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INVARIANT SPACES OF OSKOLKOV STOCHASTIC
LINEAR EQUATIONS ON THE MANIFOLD

O.G. Kitaeva
South Ural State University, Chelyabinsk, Russian Federation
E-mail: kitaevaog@susu.ru

The Oskolkov equation is obtained from the Oskolkowystem of equations
describing the dynamics of a viscoelastic fluid, &r stopping one of the spatial
variables and introducing a stream function. The aticle considers a stochastic
analogue of the linear Oskolkov equation for plangsarallel flows in spaces of dif-
ferential forms defined on a smooth compact orientt manifold without bound-
ary. In these Hilbert spaces, spaces of random K-viables and K-“noises” are
constructed, and the question of the stability ofdutions of the Oskolkov linear
equation in the constructed spaces is solved in tes of stable and unstable in-
variant spaces and exponential dichotomies of soiohs. Oskolkov stochastic lin-
ear equation is considered as a special case of tachastic linear Sobolev-type
equation, where the Nelson-Glicklich derivative isaken as the derivative, and a
random process acts as the unknown. The existenckstable and unstable invari-
ant spaces is shown for different values of the pameters entering into the
Oskolkov equation.

Keywords: Sobolev-type equations; differential ferrlelson-Glicklich deriva-
tive; invariant spaces.

Introduction
Consider the Oskolkov equation

(A-0)ay =2y - 2&2¥) 8
(4, %)

Equation (1) is a model of the flow of a viscousl &fastic incompressible fluid [1], in which the
parameterv is responsible for the viscous properties of th&lf The parametel that determines the
elastic properties of a fluid can take positive amgjative values [2]. In [3-5], the solvability thfe
Cauchy-Dirichlet problem for the Oskolkov equatilt) was considered, and in [6] for the linear
Oskolkov equation

(A-D)ay =vr%y . 2)

In [7], the problem of stability of solutions to wgion (2) was solved in terms of exponential di-
chotomies, and in paper [8], the problem of stgbdif solutions in a neighborhood of the zero paiht
equation (1) was solved in terms of invariant maldsd.

This article discusses the stability of the stotihdmear Oskolkov equation on manifold that has
no boundary. To solve this issue, we use equaipag an equation of the following form:

Lr=Mn, (3)

where 7 derivative in the sense [9] of the sought-for @mdprocess? =7(t). The number of works

devoted to the study of equations of the form §3]uite large at the present time (see, for exanijple-
13]), in which this equation was considered in @asi aspects. The present work is closest to [1d] an
[15], in which we study the solvability and statyilof the Barenblatt—Zheltov—Kochina stochasticaqu
tion on a manifold.

The article contains four parts. The first seci®the introduction, the fourth section is the gt
raphy. The second point is dedicated to deals syptites of g-forms defined on a manifold that has no
boundary, recalls the notions of a random variadtichastic process, Nelson—Gliklikh derivativen-co
structs spaces of randoK -variables andK -“noises”. The third point contains a descriptidrtie in-
variant spaces of the Oskolkov stochastic equation.

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 5
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1. Spaces of “noises” on a manifold
Considem-dimensional manifold2 that has no boundary. Let it have the propertfeoonected-

ness, compactness and smoothness. Consider sgasresath shapese? = EY(M),0< gq< non Q,
where the scalar products are defined by the fatigiormulas:

(a,b)ozjaADh (a,b), =(ranb),+(0ah,+(ab,,

A=dJd+0d is the Laplace—Beltrami operato:rf,=(—1)”(‘“1)+1 0d 00, where* is the Hodge operator

associating a differential fornk® with a differential formg" 9, d is the outer differentiation opera-
tor. The spectrunu(A) ={ak} of the operatorA is positive discrete, andeo is the point of its con-

densation. Denote bil§ andHJ the completions of the lined® with respect to the nornﬂﬂo and
|, . The basis in Hilbert spaced,! is the sequence of eigenfunctiofs} of the operatorA or-
thonormalized by the nomﬂsﬂiI . 1=0,2.

Next, we turn to the construction of spaces of camK - variables andK -“noises” in qu . Let

Q=(Q,4,P) be a full probability space. We define a randomialde as a mapping Q - R and
stochastic process as mapping OxQ — R (where O is a certain interval fromR, a function
n=n(Lw) is a trajectory of the stochastic process). Ifadtmall trajectories of a random process are

continuous then such a process is called continuous
L, is the set of random variablé€sfor which the variancé is finite and the mathematical expec-

tation E is zero, andCL, is the set of continuous stochastic procegse®/e fix tU0, let

E'= E(| Ntn), Ntn the ¢ -algebra generated by the random variapleBy the derivative in the sense

[9] » of the stochastic procesg] CL, B tO0O we mean a limit (if it exists)

;-1:;[ im Ep(r/(um.u—n(t,t)} i Etn(ﬂ(t-D_U(I_AtDD.

2\ At-0+ n At -0+ n

Denote byClL2 the space of stochastic processes whose trajestare almost sure differentiable

in the sense [9] on]. The spaceﬁ:lL2 are called spaces of differentiable “noises”.
Let us introduce into consideration the sphq%ﬂl =0, 2 whose elements are randdfn-variables

n=> A&y -
k=1
The norm in this space is defined by the followiognula:

Ila= . A2Dé,
k=1

where{¢,} is a sequence of random variables with boundeidvee,{#,} are the eigenfunctions of
the operatorA, orthonormalized b),(DZ)]I , 1=0,2, and K={4} is a monotone sequence such that

Z/‘k <+co . Let C(0;H,*) be the set of continuous stochasticprocesses

k=1
70=2An O 70, @
and C}(; H?) be the set of continuously ;\lelson—GIiinkh diffetiable K -processes
a(t) = iAkf;k(tmk , 0C'L,, (5)
k=1
6 Bulletin of the South Ural State University
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if series (4) and (5) converge uniformly @ R (O is compact set ifR).

2. Stable and unstable invariant spaces
Let us define the operators

L=-(+A)A, M =VA2
and the equation (2) in the spaldg can be considered in the form

Li= Mz . (6)
The operatord,M :H§ — HJ have the properties of linearity and continuityd @ahe operatoM is
(L,0)-bounded operator.

By a solution to equation (6) we mean a stochastiprocessy 0 C*(C; HJ) if, after substituting it
into equation (6), we obtain the identity.

Definition 1. A set POHg such that the following conditions are satisfied:

(i) almost sure each trajectory of the solutipr 77(t) to equation (6) belongs t8;

(i) for almost all7, O P, there exists a solution to equation (6) satigfitime condition

n(0) =1, ()

is called a phase space of equation (6).

It was shown (see, for example, [14]) that the prgmace of equation (3) is the image of the resolv-

ing groupU* Z%J‘(/JL -M)7Le* du . Therefore, the following theorem is true.
7hi

y
Theorem 1.The set of the following form:

P:{Hg,AD{ak}, ®)

NOHG:(7.,)0=0.4 =0,
is the phase space of equation (6)
If the solution to problem (6), (7) isOC*(C;1) for any no UL, I OP, then the set called a in-

variant space of equation (6).
Definition 2. A setl, such that the following conditions are satisfied

() 1, is an invariant space;

(i) |
is called a stable invariant space of equationA&et |_ such that the following conditions are satis-
fied

() 1, is an invariant space;

(ii)
tOR
is called an unstable invariant space of equatdn (

Due to the fact that the relative spectrum of theratorM ¢-(M)=g-(M)+0o-(M), where

L _ _Vak L _ _Vak
o,(M)= A>=a, v, 0-(M) = JA<-ay ¢,
£ (M) {“ak k} (M) {“ak k}
and the results presented in [15] we obtain

Theorem 2.(i) The stable invariant space is set of the f@jfor v >0 and A <0.
(ii) The stable invariant space is set of the form

. ={nOH§:(7.800=0.1>-a,}
and the unstable invariant space is the set dbtine

/71(t)HHqs Nle_"h(s_t) H/]l( s)HHq , = 1, where positive constants;, m, 7/ 01, forall tOR
0 0

‘/72(t)HH8I sNze_mz(t_S) H/]l(s”Hg, t> swhere positive constantiN,, m,, 7201_ for all

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 7
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- ={nOHG (1,800 = 0.4 < -ar

forv>0 and /A <0.
Remark 1. Forv >0 and A <0 there is an exponentially dichotomous behaviosadfitions to the
equation (6).

Conclusion

In the future, we intend to study the question lva $olvability and stability of the stochastic ana-
logue of semilinear equation (1). In addition, wéehd to transfer all results for equation (1) paces
of g-forms defined on a manifold with border.
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E-mail: kitaevaog@susu.ru

VYpaBuerune OCKOIKOBA MOTYYACTCS U3 CUCTEMBI ypaBHEeHHH OCKONKOBA, OMHUCHIBAOIICH JMHAMUKY
BSI3KOYTPYTO# JKUIKOCTH, MMOCIIE KYIIUPOBAHUS OJIHOM M3 MPOCTPAHCTBEHHBIX TIEPEMEHHBIX M BBEICHHUS
byHKIMH TOKa. B cTaThe paccMaTpuBaeTCs CTOXACTUYCCKHIA aHAIOT JTHHEHHOro ypaBHeHMsT OCKOJIKOBA
TIOCKOMApaIeIbHBIX TCUCHUH B MPOCTPAHCTBAX AUPPEepeHIUATBHBIX (OPM, ONPEACICHHBIX HA TTaj-
KOM KOMIIAKTHOM OPHUEHTHPOBAHHOM MHOTr000pa3uu 0e3 kpas. B JaHHBIX THILOSPTOBBIX MPOCTPAHCT-
BaX CTPOSTCS MPOCTPAHCTBA clydailHbiXx K-BennunH u K-«IryMoB» U peraeTcsi BOmpoc 00 yCcTOHYHBO-
CTH PEUICHUI JIMHEHHOTO ypaBHeHUsT OCKOJIKOBA B MOCTPOCHHBIX MPOCTPAHCTBAX B TEPMUHAX YCTOWUH-
BOTO ¥ HEYCTOWYMBOIO WHBAPHAHTHBIX MPOCTPAHCTB U IKCIIOHCHITUATBHBIX TUXOTOMUH perienuii. Cto-
XaCTHIECKOe JIMHeHHOoe ypaBHeHHe OCKOJIKOBA PaCCMATPUBACTCS KaK YaCTHBIN CITydail CTOXaCTHYECKO-
ro JIMHEHHOTO ypaBHEHHs COOOJICBCKOTO THIIA, I/IE B KaYeCTBE MPOM3BOIHON Oepercsi MPOU3BOIAHAS
Henbcona—T muknmxa, a B KaueCTBE HEM3BECTHOTO BBICTYMACT CAy4alHBIN mporecc. [Ipu pasmuuHbIX
3HAUCHHUS MAPAMETPOB, BXOAAIINX B ypaBHeHHE OCKOJIKOBA, MOKA3aHO CYIIECTBOBAHUE YCTOHYMBOTO H
HEYCTOWYHMBOTO MHBAPHAHTHBIX MTPOCTPAHCTB.

Kurouesvie cnosa: ypasnenus cobonesckoeo muna; ouggheperyuanrvivle Gopmbvl; NPOU3BOOHAs
Henvcona—I nuknuxa; uneapuanmmule npocmpancmea.
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ON ONE EQUATION OF INTERNAL WAVES

K.Yu. Kotlovanov
South Ural State University, Chelyabinsk, Russian Federation
E-mail: kotlovanovki@susu.ru

The Cauchy-Dirichlet problem is considered for theequation of internal
waves. This equation has various applications in ldyodynamics, for example, in
the study of waves in the ocean. The article provabs an analytical study of one
equation of internal waves. This equation charactézes propagation of waves in a
homogeneous incompressible stratified fluid. The etion of internal waves is
reduced to an abstract semilinear Sobolev type eqtian of the second order. The
study of the equation is carried out within the franework of the theory of poly-
nomially bounded operator pencils. In this work, weconstruct propagators for
the equation of internal waves. Also, we present twwmodel examples, where the
domain D is represented in the form of a cylinder and a paallelepiped. The result
of the work is an analytical solution to the considred cases for the equation of in-
ternal waves.

Keywords: internal wave equation; polynomially bded pencils of operators;
Sobolev-type equation; propagators.

1. Introduction
Equation of internal waves in a homogeneous incesgible non-rotating fluid is described
by the Poincare equation

Aty + N (U + U,y ) =0, (1)

where N? is buoyancy frequency. Earlier, the equation wasisiered in the works of
S.A. Gabov and P.A. Krutitsky [1] when working wittme excitation of nonstationary internal
waves in a two-layer model of a stratified fluiletbehavior of the solution at a large time wad-stu
ied. Yu.D. Pletner [2] studied some initial-boungdaalue problems and the fundamental solution to
the equation of internal waves in the case of aroritpressible exponentially stratified fluid.
L.V. Perova and A.G. Sveshnikov [3] generalized warks of the authors devoted to the propaga-
tion of small perturbations in stratified and rotgtfluids. The equation of internal waves can be
written in another form, for example, given in [4fterest in the study of problems with the equatio
of internal waves is still topical. This problemdaite interesting from a mathematical point ofwije
since the solution to the Cauchy-Dirichlet problesrobtained within the framework of the theory of
polynomially bounded operator pencils.

Let D be a bounded domain frof®® with a smooth boundargD . Consider the Dirichlet condi-
tion
u(xy,z9=0(xy, z}00 Dx F )
and the Cauchy condition
u(xyz0)=y,u( %xyz0= gy 3)
The solution to problem (1)—(3) is found in thenfiework of the theory of Sobolev-type equations.
In this paper, we use methods based on the thdosgmigroups (groups) of operators [5, 6]. The
monographs [6, 7] present the results of studyingofv-type equations and equations that are not
solved with respect to the high-order derivativetie paper [7] different classes of Sobolev-typeae
tions are introduced and, by structure, equatidis(tonsidered to be a simple Sobolev-type egunatio
2. (A, p)-bounded Operators
Let U,F be Banach spaces and the operaty®,, B,..., B,_,0 L( F;U). Denote byB a pencil

formed by the operators By. B, B_q- The sets
pA(E) ={u0OC: (,u”A—,u”‘llih_l -~ B - BO)_lD L E U} and aA(E):C\pA(E) are called an

A-resolvent set and af-spectrum of the penciB, respectively. The operator-function of a complex
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variable Rf(TB) = (,u” A-u"™ B -.-uB- %)_l with the domainpA(E) is called amA-resolvent of

the pencil B.
Definition 1. [9] The operator pencilB is called polynomially bounded with respect to

an operatorA (or polynomially A-bounded) if CaOR, Du0C (|4 >a) = ( Rf(TB) 0 Y F;U)) .

Remark 1. [9] If there exists an operatoh™ [ L(F;U)) then the pencilB is polynomially A-

bounded.
To decompose the spacdsF into a direct sum of subspaces, it is necessapphstruct projec-
tors. Condition (4) is necessary for the existesfggrojectors [8].

[#R(B)=0, k=0,1,.. ,n-2 (4)
y

where the circuity ={ #0C: |¢|=r>3g.

Lemma 1.[9] Let the operator pencB be polynomiallyA-bounded and condition (4) be fulfilled.
Then the operators

oo IR o L

are projectors in the spacds and F respectively.
Denote  U°%=kerP,F%=kerQ U= imP,Fl= imQ. According to Lemma 1,

U=U°0UYF=F°0F'. Denote by Ak(ak) a restriction of the operatorA(B) on
U*(F*).k=011=0,1..0- 1

Theorem 1.[9] Let the operator penciB be polynomiallyA-bounded and condition (4) be ful-
filled. Then

(i) A<D L(U", Fk),kzo,l;
(i) B<O L(Uk, Fk),k=0,1,l =0,1,..n— 1
(iii ) the operatou(Al)_1 O L(Ul, Fl) exists;
(iv) the operaton(Bg)_l O L(UO, FO) exists.
-1
Using  Theorem 1, construct  the  operators: H =(Bg) A L(UO) :
le(Bg)'lst L(UO),...,Hn_lz(Bg)_l 82,0 L) and

-1 -1 -1
S=(4) B9 5[ 47 80 (U mie( 47 80 (4,
Definiton 2. [9] Define the family of operators {KZ, Kg,...,Kg} as follows:
Ks=0,s#n K =T,
Ki=HgKf=-Hp .. Ki=-Hg 1,..KI=H_ .
Kg=KgaHo KE =K =KiH . K=K gi-K e H g3 Kg =KIT - KH 1 1,0=1,2,..

TheA-resolvent of the penciB can be represented by the Laurent series

(A8, - - B - Bo)_l=—2oﬂq ()" (1- 9+

12 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2021, vol. 13, no. 2, pp. 11-16



Kotlovanov K.Yu. On One Equation of Internal Waves

o L _ q
sy (pIS S §) B G

g=1
Definition 3. [9] The point is called
(i) a removable singularity of alresolvent of the pencﬁ, if Kf =0,s=12,...n;
(i) a pole of the ordep LI N of anA-resolvent of the penciB, if [p: Kf, #0,s=1,2,....n, but

Kpa=0,5=1,2,...n;

(iii) an essential singularity of akresolvent of the penciB, if Kg ZOUOgON.

Further, for brevity, a removable singularity of &nesolvent of the penciB is called a pole of the
order 0. If the operator pencB is polynomiallyA-bounded and the point is a pole of the order
p0{0} O N of an A-resolvent of the penciB, then the operator pencB is called polynomially
(A,p)-bounded.

3. Abstract Problem
Consider the Cauchy problem

u(0)=u, 4 (0) =y (5)
for the second-order Sobolev-type equation
=Byu +Byu, (6)
Operator-functions);, , k=0, 1, of the form
jRA (uA-B) &' ¢, @)
u! j R%(B) A" qu (8)

are propagators. Here the circuil C bounds a domaln containing tAespectrum of the operator pen-

cil B. The solution to problem (5), (6) in terms of theory of degenerate groups was obtained in [8],

under the condition that the operator periils polynomially bounded with respect to the oparat
Theorem 2.[10] Let the operator pencB be polynomiallyA-bounded, condition (4) be fulfilled,

and o be a pole of the ordepd {0} N of the A-resolvent of B. There exists a unique solu-

tionuOdC” (R ,U) to problem (5), (6) of the form
u(t) =Uyu + Ugly, )

whereu, JimUL =imUJ,k=0,1,imU? andimU] is a subspace id .
4. Internal Wave Equation

Consider the cases when the domdin is a parallelepiped or a cylinder. Let the domain
D =[0,a]x[0,b] x[0, d O R be the parallelepiped. Problem (1)—(3) can beaeduo Cauchy problem
(5) for equation (6).

Introduce the spacds =W, ?( D), F =W, ( D) and define the operators in the given spaces

92 02 62 02 92
A=+ +2  B=0,
X% ay? a 2 TRz ( ay2
For any 10 {0}ON, the operators A B,BOLU,F). Define

=22 mn=—(7k/a)? = (7Y B* = (771§ §° to be the eigenvalues of the Dirichlet problemtfe Laplace
operator. Denote by, , , =sin(7zky/ &) sin(7zmy B sir(7z n¢ § the orthogonal eigenfunctions that cor-

respond to {42, ,}in the sense of the scalar productlif(D).
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Since{¢y ,+ OC”(D), then

/'IA /'la_ 3) z |: 2Akmn-'- N2/1km:|<¢kmmD>¢ kmn

k,m, r=1
where Bydy 0= —/]ﬁyngb k m n@nd<:,> is the inner product iri_z(D). Construct the equation to deter-
mine theA-spectrum:

NA
_/]kz,m,rﬂz'l'Nz/]lgm:O’ k?nn t 2k,m .
\//]k,m,n
TheA—spectrumaA( ) r} is bounded, becaus‘ m, n‘ < N. Since the operatoA is con-

tinuously invertible in the glven spaces, then ¢oma (4) is satisfied. As a result, the conditionfs
Lemma 1 hold.
Construct propagators by formulas (7), (8) as fadp

00

NA m
U(t)uO: z co 1:<¢kmn’ >¢k,mn=
k,m, =1 1Mkmn

© NAcm | NA
U{Ul= Z 2,m mt <¢k,m,nvu1>¢k,mn'
k,m,nzl\//lkmn \//1I<,mn

By Theorem 2, the solution to problem (1)—(3) Hasform

00

NA
U(X1y’znt)= z co %t<¢k,m,n’l€)>¢k,mn+

k,m, r=1 Kmn
— N/1km . NAkm
+ 2, t <¢k,m,n-ul>¢k,mn'
k,m,nzl\//lk,m n \/AK mn

Now consider the case when the domBiris a cylinder. Similarly, as in the case of theglialepi-
ped, problem (1)—(3) can be reduced to Cauchy prol§b) for equation (6). Use the operaté®, B,

of the form
2 2 2 2 2
_ 07 16+16_ 62Bl 0.8 = Nza 19 126_2
Tor2 ror 209° oz or 2 r6r ¢
Write down the equation to determine points of Abgpectrum:
2( ¢, (M2 2 2(,,(m)?
({7 + (/) N2 =0,
where Byg mn = v&”)qak, mn and(-,» is the scalar product lag (D). We get thed-spectrum of the form
12 =2 (N /D)7 )2
Let us construct propagators according to form(3s(8) as follows:
— N
Uglo = z K
kL J(u(“)) + (7 1)2
> YUY+ ) N

k,m, el NV( ) \/(v(”)) +(rmy1)?
By Theorem 2, the solution to problem (1)—(3) Hasform

t <¢k,m,n’uO >¢k,mn'

t —
Ugu, = t<Oemnh>Pkmn
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(x,y,z,t) z cos NV‘EH)
im0 + (em/1)?
= JoM)? +am/l)’ Ny
kit Ny \/(v(n)) +(zm/1)?2

As a result of the work, we obtain solutions to initial-boundary value problem (2)—(3) in a closed
form on the considered domains for equation of internal waves (1).

ti< ¢’k,m,n’u0 > @k,m,n +

ti< Q’k,m,n yUp > (”k,m,n'
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Ob OOAHOM YPABHEHWU BHYTPEHHUX BOJITH

K.FO. KomnoeaHoe
FOxHo- Yparnbckuli 2ocydapcmeeHHbil yHUsepcumem, 2. YenabuHck, Poccutickas ®edepayusi
E-mail: kotlovanovki@susu.ru

B craThe NpuUBOANTCS aHATUTHYECKOE HCCIIEJOBAHNE OJHOTO YpaBHEHUS BHYTPEHHUX BOJH, B He-
KOTOpBIX MCTOYHHMKAaX MMEHyeMoe ypaBHeHHeM [lyaHkape, BEIBEICHHOE U3 OCHOBHOW CHCTEMBI THAPO-
TUHAMMKH. JlaHHOE ypaBHEHHE XapaKTepHU3yeT paclpoCTpaHEHHE BOJH B TOJIIE OJHOPOJHOW HECHKU-
MaeMoll cTpaTH(QHULUPOBAHHOW M, B OTIMYMU OT ypaBHeHHs CoOojeBa, HeBpallaromeiics KUIKOCTH.
PaccMmotpen cirydaii, korja 4acToTa IUIaBy4eCTH €CTh BEJIMYMHA NMOCTOsAHHAs. [l ypaBHEHUS BHYTPEH-
HUX BOJIH paccMaTpuBaercs 3anaya Komm—/lupuxine. JlanHoe ypaBHEHHE UMEET pa3inyHble PUIIOXKeE-
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HUS B THIPOJUHAMHUKE, HAPUMED, MPH UCCIICIOBAHUN BOJH B OKeaHe. McciemoBanne ypaBHEHUS TIPO-
BOJIUTCS B paMKax TCOPUH MOJIMHOMHUATHHO OIPaHUYCHHBIX ITyYKOB OIEPaTOPOB. Y paBHEHUE BHYTPCH-
HUX BOJIH penynupyercs K 3amade Komm aOCTpakTHOMY MOJYJIHMHEHHOMY ypPaBHEHHIO COOOJIEBCKOTO
TUTIA BTOPOTO TIOPsiAKA. 3aTeM IMOKa3bIBAETCs, YTO PEIIeHNE ITOCTABIEHHOW 3aJ]add YAOBIETBOPSET ab-
CTpakKTHOU Teopuu. Jlajgee paccMOTpEHHI 1Ba mpuMepa. B mepBoM nmpumMepe 00J1acTh OrpaHUYeHA Mapai-
JIENIETIUTIEIOM, @ BO BTOPOM — IMIIMHAPOM. [lJi Kakaoro cirydasi 001acT OKa3aHo, YTO OTHOCHTEIb-
HBIN CTIEKTpP MTy4YKa OMepaTOpOB OTpaHWYEH, YacTOTOH uiaBydecTu. [locne cTposTcs mpomaraTopsl, pas-
pemaromme onepatop-QpyHKIuM, Uisl ypaBHEHUS BHYTPEHHUX BOJH JUTsl Kaxaod u3 obnacreid. [loxcra-
BUB Ha4yallbHBIC JJAHHBIC B MIPOMATraTOphl, MOJyYUM aHATMTHIECKOE penieHne 3anaun Ko s ypaBHe-
HUS BHYTPEHHUX BOJIH.

Knrouesvie cnosa. ypasnenue 8HympeHHux 60.H; NOJUHOMUALLHO OSPAHUYEHHbIU NYYOK ONepamo-
PO8; ypagHeHue coboiescko2o muna; Hponazamopbi.
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Ob AHAJIOTE 3AAAYU TPUKOMU OANA YPABHEHUA TPETBEIO
NOPAAKA CMELUAHHOIO TUMNA

A.M. JlaunaHoea
Poccutickutli yHugepcumem mpaHcriopma, 2. Mockea, Poccutickass ®edepayus
E-mail: aida7@list.ru

Kak u3BecTHO, ypaBHEHUSIMH CMEIIAHHOTO THUIIA HA3BIBAIOTCA YPAaBHEHHS B
YaCTHBIX MPOU3BOIHBIX, KOTOPbIe MPUHAMJIEKAT Pa3HbIM THIAM B Pa3HbIX Yac-
TAX paccMaTpuBaeMoii o0i1acTu. Hanpumep, B 01HOH YacTH 00J1acTH ypaBHEHHe
MOKeT NPUHAATEKATH ITUNTHYECKOMY, a B APYroii — runepooanyeckoMy THITY;
3TH YacTH pa3ieseHbl JUHUeH Mepexoaa, Ha KOTOPOi ypaBHeHHe BbIPOXkKIaeTcs B
napadoJiM4ecKoe UJIH He ONpe/iesIeHo.

B 1923r. uranesinckuii MatemMaTuk @®. Tpukomu paccMoTpes1 KpaeByio 3a-
aaqy JJisl OJJHOTO YPaBHEHHUSI CMELIAHHOTO JIIMNTUKO-TUNEPOOTHYECKOro TUIA
(BmOC/IEICTBUM HA3BAHHOIO €r0 MMeHeM) B 00J1aCTH, OrPAHMYEHHON B BepXHeit
MOJIYILUIOCKOCTH JISIMYHOBCKOW KPUBOM, 2 B HH)KHeH — BBIXOASINIUMHU M3 KOHIOB
ITOH KPUBOI XapaKTepUCTHKAMM yYpPaBHEHUsI; KpaeBble YCJI0BHS NPH 3TOM CTa-
BIWJIMCH HA KPUBOI M HA O/THOM M3 XapaKTepuCcTHK. PelieHue 101:kHO ObLIO OBITH
HeNMpepbIBHBIM B 3aMbIKAHHU 00J1aCTH, HemnpepsbIBHO An(depeHIIUpPYyeMbIM
BHYTPH Hee W ABaKIbl HeMpepbIBHO T depeHnupyeMbiM B BepxHeil (3aIunTu-
YecKoif) U HIKHel (runmepooInuecKoil) mog061acTsX; /s NepBbIX MPOU3BOTHBIX
pellleHHs] AOMYCKAJINCh 0COOEHHOCTH MHTErPUPYeMOro mopsiika BOJIU3M KOHIOB
kpuBoii. @. TpukoMu g0Ka3aJ] CylIeCTBOBAHNE M €IMHCTBEHHOCTh pellieHHs MO-
CTaBJIEHHOI 3a1a4yM B YKa3aHHOM KJjacce; NMPH 10Ka3aTeJbCTBE CYlleCTBOBAHUS
OH CcBeJI 32/1a4y K CHHTYJISIPHOMY MHTErPaJIbHOMY YPABHEHHIO.

B nanHoii cTaThe HMccienoBaH aHauor 3agaum Tpukomu 1Jisi OJHOrO cMme-
IIAHHOTO THuNep00/10-napadoIu4ecKoro YypaBHeHHsl TPEeThero Mmopsiika co crek-
TpajabHbIM napaMerpoM. /loka3aHbl eJUHCTBEHHOCTh U CYLeCTBOBaHMeE pellle-
HHSl TOCTABJIEeHHOH 3a1auu. EAMHCTBEHHOCTb pellleHUs] 3aJa4M JOKa3bIBAeTCs
MeTO/10M MHTErpaJioB JHePruM, a CyllleCTBOBaHUE pellleHUs] — MeTOA0M peAyKIHHI
K HHTerpajbHOMY ypaBHeHHI0 PpeArojsMa BTOPOro pojaa, pa3peliuMoOCTh KO-
TOPOro BhITEKAeT U3 eIMHCTBEHHOCTH PellleHHs 3a/1a4H.

Kniouesvie cnosa. eunepbono-napabonuueckoe ypasueuue; 3adaua Tpuxomu,
VpasHeHue CMeuanHo20 Mmund; Kpaesas 3a0aid, UHmezpaibhvle ypasHeHUs.

B coBpeMeHHOI KOHLENIMH YpaBHEHHWH B 4yacTHbIX npou3BonHbX (YpUIl) Oonbmioe 3HaueHue
HUMeeT U3yUEeHUE YPaBHEHUH CMEIIaHHOIO THIIA.
IloctraBuMm 3agauy. Uccnemyem cieayroniee ypaBHEHUE:
uxxx_uy_Alu:O- y>0, (1)
. 1
Uy = Uy +A,u=0, y<O,
rae A,A, —duCIOBBIE MapaMeTphl B HEKOTOPOH KOoHeuHoH obmactu D mockoctu (X, Y), obpa3oBaH-
HOH ciemyromumu nuHusAME: 1) B momymiockoctu Y >0 orpeskamu AA, BB, AB;, nexamumn na
npsmeix X =0,x=1,y= h,A(0,0),A (0,h),B(1,0),B (1h; 2) B nomymnockoctn y <0 aByms Xapaxre-

puctukamu ypaBuenus (1): AL:x=-y, BL:X— y=1, ucxomdlmuMud U3 ONPEIEICHHON TOUYKH

1 1
(-2

O6nacte D pasnenena na nse wactu: D; =D n (y>0) —sto mapabGonuueckas 4acTh CMEIIAHHOH
obnactu D; aD, =D n (y<0) - runepbonudeckas nogodnacts obnactu D .
3amaua 1. Tpebyercs oTsickaTh GpyHKIHO U(X,Y), 001amai0IIy0 YKa3aHHBIMK CBOHCTBAMHU:

1) u(x Y)OC(D) n CHD O 44) n C5P(Dy) n CHD,);

2) u(X, y) sBIsieTCs peryisapHbIM s ypasaenus (1) pemrernem B oomactu D ;
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3) u(X, y) oTBeuaeT TpeOOBAHHUSIM KPACBBIX YCIOBHUIA:

u(0,y)=¢1(y), ul,y) =@, (y), uy(1,y)=95(y), 0s y<h, (2)
u(x,—x):l//(x),Osxsé, 3)
rome  w(X)— (yHKOMSA, HempepeIBHAS COBMECTHO CO BTOPOM  IPOM3BOAHOM, TIPH  DTOM

w(0)=,(0): 4u(Y), #2(¥). #5(y) - nanmsie nenpepbinisie dymkumn [1].
Onpenenenne. B obnmactu D mist ypasuenus (1) peeynsapuvim pelieHreM BhIIIEYKa3aHHON 3a1a4un
Ha3bIBACTCS BCSAKAS (DYHKIHS
u(x, YOC(D)n CHD O 44) n ¢3(Dy) n CHD,),
YIOBIETBOPSIONIAs KpaeBbM TpeboBaumsM (2) u (3).
[peamnonoxum, 4to:
3

A= (=22, A =-A3+3,7 A,>0.
MO’KHO BBECTH HOBYIO HEKOTOPYIO HEM3BECTHYIO ()YHKIHIO
V(X Y) = expEpo X)u(x, y), 4
rae p=const> 0
Vpasuenwe (1) B uTOTE CTAaHET TAKKUM:

2 3
Uxxx_Uy+3pVxx+ 30Vt (0"~ A W,y>0,
0=1,()= : 5)
Uyx _Uyy+2pux+ (0° +A)u,y<0,
Teopema. Eciu U(X, Y) ecmb pecyniaphoe pewienue 00HOpoOHOU 3adauu 1, mo npu cobmodenuu
mpebosanuil 1) unu 2) pewenue U(X, Yy) 6 obnacmu D moswcoecmeenno pasno nymo [1].

HoxazateabcTBo. [loTpeOyem Ha koHmax wHTEepBaga X=0 m X =1 BEIIOJHEHHUS CICTYIOIIETO
JIOTIOJTHATEIEHOTO YCIIOBHSL:

Jim u(x0)[u(%0)+pu(x0) = lim U xO) y (X0} p y(x0)= ¢ 6)
I[Tepeiinem B obmactu D, k xapakrepuctuueckuM koopauHatam ¢ =X+ Y, /7 =X—Yy. Toraa ypas-

uenre (5)upu Yy <O cramer

2+/‘
Lo(u)=ugn+§(ug+u,,)+p ;2u=0, (7)

a obmacte D, Oyner otoOpaxeHa ¢ obmacTeio A ={ (&,n7)|0<é<n <} 1
PaccmoTpum ToX1€CTBO
0= 4l )= (U, + pv® ) + (g + pu® ), + %+ A Y= Y, . (8)

Bripasum u3 ypasuenus (7) Uy 1 B npaBoil yacTy (8) U3MEHNM TOCIIE/IHUI 1IIeH!

2 2 2
T

2p 4p°
TO)KZ[CCTBO (8) NEpEeTUIICM B BUAC, YUUTHIBAA IMOCJIICAHCC paBeHCTBOZ
2 2 2im 2
0= l, )= (wu, +pv? +iu,§ )+ (Qug+pu? ), + (20, +’02—+/1zu)2 AP +/1221 (2’0 A2 2 .(9)
p p p

B3se Touky (X, X) (0< X<1) na npsmoii /7 =&, mpoBefieM depe3 3Ty TOUKY XapaKTEPUCTHKY /] = X
ypaBHeHus (7).
Yepe3 A, «oTMeTHM» 00/1aCcTh, KOTOpasi OrpaHUYCHA OTpe3kamu mpsameix 7=X, 7 =¢, £ =0. Ilo

3TOi 001acTH A, IPOMHTETPUPYEM TOXKAECTBO (9):

2[u(t,0p, ¢.08t= v € £ Jue € £ v, def:%j Uy € ¢ e+ (10)
0 0 0
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o] @ 2 ppan s puR(E e o s E D00 ”Z)I & 420
n 4°

Ay 0 Ay

Paccmotpum B obnactu D; ToxkaecTBO:
1 3
U(Uyx “Uyt 3pU i+ 3102U xt (:02 —Aw)= v xx_zuzx'i- 3ovu X+EIO2U 2) X (11)
~vuy = (3pu; + (A~ p°W?)=0.
Bnome A(g,h)B(l-&,h) (h,&—xak yrogHo MaieHbKHE Yuclia, OONBIINE HYJIS) POHMHTETPUPYEM

(11) mo X, a moToM TepelaeM B MOIydeHHOM paBeHCTBe K mpemeay h — 0 u & - 0. Ilpuaumast Bo
BHUMaHHe ycioBus (6), B ©TOre MMeeM PaBEHCTBO

1 1
[ v(x0)y (x,0)dx= —{%ui (L0} [ [PuF (x,0F 4 -p°¥? (.04 > (12)
0 0

13 nepasencts (10)u

u3 (12) umeem

V2(1,0)+ zj 30+ nzp Q=P y2 oyixe o

B (10) u (12) monoxum Tenepp O = \//Tl wm p =-A, .Torma v(1,0)= 0y (x,0)= const Orcrona
crenyert, uro U(X, Y) = 0. U3 Beipaxkenus (4) rorma moiayanm, aro U(X, y) = 0.

W3y4um ToxkaecTBo B obmactu D; :
1 1
U(Uye = uy_Alu) =( UL&X_E Li() x_(E l3) y_/]l G=0.
DT0 TOXKAECTBO HHTErpHpyeM 1o obiactn D; u ¢ yuerom Toro, uro ¢,;(0)=¢,(0)=¢5(0)= O, mo-
JY4UM:

1
2] [y 5 )~ (G 1P) = A f e[ & xye & 0] o

o (13)

+ju 1, y)dy+ 2/11j W (x y) dxdy O.
O
HN3-3a Toro, uro U(x 0)=0, u3 popmynsr (13) mmeem, aro u(x, h)=0 u u,(l,y)= 0, oxHOpOHHAS
u(x, y) =0, 0(x, y) DE . 3amaua apOy u(x 0)=0,u(x,—X) =0 B obmactu D, mis ypasuenus (1) mpu
y <0 umeer ToIBKO TpuBHaNbHOE pemenne U(X, y) =0, T(X, Y) DE . 3Hauwmr, U(x, y)=0B D.

IMocne 3TOrO MOKa)XXeM CyIIeCTBOBaHUE perieHus 3a1a4u 1. J[s 5Toro Hy)KHO HEpedTH K JIUMUTY
(mpemeny) mpu y — O+ B ypaBHenuu (1) u mpuHSTE K CBeIeHHIO KpaeBble ycnoBus (2), [1]:

T ()= AT(9 =, (14)
7(0)=¢,(0).7 ()= ¢, (0)7 (0 ¢5 (O, (15)
rae 7(X) =u(x0),v(¥=y (x0).
IIpuMensst TPEXKpATHOE HHTErpUpOBaHue K paBeHcTBY (14) n npuamMas Bo BHnManue (15), cocra-
BUM (DYHKI[HOHATBHOE COOTHOLICHNE MeXay 7 (X)uV(X), mpuHeceHHOe n3 yactu D; Ha y=0:

p) X X i
7(X) —Ell(x— £)27(t) dt= %i(x—t)zv(t) dt+%r (0) % + ¢5(0) x+ ¢, (0), (16)
rac
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1 1
r'(0)=-A [ A- )27 ()dt - [@-t)2v(t)dt- 265 (0)- 2; (O %, (0)
0 0

3apanee mpeamosaras, 4To mpaBas CTOpoHa paBeHcTBa (16) M3BecTHa M paBHa BEIpaxkeHHio ((X),

UMeeM MHTEeTpajbHOe ypaBHeHHe Bonbreppa Broporo poaa mis 7(X) [1]:

/] X
70 =a(9+2:[(x= Y*r(9 dt (17)
0
[Tocne oOparenus ypasHenus (17) umeem:

r() =g +A[Rx)q)d, (18)
0

rae R(x 1) ects pesonsBenta sypa (X — 1), A =A—21 :

ITpuanmas B pacuet 3Hauenne ((X) B (18), moxyuaem
X 2 X X X
(0= [ MOV dte 7' OF+2 [ Rx)E i+ 45(0) [x+A] ROx 91d + gy(0)i+ A R(x 96l (19)
0 0 0 0
Tae
1 > AT )
M= =97+ ZROCD(1- 97 d]. (20)
t

Teneps npunecém u3 runepoonaudeckoit yactu D, Ha nunuio Yy =0 QyHKIMOHAIBHOE COOTHOIIE-
Hue Mexay T(X) u V(X). UToObI ero mosry4uth, mpoananusupyem it ypasHenus (1) mpu y <O pere-
nue 3ana4n Koum 7(X) = u(x0), (X =y, ( X0). Crenyem [2]:

B xty 1y (JAp| 2 = (x=&)?
r(x y)42-r(x+ y)+\/§y y 1(\/ 2[2)/ (x j) ])T(f)d(f)*'
x-y —(x=¢) (21)
+_ 0(\//1 2= (x= 6 Pué) ¢,

X y
rae 1¢(z) u 1,(z) —dynxuun Beccens MHIMOTro apryMeHTa HyJICBOTO U IEPBOTO HOPSIIKOB.

u(x, y) =

Ecmu (21) yaosieTBopuT KpaeBoMy ycaoBuio (3), TO MOMYYHTCSA HHTErPAbHOE ypaBHEHHE THIIA
BonsTepa

()= p(x) - Ir(f)—— lo (A6 (x=&)) &, (22)

rie
(X) = zw@ ~ @O+ [ 1o (A K- HINVE)E.
0

Ipenmonaras ,;(X) M3BECTHOM M mpuMeHsss popMyiry oOpaineHus 1 ypaBHenue trma (22), 6ymem
umeTh [1]:

1) = [ Jp (A, (x= )WY dt+ d ¥, (23)
0
rae

g(x)——[w[ Ju ) 205

INpuHiMas Bo BHHMaHHKe 3Hadenue T (0), paBeHctBo (19) nepesanmmiem Tak:
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X 1 1
r(x) = [ M(x OB dt+ [ QU x 7 (9 e+ [O( % ) () de- g X (25)
0 0 0

rac

Q) =A0(x 0% Y= (F +4] R x)E -
0

G(X) = (#2(0) = $1(0)~ $3(0) (X + A [ R(x T di+ g3 (0)(x- A R x) tdt 4, (O)#A[ R x} d
0 0 0

U3 (23)u (25) «ycrpanum» 7(X) . Toraa nomyunm asist HaxoxaeHus: V(X) WHTErpajabHOE YpaBHEHHUE
HEepBOTO poja:

X X 1
J oA (x= )M dt= [ M (x vt dt+ [ QUx 9 dit- 1 (26)
0 0 0

1 1
Qx)=0(x Y+ [ QAx ) G (1- N K 3=] @xxgxde gx @)
t 0

Tak KaKk B CMbICIIE ITIaKOCTH pe3onbBenta R(X f) mocrymaer Takke, Kak sapo (X —t)%, To yu4uTh-
Bast CBOICTBA 3a/laHHBIX QyHKIMH @ (), =1,_3,t// x), dynxmmu M (x,t),Q(X, t) HempepbIBHBI COBMECT-
HO C YaCTHBIMH NPOW3BOAHBIMHU IIEPBOTO MOPSKA 1O aprymMeHTam X ut; h(X) HempepsiBHa BMecTe ¢
IPOM3BOAHOM B 00IaCTsAX CBOETo onpenenenus, mpurom uro M (X, X) =0, J, (0)= 1.

Haiinst mpon3BoHYIO 110 apryMeHTy X OT ypaBHeHHs (26), IpUXOJUM K CMEIIaHHOMY HHTErpalib-
HOMY ypaBHeHu10. O0paTHM €ro, Kak HHTerpajsHoe ypaBHeHne BonbsTreppa BToporo pona:

1
v(x) = [ T vt dt+ B3, (27)
0

rae aapo I°(x,t) u ero mpaBas wacte hy(X) BeIpaxaroTcs B TepMHMHAX pe3oiabBeHTHl R(X 1) smpa

(x—1)? 1 KaHHBIX QYHKIHIA o (y),i :1,_3(// (x), mpu Tom I"(X,t)0J C([O,ZI] X[ 0,:1 )h x)X C{ 0,]1_
Kaxk BuiHO, BeipaxeHue (27) ecTb MHTETrpaibHOE ypaBHeHHEe DpearonbpMa BToporo pona. M3 eaun-
CTBEHHOCTH PELICHHS] MCXOIHOM 3aJa4i BBITEKAET Pa3pelinMOCTh ITOr0 ypaBHEHHUs. Takum oOpaszom,

¢dyHkmuo V(X) MOXHO ompenenuts u3 ypasHeHus (27). Janee, naitng ¢pyunkmuo V(X), B obmactu D,
no ¢opmyie (21) onpenennm pemrenue U(X, y) 3amaud, a B D; kak pemenue ypasaenus (1) mpu y >0
¢ KpaeBsIMH ycioBusamu (2) u U(X,0)=7(X).

Pemenne 3amaun (1) u (2), u(x,0)=7(X) yIoBIEeTBOPSET HHTECTPAILHOMY YPaBHEHHUIO, COTJIACHO

[1]:
y

1
Ux )= w(x Y-L] ] G x ) €) A, 26)
0

0

y y
Uo(%, y)=]—1T{j G (% ¥0/7)107) dy = [Ge(x, y:07), () 07 -
0 0

y 1
~[Ger (% w11, (1)1 + [G(x, v,€,07 €)d} €,
0 0

rne G(X, ¥¢,/7) ects pynkuus ['puna kpaeoii 3amaun (1), (2), u(x,0)=7(X) ypaBHeHUS
Uy = Uy =0. (29)
Orta BeimeynomsinyTas Gynkius ['puna G(X, Y&,/7) onucsiBaeTcs MOCPeCTBOM (hyHIaMEHTAIbHBIX
peurenuii (29):
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Uk ) = |2 1| X Ly v = | 15(&2,‘;]#%
(y-m3 \(y-n)3 (y-n)3
0,y=n, 0,ysn,

\f 3 3 3 3
_nNz) | 2 5 2 ol n2NZ N2 ol |2 2
f(2) 3\/5 I} 3@2 +|71 3@2 , 9(2) 3@ I} 3\@2 I,l 3f32 ,
3 3 3 3

rae |, (z) —dynxuus beccens. dynkumn f(z) u (3(2) HMEHYIOTCS (QDYHKIUAME DUPH U yIOBIETBOPSIOT

ypaBrennio t (2) + z{ 9/3=0.

B [2] paccMoTpeHa onHO3HAaYHAs pa3peiiuMocTh ypaBHeHus (28), a mo dopmyne (21) MoxHO pe-
muTh 3aavy Komm.

[lpy BBIIECKa3aHHBIX IPEINONIOKEHHUSIX OTHOCHTENBHO A4 H Ay, a MMEHHO IIpH

3

A 2(=A,)2, A 2 =A3 +3)A,71°, ;> 0 uccienoBana OHO3HAYHAS PA3PEUIMMOCT MTOCTABICHHOM 331K
JUISl CMELIAaHHOTO TUIEPO0IIO-TIapadoInYecKOro ypaBHEHUS TPEThEro MOpsaKa CO CIEKTPAILHBIM Tapa-
METPOM.
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ON ANALOGUE OF THE TRIKOMI PROBLEM FOR A THIRD-ORDE R EQUATION
OF MIXED TYPE

A.M. Laipanova
Russian University of Transport, Moscow, Russian Federation
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It is commonly known that equations of mixed type partial differential equations that belong to
different types in different parts of the domairdanconsideration. For example, the equation may be
long to the elliptic type in one part of the domaimd to the hyperbolic type in another one; thestsp
are separated by a transition line, at which theatgn degenerates into parabolic or undefined.

In 1923, the Italian mathematician F. Tricomi colesed a boundary value problem for one equa-
tion of mixed elliptic-hyperbolic type (later namedter him) in a domain bounded in the upper half-
plane by the Lyapunov curve, and in the lower pédfae by the characteristics of the equation that
emerge from the ends of this curve; the boundangditions were then set on the curve and on one of
the characteristics. The solution had to be contisun the closure of the domain, continuouslyedliff
entiable within it, and twice continuously diffet&ble in the upper (elliptic) and lower (hyperio)li
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subdomains; for the first derivatives of the sautisingularities of integrable order were allowesdr
the ends of the curve. Tricomi proved the existearm uniqueness of the solution to the problenhén t
specified class; when proving the existence, haaed the problem to a singular integral equation.

The article studies an analogue of the Tricomi |enobfor a third-order hyperbolic-parabolic equa-
tion of mixed type with a spectral parameter. Thigueness and existence of a solution to the pmoble
are proved. The uniqueness of the solution to tbblem is proved by the method of energy integrals,
and the existence of the solution is proved byntle¢hod of reduction to the Fredholm integral equmti
of the second kind, the solvability of which follevirom the uniqueness of the solution to the prble

Keywords: hyperbolic-parabolic equation; Tricomigimem; equation of mixed type; boundary
value problem; integral equations.
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PA3PELUMMOCTb OEPATHON HA‘-IAHbHQ—KPAEBOVI 3AOAYU
C U3BECTHbIM SHAYEHUEM HA MNMPAMOMU

A.O. Mambimoe )
Ouwickuli eocydapcmeeHHbIl yHUgepcumem, 2. Ow, Kupeusckas Pecrnybriuka
E-mail: mamytov1968@list.ru

Omnpenejsenuss  Jmbo  sApa, Jaubo  mNpaBbIX  4YacTeil  HHTerpo-
AnddepeHIHANBHBIX YPABHeHMIl, NN 3HAYeHHs 100 Ha4valbHBIX, JTHOO Kpae-
BBIX YCJIOBHIi ISl HHTerpo-1ugdepeHINaIbHBIX YPaBHEHHU, JU00 onpeneeHUus
NMPaBoil YaCTH JJIA HMHTerpo-aud@epeHINaIBLHOT0 YPAaBHEHHsS ¢ Iepeonpenee-
HHEeM BO BHYTPeHHel TOYKe IO AOMOJHHMTEeNbHOH MHGOPMANMH 0 pelleHHuH HC-
XO/IHOM 321241 HA3BIBAIOT 00pPATHBIMH 3aiadyaMu. MaTeMaTH4ecKre MOJEJIH CO-
BPeMEHHBIX NMPO00JieM reo(pu3nKH, 0KeaHOJOTHd, aTMochepsl, GU3NKH, TEXHUKH
U IPYTHX HayK ONHCBIBAIOTCS ¢ MOMOIIbI0 HHTerpo-IuddepeHIHANBHBIX YPaB-
HeHHU# ¢ YaCTHBIMM NPOM3BOAHBIMHU YeTBepToro nopsiaka. [Ipeanaraemas crarbs
MOCBAIEHA Pa3peliMMOCTH 00paTHOIl 3aJa4H, T. €. BOCCTAHOBJICHUIO fApa B Ha-
4YaJbHO-KPaeBoil 3asade s HHTerpo-AudepeHNATBLHOIO YPaBHEHHUS C
YACTHBIMH NMPOU3BOJHBLIMH YeTBEPTOr0 MOPSAAKA C H3BECTHBIM 3HAYEHHUEM HCKO-
MOro pemeHHsi Ha MpsiMoii X = Xo, 0 <Xg< 1, TO ecTh ¢ mepeomnpeaeleHneM BO
BHyTpeHHel mpsmoili. Hamu BrepBble N0Kka3aHa cyllecCTBOBaHHME W €IMHCTBEH-
HOCTh pellieHHs] paccMaTpHBaeMoii o0paTHoii 3agaun. /1 K0CTHKEHHs] TOCTAB-
JICHHOI 1eJIM HAMH HMCIO0JIb30BAHbI H3BeCTHbIE METO/bl. MeTO/l CBe/lecHHsl 00parT-
HO¥ 32124 K JIMHeHiHOMY MHTerpajibHOMY ypaBHeHHI0 BoabTeppa BTOpOro po-
Aa, merox ¢ynknuii I'puHa 1 00bIKHOBeHHBIX TU(depeHINAIbLHBIX ypaBHe-
HHUIi BTOPOro MOpsiika ¢ OHOPOJHBIMHM KpaeBbIMH ycaoBusiMHu. IIpn pemennu
TMOCTABJICHHOH 00paTHOM 32724l Hal/IeHbl 10CTATOYHbIC YCJIOBHS CyLIeCTBOBA-
HHUSl M eIMHCTBEHHOCTh pellieHHsl 00paTHOIi 3aJa4M N0 BOCCTAHOBJICHHIO S/Ipa B
HHTerpo-augdepeHNAIbLHOM YPABHEHHH B YACTHBIX NPOH3BOJHBIX YeTBEPTOro
nopsiaka. CHayaja ¢ noMoumblo npeodpa3opanHuii 1 GpyHkuuu I'puna ucxogHas
3aJa4ya CBOJUTCH K IKBHBAJEHTHOIi 3a1aye, UIsl KOTOPOJ 10Ka3bIBaeTcsl TeopeMa
CYIeCTBOBAHMSA M ¢IMHCTBEHHOCTH pemieHus. /lajiee ¢ MOMONIBI0 METO0B TeO-
pHH 00pPATHBIX 3224 COCTABJIAIOTCS TPU HHTErpalbHBIX ypaBHeHusa BoabTeppa
BTOPOr0 pOAa M J0Ka3bIBACTCS CYNIeCTBOBAHHE W €JIMHCTBCHHOCThb pelleHUs
CHCTEeM MHTerpajibHbIX ypaBHeHUii BoabTeppa BTOpoOro poaa.

Knoueswvie cnosa. oopamnas 3adaua; unmeepo-oughghepenyuanvivie ypagHeHus ¢
YACMHBIMU NPOU3BOOHBIMU; 0pa; QyHKyus I puna.

Beenenne. OOpIyHO ompeneneHus au0o sapa, MO0 MpaBbIX YacTed MHTErpo-nudepeHInaTbHbIX
ypaBHEHUH, WM 3HAYCHUs THMOO HAYANbHBIX, THOO KPaeBbIX YCIOBHH IJIsl HHTETPO-Au(epeHInaNTbHBIX
ypaBHEHHMH, THO0 OIpEeAeIeHHs IPaBOil YacTH Ul HHTETpo-1u(PepeHIINaNTEHOr0 YpaBHEHHS C TIepeotl-
peneneHueM BO BHYTPEHHEH TOUYKE MO AOMOIHUTENBHON MHPOPMALUHM O PElICHHH HCXOAHOHM 3amayu
Ha3bIBAIOT OOPATHBIMU 3a/1a4aMHU.

[Toutn Bo Bcex cdepax HAyKH M TEXHUKH, IIPU PEIICHUH MPAKTHYECKUX 3a1ad, OOpaTHBIC 3aJauu
3aHUMAIOT ocoboe MecTo. MaremaTudeckue MOJed COBPEMEHHBIX MPo0OIeM reo(pU3UKH, OKEaHOIOTHH,
aTMocdepsl, GU3NKN TEXHUKH M APYTHX HayK OMHCHIBAIOTCS ¢ OMOLIbIO AuddepeHInaIbHbIX ypaBHe-
HHUI C YaCTHBIMHU TPOU3BOAHBIMHU YETBEPTOTO Mopsiaka. Paznnunsle oOpaTHbBIE 33/1a4l PaCCMOTPEHBI B
paborax [1-5].

Hama craTes mocBsimieHa pa3peiinMOCTH 00paTHOH 3aJauH, T. €. BOCCTAaHOBJICHUS sApa B Hadalb-
HO-KpaeBoH 3ajade Uil MHTerpo-auddepeHnnanb-Horo ypaBHEHHS YETBEPTOTO TOPSAAKA C N3BECTHBIM
3HaYEHHEM UCKOMOTO PELICHUS Ha NPSIMOH X = Xy, %, J(0,1).

Hamu nokasaHo cyiiecTBOBaHHE U €JUHCTBEHHOCTh PEIIEHHS TOCTaBIEHHON 00paTHOH 3a1ayu.

JUIs NOCTMOXKEHUS! TTOCTABIEHHOM LI€JIM HaMM HCIIOJIb30BaHbl: METOJ] CBEICHUS OOpaTHOM 3ajauu K
JMHEHHOMY MHTETpajbHOMY ypaBHeHHIO BonbTeppa BTOporo poaa, Meton ¢ynkuuii ['puna amst oObIK-
HOBEHHBIX Au((epeHanbHbIX YpaBHEHHI BTOPOTO MOPSAAKA C OJHOPOIHBIMU KPACBBIMH yCIOBUSIMH.
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[Ipu pemiennn nocTaBaeHHOW 00paTHON 3a7ayyl HalICHBI JOCTATOYHBIE YCIIOBHS CYLIECTBOBAHUS U
€/IMHCTBEHHOCTH PEIleHNsI 00paTHOM 3a]]auy TI0 BOCCTAHOBIICHHIO SI/Ipa B HHTETpo-AuddepeHInantsHOM
YPaBHEHUH B YACTHBIX TPOU3BOIAHBIX YETBEPTOTO MOPSAIKA.
MocranoBka 3amauu. Vccnenyem nuHelHOE HEOIHOPOAHOE WMHTErpo-AuddepeHmansHoe ypas-
HEHHE YETBEPTOIO MOPAJIKA B YACTHBIX IIPOU3BOIHBIX:
t

U (6= 0 U (6 9+ BUs (L 3+ K Jug s X d8 (1 (,1)Q, (1)
0

C HaYaJIbHBIMHU yCIIOBUSIMU:

u(0,x)=¢(x), 4(0,X)=¢ (%), 0= x 1 (2)
OZHOPOJHBIMH KPAeBbIMH YCIIOBUSIMH:

u(t,0)=u(t,1)=0, O<t<T 3)
a TaKXKe C U3BECTHBIM 3HAYEHHEM HCKOMOTro pemeHust U(t, X) Ha mpsamoit X = X, %, [1(0,1):
u(t, %) = g(9), 0[O0, T], 4)

rae mocrosauble [B<0,0<a,0<T wmsBectusl, f(t,X) — m3Bectmas dymxmms, K(t) um u(t,x) —
HensBecTHbIE pyHkmn, Q ={(x t)|0 < x<1, 0<t<T}.

CTaBUTCS BOMPOC: MPH KAaKUX YCIOBUSX B oOmactd Q CymIecTBYeT €AMHCTBEHHOE PEIICHUE
{K(1), u(t X} obparnoii 3agaun (1)—(4)?

ITycTh BBIONHAIOTCS CIACAYIONIHE YCIOBHUS:

U;. MUsBectHas  ¢yHKIUS f(t,X) HempepelBHA B 3aMKHYTOM  IIPSMOYTOJBHUKE

Q={(x1]0<x<1, 0<t<T}.
Uz #(X), ¢ (x)0C[0,1], (0)= ¢ (1)= 0.4 (OF ¢ (1 C.
Us. gOC%[0,T], ¢(%) = d0).

Jlemma 1. Ilycte )= i >0, a,f0R, Ttorma pesombBenta R(t, S sapa K(t,s)=y(t—9),
a

(t,s)0G ={ (£9:0s < & '} oTpenensieTcs 0OJHO3HAYHO U B SIBHOM BHUJIE!

R(t, s):ﬁ/sh(ﬁ/(t— s)), (t 90 C. (5)

I[OK?BaTe.JIBCTBO. Z[JIH A0Ka3aTeCJIbCTBa JICMMBI TOCTATOYHO JOKAa3aTh CICAYIOIIECEC paBE€HCTBO
t
R(t9=[ KItT)Rr, §d+ K1H (30 ¢
S

Jlns mpoBepKH JTOTO pPaBEHCTBA MBI BCTaBisieM BeIpaxkeHust it sapa K(t,S)=py(t—9 u

pesonbBenTsl R(t, S) = \/T/ sh(\/}_/ (= s)) :
t t
[KEDRE 9@+ Kt 9=[y(erysh(y €= § d+y(t ¢

7=t
=-yt=9ch@+\y sy €=s)| _+y t- sE\y sty & s)= RS

Jlemma 1 nokxazaHa.

Jlemma 2. TIycte f(X)OC[0,1] u a >0, Torma pelieHue AByXTOYEUHON KpaeBOil 3a1a4n

z"(x)—%z(w (3 K01, 0= L= C

MOYKHO 3anHcath ¢ nomMoubko Gpynkuuu ['puna [6]:

1
2() = [ & x€) () &,
0

rIe
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2
V7 ah S ¢
eve sh—— £ _x sh— _E | x
ye a _ 17 eﬁ+ﬁ Ja _1 i do 0< x&<1,
2 2 2 2| 2 2
eva -1 ela -1
G(x¢)= )
Jaon $ '3
eve sh—= £ X sh——= < | x
_% > JE%GJE o7 4 VT ZJE +_12 @ | o, 0sés x1
eVo —1 el -1
Bsenem o0o3HaueHune
v(t, X) = U, (t X. (6)

Wurerpupyst (10) mo nepemeHHoM t, mMeeM:
t

w(tX)=[Us Y ds C X
0

rae C(x) —mpousBonbHast QyHKIIHS.
VuursiBasi HadanbHoe ycioBue Ui (0,X)=¢/(X), BeiGepem C(x) Tak, 4TOOBI BBINOJIHSIOCH 9TO

Ha4aJIbHOC YCIIOBHE!

0
W(©0.9)=[Us ¥ds G x= C)y()
0
Otcrona momyyaem:
t
U (%)= [ s 3 ds-gr( X )
0

Hanee, uarerpupys (7) mo nepeMeHHoii t , umeeM:
tr t
ut ) =[[w(s 3 dsd+[g( X dt & P,
00 0

rae Ci(x) —npousBonbHas QyHKIUS.
VuntsiBas HagansHoe ycimosre U(0,X)=¢@(X), Beibepem Cy(x):

or 0
u©0,)=[ws Wdsa+[w(xdt @)= & pep().
00 0

tr

Jliist IBOMHOTO MHTErpaia ”V(S, X) dsd , ucrons3ys hopmyiny Jupuxiie, moaydaem:
00

tr tt t t t
[[vs Ydsd=[[ ¢sxd ds|[ (vo)xfista[(-1t) 6 v} >
00 Os 0 S 0
Otcrona momyyaem:
t
U(t-X):j(t—S)\(SXdﬂ//( xto( ) (8)
0
VYuunteiBas 0603Hauenwue (6) narerpo-nuddepernuaapaoe ypasaenue (1) 3anuineM B BUIE:

t
V(LX) =N, (4 9+ Bug(t 3+ [ K(t= 3 ¢s X ds (), (9)
0

t
a MHTETpajl I K(t-s)M's ¥ ds MoxHO 3amicaTh B BUIE
0
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t t
[Kt-9usyds| KB Et sk (10)
0 0

Tuddepentmpys cooTHomenUe (8) ABAKIBI 110 TEPEMEHHOI X, TTOTyHaeM
Uy (t, X) =j(t— (s F dsy"( Xto"( (11)
Toncrapnss bipaxeris (10)m (113)3 ypasienue (9), momy=mM:
V(t X)=a v (1, X)+/J’:j)(t— I V(s X ds By "( xt5p"( )*:j) K)s(vt ,s)x ¢ls (f ),

nin

t
vt =219 =-L[ (- 9y (s ¥ ds Dy )l )l
0

- K)s(w+t ,s)x els,l (.12
a a

Ot

VYuuteiBas nemmy 1, momydunm

t

Vb= UL Y= WA ) [ KIE s Xds= (L
0

: (13)

t
1 " " 1 1
+[Jrsh(J(t- s)[; s X (X s )| k) @sT, Xk (ts)}ds
0 0
Ha ocHoBauwn o603nadenus (6) m3 0MHOPOIHBIX KPaeBbIX yCIoBHi (3) nMeeM:
v(t,0)=v(t,)=0, O<t<T (24)
[Mpumenss nemmy 2 k 3amaue (13), (14),monydaem mHTErpajbHOE ypaBHeHHE BonbTeppa BTOpro
poxa:

1 t

vt )= G(xf)[W"(E)HW"(E)—% J KO ) ds= € £)
0 0
1

t S
+jsh((y(t—s)){§v(sf)+yw"@f)s+y¢"@)—;j KOs T &) d- f(%‘)] d% & (1)
0 0

Ilycth
1 t
FLx0 =] G(xf)[ylﬂ" @O -0y ( (€ s y¢"(f)—¥jsh((y (- 9) d% 4(16)
0 0
Torma unaTErpabHOE ypaBHenue (15) npumer Bu:

t1
Vt=2[[ G RT3 () 8 ds
00

17)
tl tls
~[JEOKSN- 5 & ds[[[ RS G.H ) (v-.8) rded s ().
a5 @500
HetpynHo 3ameTuts, 4to B paBenctBe (17)npu t =0:
v(0,x)= F(0,x), x1[0,1]. (18)

Iuddepenaupyst papercTro (17)mo mepemennoii t u yuurtsiBas cootnomenue (18), umeem

1 t1 tl
Vt(LX){lIG(xE)F(O,E)df} KO==[[ GO R ¢ ) 8 ds5[[ 6&) K519 Ed—
aO aOO 0’00

tsl
-2[JJSRORMI KD (s.8) d d ds .t (19)
000
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Teneps B nomydeHHoM cooTHomeHun (19) momaraem, 4to X = X,. YuurtsiBast ycinosue (4) u coot-
HoeHue (8), MBI IOJTy4aeM Clie/Iyroliee paBeHCTBO:

1 tl tl
FIG(XO,E)F(O,E)OIE} K== [[ G5 IR(1S ) & ds=[] Go¥) K)s-t)sd 4
aO aOO aOO

1 tsl
—[[[G00OR(LIKD) (57.¢) d d ds (K. toh= )1 (20)
000
Takum o6pasom, s onpenenenus HemsBecTHbIX K (t),V(t, X), \ (t, X) MBI mOMy4nIN cCHCTEMY HEJU-
HEWHBIX MHTETPANILHBIX YpaBHeHHI BonbTeppa Broporo poaa (17), (19)u (20).
Hawmu nokazana ciemyrormas Teopema.

1
Teopema. [Tycts Bemonustores ycnosust U;, Uy, Us 1 HepaBeHCTBO l.[G()QJ,E) F(0,£)dé £ 0. To-
a
0

IJla TIpU OCTAaTouHO MamoM 3HaueHun 1 >0 obpartHas 3amada (1)—(4) uMeeT eIMHCTBEHHOE pPEIIeHUE

{u(t, %), K(t} Brmacce C**([0,T]x[0,4)xC[ 0T]
Tpuaem u(t,x)0C>2([0,T]x[0,3) = U (t,x0 [ 0,Tx[ 0.]).
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The definitions of either the kernel or the riglad sides of integro-differential equations, or the
values of either the initial or boundary conditidos integro-differential equations or the defiaiti of
the right-hand side for an integro-differential ajan with over determination at an interior pdaaised
on additional information about the solution of tireginal problem is called inverse problems. Mathe
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matical models of modern problems of geophysiceanology, atmosphere, physics, technology and
other sciences are described using integro-diffedeaquations with partial derivatives of the fiur
order. The present article is devoted to the sditsabf the inverse problem, that is, the recovefithe
kernel in the initial-boundary value problem fofoarth-order integro-differential equation with pat
derivatives with a known value of the desired solubn the straight lin& = xo, 0 <X, < 1, that is, with
a new definition in the inner line. The authors égvoved for the first time the existence and ugiqu
ness of the solution of the inverse problem undersderation. Well-known methods are used to
achieve this goal: the method of reducing the isegroblem to a linear integral Volterra equatién o
the second kind, the method of Green's functionsfdinary differential equations of the secondeord
with homogeneous boundary conditions. When soltlregformulated inverse problem, sufficient con-
ditions for the existence and uniqueness of thetieol of the inverse problem of recovering the kekrn
in a fourth order partial integro-differential edgioa are found. First, using transformations ane th
Green's function, the original problem is reduce@rn equivalent problem, for which a theorem on the
existence and uniqueness of a solution is provadhér, using the methods of the theory of inverse
problems, three Volterra integral equations of seeond kind are compiled and the existence and
uniqueness of the solution of systems of Voltentagral equations of the second kind are proved.
Keywords: inverse problem; integro-differential etjon with partial derivatives; kernels; Green's
function.
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YNCNEHHOE PELUEHUE HAYAINIbHO-KOHEYHOMN 3A0AYMN
AnA HECTALUMOHAPHbBIX CUCTEM JIEOHTBEBCKOI'O TUMA

M.A. Cazadeesa, J1.M. ®amkynnuHa, O.B. Y¢pumuyesa
HOxHO-Ypanbckuli eocyGapcmeeHHbIlU yHugepcumem, e. YensbuHck, Poccutickass ®edepayus
E-mail: sagadeevama@susu.ru

OCHOBHOH HEJbI0 JAHHOH CTAaTbH SBJSAETCS JA0KA3AaTEJIbCTBO CXOAMMOCTH
YHCJIEHHOT0 pPellleHHs] HeCTAIMOHAPHOM CHCTEMBbI JeOHTHEeCKOr0 THNA ¢ HAYAJIb-
HO-KOHeYHBbIM yciaoBueM. HecTanmoHapHble CHCTEMbI J€OHTHEBCKOTO THIA BO3-
HUKAIOT MPU HCCJIeTOBAHUU JUHAMUYECKUX 0AJAHCOBBLIX Mojejieid IKOHOMHKH.
OTMeTHM, YTO HECTAIIMOHAPHOCTH CHCTEMBbI ONMHMCHIBAETCS C MOMOIIbI0 CKAJIAP-
HOW (PYHKUMHU, HA KOTOPYI0O YMHOKeHA OJHA W3 MaTpul cucreMbl. Takxe moj-
YepKHEM, YTO OTJIHYMTE]LHOW 4YepPTOi CHCTEM JIEOHTHEBCKOIO THIA SIBJISIETCS
BBIPOKI€HHOCTh MATpHIbI MPH MPOU3BOJAHOI MO BpPeMEHH, YTO 00YCIOBJIEHO
TeM, YTO HEKOTOpble BHAbI PeCypcoB 3KOHOMHUYECKHUX CHMCTEM HEBO3MOKHO 3a-
nactu. B 1aHHOI cTaTbe BMECTO CTAHIAPTHOIO HAYAJIBHOIO YCJIOBHS MCHOJb3Y-
eTCsl HAYaJIbHO-KOHEYHOE YCJI0BHE, KOTOPOe I/ IKOHOMUYECKHX CHCTEM MOIKET
MHTEPNPEeTUPOBATHCA KAaK yUeT MoKa3aTe/ieil He TOJbKO B HAYAJIbHbINi MOMEHT
BpeMeHHU, HO U MoKa3areJeil, KOTOpble OyAyT JOCTUTHYTHI B KOHEYHbINi MOMEHT
BpemeHH. Panee pemenne Takoi 3a1a4u ObLIO M3Y4eHO H ONMHCAHO C MOMOIILIO
KOHTYPHBIX MHTerpasoB. OaHako, 1Jsi 0oJiblIepa3MepHbIX CHCTEM TaKoili BH]
pelleHus1 He OYeHb YA00€eH, MOITOMY B JaHHOW CTaThe MpeaJjaraercs onmucaHue
YHCJIEHHOT0 pelieHus 0e3 UCMoJab30BaHisI KOHTYPHBIX HHTErpajioB, a TaK:Ke HC-
cJIeayeTcs CXOAUMOCTh TAaHHOTO YUCJIEHHOTO peleHusl.

Knoueswvie crnosa: omnocumenvho pecynaphvle mampuysl; 3a0aia Kowu; 3a0aua
Lloyonmepa—Cuodoposa; annpokcumayuu pa3peumarowux nomoko8 Mampuy, cxoou-
MOCNb YUCTIEHHO20 PEeuleHUs.

BBenenue

[Ipu mocTpoeHNMM MaTEeMaTHUYECKUX MOJEIEH SKOHOMUYECKHUX CHUCTEM M IPOLECCOB IIMPOKO HC-
noJb3yroTes OamancoBbie Moaenu [1,2]. Mcnons3oBaHue AUHAMHYSCKUX MOJETICH MO3BOJISICT OMUCATh
MpoIecc M3MECHEHUS YKOHOMUYECKHX TOKa3aTelleld, YCTAHOBUTh HEMOCPEIACTBEHHYIO B3aUMOCBSI3h MEXK-
JTy TIPEIBITYIUMH U TIOCJICIYIOIUMU dTalaMy Pa3BUTHS U TEM CaMbIM MPUOIU3UTH aHAIH3 Ha OCHOBE
SKOHOMHUKO-MATeMaTU4YeCKOM MOJENH K PEallbHBIM YCJIOBHSIM Pa3BUTHS SKOHOMUYECKOW CHUCTEMBL.
Kpome Toro oTMeTHM, 4TO peabHbIC MOJCITH OOBIYHO NMEIOT OOJNBIITYIO Pa3MEPHOCTb.

Paccmotpum B R" nunamuueckyro 6anaHcoBy0 MoJelb B BUJIE HECTAIIMOHAPHON CHCTEMBI JIEOH-
THEBCKOTO THIIA

Lx(t) = a(t)Mx(t) + f (t), (1)

rne L, M —kBagparusie matpuisl nopsaka N, mpuaem detl = 0. 3xecy a:[0;T] - R, — ckansp-

Hast QYHKIWsI, ONMKUCHIBAIOIIAs M3MEHEHUE BO BPEMEHH ITapaMeTPOB B3aWMOBIHSHHS 3HAYCHUH HCCIIe-

nyemoit cucrembl, a matpuma M — (L, p)-perynspma (r.e. cymectByer 4 [1C takas, uro

det(ul — M) # 0, i GeckoHEUYHO yaaleHHas TOUKa ABISETCs momocoM Marpui-byrxman (L — M )™
nopsaka PN, snece n manee N, ={0} O N). Bexrop-oyuxkuus f:[0;T] -~ R" onmcesaer

BHEIIHHUE BO3ICHCTBHS Ha cucTeMy. OTMETHM, UTO yclIoBHe BeIpoxkaennoctu cucteMbl detl = 0 ssus-
€TCs OJTHOW W3 OTIIMYUTENBHBIX YePT CUCTEM JICOHTHEBCKOTO THIIA, OMUCHIBAIOIINX OaJaHCOBBIC MOJICITH
9KOHOMHMKH, TaK KaK PeCypChl OMPEIeICHHOr0 THIA 3amacTy Heb3s [2]. Kpome Toro 3amernm, uro 0Oa-
JIAHCOBBIC MOJICNTH 3aYacTyl0 UMEIOT HECTAI[MOHAPHBIN BHJ, T. €. MaTPHIIbI, BXomsiue B cuctemy (1),
3aBHCAT OT BpeMeHH [3].

CuctemMbl JTEOHTHEBCKOTO THIIA SIBIISIOTCS KOHCYHOMEPHBIM aHAJIOTOM ypaBHEHHH COOOJIEBCKOTO
tuna [4—6]. JlaHHOE WCCIEeIOBaHHE MPOBEACHO B PAMKaxX TEOPHHM BBIPOXKICHHBIX Pa3peIlaroIiuX ce-
MeicTB omepaTopoB [5]. HecranmonapHsie ypaBHEHMs COO0IEBCKOTO THIIA BIIEPBBIE OBLIN pPacCMOTpe-
HBI B pabote [7], nanee 1 UCCIIEMOBAHUS TAKUX YPABHEHHUH OBLIO MPEIOKEHO HCIOIL30BATh BBHIPOXK-
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JICHHBIC TIOTOKH OTIEPATOPOB, KOTOPBIC SBIISIOTCS aHAIOraMHU pa3peniaroux (MoJy)rpyrn onepaTopos
[5] B cranmonapHoM citydae. Pasperiaromye MOTOKH MaTPHIL JJIsl HECTAIIMOHAPHBIX CUCTEM JICOHTHEB-
CKOTO THIIa PACCMOTPEHBI B paboTte [8].

[Ipu penieHny NMpUKIAHBIX 33734 BOSHUKAIOT CUTYallWH, KOT/A YacTh yCIOBH HAa HCKOMYIO BEK-
TOp-(QYHKIMIO HAM W3BECTHA B HAYaIbHBII MOMEHT BPEMEHH, & OCTAIBLHBIC YCIOBUS, B CHIIY y4eTa 0Co-
OCHHOCTEH MOJISITMPYEMOT0 IMPOIIecca, HaM M3BECTHBI B KOHEYHBI MOMEHT BpeMeHH. B TakoMm cirydae
aJIcKBaTHO PAcCMaTPHUBATh HAYAJILHO-KOHEUHBIE YCIOBUS [9] 1 cCHCTEM JICOHThEBCKOTO ThMa. Havanb-
HO-KOHEYHYIO 3a7jaqy OyJeM paccMaTpuBaTh B CIEIYIOIIEM BUIE:

RX0)-%)=0 R(XT)-x)=0, 2
rac P ' PT — MaTpulbl, C IOMOIIBIO KOTOPLIX 3aJar0TCA YCJIOBUA B HAYaJIbHEIA 1 KOHEYHEIH MOMCHTEI

BPEMCHH, a BCKTOPLI XO’ XT [l Rn OIIMCBIBAIOT JKEIIACMBIC 3HAYCHUS CHUCTEMEI B HAYallbHBIA U KOHEY-

HBIII MOMEHTBI BPEMEHH COOTBETCTBEHHO. HadaabHO-KOHEUHBIC YCIOBHS MOTYT OBITh MPUMEHEHBI TIPH
M3y4YCHUH PA3IMYHBIX MaTeMaTHYecKuX mozenei (cm., Hampumep, [10-13]). OtMeTnM, 94TO HaYaIbHO-
KOHEYHBIC YCJIOBHS SBISIIOTCA 0000menueM [14] ycnouit 1lloyonrepa—Cunoposa [15], koTopsie npu
UCCIIEIOBAaHUH BBIPOJKACHHBIX ONEpaTopHO-IU(depeHINaIbHbIX YpaBHEHHH SBISIIOTCS Oonee ecTect-
BEHHBIMH, TaK KaK CHUMAIOT HEOOXOAUMOCTh IIPOBEPSThH COTTIaCOBAHUE HAYAIIbHBIX TaHHBIX [16].

OCHOBHOH LIENTBIO JTAHHOM CTaThU SBJISIETCS TIOCTPOCHHUE YUCICHHOTO pemieHus 3anaun (1), (2)oe3
UCTIONIb30BaHNS KOHTYPHBIX HHTETPAJIOB, a TAKXKE MCCIEIOBAaHUE CXOJUMOCTH 3TOTO perreHus. Yucien-
HBIC PEIICHHS HaYaJIbHbIX 33/1a4 JUIS CUCTEM JICOHTBEBCKOTO THIIA MCCIIEAYIOTCS, HAlpHMep, B paboTax
[16-18].

CraTpsi KpoMe BBE/ICHHS, 3aKJIIOUCHHS U CITUCKA JINTEPATYPhl COJCPIKUT JBE YacTH. B mepBoii npu-
BOJHTCS HeoOXonumasi nH(popManus A1l ONMCAHNS PELICHHH HAYaJIbHBIX 3aad JUIS CHCTEM JICOHTHEB-
CKOT'O THIIA, U KOTOPBIX pa3pellaronie ceMelcTBa MaTpHUI] OMUCAHBI C TOMOIIBIO MPEICIBHBIX Mepe-
X0/10B. Bo BTOpO# 4acTu MPUBOAWTCS OCHOBHOM pPe3ysbTaT CTaThH, & UMEHHO IIOCTPOCHO YHMCICHHOE
pellieHre HavampHO-KoHeuHo 3amaun (1), (2)u mokazaHa ero CXoAMMOCTb K TOYHOMY PELIEHHUIO.

PeunleHne HaYaIbHBIX 33/1a4 U151 HECTALMOHAPHOM CHCTEMBI JIEOHTHEBCKOI'0 THIIA

Iycts L, M —xBaaparusie Matpuipl nopsaka N, npuaem detl = 0. Pacemorpum B R" Hecta-

[HOHAPHYIO CHCTEMY JICOHTHEBCKOTO THITA

Lx(t) = a(t)Mx(t), ©)
rae a:[0;T] - R, —ckanspras QpyHKIKs, OMUCHIBAIOIIAA M3MEHEHUE BO BPEMEHH [IAPAMETPOB B3au-
MOBJIUSHHS 3HAYEHMI ucceayemoit cuctemsl, Bektop-gpynkuus X: [0;T] — R" uckomas.

Bynem wmaseBate matpumy M (L, p) -perymspmoii, ecnm cymectByer A [1C Takas, uto
det(ul —M) # 0, u GeckOHEUHO yaaNeHHas TOUKa SBIAETCA momocoM Matpuu-dyskim (L —M)™
nopsigka PN, . DToT TepMuH sSBIsSETCS aHAIOrOM TEPMHHA «PEryIsIpHbIil mydok matpun Ul —M »
K. Beitepmpacca [19].

Jlemma 1 [8]. ITycmo mampuya M (L, p) -peeyaapna (p = m) . To20a cywecmesyiom npoex-
mopul, 3a0agaemvle ¢ NOMOWBIO MAMpPuy

P=lim((L-+M)2L)™,  Q=lim(L(L-tM)?)

p+1

Onpenenenne 1. Bexrop-dpynxmmst X JC'([0;T]; R") nassiBaercs pewsenuem (3), ecnu mojcra-
HOBKa 3TOM BEKTOP-QYHKIMM B ypaBHeHWe (3) genaeT ero BepHBbIM TOkeCTBOM. Permenue X = X(t)
ypaBHeHus (3) Oynem Has3bIBaTh pelieHueM sadayu Kowu

X(to) = % 4
s ypasHenus (3) (kKopoTko, 3amaun (3), (4)),ecnu oHo ynosiaeTBopseT ycinosuio Kommm (4) npu Heko-
Topom X, OR".

Onpenenenne 2. Bexrop-dpyuxius X JC([0,T];R") nassBaercs pewenuem (1), ecnmu mopcra-

HOBKa 3TO# BeKTOp-(QyHKIMK B ypaBHeHHe (1) remaet ero BEpHBIM TOKECTBOM MPH HEKOTOPOH BEKTOP-
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¢ynaxmuu [0, T] > R". Pemenne X = X(t) ypaBnenus (1) GymeM Ha3plBaTh PELICHHEM 3a0ayu
Lloyoamepa—Cudoposa

P(x(t,) = %) =0 (5)
nust ypaBaenus (1) (kopotko, 3amaun (1), (5)),ecnu oHo ynoierBopseT ycioButo (5) mpu HEKOTOpOM
X, OR™.

Hcnons3ys annpokcumanuu Xuute—Yupuepa—Ilocra [20] mis matpul paspemaromniero notoka [8],
TOJIyYUM CIIPABEIUIMBOCTH CJICIYIOIIETO YTBEPIKIACHHS.

Teopema 1 [8]. Ilycmo mampuya M obpamuma u (L, p)-pecyrspna (P =0,n=1), a ¢ynxyus
alOCP™([0,TI;R,). Tozoa oasn moboii eexmop-gynxkyuu f:[0;T] = R", makoii umo
Qf OC([O;TI;R™ u (E,—Q)f OCP*([0;TI;R™), a makace ona mobozo nauansnozo 3naenus

X, OR" cywecmeyem eouncmeennoe pewenue XOCH([0,T];R") zadauu Iloyormepa—Cudoposa

(1), (5),komopoe umeem 6uo

X(t):Li[T]oXk(t):Li[[‘o [L—%Mja(r)dr) L| %+
t 1t 4\ 1 -1 1 4 \P
+£ (L—EM.[a(r)drj L L—EMJ ((L—EMJ L] f(9ds—

—Zp: M En—([L—le_ L] LIM™ En—[(l_—ilvlj_ L] (iij AU . (6)
= k k a(t) dt ) a(t)

Ecnu dononnumenvro 8binoiHeHo yciosue coenacoeanus

1 1 p+l
En_{(L_EMj L] Xy =

=-Y|m En—[(L—iMj_ L] LM En—[(L—EMj_ Lj (LEJ fO
< K K a(t) dt) a(t)

0

mo Qyuxyus (6) aeraemes eourncmeennvim peweruem sadauu Kowwu (4) ons ypasnenus (1).
3nmech u ganee uepe3 E, obo3nauena exunmyHas Matpuua pasmepa N. OTMETHM, YTO yCIOBHE 00-

patumoctu Marpunsl M B Teopeme 1 He sSIBISIETCS OTPAaHHYIUTENBHBIM, TaK KaK [P MPOBEACHUH 3aMe-
HbI B crcteMe (1) Bceraa MOKHO TOOUTHCS ero BhIoiHeHus (moapodHee cM. B [8]).

2. UncieHHoe penieHHe HAYAJbHO-KOHEYHO 321a4M /Il HECTAIIMOHAPHOH CHCTEMBbI JICOHThEB-
CKOr0 THIA
Iycts L, M — kBagpaThbie MaTpunsl nopsaka N, takue uro detl =0, a matpuna M (L, p) -

perynspuaa (P =0,n—1). Jlng mocTaHOBKM HavaabHO-KOHEYHOM 3a/1a4i OOBIMHO MPUMEHSIOTCS CIIEK-

TpasibHbIe IPOEKTOPbI [9—14], KOTOpbIC 33/1AI0TCS C MOMOIIBI0 KOHTYPHBIX HHTErpanoB. OIHAKO B KO-
HEYHOMEPHOM cllydae TaKoe 3aJlaHue MATPUI-yCIOBUUA MOXXHO yNpPOCTUTH. IMEHHO, MpeacTaBUM MaT-

puny P u3 nemmsr 1B Buge cymmsl n8yx marpun P = B + P, npuuem stu matpuupr Py, Py ommce-

BarOT IMPOCKTOPHLI B Rn, T. €. 06J'IaZ[aIOT TEMH KC CBOﬁCTBaMH, 4UTO U MaTpula P.C IIOMOIIBIO O3THUX
MaTpull 3aJar0TCA Ha4aJIbHO-KOHCYHBIC YCJIIOBUS

P (X(0) = %,) =0, Pr(X(T)=%;)=0 (7)
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¢ X, X; OR" onuceiBarouye xenaempie 3Ha4eHUs B HAYAIbHBIA 1 KOHEYHBIH MOMEHTBI BPEMEHH IS
HECTAIMOHAPHOM CUCTEMBI JIEOHTHEBCKOTO TUIIA

Lx(t) = a(t)Mx(t) + f (t), (8)
rae a:[0;T] - R, —ckansapras QpyHKuIMs, OMUCHIBAIOIIAs M3MEHEHUE BO BPEMEHH MIAPAMETPOB B3aH-
MOBIIMSIHMS 3HAYEHHUH uccieayeMoii cuctemsl, Bektop-gpynkuus f :[0; T] -» R" onuceiBaroT BHEmHME
BO3JEHCTBUs Ha cucteMy. OTMETHM, 4TO aHAIOTMYHO Marpuiam Py, P cymectByror coorBercTByIO-
mpe uM Matpuubsl Qy, Qr , 41 KoTOpBIX Tarke BbimonHeHO paBeHcTBO Q = Q, +Qp s Marpup!
Qus nemmsr 1.

Onpenenenne 3. Pemenne XOC'([0,T];R") ypauenus (8) HazoBeM pewenuen HauanbHo-

xoneunoil 3adaqu (7), (8),ecnu oHO JOMOJIHATENBHO YAOBIETBOPSET STOMY yCIoBHIO (7).
ChopmynupyeM TeopeMy O BHIE PEIICHUS HaYaILHO-KOHEYHON 3a/Iaul JUTs HECTAIIMOHAPHON CHC-
TEMBbI JIEOHTHEBCKOTO THIIA.

Teopema 2. Ilycmo mampuya M obpamuma u (L, p)-pecyrapna (p=0,n-1), a ¢yuxyus
al0CP([0,T];R,). Toecoa onsn moboii eexkmop-pynkyuu T :[0;T] = R", makoii umo
Qf OC([O;TI;R™ u (E, —Q)f OCP™*([0;T];R"), a makace ons mobbix suavenuii Xy, %; OR"

cywecmayem eduncmeennoe pewenue X 1CH([0,T];R") navansno-koneunoii sadauu (7), (8), komo-

poe umeem uo
-

: PN . k
X(0) = lim x, (t) = lim (L—%Mja(r)drj L| Px, + (L—%Mja(r)drj L| px, +
0 t

k
t

o [L—%Mj;a(r)drj L (L—%Mj_ Q, f(3ds-

0

N [L—%Mt{a(r)dr) L [Lm] o sas-

t

p+1

=) ‘ a4\ P q
—Zp: M™E, - (L—ll\/lj L LI MY E, - (L—ll\/lj L (iij m .(9)
e k k a(t) dt) a(t)

CnpaBeUIMBOCTb IaHHOTO YTBEPIKACHHS CIICyeT U3 pUMeHeHHs TeopeMsl 1 k 3anaue (7), (8).

B teopeme 2 uepes X(t) oGosnaueno Tounoe pemenue 3axaun (7), (8),a gepes X, (t) — mpubmn-
’KEHHOE YHCIICHHOE PEILICHHUE 3TOIl 3a/1auH.

Cuaeacreue. I[Iycmob goinoanenst yciogus meopemvl 2, mozoa npubnuscennoe pewenue X, (t) na-

yanvro-koneunoti 3adauu (7), (8) cxooumces xk mounomy pewenuio X(t) smoii 3adauu, npuuem évinonne-
HO HepaseHcmeo ||Xi< (- X(t)” < consf k.

Joka3zaTeabcTBo. s Toro, 4roObl MOKa3aTh CHPABEVIMBOCTh JAHHOTO YTBEP)KACHHS, MPEICTa-
M pemrenre (9) B Buge X(f) = X' (t) + X7 (t) + x3(t) + x* (t) + x°(t) , rze X' (t) —npenen coorserct-
Bytoniero ciaraemoro u3 (9). [TokaxeMm cX0IUMOCTh KaXKI0TO U3 CllaraeMbIX XL (t) (i= 01234).

HpI/I JOCTATOYHO OOJIBIINX k AJId ICPBLIX ABYX CJIAaracMbIX PCHICHUSA UMCHOT MECTO HCPABCHCTBA

Hxﬁ(t) - xl(t)H <G/Kk, kaz(t) - xz(t)Hs C,/k (C,,C, ue sapucar ot K),
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KOTOpPBIC CIIPABEUIMBBI B CHJIY PE3yJIbTaToOB U3 [21] s anmpoKcHManny MAaTPHIL Pa3peniaroiinX moiy-
rpyIi. AHAJIOTHYHO ISl TPETHErO M YETBEPTOTO CIIaracMoro, UCIOJIb3ysl OIIEHKH HHTErPaIOB U PE3YIib-
TATOB O CXOMUMOCTH U3 [21], moIy4nM HepaBeHCTBA BUIA

3 3 4 4
[ -<|< o/ i -xiw|< c/k,
rIe C3,C 4 TAK)Ke HE 3aBUCAT OT k . Tlocnennee cinaraemoe B pEIIeHNH TaKXe TOMINHEHO MMOJ00HOM

OIICHKE.
B cumy Bcex 3TUX OLIEHOK MBI MOTyYaeM YTBEPKACHUE CICACTBUSI.
3aknaoueHue. B manpHeimeM ruraHupyeTcs IPUMEHUTH MOyYeHHBIE Pe3yIbTaThl MIPH HCCIIeI0Ba-
HUM KOHKPETHBIX MOJIeNIel IEOHThEBCKOTO THIIA, & TaK)KEe JIJIS MIPOBEIACHHS BHIUMCIUTENBHBIX 3KCIIEPH-
MeHTOB. KpoMe Toro, B TalbHEUIIIEM MOXXHO OYAET MEPEUTH K UCCIICIOBAHUIO MHOTOTOUYCUHBIX Hadallb-
HO-KOHEYHBIX YCIOBUH JJISi CHCTEM JICOHTHEBCKOTO THIIA.
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The main purpose of the paper is to prove the agevee of a numerical solution to a non-
stationary Leontief-type system with an initialdlircondition. Non-stationary Leontief-type systesns
used in the study of dynamic balance models ofed@momy. Nonstationarity of systems is described
using a scalar function, which is multiplied by arfehe matrices of the system. The distinctiveuea
of Leontief-type systems is the matrix singula@tythe derivative with time, which is due to thetfa
that some types of resources of economic systemsot®e stored. In the article, the initial-finaini-
tion is used instead of the standard initial caoditwhich for economic systems can be interpreted
taking into account indicators not only at theiatimoment of time, but also indicators that wi# b
achieved at the final moment of time. Previoushg solution of such a problem was studied and de-
scribed using contour integrals. However, this tydesolution is not very convenient for large-
dimensional systems, so this article proposes erigésn of the numerical solution without the usfe
contour integrals, and also examines the convergehthis numerical solution.

Keywords: relatively regular matrices; Cauchy prei; Showalter—Sidorov problem; approxima-
tions of resolving matrix flows; convergence of hiuenerical solution.
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O 3AAAYE OUPUXNE ANA HENOKAJIbHOIO
NOoNUrAPMOHUYECKOIO YPABHEHUA

B.X. Typmemos", B.B. Kapauuk®

! MexdyHapOoOHbIl Ka3axcKo-mypeukul yHusepcumem umeHu A. 5casu, 2. Typkecmar,
Pecnybnuka KazaxcmaH

E-mail: batirkhan.turmetov@ayu.edu.kz

% FOxHO-YpanbcKuli 2ocydapcmeerHbili yHusepcumem, 2. YensibuHck, Poccutickast ®edepayusi
E-mail: karachik@susu.ru

Hccaenyrores ycoBus pa3pelinMOCTH OTHOTO KJacca KpaeBbIX 3a1a4 JUIf
HEJIOKAJIBHOT0 MOJUTAPMOHMYECKOr0 YPABHEHHMSl B €JMHHYHOM IIape ¢ yCJo-
BusiMH Jlupuxie Ha rpaHune, MOPOXkKICHHOIN0 HEKOTOPOl OPTOrOHANBHOI MaT-
puneii. MccnenoBannbl cymecTBOBaHHE M €IMHCTBEHHOCTh pellleHUs! NMOCTABJIEH-
Hoii 3a1a4u {upuxiie u nocrpoena pynkuus I'puna.

CHayajila yCTaHABJIMBAIOTCS HEKOTOPbIe BCIOMOTaTeJbHble YTBEp:KIeHHS:
HceIenyeTcss 00paTUMOCTh MaTpulbl BanaepMoHaa U3 KopHeii M-ii cTenmeHu u3
€IMHULIBI, 3aTeM HAXOAATCH COOCTBEeHHbIE BEKTOPHI H COOCTBEHHBbIE YHCJIA BCIO-
MOraTeJbHOWH MaTPHUIbI, MOPOKIEHHOMH K03 PuIeHTaMH HEJOKAJIBLHOIO onepa-
TOpa 321a4¥ M, Jajee, HAXOAUTCA 00paTHAasA MaTpuna K Heil. /[1a nokasarenbcer-
Ba ¢JUHCTBEHHOCTH peLICHHs MOCTABJICEHHOW 3a1a4M yCTAHABJINBAETCH KOMMY-
TATHBHOCTh T'PAHUYHBIX ONEPATOPOB M HEJOKAJIBLHOIO ONEPaTopa 3aJa4d U Mo-
Ka3bIBAETCS, YTO €CJH pelleHHe 3aJa4d CYHIeCTBYeT, TO 3TO pelleHHe — IOJIH-
rapMoHnveckas pyHknus. 3aTeM HAXOAATCSH YCJIOBUS ¢IHHCTBEHHOCTH pelleHUs!
paccMaTpuBaeMoii 3agauu. /lajiee, Ha OCHOBAHWHU MOJy4eHHBIX BbIIlIe BCIIOMOra-
TeJIbHBIX YTBep:KAeHHH HAXOAATCS YCJOBHS CYIIECTBOBAHHMS pelIeHUS] HeJo-
KaJabHOI 3agaun. PeureHue 3Toii 3aJa4n BINUCHIBAETCS Yepe3 pellleHUs] BCIIOMO-
raTeJbHbIX 3a1a4 upuxie 1JIs1 NOJUTapMOHMYECKOr0 YPaBHEHUS B eIUHMYHOM
mape. Hakonen, no usBectHoii pynkuuu I'puna 3agavyu Jdupuxie Ajasi noaurap-
MOHMYECKOr0 ypaBHeHHUs] B eIMHUYHOM Inape crpoutcs ¢pynkuus I'puna ucxon-
HOH HeJIOKAJILHOM 3a1a4H.

Kniouegvie cnoea. nenoxanvuviii onepamop; sadauya Jupuxie; noaueapmoHude-
cKoe ypasHenue, ycnoeus paspewumocmu; gyukyus I puna.

BBenenmne. [loHsATHE HENOKAILHOTO ONEPAaTOpa U CBSI3aHHBIC C HUM MOHSATHS HEIOKAIBHOTO AH(-
(epeHManbHOro YpaBHEHHS W HEJIOKaJIbHOW KPaeBOH 3aJaul MOSBWINCH B MAaTEMAaTUKE OTHOCUTEIBHO
HenaBHo. Hampumep, B [1] paccMaTpuBaroTcs ypaBHEHUsI, COAEpIKAIIHMe IPOOHBIC MMPOU3BOIHBIC UCKO-
MO¥ (pyHKIIMH, ypaBHEHUS ¢ OTKIIOHSIOIIMMUCS apryMEHTaMH, APYTUMH CIOBaMH, YPaBHEHUS, B KOTO-
pBle BXOAAT Hew3BecTHas (PYHKIMSA U ee MPOU3BOAHBIC, BOOOIIE TOBOPs, AJS pa3HBIX 3HAYCHUH apry-
MEHTOB Ha3bIBAIOTCS HEJIOKAIBHBIMU UGG EpEHIMATBHBIMA YPaBHEHHSIMHU.

Kpaesbie 1 HauanbHO-KpaeBbIe 3a/1a4M ISl HEJIOKAJIbHBIX aHAIOTOB KJIACCHYECKMX ypaBHEHHH HC-
CIIeIOBAINCH B paboTtax [2—6]. MHOrounciaeHHbIe NPUIOKEHNUS HEJIOKAIBHBIX YPaBHEHHH W HEJIOKAIIb-
HBIX KpaeBbIX 3aJa4 JUIS JJUIMINTHYECKUX YpaBHEHHH K 3aja4aM (U3UKH, TEXHUKH W JIPYTUX OTpacieH
HayKH 1moJpoOHo omucansl B [7, 8]. KpaeBbie 3amaun 1isl SJUIMITHYCCKUX YPABHEHHH BTOPOTO M YeT-
BEPTOro MOPs/IKa C MHBOJIOLUEH, KaK YacTHBIC CTydaW HEJIOKAJIbHBIX 337ad, pacCMaTpUBAIOTCA B [9—
13].

Mycte Q ={xOR":| X|<1} — exunnunsiii map B R", n>2,a dQ ={xOR":| Xx|=1} — exunuunas
chepa n S — neiicTBUTENBEHAS OpTOroHaNbHas MaTpuia SS = E, u1si KOTOPOil CYIIECTBYET HATYpaIlb-
Hoe uucio MON Takoe, uto S™ = E. Ormetum, uto ecmu XOQ, umun sO0Q , Torga mns mo6oro
KON cmpaBeiuBbI CIEAYIONIME BKIIOYEHHUS S*x0Q, wm S*sJ0Q . Dro Tax, TTOCKOJIBKY TIpeoOpa-
soanne R" marpureii S coxpansier Hopmy | X F= (ST Sx = ( Sx 9%| $.

PaccMoTpuM HenmoKanbHbIH AU QEpeHIIHaTbHBIA OTIepaTop

m-1
Lupg =Y, a0 o £,
=0

rae ay, &, ..., 8,1 — HeKoTopsle aefictButenshble yncnaa u | N . Uccnenyem B Q cienyromyo 3amady.
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3apaua Jupuxie. Haiitu pyuxumo Uu(X) 0 C2M(Q) n C™YHQ), yroBaeTBOpsIomyio cleayomum

YCIIOBHUSIM:
Lu(x) = f(X, xdQ , D

Fu (0, k=04,.. - ] 2)(

K
av 20

TAC V —BHCIHIHAA CAMHUYHAA HOpMaJlb K 0Q .
BcnomorareabHbIe YTBEPKACHUSA. HJBI HCCICOOBaHUA IOCTaBJICHHON BBIIIIC 3aJa4yy HaM IIOHa-

JIOOSTCS HEKOTOPBIE BCIIOMOTATEIbHBIC YTBEPIKIACHHUS.
Jlemma 1.I1ycte (4, f4y,. .., y-1 —PA3IUYHBIE KOPHHU CTEIIEHM M W3 €IUHULIBI, TOTA CIIPABEIIHBO

PaBEHCTBO
7T ST
ML= /110 /Jl1 = /Jf_l _1gTm
: : : : m
Hoe Hiea - Mo

Hokasamenvcmeso. Haiinem § ; — smeMeHT i -i CTPOKH U | -T'O CTOJIOIA B IIPOM3BEIECHINH MATPHUIIBI

us3 HeBOﬁ YaCTH paBCHCTBA U MAaTpHUIbI U3 HpaBOﬁ yacTHu. OH paBCH
1m—1 K—k 1m—1 K O’ |¢J
6T D HE =—> (HRB) =" . =9;,
Mo Mi=o 1L i=)
TOCKONBKY /4 [Ij — TOKE KOPEHb CTENEHN M M3 €MHULBI, He PaBHbld 1npu i # | n (4l =| 4 P=1.

[ToaTomy pou3BeieHrEe ATHX MaTpUI] paBHO E . DTO HOKa3bIBaeT 1eMmy.
PaccmoTpuMm creyromryro MaTpuiy, chopMHPOBaHHYO KOG dULUEHTaMH 8y, &,. .., Fp_1

QG & ... Gp1
S I ©
JlemMma Z.HyCTB M —KOpCHb CTCICHU M U3 CAUHUILIBI U
m-1
o, (A= anu® 4)
k=0

TOTJ[a U MATPHIIBI A CIIPaBeUTHBO PABEHCTBO
8 & .. ) A H°
1
R o R EPR N I
a a - lur;1—1 Iur.n—l
T. €. BEKTOp M, = 2, it )™ T — coberBennbIii BekTOp MaTpuusl A, a 05(A) — cobereennoe

3HAa4YCHUC, CMY OTBCYAIOIIICC. Ecmm ,uo,,ul,...,,um_l — pa3IM4YHbIC KOPHHM CTCIIEHH M M3 C€IUHMIBI, TO

COOCTBEHHBIE BCKTOpa mlu0 yeoosy mﬂm_l JIMHCHHO HE3aBUCUMEI U

m-1

detA=[1] (@m, Fo, &), @,
k=0

rae a= @g,8 ... dnq) -

Ilokazamenscmeo. HeTpyaHO BHAETH, YTO DIIEMEHT | -ii CTPOKH B NPOM3BEICHHU MATPHIBI A H

BEKTOpa M, paBeH
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Typmemoe B5.X., O 3adaye fupuxne Ansi HeJI0KaJIbHO20
Kapa4duk B.B. nosiu2apMOHUY€eCKO20 ypasHeHUs

m-1
A°"-my, Zamk.u +Za<.u ,UZ%k—.ﬂ 'Y g =

k=i k=i
m-1-i . , .
( Z il + Z‘, a J=/J' > au =o (A
kK'=m-i K=0
31mech B MEPBOIi CyMMe M3 BTOPOI CTPOYKH ObLIa caelaHa 3aMeHa uuaekca M+ K— i= K u yureno,
910 ,uk'_m = ,uK , @ BO BTOpoii cymme 3amena uuaekca K—i=K'. Cnenosarensno, Am, =a;(A)m,

HepBoe YTBCPKACHUC JICMMBI IOKA3aHO.

B cmry memmbr 1 matpuria M = My )T obpaTuMa u, 3HAYUT, HEOCOOEHHAs, a TIOITOMY €e

(m iy 1+
paHK 10 CTPOKaM paBeH M, T. €. OHU JIMHEHHO HEe3aBUCHMBI. Jlaiee, MOCKOJIBKY OIPEIETUTEb MATPH-
16 PaBEH MPOU3BEIECHUIO €€ COOCTBEHHBIX Uncell, TO nMeeM detA= T2, (A) O (A) u moCKONBKY

m-1
ox(M) =3 au =am,.
k=0
TO
detA= 9% (A)---aﬂm_1 (A)= nﬁl (a-r'r),k .
k=0

Ilockoneky Uy, My,... -1 TOXE pasIM4HBIE KOPDHHM CTENEHM M M3  EOWHHUIBI, TO
detA=0, (A) Oy

.JIeMMa 3. Ilycts MaTpuua A HOCTpOeHAa Ha 4HUCIAX 8y, dy,..., 8, 1, a MaTpuna B Ha umcmax

(A). Jlemma mokasaHa.

by, by,..., By 1, TOrma Mmatpuner A m B xommyTtupytor AB= BA 1 marpuna AB mmeer ctpykTypy Mart-
puu A u B. Ecmm iy, f4,..., iy — PA3IMMHBIE KOPHM CTemeHM M w3 exunnusl u 0, (A)#0,
k=0,1..., m—1 10

G G - G
al-d mz_ll 1 |1 G - Gne2
j-i . : . : !
M=otk O ()leml : : S
G & - G

rac

u, 3Ha4uT, MaTpua C uMeeT CTPyKTypy MaTpuisl A.
Jloka3aTenbCTBO JIEMMBI OIYCTHM.
3ameuanue 1. ITockonbky

oy (K =— .
Y (A
m-1 m1l ml
TO Ipu // =1 BepHBI paBeHcTBA O (A) = Za u o (A h= ZCI , @ 3HAYHUT Za z G =1.
j=0 i=0 j=0 =0

EAMHCTBEHHOCTH pelieHus 3a1a4u
Jlemma 4. [5, nemma 3.1] Omepatop |gu(X) =u(S¥ wu omeparop Jlammaca A KOMMYyTHPYIOT

n
Al u(x) = 1 Au(x) nHa pynkmmsax ul] C?(Q) . Oneparop A = Z % Uy (X) um omeparop |g Takxke KOMMY-
i=1
tapytoT Alu(X) =1 Au(X) Ha Gyrxomsax ull CY(Q) u BepHo pasencrso O s =1 5,STD .
CaencrBue 1. Ecniu ¢pynkmusa u(X) — | -rapmonndeckas B Q, to dynkiusa U(SY = kU ¥ Toxe
| -rapmonmueckas B Q..
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JIeWiCTBUTENBHO, B CHIIY IEMMBI 4 A ux)=0=> Al u(x) =1 SAI u(x) =0.
Orcroza cieayeT, 9to eciu GyHKIus U(X) — moaurapMoHudeckas B Q , TO OHa YIOBICTBOPSET OJ1-

HOpoIHOMY ypaBHeHHO (1)B Q.
BepHo u o0paTtHOE yTBEpKACHHE.

Jlemma 5. Ilycte (yHKIWMS ugc? (Q) ymoBmeTBOpsieT oOmHOPOAHOMY ypaBHeHmio (1) u
Oy (A)Z0 mpu k=0,1... m—1, rne Ly, th,... Mmyq — PA3TUYHBIC KOPHU CTEHICHH M U3 CIWHHUIIBL,
tornaa pyukiws U(X) siBisiercs | -rapmonndeckoii B obmactu Q .

JTokazamenscmeso. Iycts dynkuus U C? (Q) ynoenersopsier ogHOpoxHOMy ypasHeHuio (1).
0O603H2UNM

m-1
V()= U s X (6)
k=0

Ouesupno, uro V(X)O c? (Q) wu (—A)I v(X)=0,xdQ, 1. e. ¢yukmus V(X) sBasercs |-
rapMoHuYecKkoii B obactu Q . B cuny cinencteus 1 GpyHKImm V(S‘k ¥ Toxke | -rapmMonHnyeckue B obac-
™ Q. C apyroii cropons! u3 (6), B cuy ycnosus S™ = E, UMEIOT MECTO paBEeHCTBA

V(S= a € X+ g0 ..+ A, US)x
V(D= @ U X+ 8 € Dt 35 USH)
V(STER=a Xt a @ 9.t AUS' )X

Taxum o6pasoM, wis Gyrxumii U(X), u(Sy,..., Y 7 ) nonyuaem cucremy anreGpandeckux ypas-

. )

Henwuii (6), (7)c marpuneir A u3 (3)
V(X) 8 & . 8 WX
VS® | _lams & - @y USK

m-1 -1
V(STR & % - H UST X
ITo ycaoBHIO JIEeMMBI, B CHITY JIEMMBI 2, OIIPEICIUTEb 3TOM CUCTEMbI He oOpalaeTcs B HyJib. Boc-

o - T
nojib3yemcst Jiemmoii 3. IlepBast crpoka marpumbl A 1 umeer BU/I c=(cO,cl,...,cm_1) , TAC ¢j mpH

j =0,1,... m— 1uaxoxasrcs u3 (5) u 3HaYUT
m-1 )
U= U8 x= g X+ £ $x...+ 1o (V'S ). (8)
i=0

Kak ormeuanoch Bblle, (GyHKIUH V(Sj ¥ mpu j=0,1... m—1— | -rapmoHnyeckue GyHKIHU B
Q, a smaunT, pyakous U(X) u3 (8) Taxxke sBiusercs | -rapmonmueckoii B oomactu Q . Jlemma jmokasaHa.

Teopema 1.Ilycts [y, [y, .., My-q — PA3IHYHBIC KOPHU CTEIICHH M M3 €AMHUILBI, BBIIOIHEHBI yC-
nosust 0y, (A)#£0, k=0,...,m-1 u pemenne 3amaun Jupuxie (1), (2) cymecTByeT, TOrma oHO €IUH-
CTBEHHO.

Ilokazamenscmeo. JlokaxeM, 94To ofgHOpoaHas 3amada (1), (2) mMeeT TOIBKO HyJIEBOE pEICHHE, a
3HAYMT, penieHne HeomHopomuoi 3amaun (1), (2) emurcrBenno. ITycTs U(X) — pelleHne OXHOPOIHOM
3amaun (1), (2).Eciu Oy (A)#0 (4), mpu k=0,...,m-1, To o memme 5 pyuxmus U(X) seisercs | -
rapMOHHUYECKON B 00J1aCTH £ U YJIOBJIETBOPSET OAHOPOAHBIM ycioBusaM (2). CiieoBaTeibHO, (PyHKIIUS
U(X) — perrenne cieqyromieii 3agaun Jupuxie

a*u(x)
avX

A™u(x)=0, xOQ; =0,k=0,1,... m 1
aQ

B cuny enuHCTBEHHOCTH pemenns 3amnaun Jupuxire umeeM U(X) =0 B Q. TeopeMma mokaszaHa.
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CymecTBoBanue pemenusi 3aga4yu Jlupuxie. B aTom pasiene uccienyem CyIiecTBOBaHHE peliie-
uus 3agaun Jupuxie (1), (2).
Teopema 2. Ilycts [y, f4,... M1 — Da3IMYHBIE KOPHHM CTENICHH M U3 EAMHULBI |

m-1 . _ .

o, (A=Y a4 #0, f()0C"(Q), g;(¥0C™"(0Q), j=0,1,...m~ - Torma pemenue 3azaun
i=0

Iupuxie (1), (2)cymecTByer, €AMHCTBEHHO U IPEICTABISETCS B BUIE

m-1
u(¥)=> cU(S"y, 9)
q=0

rae KooduimenTsl C, onpenernsores us (5),a V(X) —pelenne cienyromei 3anaqu lnpuxie

(=)' V() = F(X), X0 0'v()
ov!

m-1
=Y ag($x= N % $0L.., mL ®Q.  (10)
a0 k=0
Lokazamenvcmso. ITycts U(X) — perrenne 3agaun Jupuxite (1), (2).0603HaunM

m-1
VCEDIEATE S
k=0

Torma mis dpyaknuu V(X) , B cuiry geMMmsl 4, iony4daem 3agaqdy (10): (—A)I v(X)= f(X u
dv(x)
ov!

m-1

j m-1
=Y 8 (S Hba =Y 4 9($ )= O
v k=0

0Q

) m-1 .
Eemn g;(0)0C*7(8Q), j=0,1,...m= 110 hj(x=> g g (S O ¢*71(0Q) . Ussectro (om.,
k=0

m-1
Hanpumep, [14]), uro s samanubix Gyukumi f(X) n h;(x) = Z & g ( g X perenne 3amaun (10)
k=0

CyIIecTBYeT M eauHCTBeHHO. Kak u B ciydae TeopeMsl 1 Mexay dyakmmamu V(X) u U(X) mogydaem
anrebpandeckoe cootHomenue suga AU =V, rae

AT AT
U :(u(x),u(S>),..., ( & )) ,V=(v(x),\(S>),..., ¢ &t )) .
m1
Ecn o, (A= Z a4 #0, 10 B cunty yTBepkaeHus Teopembl 1 HemsecTHast GyHkuus U(X) ox-
i=0

HO3HAYHO ompeensercs yepe3 Gpyukimio V(X) mo dopmyie (9).

[Tyctb HaoOopoT — pynkumst V(X) siBisercs pemennem 3agaqn (10). [Tokaxewm, uro Gpyrkums u(X) ,
onpexensemas 1o popmyie (9), yaoBieTBopsieT BceM ycinoBusiM 3aaauu (1), (2).

JleliCTBUTEIBHO, €CIIH f(X)DCA (Q), g; (X0 g+l (0Q), j=0,1... ,m=1, 1O OymemM HMETH

v(x)O c? (Q)n c* (Q). Orcrona momyunm U(X) O c? (Qn ¢+ (Q) . Hostomy, cormacHo remMme 2,
umeeM B Q paBeHCTBO

m-1 m-1 m-1 m1
DU =Y G A ¥=Y LD ¢X=) gL )= §€5)
g=0 a=0 =0 =0
By,[[eM CUHUTATh MHACKCHI KOS(i)(i)I/ILII/IeHTOB Cq o MoAyJiro m. Torz[a, €CJIN CUUTaTh C—l = Cm_l, TO,

nockonbky S™ = E, moayuaem

m-1 m-2
ls(-8)Mu(x) = (-8)"u(SY= g (ST x=> £ € & )t & (Hx
q=0 g=0

m-1 m-1
=, )+ Y G f(S =) 61 (S Xk
q=1 g=0
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AHAJIOrMYHO €CIIM CUHTATh C_2 = Cm—Z’ TO Haﬁ,[[eM

m-1 m-2
(—A)’“U(82>9=Z;,J G f(S™ x= 26 g1 €S e g, ()=
q= a=

m-1 m-1
=cpf()+ Z o F(STH =D cqof (STX.
=1 q=0

[Iponomxkas 3TOT Iporece, cCuuTas c_, =c MOJTyYUM

p m-p’

m-1
(—0)"u(SPR = ¢y F (S,
q=0
rac p = O,. ..,m= 1. VYuutreiBas HOJ‘Iy‘-IeHHBIe paBeHCTBa 3alluuIeM

ZNﬂW§XZ%Z&MgWZ¢@§6Wp

p=0 =0
Benomunast sHauenus C, u3 (5)u 0, (A) u3 (4) Boruncium

m1l ml /7;(1—}9 1 m1 y; ml/jk (A) 1ML

_1 _ 15
zapqp pzak-o (A) Mo, zap mk:o k(A) ”%o'uk.

~(2m— )

VuureiBag, uro 0K [BD{O,. 10 ZI} ,L_JE =e , OyzieM uMeTh
1, g=0modfm)
a,cC 11
z PP {0, WHaye, !

1 3Ha4nT ypaBHenue (1) y,I[OBJ'ICTBOpS[eTCSI
m-1
2 a,(-8)"u(sPy= f(¥.
p=0
ITpoBepuM rpannunsie yemosus 3agaun (2). [Tpu X[00Q mmeem

m-1 .
h(¥M=> ag(9 % k01..,mj
j=0
OTKYJla, CYUTAs UHACKCHI K03()PUIIMESHTOB a; 1o MOy M (a; = a,,), 3amuuIem

m-1 . m-2 .
h(S3=> 3 (S %= ad S')*x a4 W)x
j=0 i=0

m-1 . m-1 .
=5L19k(x)+z 31—19<(9 )(:Z aq B 5)
i=1 i=0
1 aHAJIOTHYHO IT0 HHIYKIIMH OyIEM UMETh
m-1 . m-2 .
h(SPR=kh(S ¥=3 qapn W S')IE) ap & 'S)x 2, @)X -3 (Q)»
i=0 j=0

m-1 ) m-1 .
'i'Z:aj—pgk(SJ )) = Z q'—p g( $ )<
j=1 j=0

[TosToMy B cuty teMMBI 4

A T o'«s
MR IECUICE S WS RS
ov aQ p=0 ov 0 p=0 j=0
m-1 .
SNTCT) LIS
= 50
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VYuuteiBas paBeHcTBO (11) UM cornamieHne Ag+m = Ay Cy m= Co HaiaeM
m-1 j m-1 i m m-1 1, j=0
2.8 pCp =2 8 pCpt D A penfpm= 8¢ 1 qt D, A6 5q= D88 q:{o 2q
p=0 p=0 p= j+1 0 F i+l 0 174
Torna
aku(x) _ m-1 j m-1 B
™ =2 (93 §,6= (% kOL.. m]
90 j=0 p=0

1 3HAYMT, TPaHuIHbIe yciaoBus (2) mis hyukuun U(X) BeimoaHeHsl. Teopema gokasaHa.

Hanee, o6o3uaunm uvepes G(X, y) ¢yukmumo I'puna 3amaun Jupuxie (10). OTMeTum, 9TO SABHBIN
By ¢ynkiuu ['puna G(X, ) ams mapa mocTpoeH pa3inyHbIMU criocobamu B padorax [14—16]. Hampu-
Mep, B pabore [14] mokaszano, uro pyukims G(X, y) uMeer B

a(xy)
G(%Y)= Kpnlx= yf™" [ (E-2™ ¢ "at,

1

rae
1 X 1
g(xy)=—‘>4>k——, Kpn=—————.
o7 (A @, ((2m-2))’
Teopema 3. Ilycte [, f4,... . Myo1 — PA3IUYHBIE KOPHH CTEHEHHM M M3 EAMHUIBI H

m-1 ) _
o, (A= 3y #0, f(x0CHQ) n g;(x=0,j=0,1,.. m- 1 Torma pemenne sanauu (1), (2)
i=0
m-1
npescTaBisieTcs B Buae U(X) = I Gs(x Yy f(y dy, rme Gg(x y) = ZCqG(Sq X Y, a koapduuueHTsl C,
Q q=0
npu (=1,...,] naxomarcs u3 (5).
Hokasamenvcmeo.  Kax — wm3BecTHO, pemenwe 3amaun  upuxime (10) B cioygae

9;(¥=0,j=0,1,.. m- Inpexacrasnsiercs B Bune V(X) = I G(x y f( y dy. [TosTomy
Q

WS'A=[AS xy €y dygolL.., mi
Q

Jlasniee, Ha OCHOBAHUM TeOpPeMbI 2, TIoJicTaBss 5To 3HadeHue V(ST ¥ B pasencTso (9) s pemenus
u(x) 3amaum (1), (2)moxyunm uckomMoe mpejcTaBieHne. Teopema JoKka3aHa.

Hcceneoosanue 6binonineno npu noooepicke epanmoeo2o gunancuposanus Komumema nayku Mu-
Hucmepcmea obpazoeanusi u Hayku Pecnybnuxu Kazaxcman 6 pamkax Hayumoeo npoekma
Ne AP08855810 u punancosoti noodepocke IIpasumenvcmea P® ([locmanosnenue Ne 211 om
16.03.2012.), coarawenue Ne 02.A03.21.0011.

JlutepaTtypa

1. Haxymes, A.M. YpaBuenus marematudeckoit 6uonornu / A.M. Haxymes. — M.: Beicr. mix.,
1995. —-30%k.

2. AHnpeeB, A.A. O0 aHanorax KJIaCCHUYECKUX KPaeBbIX 3aaad Juist ogHoro auddepeHnuamsHoro
YpaBHEHHUSI BTOPOTO TOPs/IKa ¢ OTKIOHsrommMcs aprymenTom / A.A. Arapees // luddepenu. ypasue-
uust. — 2004, -T. 40,Ne 8. — C. 1126-1128.

3. Ashyralyev, A. Well-posedness of a parabolic aqun with involution / A. Ashyralyev,
A.M. Sarsenbi // Numerical Functional Analysis a@ptimization. — 2017. — Vol. 38, no. 10, pp. 1295-
1304.

4. Ashyralyev, A. Well-posedness of an elliptic ation with involution / A. Ashyralyev,
A.M. Sarsenbi // Electronic Journal of Differenttgdjuations. — 2015. No 284. —C. 1-8.

5. Karachik, V.V. On the solvability of the mainuraary value problems for a nonlocal Poisson
equation / V.V. Karachik, A.M. Sarsenbi, B.Kh. Twetav // Turkish Journal of Mathematics. — 2019. —
Vol. 43, no. 3. — P. 1604-1625.

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 43
2021, Tom 13, Ne 2, C. 37-45




MaTtemaTtuka

6. Kirane, M. Inverse problems for a nonlocal wagation with an involution perturbation /
M. Kirane, N. Al-Salti // Journal of Nonlinear Soees and Applications. — 2016. — Vol. 9, Iss. 3. —
P. 1243-1251.

7. Skubachevskii, A.L. Nonclassical boundary vaglueblems. | / A.L. Skubachevskii // Journal of
Mathematical Sciences. — 2008. — Vol. 155, Iss. P. 199-334.

8. Skubachevskii, A.L. Nonclassical boundary-vgtoeblems. Il / A.L. Skubachevskii // Journal of
Mathematical Sciences. — 2010. — Vol. 166, Iss. B. 377-561.

9. Przeworska-Rolewicz, D. Some boundary value Iprob with transformed argument / D. Prze-
worska-Rolewicz // Commentationes Mathematicae@741— Vol. 17, no. 2. — P. 451-457.

10. Karachik, V.V. On solvability of some Neumarypé¢ boundary value problems for biharmonic
equation / V.V. Karachik, B.Kh. Turmetov // Eleatio Journal of Differential Equations. — 2017. —
Ne 218. - P. 1-17.

11. Sadybekov, M.A. On boundary value problemsef$amarskii-lonkin type for the Laplace op-
erator in a ball / M.A. Sadybekov, A.A. Dukenbaydi/&£omplex Variables and Elliptic Equations. —
2020. - P. 1-15.

12. Karachik, V.V. On solvability of some nonlodalundary value problems for biharmonic equa-
tion / V.V. Karachik, B.Kh. Turmetov // Mathemati&ovaca. — 2020. — Vol. 70, Iss. 2. — P. 329-342.

13. Karachik, V.V., Turmetov B.Kh. Solvability ohe nonlocal Dirichlet problem for the Poisson
equation / V.V. Karachik, B.Kh. Turmetov // Novi &dournal of Mathematics. — 2020. — Vol. 50, no. 1.
- P. 67-88.

14. Gazzola, F. Polyharmonic Boundary Value Problém. Gazzola, H.-Ch. Grunau, S. Guido. —
Berlin: Springer Verlag, 2010. — 423 p.

15. Kalmenov, T.Sh. Green function representatarttie Dirichlet problem of the polyharmonic
equation in a sphere / T.Sh. Kalmenov, B.D. KoskiaivbY. Nemchenko // Complex variables and EI-
liptic equations. — 2008. — Vol. 53, Iss. 2. — P74183.

16. Kapauuk, B.B. IlonmuHomuaneHble pemeHus 3agaun Jupuxie mis 3-TapMOHUYECKOTO ypaBHe-
uus B mape / B.B. Kapauuk // XKypuan Cubupckoro denepanbuoro yuusepeurera. Ceprst; MaTeMaTrka
u ¢msuka. — 2012. -T. 5,Ne 4. —C. 527-546.

Ilocmynuna ¢ pedakyuio 23 ghespans 2021 2.

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2021, vol. 13, no. 2, pp. 37-45

DOI: 10.14529/mmph210206

ON A DIRICHLET PROBLEM FOR A NONLOCAL POLYHARMONIC EQUATION
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The paper studies the solvability conditions foe atass of boundary value problems for a nonlocal
polyharmonic equation in the unit ball with Diriellconditions on the boundary generated by a certai
orthogonal matrix. The existence and uniquenegbhekolution to the posed Dirichlet problem are in-
vestigated and the Green's function is constructed.

First, some auxiliary statements are establistegdintversability of the Vandermonde matrix of the
m™ roots of unity is investigated, then the eigensecnd eigenvalues of the auxiliary matrix geregtat
by the coefficients of the nonlocal operator of gineblem are found, and then the inverse matrix it
obtained. To prove the uniqueness of the solutiothé problem, the commutativity of the boundary
operators and the nonlocal operator of the prolideestablished, and it is shown that if a solutimthe
problem exists, then this solution is a polyharmduanction. Then the conditions for the uniquenafss
the solution to the problem under considerationcdtained. Further, on the basis of the auxilidayes
ments obtained above, conditions for the existefi@esolution to the nonlocal problem are founde Th
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solution to this problem is written out through gwution of auxiliary Dirichlet problems for thely-
harmonic equation in the unit ball. Finally, usihg well-known Green's function of the Dirichlebpr
lem for the polyharmonic equation in the unit baie Green's function of the original nonlocal peoi
is constructed.

Keywords: nonlocal operator; Dirichlet problem; gblarmonic equation; solvability conditions;
Green's function.
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ACUMNTOTUKA PELLUEHUA OBYX30HHOW OBYXTOYEYHOW
KPAEBOU 3AAYU

A.A. TypcyHos, I''A. Omapanuesa )
Ouwickuli eocydapcmeeHHbIl yHUgepcumem, 2. Ow, Kupeusckas Pecrnybriuka
E-mail: dtursunov@oshsu.kg

Hccnenyercsi acHMNTOTHYECKOe MOBeJAeHHe pelleHUsl IBYXTOYeYHOIl Kpae-
BOIi 3a]a4i HAa OTpe3Ke 1/ JUHEI{HOr0 HEOJHOPOAHOI0 00LIKHOBEHHOT0 U de-
PEHIMAIBLHOI0 YPaBHEeHUS] BTOPOIo MOPSAKA ¢ MaJbIM MapaMeTpoM IPH cTap-
el mpou3BoaHoii. CymecTBeHHbIe 0CO0EHHOCTH 3a/1a4i — MPUCYTCTBHE MAJIOT0
napaMeTrpa mnepeja Npou3BOJHO BTOPOro mMopsiika oT HCKOMOH (GYHKIHH, cylie-
CTBOBAaHHE [BYXCJOHHOI0 NMOTPAHMYHOIO CJIOS HA JIEBOM KOHIe OTpe3Ka NpH
x = 0 1 HerMaAKOCTh pelIeHHsI COOTBETCTBYIONIEeii HEeBO3MYIIEHHO! KpaeBoi 3a-
Aaun. Tpedyercs MOCTPOMTHL PABHOMEpPHOE ACHMIITOTHYECKOE PAa3JioKeHHe pe-
IIeHUs JBYX30HHOH JABYXTO4YEYHOW KpaeBOil 3aJa4M Ha eJUHHMYHOM OTpe3Ke C
J10001i CTeneHbI0 TOYHOCTH NMPH CTPEeMJICHHH MAJIOro mapamerpa K Hy.arw. M3-3a
BTOPOH U TpeTbell 0COOEHHOCTH 32/J1a4M TaK Jerk0 HeBO3MOMKHO NOCTPOUTH
aCHMIITOTHYECKOEe pa3JioKeHHe pellleHHs] MO MajJoMy NapaMeTpy H3BeCTHBIMH
acUMITOTHYeCKHMH MeTodaMu. IIpu pelleHuH MOCTABJEHHOI 3aJa4ul HAMH MC-
NMOJBb3YIOTCA. METO/Abl MHTErPUPOBAHMA OOBIKHOBEHHBIX AM(pdepeHIHATHHBIX
yYpaBHeHMii, MeTOI MaJjoro mapamMerpa, KJacCHYeCKMii MeTOJ NOrpaHUYHBIX
ynkuuii, 06001eHHBIH MeTO] NOTPAHUYHBIX QYHKIUA U NPUHIUI MaAKCUMYyMa.
3agauya pemaercs B ABa 3TaNa. Ha MePBOM 3Tame cTpouTcs GopMalibHOE pa3Jio-
JKeHHe pelleHNs ABYXTO4Ye4YHOl KpaeBoi 3a1a4u, a HA BTOPOM 3Tafne NPUBOJUTCS
000CHOBaHMe 3TOT0 Pa3JI0KEeHHs, T. €. OLCHUBACTCA OCTATOYHBIN 4JIeH pa3JjioxKe-
Husa. Ha nmepBoM 3Tane (popManbHOe aCHMOTOTHYECKOE PellleHHe UIeTCs B BHJIe
CYMMBI TpeX pelleHHUIi: INIaikoe BHeIlIHee pellleHue Ha BCeM OTpe3Ke; KIaccHye-
CKoe MorpaHciIoiiHoe pemieHnii B okpecTHOCTH X = 0, KOTOpOe IKCMOHEHIMATHHO
yObIBaeT BHe MOTPAHC/IOS H POMEKYTOYHOE MOrpaHciioiiHoe pemieHue npu x = 0,
KOTOpOe CTelMeHHBIM XapakTepoMm YyObIBaerT BHe mnorpaHciaosi. IloctpoenHoe
aCHMIITOTHYECKOe Pa3jio:KeHHe pelleHUs ABYXTOUYEYHOI KpaeBoW 3agauM sBJIfA-
eTcs aCHMNTOTHYECKHM B cMbIcje Dpeid.

Kniouesvie cnosa: acumnmomuyeckoe peuienue; Manvlii napamemp; 08yX30HHAA
3a0aua; oucumeyiapHas 3adaud; 08YX MOUeyHas Kpaesas 3a0avd; O0ObIKHOBEHHOE
oughgepenyuanvroe ypasHerue ¢ MAIbIM NAPAMEMPOM.

Beenenue. Kak HaM KM3BECTHO, MaTEMaTUYECKUMU MOJEISIMU MHOTHX 3a/1ay HAYKU U TEXHUKU SIB-
JSIFOTCS OOBIKHOBEHHBIE M epeHInanbHble YpaBHEHHS ¢ MATBIMU TTapaMeTpaMu TP CTapIIeH Mpou3-
BonHol [1-3]. Hanpumep, TecHO CBsI3aHHBIC MEXIy COOOM J1Ba MpoIiecca MOKHO OMUCAThH C TIOMOIIBIO
0OBIKHOBEHHOTO TN (hepeHIINATHHOTO YPaBHEHHS BTOPOTO IMOPSIIKA

eY" () + P(Y Y (3+ d X y( x= ( x X(01)

ITepBrIii miporiecc — pacnpeieNieHne Teria B ABIKYIIEHCA Cpejie, 3aBUCSIIEee TOJIBKO OT X U HE 3a-
BHUCSAIIIEE OT BpeMEHH. 37IeCh £ ONMHUCHIBACT MAIYIO TEIIONPOBOIHOCT, a QyHKIHS P(X) — CKOPOCThH
cpensl. Bropoii mporecc — ciayvaiftHoe OnyKIaHWE YaCTHIlEI Ha paccCMaTpUBAEMOM MPOMEXKYTKE, 3/1eCh

P(X) —cpeaHss CKOPOCTh ABIKCHHUS, Majias AUCIiepcusi o0o3HauyeHa uepes £ [3].

[IpoBeneHHple wWCCIeNOBaHWS W YBEIMYEHHE 4YHCIA MyOJMKAWA TIO0 TEOPHH BO3MYIICHHMA
JIOKa3bIBAIOT, 4TO MU depeHInanbHble YPaBHEHNS ¢ MajbIM MapaMeTpoM MpH CTapiieil Ipon3BOIHON
WIN CUHTYISAPHO (OMCHHTYIISIPHO) BO3MYIICHHBIC MU((epeHIIHaTbHbIE YPAaBHEHUS COCTABIISIOT CaMO-
CTOSITEJIbHYIO 00JIaCTh MaTeMaTHKH, TaK KakK OHH MPEACTAaBISIOT OOJBIION MPUKIAIHOW nHTEpec, [1—
12].

[MocTanoBka 3agaum. PaccMOTpUM CIEIYIONIYIO IBYXTOUYCUHYIO KPAEeBYIO 3a7auy

ey (X PN Y. (e x y( X= €% X(0D), (1)
Y:(0)=2a, y. (= b, (2)
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rne 0<e&<« 1, a,b —usBectrie mocrosuusie, 0< p(x),0< q(X), f(X) — beckoneuno muddepeHumpye-
mble m3BectHele Gynknuu npu X0[0,1], 0< p(0)= p,, 0< q(0)= ¢, a y',(X) — uckomas QyHKIH,
3aBUCAINASA OT MAJIOro MapameTpa &.

Ham wm3BectHO, uTto mpu £ >0 CymecTByeT €IWHCTBEHHOE PEIICHUE IBYXTOUCYHOW KpacBOM
3agaud [3, ¢. 116]. Ot Hac TpeOyeTcss MOCTPOUTH TMONHOE ACHMITOTHYCCKOES MPUOJIKECHUE PEIICHHUS
IBYXTOYCYHOHN KpaeBOH 3a1a4uu ¢ JIFOO0H CTENIEHBIO TOYHOCTH MPH MajioM &£, T. €. korma £ — 0.

OcoGennoctn 3agaun. Ypasuerue (1) Ha3bIBaeTCS BO3MYIICHHBIM, TaK KaK B HEM MPUCYTCTBYET
MaJIblii mapametp €. 1 Havajia ompeeiuM 0COOeHHOCTH BO3MYyIeHHo# 3amaun (1), (2).

CooTBeTCcTBYIOIIEE HEBO3MYIIIEHHOE ypaBHeHue (¢ = 0):

X p(Y V(Y= f(3, (0,2
ABJIsIeTCs OOBIKHOBEHHBIM U epeHInaTbHBIM YpaBHEHHEM MIEPBOTO MOPsAKa, TOITOMY B OOIIEM CITy-
qgac peH_IeHI/Ie 9TOI'O ypaBHeHI/ISI HC MOXCT yZ[OBJ'IeTBOpI/ITI: Z[By'M KpaeBBIM yCJ‘IOBI/ISIM (2), T.C. BOBMyH.Ie-
HUE SIBIISICTCS CUHTYJISIPHBIM — IIEpBasi OCOOCHHOCTb.
[MonpoOyeM MOCTPOUTH BHEIIHEE aCHMITOTHYECKOE PEIICHHE JBYXTOUCUHOI KpaeBoi 3amaud (1),
(2), koTopoe OyJeM HCKaTh B BUIE CTEIICHHOTO psijia 0 MaJoMy MapameTpy, T. €. B CJICIYIOLIEM BHJIE:

Z,()=%(R+eg( x+e® g( ke..+e" A . ©)

IMoncrasnss (3) B IByXTOUEUHYIO KpaeByro 3axaqy (1) u (2), umeem:
e £+ XY e A (X ¢ e & e ()x R(0),
k=0 k=0 k=0

(W) +ez)+ % (N)+ ..+ z O+ .=
WJin, NpupaBHHUBAd KOS(i)(l)I/ILII/IeHTI:I IIpy OJUHAKOBLIX CTCICHIAX £, MoJIy4ynuM
2%+ X 1Y 4(x— Gxra( = ()x ®(OD, & {012}
z,(1)=0,z ()=0,kI N
rae z, (X =0, s<O0.
Ipu k = Ommeem: X2p(X) Zo( 3= (¥ X1(0,1), ()=

T f(9) (élj
, ; = dst+ b= = O—|, 0;
HHTETpUpYs, momydaeM: Zy(X) {32 o3 S g( X < X

npu k= Linveem: () Zy(3= € X g( ¥ 20,1, #L= C,

UHTETpHUpYsl, moydaeM: z(X) = IQ(S)FZ)(OS()Q ds=> z( = Céi)gj, x> 0.

MCTOZ[OM MaTeMaTH4YeCKOMH HWHAYKIIUA MOKHO J0Ka3aTh, 4YTO

2(9=0 35 ). %0
X

[Mostomy psin (3) mpencraBum B BUE:

Z(X)——?o(>9+——;7c($i+ (XJ “3( Kt +>£>J A K (4)
rie Z,()=b, % (1)=0,kI N, 70 € (0,1, il N

3aMeTHM, 4TO ¢ pOCTOM HOMepa N pacteT u 0cobeHHOCTh B Touke x = 0.Psax (4) Tepser cBOHCTBO
ACHMITITOTHYECKOTO psina, korjaa X[1(0,£]. D1a 0cOOGEHHOCTD SBJIAETCS BTOPOH.

Takum 00pa3zoM, paccMaTpuBaeMas 3aj1a4a sIBISIeTCsl OMCHHTYIIIpHOH [3].

Eme oxgra momomHWTENBbHAS OCOOCHHOCTH 3aKJIIOYAETCS] B TOM, YTO B OKPECTHOCTH 0CO00# TOUKH
x = O cymiecTByIOT JBE TOTPaHCIOHHBIE QYHKIMH: OJHA U3 HUX SKCIOHEHLIMAIBHO yOBIBaET BHE IOTPa-
HUYHOTO CIIOSI, @ BTOpasi CTENIEHHBIM 00pa3oM yOBIBaeT BHE MMOIPAHUYHOTO CIIOA.

OCHOBHOI pe3yJbTaT. ACUMIITOTHYECKOE TIPUOIIKEHHOE PEIICHUE NBYXTOUEYHON KpaeBou 3a1a-
un (1), (2)0ynem uckathb B BUze

Ye(Q =V (9 +W(Y+1,(2), ©)

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 47
2021, Tom 13, Ne 2, C. 46-52




MaTtemaTtuka

pe Vo (0= Y £ WD WO =13 e WM, (0= Y 4 (0), x=et, x= 47, e = .
k=0 k=0 k=0
dopmanbro noacTasisis (5) B (1), umeem:
eV (Y PAV(I-e XV = €)= H( X% X(0),
W (D+EPEYW (9— de YW(I= H( % B0e™),
n", (@) +ur?p(u’)n’, (1) - q’n)n ,(r)=0, 10O %),

00
rae H.(x) = Z .fk(fk0 + N1, Ko h 1~ MOKa HEM3BECTHBIC MOCTOSHHEIE.
k=0

IMoacrasnss (5) B rpaHuuHbIe yCIoBHS (2), HOTyYaeM:
a=V,(0)+ W (0)+,, (0) b=\ @+ W ey, @),
OTCIO/Ia 3aITUIIIEM
V,(2)=Db,
W, (e h =0,
N,0)=a-V,(0)- W, (0), N, @W?)= 0p~ 0

U3 (6) u (9) mpu k = 0 umeem:

X p(YVe( 3= f(I-(Rot+ BaXx X(01), yO= .

18— (hyo+ hpa9
2

MHTETPUPYSL, MOTydaeM: Vg (X) = I

1 s“p(9

Io ycnosuro sanaun f 0C®[0,1]= f(X) =)
k=0

ds+ b.

(k)
L9y
Ecmu hy o= (0), hy,= f'(0), T0 vy 0C™[0,1].
U3 (6) u (9) npu k= 1 umeem:
X () V(3= o ¥ y( X—( hht b x ®(0,1), M)=C,
= (A9 (hot Bid
UHTETpHUpPYs, noxydaeM: V;(X) —'[ (3
Iycts hy o =0(0)ve(0), I’M:( a(Xve( X+ d X Vo »|x: o Tora v 0C[0,1].

Amnanormano onpenenss V, (X), K=2,3,.. u3 cootHomenus

Va0 + 8 PO V(3= € X v X==( po+ fi x X(0,1),

ds.

HOJTy9aeM
_XCI(S)\&—l(E)_ Vica( 3= hot R B
vk<x)—{ 2y ds,

U 37IcCh BEIOMpacM hk,ol h<,1’ k=2,3,.. tak uro6st v, 0C”[0,1], k=2,3,.., T.c.
he o = A(0)V-1(0)= V'4(0),  h1= 9'(0)v1(OF a(0)vi 1 (OF Vi 4 (O.

VpaBuenue (7) 3amuineM B BUjie
pE)Wic () - AEYW( = ho+ Mt = Wiy (), D07,

Vuuteisas ycmosue (10), mpu K = 0 umeem

(6)
()
(8)

9)
(10)
(11)

: ! hyothy£t - -
Wio() -y =20 L (0,67, vy €)= 0
t“p(et) t“p(et)
HHTETPUPYSL OTO YPABHEHHUE, MIOJIyUAEM:
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9 g _f o des
2
L1 pES hoothog? 11§ ite b
wo()=e® DOT0LE o :
o) i #ee @
OoKaXkeM, uTo W, (t) orpannmyenampu t — 0.
0 p p
LI ] ey g J 1
W(t)_ef_lszpus I hoo+ho§¢ J18 e} = %tr)s I ot hh£P o 2s<p>s
o(H) = 0" or¥ = =
et ¢ p(g) S a(ep)
t t ¢
a(es) 4 a(9) g (LS
__Poothogt | Lidpes Noot Mo, eg[lsz eS| (ho,o*' ho,f¢] o EL Sher
q(et) q(1) AL a(ed) ’
WO(O)=—% u Wy(£7Y) =0, a taxxe W, 1C°[0,671].
q

Ipu k O N umeem:
_q(et) o + g t= Wieq(9)
2p(et) (= 2 p(et)

UHTErpUpys JudQepeHnnansHoe ypaBHEHHE IEPBOro MOPSIKa C KPAeBbIM YCIOBUEM, TIOTyYaeM:

w' (1) - , t00.7h), w €™)=0,

[ a9 4 . ] a9 g
L ey I Mo + NP~ Wien()  2asmies
e #° p(£g)
he o~ W'-1(0)

Ortciona creayert, uto W, (0) = ——=>——22 w () =0 u w OC[0,e7].

q(0)

Paccmotpum teneps 3amaay (8), (11).3amauy (8), (11)3amumem B Buze
1'0(7) = Qo7To(7) =0, T (0,47°), j12
T (7) = Qo8 (T) = Dy (T, 1T g T e, 7T T ), 70 (O % )kON (13)
1(0) =a - v, (0)— W (0), oW®)—~ 0, - 0 (14)
73 (0) = v, (0) - Wi (0), T @)~ 04~ OKON,
Ty4(0)=0, Ty (%) » O, - OKON,

rae Gyrkips D (7, 45T, Ty Ty ... TTy JT b ) TUHEHHO 3aBHCHT OT TIEPEMEHHBIX 7h_g, 7T'_q, -+ 7T 7T

w () =¢e" d, K1 N

(15)

¥ IIOJTMHOMHAIIBHO 3aBUCUT OT T u [T .
Pemenne 3amaun (12), (14)upemcraBumo B BUIE

(1) = (2= p(0) ~ Wh(0) €Y,
Pemenns 3amay (13), (15)Toke CymIeCTBYIOT, €AMHCTBEHHBI M 3KCIOHCHIHMAILHO YOBIBAIOT NPHU
T— 00, (,U—» 0)
T (7) =~ (0) + W 0) € V® + R ¢ yur )€V
Ty-o(T) = Py (T, ur) VT,
rae P,(7,ur) —nomusowmsl, ipu 7= 0: P,(0,0)= 0.
Taxum obpasom, nonHoctsio onpenenensl Gpynkuun Ve (x), W.(9, M, (7). Ouennm ocratoussiit

4lIeH aCUMIITOTHYeCKOro npubimkerus (5). ITycTs
n 10 2n
Ye()= 2 R+ 2D £ () + 2 L D)+ R X (16)
k=0 k=0 k=0

torna noacrasisis (16) B 3agauy (1)—(2),momydaem

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 49
2021, Tom 13, Ne 2, C. 46-52



MaTtemaTtuka

R+ X HY R, (X ¢ X R( pee™ 2w, ®(0,1), (1)
R.:(0)=0, R,, ()= O(&V1O/#y 1y, ¢ 2)

rie R, (X —ocrarounbiii unen psna,
W= A0+ LV g (3 + 0 Vo (2 Va7 U Xt (e

3 1 1
+ Do (T LT T, 7T 505710 T )
s 3amaun (1)—(2), mpumenss Teopemy 26.2 [3,c. 116], momydaeM OIEHKY IS OCTATOYHOTO UJIe-
Ha:

IR, (X k& 2¢, 0< c- const

BeiBoa. Hamu mocTpoeHo oTHOE aCHMITOTHYECKOE MPUOIIHKEHNE PELIeHHS 10 MaJIoMy TTapaMeT-
Py IBYXTOUEYHON KpacBOW 3ajjaud HA OTPE3KEe IS JTMHEWHOTO HEOAHOPOIAHOTO OOBIKHOBEHHOTO IH(-
(hepeHIMATBHOTO YPaBHEHUSI BTOPOTO MOPSIKA ¢ MaJIBIM ITapaMeTPOM TIpU cTapiieil mpou3BoaHoil. Hc-
CJIeTOBaHHAs 3aJa4a OTIMYAETCs] OT paHee HCCIIEOBAHHBIX 3a7]ad TeM, YTO B OKPECTHOCTH JIEBOW Tpa-
HUYHOM Touku x = O CyIIeCTBYeT ABYXCJIOWHBIM IMOIPaHUYHBIN CJIOH, TaK)Ke PEIICHHE COOTBETCTBYIO-
el HEBO3MYIIIEHHON 3a7]auu He SBISETCS rinaakod GyHkuuei. [loaToMy OHUM KIACCHYECKUM METO-
JIOM TIOTPaHUYHBIX (PYHKIMHA HEBO3MOXKHO PEmuTh 3amady. CHadana (popmambHOE aCHMITOTHYECKOE
MpHUOIDKEHNE FCCIeayeMOi 3aaui MOCTPOUIN OOOOIIEHHBIM M KJIACCHYECKHM METOJaMHU MOTPaHuY-
HBIX (DYHKITUH, 3aTeM C TIOMOIIBIO PUHITUIIA MAKCUMyMa MOJYYWIIN OIEHKY JIJIsi OCTATOYHOHW (hYyHKIIMU
MOCTPOEHHOTO psAna. [lomydeHHbIN psa ABISETCS aCUMITOTUYECKUM B CMBICTIE DpICH.
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ASYMPTOTICS OF THE SOLUTION TO A TWO-BAND TWO-POINT BOUNDARY
VALUE PROBLEM

D.A. Tursunov, G.A. Omaralieva
Osh State University, Osh, Kyrgyz Republic
E-mail: dtursunov@oshsu.kg

The article investigates the asymptotic behavidhefsolution of a two-point boundary value prob-
lem on an interval for a linear inhomogeneous @udirdifferential equation of the second order veth
small parameter at the highest derivative. Thergsddeatures of the problem are the presence of a
small parameter in front of the second-order déxeaof the desired function, the existence of a-tw
dimensional boundary layer at the left end of thgnsent ak = 0, and the non-smoothness of the solu-
tion to the corresponding unperturbed boundaryevahoblem. It is required to construct a uniform as
ymptotic expansion of the solution to a two-zone-pwint boundary value problem on a unit interval,
with any degree of accuracy, as the small parantetels to zero. Due to the second and third fesiture
of the problem, it is not easy to construct an gagtic solution expansion with respect to the smakl
rameter using the known asymptotic methods. Whévingpthe problem, the following methods are
used: methods of integration of ordinary differehequations; the method of a small parameter; the
classical method of boundary functions; and theegdized method of boundary functions and the
maximum principle. The problem is solved in twogstst in the first stage, a formal expansion of the
solution to the two-point boundary value problencasstructed, and in the second stage, the justific
tion of this expansion is given, i.e. the remaindem of the expansion is estimated. In the fitags, a
formal asymptotic solution is sought in the formtloé sum of three solutions: a smooth outer saiutio
on the entire segment; classical boundary layertisol in the vicinity ofx = 0, which exponentially de-
creases outside the boundary layer; and an intéateedoundary layer solution at= 0, which de-
creases in power mode outside the boundary layer cdnstructed asymptotic expansion of the solution
to the two-point boundary value problem is asymptotithe sense of Erdei.

Keywords: asymptotic solution; small parameter,4vemd problem; bisingular problem; two-point
boundary value problem; ordinary differential eqjioatwith a small parameter.
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EVOLUTION OF PLASTIC DEFORMATION AND TEMPERATURE
AT THE REFLECTION OF A SHOCK PULSE FROM SUPERFICIES
WITH A NANORELIEF OR WITH SUPPLIED NANOPARTICLES

A.A. Ebel, A.E. Mayer
South Ural State University, Chelyabinsk, Russian Federation
E-mail: ebelaa@susu.ru, mayerae@susu.ru

Intense irradiation and high-speed collision of metls results in the forma-
tion and dissemination of shock compression pulsés them. The recent develop-
ment of experimental technology using high-power dpicosecond laser pulses
makes it possible to obtain shock pulses of the pisecond range. A molecular dy-
namics simulation of high-speed collisions for alumium samples is conducted.
The presence of a nanorelief or precipitated nanoptcles on the back superficies
of the sample may essentially enhance the rear dgilng threshold. The coopera-
tion of a shock wave with a nanorelief or precipitéed nanoparticles results in
strong plastic deformation. Consequently, part ofhe compression pulse energy is
spent on plastic deformation, which prevents spalilestruction. The effect of in-
creasing the threshold can reach hundreds of metegger second in terms of colli-
sion speed and tens of gigapascals in amplitude tfe incident shock wave. The
distribution of shear strain and temperature in the sample is considered. It is
shown that the maximum degree of deformation and mamum heating are ob-
served in those parts of the nanorelief, for whiclthe greatest change in shape is
observed. The maximum temperature reaches the metiy point, but no obvious
traces of melting are found, which may be relateda the speed of the processes.

Keywords: high speed impact; plastic deformatiomlenular dynamics; nanore-
lief.

Introduction

High-speed collision [1, 2] and intense irradiat[8n4] of metals results in the formation and des-
simination of shock compression pulses in them. fdeent development of experimental technology
using high-power sub-picosecond laser pulses makessible to obtain shock pulses of the picosdcon
range [2, 4, 5]. The method of molecular dynamM®] is often used in the theoretical study of the
phenomenon of broken fragments. At the same timetiidy of the behavior of the nanometric zones of
metals in the conditions of the model train [6—-80 the direct modeling of the formation and the
elimination of shock waves triggered by a pistomdrammer [6, 11-16]. Despite the fact that onlig-re
tively small system volumes and process times earonsidered due to technical restrictions, MD mod-
eling offers several advantages. It offers the ipditg of automatically taking into account the au-
tion of the structure of the material during higieed forming, at least qualitatively. The accuratthe
guantitative description is determined by the dualf the interatomic potentials used.

Practically important is the question of the stapibf the material to rear fragmentation and the i
tensity of the threshold of the incident shock wavehe speed of impact of the threshold at which
fragmentation will occur. The fragmentation thrdshe determined by two factors: (i) the resistante
the material to tensile stresses; (ii) the relatiop between the amplitude of the incident compoess
pulse and the amplitude of the expansion pulseattl from the free superficy. The tensile stremgth
metals was carefully studied by modeling [6-9, Bl;-including the effect of [6-8], cavities [9, 12,
16], grain boundaries [12—-14], twins [15] inclusiorilso noteworthy is the problem of reducing the
amplitude of the tensile wave that forms on the &eperficy.

If the free superficy is not flat and has protrasicor grooves, the uniaxial deformed state per-
formed in a plane shock wave will be replaced Ioyagie complex deformed state when interacting with
these relief elements. For example, when a shodsle waters cylindrical protrusions on the rear super
ficy of the target, a discharge on the lateral sipes of the cylinders leads to a transition tstate of
uniaxial tension. As a result, compressive andileesgresses are limited by the dynamic yield sjtlen
The process of interaction of the incident shockevaith the protrusions leads to intense plastic de

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 53
2021, Tom 13, Ne 2, C. 53-60



dusunka

plastic deformation in the superficy layer, as sulieof which part of the energy of the compression
pulse is scattered. This should lead to a decr@ashe amplitude of the expansion wave and,
consequently, to an increase in the fragmentatimaeshold. A significant effect should be expected
when the size of the reliefs or other elementsha telief are comparable to the width of the
compression pulse. If the width of the compresgputse is much larger than the height of the
protrusions or if the shock wave is strong enoubh, allowed plastic deformation of the protrusions
becomes insufficient to effectively suppress tHeected wave. The presence of protrusions in tasec
can lead to the development of Richtmyer—Mashkstaioility and to release [17-19] jets, as in theeca
of liquids. Work is underway on modeling MD ejectistream from nanostructured metal superficite,
initiated by sufficiently strong shock waves [18)].1At the same time, there are no MD studies
regarding the effect of dorsal superfica relief the scaling threshold. Also of interest is the
investigation with MD with a similar effect in th@resence of a layer of precipitated nanopartictea o
flat superficy. This article deals with the anatysif this effect. The development of the plastic
deformation and temperature is considered afterdfiection of an impact compression pulse from the
superficy with nanorelief and with deposited nambples.

1. Problem Statement

The molecular dynamic systems of samples from siogystalline aluminum are considered. The
direction of thex, y andz axes is chosen by the crystallographic direct[@08], [010], and [001]. After
initial thermalization for 2 ps in a thermostaB80 K and in a barostat at zero pressure, thesiligterfi-
cial layer of thickness H (15 or 30 grating perijogsceived an additional velocity v, which along th
axis was normal to the boundary with the x wasatii@ to rest of the system (Fig. 1) [20]. The laiter
dimensions of the system were 30 lattice perioti® ddditional velocity was added to the thermal ve-
locity of each atom of this flat layer that playgée role of a drummer. Either a cylindrical projent
with a height of | and a diameter d or precipitapadticles with a common layer thickness of 1 and
different diameters d were set on the rear supedicthe target. The height | of the cylinder oeth
thickness of the layer of particles varied fromwhich corresponds to a flat back ultrafast, up @o 6
lattice parameters. The diameter d of the cylirdrjgrotrusion or deposited nanoparticles also darie
from 14 to 30 lattice periods. Note that we comgatee strength of the samples with the same total
thickness L, which includes the height of the prsion or of the deposited particles.

Molecular dynamics modeling was carried out usidgVIMPS [21]. The calculations were made
for aluminum using the interatomic potential [2Bbth potentials are based on the method of immersed
atoms. The atomic configurations were visualizegishe OVITO [23] program. The fault structure
was visualized on the basis of a central symmedrampeter [24], which is zero for an ideal fcc netyo
and the difference of zero shows the degree ofctldfee common neighbor analysis algorithm was also
used [25, 26].

To reach a state of thermodynamic equilibrium beefive collision started, a barostat and a Nose-
Hoover thermostat were used. After establishingripact velocity, the calculations were made within
the NVE set (the time energy E, the volume of ystesn V and the number of particles N are constant)
Periodic boundary conditions have been specifiedghll axes. The calculation domain was chosen to
be significantly larger than the size of the molacdynamics system along the direction of theisiolh
coinciding with the x axis. This ensured compliamgeh the conditions of the free superficy at thie a
tacker's border and the rear superficy of the taydinished thickness beater generated a comjoress
pulse composed of a shock wave followed by an winhgawave. Maximum compressive stresses were
determined by the impact velocity. In the case of the presence of protrusions orositgu
nanoparticles on the back superfity (), this is equivalent to a sample with periothicbocated pro-
trusions [20, 27-29].

particles

Velocity.X (m/s)
-1500 Il 1500
Fig. 1. Configuration of the MD system at the begin  ning of the collision: a) the schematic model and b) the general view,
the color shows the x component of the atom velocit y [20]
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2. Discussion of Results

Plastic deformation, as in the macroscopic casajefined as irreversible deformation of the
material after removal of the external load. Thegnitude of the deformation is calculated through th
derivatives with respect to the coordinates ofdisplacement of atoms from the initial state. la don-
sidered problems, the removal of the load meanddparture of the wave from the region near thé& bac
superficy. Thus, irreversibility is the main feauhat allows us to distinguish plastic deformation
cluding in molecular dynamics calculations. An nedt sign that the deformation is plastic is thegma
tude of shear deformation: shear deformations greélaan 0,1-0,2 correspond to the plastic mode.

The magnitude of plastic deformation upon reflettid a shock pulse from a nanorelief superficy
is analyzed. In Fig. 2 shows, in the case of alftaindary, the distribution of shear strain calada
from the displacement of atoms [30]. Similarly cdéted and shown in Fig. 3 distribution of shear
strain in the case of a cylindrical protrusion aeghosited nanoparticles. The magnitude of the defer
tion reaches one or more, which is substantiallyentiban the possible elastic deformations. Frosnithi
follows that the presented distributions corresppnecisely to plastic deformation. In this cases th
zones of plastic deformation correspond to thoses md the nanorelief that have undergone the gstat
change in shape when exposed to a shock wave. thisaleformation corresponds to the region of the
sample in which a spallation is formed in the cafsa flat superficy (Fig. 2) and an incomplete &pal
tion in the case of a nanorelief at a high impadbeity (Fig. 3).

Plastic deformation is accompanied by heating efrtfaterial. The temperature distributions calcu-
lated from the average kinetic energy of a disadenotion are shown in Fig. 4, 5 for the same time
points as the deformation in Fig. 2, 3. The greatesiperature increase is observed in the most de-
formed parts of the nanorelief and in the spalirfation zone. The maximum temperature reaches the
melting point, but no obvious traces of melting &mend, which may be due to the speed of the proc-
esses. At later stages, thermal conductivity hsigmificant effect on the temperature distributinrthe
sample.

1_' shear deformation

* Ol = il 1

Fig. 2. Shear deformation in the central section of an aluminum target with a flat rear superficy; whe n the impactor speed
is 1500 m/s and the total target thickness is 120  attice parameters (48,6 nm)

z

i shear deformation 60 ps I—' shear deformation 60 ps
& OlN ] x 0 __J
Fig. 3. Shear deformation in the central section of an aluminum target with a hammer speed of 1500 m/s  and a total target
thickness of 120 lattice parameters (48,6 nm): a) w ith cylindrical projections with I/H = 1; b) with deposited particles with

I/ H =1 (diameter of 30 lattice parameters (12,15 nm), one layer)
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temperature, K
L.x 300 BT W 930
Fig. 4. The temperature in the central section oft  he aluminum target with a flat rear superficy; when the impactor speed
is 1500 m/s and the total target thickness is 120  attice parameters (48,6 nm)

b4 z

L. temperature, K L. temperature, K
X X

300 T W30 300 BTN 930
Fig. 5. The temperature in the central section oft  he aluminum target with a hammer speed of 1500 m/s  and a total target
thickness of 120 lattice parameters (48,6 nm): a) w ith cylindrical projections with I/H = 1; b) with deposited particles with
I/H = 1 (diameter of 30 lattice parameters (12,15 nm),  one layer)

Conclusion

A study of the molecular dynamics of high speedigiohs for aluminum samples shows that the
presence of cylindrical protuberances or nanopastideposited on the rear superficy of the samguhe c
considerably increase the rear fractionation trokeshNote that the deposited nanoparticles make the
free superficy more resistant to burst fracturédted by the reflected compression pulse. Theore&s
that when a shock wave arrives at the rear of thperdicy with protrusions, the discharge of the
protrusions on the lateral superficy occurs, legdmsevere plastic deformation. Consequently, lart
the energy of the compression pulse is devotedatstip deformation, which limits the amplitude bét
stretching pulse and suppresses the destructidheofubstance during tensile stresses. The effect o
increasing the threshold can reach hundreds ofrsnp& second in terms of collision speed and oéns
gigapascals in amplitude of the incident shock wafe analysis of the distribution of shear
deformations and temperature in the sample showas ttie maximum degree of deformation and
maximum heating are observed in those parts ofamerelief for which the greatest change in shape i
observed. The maximum temperature reaches thenggltint, but no obvious traces of melting were
found, which may be related to the speed of theqa®es.

This work is supported by the Ministry of Scienod &ligher Education of Russian Federation
(state assignment for researches by C&W75-00992-21-00) and by Act No. 211 from 16 Mawth
2013 of the Government of the Russian Federatiomtf@ct No. 02.A03.21.0011).
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3BONOUMA NNACTUYECKOU AE®OPMALIUU U TEMIMEPATYPbI
NMPU OTPAXEHUN YOAPHOIO UMMYJIbCA OT NOBEPXHOCTU
C HAHOPEJIbE®OM Ui ¢ HAHECEHHbIMU HAHOYACTULIAMU

A.A. B6enb, A.E. Matiep
tOxHo-Ypanbckuli 2ocyGapcmeeHHbil yHugepcumem, 2. YensbuHck, Poccutickas ®edepayus
E-mail: ebelaa@susu.ru, mayer@csu.ru

HuTeHcuBHOE 00MyUYeHHE M BBICOKOCKOPOCTHOE CTOJIKHOBEHUE METAIIJIOB MPUBOJIUT K (hOPMUPOBA-
HUIO ¥ PacHpOCTPAaHEHHUIO B HUX WMITYJIBCOB yAApHOTO ckaTtus. HemaBHee pa3BUTHE SKCIIEPUMEHTAIh-
HOW TEXHHUKH C UCMOJIBF30BaHMUEM MOITHBIX CYOIMKOCEKYHIHBIX JIA3€PHBIX UMITYJIHCOB MTO3BOJISET MOITY-
4yaTh yAapHbIE HMITYyJbChl THKOCEKYHIHOTO Juamna3oHa. B paboTe MpoBEIeHO MOJEKYISPHO-
TUHAMHYECKOE MOJIETUPOBAHIE BEICOKOCKOPOCTHBIX CTOJIKHOBEHHH AT 00pa3IoB amoMuHuA. Hanmngre
HaHopenbe(a WIN OCAKICHHBIX HAHOYACTHI[ HAa 3aJIHEH MOBEPXHOCTH 00paslia MOXKET 3HAYUTEIILHO
YBEJIIMYUTH 33 JHUM MOPOT paclierieHus. B3anMoaelicTBue yaapHOW BOJHBI C HaHOpENnbe(oM WiTH oca-
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Ebel A.A., Evolution of Plastic Deformation and Temper  ature upon Reflection of a Shock Pulse
Mayer A.E. from a Superficy with a Nano-Relief or wit  h Deposited Nanopatrticles

JICHHBIMH HAHOYACTHIIAMH MPHBOJUT K CHIBHOM Imactudeckor aedopmarmu. B pesynbrare yactb
SHEPTUU UMITYIIECA CIKATHS PACXOJYETCs Ha IDIACTHYECKYIO JeOpMaIliio, KOTopas MpeaoTBpallacT
paspymieare oTkona. DP(EKT OT MOBBIMICHHUS TOPOra MOXET JIOCTUTaTh COTEH METPOB B CEKYHIY IO
CKOPOCTH CTOJKHOBCHHS W JICCATKOB T'HTamacKajield Mo aMmIUTUTyJe Majaroliell yaapHoW BoJHBI. Pac-
CMOTPEHO pacripesienieHre aedopMaluy cABHra U TeMIiepatypsl B oopasiie. [Toka3aHo, 4To MakcuMaib-
Has CTENeHb JeopMallii U MaKCUMAIIBHBIH HarpeB HAOIOIAIOTCS B TEX YacTAX HaHOpenbeda, s KO-
TOPBIX HAOOaeTCs HauOoblee u3MeHeHne (GopMbl. MakcuManbHas TEMIlepaTypa JOCTUTAaeT TOYKH
TUTABJICHUS, HO SIBHBIX CIICJIOB IUIABIICHHUS HE OOHAPYKEHO, YTO MOXKET OBITh CBSA32HO CO CKOPOCTBHIO
MPOTEKAHUS TPOIECCOB.

Knioueswie cnosa: gvicokockopocmuoe gosoeticmsue, niacmuieckdas 0epopmayus; MONeKyIAPHAsL
ouHamuxa; Hanopenveg.
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A SHORT PROOF OF COMPLETION THEOREM FOR METRIC
SPACES
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The completion theorem for metric spaces is alwaygroven using the space
of Cauchy sequences. In this paper, we give a shahd alternative proof of this
theorem via Zorn’s lemma. First, we give a way of @ing one point to an incom-
plete space to get a chosen non-convergent Cauclggsence convergent. Later,
we show that every metric space has a completion lpnstructing a partial or-
dered set of metric spaces.

Keywords: Completion theorem; metric space; congpdglace; Zorn's lemma.

Introduction

The completion theorem for metric spaces statesdbary metric space can be embedded in a
complete metric space and the original space'sansdense in that complete space. In several epurc
the proof is given by a classical method basecherspace of the equivalence classes of all thehyauc

sequences, denoted bi/ of the given metric spac¥ , see [1]. In this proof, it is shown that is a

complete metric spaceX can be embedded iX , the image ofX is dense inX and this completion
is unique up to isometry.
In this paper, we propose another way to provedmepletion theorem by not using the embedding.

We prove that if a metric spac)é is not complete, there exists a complete metrm:ep( including
X such thatX is dense inX ,i.e. X = X .

The proof
Lemma 1. Let (X,d) be a metric space ar{tk,) be a Cauchy sequence that is not convergent

in X . We define a new spacé = X 0{ ¢ with the metricd as follows:

d(xy), if x yO X,
) lim d(x,,y), if x=¢ yd X
d(xy)=1"""

lim d(x %), if xOX, y=¢

N

0, if x=y=c,

wherec is an element that does not belong®o Then,()?,&) is a metric space satisfying the proper-

tiesd(x y)=d( x y) for eachx,yO X, lim x,=c and X = X.

n—- oo

Proof. By the reverse triangle inequahkgi >q1,y )gn ))| c( X )41 the sequenc%zd Xy s y}
is a Cauchy sequence iR because(xn) is a Cauchy sequence K. Since R is complete, then

{d()g1 y)} is a convergent sequence for eagh X . Therefore, the functior is well-defined from

X x X to R. Also, it is easy to see that is a metric on the seX . Now, we show that the sequence
(x,) converges tcc in the metric spacé)?,&). Given £>0, there exists a natural number such

that d(x,,%,) <% for all n,m>n,. Then, we have
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£
d(%.¢)= im d(>, )< <e
for eachn>n_. This proves the above assertion and also prénagst = X .

Lemma 2. Let (X,d) be a metric space included two complete metricep4Y,, p,) and
(Y,, 0,) with the conditions,ol(x, x*) = d( X x) and ,oz(x, x*) = d( X x) for every x, X 0 X. If
X is both dense ifY,, 0;) and(Y,,,), then these complete metric spaces are isomotpléach
other.

Proof. Let tOY,. Since X =,, there exists a sequen¢e, ) 0 X such thatlim p, (x,,t) =
Then, (X,) is a Cauchy sequence ¥, and also is a Cauchy sequencéjn Since(Y,, p,) is a com-

plete space, then there exisysin Y, such thatlim p,(x,, y)=0. Let f:Y, - Y,, y=f(t). we

now show that the functiorf is an isometry. First, we prove that it is welfided. Let(z,) O X be

also convergent to the poitit in the space(Yl,pl). Then, similarly, there existg[lY, such that
lim p, (2, 2) =
(Y. 2) =pz(,'j[r; X, lim 4) =lim p,( % 7z)=lim ¢ x A=limp( x ¢
=pl(Li[Q°>9,lrj[rgo Zn)=p1(t )=0=y=z
Second, we prove that is surjective. Lety Y, . Since X = Y,, there exists a sequenégq) 0 X
such thatlim p, (x,, y)=0. Then,(x,) is a Cauchy sequence X and also inY,. SinceY, is com-

plete, then there exists1Y, such thatlim pl(xn, t)=0. By the construction off , y= f(t). Fi-

nally, we prove thatf is an isometry. Let,,t, JY,.Then, there exist two sequenc(esl),(zn) 0 X
such thatLln;lopl(xn,tl) =0, Lln;lo,ol(;q,tz)— : Lln;lo,oz(xn, f(t))=0 and im ,02(2n f(t,))=0.

pz(f(tl),f(tz))=p2(1j[g>9,[jfgzn)=l;[rgop2(xv z)=lim d x z)=limp( x
-5 (imx.tm 2)= a4 1)

This completes the proof.

Theorem 1.Every metric space has a unique completion upametry.

Proof. Consider the familyQ of metric spaceéY,p) satisfying the following conditions:
1) p is a metric onY,
2) Xay,
3) p(x.y) =d(x,y) for eachx,yOd X,
4) X=Y.
We define a relation o® which is as follows:

(Vo) =(Yap2) = MO Y, andoy( x y=p{ x)y foreachxy .

It is easy to see that the p§i,<) is a poset. We take a challi’ in the pose(Q,<) and define

Y= Y

(Y.0)0Q"
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We now define a functiorp” from YPxY" to R as follows. If x,yOY”, then there exists
(Yo, 20) DQ" such thatx, yO'Y, because" is a chain. Let

P (% y)=m(x ).
Then, the functiornp is well-defined by the definition of the relatiah. One can easily show that
p" is a metric on the set”. Let yOY", there exists(\?,,b)DQD such thatydY. Since (V,ﬁ)DQ,

then there exists a sequenfe,) in X such thatr!iirl),b(xn, y)=0, ie. r!iirl,ou(xn, y)=0. Conse-
quently, X =Y. These results show that the metric sp@é%pu) belongs toQ and forms an upper
bound of the chaifQ”. By Zorn's lemma,Q has a maximal element and we denote i1( ﬁya). We
now prove that the metric spaé&,a) is a completion 01( X,d). Since()?,&) is an element of2,
then we just prove tha()?,a) is complete. Assume the contrary. (Iﬁ,a) has a non-convergent
Cauchy sequence, then Lemma 1 requires that thests ea metric space(XD,dD) such that
X*:XD{é} and ()2,&)<(X*,J), where ¢ is a point not in X. We now show that

(XD,dD)DQ. Indeed, it is enough to show that is an accumulation point of the original skt.

Given £ >0. By Lemma 1, there exists X such thatd*(c,c*)<§. Besides, by the relation
(X,a) 0Q, there exists x[ X such that a(x, c) <§. Then,

d*(x,(f)s d(xg+ a( C*C)= AC( X pt (( C ()<§+§=£.Thus, we have(XD,dD)DQ.The

last and the relatio(u)z,a) < ( X', d) contradict the maximality o(f)za) This completes the proof.

The uniqueness up to isometry of the completiafiresctly obtained by Lemma 2.
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CBEAEHUA O XYPHAIJE

Kypnan ocnosan B 2009 roxy. CeunetensctBo o peructparwu [IM Ne @C77-57362 Beigano 24 mapta 2014 .
denepanpHOl cyk00H 10 Ha3opy B cdepe cBsA3M, MHPOPMAIMOHHBIX TEXHOJIOTHH M MaCCOBBIX KOMM YHHKAITHH.

Yupeautens — DenepanbHoe rocy1apCTBEHHOE aBTOHOMHOE 00pa30oBaTelbHOE yUPEXISHHE BBICIIET0 00pa30-
BaHus «HOKHO-Y panbCKuii rocyJapCTBEHHBIH YHUBEPCUTET» (HAIIMOHAIBHBIHN HCCIIEJOBATEIbCKUN YHUBEPCUTET).

I'naBHBIN penakTop xypHana — 1.¢.-M.H., npod. C.A. 3arpeduna.

Pemennem [pesunmyma Briciieit aTtectanionHoi koMmuccun MuHKCTEpCTBa 00pa3oBanust M Hayku Poccuiickoit
denepaunn xKypHat BKIOYeH B «[lepedeHb BenyMX peleH3UpYeMbIX HAay4YHBIX >KYPHAJIOB M W3/IaHUH, B KOTOPBIX
JIOJDKHBI OBITH OITyOJIMKOBAaHBI OCHOBHBIE HAyYHBIE PE3YJIBTATHI JUCCEPTALINI HA COMCKAHNE YUCHBIX CTEICHEH JTOKTO-
pa ¥ KaHOWAaTa HAyK» IO CIEAYIOIIAM HAYYHBIM CIICIMATbHOCTSIM M COOTBETCTBYIOIIMM MM OTpPAciisiM HAYKH:
01.01.01 — BemiecTBeHHbIH, KOMIUIEKCHBIH M (YHKUMOHAIbHBIM aHanu3 ((PpHU3MKO-MaTeMaTHYEeCKUE HAYKH),
01.01.02 — Iuddepenimansabie ypaBHEHHs, JMHAMHYSCKHE CHCTEMBI M ONITUMANIbHOE yrpaBjieHue ((Hu3uKo-mMarte-
Marudeckue HaykH), 01.01.07 — BerancnurensHas Mmarematrka (pusuko-maremarndeckue Hayku), 01.01.09 — Tuc-
KpeTHasi MaTeMaTHKa M MaTreMaTuueckas KuoOepHeTuka (¢pusuko-maremarndeckue Hayku), 01.02.05 — Mexanunka
XKHIKOCTH, Ta3a " 1iasmbl (pusnko-maremarnueckue Hayku), 01.04.05 — Onrtuka (pusuko-mateMaTHIeCcKnue Hay-
kn), 01.04.07 — ®uzuka KOHIEHCUPOBAHHOTO COCTOSHMS ((PU3UKO-MAaTEMAaTHYECKHUE HAYKN).

Pemenuem Ipesnnnyma Bricoieit arrecTanmoHHoi kKoMuccnn MuHucTepcTBa 00pa3oBaHus M Hayku Poccuii-
ckoii Penepanny xKypHai BKIIOYeH B «PerieH3upyemble HayuHble M3/IaHMs, BXOSIINE B MEXIyHapoJHbIe pedepa-
TUBHBIE 0a3bl JaHHBIX U CHCTEMbI IIMTUPOBAHMS U BKIIOYEHHbIE B [lepeueHp pelieH3UpyeMbIX HAyYHBIX M3/aHHUH, B
KOTOPBIX JIOJDKHBI OBITH OMYOJMKOBaHBI OCHOBHBIC HAay4YHbBIE PE3yIbTaThl AUCCEPTAIM HA COUCKAHUE YUEHBIX CTe-
MeHeH JOKTOpa W KaHAHUIaTa HayK» IO CIEAYIOMIMM OoTpaciisiM U rpymmam crennanbHocteil: 01.01.00 — Maremarn-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uznka, 05.13.00 — IHpopMaTHKa, BEIYUCIUTEIbHAS TEXHUKA U YIIPABICHHE.

Kypnan BxitoueH B Pedepatususlii )xypHan u bassr naraeix BUHUTH. CBenenus o xypHale eKeroxHo myo-
JUKYIOTCS B MEXIyHapOJHBIX CHPAaBOYHBIX CHCTEMax II0 MEPHOAWYECKHUM M TIPOJOIDKAIIMINMCS H3IaHHUAM
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