-
hyperbolic and parabolic-hyperbolic types of the third order, in case that the main part of the operator
contains the derivative with respect to x or vy, is first studied by A.B. Bitsadze, M.S. Salakhitdinova and
T.D. Djuraev, in addition to the fact that these equations are found in various problems of mechanics.
For example, the propagation of a plane wave in a viscoelastic solid. In these works on the investigation

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 27
2020, Tom 12, Ne 3, C. 22-28



MaTtemaTtuka

of boundary value problems, a representation of general solution of a mixed-composite type equation
in the form of a sum of functions was used. Such representation takes place only for equations, which
are composed of the product of permutable differential operators.

In this paper, we study boundary value problem for a third-order equation with an elliptic-
hyperbolic operator in the main part. The equation under consideration is composed of the product of
non-permutable differential operators, therefore the well-known representations of the general solution
introduced by A.V. Bitsadze and M.S. Salakhitdinova are not applied. To study the considered third-
order equation of the mixed type, we applied a method, which does not require a special representation
of the general solution of the equation. This method determines the study of an equation of elliptic-
hyperbolic type of the second order with unknown right-hand sides, which is of interest for solving im-
portant inverse problems of mechanics and physics.

The existence and uniqueness theorems of the classical solution of the problem are proved. The
proof is based on the extremum principle for a third-order equation and on the theory of singular and
Fredholm integral equations.

Keywords: local problem; third-order equations; inverse problem; extremum principle; regulariza-
tion method; Fredholm equations.
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NMPU3HAKU YCTOI7I'~II/IBOC'I:VI
PA3BHOCTHbIX YPABHEHWUU BOJIbTEPPA

A.A. Komuccapoea

FOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUgepcumem, 2. HensabuHck, Pocculickass ®edepauusi
E-mail: komissarovada@susu.ru

HenpepbiBHBIC M JAHCKpPETHBbIC Pa3HOCTHbIC ypaBHeHHs Tuna BouabTeppa
BO3HUKAKOT BO MHOI'MX NPHJIOKEHUAX. B yacTHOCTH npH HCC/Ief0BaHHU Mo/eJIei
AUHAMMKH NONYJIALUH, MOACJIHMPOBAHUU PA3JIMYHBIX IKOHOMHUYCCKHUX HJIH (H-
3HYECKHUX NIPOLECCOB, B TEOPHHU yIpaBJieHHs, MegunuHe. B padore paccmaTpuBa-
eTcsl NpodJyieMa aCUMITOTHYECKOIl yCTOHYMBOCTH HYJIEBOTO pelieHHs1 JTUHEeHHOro
Pa3HOCTHOro ypaBHeHusi Tuna BoabTeppa B cBeprkax. IlpuBoasitcs: onpenene-
HHSl YCTOHYMBOCTH U ACHMITOTHYECKOH YyCTOHYHMBOCTH HYJIEBOIO PellieHHs yKa-
3aHHOI0 ypaBHeHHs. B craThe mpeacTaBJIeHbI A0CTATOYHBIC YCIOBUSI ACHMIITO-
THYECKO#l yCTOHYMBOCTH JHMHEIHBIX Pa3HOCTHBIX YypaBHeHuii BoabTeppa. C mo-
MOLIbI0 MeTo/Aa Z-peo0pa3oBaHus 10Ka3aHbl COOTBETCTBYIOIIHE Teopembl. Haii-
JAeHHble NMPHU3HAKH ACHMNTOTHYECKOH YCTOHYMBOCTH HYJIEBOIO pPelleHHs ecTh
OorpaHH4eHHs Ha KO3 (PHUUUEHTHI HCXOAHOI0 YPABHEHHUS, TO €CTh MPeEACTABIAIOT
HEKYI0 00J1aCTh YCTOHYHMBOCTH B NPOCTPAHCTBE nMapamMeTpoB ypaBHenus. [lpous-
BOJUTCH CPAaBHCHHE MOJYYCHHBIX NPH3HAKOB ¢ HEKOTOPBIMH HM3BECTHBIMH J0C-
TATOYHBIMH YCJIOBHSIMH ACHMITOTHYECKOH YCTOHYHBOCTH KOHCYHOMEPHBIX JIH-
HEHHBIX PA3HOCTHBIX ypaBHEHHUIl. ['JIaBHBIM NpeHMYIIECTBOM MOJY4eHHBIX J0C-
TATOYHBIX YCJOBHH ACMMNTOTHYECKOH YCTOWYMBOCTH JHMHEHHOI0 Pa3HOCTHOIO
ypaBHeHMs THNa BoabTeppa siBjsieTcsl HATJISIAHOCTh 3TUX NPU3HAKOB M NMPOCTO-
Ta uX npuMeHeHusi. KpoMe TOro, npu3HaKm TaKoro THIIA NMOJE3HbI, ecJH KO3 -
(uuueHTHI ypaBHEHHS He H3BECTHBI TOYHO.

Kniouegvie cnosa: ycmouuugocmn;, pasnocmmuwvle YpaseHeHus, ypasHeHus Bono-

meppa.

PaccmotpuM nuHelHOE pa3HOCTHOE ypaBHEHUE Tuna Bonbreppa

n
Xo =Xp1— D 8X s, N=12... )
)

rie 3, R, a;>0 (S=1,2,...).

HavanbHoe yciioBHe X, OJHO3HAYHO ONpeJleNseT penieHue ypasHeHus (1).

Hynesoe pemenne ypasaenus (1) Ha3bIBaeTCsl yCTOMYMBBIM, €CIIN

Ve>0 35>0 (VX [%|<d=Vn>0|x,|<&)

HyneBoe pemenne ypaBHeHus (1) Ha3pIBaeTCsl aCHMITOTHYECKH YCTOHYMBBIM, €CJIM OH YCTOWYHBO

u lim x, =0 s moGoro pemenus (X, ) ypasuenus (1).

N—o0

VYpaeuenue Bonbreppa (1) siBisieTcst 06CKOHEUHOMEPHBIM aHAJIOTOM Pa3HOCTHOI'O YPaBHEHHUSI

k
Xy =Xpq — Zas Xn—s 1 (2)
=1

rae 8, €R, a; >0 (1<s<k).
Jlns1 ypaBHenus (2) M3BECTHBI CIEAYIONIME IPU3HAKA ACUMIITOTHYECKOH ycToiunBocTH [1].
Teopema 1. Ecim ag >0 (1<s<k) u

K as
0<y— & <1, 3)

s=12sin——
2(2s-1)

TO HYJIEBOE pEIeHNEe YpaBHEHUS (2) aCHMITOTHYECKH YCTONYHBO.
Teopema 1 siBsieTcss MHOrOMEPHBIM 0000IIIEHHEM U3BECTHOTO pe3ynbraTa JlesnHa u Mos [2].
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Teopema 2. Ecm ag >0 (1<s<k) u

k Va
0< Z sag < E ) (4)
s=1
TO HyJICBOE pELICHUE YpaBHEHUS (2) aCHMITOTUYECKH YCTOMYHBO.
[Ipu3Hak ycroitunBocTr TeopeMsl 1 cuinbHee mpu3Haka TeopeMsl 2. Teopema 1 B HEKOTOPOM CMBIC-
JIe He MOXKET ObITh yiryuinena [1].
Lenb paboTHI — MOyYUTh aHAJIOTH TeopeM | U 2 Ui pa3HOCTHOTO ypaBHeHus BonbTeppa (1).

ITpousBonsmeit GpyHKIMEH YNCIOBOM NOCIEA0BATENBHOCTH X, (n > 0) Ha3bIBaeTCs sl BUIA

o0
X(Z):Z(Xn)zzxnzn J ®)
n=0
rne zeC.
CBepTKoii IBYX IOCIIEOBATENILHOCTEN X, U Y,, HAa3bIBACTCS MOCIEI0BATEIbHOCTh BUIA
n n
Xpo¥Yn= an—s Ys = ZXS Yn-s - (6)
s=0 s=0

[pousBoasmas GyHKIHsST CBEPTKH ABYX MTOCIIEIOBATEILHOCTEH UMEET BHT
Z (% © ¥Yn) =X(2)¥(2) .
Teopema 3. IIycTh BBIIOJIHAIOTCS YCIOBUSL:
1) cymiectBytoT neiicTBuTenbHbIe uncia M >0 u (e (O;l) Takue, 9To0 st BceX N € N BBITOIHS-

ercs a, < qu ;

o0
2) Bce Hynu ¢pynkuun g(z)=1-z+ Z:anzn PAacIoioKeHbI BHE €TUHUYHON OKPY)KHOCTH |Z| =1.
n=1
Torna nHyneBoe pemieHne ypaBHeHus (1) aCHMOTOTHYECKH YCTOMUUBO.
Hoxazamenvbcmeso. IlycTh MOCIENOBATENBHOCTD X, (n > O) sIBIISIeTCSl pelieHueM ypaBHeHus (1).
3HaywuT,
X =X — 3%y, Xo =X — (X +85X), X3 =X, —(@Xo + 8% + 85Xy ), .-
YMHOXHM 06€ YaCTH NEPBOr0 ypaBHEHHE HA Z , BTOPOrO — HA Z°, TPEThEro — Ha Z° M TaK Jalee.
C110’HM IOTyYEeHHbIE PABEHCTBA U JI00aBMM K 00eMM 4acTaM X, . COriacHO onpejeseHHIO IPOM3BO-
nsimedt pynkimu (5) nomydnm

X(2) = Xg +2X(2) — >~<(z)ianzn :

n=1

Tornma

- Xo

W)= (7)

1-z+> a,z"
n=:

O603HauNM (HyHKLIHIO

9(2)=1-z+) a,z". (8)

n—

U3 ycnoBuii Teopembl crenyeT, uto GyHkius ¢(Z) sSBISETCS aHATUTUYECKON B Kpyre |z| =R, pa-
quyc Kotoporo R 6ombrine enuuuipl. Torma u3 (7) cioemyet, uto X(Z) pacKiIaibIBacTCs B CTEIIEHHOM
PS TIO CTENEHSAM Z C paguyCcoM CXOIUMOCTH Ooiblie eauHuUIbl. CienoBaTensHo, ypaBHeHue (1) akc-
MOHEHLUATBHO, a, 3HAYUT, U ACHMITOTHYECKH YCTONUMBO IPHU JIFOOOM HadalbHOM ycloBuH X, . Teope-

Ma JIOKa3aHa.
B paborte [1] mokazaHsl ciieayrome BCIIOMOTaTelIbHbIC JIEMMBL.

Jlemma 1. JIns nroboro uncna € (0; 71'] CyIIECTBYeT uicio M e R, Takoe, 4to [uis Besikoro S € N
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1 . sin(m-s)a
. T ) 1
SIN———~ SsIn—cos| mM—— |w
2(2s-1) 2 ( 2)
Jlemma 2. Jns mro6oro yncna S € N, Takoe 4To Besikoro S e N
Vs

2(25-1) 25’

Teopema 4. [IycTh BBITIOTHSIOTCS YCIOBUS:

>0. (9)

2sin

1) cymecTByrOT AeticTBuTeNbHbIC uncia M >0 u (e (0;1) Takue, 94To s BceX Ne N BBINOTHS-
ercs a, <MQq";

20<y— 8

s=12sin————
2(2s-1)

Torna HyneBoe perieHue ypaBHeHus (1) acCHMOTOTHYECKH YCTOWYHBO.
Hoxaszamenvcmeo. IIpennonoxum, 4To yCIOBUS TEOPEMBI BBINOJHAIOTCS M CYLIECTBYET HYJb Z

byukumu g(z), Takoii, 4To |ZO| <1.

1. PaccmoTtpum ciydaii |zo| =1. Ilycts cymecTByeT Hynb (8) BUIa Zy = el (a) € [0;7[]). Torma
1-e'”+> ae'” =0.
s=1

Taxum o6pasom, cymectsyer @ €[0;7], Takoe, uto

1-cosw+ Y a;cossw=0, (10)
s=1

—sinw+ ) asinsw=0. (12)
s=1

U3 (10) oueBnano, uto @ #0.
ITyecte me R omnpeneneno cornacHo Jlemme 1.
sinma —Cosma

Ymuoxum (10) Ha ,a(ll)—mna .
) ) 1
2sin—cos| m—= |w 2sin—cos| m—= |w
2 2 2 2

CrnoxuB NOJTy4eHHbIE paBEHCTBA, MOTYyYUM

1 . . . o _ SINM@COS S — COSM®SIN S
(sinma —cos wsin me +sin wCosMew) + »_a; =0,
. W - . W 1
2sin—cos| m—= |@ s=1 2sin—cos| m—= |@
2 2 2 2
1 . . > sin(m-s)w
(sinmw—sin(1-m)w)+ > a (m—s) =0.
.o - .o 1
2sin—cos| m—= |@ s=1 2sin—cos| m—= |@
2 2 2 2
W oxoHuatensHO
> sin(m-s)w
1+ a ( ) =0. (12)
= . 1
=1 2sin—cos| m—= |@
2 2
W3 (12) u (9) mpu HEOTpUIIATENBHBIX 3HAYEHUAX 8 (S =12,.. ) oJIy4aem
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* & sin(m-s

SERT S RS = Y Y

s=12sin —— s=1 2sin——— 2si Q B
2(25-1) 2(25—1) S'nzcos(m 2Ja’

3TO MPOTUBOPEYHUT BTOPOMY YCIOBHIO TEOPEMBI.
2. Paccmotpum ciyyait |ZO| <1. PaccMOTpHUM OKPECTHOCTb TOYKHU Z;, PACIONOKCHHYIO LEIUKOM

BHYTPH €IMHUYHOIO KpyTa |Z| =1, ¥ TaKylo, 4TO Ha €€ TPaHuLle y HEeT HyJed QpyHKuuu ¢(z) .

0
Ilo 1 YCJIOBHUIO TEOPEMBI pAL Zas CXOOUTCH. OTCIOHa CJICAYCT, YTO MOCJICA0BATCIbHOCTE MHOI'O-
s=1
YJICHOB

k
R (2)=1-z+) a;z°
]

CXOAUTCS] pABHOMEPHO K GYHKIMH ((Z) BHYTPH CAMHHYHOTO KpyTa.
CornacHo Teopeme I'ypsuia [3] cymectByer HaTypanpHoe uncio K, =K,(y), Takoe, uTo ans mo-
Ooro HarypanpHOro 4ncima K>k, dncimo Hyne#l mMHorouneHa B (z) BHyTpu KpHBOH ) paBHO YHCIY

Hynei Gynkiuu ¢(Z) BHYTpH 3TOH KpHUBOH. 3HAa4MT, CyHIECTBYET Hylb MHorouneHa B, (z), pacmoio-

JKEHHBII BHYTPU €AMHUYHOTO KpyTa.

C apyroii CTOPOHBI, U3 BTOPOTO YCIOBHS TEOPEMBI IOTyYaeM, 9TO TpH Jiio6oM K € N BeITOTHSIETCS
ycnoBue (3). Torma, coryiacHo Teopeme 1, ypaBHeHue (2) aCHMITOTHUECKH YCTOHYMBO TIPU JIFOOOM 3Ha-
yeHnu K € N . Otcrozia cieyer, 4To Bce KOPHU COOTBETCTBYIOIIETO XapaKTePHCTHYSCKOTO YPaBHEHUSI

k
k _ ok-1 k-s _
A=A +Zas/1 =0
s=1
PACIIONIOXKEHBI BHYTPH €IMHUYHOTO Kpyra. CiesoBaTeNnbHO, Bce Hyau MHorowieHa B (z) pacmonosxeHs
BHE €IMHUYHOTO Kpyra npu 1ro0om 3HaueHnn K € N . [omy4ninm npotuBopeune.
Takum obOpasom, Bce HyIu Z, GyHKIMH ((Z) pacHoioKeHbl BHE eMHUYHOrO Kpyra. CormacHo

Teopeme 3 ypaBHeHHe (1) acumnrornuecku ycroitunBo. Teopema gokazaHa.
W3 nemmsbl 2 1 TeopeMbl 4 MoydaeM CIEIYIOMUi pe3yabTarT.
Teopema 5. [IycTb BBITIOTHSIOTCS YCIOBUS:

1) cymectByIoT aeicTBuTenbHbIe yncia M >0 u e (O;l) Takue, 9T0 It BceX N € N BBITOIHS-

ercs @, < qu ;

o0
/4
2) 0< ) sag < >
s=1
Toraa HyneBoe pemienue ypaBHeHus (1) acCHMITOTUYECKH YCTONYHBO.
Teopewmsl 4 u 5 aBnAIOTCS OECKOHEUHOMEPHBIMHU aHAJIOTaMH TeopeM 1 U 2 COOTBETCTBEHHO.
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CRITERIA FOR STABILITY OF VOLTERRA DIFFERENCE EQUATIONS

D.A. Komissarova
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Continuous and discrete Volterra-type difference equations arise in many applications. In particular,
when studying models of population dynamics, modeling various economic or physical processes, in
management theory, and medicine. The paper deals with the problem of asymptotic stability of the zero
solution of a linear difference equation of Volterra type in convolutions. The definitions of stability and
asymptotic stability of the zero solution of this equation are given. The article presents sufficient condi-
tions for the asymptotic stability of linear VVolterra difference equations. The corresponding theorems are
proved using the z-transform method. The obtained criteria of asymptotic stability of the zero solution
are restrictions on the coefficients of the original equation, that is, they represent a certain region of sta-
bility in the space of the equation parameters. The obtained criteria are compared with some known suf-
ficient conditions for the asymptotic stability of finite-dimensional linear difference equations. The main
advantage of the obtained sufficient conditions for asymptotic stability of a linear difference equation of
Volterra type is the visibility of these criteria and ease of their application. In addition, this type of crite-
ria is useful if the coefficients of the equation are not known exactly.

Keywords: stability; difference equations; Volterra equations.
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BAPUALIMOHHAS MOCTAHOBKA OO0HOU OEPATHOWU 3A0AYM
AnA NAPABOJIMMECKOIO YPABHEHUA C UHTEIMPAJIbHbIMUA
ycnosusamu

P.K. Tazues, LU.N. Maceppamnu
bakuHckutli 2ocydapcmeeHHbil yHusepcumem, 2. baky, AsepbalidxaHckasa Pecrniybnuka
E-mail: r.tagiyev@list.ru, semedli.shehla@gmail.com

Ko3¢dunnenTHnie o0paTHbIe 3a1a4M VISl YPABHEHHI B YaCTHBIX IPOM3BO/I-
HBIX MOTYT OBITh NOCTABJEHBI KAaK 32/1a4l ONTHMAJILHOIO YNpaBjeHHs, T. €. B
BapHAalMOHHOH dopme. B Takux mocraHoBKax HCKOMble KO3 (ULHEHThI ypaB-
HEHHUH COCTOSIHMSI MIPAOT POJib YIPABJISIOMUX (PYHKIMII U LejeBble (PyHKUIMO-
HAJIbl COCTABJIAIOTCH HA OCHOBE JONOJHHTEIbLHBIX ycjIoBHi. B craTrbe pacemar-
puBaeTcs BapuMallMOHHAsI IOCTAHOBKA 00paTHOM 3ajia4M 00 onpeesileHUH MJIAJ-
mero kKo3g@uuueHTa MHOIOMEPHOro napado/IMYecKoro yYpaBHEHHSl C MHTe-
rpajibHbIM I'PAHUYHBIM YCJIOBHEM H JAONOJTHHUTEIbHBIM MHTEIrPAaJIbHBIM YCJIOBH-
eM. IIpu 3TOM poJb ynpapiasomeil GyHKUMH UIpaeT MJIAaJIINH Ko3(ppuuueHT
napadoJM4ecKoro ypaBHeHUsl U SBJsAETCA 3JEeMEHTOM NPOCTPAHCTBA MHTErpH-
pyembIx no Jlebery (pyHkuuii ¢ KOHeYHBIM MHAEKCOM CyMMHpyeMocTH. Pemienue
KpaeBo#l 3agauM JJs NapadonyecKoro yYpaBHEHMf, NMPH KaKAOM 3aJaHHOM
ynpapiasiomeidl (QyHKIHH, onpeaejsieTc Kak 0000LIeHHOE pelIeHHe M3 IPO-
crpanctBa CobosieBa. lleneBoil GpyHKIHMOHAT COCTaBJIeH HA OCHOBE JOIOJIHM-
TEeJBHOI0 MHTErpaJbHOro ycJIo0Bus. Jloka3aHO CyllecTBOBaHUE pelIeHUE 3aAa4u
U NOJIYy4€eHO Heo0X0AuMOoe YCI0BHE ONITHMAIBLHOCTH.

Kniouegvie crosa: napabonuueckoe ypasnenue; obpamuas 3adaud;, uHmMezpais-
Hble YCA08Usl;, 8aPUAYUOHHASA NOCTNAHOBKA.

Beenenue

BapuanuonHbie MOCTaHOBKM KO3 PHUIMEHTHBIX 00paTHBIX 3a/a4 AJIsl MapadoInYecKuX ypaBHEHUH
NP KIACCHYECKUX TPAaHWYHBIX M JOTIOJHHUTEIBHBIX YCIOBHAX M3y4eHbI B paborax [1-5] u ap. Oqnako
9TH 3aJ]au¥l IPH UHTETPANILHBIX YCIOBUSIX UCCIIEIOBAHBI CYIIECTBEHHO ciadee [6, 7].

B nactosimeit pabore n3yuyaercs BapHallMOHHAs ITOCTAHOBKAa OOpaTHOM 3afaud 00 onpeneraeHuH
mutajmrero koddduimenra MEOroMepHoOro napaboIMIecKoro YpaBHEHUS ¢ HHTETPATbHBIME yCIOBHAMHU.
Jloka3aHo CyIIECTBOBAHUE PEIICHHE 3aJa4H, 1 MOIy4eHO HEOOXO0IMMOE yCIIOBHE ONTUMAIBHOCTH.

1. ITocTanoBKa 3aga4n
ITycts R, — €BKIMIOBO MPOCTPAHCTBO pasMepHOCTH N=2, Qc R, — orpaHndeHHas o6iacTh ¢

KyCOUHO-TTQJIKOW TpaHumend S, SZSIUS”, T>0 - 3amannHoe uumcio, Qr :QX(O,T),
S; =Sx(0,T), Sy =S x(0,T),S =S x(0,T).

Paccmotpum B nununape Q nuHeHOE mapabonnvecKoe ypaBHEHHE
n
U — Z (aij (x,t)uxj) +o(x)u=f(xt), (xt)eQ, (1)
i,j=1 %
C HaanIBHO'KpaeBBIMI/I YCHOBI/IHMI/I
u(x,0)=¢(x), xeQ, 2
ou 4

u |(X,t)€S-‘|- = O 1 8_N |(X,t)€5-l|'- = I’Jz_lalj (X’t)uXJ COS(V’ Xi ) |(X,t)€5-l|'- :gj;K (X’ y’t)u (y’t)dy |(X,'[)

3)

eS—?— '

31ech v — €AUHUYHBIA BEKTOpP HOPMAalU K s , HampaBJIeHHON BHE £ ; &jj (i, j =1,_n), v, f,p,K —
HekoTopble GyHKimm; U=U(X,t) — peuenne 3amaun (1)~(3).
3amady HaxXOXKACHHWA peIeHus U= u(x,t) 3agaun (1)-(3) mno 3amaHHBIM  QYHKIHAM

aj (i, j=1 n),u, f,,K HasbiBaroT npsimoii 3aiaueii. Ha npakTrke BOSHUKAIOT TaKk)Ke 00paTHbIC 3a1a4H,
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Tazuee P.K., BapuayuoHHasi nocmaHoeka oOHoll o6pamHoli 3ada4yu
Mazeppamnu L. Y. Ons1 napabosiu4yecKo20 ypasHeHUs1 ¢ UHMezpasnbHbIMU yC/108USIMU

B KOTOPBIX HEKOTOPBIC U3 KOIPHUIIMCHTOB EH (x,t)(i, j=1 n), U(X) ypaBHEHUSI HEU3BECTHBI U MOJIJIE-

AT OIIPENIEIICHUIO TI0 HEKOTOPOH JOMOMHUTEeNbHOW nHpopMannu. Takue 3agaqu Ha3bIBArOTC K03 du-
IIUCHTHBIMH OOPATHBIMU 3a/Ia4aMH.

ITycte B 3amaue (1)—(3) CH (i, j =1,_n), f,p,K — wm3BectHbie ¢yHkumu. TpeOyercs HaliTh mapy

¢dbynkuuit (U,0), YIOBIETBOPSIONINX yCJ‘IOBI/IHM (1)—~(3) 1 TOMOTHUTETHPHOMY YCIIOBHIO
jw u(xt)dt=a(x), xeQ, (4)

IJIc @ ¥ 0. — U3BECTHBIC (PyHKINU.

3anauy (1)—(4) moctaBUM B BapHaIlHOHHOU (hopMme: TpedyeTcss MUHUMH3UPOBATh (PYHKIIMOHAT
2

”a) u(x,t;o)dt—a(x) dx (5)

Ha MHO>KECTBE
\Y ={U=U(X)e LS(Q):|U(X)|Sd n.e.Ha Q} (6)
npu yenoBusix (1)—(3), rae s=n+1 npu n>2, d >0 — 3anauneie uncna, U(X.t;v)=u(xt) — pemenne
kpaeBoit 3anauu (1)—(3) cootBercTBytomee koadduumenty v €V . Huxe 3Ty 3amauy Oynem Ha3bIBaTh
sanaueit (1)—(3), (5), (6). B atoii 3anaue kodhpdunmeHt 1)=v(x) UTpaeT POJb YNPABICHUS, a 1IEJIEBOH
(yHKIIIOHAN (5) COCTaBIICH HA OCHOBE yCIOBHS (4).
bynem mpeamonarath, 4TO 3ajaHHbIe (HYHKIIUH aj (i, j :J.,_n), f,0,K,o,a ynoBnerBopsitor cie-

JYIOIIMM YCIIOBHSIM:
a; (xt)= a;; (x1), (i, i =1,n),
n n
2y a(xt)g st S=(qn8) E2=28
i,j=1 i=1
‘aijt (X,t)‘ <ty nema O ;|K(x,y,t)| < ,u2,|Kt (x,y,t)| <My neHa S’ xQx(O,T),
Wy (Q), Fely(Qr): @
wely(0,T), ael,(Q), 8)
rae v, u, 1 >0 (i :1_3) — HEKOTOPBIC MOCTOSHHBIE.

Ilycte velV — HekoTopoe (MKCUPOBAHHOE YIpaBiieHHWe. Toria OOOOIICHHBIM PEIICHUEM W3
V;%(Qr) kpaesoit 3amaum (1)<(3) mazoem dymxmmo U=u(xt)=u(xto) m Vy0(Q)=

{u =u (X,t) evzl’o (QT ) ‘u (X,t) =0, (X,t) IS S'T } , YJIOBJICTBOPSIOIIYI0 HHTETPAIbHOMY TOXIECTBY

J U, + Z auux Ny +vun}dxdt— j {J‘K(s,y,t)u(y,t)dy}y(s,t)dsdt=
o

i,j=1 ST Q
=[p(x)n(x0)dx+ [ frdxdt , p=n(xt)eW;5(Qr), n(xT)=0. 9)
o <
MoskHO moKa3ath, 4To KpaeBas 3anada (1)—(3) ogHO3HAYHO pa3perrMa B V21”8 (QT) IIpU KKIOM
vel, peleHue 3aJ1a4n (H-3) SABIISIETCS 3JIEMEHTOM MIPOCTPAHCTBA
Wzl"(l) (QT ) = {u =u (X,t) EWZl'l (QT ) : u(x,t) =0, (X,t) € S'T } U BEpHA OIICHKa
(D) ()
oIS <M bolSh + Tl | (10)
3nech 1 HIKe Bcroxy M, M,,... — 010KUTENbHBIE IOCTOSHHBIE.
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2. CymiecTBOBaHMe pelIeHUsI 32/1aYH

Teopema 1. [Tycts Beinonnens! ycnosust (7), (8). Toraa 3agaua (1)—(3), (5), (6) umeet xots Obl 011
HO pELICHUE.

Joka3zarenbeTBo. IIycTh 0 €)' — HEKOTOPBIH 3IEMEHT M HOCIEA0BAaTENbHOCTh {u, }C V Takosa,

4TO
vy — v cmabo B Ly(Q). (11)
[Monoxum U, =u, (X,t)=u(X,t;o, ). Torga u3 (1)=(3), 3anMCaHHBIX IPH » = vy , YIUTHIBASI OLEHKY
(10) momygum
ludSa M, (k=12...), (12)
Torna B cuity Teopemsl BioxeHus [8, ¢. 78], He orpaHHYMBas OOLHOCTH, MOXKHO CYUTATh, YTO
u, —>Uu cmabo B Wyg(Qr ) menmsro B Ly (Qr), (13)

rae u=u (X,t) — HEKOTOpask GYHKIUS U3 W21’ 'é (QT ) .

ITonoras B (9) v =1v,, u = , NOIYyIUM TOKIAECTBA

J{—uknﬁ D Al g + (X )ukn]dxdt—.[{[K(s,y,t)uk(y,t)dy}y(s,t)dsdt:

Qr i,j=1 ST Q

_j(p (x0)dx+ [ fpaxdt (k=12..), Vp=n(xt)eWs5(Qr), n(xT)=0. (14)
Qr

[IpoBoast 06bIYHOE TIPE0Opa3OBaHUE U MONB3YICH HepaBeHCTBOM Komn—BbyHAIKOBCKOTO, IMeeM:

J. oy ndxdt — .[ vundxdt| =
Qr Qr

J Ok ( )ndxdt+ j -0 undxdt
Qr Qr

du, - + _[ (0 —v)undxdt|.
o

Hcnone3ys Teopembl Bioxkenus [8, c. 78], nomydaem, 4ro U7 € L /(s—l)(QT) mpu S=>n+1. Torma us

Ul g Il (15)

cootHomenwii (11), (13) u (15) cnexyet, uto
j oy ndxdt — .[ vundxdt . (16)
Qr Qr

UsgectHo, uto sioxenne Wy (Qr)— LZ(S;) orpanuueno [8, c. 78]. Vcnonb3ys 3ToT dakt u

MOJIB3YsICh HepaBeHCTBOM Kormm—byHsIKOBCKOTO, MeeM

J‘{I‘ K(S,y,t)uk (y,t)dy_n(s,t)dsdt— J- {J‘K(s,y,t)u(y,t)dy}n(s,t)dsdt
sy Lo i sy Lo

yzj[.[ U (y,t)—u(y,t)(dy [[i7(s.t)|dsdt < 1, |Q|

1/2

Ju —U”z,QT .[ ||’7(S't)||z,(o,T) ds
S

1/2

11
2] Mg]uy ‘“”z,QT ||’7||(2Q)T ) (17)

rae |Q| =mesQ. Eciu B (17) npeiinem k npeneny npu K — oo u yurem (13), To momydnm

j‘{[K(S,y,t)uk(y,t)dy}n(s,t)dsdte I{[K(s,y,t)u(y,t)dy:liy(s,t)dsdt. (18)
Lo Lo
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Teneps mepetinem kx nipeneny B (14) u yurem cootnomenus (13), (16), (18). Torma momydnm, 4to
dynkums U(x,t) ynosierBopsier Toxkaectsy (9), T. e. U(X,t)=u(x,t;v). Takum 0Gpazom, COOTHOIICHHE

(13) cpaBeyiuBO ¢ PyHKIMEH U= U (X,t) , 1 B YaCTHOCTH
u(xty ) > u(xtv) cumHo B Ly (Qr). (19)

Torza u3 pasenctsa (5) u coornomenus (19) crenyer, uto J (v, ) —J(v) npu k — oo Takum 06-
pazom, GyHKIHOHAT J (v) ci1abOHeTIpephIBeH Ha CIIa0OKOMITAaKTHOM MHOXecTBe V . CrefoBaTrenbHO,

¢dbysaKIIFIOHAT J (u) JOCTUTACT CBOeH HikHel rpanu Ha V [9, C. 49], T. e. CIpaBeIIMBO YTBEPIKICHUE
TeopeMsl 1. Teopema 1 nokazaHa.

3. TpaauenTt neaeBoro GpyHKIMOHAIA H HEOOX0AMMOE YCJI0BHE ONITHMAILHOCTH
Mycts dyrxuns w(X) =y (x,t) =y (xt;0)eVy3(Qr) sBIsIeTcs 0GOGMEHHBIM peeHueM Clie-

JYIOILLEH CONPSYKEHHOW KpaeBOM 3a/1auu:

ver Y (a5 (0w, ) —ow+ [K(Ext(sn)ds=

i,j=1 X] S
T
Z{J‘a) (x,7;0)d7r - a(x)}a)(t), (xt)eQr, (20)
0
w(xT)=0, xeQ, (21)
oy
V/lxteST 0’ |XteS-|- 0. (22)

Pemenne kpaesoii 3agaun (20)—(22) y10oBIETBOPSET HHTETPATEHOMY TOXIECTBY

J‘{l//m + Zau (x,t) wx . -H)l//?]ildth— _[ JK(;“,X,t)w(é‘,t)d§ ndxdt =
Qr =t Qrls’

:—ZI{J‘Q) (x,7;0)dz— a(x)}a)(t)}ndxdt , Vn:n(x,t)eWé’é(QT),77(X,O):0. (23)

MoskHO moKa3ath, yTo KpaeBas 3amada (20)—(22) omHO3HAYHO pa3pemuma B W21”6 (QT) 1 BEpHa

OllEHKa

(24)

{Ia) Xé‘u d§ a( ):l (t)
2Qr

st otieHKH HOpPMBI B TTpaBoi yacTu oneHkH (20) ucronb3yem HepaBeHCTBO Komm—byHsKoBcKoro
u yumutbiBas (10), HonyqaeM

153 2ol o7, | Mol o (ol + 1y )+l | @)

Teopema 2. HyCTL BBITIOJIHEHH! ycinoBus TeopeMsl 1. Torna dyakmuonan (5) nuddepernupyem mo
@peie B K101 TOUKE © € V' U €ro rpaAueHT UMEET B

T
=Iu(x,t;u)yx(x,t;u)dt, XxeQ. (26)

0
JokasareabcTBo. Ilycts v € V' — HekoTOopo# 2nemMeHT, Av € Ly (Q) — MPUPALLEHUE 3TOTO 3JIEMEH-

Ta u v+AveV . Uepes AU=AU(X,t)=U(Xt;o+Av)—U(X,t;0) 0603HAYNM NPHUPALICHHE PEIICHHS

kpaesoii 3anaun (1)—(3). Torga sicHo, 4TO AU SBISIETCS pEIICHUEM U3 Wzl '(1) (QT ) KpaeBoi 3a1auu
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n

Au =Y (3 (xt)Au, ) +[o(x)+Av(x)]Au=-Av(x)u, (xt)eQr, 27)
ij=1 X
Au(x,0)=0, xeQ, (28)
AU | . =0 aAu| —IK (X, y,t)Au(y, t)dy| (29)
(xt)esy (xt)<Sy t)est

W JUTSL HETO CIpaBe/IjIvBa OLICHKA!
(11)
w23 Mglavul, g
Torma, wucmons3yst HepaBeHcTBO (1.7) w3 [8, c. 75] ®W OTrpaHUYEHHOCTh BIIOXKCHHUSI
11
W,5(Qr ) — Los/(s-2) (Qr) mpu s>n+1, nveem

y 11
U2 MeT [0l el s 0 Mol oIS )

pupamenne AJ(v)=J(v+Av)—J(v) dysxuronana (5) IpeACTABUM B BUJE
2

[o(t)au(xt)dt dx.  (31)

2]{“@ (x,&v)dé~a )ﬁw(t)Au(x,t)dt}deT

U3 (27)—(29) cnenyer, 4TO CpaBelIMBO PABECHCTBO

| {Autym > 3 AU, (U+Au)Auw}dth— [ [IK(s,y,t)Au(y,t)dy}//(s,t)dsdt =
Qr i,j=1 ST Q
=— .[ Avuydxdt. (32)
Qr

B (23) nonoxum 5 = Au , moaydeHHOE PaBEHCTBO BbIUTEM U3 (32) M NpUAEM K PaBEHCTBY

ZI{lz_[a) (x,&0)dé—a )ﬁ‘w(t)Au(X,t)dt}dX: I(uw+Auy/)AUdth.
0 Qr

[Monxcrasmnsist 3To Bepaxenue B (31), HOJ‘Iy‘II/IM

AJ (v j upAvdxdt + R, (33)
Qr
rac
T 2
R=[[[o(t)Au(xt)dt| dx+ [ AupAvdxdt. (34)
Q|0 Qr
Ucnons3yss  mepaBernctBo  (1.8) w3 [8, c¢. 75], OrpaHHYCeHHOCTh  BJIOKEHUSA

W%"é (Qr)— LZS,(S_l) (Qr ) m ouenku (30), umeem

J- uyAvdxdt

<o 100 W ase sy 1800 g Mo MIEE, WY o,
o

Ms Jullq) Ivlba (1avl, o) (35)

Kpome Toro, ncronb3yst HEpaBeHCTBO KOLLII/I—ByHSIKOBCKOFO u oueHku (30), umeem

I}w(t)Au(x,t)dt

2 2 2 11 2 2
k<ol o) a0} o MEJlp o) (Il | 10k, (36)
Q0

IMoxcrasnss onenku (35), (36) B (34), momydaeM OLEHKY
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2 11 11 11 2
RI=(M2lof} o) IolS, +MalwlSy JlulSs, [avfE, 37

Torma u3 (33), (37) cnenyer, uto ¢pyHKIHOHAT J (v) (5) muddepenupyem u ero rpaTueHT UMEET BHI

(26). Teopema 2 noka3zaHa.
C nomonibio popmysasl rpajguenTa (26) U TeopeMsl S5 u3 [9, ¢. 28] MOXKHO YCTaHOBUTH HEOOXOIUMOE
yCIIOBHE ONTUMAIBbHOCTH yripasienus B 3agade (1)—(3), (5), (6).

Teopema 3. IIycTb BBIIONHEHBI yciioBus TeopeMel 1 1 v =v (x) eV — pewenne 3agaun (1)~(3),

(5), (6), 1. e. onTEIMaNBEHOE yIIpaBiieHUE. Tora BRIOTHIETCS HEPABEHCTBO

Il:}u(x,t;u Jw(x.to )dt:l[u(x)—u (x)]dx>0, Vo=v(x)eV.
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VARIATIONAL FORMULATION OF AN INVERSE PROBLEM
FOR A PARABOLIC EQUATION WITH INTEGRAL CONDITIONS
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Coefficient inverse problems for partial differential equations can be posed as optimal control prob-
lems, i. e. in variation form. In such formulations, the sought-for coefficients of the state equations play
the role of control functions, and the objective functionals are compiled on the basis of additional condi-
tions. The paper discusses a variational formulation of the inverse problem of determining the lower co-
efficient of a multidimensional parabolic equation with an integral boundary condition and an additional
integral condition. In this case, the role of the control function is played by the lower coefficient of the
parabolic equation and is an element of the space of Lebesgue integrable functions with a finite
summability index. The solution to the boundary value problem for a parabolic equation, for each given
control function, is defined as a generalized solution from the Sobolev space. The objective functional is
based on an additional integral condition. The existence of a solution to the problem is proved and the
necessary optimality condition is obtained.

Keywords: parabolic equation; inverse problem; integral conditions; variational formulation.
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ASYMPTOTIC SOLUTION OF THE PERTURBED FIRST BOUNDARY
VALUE PROBLEM WITH A NON-SMOOTH COEFFICIENT

D.A. Tursunov, M.O. Orozov
Osh State University, Osh, Kyrgyz Republic
E-mail: d osh@rambler.ru

In this paper, we consider the first boundary value problem, that is the
Dirichlet problem in a ring for a linear inhomogeneous second-order elliptic
equation with two independent variables containing a small parameter in front of
the Laplacian. The equation potential is not a smooth function in the field under
study. There exists a unique solution of the first boundary value problem under
consideration. It is impossible to construct an obvious solution of the first bound-
ary value problem. We are interested in the influence of the small parameter on
the solution of the Dirichlet problem in the field under study when the small pa-
rameter tends to zero. That is why we need to construct an asymptotic solution of
the first boundary value problem in a ring. The problem under consideration has
two singularities (a bisingular problem): presence of a small parameter in front
of the Laplacian, and solution of a relevant unperturbed equation is not a smooth
function in the field under study. To construct an asymptotic solution, we use a
modified method of boundary functions since it is impossible to use a classical
method of boundary functions. To begin with, we construct a formal asymptotic
solution as per the small parameter, and then we evaluate the remainder term of
the asymptotic expansion. As a result, we have constructed complete uniform as-
ymptotic expansion of the first boundary value problem in a ring as per the small
parameter. The constructed series of the solution of the first boundary value
problem is asymptotic in the sense of Erdey.

Keywords: Dirichlet problem for a ring; bisingular problem; asymptotics; La-
place operator; small parameter.

Consider the partial differential equation of elliptic type

aAu(p,¢,8)—\[p—1(p,p,2)=f(p.0), (p.9)eD, €
with the inhomogeneous boundary conditions of the first kind
ud e, &)=yi(e), u@e.e)=w,(p), 9[0,2r], )
. ® 10 1 ¢° I .
where 0 < ¢is a small parameter, A=—+——+——,feC’(D), D={(p¢)| L < p<aisacon-

op° PO p°op
stant, 0 < o< 27}, yeC[0, 27, k=1, 2.

Mathematical models of many natural phenomena are described using boundary value problems for
partial differential equations [1-2].

According to the theory of partial differential equations, the solution to considered first boundary
value problem (2) for differential equation of elliptic type (1) exists and is unique [3]. We are interested
in the behavior of the solution, i. e. dependence of this solution on the small parameter g, where ¢ — 0.
We consider the question about the part of the domain D in which passage to the limit is performed.

The considered first boundary value problem has two features (bisingularity) [2]. The first singulari-
ty is the fact that the solution to the limit equation (&= 0) cannot satisfy the boundary conditions, since
the limit equation is not a differential equation. The second feature states that the solution to the limit

equation is not a smooth function in the domain D :

u(p,0,0)=~fo(0,0)/\p -1
In order to show how this nonsmooth solution affects the asymptotic behavior of the solution to the
Dirichlet problem, we consider the classical outer asymptotic expansion of the solution to the first
boundary value problem:
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U(p.¢.8)=> e U (p.p), 0. 3)
k=0
Substitute series (3) into differential equation of elliptic type (1) and equate the coefficients at the
same powers of &, then we obtain:

—P—1Uy(p.0) = f(p.0), p-1u(p.0) =AU 1(p,9), keN.
f(p.0) _Au,(p.9) KeN.

1’ u (0, 9) 1

In the general case, all these functions uy(p,¢) have increasing singularities of the form
U, (0, 9) :O((p—l)_(5k+l)/2), p—>LkeNy;=012,.

Therefore, asymptotic solution (3) can be represented as follows:

Here we determine all uy(p,) as follows: uy (o, ) =—

k
1 & £
U(p,(p,g)z—z — | K (p,(p), e—>0,
V=163 J(p-1y°
where F, eC“’([_)),k =0,12,...

Hence, series (3) is an asymptotic solution to the first boundary value problem only in the domain
{(p.9)| 1+&"° <p<a, 0< p< 27}, and does not satisfy the boundary condition u(a,¢,&) =, (@) on
the circle p=a, and solution (3) loses its asymptotic character in the domain {(p, ¢)| 1< p< 1+&”,
0<p<27}.

Let us prove the following theorem.

Theorem. The asymptotic solution to first boundary value problem (1) and (2) can be represented
in the following form:

o0 o0 1 o0
u(p.0.8) = eV (p.0) + 2 212 (t,¢)+22ﬂkwk (z.0), €0,
k=0 k=0 k=0

where t=(a—p)/ A, A=\e, 7= (p— V)i, u=Ye.
The functions v, (p,9),z, (t,9),w, (7,9) are specified below, in the proof of Theorem.

Proof. First, construct a formal asymptotic solution to the first boundary value problem. As usual,
we look for such a solution in the form [4-6]

u(p, &) =V (p,@.8) +Z(t, 0, A) +W(z, 9, 1) , (4)
where V(p,qo,g):z,skvk(p,q)), Z(t,(p,/l)=Zlkzk(t,go), t=(@—p)/ 1, A=+e,
k=0 k=0
1 o0
W(T,cﬂ,#)=;Zuka(T,<p) = (- DI, u=Ye.
k=0
Taking into account conditions (2), we obtain:
W(0,, 1) = ya(9) - V(L p), Vk: lim w(z,9) =0, p<[0,27]; (5)
Z(0,p, 2) = wa(@) —V(a,p, ), VK: lim 2 (t,9) =0, p<l0,27]. (6)
t—w
We write differential equation of elliptic type (1) in the form [4-6]
eAU(p,9,6) = \[p—Lu(p.0.) = f(0,0.8) —h(p,0,¢) + h(p,0.), ()
2 h : oy
where  h(p,p,)= 3| by () + e2t| e 2P PO\ o) are un-
par V-1 (p-1)°

known functions for the present.
Substituting formal series (4) into differential equation of elliptic type (7), we have

SAV(p,w,E)—vp—].V(p,(D,é‘) = f(p!¢!£)_h(p1¢)!€)v (PvCD) € D! (8)
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2
,L{—er C—+(yzc)2%— rW]zh(lJrr,uz,(p,ys), (r,q))e Dy, 9)
T T o

2
Zt_Z_zc— (/r)zaz Va- 1——12 0, (t.p)eDy, (10)

where c=

T<c<l, Do={(r)|0<r<@-1A0< p<27}, Di={(t@)|0<t<(a-
l+r,u a

1
a—At

DI, 0<e<2 7}, €=

Q|

<6<, W=W(rpu), Z=2(tpA).

From (8), taking into account that V (p,p,&)= ngvk (p.9) and equating the coefficients at the
k=0
same degrees of & we obtain:

__f(p,(p)—ho((o)’

VO(:D!(D)_ \/ﬁ

if ho(¢) = (1, ¢), then v, eC(D).

In this case, Vo (0,¢) =—p — 1% (0,¢), ¥, €C*(D) and
1 N, 0%, 1( ¥, o Ry
Avy = = _fp1—8 = 2 [p-1=0 |- [p-1=1,
0 3/2 a/ 1op Vo2 p[Za/p—l ? apJ Y
Let us determlne vi(p, @):
w(p,) = Ao (2, 9) + (0, 9)
a/p—l
Voo(@)  3Vp1(p)p—2Vy4(9) . y . Ny (L, )
let hy(p, ) = ——>2 + 2 0277 where ¥, () =V, (L @), Vo, () = —222
4(,0—1)3/2 4,0 p—l 0,0 0 01 8,0
Then
Ay (p,9) +h(p.9) =\ P~y (0, 9), Vy €C*(D).
Hence,

o) = Av(p.9) +hi(p.0) _

Vl(pi \/ﬁ _VO(p’(D)'

Continuing this process in a similar way, for vy.1(0, ) we have:

AV (p, ) +h ,
Vora (P @) = 2 (P ¢)p_ik+1(p (0)’
let
h = \72 k0 (Q)) 3\72k0,1 ((0)/0 - 2\72k,0 (Q))
2k+1(,0,(p)——4(p_1)3/2+ i |
where
v v J Ny (1, 9)
ok 0(9) = U 9. Vo () = =252,
then

AV (,0) + Moy 1 (0, 0) =\ P~ (0, 0), Ty €C* (D).
Hence, we have:

Av. ,0)+h , ~
2k (,D ¢)p_ik+l(p gﬂ) =V2k (p,¢) .

Voki1 (,01 (0) =

And, for vy (p,¢), we have:
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AVy 4 (P, 9) + i (o,
Vo (0, ) = —2 1(p ‘2)_12k(/0 (p),

if ha(¢) = —Avac1(L,9), keN, then vy, €C(D).
Note that Vyy,; € C*(D), vy €C(D).
Let us determine the functions w(z,¢). Rewrite relation (9) as follows:

0 2 2 0 h h ,
Z,Uk [a W N C,u2 aWk +C2y4 aa(;VZk _\kaJ: Zﬂwk [th (¢) +,U2 2k+1,3(§0) 4 #4 2k+1,1(,UT CD)] .
k=0

o | or? or NE NA
Hence, taking into account (5), we have:
2
Iwozaav\é0 —Jrw, =hy, We(0,¢) =0, limw,(r,9)=0, (11)
T T—>0
Wy =0, wy(0,0) = p1(¢) —Vo(L.9). lim wi(z.9) =0, (12)
Iw, =—c%+M ,W2(0,¢) =0, lim w, (z,9) =0, (13)
aT \/7_3 T—>0
ow, .
w; =—c—=, w3(0,9) =0, limws(7,9)=0, (14)
a‘[ T—>0
w, %Wy h(zue) :
Iw, =—¢c—2 —c>—0 4 & , W4(0,0) =0, lim w,(z,¢) =0, 15
=T E e TR w0 =0, fim (i) (15)
2
|W5=—C%—Cza V\él,w5(0,qo)=0, limws(7,9) =0, (16)
aT 8¢ T—>0
2
g =—c 2% —c2Z% 0,0) = vi(Lg), lim wy(z, ) =0, (17)
T a(pz T—0
W, ,0W, _ _
ij =—C -C 5 , Wj(0,p) =0, lim Wj(r,g0)=0,j=7,8,9, (18)
or 6¢) 70
ow, *w :
IWgy .y =—C k1 _¢? 5273 s Wske1(0,00) = —Vi(1,90), lim Wey,4(7,90) =0, (19)
or a¢) 0
MWygy— *Wyg :
gy =—C—X2 —¢? =104 1 by, (), Wiok(0,9) =0, lim wyg (7,90) =0, (20)
or 5(0 0
Mg 20 Wig o Makiaa(9) .
W2 =—C —-C >t s Wigks2(0,9) = 0, lim wygy ,» (7,90) =0, (21)
or 6(/) \/2'_3 T—0

oW, 0w, Moy 11 (724, ) .
gO;*Z—cZ - L0k Zk”j[  Wiosa(0,0) =0, im Wi 4 (7,0) =0 (22)
() T

Let us prove the following statement.
Lemma. The problem

2"(t) —Jtz(t) =

c

\F

has a unique solution (here ¢, z° are constants).
Proof. We know that the corresponding linear homogeneous differential equation of the second or-

der Z"(t)—ﬁi(t)zo has two independent solutions:
where 1,,5(s), K,,5(s) are the modified Bessel functions.

,te(0,0), k=0,1,3,2(0)=2° limz(t)=0,
t—wo
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Solutions to the homogeneous equation have the following property:
1 454 1 4 {5/4 1
z(t)=0| t 8e® , Z,(t)=0| t 8e 5 , t—> 0, 2(0)=0, z,(0) =0, W(z;,2,)=—, 0#¢, =const.
G

The solution to the inhomogeneous equation with the corresponding boundary conditions can be
represented as

2%2,(t) t o _
2(t) = Zzéo) +cq(22(t)jos k/ZZ]_(S)dS-i-Zl(t)L s k’Zzz(s)ds).

The asymptotic behavior of the solutions z,(t) and z,(t) to the homogeneous equation implies that
z(t) :O(t’("”)’z)when t—o0, and z(t) =O(t2’k’2),k =0,1,3, when t—0. This completes the proof of
Lemma.

By virtue of Lemma, there exist unique solutions to boundary value problems (11)—(22). It follows
from the properties of zy(t) and z,(t) that wig(t) = O(L/t?), Wigksa(t) = O(L/1D), Wigesa(t) = O(L/1), t—>o0,
and the remaining solutions w;(t) are exponentially small when t — oo.

Let us consider boundary value problem (10), (6). Since a=At/(a-1), 0<a <1, then the follow-
ing decomposition takes place:

U—a =1+ Z (—— j .[1—j+1j(—a)i .
EY LY 2
Therefore, homogeneous differential equation (10) can be written in the following form:

2
0 Zo ~Ja-1z,=0, (t,9)eDy, (0, ¢) = (@) Vo(a,g), lim zo(t ) =0,

t—w

0%z oz, 0°z o7, , 0%z
—*—a- zk_Gk(zo, ato a—(pg,...,zk y aktl . kzl,tJ (t.p)eDy,

and the boundary conditions can be represented as z,(0,¢) = —Va(a,9), 220-1(0,) = 0, lim z, (t,p) =0,
t—w
2 2
820 0 Zg, ...,zkfl,az"*1 ,&“zl,t depend linearly on the previous solu-
ot " op ot op

where the functions G [zo,

. L . oz, , 0%z
tions and on the derivatives of these solutions, i.e. onz, ,, 5{1 a—"j
4

These problems have unique solutions, which decrease exponentially when t — oo:

4 A o
2(t,0) = (2 () - Vo(@9)e ", 7 (t.p) =e @R (tp), R cC™ (D).
We have determined all terms of formal asymptotic solution (4). Let us estimate the remainder of
this expansion.

and on the variable t.

Let U(p, @, ‘9)=V2n+1(p’¢v 8)+Z4n+2 (t §0’ ﬂ’) +W10n+6(T ®, ,U)"'R2n+l(p’¢a 8)’ where
2n+1 c 1 10n+6 K
Vo (02:6) = D eV (0.90), Zanio (o2 Z X 7 (t,@), Wigne (r,go,,u):; > 1w w (r.0),
k=0 k=0

R on+1(0,,€) is the remainder of the series.
Then we obtain the following problem for the residual function R (o, ¢,¢):

Ron,1(£,9,6) ~\[p~1Ronu1 (0,0,€) =O(s*™*?), e >0, (p,) €D, (23)
Rona19.2) =0(6"% ), Rypa(a.0.6)=0(6™?), £ 50, pe[0,27]. (24)

It is impossible to apply the maximum principle directly, since /p—1>0 for 1 < p<a. Therefore,

first of all, we replace R zn+1(0,@,6) = (a—p2/2)r2n+1(p, 0,£).
Then problem (23)—(24) takes the form:
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45p arzn 1 48 2n+2
AL, — —= «/ -1+ r.,.=0l¢g ,(p,0)eD,
2ml T p2 op P g p2 2n+1 ( ) (P 9)

b (L0, ) =o(e—1’ g ) b1 (@ 0,6) =0(62™2), £ >0, p [0, 27].

For this problem, the maximum principle [3] can be applied. As a result, we obtain an asymptotic
estimation: r,,,,(p,0,&) =0(s?™), ¢ 50, (p,p) €D

Therefore, Ry,.1(0,¢,6) =0(*™?), £ >0, (p,@) €D.
This completes the proof of Theorem.
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ACUMNTOTUYECKOE PELLEHUE BO3MYLLEHHON NEPBOW KPAEBOWU
3AOA4YUN C HEMMAOAKUM KOO DPULUMEHTOM

A.A. TypcyHoe, M.O. Opo3oe
Owickuti 2ocydapcmeeHHbIl yHUsepcumem, 2. Ow, Kupausckasi Pecniybnuka
E-mail: d osh@rambler.ru

PaccmatpuBaeTcs HeoAHOpPOHAS IEpBasi KpaeBas 3ajaya, T. €. 3aja4ya Jupuxie B KoJblie ISl -
HEUHOTO HEOAHOPOIHOTO AJUIUIITUYECKOTO YPaBHEHUSI BTOPOrO MOPSAKA C IBYMS HE3aBUCHUMBIMU IEpe-
MEHHBIMH, COJEpKAIIET0 Majbld mapaMeTp mepen JiarmacuanoM. [loTeHnnan ypaBHEHHUS HE SIBIISCTCS
TIaaKol (yHKIMEH B uccieayeMont oonactu. Perenne nccnemyeMoil mepBoit KpaeBoid 3aJauu CyIecT-
BYET U €IMHCTBEHHO. SIBHOE pelIeHUE EpBOM KpaeBoM 3a/1aul OCTPOUTh HEBO3MOKHO. Hac unTepecy-
eT BIMSIHHE MaJIOTO IMapaMeTpa Ha pelieHue 3a1aun Jupuxie B paccMarpuBaeMoi 00IacTH, KOraa Ma-
JIBIA TTapaMeTp CTPEMUTCS K HyIo. [loaToMy TpeGyeTcst HOCTPOUTh AaCHMITOTHIECKOE PEIICHUE TIEPBOit
KpaeBoii 3a1aun B Kojblle. Mccienyemas 3aada uMeeT JB€ CUHTYJSIPHOCTH (OMCHHTYJSpHAs 33ja4a):
MPUCYTCTBUE MAJIOTO NapaMeTpa Nepesl JariaChiaHoM U PELIeHNUEe COOTBETCTBYIOLIETO HEBO3MYILIEHHOTO
YpaBHEHUS HE SIBISCTCS TIJAKOH (QyHKIHEW B paccMaTpuBaeMoit obmactu. J{ist mocTpoeHus: aCHMITO-
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TUYECKOTO PEIICHHS TPUMEHsIEM MOTUPUIIMPOBAHHBIM METOJI MTOTPAHUYHBIX (YHKIIHIA, TAK KaK KIIACCHU-
YeCKUil METOJ] MOTPaHWYHbIX (YHKIWH MPUMEHHTH HEBO3MOXKHO. /[ Hadama ctpouM QopmaipHOe
ACUMIITOTHYECKOE PEIICHUE 10 MAJIOMY apaMeTpy, a IOTOM OLIEHUBAEM OCTATOUHBIN YJIEH aCUMITOTH-
YEeCKOro pa3iokeHHsd. B pesynbTare HaMu MOCTPOEHO MOJTHOE PABHOMEPHOE ACHMIITOTHYECKOE pasiio-
JKEHUE PEILCHUS NIEPBOM KpaeBoil 3aa4M B KOJIbLIEC 10 MajoMy napaMmeTpy. IlocTpoeHHBIH psi peleHust
MepPBOI KpaeBoO 3a1auu SBISETCS ACUMIITOTHUECKUM B CMBICIE DpIeH.

Knioueswvie cnosa: 3a0aua Jupuxae ons korvya, OUCUHSYIAPHAS 3a0a4d; ACUMAMOMUKA, ONepamop
Jlannaca,; manwiii napamemp.
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YPABHEHUE COCTOAHUA NOJIMMEPHOI'O KOMITO3UTA,
APMUPOBAHHOI'O S2 CTEKITOBOJIOKHOM

FO.M. Koeanes

tOxHo-Ypanbckuli 2ocyfapcmeeHHbIl yHusepcumem, 2. YensbuHck, Pocculickas ®edepayus
E-mail: yum_kov@mail.ru

IIpeacraBieHsl pe3yJbTAaThl MOCTPOCHHMS MOJYIMIIMPHYECKOI0 YPABHEHHSA
COCTOSIHUSI TOJMMEPHOT0 KOMIIO3HTAa, APMHPOBAHHOTO S2 CTEKJIOBOJOKHOM.
YpaBHeHHe COCTOSHUS BKJIIOYAeT B ce0s TEMJIOBYIO U X0J0JHYI0O COCTaBJISIIOIINE.
J1g onucaHus X0JIOIHOM COCTABJIAIONIEel YPABHEHHS COCTOSIHMSA ObLIO NpOBe/e-
HO 00oCHOBaHWe BbIOOpa GopMbl (M W N) MOTEHNHAJNA MEKMOJIEKYJISIPHOTO
B3aMMO/elCTBHSA, AleKBATHO ONMCHIBAIOIEr0 CTPYKTYPY B3amMojeiicTBHii B
KOMIIOHECHTAX KOMIO3MIHOHHOI0 MarepuaJja. /i onucanus TemioBoi cOCTaB-
JISA0LIell TaHHOT0 YPABHEHHUSsI COCTOSIHMA cBOOOAHAs dHeprus I'ejqbMroJibua om-
peaeasiiacb B npuduamxenun ledas. Ilpy nmocrpoeHuM ypaBHeHHMsI COCTOSIHMS
ObLI0 MOKA3aHO, YTO YPABHCHHE COCTOSIHHMS IOJMMEPHOI0 KOMIIO3UTAa, apMHPO-
BaHHOI0 S2 CTEKJOBOJOKHOM, MO:KeT OBITh HpeacTaBieHo B (opme Mu—
I'pronaiizena. Ilpemioxken Buj 3aBUCcHMOCTH Kodhduuuenra I'proHaiizeHa or
o0beMa M MOAXO K omnpenejeHnio kodpuumuenta I'proHaiizeHa nNpy HaYaIbHBIX
YCJIOBHSIX MPOBEJCHHs IKCIHEePHMEHTa MO0 YJapHO-BOJHOBOMY BO3/1eiiCTBHI0O Ha
KOMINO3UIMOHHBI MaTepnaJ. IlocTpoeHbl 3KcHepHMEHTAJbHbIe M pacyeTHbIe
yaapHble aguadaTbl NMOJMMEPHOr0 KOMIIO3HTA, apMHPOBAHHOIO S2 CTEKJIOBO-
JIOKHOM. PaBeHCTBO nepBoii M BTOPO¥ NMPOU3BOJHBIX IKCIIEPUMEHTAJILHON U Teo-
PeTHYeCKoil yIapHbIX aauadaTr B TOYKe, onpele/siiolleil HaYaJlbHOe COCTOSIHUE
KOMIIO3UTHOI'0 MATEPHAJIA, MO3BOJINJIO ONPeNeJanuTh KOIQPUIUEHTHI, BXOAMAIIHE
CTPYKTYPY (M M N) MOTEeHIMAJIA MEKMOJEKYJISIPHOr0 B3aHMOAEHCTBUS KOMIIO-
HEHTOB KOMIIO3ULIIMOHHOT0 MaTepuaJja. CpaBHeHHe JaBJICHHI, PACCYNTAHHBIX 10
onpegeaeHHOMY B pa0oTe YPABHEHHMIO COCTOSIHUSA NMOJTUMEPHOr0 KOMIIO3HMTA, ap-
MHPOBAHHOTO S2 CTEKJIOBOJOKHOM, C IKCHEPUMEHTAIbHOH yIapHOW axmadaToi
N0KA3aJI0, YTO OHU COBIA/IAIOT C pacxo:kaeHuemM menee 1 %0.

Kniouegvie cnoea: ypasnenue cocmosnus;, suepaus I enbmeonvya; npubnusicenue
lebas; koagppuyuenm I pronaiizena; ypasnenue Mu—I pronaiizena.

Beenenune

Nzyuenune noBeneHus: pa3sHOPOIHBIX MaTEPHAJIOB B YCIOBUSAX TWHAMHYECKOH 3arpy3Kyd UMEeT JKH3-
HEHHO-B2)XHOE 3HAYCHME JIi MHOTMX O0JacTell NpUMEHEHHUs] KOMIIO3UTOB. CIOXKHOCTH MOCTPOCHHS
YpaBHEHUI COCTOSIHHS TaKUX MATEPHAJIOB 3aKJIIOYAeTCsl B TOM, YTO KOMIIOHEHTHI, BXOJAIINE B COCTaB
KOMIIO3UTa, UMEIOT pa3Hble MEXaHHYeCKHe M TepMOAMHAMHUYecKHe cBoicTBa. [loHMMaHMe peakuuu
KOMITO3UTHBIX MAaTEPHAJIOB Ha yJapHO-BOJHOBBIE HArpy3KH MMEET Ba)KHOE MPAKTHUYECKOE 3HAYCHUE B
CUTyallUsIX, CBS3aHHBIX CO CMATYEHUEM yJapa U B3pbIBa, @ TAKXKE ONTHUMH3AMEH KOHCTPYKIMNA COOpY-
JKEHUH, UMEIOIIUX JIeJI0 € MOTEHIMAaJbHOM OMACHOCTBIO JUHAMHUYECKOIrO Harpyxenus. B HacTosiiee
BpeMsI MHOKECTBO Pa3IMYHBIX MaTepUaIOB, HAYMHAS OT MeTajjia, KepaMHUKH U TMOJIMMEpOB, Kak B MO-
HOJIUTHBIX, TaK U B KOMIIO3UTHBIX (hopMax, MCIONB3YIOTCS IJISi AOCTHKEHHS MOCTABJICHHBIX LEJICH.
Haubonpiee pacmpocTpaHeHne MONYYUIN CTEKIOBOJIOKOHHBIE [1] M yriepoa—yriaepoaHble KOMIIO3H-
[IMOHHBIC MaTepuasl [2].

B nurepatype umeercs: 0ombIoi 00bEM 3KCIIEPUMEHTANBHBIX JTaHHBIX O PACHPOCTPaHEHUU YyAap-
HBIX BOJIH B T€TEPOTrE€HHBIX U KOMIIO3UTHBIX MaTtepuanax [3—8]. IlpuMeHeHre MoITMMepHBIX KOMIIO3UTOB,
apMHUPOBAHHBIX S2 CTEKJIOBOJOKHOM [9], B KauecTBe Ba)KHOTO KOMIIOHEHTA B CHCTEMaXx, CBSI3aHHBIX CO
CMSITUYEHHEM YAApHO-BOJIHOBBIX Harpy3okK, TpeOyeT yriIyOJIeHHOTO W JE€TaIbHOTO M3y4YEHHsS MOBEACHUS
KOMIIO3UIIMOHHOI'O MaTepHuajia B IIUPOKOM JHMAla30HE HAINPsDKEHHBIX COCTOSHUM. I TakuxX CUCTEM
paccesiHie, UCIIEpCus U ociaabiieHue YAapHBIX BOJH UTPAIOT PEHIAIONIYIO POJIb IIPH ONPECICHUU Tep-
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MOMEXaHUYECKOW peaKIuu cpefibl. B 4acTHOCTH, HENMMHEHHOE TIOBEICHUE TIOIMMEPHOTO KOMITO3UITHOH-
HOTO MaTepHaia, apMHpPOBaHHOTO S2 cTeki0BoNOKHOM (GRP), MOKHO OTHECTH K CIIOXKHOH CTPYKTYpe
MaTepuaia, pa3BUTUI0 MHOTOYUCIICHHBIX TTOBPEXKIICHUI B BUIC OOIIMPHOTO PACCIOCHUS, CIBUTA BOJIOK-
Ha, pa3pylICHUs BOJOKHA MPHU PACTSDKEHUM, OOJIBIIOTO OTKJIOHEHUS BOJIOKHA, MUKPOPAa3pPYIICHUS BO-
JIOKHA ¥ JIOKAITBHOTO HANPSHKEHUSI BOJIOKHA.

HecMotpst Ha GoJbIION 00BEM SKCIIEPUMEHTAIBHOTO MaTepHaia, MHOTHE OCOOCHHOCTH yIapHO-
BOJIHOBOTO HAarpyXCHHsI KOMIIO3UIIMOHHBIX MAaTEPHAJIOB MOTYT OBITH MCCIIEIOBAHBI TOJBKO ¢ TIOMOIIBIO
MaTeMaTHYECKOT0 MOAeTHpoBaHusl. /111 OBICTPONPOTEKAIONINX MPOIECCOB MATEMATHIECKOE MOJIEITUPO-
BaHHE OYCHb YACTO OKA3bIBACTCS CAMHCTBCHHBIM HAJICKHBIM HCTOYHUKOM IONYYCHHUS JOCTOBEPHOM
nHpopMaruu. [ 3aMbIKaHUS MaTEeMaTUYCCKUX MOJEJCH aKTyallbHOW OCTaeTCs MpodJieMa MOTyICeHUs
TOYHBIX ypaBHEHHH cocTosiHus [9].

[enbto HacTOsIIEH PabOTHI ABNISETCS pa3paboTKa MOJX0/a K MOCTPOCHUIO YPAaBHEHHS COCTOSIHUS
S2 CTEKJIOIUTACTUKOBBIX apPMUPOBAHHBIX IOJIMMEPHBIX KOMITO3UTOB JIJIsi OTIMCAHUS SKCIICPUMEHTOB IO
yIapHO-BOJHOBOMY BO3CHCTBHIO, TPEACTABICHHBIX B pabote [9], 10 ypoBHel maBieHus Bo (HpoHTE
yaapHoii BonHbI 4,5 ['Tla.

YpaBHeHHs1 COCTOSIHUSI IOJIMMEPHOT0 KOMIIO3UTA, ApMHPOBAHHOTO S2 CTEKJIOBOJOKHOM

B 3aBucumocTH oT HabOpa 3KCHEPHMEHTAIBHBIX JAHHBIX ITOCTPOCHHE MOIYIMIIMPUIECKOrO YpaB-
HeHus cocTosius cBszyroniero [10-13] u munepasnos [13—18] naunnaercs ¢ BbIOOpa TEPMOTHHAMHYEC-
CKOTO MOTeHIMaNa. B qaHHOM paboTe TaKuM TEPMOJUHAMHYCSCKUM TOTCHIIMAIOM SIBJISICTCS CBOOOIHAS
sHeprus ['enpmronbina F(V,T), koTopas Haubolee MPOCTHIM U €CTECTBECHHBIM 00pa30M CBsI3aHa C MO-

nenbto crpoenus BemecTBa [10-13] u aBToMaTH4eckn pa3OMBaeTCs Ha TEIUIOBYIO H «XOJOIHYIO» CO-
CTaBJISIOIIUE:

F=U-+Ey +kTZ|n(1—exp(—hk%)), Eov =%Zh% : (1)

3necs U, T, h,k, @,, Ey —3Heprus Mex4acTUUHOrO B3aMMOJACHCTBHS MKy aTOMAMU KOMIIO3HT-

HOTO MaTepuaja, TeMIiepaTrypa Tena, nocrosuHas [lnanka, mocrosHHas boibplMaHa, 9acTOTEI HOpPMab-
HBIX KOJIEOaHWIA, SHEPTHs HYJIEeBBIX KoJebaHuii cooTBeTcTBeHHO. B popmyre (1) cymmmupoBanne mpouns-
BOAMUTCA IO BCEM HaCTOTaM HOPMaJIbHBIX KOJIC6aHPII>i MOJICKYJI, BXOAAIIUX B CTPYKTYPY KOMIIO3UTHOI'O
Matepuana. Onpenenus BeipakeHue s QyHKIMK cBoOoaHOM sHepruu ['enbmronbna F(V,T), mytem

i hepeHIMpoBaHHs 10 00BEMY M TEMIEpaType JaHHOTO TEPMOANHAMUYECKOTO MOTEHIINAIa HaX OIS T-
Csl BCE BBIPKEHUS JIJIsI ONpe/Ie]ICHUs] KaK U3MEPSEMbIX (IaBJIeHHE), TaK U BBIYUCIIEMBIX TEPMOJIMHA-
MHUYECKHUX XapaKTePUCTHK (BHYTPEHHsIs SHeprus, sHTpornus) [19].

He orpannumBas oOIHOCTH, TpuMeHNM 1oxox Jlebast u nepenuiem KoiaeOaTebHy0 9acTh CBO-
oonHo# sHeprun ['enbmronbia F(V,T) cBoOoaHOM 3Hepruu B BeipakeHue (1) cieayromum oopasom:

%
o

F=U +Ey +3NRT gl }gln(l—exp(—g))dg, @)
D/ o

3geck R, N, 6 — yHuBepcalbHas ra30Basi IOCTOSIHHAA, MOJAENEHHAs HAa d(P(PEKTUBHYIO MOJEKYILIp-
HYI0 MacCy KOMITO3UTHOTO BEIIECTBA L/ , YUCIIO aTOMOB, XapaKkTepucTHueckas temmeparypa Jlebas.

WHTerpupyst o 4acTsiM TpeThe claraeMoe B BBIPRXKEHHHM JUII CBOOOAHOM 3Heprun F (V ,T) , OIIpe-

JIEIICHHOE PaBEHCTBOM (2), a Takxke BBOIs GyHKIHIO [ebast D(X) [20]

37 d
Do) = [ —2e_,
x*5 7 exp($)-1
HOJIYYHM CJIEYIOLIEE BHIPAKEHHUE JUIsl CBOOOIHOM dHepruu [ enbMrobla:
F=U +Eg +3NRT (In(l—exp(—x&)—%j, 3)

rae Xp =6p /T .
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Bripaxenue mis cBoOoaHON 2HEprUU F (V,T) (3), mo3BoIIseT OMpeneHNTh MaBieHue P u 3HTpO-

nuo S nyrem auddepeHupoBaHus cBoOOAHOM 3Heprun ['enpMroibua mo o0beMy U TeMIeparype co-

OTBETCTBCHHO
P:_@_\F/l :_%iv_d%_smm(x,))%é @
S :—{3NR[In(1—exp(—xD))—@}—3NMRD(XD)}. (5)
Ilpu BeiBoe GopMyisl (5) GbLIO HCHIOIB30BAHO CBOMCTBO ByHKIMH JleCast
X X
D(x) = W ~3 D'(x),

rze wTpux obo3HavyaeT nudpepeHINpOBaHHE IO XapaKTEPUCTUIECKOH TeMmepaType X .
Ypasuenus (3) u (5) HO3BOJSAIOT ONMPEACIUTD BRIPAXKEHUS UIS DHEPTUW E W TermmoeMKoCcTH mpH
nocTosHHOM o6beme Cy, :

E=F+TS=U +Ey +3NRTD(Xp), (6)

3X
=3NR| 4D(xp) ————2— |. 7
o [ (%) exp(XD)_J (7)

BBops B paccmorpenne koaddunment I proHaiizena mo popmye
d(In6y)
V)y=————"7F~,
70 (V)= )

BbIpaxkeHHe (4) MOXKHO 3aIicaTh B BUE
oU  dEy, N 3NRT yp (V)D(XD)

P=— (8)
o dv v

I/ICXOILSI 3 OHpCI{GJ’IeHI/IH 3HCpFI/II/I HYJ'IGBI)IX KOJIe6aHI/II71 nu y‘II/ITI)IBaSI pa3;[eneH1/Ie ‘IaCTOT, HonyqaeM

v dE0V .

BBIpaKeHUs 171 GyHKuuid Ey, u v

1 9 dE 9 NRyp (V)6p (V)

Ey == ho, =—NRO,(V); —¥ -2 /D 2ANPAY 9
oV 2; o 8 D( ) dV 8 Vv ( )

Huddepennupys Boipaxenue (3) mo o0bemy V C yderom paBeHcTBa (9), MOTyYrM BBIpaKCHUE IS
naBienus P:

(D(xp))+Px. Px =—£+9NRT}/D(\/)XD/V, (10)
ov 8
rae Bropoe BeipaxkeHue (10) ompezenseT XOJIOJHYIO COCTaBJISIIOIIYIO NaBJICHHUS KOMIIO3UTHOTO MarTe-
puana.
OObenuHss NaBJICHUE HYJIEBBIX KOJICOAHUH C TEIUIOBON YacThIO JABJICHUs, MPEOOpazyeM IMepBoe

paBeHcTBo (10) k cnenyromemMy BUILY

5 3NRT 5 (V)

3 ou
P =3NRT7D(\/)p(D(XD)+§XD)+PC Fe T (11)
[Moxcrassisis BeIpaKeHUE JUIS SHEPTUU HYJICBBIX KOJIeOaHM B PABEHCTBO (6), MONIYYUM CIIEAYIOIIee
BBIpaXXCHHE IS ONIPEICICHHUS BHYTPECHHEH SHEPT UM

E =U +§ NR&y (V ) +3NRTD(xp) -

OObeanHss BTOPOH M TPETUH WICHBI MIPAaBOM YaCTH MOCIEIHEr0 YPaBHEHHMS, [TOJYYHM BBIPAXKEHHE IS
OIpEJIEICHUS] BHYTPEHHEN SHEPIUU

E =U +3NRT(D(xD)+ng). (12)

50 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2020, vol. 12, no. 3, pp. 48-55



Koeanees KO.M. YpaeHeHue cocmosiHusi noiuMepHO20 KOMIo3suma,
apMupo8aHHO20 S2 CMeKJ/1I080JIOKHOM

Bripaxas BTOpo# wieH MpaBoi 4acTu ypaBHeHUs (12) yepe3 BHYTPEHHIOIO dHepruto E u sHepruio
MeX YacTHYHOTO B3ammozeicTBrs U 1 moacTaBiss modydeHHOe paBeHCTBO B ypaBHeHue (11), momydanm
ypaBHeHHUe cocTosiHus B popme Mu—I proHaiizena

P -F =70V)p(E-U) (13)

JIJis oTMMepHOTO KOMIIO3UIIHOHHOTO MaTephala, apMHPOBAHHOTO S2 CTEKIOBOJIOKHOM, B pabore
[8] Ha OCHOBaHMHM HKCIEPUMEHTAIBHBIX JAaHHBIX ObLIA MOJyYeHa 3aBUCUMOCTH CKOPOCTH YAapHOH BOJI-
HBI D 0T MaccoBOi CKOPOCTH MOJMMEPHOTO KOMIO3HIIMOHHOTO MaTepuana, apMUPOBaHHOTO S2 CTEKIIO-
BOJIOKHOM, 3a YAapHO! BOJIHOM U:

D =a+bu=3,228+0,996u, (14)
rae a u b — NoCTOSIHHBIC 3HAUCHUS, ONPEACIICHHBIC M3 YKCIIEPUMEHTOB IO YAapHO- BOJIHOBOMY Harpy-
KCHHUIO MOJMMEPHOTO KOMITO3MIIMOHHOTO MaTepuaia, apMUPOBAHHOTO S2 CTEKIIOBOJIOKHOM. Bripake-
HHUE IJIs CKOPOCTH yAapHOU BoJHBI (14) MO3BOMISIET MOCTPOUTH YAAPHYIO aanadary MOJMMEPHOTO KOM-
MO3ULIMOHHOT'O MaTepraa, apMUPOBAHHOTO S2 CTEKIOBOJIOKHOM B BHJIE!

P = pya®(1-x)/1—b(1-x))?, (15)
rae X =p,/ p. Ana ypasaenus Mu—I pronaitzena (13) moctpoum ynapHyro aguabaty (aguabary Pen-
kuHa—[ foronno). CooTHOIIEHHE, CBA3BIBAIOIEe BHYTPEHHIOI SHEPTHIO M JaBJICHUE 32 (POHTOM CHIIb-
HOUW yapHOU BOJIHBI, UMEET CIEAYIOIINUNA B

P
E —Ey==(Vp-V),

rae E,P,V — 3HadeHuns BHyTpeHHEH SHEPryuy, NaBICHHUS U YASIFHOr0 00beMa 3a (ppOHTOM yIaapHOH BOJI-
HBI COOTBETCTBEHHO, E,,V, 3HaueHus BHyTpeHHeW SHEPrUHU U YAENbHOro o0bema 10 GpoHTa yaapHOH
BOJIHBI.

Beipaxas BHyTpeHHIO0 3Hepruto E u3 ypasHenus (13) u noacrasnss B mocienHee ypaBHEHHE, MO-
JIy4uM ypaBHEHHE A aanadarel PeakuHa—I rorormno

P =(R +70(V)p(E; —U))/(1-0,575 (V) p(Vp -V)) . (16)

Bripaxxenue g ko3ddunmenta ['pronaiizeHa B qanbHeiIeM ObUIO MPHHATO B BUE, TIOTYICHHOM

B pabore [21, 22]

roV)=»(p! po) 17)
rIe y, — 3HadeHue KodpduirenTa I'proHaiizeHa Ipy HavaIbHOM INIOTHOCTU P, paBHOH 1,959 r/em® [8].

Jlns onpeneneHus HayaabHOrO 3HadeHus koddduumenra I'pronaiizeHa y, paccMOTPUM INpeENbHbIA
cirydaid, Korza naBieHue P cTpeMuTcss K 66CKOHEUHOCTH, U OTPEAeNUM MpeiebHbIe 3HAaUEeHUs MJIOTHO-
CTH p, WIH yAeIbHOro oobema V, . 13 ypaBHeHus (15) cienyer, 4To naBieHUE CTpEMHUTCA K OECKOHEY-
HOCTH, KOTJ]a 3HaAMEHaTellb paBeH Hyr0. Takum 00pa3oM, U3 paBeHCTBA

1-b(@—-x)=0,
CJIEAyeT, U4TO

X, =(b-1)/b. (18)
U3 ypaBuenus Penknna—I toronuno (16) MOKHO omnpeiennuTh HadanbHOe 3HaYeHus1 koadduuumenra ['pro-
Hail3eHa Ipu YCIIOBHM CTPEMJICHHUS JABJIECHUS K OECKOHEUYHOCTH B TOUKE X,. M3 paBeHCTBa HyIIO 3Ha-
MeHaTels B ypaBHeHHH (16)

1-0,5y,(1-x,)=0,

noJiy4aeM, 4To HayalubHOE 3HaueHue Kod(duienta ['proHaiizeHa cBs3aHO ¢ mapamerpom b skcrepu-
MEHTaJIbHOM yIapHO! anualdaThl CIeIYIOUIUM 00pa3oM:

Vo= 2b. (19)
Takum 00pazom, ypaBHeHHE PeHKrHA—] FOTOHHO MOXHO MIPEACTABUTH B CJICTYIOIIEM BHJIC:
P =(R: +2bp,(Ey;—U))/(1-b(1-X)). (20)

CpaBHEHHE BBIpOKEHUN IS OMHCAHUS XOJOJHON COCTABIIIIONICH JaBJICHUS W BHYTPEHHEHW dHEp-
T'HH, TIOJIy4eHHBIX B padote [23], ¢ ypaBHeHneM Bunera [24], nokasano [23], 4TO 3TH COCTaBIISIONIHIE
MOTYT OBITh IIPE/ICTABIIEHBI CIECAYIOLUIIM 00pa3oM:

R =3p,Cq (x ™ —x ), (1)
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U =3C2 (i x Ly j (22)
m n

rae C, — oObeMHas CKOpPOCTh 3ByKa, paBHas 2,6 km/c [8]. M3 paBeHcTBa HyI0 IIpu X = 1 SKCIIepUMEH-
TanbHbIX (15) ¥ pacueTHbIx (20) 3HaUCHUI JaBleHUs Ha yaapHOW anuadaTe cieayeT, 4To
1 1

= =U°=3C§(E_E]' (23)

Jlyis onpesienieHust 3HaYCHUH M U N, TOTpedyeM paBEHCTBA MEPBOM M BTOPOH MPOU3BOIHBIX 110 X Ha
skcriepuMeHTanbHoH (15) u pacuernoii (20) ynapHbeix anunabarax B Touke X = 1. [lomyuum cucremy u3
JIBYX YpaBHEHUI

aPex — aIDcalc — al:)C

24
OX OX oX (24)
82 Pex — 62 Pcalc — aPC (25)

At
rae P, n P, onpenensrorcs uz ypasHenuii (15) n (20) cooTBeTCTBEHHO.
[oncraenss B ypaBHeHus (24) u (25) BeIpayKeHHS TSI COOTBETCTBYIOIINX MPOU3BOIHBIX JaBICHUS
Ha yIapHbIX annabarax, onpenereHHbIx paBeHcTBaMu (15) u (20) mo X, IOXyIrM CIeAYIONIYI0 CHCTEMY
YpaBHEHUH [T HAXOKACHUS ITapaMeTpoB M u N:
a?/(3CZ)=m-n, (26)
(4a%0)/(3C§) = (M+1)(m+2) — (n+1)(n +2). (27)
B pesynbraTe penieHus cucteMbl ypaBHeHUH (26) u (27) ObUIM MOJIyYEHBI CICIYIOIINE 3HAYCHUS:

m = 0,7567, n = 0,2429. B tabnuiie mpuBeeHBI 3HAYCHHS TaBICHUA Ha SKCIIEPUMEHTaIbHOH [8] 1 pac-
4eTHOH yhapHoii aguadate (20).

CpaBHeHMe AKCNnepumMmeHTaNbHbIX U paCCYUTAHHbIX 3HaYeHUn AaBlneHuns
£ X P, I'Tla P, Tla
0,01 0,99 0,2083 0,2083
0,02 0,98 0,4250 0,4252
0,03 0,97 0,6507 0,6512
0,04 0,96 0,8857 0,8869
0,05 0,95 1,1304 1,1377
0,06 0,94 1,3854 1,3895
0,07 0,93 1,6511 1,6576
0,08 0,92 1,9280 1,9380
0,09 0,91 2,2168 2,2312
0,10 0,90 2,5179 2,5387
0,11 0,89 2,8319 2,8580
0,15 0,85 4,2320 4,2588

[IpuBenenusie B TabMUIIE NaHHBIE MOKA3BIBAIOT, YTO PACXOXKICHUE IKCIIEPUMEHTAIBHBIX U pacyeT-
HBIX 3HAUYEHWH aBJICHHUs Ha yJapHbIX anuadarax meree 1 %.

BriBoabI

1. IIpeanoxeHHBIA B TaHHOW pabOTe MOIXOA MO3BOJIMI MOTYyYUTh YpaBHEHHE COCTOSHHSA, MO3BO-
JISIOLIEE C BBICOKOW TOYHOCTBIO BOCIIPOM3BOIUTH SKCIEPHUMEHTANIBHBIE JAHHBIE M0 yIapHO-BOJHOBOMY
Harpy>KeHUIO IMOJMMEPHOT0 KOMIIO3UITHOHHOTO MaTepHala, apMUPOBAHHOTO S2 CTEKIIOBOJIOKHOM.

2. [Ipectapnenne ypaBHEHUsI cOCTOsIHUS B popme Mu—I proHaiizeHa 03BOJISIET IPUMEHSTH JAHHYTO
METOAMKY U K APYT'MM KOMIIO3UTHBIM MaTepUallaM, Il KOTOPBIX U3BECTHBI KCIEPUMEHTAIIBHBIE yIap-
HbIE aguadaThl 1 00bEMHAasi CKOPOCTh 3BYKa IIPY HOPMAJIbHBIX yCIOBUSIX.
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This article presents the results of building a semi-empirical equation of state for S2 glass-fiber rein-
forced polymer composite. The equation of state includes the heat and cold elements. To describe the
cold element of the equation of state, the substantiation has been performed for the choice of the form
(m and n) of the intermolecular potential adequately describing the structure of interactions in the com-
posite material’s components. To describe the heat element of this equation of state, the Helmholtz free
energy has been determined with the Debye approximation. When building the equation of state, it has
been shown that the equation of state for S2 glass-fiber reinforced polymer composite can be presented
in the form of a Mie—Griineisen equation. A type of dependency has been suggested between the
Griineisen coefficient and the volume, as well as an approach to determining the Griineisen coefficient at
the initial conditions of holding an experiment on the shock-wave exposure of the composite material.
Experimental and calculated shock adiabats have been built for the for S2 glass-fiber reinforced polymer
composite. The equality of the first and second derivatives of the experimental and theoretical shock
adiabats in the point determining the initial state of the composite material has allowed to determine the
coefficients being part of the structure (m and n) of the intermolecular potential of the composite materi-
al’s components. The comparing of the pressures calculated as per the work-determined equation of
state for S2 glass-fiber reinforced polymer composite, with an experimental shock adiabat, has shown
that those correspond with a difference of less than 1 %.

Keywords: equation of state; Helmholtz energy; Debye approximation; Griineisen coefficient; Mie—
Griineisen equation.
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NepcoHanuu

AXMAOXOH KYLLAKOBWUY YPUHOB. K 70-JIETUKO CO OHA
POXOEHUA

19 suBaps 2020 roma ucnoguHuwioch 70 JIET CO IHA POXKIACHUS U3-
BECTHOMY Y4Y€HOMY-MAaTe€MaTuKy, HOKTOpY (PHU3MKO-MaTeMaTHYECKUX
HayK, mpodeccopy, 3aciaykeHHoMy npodeccopy Pepranckoro rocynap-
CTBEHHOI'0 yHHBepcuTeTa AxMamkoHy Kymakouay YpuHOBY.

Hayunas mxona B Y30ekucraHe mo BeIpoxaatonumcs auddepen-
LUaJbHBIM ypaBHEHUAM U Iu((epeHInanbHbIM YPaBHEHUSIM CMELIaH-
HOT'0 ¥ CMEUIaHHO-COCTaBHOT'O TUIIOB CBs3aHa C MMEHAaMH JBYX akaje-
mukoB AH Y36ekncrana M.C. CanaxutnunoBa u T./[x. IxxypaeBa. Oun
ObUIM YYEHUMKaMH BBIJAIOILETOCs] MaTeMaTHKa ABAJIATOrO BEKa, WiCHa-
koppecnonzienta AH CCCP A.B. bunaaze. Axkagemuku M.C. Canaxut-
quaoB U T.JIx. [[kypaeB B Y30ekucrane MOArOTOBUIN LIETYIO TUICSIY
MEPBOKJIACCHBIX YYEHBIX MaTeMaTHKOB. OIHHM M3 NEPBBIX U SPKHUX
MPEACTABUTENIEH ATOM MaTeMaTUYECKOM IIKOJbI SIBISETCS AXMAaIKOH
KymakoBruy YpuHOB.

A.K. Ypunos poauncs 19 saBaps 1950 roga B cenbckoit MECTHOCTH
«Tynay», B Pumranckom paitone depranckoit o6mactu B OOBIYHON CEMbe
CENIbCKUX TPYKEHHKOB. ETo JeTcTBO MpOILIo, KaKk M Y MHOTHUX JIPYTHX OOBIYHBIX JEPEBEHCKHUX JeTel
TOTO BpeMEHH. YUWIICs B OOBIYHOW CENBCKOM IIIKOJIE, I7Ie OCOOCHHO B CTApIIMX KiaccaX OH MPOSBIISLI
0coOBIi MHTEpEC K MaTeMaTH4eCKUM IUCHMIUIMHAM. EMy Takxke JIeTKO MOIAaBaINCh YPOKU (U3UKH U
xumun. B 1966 roay oH yCHemHO 3aKkaHYMBACT CPEAHIOI 00IC00pPa30BaTENbHYIO IKOJIY U MOCTYMAeT
0e3 konebaHus Ha MaTeMaTu4eckuil GakynbTeT PepraHcKoro rocyJapCTBEHHOIO MeAarorndeckoro uH-
ctutyTa (HpIHE DepraHCcKuil rOCyIapcTBEHHBIH yHHUBepcHTET). MaTtemaTnka Ijsi Hero Obuia BOMIIEO-
HBIM MHPOM, KyZa EMy 3aX0TeJIOCh BOUTH U OCTaThCsl TaM HaBcerzaa. B Te BpeMeHa cTyAeHTHI ABa pa3a B
roJi MOOMJIM30BAINCH K CEIbCKOXO03sIMCTBEHHBIM paboram. HecMoTpst Ha 310, AxMamxkoH KymakoBuu
HaxXOIUT B ce0e CHJIBI U IOTOJIHUTEIBHOE BPEMsl AJIsl TOT0, YTOOBI XOPOLIO OCBOUTH y4eOHYIO IpOrpam-
My @0 BCEM pazzaenaM maremaTukd. B 1970 romy ycnmemHo 3akaHYMBAET WHCTUTYT. 3aMETUB Y HETO
CIOCOOHOCTh K MaTEeMaTHKE M CKIIOHHOCTh K Hay4HOH pabote, mpodeccop k. X. Kapumos, mpodeccop
K.b. Boiiky3ues u npoueHT T. AGIypaXxMOHOB IMPEUIOKHIA MOJIOJIOMY BBITYCKHHKY OCTaThCsl Ha (a-
KyJIbTeTE M padoTaTh MPEnojaBaTeieM Ha OJHOM U3 CYIIECTBYIOIINX TOrJa MaTeMaTHIECKUX Kadeap.

B 1978 rogy A.K. YpuHOB ¢ 61aropofHOH 1eNbI0 3aHUMAThCsl HAyYHOU paboTol OTmpaBisieTcs B
TamkeHT Ha HAYYHYIO CTQXXHPOBKY B OTAeN AU PepeHIHaTbHBIX YPAaBHEHUH MHCTUTYTa MaTeMaTHKH
umenu B.1. Pomanosckoro AH V3.CCP. B teduenue 1Byx J1IeT OH OCBOMI a3bl Teopun AuddepeHraib-
HBIX ypaBHEHMH cMemanHoro tuna. B 1980 rogy ero Hay4ssiil pykoBogutens akageMuk M.C. Canaxut-
JUHOB MPEJUIOKHUT €My OCTaThCSl B aCIIUPAHType MPHU JAaHHOM HayYHO-HCCIIEI0BAaTEIbCKOM HHCTUTYTE.
B 1984 romy Axmamkon KymakoBud Bo3Bpariaercs Ha padoty B DepraHy B pOAHON HMHCTUTYT YXKE C
JUIJIOMOM KaHAunaTa (pU3MKO-MaTeMaTHUECKUX HayK. PaboTy Havan ¢ JOJDKHOCTH CTapILero Ipero-
JaBarens Kadenpbl MaTeMaTHueckoro ananusa. C 3Toro BpeMeHH! ¥ IOHBIHE OH He MEHSUT MECTO PaOOTHI.

B 1990 rony ®epranckuii rocy1apCTBEHHBIN MeJarorndeckuii HHCTUTYT MpeodpasoBaica B Dep-
raickuii rocynapcrBeHHbli yHuBepeuteT (OeplyY). epl’V Torna sBisICs 4eTBEPTHIM YHUBEPCUTETOM
B CoBerckoM Y30ekucrtane. B 1993 ronmy Axmamkon KymakoBud YpPHHOB YCIENIHO 3allUINAET JOK-
TOPCKYIO TUCCEPTAINIO U TIOy4aeT COOTBETCTBYIONIYIO yUeHyIo cTenenb. B deprane mo 2019 roga on
ObUT M OCTaBaJCs €AMHCTBEHHBIM JOKTOPOM Hayk o HaywyHoi cnenuanbHoctd 01.01.02 — nuddepen-
[UAJIbHbIE YpPaBHEHMs, IWHAMHUYECKHE CHCTEMBI M ONTHMAJIBHOE YIIPABIEHHE, IOKa €ro YYeHUK
II.T. KapuMoB He 3allMTHI JUCCEPTAIlMI0 HAa COMCKAHWE YYCHOH CTENeHH JOKTopa (HU3HMKO-
MaTeMaTUYeCKUX HayK.

B 1993 rony A.K. YpuHOB BBICTYHaeT WHULMATOPOM co3fdaHus Kadeapsl auddepeHInanbHbIX
ypaBHeHuit B @epl'Y (HbiHE Kadenpa MaTeMaTHUECKOTO aHamu3a U JTUPPepeHIINATLHBIX YPaBHEHHH ).
Jo 1997 roxa on Bo3rnasmsi oty kKadenpy. Ho, Axmamkan KynrakoBud He nokunys 9Ty kadenpy. OH u
1o Hacrosuiee BpeMs paboraet npodeccopoM 3Toi Kadeapbl MaTeMaTHIECKOTO aHalu3a u nuddepeH-
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3ukupoe O.C., Ucniomoe B.U., Kapumos LLI.T., AxmadxoH Kywakoeu4 YpuHoe.
Paeswatroe H., FOndawee T.K. K 70-nemuro co OHs1 poxdeHus

[MANBHBIX ypaBHeHUH. HecMoTpsi Ha GOJNBIIYI0 HAYYHYIO Kaphepy, OH CTPEMHUTEIHHO MPOIABUTAETCS H
o agMUHHUCTpaTuBHOU JiectHUIlE. B 1997-1999 romax A.K. YpuHOoB mpopaboTan IpopeKTOpOM I10
yueOHo nestenbHOcTH Depl’Y, a B 1999-2004 romax mposiBUII CBOM OPraHMW3aTOPCKHE KavyecTBa Ha
nokHocTH pekropa @epl’Y. Bo Bpems npeOriBanus na nocty pekropa @epl'Y A.K. Ypunos BHec 3Ha-
YUTENbHBIA BKJIAJ B pa3BUTUE HAYKH, YKPEIUIEHWE €ro KaJpOoBOr0 IOTECHLHAIA, MaTEpHUAIbHO-
TEXHUUYECKOHM 0a3bl YHUBEPCUTETA U CTPEMUJICS IPUIATh KaMITyCy YHHBEPCUTETa COBPEMECHHBIN O0JIHK,
COOTBETCTBYIOIIUN MEXIYHAPOIHBIM CTaHIAPTaM.

A.K. YpuHOB 3aCiy’KE€HHO IOJIb3yE€TCS OTPOMHBIM IIPU3HAHUEM CpPEIU MAaTEMaTUKOB KaK aBTOP
rIyOoKuX (yHIAMEHTAJIbHBIX HCCIEeIOBAaHUI B 00JaCTH TEOPUHM KPACBBIX M CHEKTPAIbHBIX 3a/1ad IS
¢ hepeHIMATBHBIX YPaBHEHHUI B YaCTHBIX MPOU3BOJHBIX. B HacTosIee BpeMsl MOATOTOBKA HAYYHBIX
kanpoB B deprane m Bce HAy4HbBIE NOCTIKEHHS MO TeopuH Mu(depeHInanbHbIX YpaBHEHHA Topoa
CBS3aHBI C €0 UMEHEM.

Ha ¢opmuporanue momomoro A.K. YpuHOBa Kak YYCHOTO MOBJIHSUI €T0 HAYYHBIH PYKOBOJUTENb
akagemuk AH ¥36. CCP M.C. CanaxutauHoB. B acniupaHTCKHe roJibl OH UCCIICI0BAN Psii HOBBIX Kpae-
BBIX 33J1a4 JJI1 YPaBHEHUIN CMEIIAHHOIO TUIIA C HEIVIAIKOW JIMHUEH BBIPOKIACHUS. Pe3yabTaThl 3THUX HC-
CJIETOBAaHHWN CTaJM OCHOBOW €T0 KaHIMIATCKOW auccepranui. Axmamkan Kymakosud B 1983 romy yc-
MEUTHO 3aIUTI KaHAUJATCKYIO JUCCEPTAIlMI0 B MHCTUTYTE MaTeMaTuku umeHu B.M. PomanoBckoro B
TanikeHre.

CrepxHeBbIM HampaBieHueMm uccienoBanuid A.K. YpuHoBa cTano BBEJEHUE HOBBIX ONEPATOPOB
CHEIMATILHOTO TUIIA, coaepkaux GyHKIU0 beccens B sape. OH U3yynsl KaueCTBCHHBIE CBOMCTBA ATHX
OIEePaTOPOB M UX KOMITO3UIIUIA C OrepaTopaMu MHTErpo-audGepeHIIMPOBaHUs TPOOHOTO MOPSIKa. DTH
pe3ynbTaThl OBUTH MPUMEHEHBI TP UCCIIEOBAHUH HEIIOKAThHBIX KPAeBBIX 3a/ad JIJs YPaBHEHHU CMe-
manHoro tumna. Cieyer OTMETUTh, YTO TaKHe OIepaTophl CIEIUATBLHOTO THIA TTO3BOJIMIN U3YIUTh HO-
BBII BHJI HEJIOKAJILHBIX KPAaeBBIX 331a4 i AudQepeHImanbHbIX YpaBHEHUH B YaCTHBIX ITPOU3BOIHBIX
CO CIIEKTPAJIbHBIM NapaMETPOM.

Hapsny ¢ m3yduenneMm auddepeHnansHbIX YpaBHEHHH B YACTHBIX IPOM3BOIHBIX CMEIIAHHOTO THTIA
B OJIHOCBs3HBIX 00acTsax A.K. YpHHOB ncciemoBan KpaeBble 3aauu Ui STHX YPAaBHEHUH U B JIBYCBSI3-
HBIX 00yacTsaX. B aTux 001acTsx UM ObLTH TIOCTaBJICHBI U MCCIEIOBAaHBl HOBBIE HEIOKATBHBIE KPAeBbIC
3amaun. Ero paGoThI 10 HEJIOKANBHBIM KpPaeBBIM 3ajadaM ISl JIMHEHHBIX YPaBHEHHH CMEIIaHHOTO 3JI-
JIUIITHKO-TUIIEPOOJIMYIIECKOTO THUIIA CO CHEKTPAILHBIM MAapaMeTPOM COJEpKaT riIyOOKHil MaTeMaTHde-
CKUH cMbICI. Bbuln HalIeHbl HOBBIE METOJbI JOKA3aTeJIbCTBA €AUHCTBEHHOCTH PEIICHUSI BHYTPEHHEU
KpaeBOU 3aJlayll CO CMEIICHUEM, OJTHO3HAYHOU pa3pelIMMOCTH HEJIOKAJIbHBIX IPAHUYHBIX 33]1a4 B JIBY-
CBSI3HOM 00JIACTH M OTPENEICHUS OTCYTCTBHS JTUCKPETHBIX CIIEKTPOB B KOHKPETHBIX CEKTOpaX IUIOCKO-
CTH CHEKTPAIBHOTO MapamMeTpa. Pe3ynbTaTel 3TUX HCCIEIOBAHUN COCTABHIIN COJIEPKAHUE €r0 JOKTOP-
CKOI1 muccepTarum, Kotopas onecTsiee Obuta 3anuineHa UM B 1993 roxy B TOM ke MHCTHTYTE MaTeMa-
TuKkU uMeHu B.M. PomaHOBCKOro, rie paHee OH 3allUTUI KaHIUAATCKYIO IUCCEPTALUIO.

Bnocnenytomem A.K. YpHUHOBBIM ObLTH Pa3BUTHI IOCTAHOBKA U UCCIICIOBAHUE HOBBIX CIEKTPAIbHBIX
3amaq it AudQepeHaTbHBIX YPaBHEHUH CMENIaHHOTO 3JUIANITHKO-THIIEPOOIMYECKOr0 TUIA C OCO-
OeHHOCTSIMH B KO3((QUIMEHTaX, HalJeHbl COOCTBEHHbIE 3HAYSHHS M COOCTBEHHBIE (DYHKIIMU ATHX 3a-
Jla4, U3y4eHa MOJIHOTA CUCTEM COOCTBEHHBIX (DYHKI[HM, ITOJYYCHbI BECOMBIC PE3yJIbTAaThl 110 MCCIICIOBA-
HUIO JU(QepeHIIHAIbHBIX YPABHCHUH C BBIPOXKJICHUEM THIIA U MIOPSIJIKA, a TAKIKE BBIPOMKIAIOIIUXCS AU ]-
(hepeHIMaNBHBIX ypaBHEHHI BTOPOTO poja. B uacTHOCTH, oTydeHHast M popMyITa OOIIETo pelieHns s
OJTHOTO KJIAcCa BRIPOXK IAtoIerocs Tud G epeHIInaNbHOTO YPaBHEHUS BTOPOTO POJia C yCIIEXOM MPUMEHSIET-
cs1 B pabOTe APYruX MAaTEMATHKOB P IIOCTAHOBKE M MCCIIC0BAHNN HOBBIX HAYaJIbHBIX M KPAC€BbBIX 33]1a4.

B mocnennue roapr AxmamkoHoM KymakoBudeM paspabaTbIBaeTcs €Ille OJHO HampaBJIeHHe, 3a-
KITIOYalolIeecs: B UCClieloBaHnU ypaBHeHui Ditnepa—Ilyaccona—/lapOy n ux o6o0uienuii. [lonyueHnsle
HM pe3yIbTaThI 10 TOMY HAMPABIECHUIO IPUMEHSIFOTCS TTPH TTOCTAHOBKE W MCCIICAOBAHUH JIOKAJTBHBIX U
HETIOKAIBHBIX KPAEBBIX 3a/1a4 JJIS BRIPOKIAIONTNXCS YPAaBHEHUN U yPaBHEHHU CMEIIAHHOTO 3JUTHIITHKO-
TUIEPOOITHYECKOTO U Mapaboio-TUIepOOTUIEeCKOTO TUIIOB C CHHTYJISIPHBIME Koddduimentamu. Cpenn
MaTEMaTHKOB BBI3BaJK OOJBIION MHTEPEC €ro MCCIICIOBAHMS 10 U3yUeHHUIO 3a1a4 Tuna PpaHkis s
TaKUX YPaBHEHUM C HETJIAJKOW JTIMHUEW BBIPOKICHUS.

B uccnenoparennckoii aesrenpHocTH A.K. YpuHOBa 0c000€ MECTO 3aHMMAET HCCIIEI0BAHUE HENO-
KallbHBIX 3aJ7]a4 C MHTETPAbHBIM YCIOBHEM I OOBIKHOBEHHBIX IU(p(EepeHIMATbHBIX YPAaBHEHUH WU
YpaBHEHUH B YACTHBIX IPOU3BOAHBIX CMEMIAHHOTO Mapadoo-TUIEPOOTMIECKOT0 W DJUIMIITHKO-
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napabonndeckoro TUMoOB. VM mocTaBieHbl U pa3paboTaHbl METOABI MCCIEIOBAaHUS PsI HOBBIX 3a/ad C
MHTETPAIbHBIM YCIOBHUEM B HENMPSMOYTOJIBHBIX obnacTsix. st auddepeHnuanbHbIX ypaBHEHUH ITUII-
THUYECKOT0 THUIIA C CHUHTYJISIPHBIMHM KO3(Q(HULINEHTaMH BTOPOrO MOPSAAKA U CO CHEKTPAIBbHBIM IapaMer-
pOM HalizieHsl (yHIaMEHTAJIbHbIC PELICHUS B BUJE THIIEPIeOMETPUUECKHUX PSATOB.

Bonbmioit naTEpec npeacTaBisioT ucciaenoBanns AxmamkoHa Kyakosiua 1 ero y4eHUKOB T10 110~
CTAaHOBKE M HCCJECIOBAHUIO JIOKAIBHBIX W HEJIOKAJIBHBIX 3a1ad AJsl JIMHEHHBIX AuddepeHnnanpHbIx
YPaBHEHUH C CHHTYJISIPHBIMH KO3()(UIIMEHTaMH 3JIMIITHYECKOTO U CMEIIAaHHOTO THUIIOB B IIPU3MaTHYe-
CKUX, IUJIMHIPUIECKUX OOJIACTSX M YacTIX IIapa, a TakKe MO0 MPUMEHEHHIO TEOPUHU ONepaTopoB Ipe-
o0pa3oBaHHs ¥ ONIEPATOPOB UHTETPO-nudepeHImpoBanus TPOOHOTO MOPSIKA, B YACTHOCTH 0000IIEH-
HOTO omeparopa Ipaein—Kobepa, K pelIeHni0 Ha4aabHBIX M TPAaHUYHBIX 3amaq s auddepeHnnans-
HBIX YpaBHEHUH B YaCTHBIX POM3BOAHBIX BBICILIETO MOpPsiAKa ¢ onepaTopoM beccers.

Hamr pacckas o HayuHoii pabote A.K. YpuHOBa MBI MOJIBITOXXKUM TEM, YTO OH SIBJIICTCS aBTOPOM
6omnee 300 HaydHBIX ¥ HAy9IHO-METOINYECKUX PabOT, OMyOIMKOBAHHBIX B HAIIMOHAIBHBIX M MEXTyHa-
POIHBIX HAYYHBIX XKypHanax. CBoW Hay4HbIE Pe3yibTaThl OH 0hopMmII B Buae 6 MOHOrpaduil U X H3-
JaBal B aBTOPUTETHBIX H3JaTelbcTBaX TamkeHta. Pestomupyss CBOH TONYyBEKOBOW Hay4HO-
nenarornyeckuit onbiT, A.K. YpuHoB Hanucan cBeiie 20 yueOHO-MeToAnYeCKHX mocobuit u 10 yueo-
HBIX TIOCOOMH Ui CTYICHTOB MEXAaHHMKO-MaTeMaTH4YecKHX (haKyJIbTETOB YHHBEPCUTETOB. AXMa/XaH
KymakoBuy siBisieTcsl OpraHu3aTOpOM HAyKHd M HACTABHUKOM MOJIOJIOTO TIOKOJICHHS MaTeMaTukoB. B
1993 rony B ®@epranckoM rocy1apcTBEHHOM YHUBEPCUTETE OH OPraHU30BaJl HAyYHBIH ceMUHAp «AKTY-
anbHBIE TIPOOIEMBI MU GepeHITUATBHBIX YPaBHEHUH 1 CMEXHBIX 00nacteld MaTeMaTuki». CerogHs mos
€ro pyKoBOJICTBOM paboTaer «OObeAMHEHHBIN HAyYHBI CEMUHApP MaTeMAaTUKOB DepraHCcKOW JOIMHBDY,
KOTOPBI HECOMHEHHO BHOCUT OIPOMHBII BKJIaJ B Pa3BUTHE MATEMATHYECKON HAYKU.

A.K. YpuHOB BeiéT OOMNBIIYI0 HAYYHO-TIEAarorH4eckyo paboty. MHOTO BpeMEHH W CHJI OH TIpH-
KJIaJbIBACT B BOCIIUTAHUU MOJOJOTO MOKONeHus: mareMatukoB. Cpenu ero yuyenukoB LII.T. Kapumon
CTall TOKTOpOM (PHU3UKO-MaTeMaTHUECKUX HayK M 9 cTau KaHauaaTaMu GU3NKO-MaTeMaTHYECKUX HayK.
Ceroans onun yuenuk K. T. KapuMoB moATroTOBMII TUCCEPTALMIO HA COMCKAHUE YUCHOU CTEMEHU JOK-
TOpa PU3NKO-MaTEMAaTHYECKUX HayK, a Apyroi yueHuK A.b. Ox00eB MoATOTOBMI A¥ICCEPTAINIO HA CO-
WCKaHHWE YYEHOW cTereHH AokTopa ¢uiocopunu no auddepeHraIbHbBIM ypaBHEHUsIM. B Hacrosimee
Bpemst yuennku A.K. YpuHoBa cranu aenyraramu 3akoHopaTenbHOH manatsl Onwii Maximc Pecmy6-
JTUKH Y30€KHCTaH, IPOPEKTOPaMHU BY30B, ACKaHaMH (PaKkyJIbTETOB, 3aBEAYIOLUIMMHU KadeIp U MHOTHE
CTaJIl UMCHHBIMU CTUIICHINATAMH.

Axmamkon KymakoBud YpHUHOB MPUHUMAET aKTHBHOE y4acTHE W B OOIIECTBEHHOW XKHM3HU Y30e-
kucraHa. B 1994-1996, 2003-2004 romax A.K. YpHHOB SBISUICS WIEHOM CHEIMAIBLHOTO COBETa IO
NPUCYXICHUIO YYEHBIX CTENCHeH KaHAuaaTa u JoKTopa (GU3MKO-MaTeMaTHYeCKUX HAYK NP UHCTUTYTE
Marematuku umenn B.M. Pomanmosckoro AH V30ekucrana, B 2002-2005 romax OH SBISJICS WICHOM
KoncynpTaTBHOTO cOBeTa y30€KCKOTo kypHana «Hayka u *u3Hb», ObLI MpencenaTeneM, 3aMeCTHTe-
JieM TIpeJicelaTersl ¥ WICHOM OpPraHU3alMOHHOTO KOMHUTETA Psla MEXIyHAPOAHBIX M PECITyOIMKaHCKUX
HaYYHBIX KOH(epeHIHH, moOkIBaj Ha MOCTy MpeJceaareNs HaydHO-KOOpJIUHAMOHHOTO coBeta dep-
TaHCKOTO Hay4YHOTo eHTpa Akagemun Hayk Pecriyonuku Y36ekucran (2002 r.), B 1999-2004 ronax o
n3bpascs nenyrarom CoBera HapOAHBIX AenmyTaTtoB ropoga Pepransl. A.K. YpuHoB Obul pykoBoanTe-
JieM JieJIeraliy pyKOBOJIUTEIeH OpraHu3aluidi CpeJHero CreluaibHOro oopa3oBaHus Y30€KuUCTaHa BO
Bpemst oe3zku B ['epmanmto (25.06.2000-04.07.2000).

Ero xosiernm mo yHUBEpCHTETY W TO HAy4YHOH AEATENHHOCTH 3HAIOT AxmapkoHa KyrrakoBuua
YprHOBa Kak 3aMeyaTe’bHOro y4€HOTO, HACTOMYMBOTO I€Aarora—HacTaBHHKA MOJIOIOTO MOKOJICHUS,
TEPIIEIMBIM U LIEJIeyCTPEMIEHHBIM HCCIIEAOBATEIEM U JOOPHIM MPOCTHIM YEITOBEKOM.

B 3Hak npuzHaHus ero qocTmkeHui B oonactu Hayku uMs A.K. YpuHoBa BkitoueHo B crircok 2000
MHPOBBIX YYEHBIX-HHTEIUIEKTYyanoB XXI Beka (JIMCT OnyOJIMKOBaH B AHIJINH).

MHororpaHHasi KH3Hb HACTOSIIET0 YUYEHOT'O SIBJISIETCS] BAXKHBIM KPUTEPUEM CIYKCHUS! HAyKe U Ha-
poxay. B kakoii nomkHocTH ObI OH He MOOBIBAJ, CKPOMHOCTD, OTKPBITOCTh K JHAJIOTY M TOOpOXKEIaTelhb-
HOE OTHOIIEeHME K JroasaM cHucKaiu K A.K. YpuHoBy rirybokoe yBaxkeHue cpeau coTpyaHukoB Oepl’V.
Axmamxon KymakoBud cBoii 70-neTHuil 100uieil BcTpeyaer B pacuBeTe TBOpUeckux cuil. OT Bcei ay-
IIH JKeJTaeM €My KPETKOTO 3/I0POBbsI, CYACThSI U HOBBIX YCIIEXOB B €r0 HAyYHOH JiesiTelIbHOCTH !

O.C. 3ukupos, b.U. Ucnomoe, LL.T. Kapumoe, H. PaswaHoes, T.K. KOndawee

Ilocmynuna ¢ pedakyuro 17 ansapa 2020 2.
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TPEBOBAHUA K NYBJIMKALUN CTATbU

1. ITyGnuKyroTcss OpUTHHAIBbHBIE PaOOTHI, CO/lepIKaIlie CYIECTBEHHbIE HaydHbIe Pe3yJbTaThl, He OITy0-
JUKOBaHHEIC B IPYTUX M3IAHMAX, IPOIIEAIINE dTAll HAYIHOW SKCIEPTH3HI 1 COOTBETCTBYIOMINE TPEOOBAHUIM
K IMOATOTOBKE PYKOIHUCEH.

2. B peakoiuteruo npeaocraBisiercs ajaektponnas (mokyment MS Word 2003) Bepcust paboThl 00beMOM
He Oonee 6 CTpaHUII, SKCIIEPTHOE 3aKIIIOYCHUE O BO3MOXHOCTH OITyOJIMKOBAaHHUS paOOThl B OTKPHITOH IeYaTH,
ceemenust 00 aBTopax (D.M.0., mecto paboThl, 3BaHHE U JOUKHOCTH JJIsI BCEX aBTOPOB PabOTHI), KOHTAKTHAS
nH(OpMAII OTBETCTBEHHOTO 33 TIOATOTOBKY PYKOITHCH.

3. Ctpykrypa crateu: Y JIK, Ha3Banue (He Oonee 12—15 cnoB), crircok aBTopoB, anHoTanus (150-250 cioB),
CIHCOK KJIFOUEBHIX CIIOB, TEKCT pabOTHI, TUTeparypa (B MOPSAKE IUTHPOBAHMS, B CKOOKAX, €CIIA ATO BO3MOXKHO,
JIaeTCsl CChUIKA Ha OPUTHHAJ INEPEeBOJHON KHHUIHM WM CTaTbH U3 KypHAJIa, ITEPEeBOJILIErocs Ha aHTIMHCKUNA
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHue, pacimupenHas aHaotanus (pedepar crarten) oobemom 10 1800
3HAKOB C IPOOETaMH, CIIFICOK KITFOUEBBIX CJIOB M CBEICHHS 00 aBTOpax Ha aHTJIMHCKOM S3bIKE.

4. ITapametpsl HaOopa. Ilomst: 3epkanbHble, BepxHee — 23, HUxKHee — 23, BHYTpH — 22, CHapyKU — 25 MM.
OIpudT — Times New Roman 11 pt, maciuta6 100 %, untepBan — oObIYHBIH, Oe3 cMelieHus 1 anuManun. OT-
cTyI KpacHo# ctpoku 0,7 cM, HHTEpBall MeXay ad3anamu 0 T, MEKCTPOYHBIH HHTEPBAI — OUHAPHBIMH.

5. ®opmynsl. Ctrnbs MaTemaTiHueckuid (1UGpeI, GYHKIUU U TEKCT — MpIMOU MIPpUPT, IepeMeHHbIE — Kyp-
cuB), ocHOBHO# mpu¢T — Times New Roman 11 pt, mokaszarenu crenenu 71 % u 58 %. BrikimoueHHsle ¢op-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 IIEHTPY.

6. Pucynku Bce gepHo-0enbie. XKenarenbHO IpeIoCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (DaiiiioB.

7. Anpec penakiMoOHHOHN Koiieruu xypHaia «Bectauk IOYpl'Y» cepun «Matematuka. Mexanuka. Ou-
3HUKay:

Poccus 454080, r. Yensounck, np. um. B.M. Jlenuna, 76, KOxxHO-YpaibCcKuil TOCYIapCTBEHHBIH YHUBEP-
cuteT, (aKyJIbTeT MaTeMaTUKH, MEXaHUKH M KOMIIBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIeCKOro U KOM-
MBIOTEPHOTr0 MOJEIHPOBaHs, TIIABHOMY pemakTopy mpodeccopy 3arpedunoit Copne Anexcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and Computer Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Azpec »IeKTpOHHO# mouThl: MMPh@susu.ru

9. NoxHyr0 BepcHIo MPaBIII IMOATOTOBKH PYKOMICEH U IpuMep o(GOpMIICHHS MOXHO 3arpy3uTh C caiita
xypHaia: cM. http://vestnik.susu.ru/mmph.

10. Xypuan pacmpocTpaHsercss MO TMOANKMCKE. ONEKTpOHHAas Bepcws: oM. www.elibrary.ru,
http://vestnik.susu.ru/mmph, http://sectaux.roypry.pd/mmph.

11. IInara ¢ acnupaHTOB 3a MyOIUKAIUIO HE B3UMAETCSI.



CBEAEHUA O XYPHAIJE

Kypnan ocnoBan B 2009 rony. CeunetensctBo o peructparuu [IM Ne ®C77-57362 Beigano 24 mapta 2014 r.
DenepanbHOM CITyk00H 0 HAT30py B cdepe CBsI3H, HHPOPMAINOHHBIX TEXHOJIOTHI K MaCCOBBIX KOMM YHHKAIIHH.

VYupenurens — enepanbHOe roCyIapcTBEHHOE aBTOHOMHOE 00pa30BaTEIbHOE YUPEXKICHNE BBICIIETO 00pa3o-
BaHUs «HOKHO-Y palbCKuil rOCyIapCTBEHHBIH YHUBEPCUTET) (HAIIMOHAIBHBIN HCCIIEOBATENbCKAN YHUBEPCHUTET).

I'maBHBIH pempakTop xypHaNa — 1.¢.-M.H., mpod. C.A. 3arpeOuHa.

Pemmrennem IIpesnamyma Beicmieit aTTecTaninoHHOM KoMuccn MuHHCTEpCcTBa 00pa3oBanus u Hayku Poccuiickoit
@enepanun KypHaT BKIIOUEH B «llepedeHp BeqyMX pelEeH3UPYEMbIX HAYYHBIX JKYPHAJIOB M W3/IaHUI, B KOTOPBIX
JIOJKHBI OBITh OITyOJIMKOBaHBI OCHOBHBIC HAY4HBIE PE3YJIbTAThl JUCCEPTALUi HA COUCKaHHUE YUCHBIX CTETICHEH JOKTO-
pa M KaHIMIaTa Hayk» MO CJIEAYIOUIMM Hay4YHbIM CIICHUAJbHOCTSM W COOTBETCTBYIOLIMM WM OTpacisiM HayKH:
01.01.01 — BemecTBeHHbIH, KOMIUIEKCHBIH M (YHKUMOHAIbHBIA aHanu3 ((PpHU3MKO-MaTeMaTHYeCKUE HAyKH),
01.01.02 — Inddepennuanbabie ypaBHEHUs, TUHAMHYECKHE CUCTEMbI U ONITUMAaJIbHOE yrpasiieHue (pU3uKo-MaTe-
Mmarnueckue Haykn), 01.01.07 — BeruncnurensHas MaTeMaTuka (pusuko-maTremarniyeckue Hayku), 01.01.09 — nc-
KpeTHasi MaTeMaTHKa M MareMarndeckas kuOepHeTnka (pmsmxo-maremaTmyeckue Haykw), 01.02.05 — Mexannka
KHUJIKOCTH, Ta3a W Iua3Mel ((pu3nko-matemarniaeckne Haykn), 01.04.05 — OnTuka (¢pu3nko-MaTeMaTHIeCKue Hay-
kn), 01.04.07 — ®du3nka KOHACHCHPOBAHHOTO COCTOSHUSA ((PH3UKO-MaTeMaTHIECKUE HAYKH).

Pemennem [Ipesnnnyma Bricielt arrecranmonHol komuccun MuHHCTEpCTBa 00pa3oBaHus U Hayku Poccuii-
ckoit Penepanny XKypHal BKIIOUEH B «PeleH3nupyemMbple HaydHBIE H3aHMs, BXOIAIINE B MEXIyHapoaHbIe pedepa-
TUBHBIEC 0a3bl JAHHBIX U CHCTEMbI INTUPOBAHMS U BKIIOUCHHBIC B [lepeueHp pelieH3UpyEeMbIX HAyIHBIX M3/1aHHUH, B
KOTOPBIX JTOJDKHBI OBITh OMYOJMKOBaHBI OCHOBHBIC Hay4YHbBIE Pe3yJIbTaThl AUCCEPTALMH HA COUCKAHUE YUYEHBIX CTe-
MEHEH TOKTOpa U KaHIHMIaTa HayK» MO CJICAYIOIIMM OoTpaciisaM u rpymmnam crenuanbHocteii: 01.01.00 — Maremaru-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uzuka, 05.13.00 — Madopmartuka, BHIYUCIUTENbHAS TEXHUKA U yIIPaBJICHHE.

XKypnan Bxiarouen B Pedeparusnsiii sxxypHan u baszel nanasix BUHUTU. Ceenenus o xypHae eXeroaHo myo-
JHUKYIOTCS B MEXIyHapOIHBIX CHPABOYHBIX CHCTEMax II0 MEPHOAWYECKUM M IIPOJOIDKAIOMINMCS H3IaHHUM
«Ulrich’s Periodicals Directory», «Zentralblatt MATH», «Russian Science Citation Index on Web of Sciencey.

Honmucuoit maAexc 29211 B ob6bpemurenHoM Katamore «lIpecca Poccum», E29211 B MHTepHeT-KaTajore
arenrctBa «Kuura-CepBuc.

[leprnoanaHOCTH BEIXOAA — 4 HOMEpPA B TOLI.

Anpec penmakiun, m3paterst: 454080, r. Yensounck, npocrekt Jlennna, 76, M3narensckuit nentp IOYpl'Y,
ka0. 32.
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