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ON THE EXACT SOLUTIONS TO CONFORMABLE EQUAL WIDTH
WAVE EQUATION BY IMPROVED BERNOULLI SUB-EQUATION
FUNCTION METHOD

V. Ala, U. Demirbilek, K.R. Mamedov
Mersin University, Mersin, Turkey
E-mail: volkanala@mersin.edu.tr

In this paper, we consider conformable equal widthwave (EW) equation in
order to construct its exact solutions. This equatin plays an important role in
physics and gives an interesting model to define ahge waves with weak nonlin-
earity. The aim of this paper is to present new exa solutions to conformable EW
equation. For this purpose, we use an effective nteid called Improved Bernoulli
Sub-Equation Function Method (IBSEFM). Based on thevalues of the solutions,
the 2D and 3D graphs and contour surfaces are plat with the aid of mathemat-
ics software. The obtained results confirm that IB&FM is a powerful mathe-
matical tool to solve nonlinear conformable partialequations arising in mathe-
matical physics.

Keywords: improved Bernoulli sub-equation functinathod; conformable equal
width wave equation; wave transformation.

Introduction

Fractional differential equations are the genea#ilin of classical differential equations with
integer order. So, in recent years, fractionaleddhtial equations become the field of physicistd a
mathematicians who investigate the expediency of swn-integer order derivatives in different areas
of physics and mathematics. These equations beaanseful tool for describing numerous nonlinear
phenomena of physics such as heat conduction systeomlinear chaotic systems, viscoelasticity,
plasma waves, acustic gravity waves, diffusion gsses [1-3]. Many numerical and analytical methods
were developed and successfully employed to sdieset equations such as modified Kudryashov
method [4], homotopy perturbation method [5], nexteaded direct algebraic method [6], fractional
Riccati expansion method [7], modified extendedtarethod [8].

During the last few years, a straightforward défom of conformable derivative is given [9]. The
conformable derivative operator is compatible tonynaeal-world problems and provides some
properties of classical calculus such as derivatifvguotient or product of two functions, the chain
rule [10]. During the last few years, many of teicues applied to find exact solutions to conforreabl
nonlinear partial differential equations [11-16].

In this paper, we consider the following conforneaBW equation:

Dfu+ pDf ¥ - ID&u=0, a0(0,d, (1)
where p,| are real parameters, is a function of independent variables. The oper&’ represents

conformal derivative operator defined only for pivg region oft [10]. Before consideration of the
solution procedure, let us give some propertiesoaformable derivative.
The conformable derivative of order with respect to the independent variablis defined as [9]

DA(y() = lim y(””l;a) YO 15 0a0(04

for a function y = y(t):[0,e0) - R.

Theorem 1.1.Assume that the order of the derivativerisD(O,]] and suppose that=u(t) and
v=\(t) are a —differentiable functions for all positive Then

L. DA(qu+ Y= gO(Y+ ¢ F( Yy for O ¢,c DR,

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 5
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i. DA(tY) =kt* 20 KOR,
iii. D&(A)=0 for each constant function(t) = A,
iv. DZ (uv) = ud?(V)+ V(Y
a _ a
" Dta(gjzvq (W~ ubf (Y,
\Y v
du
dt
Conformable differential operator satisfies som#oal fundamental properties like the chain rule,

Taylor series expansion and Laplace transform.
Theorem 1.2.Let u=u(t) be ana —conformable differentiable function and assume thais

a differentiable function. Then

vi. DZ (u)(t) =t

D (uev)(§) = 77V (Hu(\(9).
The proofs of Theorems 1 and 2 are given in [1¢][@h respectively.
The rest part of the paper is organized as folldw&ection 1, descripton of the IBSEFM is given.
In Section 2, the application of IBSEFM is mentidn&inally, this study is completed by providing
conclusions in the last section.

1. Description of the IBSEFM

In this section, we give the fundamental properidsthe IBSEFM. This method is direct,
significant, advanced algebraic method to estahlelable exact solutions for both nonlinear and
nonlinear fractional partial differential equatidid,18-20].

Let us describe five main steps of the IBSEFM.

Step 1.Let us take into account the following conformagsdetial differantial equation of the form

P(v, D{®v, 0" v, 027 y,...) = 0, 2)
where Dt(") is the conformable fractional derivate operatefx t) is an unknown functionpP is a

polynomial and its partial derivatives contain franal derivatives. The aim is to convert conforteab
nonlinear partial differential equation with a sibike fractional transformation into the ordinary
differantial equation. The wave transformation is

V(9 =V(¢), £=&(x ). ®3)
Using the properties of conformable fractional dete, we convert (2) into an ODE of the form
N(V,V,V,.)=0 (4)

If we integrate (4) term to term, we acquire ingggm constant(s), which can be determined later.
Step 2.We hypothesize that the solution to (4) can beesgnted as follows:

F
V() = izz(;a ) :a0+a1F(E)+a2F2({)+...+anF”(f),
ThFie DFRFOTRFE@ . FE)
j=0

(®)

where ay,&,...,a and by,b,...,h, are coefficients which will be determined later.heT
numbersn#0, nZ 0 are chosen arbitrary constants to balance priaciglonsider the Bernoulli
differential equation of the form

F (§)=0F(&)+dFY (¢),d# 0,02 0,MORA 0,1,2 (6)
where F(£) is the solution to (6).

Step 3.The positive nonzero integems, n, M are found by balance principle that is both nadin
term and the highest order derivative term of (4).
Substituting (5), (6) in (2) gives the followinguagion of the polynomia®(F) of F :

O(F () = PF (§)° +...+ F (€)+ py =0,

6 Bulletin of the South Ural State University
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where p,,i =0,...s are coefficients and will be determined later.
Step 4.Equating all the coefficients @(F (£)) yields us an algebraic equation system
p=0,i=0,..8

Step 5.When we solve (4), we get the following two casél respect too andd:
1

—de" D + g |1e
(5—1)+(£+1)tan){a (Fe )‘fj
F(&) = 2 .d=0,e0R. (8)

1- tan)'(a (¢ )gj

Using a complete discrimination system B{¢£), we obtain the analytical solutions to (4) via

mathematics software and categorize the exactisofuto (4). To achieve better results, we can plot
two and three dimensional figures of analyticaliohs by considering proper values of parameters.

2. Application of the IBSEFM

Take the travelling wave transformation
a a

u(x)=U(n). n=¢+m . 9

where g and m are nonzero constants to be determined. Then Bquél) turns into the following
ordinary differential equation:
mU + pqu? - gmf U =0. (10)
When we apply the balance principle for the teuisandu’, the result form, n and M is
M +m= n+1.
By balancing the order between the nonlinear temoh lighest order derivative in Equation (10),
we obtainM =3,n =3 andm=1, then we get

U() = 2ot AR+ BF () + &F() _ Y()

by + b F(7) W)
YW () =YW ()
U'(n) = , 11
@) ez (11)
XYW -YW @) YW (1) WP -2Yi) 1P e)
u @)= 5 - 2 : (12)
W (7) ()]
Substituting (3)—(11) in (10), we get the algeabrajuation system according Fo:
FO:2pggily + my =0,
F:4pgayal+ maB- Iméo? ap+2 pgap 2 magpbd Ifm® abbho,
F?:2pga’ly+4pag 3 B+ mah-4 Imy? abr 4 pgaab2 mabih fud 3k
+malf - Imfo® g F=0,
F°:4pgaabh+4pgy 3 h-4 dinfy abh+r mate 9 Ifg® A 2 plarhs pga g
+4dimfoa hh+2ma h -3 Imtp? abp mab=o,
F°:2pga;ty+4pagalg-24d Im§ g p+ 4 paaap 4 pgaab21?d oyal
-96dimgfoalyh-3d Imd a B- 24 dimgy abh=0
F%:4pga,ahy-35d¢°Imd g §+ 2 pag pr 4 papap 37 U Infg,abrb8 d Irheg 4
BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 7
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~40dimcfoa lf =0,
F*:2pga’hy + 4 pga @ b-57 & Im§ g p - 15 8 Infg ad=0

F!2:2pgafh - 24d°Imf g I =0
Then we solve the system of equationsFofand, in each case, substitute the obtained cosite
to get the new solution(3)(x, t) . Solving the system by Wolfram Mathematica sofeyave obtain the

coefficients as follows.
Case 1lForo#d,

2 2 2
_0%8. _O%&. _ _03. _ _03&  _a&hk, __ ppay. _ 1
= 1oy = 8 = ;3= b= ; m=— ;== . 13
whered,l,q,0,3,, # 0.

Putting (13) along with (3)—(11) in (7), we acquitee exponential function solution to the EW

equation as follows:

o’ iz+
d

&0

w(xt)=

Fig. 1. The contourplot, 3D and 2D graphs of  u;(X,t) by considering the values a=0,1; £=0,2; 0=0,1; d=0,3;
p=0,5 9=0,6; by=1; a,=1; -13<x <13, —2<t <2 for3D surface, 0<x <3, 0<t < 3 for contourplot and

-1<x<1; t=0,2 for 2D
Case 2Foro#d,
& ag ey i _ahy, _ 12d’imgl i
=- Y= —2— a,=— ;& =— b= = 0o=———,(14
% 24d21g? 24d%g%" % 2dv1q % 2d4/1q g a, - a, zﬁq( )
whered,1,q,a,,k # 0. Substituting (14) along with (3)—(11) in (7), whbtain solution to (1)

i(qta+m)€)
17de V199 Jige
it imx?
digeV1@ Jlg+ € lga .

2

u2(X1t): 24d2|q2tb
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: ‘
Fig. 2. The contourplot, 3D and 2D graphs of imagin ~ ary part of u,(X,t) by considering the values a =0,4; £=0,1;

0=0,2; d=0,51;1=0,5; m=0,3; g=0,73; b, =0,6; a,=0,2; -17 <x <17, =7 <t <7 for 3D surface, -5<x <5,
-5 <t <5 for contourplotand —-10<x <10; t=0,2 for 2D

pry 2 0 1

Fig. 3. The contourplot, 3D and 2D graphs of real p  artof U,(X,t) by considering thevalues a=0,4; £€¢=0,1;, 0=0,2;
d=0,51;1=0,5; m=0,3; q=0,73; b, =0,6; a,=0,2; -17 <x <17, =7 <t <7 for 3D surface, -5<x<5, -5<t <5
for contourplotand -10<x <10; t=0,2 for 2D

Case 3Foro#d,

L T m%fa.azz_i@ﬁﬁﬁ. - Wa/ma/hy = 0.
2pq’ " 2paa’ JeJa JeJafa T oa ]
(15)
d=- \/B\/a g = —i_
2JiNmyaf . 2/ig
where I,m, p,q,0,a ., # 0. When we put (15) along with (3)—(11) in (7), aobtain the complex
solution to (1) as follows:
2it? i(qta"'m)g) 2imA@

am 1@ pag+aifze 19 g af Al p-3 ¥ | R o

Us(x,t) = 2
itd 2imx?

2pq W39 [543 +3¢/97

BecTtHuk OYplY. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 9
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Fig. 4. The contourplot, 3D and 2D graphs of imagin  ary part of Ug(X t) by considering the values @ =0,1; £=0,2;
0=0,3; d=0,62; 1 =0,6; m=0,2; q=0,47; b,=0,8; a,=0,5; p=0,3; -17 <x <17, =7 <t <7 for 3D surface,
-5<x <5, -5<t <5 for contourplotand -10<x <10; t=0,3 for 2D

Fig. 5. The contourplot, 3D and 2D graphs of real p  artof Us(x,t) by considering the values @ =0,1; £€=0,2; 0=0,3;
d=0,62; 1=0,6; m=0,2; g=0,47; ,=0,8; a,=0,5; p=0,3; -17 <x <17, =7 <t <7 for 3D surface, -5<x <5,
-5<t <5 for contourplot and -10<x <10; t =0,3 for 2D

Conclusion

In this paper, the IBSEFM method is applied for tomformable EW equation. Using a wave
transformation, we convert the conformable difféiedrequation into the ordinary differential equatj
which can be solved according to the IBSEFM. By mseaf this method, exact solutions are obtained.
The contourplot, 3D and 2D surfaces of all solwiobtained by IBSEFM under the suitable values of
parameters are plotted to show the main charatitepisysical properties of the solutions with thedph
of mathematics software. According to the resuwise can see that the formats of travelling wave
solutions in two and three dimensional surfacesandar to the physical meaning of results.

The solutions are also solitary wave solutionsoAls is clear that more steps are developed and
better approximations are obtained. The conclusshmwv that the IBSEFM is simple, effective and
powerful. Thus, in mathematical physics, it is &gidle to solve other conformable partial differaint
equations. We claim that the IBSEFM method is jically well suited, since it can be adopted to a
wide range of nonlinear differential equations. mwally, this method is influential and suitable fo
solving other types of nonlinear differential eqoas in which the balance principle is satisfied.
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O TOYHOM PEWUEHWUN COIMMACOBAHHOIO PABHOMOLLIHOIO
BOJIHOBOIO YPABHEHUSA C MOMOLLBIO
YCOBEPLWLEHCTBOBAHHOIO ®YHKLUUWOHAJNIbBHOIO METOA
noa-yPABHEHUA BEPHYIIA

B. Ana, KO. Jemupb6unek, K.P. Mamedos

MepcuHckul yHusepcumem, MepcuH, Typuus
E-mail: volkanala@mersin.edu.tr

B nHacrosmeii paboTe paccMaTpUBaeTCs COrJIaCOBAHHOE PaBHOMOIITHOE BOJIHOBOE ypaBHEHHE C Lie-
JIBI0 HAXOKACHUS €ro TOYHOTO pelieHus. JJaHHoe ypaBHEHHE UTpaeT BaXHYIO POJb B (PU3UKE U 3a/aeT
MHTEPECHYI0 MOJEb ONPEACTICHHUS N3MEHSIOIUXCSI BOJIH €O c1aboi HenMHEeHHOCThIo. Llenbio paboTe
SBIISETCS MPECTaBICHNE HOBOI'O TOYHOT'O PELICHHS COTJIACOBAHHOTO PAaBHOMOIIHOTO BOJHOBOTO YpaB-
HeHus. {7 3Toro aBTOpBI MCTONB3yeM 3G QEKTHBHBIM METO, HA3bIBAEMBIH yCOBEPILIEHCTBOBAHHBIM
(OYHKIIMOHAIBHBIM MeTOHOM moa-ypaBHenus bepaymau (IBSEFM). Ha ocHoBe 3HaueHuil perneHui,
JIBYMEpHBIE U TPEXMEpHbIE rpaUKN U KOHTYPHBIC TOBEPXHOCTH CTPOSATCS C IIPUBJICUCHUEM MaTeMaTH-
YecKoro mporpammHoro obecredenusi. [lomydeHHsie pe3ynbTaTel NOATBEpXKAa0T, uto IBSEFM sBms-
eTcs MOIIHBIM MaTeMaTHYSCKUM allapaToM Ui PelIeHUs] HeTHMHEHHBIX COTJIAaCOBAaHHBIX YpaBHEHHH B
YaCTHBIX MPOU3BOIHBIX, BO3HUKAIOIINX B MATEMaTHIECKOH (hU3MKe.

Kntouegvie cnoea: ycosepuiencmeosanubvlii )yHKYUOHANbHBIL MemoO noo-ypasHenus bepryinu; co-
2N1ACO8AHHOE PABHOMOUHOE BOTIHOBOE YPABHEHUE, 80THOB0E NPeodpa30saHue.
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MORPHOLOGY OF THE PHASE SPACE
OF ONE MATHEMATICAL MODEL OF A NERVE IMPULSE
PROPAGATION IN THE MEMBRANE SHELL

0O.V. Gavrilova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: gavrilovaov@susu.ru

The article is devoted to the study of the morphologof the phase space of a
degenerate two-component mathematical model of a nerve impulse propagation
in the membrane shell. A mathematical model is studied in the case when the pa-
rameter at the time derivative of the component responsible for the dynamics of
the membrane potential is equal to zero, and the theorem about the fact that the
phase space is simple in this case is proved. A mathematical model is also consid-
ered in the case when the parameter at the time derivative of the component re-
sponsible for the ion currents is equal to zero, and the theorem on the presence of
singularities of Whitney assemblies is proved. Based on the results obtained, the
phase space of the mathematical model is constructed in the case when the pa-
rameters at the time derivative of both components of the system are equal to
zero. The author gives examples of the construction of the phase space, illustrat-
ing the presence of features in the phase space of the studied problems based on
the Galerkin method.

Keywords: Sobolev type equations; phase space method; Showalter—Sidorov
problem; Fitz Hugh—Nagumo system of equations.

Introduction
Let Q OR" be a bounded domain with boundal® of classC” . In the cylinderQ=Qx(0,T)
consider the degenerate FitzHugh—Nagumo system of equations:

ov
515 =, AV + BoW= BV,

(1)

ow
f250 7 AW+ o= Bov= W

with the Dirichlet boundary condition
v(s,) =0,w( s} =0, ( s}00Q %0 ,7). @)
The sought functionsv=w(s,t) and v=v(s,t) describe the dynamics of the membrane potential

and the behavior of sodium and potassium currefits 3., 5,10 ,»a 1, JIR characterize the thresh-

old of excitation, the speed of the threshold of excitation, electrical conductivity and repolarization of
the environment. Initially, in [1, 2], a nondegenerate Fitz Hugh—Nagumo system of equations was inves-
tigated, where sought functionsand w, simulate the behavior of chemical elements in the membrane.

It is characteristic of the system of equations (1) that, with the speed of one of the sought functions in
the system, it always significantly exceeds the speed of the other sought function. This phenomenon is
called Turing instability [3]. The conditional “regulators” of this behavior of the two initial functions are
small parameters;, &, at the time derivatives. The system of equations (1) in the case ayhe® or

&, — 0 using the theory of singular perturbations was investigated in [4, 5]. In this case, the system of

equations (1) was considered as a representative of the class of systems of the reaction-diffusion type,
which have the form

51% =aAv+ (v, w),

52(;—\:/ = a,Aw+ fy(v, w).
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This class, in particular, includes problems ontthasmission of nerve impulses (except for the al-
ready mentioned system (1), the Hodgkin—Huxleyesw¥t combustion problems, some models of su-
perconductivity, the Belousov—Zhabotinsky reactiang others. The study of phase portraits for sys-
tems of the reaction-diffusion type was carried looth in the case of systems of a general forn7]6,
and for specific interpretations [8—11]. For sompedific systems of reaction-diffusion equations th
existence of an inertial manifold was establishE?l [L3], and for a system of patterning equatidns,
was possible to construct a global attractoior R" [14]. The phase portrait of the system of equation
(1) in the finite-dimensional case, as an exampla system performing relaxation oscillations, was
considered in [15], whew@; >0. To research the Turing instability in systemshef reaction-diffusion

type using the consideration of degenerate equatias proposed by G.A. Sviridyuk and T.A. Boka-
reva in [16]. The possibility of the existence ef/sral solutions of the Showalter—Sidorov problem
v(sh) =\

for the degenerate system of equations (1) withlitiom (2) in the case, =0 was investigated in [17].
The presence of the degeneracy of equations irray&t) makes it possible to reduce the system of
equations (1) with boundary condition (2) to sena@fir equations unresolved with respect to the kighe
derivative (Sobolev type)

Lx = Mx+ N( X, ker L#{0}. 3)

The statement of the problem of the theory of leiition of phase portraits of differential equations
in the finite-dimensional case goes back to A.Addmov [18]. The word “bifurcation” means “furca-
tion” and is used as the name of any abrupt chéimgfeoccurs with a smooth change in parameters in
any system: dynamic, ecological, etc. cycles, ilavdrsets and attractors were provided by the wofks
V.1. Arnold [19]. The first attempts to pass fromife-dimensional systems to the singularity of ggha
portraits of nonlinear partial differential equatsin Banach spaces were undertaken in the works of
R.M. Berger, R.M. Church. and I.G. Timouria [20].ZLhey showed that the phase spaces of some el-
liptic nonlinear partial differential equations leafeatures called V.I. Arnold as Whitney folds aF a
sembly. In the future, in the study of partial diffintial equations, the definition given by V.l.nakd
modified and acquired the following form. If theegist functionsg,, g,..., g, belonging to the class
C*(B"; R), such that the equatidB(s,v)=0s equivalent to the equatior@h(V)+g.(v)s+...+g(V)s+s",
for any V1 B', whereB is a Banach space and a funct@®of class C(B'; R), then we say that the equa-
tion G(s,\) = 0 defines Whitnek-assembly over an open &t B.

G.A. Sviridyuk [22] was the first to begin the syudf phase spaces for semilinear Sobolev-type
equations (3). Later, together with V.O. Kazak [g8&)ved the simplicity of the phase space for tioff H
equation, when the coefficients of the equationsehthe same sign, and in work with I.LK. Trineevd][2
proved the existence of a singularity such as Végifiolds and folds in the phase space of this émguat
but for different signs of the coefficients of tequation. This showed that for semilinear Soboypet
equations the existence of singularities in thesphspace is possible for different parameters ef th
equation. The essence of the phase space methetbped by G.A. Sviridyuk consists in reducing lin-
ear and semilinear Sobolev-type equations to aatemqux = Sx+ H %, defined on a certain subspace,
which is understood as a phase space (phase nthftif@demilinear equations). This work continuess th
research begun in [16] for the Fitz Hugh—Nagumdesysof equations, generalizing and considering all
possible initial conditions and coefficients of thgstem of equations, including in the case of the
parameters at the time derivative of both companehthe system are equal to zero.

The article is organized as follows. In the firsttion, a mathematical model of the propagatioa of
nerve impulse in the membrane sheath is investigatethe caseg =0 and conditions for the
simplicity of the phase space of the Fitz Hugh—Nagwsystem of equations are found. In the second
section, a mathematical model of the propagatioa érve impulse in the membrane is investigated in
the caseg, =0 and conditions are found under which the phaseesjph a degenerate system has

features such as Whitney folds. And also the plsasee is constructed in the cage= £, =0. In the

third section, examples of constructing phase spémeeach of the studied systems, including those
with singularities, are given.
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1. Mathematical Model of the Propagation of a Nervdmpulse in the Membrane Sheath in the
Case ofg; =0
In the cylinderQ xR, consider the system of equations

{O = @AV + SW= By,

W = aAW+ SBroW= Byv- w @

with the boundary condition
V(s =0, mMsH=0, (siHoQxR.. (5)
For simplicity of presentation, we divide the retiloic of problem (4), (5) to (3) in three stages.

Stage 1. Take a Banach spaceH =H;xH,=W3(Q)xW5(Q), a Hilbert space
X =X;x X, = L(Q)x Ly,(Q), whose scalar product is defined &g {]=(v ¢ +(wn), where
x=(v,W),{ =), (LI} is the scalar product defined on the spagéQ). Denote by the spac¥
dual to H with respect to duality{ 1) For spacedd, X,Y itis true
HOXOY, (6)

where all embeddings are dense and continuous.
Stage 2 Define linear operatore M X - Y formulas

[Lx, {1=<(wrm), x{ O X (7)
M, {1= —a1 ) (Ve , 65D~ @) (We,n o), x¢ O X dom M= H. (8)
i=1 i=1

By definition, the operatord,M have the properties 0.Z(X,Y), M OCI(X,Y). Note that for all

fixed values of the parametens,a, JR\0} the operatoM isL -sectorial [17].
Stage 3.Define nonlinear operator by formula

[N(9, 1= (BioW-BraN &) +(BopW B o= W, 17) ©)
and putdom N= B= Bx B= L(Q)x L(Q), B' =B x B, = L,(Q)x L,(Q) the space dual t8 with
3 3
respect to duality[ 1] For spacedd, X,Y, B, B atn<4 itis true
HOBOXOBOY, (10)

where all embeddings are dense and continuous.
Lemma 1. [17] For all fixed values of the parametg®,,S,,,511.0.1R, n<4, operator

N:B - Y belongs to the class®.

To construct the spaceéX, put X, = X2 0O X}, where X =W3(Q)x{0}, X} ={0} x X¢,
X9 = L,(Q). For spaceH, X, ,B, X atn<4 itis true
HOX,OBO X, (11)

where all embeddings are dense and continuous.
In our case, all solutions of the system of equti@) lie pointwise in a s@l of the form

Py ={x0 X, ;(0’1‘4;,, $5) +(Lr1VE) = (Bra W} (12)

Theorem 1. For all fixed values of the parametexd] RO}, 05,,,5,,0R, a1, 51,6:,0Rs,
n<4, the phase spadgl of problem (4), (5) is a simple Bana€l’ -manifold.
Proof. Let's construct an auxiliary operator

(AGE) =Y (s &)+ (Baud), (13)
i=1

v,é0H;. Since
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AV Eallvil, [ i,

where the constarl! R, depends ong,;,a;, he embedding constants (6), and does not depend o

v,¢, this proves the action of the operatdrH; — H;.
The resulting operatoA: H, — H; is coercive, i.e.

n n )
im AWV IIVIE = lim o\ + B, V¥ )d + 9)dp =+
My, = +oo o ig‘ 4+ ;{i:l?
Moreover, the operatoA is strictly monotone, i. e.

n
(A= A, 4= W = (@00 % = % Y +B1f v W?) ds0
Q i=1
as soon as; # V,. Finally, let us show the smoothness of the operatdReally,

n
(A28 IFI] Qi &g + BiE € XSk DIE LI 2 ]
Q i=1
where the constartt depends only omr, £;; and the embedding constants (6). Therefore, teeatqr

A is continuously differentiable, and from this an obvious way, its radial continuity follows.
Applying the Vishik—Minty—Browder theorem [25], Wabtain the bijectivity of the operator

A:H, — H;. Construct the operatdd(w) = (A™(w), W, dom D= X.. Since the operator D satisfies
the conditions of the Vishik—Minty—Browder theoretime statement of the theorem is true.

2. Mathematical Model of the Propagation of a Nervdmpulse in the Membrane Sheath in the
Case ofs, =0
In the cylinderQ xR, consider the system of equations
Vi = WAV B,W= BV,
0 =a,Aw+ Bo,w— B, V- W,
with boundary conditions (5). For simplicity of gentation, we divide the reduction of problem (5),
(14) to (3) in three stages.

Due to the fact that the right-hand side of equetiin system (14), boundary conditions (5)
remained unchanged in comparison with (4), (5)gestha of the reduction of problem (5), (14) to (3)
coincides with step 1 of item 1. The same is tarecbnstructing the operator from step 2. At theesa
time, the operator will be different from the ogeraconstructed in item 1, since the left side lod t
equations in system (14) has changed. Thereforepwstruct a linear operatdr X: - Y as follows

[Lx,{1=(vé), x{O X (15)
Note, that for all fixed values of the parameteisa, ] R\{0} the operatoM is L - sectorial [17].
Stage 3of the reduction of problem (5), (14) to (3) almesincides with stage 3 of item 1. The
only difference is in the construction of the spacX,. Take X,=X20O X}, where

(14)

X2 ={0} xWJ Q, X} =X7x{0}. ForspaceH,X,,B,X atn<4 itis true

HDOX,OBO X, (16)
where all embeddings are dense and continuous. iffeans that for all fixed values of the
parameterg; U R, i =1,2, ] =1,2, n<4, the operatoN is a smooth clas€”(X,,Y).

All solutions of the system of equations (14) l@mwise in a sef, of the form

_ ) _| B 1 -/ a,
P. =<xOX, :=(vn) =( ——== w— V\:;, —= ; . 17
& {X o =) < By B ,7>+2<,321 W s >} 7)

i=1
Lemma 2. [17] Letay, B;, B0 R, 05,6510 Ry, By O(=0,a0)), n<4, wherey, is the first
eigenvalue of the spectral problem
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~-Ap =v¢,s0Q, (18)

@(s) =0,s00Q,

then for any vectowd X“ there is a unique vectav] H, such thatx = col(v, WO
Lemma 3. [17] For anyy, B, B0 R, 5,80 Ry, By, O(-w,aw,), n<4, phase space of
the system of equations (14) is a 8gt and it is a simple Banao@™ -manifold
Consider the casg,, = av,, put
X =IO XYV, ¢)=0}, H'={ W'D H; (W, ¢)=0}.
If vO X" andwH, epresented in the form= V" + rg, and w= w" + gf,, wherer,qU R, ¢,
is the eigenfunction of the spectral problem (1&¥esponding to the eigenvalug, then the sef,

,322 v\p” + 22 VE”?

:821 1821 i=1

] . (19)

takes the following form:
I —vPntds= I(
Q
1
+,6’_(WD +apy)°n"

P, ={x0 X,
21

~Borr = [ +ag))’pds
Q
If in the system of equations defining the set ($&ubstituted instead ¢f,, = a v, , then in order
: 0

to obtain the first equation of the system (19}aad of7 in (17) it is necessary to substitupe=7-,
and then to obtain the second equation (19) instégdin ( 17) must be substitutegl= ¢, .

Lemma 5. Leta,, B,;0 Ry, By, =@, then for any vector” 0 X" there exists a unique vector
w” O Hy such that

I—anDdszj[ /;zz W +2’22sz/;$ +—(v9+ %) J
1 li=1

Q
Proof. The proof of this lemma is similar to the proofLaa‘mma 2. FixqU R and introduce the

auxiliary operatorA: Hy' — H.,

(AW +apy), ) = j( ‘;ZZ w2 Z;ZvEan(wDW) j (20)
1 1i 1

where H," ={hOH,:(h ¢ =0}. Then
AW + ag)n ) E G [+ I fio+ W 3L P
2 2 2

where the constanC, 0 R. depends om,, 53,1, 55, and the embedding constants (6), but does not

depend onw”, 7"

Note that
H ‘Iim (AW + o), WD)H V\PH:ZD _
w L+
g
1
_ . B 1 .
‘HWDH"SWOUI 22 22 3 ) 2o e ) J JE@E(@ ()2 d} o,
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and

(A ap) ~ KV ), ) = [ (ﬂﬂ(z@ > -

i=1

—@(mf—mE)2+ﬂi((v&E+o¢])3—(m8+c¢])3)<v@— v@)] ds

ﬂZl
j(ﬁﬂ(zmg 2 Ly 'BZZME v+

i=1
+[),i<wE B2 (W) PHWE ) W+ G v+ o ])Zj 450,
21

as soon asy’ # W5 . This means that the operatér. Hy — H," is coercive and strictly monotone.
Moreover,

(A\'ND\/\E,\/\)23>_J'(IBZII%V\451 V\éD B2 V\f+3ﬂ_(v{?+ %) W @J ds

wherew’,w5' 1 H3 , i.e. the operator is smooth, which means that it is also radiallptomious. By

virtue of the Vishik—Minty—Browder theorem [25] glassertion of the lemma is true.
Let us turn to the second equation of the systerhdéfines the set (19). Transforming the resulting

equation, we get:

o llgy If () *+ 3° [ W'pi'ds 3q (W Fp* ds [g, (W) ds By =0 (21)
Q Q Q

Equation (21) is a cubic equation of general foanf + bof + co+ d=0 with respect tog.
According to Cardano's formulas, any cubic equatibgeneral form can be reduced to the canonical
form y> + py+ e= 0 with the coefficients

a=llg, If () b =:{ wgldsc=§ W fg? ds
Q

3ac- b2 _1[ 26°  bc dJ

,e—z - + ,

d= j¢1(mP) ds=Bout P== 5 &0 5ot

(22)
Reg q W)= p+ &
R(a W)= 4] () + 247 W ds [p7( W)? ds
Q Q

by replacingqg = y—£ :
3a
For convenience of further consideration, we inticedthe following sets:
HZ ={wOH,: R q w)=0},
H ={wOH,: Re§é g w) >0},
H, ={wOH,: Re§ g W) <0}.
Theorem 2. For anw,, B4, BLUR, a,,5,,0 Ry, rU R, B,, =a, n<4, the phase space of
the system of equations (14) is a gt and it has singularities of the Whitney 2-assentyhe.

Proof. The validity of the theorem follows from Cardanfsmulas for equation (21) and the
definition of Whitney folds.
In the caseg; = £, =0, when the phase space

0=aAv+ f,W= SV, (23)
0=, AW+ SopW= Bov— W
BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 19
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and (4) will be a set of the form
n

D@V EOH BNV E= B W),

= x0 X, '™ p . ; . (24)
oA Lz L ey (T2, >
<V”>:< 6" B ”> Z</321“% s

i=1

P

§=£,=0

3. Examples of Constructing Phase Spaces

Based on the modified Galerkin—Petrov method artiase space method, an algorithm was con-
structed that allows one to find the form of thegd space and its image depending on the valube of
coefficients of the system and its degeneracy. algerithm is implemented in the form of a computer
program complex for carrying out computational ekpents on the construction of phase spaces, in-
cluding those with peculiarities.

Example 1. It is required to find the form of theage space of the system of equations

0=V, —V+Ww, (25)
W = W — W— v— W

with boundary condition
V(s9=wWs9=0, $10Q, B(0,T), (26)

at Q =(0,1).
We represent approximate solutions (25), (26) in e th form

Us)=1gy(9+ vV, WsY= dhy($+ W, where r=vi(t), VI=JuOA(,  a=w(),
i=2

W =>"w (04 (9.
i=2

The phase space (25), (26) is a simpfé-manifold. For a given system, the phase spacebean
described based on:

rrash @
-5 +w” =0.
It is shown in Fig. 1.
Fig. 1. Phase space of (25), (26)
Example 2. It is required to find the form of theage space of the system of equations
20 Bulletin of the South Ural State University
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{ Vi = Vs~ VH W (28)
0=wg—w-v- W
with boundary condition
vist)=wWs =0, $£10Q, (0, T), (29)
at Q =(0,m).
We represent approximate solutions (28), (29) in e th form

UsO=ry(9+ V, WsY= ey ( 3+ W, where r=vi(t), VI=Du®OA,  a=w(),
i=2

w=>"w ()4 (9.

i=2
According to Theorem 2, in the case when=0, the phase space (28), (29), under certain

conditions, can contain a Whitney 2-assembly. Fgivan system, the phase space can be described on
the basis of:

_ 739 - 6a(w’)’ + 2rrr+ 47q _

2T (30)
_—6g°w” - 3w )+ 2V + 107w _ 0
2 '
Phase space in the case wigrr 0 shown in Fig. 2.
Fig. 2. Phase space of (28), (29)
Example 3. It is required to find the form of theage space of the system of equations
0=V~ V+ W,
(31)
0=wg—w-v- W
with boundary condition
V(s )=wWs H=0,410Q, t1(0,7T), (32)
at Q =(0,m).
BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 21
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We represent approximate solutions (31), (32) in e th form

Us)=ro(9+ VvV, WsI= dh( 3+ W, where r=v(), VD:iVi(tW.(S), q=w (1),
i=2

m
w =Y w (e (9.
i=2
According to Theorem 3, the phase space (31),i(B&)e case whe®; and &, both are zero, is the
intersection of the phase spaces (27) and (3i®)shown in Fig. 3.

Fig. 3. Phase space of (31), (32)

The research was funded by RFBR and Chelyabinsk®Rggoject number 20-41-740023.
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MOP®OJIOINMA ®A30BOI0 MNPOCTPAHCTBA OJHOWU MATEMATVI‘-IECKQVI
MOAEJIN PACINPOCTPAHEHUA HEPBHOIO MMNYJIbCA B MEMBPAHHOU
OBOJIOYKE

O.B. lNaspunosa
HOxHoO-Ypanbckuli eocyGapcmeeHHbIlU yHuUgepcumem, e. YensbuHck, Poccutickass ®edepayus
E-mail: gavrilovaov@susu.ru

CraThsi MOCBSIICHA H3YYCHUIO MOP(hoIorun (Pa3oBOro MPOCTPAHCTBA BBHIPOXKICHHOW JBYXKOMIIO-
HEHTHOW MAaTeMaTUYeCKOW MOJEIH PaCHpOCTPaHEHHsT HEPBHOTO UMITYJIbca B MEMOpaHHON 000JOYKe.
MaremaTtrueckasi MOJICNIb U3Y4YCHA B Cliydyae, KOTJa MmapaMeTp NpU MPOU3BOAHON MO BPEMEHH KOMIIO-
HEHTBI, OTBEYAIOIICH 32 TUHAMUKY MEMOPaHHOTO MOTEHIIMANA, PaBeH HYJIO, J0Ka3aHa TeopemMa O TOM,
4yT0 (Pa3oBOE MPOCTPAHCTBO B DTOM cliydae SIBJISETCS MPOCTHIM. Takke, paccMOTpeHa MaTeMaTHYeCcKast
MOJIEIb B CJIydae, KOT/ia mapaMeTp MpH MPOU3BOIHON MO0 BPEMEHH KOMIIOHEHTBI, OTBEUAOIICH 3a HOH-
HBIC TOKH, PABEH HYIIIO U JIOKa3aHA TeopeMa O Hajludue ocoOeHHOCTeH Tuna coopok Yutau. Ha ocHOBe
MOJYYEHHBIX PE3yIbTaTOB, CTPOHUTCS (ha30BOE MPOCTPAHCTBO MATEMATUIECKOM MOJICNH B clyvae, Koraa
napameTpbl TIPU MPOU3BOIHON MO0 BPEMEHU 000MX KOMIIOHEHT CHCTEMBI paBHBI HYIO. [IpuBeeHbI MpH-
MEpBI TOCTPOCHUS (PA30BBIX MPOCTPAHCTB, HIUTFOCTPUPYIOIINE HATUYMS OCOOSHHOCTEH B (Pa30BBIX TPO-
CTPaHCTBAaX MCCJICIyEeMBIX 33/1ad Ha OCHOBE MeToja [ aepkuHa.

Kniouesvie cnosa. ypasnenus cobonesckoeo muna, memoo Hazo8020 HpoOCMpAHCmMEd; 3a0ayd
Lloyoamepa—Cuooposa; cucmema ypasuenui Qumy Xoto—Hazymo.
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NMPOU3BOOHbIE B CPEQHEM CJTYYAMHBbIX NPOLIECCOB
N ANPDPY3NOHHbLIE MOAEJIN B 9KOHOMMUKE

r.j. Kopdromoe

BopoHesxckull eocydapcmeeHrHbili yHugepcumem, e. BopoHex, Poccutickas ®edepayusi
E-mail: georgekord300@gmail.com

CraTbs nocesilieHa Audpdy3noHHbIM MojeasiM. PaccmaTpuBaoTcs Teopern-
YyecKHe M MeTOJ0J10rHYecKkre 0CHOBbI 1u(Py3noHHBIX Moeell (UHAHCOBOH Ma-
TemaTnku. Kak M 3KoHOMHYecKasi CHCTeMa, COBPeMeHHbI/i MHP CTPeMHTEeIbHO
pa3BuBaercsi. Kajkercss HeBO3MOKHBIM MpeacKa3aTh, YTO NMPOM30IIET 3aBTpa,
KaKoe MOosiBJeHHe HOBBIX TEXHOJOTHil OKaKeT BJMSIHHE HA PHIHOK H KaK M3Me-
HeHHe CJIy4aiHbIX (pJaKTOpPOB NMOBJIHACT HA NPOAYKT U PBIHOK B nejaom. {uddy-
3MOHHBIC MOJIeJIM — OJUH M3 OCHOBHBIX METOJ0B MCCJICIO0BAHUSA IKOHOMHYECKUX
00beKTOB W NpouneccoB. Bor mouemy Tak BaxkHO paspadorars nuddy3noHHYIO
MO/IeJIb.

MBI nmpeJiaraeM paciiipeHue NPUMEHHMOCTH MOJeJIel MyTeM mepexona oT
CTOXACTHYECKUX ypaBHeHHi B (popme UTO K ypaBHeHHSIM ¢ TaK Ha3bIBaeMbIMH
NPOU3BOIHBIMU B CPeIHEM.

s sToro, cienysa J. HebcoHy, BBOAMM MOHATHS MPOU3BOAHBIX B CpeIHEM
cIpaBa M cJieBa.

B ypaBHeHHHU ¢ MPOM3BOAHBIM CpPeIHHMM He YYacTBYeT BHHEPOBCKHIl Mpo-
1ecc, MO3TOMY 3apaHee He MpeINoJaraercs, 4YTo peieHue spaserca 1MGpPy3uoH-
HBIM.

B craTbe naercs onucaHue HEKOTOPBIX M3BECTHBIX AM(PPY3MOHHBIX Moje-
Jieil, B KOTOPBIX Iepexo] OT ypaBHEHHWil THNA cToxacTmdeckoro nuddepeHnn-
aJIbHOr0 ypaBHeHHs B (opme VTo Kk ypaBHeHHSIM, YIOBJETBOPAIOIIUM CHCTeMe
YPaBHEHHi ¢ MPOU3BOAHBIMH B CpPe/lHEM, IPHBOAUT K PACHIMPEHHIO MHOKECTBA
BO3MOKHBIX pelleHMid.

Takike MBI paccMaTpuBaeM 0000leHHEe TeOMETPHYECKOro OpPOYHOBCKOIO
JABUKeHUSI, KOTOpOe Y/I0BJIeTBOPSIeT CHCTeMe CTOXaCTHYEeCKUX YpPaBHEHHUIA ¢ mpo-
H3BOJIHBIMM B CpeIHEM M MO:KeT MOKPLIBATH 00/1ee IMPOKMIA Kiaace 3a1a4.

Kmoueswvie cnosa: ougghyzuonnvie moodenu; mooenu 8 GuUHAHCOBOU Mamemamuxe;
ypasnenue Umo; npouzsoonvle 6 cpeonem, 2eomempuieckoe OpoyHo8cKoe 08UdCeHUe;
BUHEPOBCKULL npoyecc.

Mmuorue 3agaun auddy3un permaroTcs METOAaMiU HHTETPaIbHOTO MpeoOpa3oBaHusl, HAIpUMeEp, Me-
TOJIOM OTIepaIoOHHOTrOo pacdera. CyliecTByeT HECKOJIBKO THIIOB TaKHX Mpeo0pa3oBaHMil: mpeodbpa3zoBa-
e dypoe, Jlamnaca, Xankens, Meitepa, Kontoposuua-Jlebenesa, psa Apyrux.

B X0/ MHTETpATbHBIX MPEOOPA30BAHUH K KQKIOMY U3 WICHOB AuddepeHInanisHOro ypaBHeHus (a
TaK)Ke K TPAHUYHBIM YCIIOBUSIM) NPUMEHSETCSI HHTErpabHOE MPpeoOpa3oBaHue, B pe3ysibTaTe 4ero BMe-
CTO ypaBHEHUS ¥ TPAHUYHBIX YCIOBUH 10 KOHIICHTPAIMSIM CO3aeTCs ypaBHEHNE W TPAaHUYHBIE YCIOBHUS
MOJY4YeHBI OTHOCUTENHFHO €ro 00pasa.

JuddysnonHas Moaens pa3BUTHUS NMPOIICHTHBIX CTABOK B (JMHAHCOBOW MaTeMaTHKE — 3TO MaTeMa-
TUYECKasi MOJIEINb, KOTOpPasi OTNIMCHIBACT JMHAMHKY MPOIEHTHBIX CTABOK B (JOPME CTOXACTUYECKUX JUQ-
(depeHnmanbHbIX ypaBHeHu aud@ysuonHoro tumna. CeMeHcTBO MoJeNeil MPOLEHTHBIX CTABOK OYEHBb
pa3Ho00pa3Ho, BKIIOUYast 0HO(AKTOPHBIE MOJIENH (CIIOTOBBIC MOJIEIIN), MHOTOMEPHBIC MOJICITH H MOJIe-
au popBapIHBIX KPUBLIX [2].

IIpousBoanbie B cpeanem. I1ycts é(t) — croxactudeckuii mporiecc B R" | 3a1aHHbIH HAa HEKOTO-
poM BeposiTHOCTHOM TipocTpancTse (Q,F,P), kotopslii sBisercs L, -cirydaifHoil BennauHOM Ut Beex
tD[O,T] 0 R. O6o3Haunm uepes N o-moganredpy o-anre6per F , mopoxkaeHHY0 mpoobpasamu Gope-

JIEBCKUX MHOXECTB TpH otoOpakenuu &(t), a uepes E°y — ycioBHOE MaTeMaTHYECKOE OXKHIaHHE OTHOCH-
tenpHo N°. Cnenys . HenbcoHy, BBEIEM MOHATHS IIPOM3BOJHBIX B CPEAHEM CIIpaBa H clieBa [5].
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Onpenenenne 1. (i ) [IpousBoHas B cpeiHEM CIpaBa Df(t) mporecca é(t) B MOMCHT BpeMeHH 1t
3T0 L -ciyyaiiHas BelMUMHA BUIA
t+ A ) —&(t
D&(t)= lim EY cltra)=c(t) : (1)
At - +0 At
rIe mpenen mnpexamnonaraercst cymectyommM B L (Q,F,P) u At — +0 os3nauaer, uto At - 0 n

At>0.
(ii ) TIpomsBomnast B cpemmem ciesa D é(t) nporiecca f(t) B MOMEHT BpeMmeHu t 310 L -

D&(t) = fim E%[MJ, (2)

At .40 At

cnyqaﬁHaﬁ BCIIMYMHA

rae o0o3HaueHMs Takue ke, kak B (i )[5] .

B ypaBHeHuU ¢ MpOM3BOAHBIM CPENHMM HE YYacCTBYET BUHEPOBCKUI MPOLECC, TO €CTh MBI MOXEM
TIOKPBITH 00JIee ITUPOKHUIA KJTaCC PEIICHHM.

HanomuuwM, uto npouecc Mto —3To nporiecc Buaa

1)=&+ [pls) ] A3 04 @

TJIe TIEpBBI WHTETpaji B IpaBoi yacTtu — uHTerpan Jlebera, a BTopoit — nuaTerpan Uro. [Ipomecc Mro,
Ha3bBaeTcs M Py3MOHHBIM TIPOIECCOM, €CITH ﬂ(t) u A(t) U3MEpUMBI OTHOCUTENBHO N [4].

Teopema 1. [Tis nuddy3uornHOro0 mMporiecca & (t) Buna (3) D& (t) cymiecTByeT u paBHO fS(t).
t
VYrBepxaeHue TeopeMsl cleayeT u3 Toro, 4to IA( S) dV\( Q SIBJISIETCS. MAPTUHIAJIOM OTHOCHUTEIBHO
0
€CTECTBEHHOW (PUIIbTpAIIMU BUHEPOBCKOTO MPOIIEcca.
Beenem muddepenunansuslii oneparop D, dopmymoit

£ (¢(t+ a0) - () (e(t+ o) ¢ (1))
At

D,¢(t) = ) 4

rae (é(t+At)—4Z (t)) — cron6en (Bexktop B R"), cTpoka (TpaHCIIOHMPOBaHHBIA MIIM COMPSKEHHBIH

BEKTOP) U Ipezel npemnonaraercs cymectsyonmm B Ly (Q,F,P) [5].
Onpenenenne 2. D, Ha3piBaeTCs KBaJpaTHYHOM MPOU3BOJHOM B cpefHeM. D, npuHnMaer 3Haue-

HHS B MOJISIX CHMMETPHYECKUX HEOTPHIIATEIBHO OPEICICHHBIX MaTpHiL [4].
PaccmoTtpum croxactuueckoe quddeperimanbaoe ypasHenue B popme Hto Buia
d¢(t) = a(t, & (B)dt + At, & (1))dw(t). (5)

Teopema 2. (i) Pemenne ypaBaenus (5) yaoBIeTBOPSET CIAEAYIONIEH CUCTEME YPaBHEHHUM C IPOU3-

BOJHBIMHU B CPEIHEM

D& (1) =a(t,< (1)),

D2¢& (1) = alt, £ (1)), (6)
rae a(t, X) —BekTopHOe TOINE, a a(t, x) — mone cummerprueckux marpuil Buaa A(t,X)A(L,X)*, roe A(t,x)*
— TpaHCIIOHUpOBaHHAs Matpuua A [4].

(i) ecmu €& (t) — pemenne cucremsl (6), B kotopoM a(t, X —BekTopHOE TONE, a a(t, x ) — moye HeoT-
PHIIATETBHO OMPEAETIEHHBIX CHMMETPHYECKMX MATPHII, TO MOTYT CYIIECTBOBATh €r0 PEIICHHUS, KOTOPBIE
HE SABIIAIOTCH pereHusMu ypasaenue tuma (5), 1. e. & (f) MoxeT mpuHamjiexars 6oee IMHPOKOMY Kilac-
Cy TporieccoB, 4eM auddy3noHHbIE.

Hoxaszamenvcmeo. JIeHCTBUTENBHO, HETPYAHO BHIETh, UYTO B ypaBHeHHH (6), MOCTPOSHHOM IO
ypasuenunio (5), cHoc a(t,X) sBasgeTcs MpaBOi YacThIO B TIEpBOM ypaBHeHuu cuctemsbl (6), a a(t,x) =
A(t,X)A(t,X)*. Onnako mpu nepexoje ot (6) k ypasaenuro tumna (5) nHaxoxaenne A(t,X) mo a(t, x) Tpedy-
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€T JIOTMOJHUTEIILHBIX MPENOI0XKEH I H, TJaBHOE, B cucTeMe (6) He 3a/1eiiCTBOBAaH BUHEPOBCKHI TPO-
necc, T.e. ¢ (t) 3aBeroMo MokeT He ObITh TU(DDY3MOHHBIM U HE YIOBICTBOPATh HUKAKOMY YPAaBHEHHIO B
dhopme Uro.

I[MepeiineM K OMUCAHUIO HEKOTOPHIX W3BECTHBIX AUGQPY3HOHHBIX MOJEICH, B KOTOPBIX IEPEXO OT
ypaBHeHuii Tuma (5) K ypaBHeHusaM Tuna (6) IPUBOINT K PACIIMPEHHUIO MHOYKECTBA BO3MOXHBIX pellre-
HUH.

OxHoaKkTOpHas MOJIENTb KPATKOCPOUHBIX MPOILICHTHBIX CTABOK BBITJISIUT CJIEAYIOIIUM 00pa3oM:

dr=g(t,r(t))dt+o(tr)dw
rae W, — BuHepoBCKHii TipolLiec.
[pocreiimas Moaens, npeanoxenHas MepronoMm B 1973roay, onuceiBaeTcsl ypaBHEHHEM:
dr= udt+odW ,
rIe 4 U 0 —KOHCTaHTHI [6]
OTOT METOJI OLIEHKH CTOMMOCTH CBOIA KpeAUTHOTO Nedonta Obu1 pazpadotan Pobeprom Mepronom
B 1978rony. Meron MeproHna ocHoBaH Ha mojenu biaska—Illoyn3a mis pacyera CTOMMOCTH €BPOIICH-
cKoro omnuuoHa. Pa3nuia B ToM, yto B Metoae P. MepToHa quHaMUKa CTOUMOCTH KaUTaTIU3alUU KOM-
MIAHUH CJIeIyeT TeOMETPUIECKOMY OPOYHOBCKOMY ABHKEHHIO:
dV = uVdt + 6, VdW (7
rae V —cymmapHas CTOUMOCTb aKTUBOB (DUPMBI; 4 — OXKMIaeMasl JOXOAHOCTb aKTUBOB (GUPMBI; 0, —

BOJIATHIILHOCTh CTOMMOCTH aKTHBOB (hupMmbl; W — BUHEpPOBCKHIA iporiecc [2].
Mopnens Bacuueka, npemnoxennas uMm B 1977 romy, npeamnonaraeT, 4To MPOLECHTHBIE CTaBKU KO-
TIeOIIOTCS OKOJIO OTIPEIETIEHHOTO CPETHEr0 YPOBHSA:

dr =a(f-n)At+o0VA,

rae o OJ/At — BUHEPOBCKHU TIporiece, f§ — CpeaHuA YPOBEHb MPOIICHTHOMN CTaBKH.

DTa Mojenb OblIa TIEPBO, KOTOPash YUUThIBaIa TEHACHIIUIO MPOIICHTHBIX CTABOK BO3BPAIIAThCS K
CpeHEMY 3HAYCHUIO (CpeaHsIss MHBEPCHS): MPOICHTHBIC CTABKH HE MOTYT PacTh OECKOHEUYHO, MOTOMY
YTO MX BBICOKUH YPOBCHb OTPaHHUHBACT IKOHOMHUYECKYIO aKTUBHOCTD U MOCJIE OMPEACTICHHOTO Tpeiena
HUYEr0 HE JOCTHUTAeT; C APYTrOi CTOPOHBI, IICHBI, KOHEYHO, CHH3Y OrpaHndeHbl. [109TOMYy CTaBKH T0JIK-
HBI OBITh B OTPAaHUYCHHOM 30HE.

Henocratkom momenu Bacuyeka sBIsSeTCS TO, YTO OHA HCIOJIB3YET HOPMAJBLHOE pacpeacicHue
st koaddurenta apeiida BoIaTUILHOCTH, KOTOPOE TEOPETHUESCKHU JIOMYCKAST OTPUIIATENILHBIC CTABKU
[3].

CremyeT OTMETHUTb, YTO BO BCEX MEPEUHCICHHBIX MOJIENAX, KpoMme (7), 3apaHee He MpeanoaaracTcs,
4TO peleHue sBiseTcs Tuddy3noHHBIM, U B 9THX CiIydasx mepexo] K cucremaM tumna (6) mpoBoauTcs
JIOCTATOYHO TMPOCTO U PACIIUPSACT MHOXKECTBO BO3MOXKHBIX perieHuit. [ reoMeTpuueckoro OpoyHoB-
CKOTO JBKEHHUS (7) 3TO HE TaK OUEBHUJIHO.

PaccmoTpum creaytomiee 0000IIEHHE TEOMETPUUSCKOTO0 OpOYyHOBCKOTro nBIKeHHs [1], koTopoe
TaKXe PACIIUPSET MHOXECTBO BO3MOXKHBIX PEIICHHH, a UMEHHO, MPOIecc S( t) , OTIMCHIBACMBIN Clic-

IYIOIEH CHCTEMOM CTOXaCTHYCCKUX TU(PEpEHIIHAbHBIX YPaBHEHUH

ds*(§ =S*a" (;SH(1) ... ( }) dt+SA(6SH(1) ... () k. 8)
rnme W — HesaBrcumble BiuHEpOBCKHe mporecchl B RY, 06pasyromie BMecTe BHHEPOBCKHIT IIpoLiece B
R", a(t,x) — BEKTOpHOE TOJIC Ha R", A(t,x) — OTOOpaxeHHEe U3 [O,T] x R" B MIPOCTPAHCTBO JIU-
HEHWHBIX OIepaTOpOB L(]Rn ,R”) , a A’ obo3HauaeT Matpuiy oneparopa A . Takke OTMETHM, 4TO T€O-

MeTpuieckoe OpoyHoBckoe nBmkenue (7) momyuaercs u3 (8) B ciyuae, koraa a(t) u A(t) 3aBUCST

TOJIBKO OT BpeMeHH t (T. e. He 3aBucat or Touku XR" ). B ¢popmyie (8) Mbl MCIIONB3yeM COTalleHHE
OHHIITEHA O CYMMHPOBAaHUM 110 OJAWHAKOBBIM BEPXHEMY M HIDKHEMY MHJIEKCaM, T. €. B 9TOM ciydae
3HAK CyMMBI HE MMHUILIETCS.

Ecnu koopaunatsl S pemenus (8) monoxurensHsl npy Beex t, To o gopmyie Uto mpomnecce
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E(t)=InS(t)={In S(,...In S(}
YZIOBJICTBOPSCT YPaBHCHHUIO
dé(t)=(a —%diag(AA*)j( t4(9) dt+ A14(9) dw ), ©)

rae diag( AAC) — BekTOp, COCTAaBIEHHBIN M3 AWAarOHAIBHEIX 3JeMeHTOB Marpuilsl AA* (A* — Tpanco-
HupoBanHas A). Taoke o ¢popmyne Uto, ecu npouece & (t) ynosietBopsiet (9), To mpouecc

S(9) =exp(1) =(expe (1) ... ,exd" (1))

yoBieTBOpseT (8). VKaxkeM, UTo B IaHHON CUTyallud KOOpAMHATEl S monoxkurensHsl [1].

0O603HaunM depe3 B CHMMETPHUYECKYIO MOJIOKUTEIBHO ONpeaeieHHyio MaTpully A4 (rme A —
TpaHcnoHupoBanHas matpuiia A). Ecnu nporiecc yaosnetBopsieT ypaBHeHuto (8), ToO OH B CBOIO oue-
penb OyJIeT YAOBICTBOPATH CICIYIOIIEMY YPaBHEHUIO C IIPOU3BOIHBIMU B CPEITHEM:

D&(t) =(a—%diagBj(t,{(t)) :
D¢ (t)= B(t’f(t))

(10)

DE(t) +%diagD2(E(t)) =a(t (1)),
Do¢(t) = B(t’f(t))

Iycrs & (t) — pemrenune ypaBHeHus (10) @ (11). Ml Ha3siBaeM ero JiorapudmMomM mporecca
1 n
S(t)=expf(t)=(§(t) 6 (t)j [1].

Otmetnm, uto ecnu ypaBHenue (10) (mm (11)) 3amano ampmopu ¢ HekoTopbiM B, To mpomecc

11§

S( t) =expé ( t) MOXeT He ynoBieTBopsTh (8). TakuM 00pa3oM, MOJIENI, OCHOBAaHHBIC HA YPaBHEHHSX

(10) wm (11), mokpeIBaroT O0JIEE MIMPOKHE KIIACC 3a/1a4, YeM Te, KOTOpble ocHoBaHbI Ha (7) u (8).
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The article is devoted to diffusion models. Thehaut discuss the theoretical and methodological
foundations of diffusion models in financial mathagios. Like the economic system, the modern world
is developing rapidly. It seems impossible to predihat will happen tomorrow, how the emergence of
new technologies will affect the market, and howrajes in random factors will affect the product and
the market as a whole. Diffusion models are on@fmain methods for studying economic objects and
processes. This is why it is so important to dgva@daliffusion model.

The authors propose extending the applicabilityhef models by passing from It6 type stochastic
equations to equations with so-called derivativethe mean. For this, following E. Nelson, the awh
introduce the concept of derivatives in the meatherright and on the left.

The equation with the derivative in the mean doasimvolve the Wiener process, therefore, it is
not assumed in advance that the solution is dofui

The article describes some well-known diffusion eledin which the transition from equations like
an It6 type stochastic differential equation toagpns satisfying a system of equations with deines
in the mean leads to an expansion of the set dilplessolutions.

The authors also consider a generalization of ga@rigrownian motion that satisfies a system of
stochastic equations with derivatives in the maahaan cover a wider class of problems.

Keywords: diffusion models; models in financial heabatics; 1td equation; derivatives in the
mean; geometric Brownian motion; Wiener process.
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OB OQHOW 3AOAYE ONPEAENEHUA MPABON YACTU
UHTEMPO-AND®DPEPEHUUNAIIBHOIO YPABHEHUA B YACTHbIX
NMPON3BOOHbIX

A.O. Mambimoe
Ouwckuti eocydapcmeeHHbIl yHusepcumem, 2. Ow, Kupausckas Pecnybriuka
E-mail: mamytov1968@list.ru

Kak Ham wu3BecTHO, B 00paTHOIi 3agaye KpoMe HMCKOMOr0 «OCHOBHOI0»
pelieHus 3aa4u (T. e. pelIeHUs] NPSIMOM 32/1a41) HAM HEM3BEeCTHbI KaKHe-JIH00
BXOJsIIMe B NMPAMYI0 3a1a4y. TpeOyercsi HAiTH U 3THUX HEH3BECTHBIX, OITOMY
HX TOKe MbI O0yIeM Ha3bIBaTh pelleHusIMH 00paTHoIi 3anxauu. /1 onpeneneHus
3THX HeH3BECTHBIX B 00pPaTHOIl 3aaye K 3aJJaHHbIM YPaBHEHHMSAM 100aBJisieTcs
KaKkasi-JIu00 [OMOJIHUTEJbHAasi HHGopManMs o0 pelieHMd MNPsMO 3aJadyu.
Jlono/IHUTeNbHYI0 HHGOPMALMI0 HA3BIBAIOT JAaHHbBIMH o0paTHOW 3agauu. B
npeanaraemMoi cTaTbe paccMaTpHuBaeTcs KOHKpeTHOe HHTErpo-
auddepeHnHaIbHOE YPABHEHHE B YACTHBIX IPOM3BOAHBIX YeTBEPTOro NOPSIAKA ¢
H3BECTHBIMH HA4YaJlbHbBIMH M KpaeBbIMH YycJoBHsIMH. [l mpocTOTHI
HCCJIEI0BAJIM OJHOPO/HBIEC KpaeBble YCJIOBHUS, TAK KAK C MOMOINbLI0 JTHHEHHOIrO0
npeoOpa3oBaHusl BCerjia HeOJHOPOAHbIE KpaeBble YCJIOBHS MOKHO NPHBECTH K
OJHOPOAHbIM. B mpaBoii uyacTH ypaBHeHMsi NPHUCYTCTBYIOT N HeH3BECTHBIX
Gyuxmmii: @i(t), i = 1,2,...,n. {na onpenejeHusi ITUX HEM3BECTHBIX (PYHKINMIi:
@i(t), i =1, 2,..., N B 00paTHOii 33a1a4e UMEETCH JONMOTHUTEIbHAS uHpOpMAIUS O
pellleHUH NPsIMOii 3a1a4H, T.e. HAM U3BECTHbI 3HAYEHHS HCKOMOI0 «OCHOBHOI0)
pelleHHs 3aJayd B BHYTPeHHHUX OTpe3Kax HcciaegyeMoii o0aactu, T.e.
u(t,x;) = gi(t), te[0,T], x,€(0,1), i =1, 2,..., n. 3agauya ucciaexyercsi B MPsIMOYroJib-
HHKe, PachoJIO)KeHHOM B IepBOii YeTBepTH /AeKApTOBOH CHCTeMbl KOOPAHHAT.
J1s pemienns o0paTHoOM 3a1a4u pa3padoTaH AJIrOPUTM, B pe3yJbTaTe HalieHbI
JAOCTATOYHBbIE YCJOBHS CYLIeCTBOBAHUS M €AMHCTBEHHOCTH pelIeHHs 00paTHOI
3ala4d 10 BOCCTAHOBJICHHUI0O NPAaBOH 4YacTH B HHTerpo-augdepeHnnaAILHOM
YPABHEHHH B YACTHBIX NPOM3BOAHBIX 4YeTBepToro mopsaaka. Ilpu pemenun o0-
PAaTHOH 3aJa4Yu MCIOJb30BAHbI MeTOAbI: NpeoOpa3oBaHusi, pynkumii I'puna,
pelleHusl CUCTeM JIMHEeHHbIX HHTerpajJbHbIX ypaBHeHuil BoabTeppa. B urore 00-
paTHyI0 3agady Mbl OpUBOAUM K cucreMe (N+ 1) JIHHEHHBIX HHTErpajbHBIX
ypaBHeHuii BojibTeppa BTOpPOro poaa, pemeHue koroporo npu majiom 0<T cy-
HecTByeT W eAWHCTBeHHO. PaccmaTpmBaeMylo o00paTHYI0 3aJa4y MOKHO
HA3BIBATH 00paTHOI 3a1aveii 00 HCTOYHHKE.

Kniouesvie  cnosa:  obpammas  3adaua 06 ucmouHuxe,  uHmMezpoO-
ougppepenyuanvroe ypagnenue ¢ 4aACMHbIMU NPOU3BOOHBIMU YEMBEPMO20 NOPAOKA,
cucmema unmezpanbubix ypagrnenuii Bonemeppa, ynxyua I puna, pezonveenma.

BBenenne. OOpaTHble 3aayd BIIEpBbIC MOSBWIMCh B TIPaKkTHKe, HampuMep, 3amada o0
OIIpPEIENICHUH CKOPOCTH PACIPOCTPAHEHHS CEHCMUYECKUX BOJIH BHYTPH HAallleH IUIAHETHI 110 ABHKECHUIO
(POHTOB CEHCMHUYECKHX BOJH IO MOBEPXHOCTH 3emin. HeTpyaHO MOHSTH, HACKOJIBKO MHTEPECHA U
Ba)kKHa Takast ”HpopMaus it QU3NKOB, Te0(U3UKOB, Bpauel U BOOOIIEe UccieoBaTeneil Takux 00bek-
TOB U 00JIacTel, MPOHUKHOBEHUE BHYTPh KOTOPHIX JHOO CIHIITKOM TPYAOEMKO, INOO OMacHo, Judo BO-
o6m1e HeBo3MOXkHO [ 1-3]. Paznuunbie 00paTHbIe 3a1a4n uccienoBanbl B [4—15], a Takke B IUTHPYEMBIX
pabotax B HUX. MccrnenoBanre TEOpUH U METOJIbI OOPATHBIX 3a/1a4 MHTEHCHBHO MTPOI0JIKACTCS.

B crarbe npennaraeTcsi KOHKPETHBIH aJlTOPUTM PELICHUS OAHOM 0OpaTHON 3amaun 00 MCTOYHHKE.
HaiineHbl nocTaTouHbIe YCIOBUS, IPU BBITOJIHEHUH KOTOPBIX TApaHTUPYETCS CYLIECTBOBAHHUE U €IIUH-
CTBEHHOCTH PEILICHHS PaccCMaTpUBaeMON OOpaTHOM 3a1aqH.

IlocTanoBKka 3axa4n
HccnenyeM pa3peminMocTb 00paTHOH 3a1auu 00 HCTOUHUKE

t n
Uy (t, X) =ty (t, X) — Buyy (T, X) + J' K(t—s)ug(s,)ds + > @ (Ohi (£, X) + F(t,x), (t,x) G, (1)
0 i=1
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U(0,)=$(X), U (0,)=¢ (¥, 0 > | @
u(t,0)=u(t,1)=0, O<t<T, 3
rae K(t), F (t,x) ,P(X), ¢ (X), h(t,X), i=1,2,...n —u3BectHble GyHKUMHA, T, @, [ — 3aJaHHbIE TOJIOXKHU-
TEJIbHBIC TIOCTOSIHHBIE, a QYHKUIUI u(t, X), @, (1),...0, () memsBectuoie, G={(t Y |0<t< T, 0< x<1}.
Kpome 3Toro, HaM M3BECTHHI 3HAYCHMS HEM3BECTHOM GyHKIui U(t,X) B BHYTpPEHHHMX OTpe3Kax

obnactu G, 1. €.
u(t, %)= g (9, tO[0,T], x0(0,3), i=1,2,...n. (4)

Tpebyercs HaWTH HEW3BECTHbIE ()YHKIIMI u(t, X), @, (1),....0, (). [lonoOHyt0 oOpaTHYyIO 3amady

Ha3bIBAIOT 00OpaTHOI 3aaveit 00 ucToyHuke [1].

Pemienue 3agauun
[IyCTh BHINOTHSIOTCS CACAYIONINE YCIOBUSA:

U,: FOC(G), ¢,¢0C*0d,g0C[0,7,
U,: #(0)=0,6(1)=0,9 (OF¢ & ). ;" OF¢¥ & ).i= 1,2,.n

Benem o0o3HaueHue, MycTh
v(t, X) = Y, (1 X, (5)

UHTErpHupys paBeHCTBO (5) o nepemenHoi t u yuntsisas yenosue U (0, X) = ¢/ (X), mosryunm
t
W(tX)=[Us 3 dsy( X (6)
0

€llle pa3 MHTErpupys MOCIeIHEeEe PAaBEHCTBO IO MMEpEeMEHHOW | W y4uThIBasg HadallbHOE YCIOBUE
u(0,x)=¢(X), nmeem:

t
ut ) =[(t-9Us ¥ ds@( xtp( X (7)
0

[Moxacrasnss (5), (6)u (7) B ypaBHenue (1) umeem:
t

t n
V(L X)=a V(L )()—,B(IU— 9 V('S X ds (Xt ( )>}+j K-t )s(v.9)x €3 4, ()it(h ¥x (FJ,
0 i=1

0
N

t n
Ve S/ (s 9 ds L ¢t K ( x+y¢"<x>—§i K s ,5)x é
0
: ®)
== (O (1,9 == F(t, ).
i=1

B nameit padore [18] nokazana
Jlemma 1. PesomsBenty R(t, 9) sapa K(t,S) = y(t— S MOKHO MPeACTaBUTH B CIIEAYIOIIEM BHIE

R(L9 =y sy (+ 3, (130 ¢
rie yzg, (t,s)0G={(t9|0s =< &« F.
Ha ocHoBanum 310i1 1emmbl 1 paBeHcTBO (8) 3amuiem B BHIE:
t n
Vot 0 -2 UE 9= B(1 - [ K3 Ut s X ds—> 6 (), t)x
a ay as o
t S n
v [ Jysn{Jr(t- 9)(«5)—] K1) ¢ s, ><d—2¢i()sh,s>} x
0 0

i=1
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t
pre ()= 09t 1) = FLY=y| sy (+ 300 (X s () E.sids.
0

U3 paBenctsa (5), s pynkuuu V(t, X) mosrydaeM rpaHUYHBIC YCIOBHS BUIA!
v(t,0)=v(t,1)= 0. (10)
3amgauy (9)—(10) uccnenyem npu ¢uxcupoBaHHoM t, 3mech V(t,X) — uckomas ¢ynkuus. OmHOpOIHOE
ypasrenne Y'(X)—CY(X) = 0 @ namem ciyuae k? =1/a') nveer 1Ba THHEHHO HE3ABUCHMBIX PCILICHHS
y1(x) = shkX) u y,(x) = shikx—K, Bporckuan kotopsix paen W(Y;, Y») = ksh().
3ametum, uto y1(0) = Ou y»(1) = OyunuTsiBasi 5TH COOTHOILICHHUS, JIETKO MOKHO IIOCTPOUTH PELICHHE
CleayroIei OqHOPOIHON KPaeBoi 3a1auu ¢ MOMOIIbI0 QyHKIKU ['prHa:

y'(9) =Ky =f(x), 0 <x< 1, y1(0) = Omy,(1) = 0
T. €. pelIeHNe 3anuchiBaeTcs B Bue [16—18]:

1
y(%) = [ G(x&) 1(§) &,
0

shkx— k)shks)

ksh(k) , 0<s< X,
S
rae ¢yukuus ['puna G(x &) =
shkx)shks— k)
, Xs<s<1.
ksh(k)

IIpuMeHsst 3TOT pe3yibTar K HHTErpo-muddepernnansuoi 3amaue (9)—(10), momyunm «aucTo»
HHTErpajbHOE ypaBHeHHe Bombreppa:

1 t n
vt =[ G(xf)[ E’(tf)—% [ K3t ) ds§2¢i (Ot £)+
0 0 i=1

t S n
+§ [Jysh(\/y(t- s)[ (sd)-[ KD) ¢s1.8) d-> ¢ (kb ,S)J %sa (12)
0 0 i=1
Vpasuenwne (11) nepermmeM B BHJIE

v, X)——HG(XE)RIEWSE)d ds= z[j G.& 0.4 EO]M)*

._l 0

ntt
1ZH[G(M)RU; §(sE) @4 (b ds 12)
0

i=lo

Q

——jje(m K(IN(t 5€)  ds—
a

O'—o"*

1ls
[] RUSG.® ) (v-=.6) rdéd ds (P
00

rae P(t,x) = j G(%&) R(1¢) &.
0

Homaras X=X;, [=1,2,..n u yunTsiBas nannsle (4), a Taike paBeHCTBO (5), M3 COOTHOMIEHNS

(12) umeem

%i[IG(x f)h(nf)df}ﬂ (t)——jjew HRI3(E) 8 ds

i=1| o

M:

1
at

t1
NECEILGELES] d¢.(}6d8§H Gi¥) Kwt.8 édd  (13)
00 00

I
N

Qll—\

tls
~—[[JRE 9O KD s1.6) d d ds Ptx-gf (D), j=12..n.
000

BseneMm 0003HayeHnE
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1
3 (0= [G(x. A E, | j=12.m 14
0
Ilyctp
detAt)# 0 0t0 [OT ], (15)

rne At ={g(d i j=12,...n.
VYuuteiBas o6o3uauenue (14), cucremy (13) MOKHO IIpeCTaBUTH

n t1l
>a; (08 (== 60§ (RT3~ K+ 3) () & ds
i=1

t 00
|
0

tls
[[[Re9CO KD @) d § ds Py~ Ot L2,
000

n

[GO4.ERL ()] d4 (3 ds (16)

1
a

ot—r

i=1

B wurore Mel npunum k cucreme u3 (N+1) ypapuenuit (12), (16).13 oOwieit Teopun HHTETrpaIbHBIX
ypaBHEHHH HaM U3BECTHO, YTO perieHne cucteMsl (12), (16)cymecTByeT U eJMHCTBEHHO.
CrienoBaTelIbHO CIIpaBeTHBA

Teopema. Ecim Bomonusiores U; U, n mepasenctso (15), 1o B npoctpanctse C22(G) x G, [O, T] :

pemrenue 3anaun (1)—(4)cymecrByer n enuncTBeHHo, C, [O,T] =C[0,T]xC[0,T]x...x C[O, T].

n pas
Ipumep. Ilycts B 3amaue (1)—(4): a=6=1, n=1, K{t)=t, h(t,x)=1, X :%, F(tx) =0,
g,(t) = 2, #(X) =0, (x)= 0 ams Beex x[0,1], T. e. paccMoTpuM 3aady

t
Uy (1) = U (6 9= U (8 9+ [ (= 3 (s X dsgy (1, 1)
0

u(0,x)=0,u4 (0,x)= 0,6 x< Lu,0F ut,l¥ Ou ¢ 1/t £ [or.
Hiem u(t, X) u @(t).

t
ITycrs V(t, X) = U, (t, ¥, Torma u(t, X) =I(t— 9V S ¥ diu umeem:
0

t t
V(6 X) =¥ (6= [ (1= 9 (s X ds [ (+ (v, 5)x dghy (),
0 0

N
t

t
Vi = [E=9) %o (5 Y dV(t, ) — [ st ,s)x dsgy ()
0 0
Pe3onbBenTa npumer Bua: R(t, s)=sh(t— s), (t,sJ C.
Orcro/1a Ioly4aeM CIIeyIOIIyIo 3aaqy:

t t S
Vot 0 =ML ) =] st s X dsp( e [sh( ¢ >{ sk|r (s, )xd¢<)}s ,
0 0 0

v(t,0)=v(t,1)= 0.
OZ[pOHOZ[Hy'IO KpacBy1o 3aaa41y 3aMCHACM UHTCTPAJIbHBIM ypaBHeHI/IeM:
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t1 1 t1
vt )=[[G(xE)RE IV ) d dsp()f 6.&) & [[[ 6&) RYsédi() s<
00 0 00

tl tls
-[Je(x s\t s6) & ds [[[ Rt)s G.&)7 (v-=r.&) rdéd ds
00 000

sh(x—1)shé)

s TSN
rae G(x.¢) = shx)shé=1) | o<1
sh

Homarass X=1/2 u yauremBas, uto U(t,1/2)=t> u v(t, X) = Y (t, ¥ = 2, mmeem

tl t
2+¢()a=[[GEI2RELIUSE) d ds f Rt ()s ds
00 0

tl tls
-[Je@2E)t-9vs) & ds [[[ Rty GI28)( 57) (@) rddd
00 000

1
3neck a= [ G(1/2,6)dé = 0,11
0
MpbI noy4Yusiv CUCTEMY U3 JABYX YPaBHEHUH, pellleHUEe KOTOPOU CYIIECTBYET U €TMHCTBEHHO.
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ON A PROBLEM OF DETERMINING THE RIGHT-HAND SIDE OF THE PARTIAL
INTEGRO-DIFFERENTIAL EQUATION

A.O. Mamytov
Osh State University, Osh, Kyrgyz Republic
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As it is known, h the inverse problem, apart from the sought-for “basic” solution of the problem
(i. e., the solution of the direct problem), the components of the direct problem are unknown. It is re-
quired to find these unknown components, so they will be also included in the solution of the inverse
problem. To determine these components in the inverse problem, some additional information on the
solution of the direct problem is added to the given equations. The additional information is called the
inverse problem data. In the proposed article, the specific fourth-order partial integro-differential equa-
tion with the known initial and boundary conditions is considered. For simplicity, the homogeneous
boundary conditions have been examined, since with the help of a linear transformation, the always in-
homogeneous boundary conditions can be reduced to the homogeneous ones. The right-hand side of the
equation contains unknown functionsp;(t), i = 1,2,...,n.. To determine these unknown functigs(s),
i=1,2,...,nin the inverse problem there is additional information on the solution of the direct problem,
i.e., the values of the sought-for “basic” solution to the problem in the inner segments of the investigated
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region are known, i. eu(t,x) = g(t), t€[0,T], x€ (0,1),i =1,2,...,n. The problem is investigated in a
rectangle located in the first quarter of the Cartesian coordinate system. To solve the inverse problem, an
algorithm has been elaborated and sufficient conditions for the existence and the uniqueness of the solu-
tion of the inverse problem for the restoration of the right-hand side in a fourth-order partial integro-
differential equation have been found. When solving the inverse problem, the methods of transforma-
tions, Green's function, solutions of systems of linear Volterra integral equations have been used. As a
result, the inverse problem has been reduced to a system+df)(linear Volterra integral equations of
the second kind, the solution of which for small 0 exists and is unique. The considered inverse prob-
lem can be called the inverse source problem.

Keywords: inverse source problem; fourth-order partial integro-differential equation; system of
Volterra integral equations; Green's function, resolvent.
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BU®YPKALIMX NONNLUKIA, OBPA3OBAHHOIO ABYMA NETNAMU
CENMAPATPUC HEIPYBOIo CEANA AUHAMUYECKOUN CUCTEMBI
C ULEHTPAJIbHOU CUMMETPUEU

B.LU. PoiimeH6ep2
Spocnasckuli 2ocydapcmeeHHbIU mexHudYeckul yHugepcumem, 2. Slpocnaers, Pocculickas ®edepauyus
E-mail: vroitenberg@mail.ru

PaccmaTpuBaercs ceMeiicTBO IIaJKNX JMHAMHYECKHX CHCTeM, 32/JaHHBIX HA
MJIOCKOCTH M 3aBHCSIIUX OT JBYMEPHOI'0 MapaMeTpa, MEeHSIIOLIerocsi B OKpPecTHO-
CTH HyJs. Bece cucrembl ceMelicTBa NMpeAno/araloTcsi HHBADHAHTHBIMH NPH Tpe-
0o0pa3oBaHNU CUMMeTPHH OTHOCHTEIbHO Hayaja koopauHat. IIpu HyneBoM 3Ha-
YeHHHU MapaMeTpa JTHHAMH4YecKasi CHCTeMa MMeeT NMpocTeiiliee Herpy6oe ceaJio,
o0e BBIXOAsILI[HE CeNapaTPUChI KOTOPOro HAYT B TO ke cel10, 00pa3ysl 1Be MeTJIH.
IonuuuKI «BOCbMepKa», COCTOSLINI U3 MeTelb, SIBJIsETCS ATTPAKTOPOM 3TOii
cucrembl. OH nMeeT oKpecTHOCTHh U, B IPAaHNYHBIX TOYKAX KOTOPOii Bce Tpaek-
TOPHHU CHCTEM ceMeiicTBa ¢ mapamMeTpaMu, 0JU3KHMH K Hymi0, BxoasaT B U. Ilpn
YCJIOBHH 001IEro MOJIOKEHHSI ONMHCHIBAIOTCA OnMypkanuu B okpectHocTH U mo-
JIMIUKJIA NIPH M3MEHEHHH NMapaMeTpa. 3HAYeHHs NapaMeTpa B MaJIoii OKPeCTHO-
CTH HYJsA, IPH KOTOPBIX CHCTEMA sIBJIsieTcs1 Herpyooii B U, 00pa3yioT nsiTh riaaa-
KHX KPHBBIX, BXOASIIMX B HA4YaJ0 KOOPAMHAT, pa30MBAIOIINX 3TY OKPECTHOCTh
Ha CBSI3HbIe KOMIIOHEHTBI, /IUIsl 3HAUeHUi NMapaMeTpa U3 KOTOPBIX CHCTeMbI ce-
MelicTBa ABJASIOTCA rpyObIMHU. sl Kask10ii KOMIOHEHTbI ONMHCAH TOMOJIOrHYe-
CKHUii THII COOTBETCTBYIOIINX AMHAMHYEeCKHX chcTeM B U. B yacTHocTH yka3zaHbl
o0.1acTH mapaMeTpa, NPH KOTOPBIX cucTeMa HMeeT B U eAMHCTBEHHBbIN aTTpak-
TOp — y3eJ, ABa aTTPAKTOPa — y3eJ M IMKJ, TOMOTONHBIA B U MOTHIMKIY, HIH
JABa CHMMETPHYHBIX IMKJIA, TOMOTONHBIX B U MeT/IsIM U3 MOJHMIHNKIA, a TaKxKe
TPH aTTPAKTOPA — y3eJ H ABA CAMMETPUYHBIX IMKJIA.

Kniouesvie cnosa: cemeiicmeo eekmopHuix noneii HA NAOCKOCMU, YeHMPATbHAS
CUMMEMPUSL, UHBAPUAHMHOCTY; Heepyboe cedio; nemis Cenapampucsl ceond; nou-
YUKl “<6OCOMEPKA»; OUuyprayust; yCcmouyusslil npeodenbHblll YUK

BBenenne

JlnHaMu4YecKre CUCTEMBI Ha TUIOCKOCTH, 3a/1aBacMbIe TIIAAKUMU BEKTOPHBIMH ITOJISIMU, HHBApHUAHT-
HBIMU OTHOCHUTEJIBHO IIEHTPAIbHOM CUMMETPHUH, UCIIONB3YIOTCS MPU MAaTEMAaTHYECKOM MOJAEIUPOBAHUH
psaga mpoueccoB. IlpencraBnser uHHTEpeC wu3ydeHHe OuypKaluid B THIWYHBIX KOHEYHO-
MapaMeTPUIECKIX CeMEMCcTBaxX Takux cucteM. Omrcanue HEIOKATbHBIX OndypKanuidi B oJHOTApaMeT-
pPUYECKHX CeMEHCTBAX MOydaeTCcs KaK CIIECTBIUE U3BECTHOTO ONMUCAaHMs OudypKaiuii B THITUYHBIX Ce-
MeiCcTBaX AMHAMHYCCKHX CHCTEM 03 CHMMETPHH C OJHUM U JByMs mapamerpamu [1, 2]. B TunuuHbIx
JIBYXITAPaMETPUICCKUX CEMEUCTBaX CHCTEM C CHMMETPHEH TOSBISIOTCS CHCTEMBI C BBIPOXKICHHUSIMH,
BCTPCUAIONIMMHUCS JIJIST TUHAMHUYECKUX CUCTEM 0€3 CUMMETPHH TOJBKO B THITMYHBIX CEMEHCTBAX C YHUC-
JIOM TIapaMeTpoB OOJBIIUM JIBYX, omHcaHue Oudypkamuii B KOTOPBIX IMOKa OTCYTCTByeT. [Ipumepom
TaKOW TUHAMHYECKOW CHCTEMBI SIBIICTCS CHCTEMa, NMEIOIas B Havajie KOOPIWHAT MPOCTEHIee Herpy-

6oe ceuIo, cermapaTprucsl KOTOPOro 06pa3yroT aABe cuMMeTpuuHbIX metiu [y u . Mbl onmurem ee

THITHYHBIC ByXIapaMeTpudeckue gepopmanuu B okpectHocTd nommuukna Iy =5 O, romeomopdh-
HOTO «BOCBMEPKE.
1. ITocTanoBKa 3agaun. @opMyIUPOBKA Pe3yJIbLTATOB

PaccmoTpum ceMmeiicTBo BektopHbix oielt X, (2) = P(z€)d/d z+ R #)3/0 7 na nnockoctu R?
HnepeMeHHbIX Z=(Z, z), 3aBHCsIIee OT AByMEPHOro napamerpa £ = (&,,&,) . byaem npexnonarats, 4ro
BEKTOpHBIE TMONs X, HMHBapUAHTHBI OTHOCHUTENBHO INPeoOpa3oBaHUs S:z—>-2 TO ecTh
X.(-2=-X(2,a B,ROC(r=3).

Mycts O =(0,0)0R?sBasiercs ocoboit Toukoit BektopHOro mons X, , T. e. X,(0) =0, u Marpuia

(0R(0,0)/0z; ) nuneiinoi yactn mons B 5TOH TOuKe nmeeT cobcTBenHble 3HaYeHns A, <0 u 0. Co-
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rmacHo teopeMe 5.50 penykuuu u3 [3] mpu 3HaUCHHAX MapameTpa £, JOCTATOYHO OJM3KHX K HYIIIO,
B HeKoTOpoi okpectHocTH [1 Toukm O cymecTByeT 3ameHa KoopauHaT (Z,Z)— o X YE), |X| <1,
|y|<1, gdC', 9g(0,0,0)= 0, rakas, 4YTO B KOOpAMHATax (X,Y) BEKTOpHOE moie X, HMEET BHJ
P(x,£)0/0x+ yQ % y&)d /0y, rne POC", QOC™,

Q(0,0,0)=4,. (1)

W3 nokasatenscTBa TEOPEMBI O PEAYKIHH CIEIyeT, YTO [UIi PacCMaTPHBACMOIro CeMeicTBa
g(=x-Vv,&)=—9g( X y&). [Mosromy ecam touka z[M wmmeer xoopauHatsl (X,Y), TO CHMMETpUYHASL
et rouka S(2 mmeeT KoopauHATHl (—X,—Y) U
P(=x€)=-P(x¢), Q(-x~¥,£) = QX y¢). (2)

Beuny (2) P(0,0)= PR, (0,0)= F, (0,0 (. Byaem cuutats, uto P, (0,0)> 0. Toraa ocobas Touxa
O nons X, sBigeTcs TomojornueckuM ceanoM. HazoBeM Takylo TOUKY npocmetiuium neepyovim ceo-
nom. TlycTh BhIXOAAMIAs cemaparpuca Ly 3Toro ceiyia coBmagaeT ¢ BXOMALICH cemapaTtpucoi, oopasyst
BMecTe ¢ ceiioM mernio [ . Be3 orpanndenus oOIHOCTH MOXKHO cuutath, 4o L N [ cocrout u3
ayr y=0,0<x<1lwu x=0,0<y<1 Beaencraue cummerpun nonst X, [, =Sl — Takxke nerns ce-

napatpucsl monst. O6o3Haunm [, =T O .

Puc. 1. Tpaektopum nons X, B okpectHocTu U nonu- Puc. 2. BudpypkaumonHas anarpamma
umkna. Mpannua U n3o6paxkeHa NyHKTMPOM
Teopema 1 Ilycmo 6exmopuoe none X doeﬂemeo AeMm CQQOPMYIAUPOBAHHBIM 8blUle VCIIOBUAM.
0

Toeoa cywecmgyiom okpecmuocms U nonuyuxna T ¢ epanuyeti 0U , cocmoswjeii us mpex nenepece-
Kaiowuxcst Mexcoy coboi 2n1aokux npocmuix 3amkHymoix kpusvix Ve, Ve =SVt Voi (Vox = SVew)s 6
mouxax komopeix none X, Hanpasieno euympe U , a ece mpaekmopuu nons, Ha4uHaowuecs 6 Kolb-
yesoti oonacmu mexncoy Vo u Ty, Voo u Ty, Voo u Ty, w-npedenvnvr coomeememeenno k Ty, T,
I, u ebixooam uz U npu yovianuu epemenu coomeemcmeento 6 moukax Vo, Ve Veq- @uc. 1).
Beuny (1), (2)u nepasencrsa P, (0,0)> O npu nocrarouno masom d >0 u 3HaYCHHsX HapaMer-

pa &, IOCTaTOYHO OJIM3KHUX K HYIIO,

OxO[-d, d] Oyd@, d Q(x y.£)<0, |B(x&)[s1/2, B (xe&)>0. (3)
Tax xax R, (0,0)+ B, (0,0)= P, (0,0) G, (0,0¥ A,, To MoxHO Takxke cuntath, uT0
P, (z&)+ B, (28)<A,/2, @)

ecii Touka Z uMmeeT koopauHatel (X, y)O[—d, d®.
[lpu & mocTaTO¥HO ONM3KMX K HYII0 Tpaekropust L. moas X, , HAUMHAIOUIASCS B TOYKE LICH-
TpaibHOro MHOr000pasust Y =0 ¢ koopauHatoii X =d, mepecekaer ayry Y =d B TOUYKe ¢ KOOpAWHA-

toit X=Wv(&),rne V(OC™, v(0)= 0. ITorpeGyeM BBINOTHEHNE YCIOBUS
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PolimeHb6epe B.LLI. Bugpypkayuu nonuyukna, obpazoeaHHo20 08yMs1 MemJisiMu cernapampuc
Hezpy6020 cedna duHamuyeckoli cucmeMbl C UeHmpasbHol cummempuel

R (0,0) P, (0,0
o) V) ©)
& €
3aMeTUM, UTO 3TO yCIOBUE HE 3aBUCHUT OT B BbIOOpa koopauHar (X, y) uuucna d. U3 (5) cienyer, uro,

caenas 3ameHy napameTpoB & =—P/(0,£), £, = V(€) 1 BepHYBIIMCH K UX MPEKHUM 0003HAUCHHSIM, MBI

MOJKEM CUHTATh, YTO TIPU HEKoTOopoM O, >0
P!(0,6)=-¢,V(€)=¢&, nns Beex € =(&,,€,)0[-0,0,]°. (6)

Teopema 2. [Tycmb cemeticmeo sekmopHwix noneil X, y0081emeopsaem chopmyiuposanHbim biie
yeaosuam. Toeoa okpecmuocmes U nonuyuxaa T, 0 komopoii udem peus 6 meopeme 1, u uucno 0>0
MOJICHO 8bLOPAMB CLEOYIOWUM 0OPAZOM.

B moukax U eexmopnuvie nona X, , £€1(=3,0)°, nanpasnenvt enympo U .

Obnacms napamempos (=0, 5)2 pasbusaemcs na muoxcecmsa By, E , B,, i =1,...,E, 20e (puc. 2)

B, ={e: &, =B(&)}, £:(-4,0) ~ (00), L,UC, B(-0)=F(-0)=0,

B, ={e1 &, =B}, £:(0,0) » (00), B,TC, B,(+0)=f,(+0)= 0,

B, ={(0,0)}, B, ={0} X0, 9) , B, =(-9,0)x{0}, B; ={0} X(—-40) ,

E - ceasnas xomnonenma (—9,0)°\U._,B,, 6 epanuyy xomopoii éxoosm B, u B, (30eco
B, =B,), makue, umo

1) cxemwt sexmopnwix noneu X, ¢ U ona e0E u €0B, (i =1,...,5) umerom 6uo, usoopasxcen-

Hblll Ha puc. 3;

2) ona mobozo i =1,...,E sekmopnvie nona X, npu £0E, epybuvie ¢ U , a nomomy npunaonexcam
00HOMY KAACCY MONOA02U4ecKkol sksusaienmuocmu ¢ U |

3) ona moboeo i =1,...,5 éexmopnvie nona X, npu OB, neepyovie 6 U u npunaonexcam oonomy
KAACCy mononocuieckol skeusaienmuocmu ¢ U .

JoxazarenscTBo TeopeM 1u 2 nmpuBeneHo B maparpadax 2 u 3.

Puc. 3. NMepecTpoiiku ha3oBbIX NOPTPETOB B OKPECTHOCTU MONULMKIA

2. OyHKIHH COOTBETCTBHUA U (PYHKIIUHU MOCTET0BAHUS
ITycts V' — okpectHOCTH [ ¢ KOMIIAKTHBIM 3aMbIkaHueM. [Ipu nocrarouno mamsix U(0,d) n

0, (0,9,] tpaekropus monst X, , £D[—52,52]2, HAYMHAIOIIASACS B TOYKE ¢ KoopauHatamu X=d,
y=ul[-U 1], ne BeixomauT u3 V u mepecekaer nyry Y=d B Touke ¢ koopauHaTtod X=@(U,E) B
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momenT Bpemern t=T,(u,£)>0, e pOC", @(0,6)=v(e), ¢,(u,e)>0, T,O0C" . Mycrs Ty —
HanOonbiee 3HaueHHme 1,(U,&) Ha [-U,U]X[-J,, ) 2 a M — muHauboiblIee 3HAUCHHE
|P, (2.6)+ By, (2€)|na V x[~0,,0,]°.

U3 (2), (3)u (6) cnenyer, uto OxO[-d, d] Oe0[-3,,J,]

P(x£)= X[, B(xte) d= X-£,+ & %)), (7)

rre a(0,e)=4a(0,£)=0, a,(x&)>0. IMosromy cymectByer takoe O,[1(0,0,], uro ypaBHeHHe
P(x,£)=0 umeer Ha otpe3ke [—d,d] mpu &£0(0,0,)% (=9;,0;) poBHO Tpu pemmenus: X=0,
x=x(£)0(0,d) u x=x(£)=-X%(€), npuuem X, (JOC", x, (+0,£,)=0, (X+)'€1 () >0, P(0,6)<0,
Pi(x.(£),£)>0; npu £0(-0,,0)% (-J,,0;) — enunctBenHoe perienne X =0, npuyem P;(0,£)> 0,
ecn & <0 u P)(0,6)=PF,(0,)=0, P, (0,6)>0, ecnu & =0. Vunrsias nepBoe HEpaBEHCTBO B
(3), mostyuaewm, uto BekTopHoe mosie X, , £(=3,,0,)*, MMeeT B 3aMKHYTOH 06JIaCTH, 3a/IaHHON Hepa-
serctBamu —d < X< d, — d< y< d, pu & >0 poBHO Tpu 0co6bIx Touk —cenna O ¢ koopauHaTAME
X=X%X(£), y=0wu yzen O,npu & <0 equHcTBeHHYIO 0c00yI0 TouKy O, SBISIOIIYIOCS TPYOBIM Cel-
aoMm, ecau & <0 u npocreiiyM HerpyObM ceasioM eciu & =0.

Iycts 1(€) =%x,(£), ecnm £0(0,0,)* (=9,,0,), u 1(€)=0, ecnin £0(-9,,0]%(-9,,9,). Ilpu
() <x<d umeem P(x&)>0. Orciona u u3 nepBoro HepaBeHCTBa B (3) HOJydaeM, 4TO TPACKTOPHS

nons X,, €0(=3,,0,)°, Hauunaromascs B Touke ¢ koopaunatamu |(£)<x<d u y=d (coorBerct-
d
BeHHO, Y =-d) uepe3 Bpems T, (X&) :I dé/ R(é,€), nepecekaer nyry X=d, -d<y<d B TOuUKE

¢ y=¢*(x€)>0 (coorerctBeHHO, Y={/ (X,€)>0), rne ¢*OC", (@) (x,€)>0,w ). (x&)<0,
lim ¢*(x €) =0. Boibepem X[(0,d/2) tak, urobsr —U <™ (X,0)< 0<¢’ (X,0)<T u

x=1(£)
In(d/2%)> MT, ., /| A - (8)

Mpu  jmocratouno wmaiom  0,0(0,8,] s Beex €£0(=4,,9,)° Gyrer I(€)<X,
U<y (X,€) <0<y (X,£)<T. Torma npu Beex £0(-7,,d,)° u xO(I(€),X] crnpasemiuse Hepa-
BeHCTBA —U <Y (X%,E)<0<y' (x%€)<TU. Tosromy mns moboro &£0(-J,,d,)° Ha mpoMexyTke
(1(€),X] ompenenenst ¢ynkums mocienosanus . =@’ ((k),€) u yHKIMA COOTBETCTBHSA
=g GE).e).

Hcronb3yst GOpMydy KOHEYHBIX TPHPAIICHHA W BTOpOe HepaBeHCTBO B (3), mosiydaem
0<P(&,6)< (E-1(€))/2 npu Bcex £0(=3,,0,)*, £0(1(£),d] . Torna

Tl(X,é‘)ZI: dé/ Pé,)= 2In?_(::8 > 2In%.

Otcrona v u3 (8) mosyyaeM OKOHYATEIIEHO
T.(x&) > 2MT,|AJ npu £0(=3,,9,)%, xO(I(€),X]. (9)

TToKaXeM, 4TO €CIIH X, — HEMOIBHKHAs Touka dyHKimk mocneposanms f., £0(=3d,,d,)%, 1o
(f7) (%) <1.UYepe3 TOuKy Z, C KOOpAMHATAMH X = X7, Y= d TPOXOIHUT TIepHOAUYECKAs TPAEKTOPHS
nonst X, . Ilycts ee mepuon pasen T, a ypaBHenue z={(t), tO[0,T], npuuem ¢ (0)=z;. Torma
T=T,(%,&)+ LW (%,&),€). Cornacno [4, c. 126]

+\7 T
(7)) =exp| (R, € ©.£)+ B, € ©)£)dt.

U3 (4), (9)u onpenenenus uncen 1. u M nomydaem
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LR, € 0.6)+ B, € (0,0)dt A, T(x,€)/2< - MT,

max’?

IR, ((0).6)+ B, ({(1).€))|dts MT,,

u notromy (f,7)'(x;) <1.Orciona B yactHocTH cremyeT, uto f,” UMeeT He Gonee OAHON HEMOABHKHOI

J‘Tl(xﬁrf)

TOYKH.
Tlokaxxkem TCIICPb, UTO

OxO(0,X] f, (X)<x. (10)
[IpemonoxnumM BpeMeHHO, 4To 910 He Tak. Torma f, (X,) > X, mpu Hekotopom X, [1(0,X]. Ipu nocra-
touyHo masioM & [{0} X(—5,0) u f(X,)> X,, a, kpome Toro, . (+0)=¢,<0. IMosromy f. umeer Ha
unrepsane (0,X;) HemoxBmwkHyr Touky X,. Tak kak (f.)(X)<1, to f](X)<X mpu Hekoro-
pom x, O (X%,, %) . Ho Torna f, umeer na unrepsane (X, X,) elie OHY HEMOABIKHYIO TOYKY, YTO He-
BO3MOHO. [ToaTOMY C/IeaHHOE TIPEIIIOIOKEHHE HEBEPHO U cripaBeuBo (10).
Beenem ¢ynkuun nocnenosanus f,(X):=—1f (- f, (X)) . Beuny cummerpun nonst X, yepes TOuKy
C KOOpAMHATAMH X = X, Y= —d IpPOXOINT 3aMKHYTasi TPACKTOPHS IIOJSL TOTZA M TOJBKO TOTZa, KOTAa
f, (X;) =—X%;. DTO paBEeHCTBO PAaBHOCHIBLHO TOMY, YTO X, — HEMOABIDKHASA TOUKa (QYHKIHHU IIOCIIE0BA-
wust: f, (%)= %,. Kak w s {7, momywaem 0< (f, )(x,)<1umoromy —1< (f)(x,)<0,a f, umeer
He 6ojiee 0HOM HEMOABIKHOM Toukn. Ananoruuno (10)mMeem HepaBeHCTBa
OxO(0,X] —-x< f;(X)<0 u 0<fy (x)<x. 151
Beuny (10) u (11) MBI MOXeM cHHMTATh, 4TO O, BHIOPAHO CTONb ManbM, uto mis O&(=J,,d,)° 3Ha-
yenue f,(X) ompeneneno u
f(X)<X, X< f (X)<0u 0<f (X)<X. (12)

3. budypkannonnsie kpusble. [lepecTpoiiku ¢a30BbIX IOPTPETOB
U3 (12) cornacuo [5, n. 3.14] nonyuaem, uto 4yepe3 TouKy ¢ kKoopaunatamu X= f(X), y=d

(x=f;(X), y=—d) MOXKHO IPOBECTH INAIKYIO 3aMKHYTYIO KPUBYIO Vi (Vo = SVe,), B TOUKax KO-
TOpO¥i oIe X, TPAHCBEPCAIBHO KPHUBOH M HAIPABICHO BHYTPH €€ MOJIOKUTEIIBHON (OTPHIATEIEHOMN)
noiryokpectHoctd. O603HaumM U OKpecTHOCTh monuimkia ¢ rpanuneit 0U , cocrosmieit u3 ),
Vit =SV 1 Voy- 13 xouCTpyKIME U, (10) u (11) ciexyrot Bee yTBepskaeHUs Teopemsr 1.

Cuurast J, BBIOPAHHBIM JOCTATOYHO MaJIbIM, TIOdyunM, uTo Tone X, mpu Beex £0(-J,,0,)° B
toukax OU Hanpasieno BHyTps U 1 He umeet B U 0cOOBIX TOUEK, OTINYHBIX OT Todek O u O .

Tax xak @(0,£)=¢,, a X,(£) — pemenne ypaBHeHHs & =a(X &), To npu & >0 ypaBHeHHe
#(0,£)=x, () paBHOCHIBHO ypaBHeHHIO & =a(&,,€). Ilocnennee ypaBHEHUE ONPEAENICHO MIPU BCEX
£0(-9,,9,)*. Cornacuo (7) a(0,0)= a (0,0=4 (0,0F d (0,05 ! Ilosromy mo Teopeme 0 HeBHOI
dynxuuu cymectsyor takue uucio 90(0,9,] u C'-dyukums B, :(-9,0) - [0,0), uro L,(0)=
B,(0)=0unpu £0(-5,0)° & =a(&,,&) = & =P0,(€,). Tak xax ana €,0(0,0) a(e,,€)>0, Ton
B,(€,) > 0. Tosromy Oe0(0,0)x (0,0) #(0,6)=x,(€) = & =L, (&,) . Tak kax (XJr);1 (£)>0, 10

0el1(0,0)x(0,0) sgnk, €)-¢ (0f )= sgng - 5, £, ). (13)
Amnanornuno (13)goka3spiBaercsi, 9T0 O MOXKHO BBIOPATh TaK, 4TO
Del1(0,0)x(-9,0) sgn@ (O¢ }-x_ €))= sgrg, -3, &, ), (14)

rae B,:(-0,0) - (0,0) —rakas C'-dpynxums, uto 5,(+0) =S, (+0)= 0.

Ompenennm Teneps MHOJKECTBa B, E, , B, Tak, kak 3T0 onucaHo B pOpMyIHPOBKE TEOPEMBI 2.
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Mpu £0B, u3 (14) cnenyer, uto Beixonsmas cenapatpuca L. cemta O] wuner B cemio O, a

s
BhIxOsas cenaparpuca L, =SL ceana O, uner B cemio O . Tak kak . (X) < X (£) ==X (€), T0
¢ynkuus nocinenosanus f, (X) ompemenena mpu Bcex XO( X, (£), X]. I[TokaskeM, 4TO Bce TpaeKTOPUH,
nepecekarone ayry y=-d, X, (£)<X<X, a IIOTOMy BCe TPaEKTOPHH, HAUMHAIOIIHECS B TOUYKAX
KOJIBLIA MEXAY J,,, 1 nomumkiaoM [, =L, 00O O L, 0O,, w-npenensusl k ', u Beixomst u3 U B
TOYKax J,,. BBuny nocinequero u3 HepaseHcTB (12) mocraToyHo mokasats, uTo f, He umeeT Hemon-
BIDKHBIX TOUCK. DTO PaBHOCHIIBHO TOMy, uTo (yHkuus f, (X) + X He umeer Hyneit. [Ipeanonoxum, 4to
sro He Tak U f_ (X)) + X%, =0. Tak kak (f, ) (X)) +1<0, To cymectByer Touka %,J(X, (), %)), st KO-
topoit f,(X,)+ % >0. IIpu Bcex &, moctarouno Omm3kux k &, Oymer X, (&)<x m f,(X)+ % >0.
Boibepem &UE, . 13 (14) nonyuaem Xlimg)[ f,(X +X =40, & — X (&) <0.Ho Torxa cyiecTByer To4ka

X O(x. (£), %) , B xotopoit f, (x)+ X =0. [Tockonbky ABYX HEIOABIKHBIX To4eK f, MMeTh He MOXer,
TO TOJNydaeM, YTO HMX HeT BooOme. M3 mepBoro u3 HepaBeHcTB (12) M W3 HepaBeHCTBa

(X, (€) =X (&) < X.(€), anamorm4Ho TOMY, Kak 3T0 OBbUIO JOKa3aHO Bbime s f, , ciemyer, 4ro

£
f ()<x mst moboro XO(X(£),X]. IlooToMy BCe TpaeKTOPHH, IIEPECEKAOLHE YTy
y=4d, X ()< X<'X, a OTOMY ¥ BCE TPACKTOPHH, HAYNHAIOLIKECS B TOUKax Koubia C; Mexuy J,, H
3aMKHYTOH KPHBOIi, COCTaBIeHHON U3 cemapatpuchl L, u nyru y =0, X (€)< X< X (£), BBIXOIAT 13
U npu yObIBaHMM BPEMEHH B TOUKaX )/ , U, 33 MCKJIIOUEHUEM BXOJsLIEH cenapatpuckl cemia O , w-
npenenbHbl K y3my O. COOTBETCTBEHHO, BCE TPACKTOPHUH, HAUMHAIOIIMECS B TOUKax Koubla SC , BbI-
xoxaT 13 U npu yObIBaHMM BPEMEHH B TOUKAX ), , ¥, 32 HCKIIIOUCHHEM BXO/SIIEH cernapaTpuchl cea
O,, w-mpenenbHbl k y3my O. Beixomsmme cemaparpucel  Y=0, 0< X< X () cemma O u
y=0, X ()< x<O0 cemra O, w-npenensubl K y31y O. Takum 00pa3oM, MbI ONHUCAIH MOBEICHHE
BCEX TpaeKTopuil BekTopHbIX nonei X, , £[0B, . OTo noBeneHune cxeMaTn4HO OTOOPAXKEHO HA puc. 3.

Iycts €0E;. U3 (14) nomy4aem Iim( )[ fo(X+X =60, ¢ - x(& =€, - x(¢&) <0. Cornacuo (12)
X— X, (&

f,(X)+X>0. ITostomy cymectByeT Takoe X,(X,(£),&,), uro f, (X;) =—X%,. CienoBarensHo uepes
TOYKH C KOOpAMHaTaMH X=X, Y=—-d u X=-X,, Y=d mnpoxomur rpybas ycToidnBas 3aMKHyTas
tpaekTopus [, moms X
y=-d, X (&)<x<X.
Jlrobast Tpaekropust monst X, B U , He nexammas Ha qyre Y =0, X ()< X< X (€), nepecekaer 1mbo

npuycm FE— CAWHCTBCHHAsA 3aMKHYTAasA TPACKTOPUA, INCPECCKarouas Ayry

£

ayry T :y=d, = X< X<X, mu6o ayry T :y=-d, —X< X<X. TpaekTopus, Ipoxoasias depe3
touky T (T7) ¢ koopaunaroit XO(=X,—%,) (XO(x,X)), w-npenensha k [, u Beixogut u3 U mpu
yObIBaHMM BPEMEHHU B TOYKe, MpHHAIIexamme J,,. 13 nepBoro n3 HepaBeHCTB (12) m HepaBeHCTBa

Iim( )[ f7(XQ =X =40, &) — x(&) <O cuenyer, uro f, (X) < X mmst Bcex X (X, (€),X). [Tosromy Tpa-
X=X (&

exTopuu, npoxosiue yepe3 Touku T° (T7) ¢ koopaunaroir X[ X (&£),X) (XO(=X, X (€)]) , BbIXO-
+ - -

aat u3 U mpu yObIBaHMHM BpeMeHH B Toukax V,, ()., ); Bce OoHH w-mpenenbHbl K y3my O, 3a HCKITIO-

ueHreM BXozsmmx cenaparpuc ceaen O u O] , mpOXOISIKX Yepe3 TOUKH ¢ KOOpAUHATAMH X = X, (€)

u X=X (&). Tpaekropus, mpoxomsmas 4epe3 Touky T (T7) ¢ xoopamnaroir XO(— X, X (€))

(xO(x,(£), %)), w-npenensra x I, , Beixoxut u3 U npu yObiBaHuu BpemeHu B touke V,, (Vi) , ec-

m €, <X< X (&) (X, (&) < x<=¢,),B10uKe Y\ (Vi) ecimt X, < X<E, (=€, <X<X,), U ABIACTCS BBI-

xomsei cenaparpucoii L, (L) cenma O (O] ), ecnmu X=¢&,(X=-¢,).
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Takum o6pasom, noBezeHHe TpaeKTOpuii BeKTOpHBIX noner X, B U mpu £UE, Takoe, kak H30-

Opaxeno na puc. 3.Cnyuwan eJE; u £0B,,; (] =1,2,3,4) paccMaTpuBaroTCs aHAIIOTHYHO.
I'py6octs BekToprbix nonedt X, 8 U mpu £UE; (] =1,...,5) cnenyer us rpyboctu 0coObIX TOUEK,

3aMKHYTBHIX TPAEKTOPHI M OTCYTCTBHS TPaeKTOpHil, MAyIIHX u3 cemna B cemmo [4]. Ha stom moxasa-
TEIHCTBO TEOPEMBI 2 3aKOHUYEHO.
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BIFURCATIONS OF A POLYCYCLE FORMED BY TWO SEPARATRI X LOOPS
OF A NON-ROUGH SADDLE OF A DYNAMICAL SYSTEM
WITH CENTRAL SYMMETRY

V.Sh. Roitenberg
Yaroslavl State Technical University, Yaroslavl, Russian Federation
E-mail: vroitenberg@mail.ru

A family of smooth dynamical systems defined on pilene and depending on a two-dimensional
parameter varying in a neighborhood of zero is ic@med. All systems of the family are assumed to be
invariant under a symmetry transformation about ¢higin. At zero value of the parameter, the
dynamical system has the simplest non-rough salddtb,outgoing separatrixes of which go to the same
saddle, forming two loops. The polycycle “eighttnsisting of the loops, is an attractor of thistegs
It has a neighborhood, at the boundary points of which all trajectoradssystems of the family with
parameters close to zero entdr Under the condition of general position, bifurcas in the
neighborhood U of the polycycle are described wihenparameter changes. The values of the parame-
ter in a small neighborhood of zero, for which #ystem is non-rough i, form five smooth curves
entering the origin, dividing this neighborhoodoirtonnected components, for values of the parameter
from which the systems of the family are rough. Each component, the topological type of the
corresponding dynamical systems in U is descritbedoarticular, the regions of the parameter are
indicated for which the system has a single atraictU — a node, two attractors — a hode and a cycle
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homotopic in U to a polycycle, or two symmetric lieghomotopic irlJ to loops from a polycycle, as
well as three attractors — a node and two symmeyites.

Keywords: family of vector fields on the plane; ttehsymmetry; invariance; non-rough saddle;
separatrix loop; polycycle “eight”; bifurcation; siole limit cycle.
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EXACT SOLUTIONS OF THE HIROTA EQUATION
USING THE SINE-COSINE METHOD

G.N. Shaikhova, Y.S. Kalykbay
L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan
E-mail: g.shaikhova@gmail.com

Nonlinear partial differential equations of mathematical physics are consid-
ered to be major subjects in physics. The study afxact solutions for nonlinear
partial differential equations plays an important role in many phenomena in
physics. Many effective and viable methods for finidg accurate solutions have
been established.

In this work, the Hirota equation is examined. Thisequation is a nonlinear
partial differential equation and is a combination of the nonlinear Schrodinger
equation and the complex modified Korteweg—de Vriegquation. The nonlinear
Schrédinger equation is the physical model and occsl in various areas of phys-
ics, including nonlinear optics, plasma physics, gerconductivity, and quantum
mechanics. The complex modified Korteweg—de Vrieggaation has been applied
as a model for the nonlinear evolution of plasma was and represents the physi-
cal model that incorporates the propagation of trasverse waves in a molecular
chain model and in a generalized elastic solid.

To find exact solutions of the Hirota equation, thesine-cosine method is ap-
plied. This method is an effective tool for searchig exact solutions of nonlinear
partial differential equations in mathematical phydcs. The obtained solutions can
be applied when explaining some of the practical mblems of physics.

Keywords: Hirota equation; sine-cosine method; soly ordinary differential
equation; partial differential equation; nonlinesyi

Introduction

Nonlinear partial differential equations (PDESs) aiidely used as models to describe physical phe-
nomena in various fields of sciences such as bylsglid state physics, fluid mechanics, plasmasphy
ics, plasma wave, condensed matter physics, chephigaics, optical fibers, and chemical physics [1]
Various powerful methods such as, Darboux transition method [2], Hirota’s method [3] and sine-
cosine method [1, 4-6], modification of the trumchtexpansion method [7], have been developed to
obtain exact solutions of these equations.

In this work, we study the Hirota equation

iqt + qxx + 2|q|2 q+ ia'qxxx'i' 6i0’| dz qx: 0, (1)
where q(x,t) is a complex valued function of the spatial cooatie x and the timet, o is a real con-

stant,i is imaginary unit. The equation was introducedi8jand studied in [9—11]. It is a combination
of the nonlinear Schrodinger equation and the cerphodified Korteveg—de Vrise equation. When
a =0 the Hirota equation (1) can be reduced to theineat Schrédinger equation.

1. Review of the sine-cosine method
In this section, we describe the sine-cosine mefhpd—6]. According to the sine-cosine methayd
usingawave transformation

u(x.t) =u(¢) &= (x-ct), ) (2
the partial differential equation (PDE)
E; (U, U, Uoer Uoooe+) = O, 3
can be converted to ordinary differential equa(ODE)
E,(uu, U, J,...)=0 (4)

Then the equation (4) is integrated as long adesths contain derivatives where integration
constants are considered zeros. The solutions & @Pcan be expressed in the form [1, 4-6]
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T
(=) o () KI5, ©)
0, otherwise,
or
in? L
u(x =] WK<, ®)
0,otherwise,

whereé = x—ct, the parameteng andg will be determined, angd is wave number andis wave speed
respectively [1]. The derivatives of (5) become

(u" (146)) = -3 cos () sirf ) (7)

(1" (1)) =n242p2A" coS (e y+nuA"B 08 - Deod” ? ¢ ) ®)
andthederivativesof (6) have nextforms'

(u" (1)) = nBA"sin™* () cod ué) 9)

(4" (12)) =-nZu2B2A"Sin (uE)+ np®A"B (B - Dsin® 2 i€ ), (10)

and so on for the other derivatives. Applying (8B)(into the reduced ordinary differential equat{dh
we obtain a trigonometric equation obs (,uf)or sin’ (,uf) terms. Then, we determine the parameters
by first balancing the exponents of each pair dfim® or sine to determing®e. Next, we collect all
coefficients of the same power @os (u¢) or sin' (&), where these coefficients have to vanish. The

system of algebraic equations among the unkngwand p will be given and from that, we can
determine coefficients.

2. Implementation of the sine-cosine method
We consider the Hirota equation (1). By transfoiorat

q= ei(ax+dt)u( X,t) , (11)
where a,d are real constants, the equation (1) can be cat/éot
—du+iy +2iau + u, - gw2F-38ary-3a y+ & v d y,- 6@  6ai 6y 0 (12)
By separating real and imaginary parts in the egudi2) we obtain the system of equations

—-du+tu, - dut20¢-3a@ y,+ 4r w6 a 0=0, (13)
u, +2au, - 3&a u +a u,,+ & f u= 0. (14)
Substituting the wave transformation
u(x.t) =u(¢&)=u(x-ct), (15)
into system of equations (13)—(14) we get the foihy two ordinary differential equations:
(a3a— a’ - d) u+(1-3ar) u+ 2(1- 3@) 4= 0 (16)
(~c+2a-3da) uraus 2( F) = 0 (17)

Integrate equation (17) once, with respect,tgields
(—c+2a— 3a2cr) utau+ 2y ¢ = L (18)
where L is constant of integration.

As the same functiom(f) satisfies both equations (16) and (18), we obtiaé following con-
straint condition:
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ad-a’-d _(1-3aa)
-c+2a-3aa a
By using condition (19), we have

,  L=o. (19)

(a3a2 - da - aza)

c=2a-3&a - (20)
(1-3aa)
We can rewrite second order ordinary differentglation (16) as
3., .2
U+ 2u3+[a”—adju= 0. (21)
1-3aa
In next subsection, we solve the equation (21)eysine-cosine method.
2.1. The sine solution
According to method the solution of the (21) carfdaend by transformation
u(ué) = Asin” (ué). (22)
To find sine solution we use (22) and its derivativ
u"(ué) =~ > B2Asinf (ué) + u2AB(B - 1) sirf%(g) (23)

Substitute (22) and (23) into (21) we get
. s . jo-a-d,
—12B2Asin? (ug) + p2AB(B - 1) sitf~2(ug) + A3 sir (ué) + % ) sifi(ug)= C(24)
Using the balance method, by equating the expomﬂrﬁ'mj ( 24) we determines :
L-1#£0,
B-2=30 = B=-1 (25)
Substitute (25) in (24) we obtain next equation
3., .2
1 PAsin Y (pE) + 2uPA sin 3 ué) + 23 sin¥(uf) + % ) sin{(ué)= (26)

Equating the coefficients of each pair of the dimections, we find the following system of alge-
braic equations:

3 2
. a‘a-a"-d
sin(ué) : -1 +(1_—)A =0, (27)
sin?(ué):  2Auf+21°=0. 28]
From (27)—(28) we have
3 2 2 2
a‘a-a"-d a“+d-A1
=+ , a= , 29
M= () 7 _3a1? (29)

wherea,d . are real numbers.

Substituting (25), (29) into (22) and then obtaieagression into (11) we have the sine solution of
the Hirota equation

3 2
i - -a°—-d
x )= +d@d) gt (Aa7a 7 g 30
(%9 v G (30)
3.2 2
a‘a“—-da-aa 2 2
wherec=2a—3a2a—( ),aza +d-4 .
(1- 30) a®-3ai?
2.2. The cosine solution
To find cosine solution we use
u(ué) = Acod (ué), (31)
and its second order derivative
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u"(ué) = ~u* B2 cod’ (ué) + u?AB(B~ ) cob ?( ) (32)
Substitute (31) and (32) into (21) we get
-1 B Acod (ué) + 1PAB(B - 3 cod2(u)+ 2% co¥ (ué)+ —a(‘l’— ) cb{ue)=  (33)
Using the balance method, by equating the exportnEEm:esJ ( ) we find g :
B-1%0,
LB-2=308 = pB=-1 (34)
Substituting (34) in (33) we obtain next equation
—1PAcos (uE) + uA cos¥(ué)+ 23 cos(ué)+ M N codué) = (35)

From (35) equating the coefficients of each paithef cosine functlons, we find the following sys-
tem of algebraic equations:

3 2
_ -a°-d
cos’ . 2+@272 9,0, 36
(u€) HA+ (o) (36)
cos®(ué):  20P+24%=0. (37)

Solving system (36)—(37) leads to the results,

ala-a’-d a’+d-4°
U= +/ < ), == 38
( - 3aa ) a®-3al? (38)

where a,d,. are real numbers.
Substituting (34), (38) into (31) and then obtairggression into (11) we have the cosine solution

) 3, _ 42 _
O (% 1) = 2@+ cos‘l{ alclr_—;ad( - cﬁj (39)
3.2 . .2
Wherec:Za—Saza—(aa da aa),a=a2+d_/‘2.
(1-3aa) a®-3a1?

Conclusion

The sine-cosine method was effectively used foratimytic treatment of the Hirota equation. Exact
solutions were derived. The obtained solutionstware an application to some practical physical prob
lems. As the Hirota equation is a combination @& tlonlinear Schrddinger equation and the complex
modified Korteveg-de Vries equation in cage= 0 we can get exact solutions for the nonlinear
Schrédinger equation. The applied method can be ws&rther works to establish more entirely new
solutions for other kinds of nonlinear evolutionti differential equations.

The research work was prepared with the finandiglport of the Committee of Science of the Min-
istry of Education and Science of the Republicafdkhstan, IRN project AP08956932.
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TOYHbIE PELUEHUA YPABHEHUA XUPOTA
C MNOMOLLbIO METOOA CUHYC-KOCUHYC

I.H. lWaiixoea, bl.C. Kanbik6ali
Espasutickuli HayuoHarnbHbIl yHusepcumem umeru J1.H. 'ymunesa, 2. Hyp-CynmaH, KasaxcmaH
E-mail: g.shaikhova@gmail.com

Henuneiiapie nuddepeHimanbabie YpaBHEHNS B YaCTHBIX MMPOU3BOHBIX MaTeMaTnieckoil (hu3nku
SIBIIIIOTCS. BaYKHBIM O0BEKTOM B (pusuke. Tak, M3ydeHHE TOYHBIX PELICHHH HEIMHEHHBIX YPaBHCHHI B
YaCTHBIX MMPOU3BOIHBIX UTPAET BAKHYIO POJIb BO MHOTUX SBJICHUAX B (husuke. CylmecTBYyeT MHOXKECTBO
3G GEKTUBHBIX U JCHCTBCHHBIX METOJOB HAX0XK/ICHHS TOYHBIX PEIICHHN.

B nmamHo#l paboTre wWcClieoBaHO ypaBHCHHE XHPOTHI. JTO YpaBHEHHUE SBISCTCS HEIWHEHHBIM
YpaBHEHUEM B YAaCTHBIX MPOU3BOJIHBIX U MPEJCTABISET COOONW KOMOWHAIMIO HEIHMHEWHOTO YPaBHCHHUS
[lIpenuHrepa ¥ KOMIUIEKCHOTO MOTU(HUIIMPOBAHHOTO ypaBHeHUs Kopresera—ie ®pwuza. Henuneiinoe
ypaBaenue Illpenmnarepa sBmsercs (U3NIECKOW MOIENBI0O M BCTPEUAETCS B PA3NUYHBIX 00IACTAX
(M3MKK, BKIIOYash HEIUHEWHYIO ONTUKY, (U3UKY TIJIa3Mbl, CBEPXIPOBOIUMOCTh W KBaHTOBYIO
Mexanuky. KowmrimiekcHoe wmomuduipoBanHoe ypaBHeHue KopreBera—nme ®pusa npumeHsieTcss B
KayecTBE MOJICIH HEIMHEHHON DSBOINIOIUK IUTa3MEHHBIX BOJNH W TIPEJCTABISET COOOW (UIMUECKYIO
MOJIEJTh, KOTOpasi BKIIFOYAET PAacCIpOCTpaHEHHE MOMEPEYHBIX BOJIH B MOJENN MOJEKYJISPHON HENOYKH U
B 0000ILIEHHOM YIIPYTOM TBEPIOM TeJl€.
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JI1st HaXOKIEHUST TOYHBIX PEIICHUN ypaBHEHUST XUPOTHl NPUMEHEH METOJl CHHYC-KOCHUHYC. DTOT
METOJ SBISETCS 3PPEKTUBHBIM HHCTPYMEHTOM JJIS TIOUCKA TOYHBIX PEIICHUN HETMHEHHBIX YpaBHCHUN
B YaCTHBIX MPOM3BOJHBIX MaTeMaTHueckol (usuku. [ToaydeHHbIe penieHrs MOTYT UMETh MPHIIOKEHHE
JUTSE OOBSICHEHHST HEKOTOPBIX TPAKTHUECKHUX 3a/1a4 (U3UKH.

Knioueswie cnosa: ypasuenue Xupomovi, memoo cunyc-xocunyC, peuienue, 0ovikHosenHoe ougge-
PpeHyuaibHoe ypaghenue, oug@epenyuanvroe ypagrnenue 8 YaCHbIX nPOU3BOOHbIX, HEIUHEUHOCTb.

JlntepaTtypa

1. Wazwaz, A. Partial Differential Equations andit8oy Waves Theory / A. Wazwaz. — Springer-
Verlag Berlin Heidelberg, 2009. — 700 p.

2. Darboux Transformation and Soliton Solution fbe (2+1)-Dimensional Complex Modified
Korteweg-de Vries Equations / G. Bekova, K. Yesnaaidva, R. Myrzakulov, G. Shaikhova // Journal
of Physics: Conference Series. — 2017. — Vol. 938. 012045 (1-6).

3. Kutum, B.B.Q-Soliton Solution for Two-Dimensiona} Toda Lattice. Bulletin of the Karaganda
university / B.B. Kutum, G.N. Shaikhova // Physsesies. — 2019. — no. 3(95). — P. 22-26.

4. Wazwaz, A.M. The Sine-Cosine Method for ObtagnBolutions with Compact and Noncompact
Structures / A.M. Wazwaz /I Applied Mathematics abdmputation. — 2004. — Vol. 159, Iss. 2. —
P. 559-576.

5. Yusufoglu, E. Solitons and Periodic Solution<oiupled Nonlinear Evolution Equations by us-
ing Sine-Cosine Method / E. Yusufoglu, A. Bekirliternat. J. Comput. Math. — 2006. — Vol. 83,
Iss. 12. — P. 915-924.

6. Wazwaz, A.M. A sine-cosine method for handlirgnlinear wave equations / A.M. Wazwaz //
Mathematical and Computer Modeling. — 2004. — M0l. Iss. 5. — P. 499-508.

7. Exact solutions for the (3+1)-dimensional Kudtyav-Sinelshchikov equation / G.N. Shaikhova,
B.B. Kutum, A.B. Altaybaeva, B.K. Rakhimzhanov dudnal of Physics: Conference Series. — 2019. —
Vol. 1416. — P. 012030(1-6).

8. Hirota, R. Exact Envelope Solutions of a Nordin&vave Equation / R. Hirota // Journal of
Mathematical Physics. — 1973. — Vol. 14, Iss. P.-805-809.

9. Sasa, N. New-Type of Soliton Solutions for ah¢igOrder Nonlinear Schrodinger Equation /
N. Sasa, J. Satsuma // J. Phys. Soc. Jpn. — 194dl. 60, no. 2. — P. 409-417

10. Karpman, V.I. Dynamics of Solitons and Quagsigns of the Cubic Third-Order Nonlinear
Schrédinger Equation / V.I. Karpman, J.J. Rasmus&€b. Shagalov // Phys. Rev. E. — 2001. — Vol. 64,
Iss. 2. — P. 026614.

11. Tao, Y. Multisolitons, Breathers, and Rogue Wafor the Hirota Equation Generated by the
Darboux Transformation /Y. Tao, J. He // Phys. Rew- 2012. — Vol. 85, Iss. 2. — P. 02660(1-7).

Ilocmynuna 6 peoaxyuro 24 mapma 2021 2.

Crenenns 00 aBTOpax

[laiixoBa "ayxap Hypmuoexona — PhD,nonent, EBpasuiickuii HallMOHaIbHBIA YHHBEPCUTET HME-
au JL.H. I'ymunesa, r. Hyp-Cynaran, Kaszaxcran, ORCID iD: https://orcid.org/0000-0002-0819-5338,
e-mail: g.shaikhova@gmail.com

Kanpik6aii blpricOaii — EBpasuiickuii HaunoHanbHbiii yauBepcurer umenu JI.LH. 'ymunesa, r. Hyp-
Cynran, Kazaxcran, ORCID iD: https://orcid.org/0000-0002-1465-8298.

52 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2021, vol. 13, no. 3, pp. 47-52



MexaHuka

YOK 539.4 DOI: 10.14529/mmph210307

ONUCAHME OEPOPMALIMOHHbLIX CBOWUCTB MATEPUAIOB
NMPU PACYHETAX MAJTOLIMKITOBOU YCTAJIOCTHU

0.®. Yephsieckul, A.O. YepHsieckul
tOxHo-Ypansckutli 2ocydapcmeeHHbIl yHusepcumem, 2. YensbuHck, Pocculickass @edepauyus
E-mail: cherniavskiiao@susu.ru

PaccmaTpuBaTCS BOIPOCHI JOCTOBEPHOCTH Pe3yJbTATOB PacueTOB J0Jr0-
BEYHOCTH KOHCTPYKIHIi, pa0oTalomuX B yCJOBHAX HHMKIHYECKOr0 HEyNmpyroro
nepopMuUpoBaHMs. YYUTBHIBAETCSI OrPAHMYEHHOCTHh HMMeKOUIelcsl IKCIepUMeH-
TaJbHOH NHGOPMANHMH 1 0CO0EHHOCTH PAaCYETHBIX TEXHOJIOTHIA.

IMoka3aHo, YTO AejieHHe MpOLECCAa IKCIUIYATAIIMH HAa cTagud (mpupadoTka,
crafuibHasi pa6oTa, mpeapa3pylleHne) U SIBHOE BbIIeJIEHHEe THIOB HEYNpPyroro
HUKJIAYECKOro ae)opMHpPOBaHUs (3HAKONEPeMeHHOe Te4deHHe, OJHOCTOPOHHee
HakomieHne gepopmManuii, MX KOMOMHAIMS) MO3BOJSIOT YKa3aTh, KaKiHe U3 pe-
3yJbTATOB OrPaHHYEHHBIX PacyeTOB, MpOBedeHHE KOTOPHIX BO3MOKHO B Cero-
JHSIIHUX YCIAOBHUSX, SIBJAIOTCH JA0CTOBEPHBIMH, a Kakue — 3aBeqoMo HeT. be3
TaAKOro [JejeHHs] 000CHOBATH /JOCTOBEPHOCTH Pe3yJbTaTOB HEBO3MOKHO — IO
KpaliHell Mepe B HacTOsIllee BpeMs, MOKa GU3NYECKHE «TIePBONPHHIUITHBIC» MO-
JAeTd MATEPHATIOB CIUIIKOM CJIO0KHBI JJIsl IPUMEHEHUs] B pacdyeTax KOHCTPYK-
IMii, a IMIHPHYECKHEe He MOIYT ObITh NMOCTPOCHBI HM3-32 HEAOCTATKA JAHHBIX.
IIpuBeneH npumep pacdera, AeMOHCTPUPYIOIIUI KAK HECTAHAAPTHOE MCIOJIL30-
BaHUe cymecTByromux B nakerax MKJ cpeacrs ajs 0o0Jiee MOJIHOT0 ONMUCAHUSA
CBOIICTB MaTepHa/a, TAK H CylIeCTBEHHOEe pa3inyHe pe3yJbTATOB B 3aBHCHMO-
CTH OT coco0a yyeTra paccMaTpuBaeMbIX 3Q(eKToB.

Kniouesvie cnosa: manoyukiosas ycmanocme, 3HakonepementHoe 0ehopmuposa-
Hue; npocpeccupyroujee HaKonjienue degpopmayuil, paciem KuHemuxku degopmuposa-
HUS.

BBenenue

J1oNTOBEYHOCTh KOHCTPYKIIMIA TP MAJIOIIMKJIOBOM HarpyXeHHH JIMIMUTHPYETCS JIN00 00pa3oBaHu-
€M TpPEeUINH, TN00 HAKOIUIEHHEM HEeIOIMYCTHUMBIX MepeMEIIeHUH, T. €. N3MEHEHHEM T'e€OMETPHUU KOHCT-
PYKIIVMH, JETA0NIMM HEBO3MOXHBIM €€ JAalbHEIee UCroib3oBanue. [lepBoe U3 ATUX MpEebHBIX CO-
CTOSIHWH, T. €. 00pa30oBaHHE TPEIIMH, BCTPEUACTCS Yalle, U €ro HCCICIOBAHUIO MOCBSIIEHO OOJBIIOES
qrcio pabot — [1-6u ap.]. MeTop! SKCIIepUMEHTAIBHBIX UCCIEIOBaHUM cTaHmapTH30Bansl [7—9], a ux
Pe3yNIbTaThl MPECTABIAIOTCSA B BUIE KPUBbIX ycTanocT [10—12] wiu 3aKOHOB CyMMHPOBaHHS IIMKJIIH-
YEeCKUX M CTaTHYECKUX MoBpekaeHui [3, 13].

Heymnpyroe nehopMupoBaHrue KOHCTPYKLMH COMPOBOXKIACTCS Mepepacupe/e/iCcHHeM HaNpsHKeHUH,
U OTIpEJICIICHUE pa3MaxoB jJedopMaliiii B OTaCHOW TOYKE KOHCTPYKITUU TpeOyeT ydera nedopMarmoH-
HBIX CBOMCTB MaTepuaa (B OTJIMYHE OT UCTIBITAHUA 00pa3lioB HAa MATOIUKIOBYIO YCTAIOCTh B YCIOBUAX
OJHOPOHOTO HANpPsLKEHHO-IeGOopMUpOBaHHOTO cocTosHus). CoBpemenHbie makeTsl MKD cHsnmu Bo-
MPOC y4eTa pearbHON TeOMEeTpUH IETalld, HO BOIPOC ONFCAHWS CBOWCTB MaTepHaja Helb3sl CUMTATh
OKOHYATEJILHO PEIICHHBIM. 3a TpeeliaMi YIIPYTroCTH 3TH CBOWCTBA 3aBUCST HE TOJBKO OT TEXHOJIOTHH
W3TOTOBJICHUS, HO M OT BCEH MPEIIISCTBYIONICH UCTOpHH HEeynpyroro aeopmuposanus. KoHkpeTHbIC
TIPOSIBIICHISI 3TOM 3aBUCHMOCTH BeCbMa pa3HooOpasHbl. ClieICTBHEM SIBIIIOCH TIOSIBIICHHE B OMOIHMOTE-
Kax CBOMCTB MaTepHayioB makeTroB MKD MHOIMX HECATKOB pas3iMdHBIX Mojeneil nedopmuposanus [14,
15], pa3BUBaONIMXCS B HAMPABJICHUH MOMBITOK OXBATHTh Bce Oombimuii Kpyr a¢ddekxros. Yarie Bcero
9TH MOJEJH MPHUBOAATCS 0€3 yKa3aHHs KOHKPETHBIX TPAaHUI] MPUMEHUMOCTH. OTCyTCTBHE OOIIETIPHHS-
TOTO TIOJIXOZA C TIOKA3aHHOW aJ]eKBaTHOCTHIO KOMITEHCHPYETCS OONBIIMMH KO3 (HHUITHEeHTaMH 3araca 1o
quciay nukioB (Hanpumep, Ny = 108 [12]). Pe3ynbraTom sABISIETCS CYIIECTBEHHOES COKPAICHUE MAHCRB-
PEHHOCTH KOHCTPYKIIHIA, BOBMOXKHOCTEH U CKOPOCTEH M3MEHEHHUS PEKUMOB PaOOTHI TPU HOPMAIBHOM
JKCIUTyaTallHH.
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B 10 xe BpeMs neopMalMOHHBIX XapaKTEPUCTUK, ONPECIIIEMbIX B CTAHIAPTHBIX HCITLITAHUAX Ha
MAaJIOLIMKJIOBYIO YCTaJOCTh, MOXKET OKa3aThCsl JOCTATOYHO IS pacueTa B HEKOTOPBIX ciydasx. Takoit
MOJIX0JI, pacCMaTpPUBAaeMbIii HH)KE, BO3MOXEH Ha OCHOBE AM(QepeHIHalMi Pa3IUIHbIX THIIOB Malo-
IIUKIJIOBOTO JeopMUpOBaHHs, CTaTui pabOTHl KOHCTPYKIIMH U IIEJIeH pacueToB.

THunbl M CTATUN MAJIOUMKJIOBOTO Ae(popMUPOBAHNS

B mupoxo u3BecTHOM pabore [16] ObLIH BeIOEIEHB 3 THIIA HEYIIPYTOro aedopMUpoBaHus (3HAKO-
HIEPEeMEHHOE TEYCHHE, IPOrPECCUPYIOIIee HAKOIUICHHE AeopMaliii, UX KOMOWHALUS) U JUIS MOJEIb-
HOW KOHCTPYKIIMH OIPEICICHb KOMOMHAIIMN HArpy30K, MPUBOAIINX K pPeaau3aliy KaxJaoro TUMa Jie-
¢dopmupoBanus. Pemenne Breesonuio B HopMaTuBHbIE JokyMeHTHI [10] 1 OBUTO pacmpocTpaHeHO Ha
JIPyTHe KOHCTPYKITHH.

OTMeTHM HEKOTOpBIe OCOOCHHOCTH pemeHus Bree.Bo-mepBbiX, OHO MOMYYEHO I UACAIBHO YII-
PYTro-TUTaCTUYECKOr0 MaTepraia CO CBOMCTBaMHM, HE 3aBHCAIIUMH OT TUMA AeQOPMHPOBAHHS B ITHKIE
(9KCIIepUMEHTBI — CM., HarmpuMmep, [17] —mokassIBaioT, 94TO 3TO HE Tak). Bo-BTOpHIX, pemeHre Breeos:-
JI0 BBITIOJTHEHO C MCIIONB30BaHUEM KpHUTepHs TeKyudecTH Tpecka — Cen-BeHana, moBepXHOCTh TEKY4eCTH
KOTOPOTO KyCOUYHO-JHMHEHHAa. Takoi XapakTep MOBEPXHOCTH TEKYYE€CTH BMECTE C aCCOIMHUPOBAHHBIM
3aKOHOM TEYEHHUS W OOYCIOBWIJI CYIIECTBOBAaHHE OOJACTH «HHUCTOTO 3HAKOIIEPEMEHHOTO TEYEHHUS» KO-
HEYHOTO pa3Mmepa — puc. 1. Eciau BeKTOPBI CKOPOCTH IIACTHYECKON JiehopMalivik B 2 MOMEHTa BPEMEHHU
[IUKJIA TAapaIeIbHBI, TO UX CyMMa MOXeT ObITh paBHa O (UHMCTOE 3HAKOMIEPEMEHHOE TeueHHe Oe3 HaKo-
wieHus aedopmaiuii). s kpurepus Museca napajiebHOCTh 3THX BEKTOPOB JOCTHIACTCS JIHIIb TPH
WJIealIbHOW CUMMETPUM 1UKJIA HAIPSKEHUH; IUKJ, CMEIIEHHBIN MOCTOSHHONW Harpy3KoW OT Haudala Ko-
OpJMHAT, COMPOBOXKIACTCS HAKOIUICHUEM JedopMaruii — cM. puc. 1. Hy’)kHO OTMETHTB 371eCh pa3HUILY
MEXXIy CHJIOBBIM M KHHEMAaTHYECKUM — CKa)KeM, TETUIOBBIM — HarpykeHuem. lIpn knuHeMaTH4ecKoM Ha-
Trpy’KeHHHU BBIpabaThIBa€Mble OCTaTOYHBIE Ae(pOpMaly MPUBOIAT K CHMMETPH3AINHU IHKIIA, a TP CH-
JIOBOM Harpy>keHu# — HeT. B 3agadue Bree,monenupyromeii peansHyro koHCTpyKuuio — TBIJI atomuoro
peaxTopa, — CHJIOBOE M KHHEMATHYeCKOE HAarpy>KeHUE COUYETAIOTCS: BHYTPEHHE JIaBIIEHHE COOTBETCTBYET
CHJIOBOMY HarpyXeHHIO, a Tiepernaj TeMnepaTtyp — knHemaTudeckomy. OIleHHBaTh COOTHOIIEHUE MEXKIY
pasmaxoM aedopmanuii B UKIIC ¥ HAKOIUICHUEM 3a IUKJI MOXXHO Yepe3 BEIHMYHHBI COOTBETCTBYIOIIMX
noBpexicHuH. [Ipumep pe3yabTaToB KOHEUHO-3JIEMEHTHBIX pacueToB 3a1ayn Breec ucnonbp3oBanueM
KpUTEpHsI TeKy4ecTH Mu3eca 1 METOIUK pacueTa CTaATHYECKOTO U IUKIMYECKOro moBpexaeHus u3 [13]
MIPHUBEJICH HA pHC. 2.

3amaya BreexapakTepHa TeM, 4TO B pacCMaTPUBAEMOW KOHCTPYKIIMU — JJIMHHOW ATHH]IPHYECKOM
000JI0YKe — OTCYTCTBYET IepepacrpezesieHie HANpsHKEHHH MO JJIWHE W OKPYKHOCTH,; MMEHHO 3TO
o0ecrnevnBaeT BO3MOKHOCTh CYIIECTBOBAHHUS «UHUCTOTO HAKOIUICHHS Aeopmarnuii». [ KOHCTpyKunit
C KOHIICHTPAaTOpaMU HANpPsHKCHUN U JIOKAIBHON 30HOW HEYNPYroro MUKIUYECKOTo jae(opMUpoBaHUS
TaKO€ HAKOIUICHUE MOXKET OBITh UCKIIIOYEHO —3a CUET yNPYroil yacTu KOHCTpYKIHuH. OIHAKO 3TO BEPHO
JIUTIE JUTSE CTAOMITBHOTO IHUKIIA, T. €. CTAIuH CTa0MIBbHON pabOThl KOHCTPYKITMH. Ha cramusx mpupadboT-
KH U TIpepa3pylIeHHs 3TO HE TaK.
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Puc. 1. NosepxHocTu Tekyuyectn Tpecka—CeH-BeHaHa n Museca
(1 BeKTOpPLI CKOPOCTM NnacTuyeckon aecopmauunn B pasHble MOMEHTLI LiIMKNa)
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Puc. 2. PewwieHue Bree n gonu ctaTMyeckoro U LIMKNMYeCKoro NoBpexaeHusa npu ucnonb3oBaHuMM Kputepus Museca: a)
MHTEHCUMBHOCTb pa3MaxoB Aedopmauum 3a LMK, 6) MHTEHCUBHOCTbL NpupalLeHuin gedopMauum 3a LUKI; B) AONS LMK-
NINYECKOW COCTaBMnAOLWEN B CYMMapHOM NOBPEXAeHUU 3a LIUKI

Marepuan B pemennn Breemnonaraercs cTaOMIBHBIM. CBOIMCTBA HE MEHSAIOTCS OT IUKJIA K IUKITY H
HE 3aBUCAT OT TuMna JedopmupoBanus. CBOMCTBA pealbHBIX MaTEPHAIOB OT THIA Je(GOPMHPOBAHHUS 3a-
BUCST BCJIEJCTBUE MPOSBICHUS 3P(PEKTOB, HEBO3MOKHBIX MPH OJHOKPATHOM Harpy>XEHHH: MPH 3HAKO-
MepeMEHHOM TEUEHHH — LUKINYECKOe YIIPOYHEHHE-pa3ypOYHEHHEe U MHOTOKPATHOE YCKOPEHUE HEyc-
TaHOBMBLIEHCS MOJI3YYECTH BCIEICTBUE NMPEALIECTBYIOICH IIACTHYECKOH fedopMaluy Apyroro 3HaKa;
MIPU TPOTPECCHPYIOIEM (POPMOM3MEHEHHH — IOBTOPEHUEM B KKIOM IMKJIC HEYCTaHOBHUBILIEHCS TOJ-
3y4eCTH MPH BBICOKHX HANPsDKEHUSX (MOJI3yYecTh HUKE HE pacCMaTpUBACTCS).

Ha cramuu npupa®oOTKH OT IMKJIA K UKIY MEHSIOTCS CBOMCTBa Marepuaia (UKINYECKoe YIpou-
HEHUE WU Pa3ylpOYHEHUE) U MOJSl OCTATOYHBIX HANPSHKCHUH M Ae(opMannii B KOHCTPYKIIMU. DKCIIe-
puMeHTHI [4, 17] mokaspIBaloT, 4TO Ui CTAOMIM3aLMK CBOMCTB Marepuaia OOBIYHO JTOCTATOYHO HE-
CKOJIBKHX JECSATKOB IUKJIOB. [IprMepHO Takoe jke KOIMNYECTBO IUKIIOB HYKHO JUIS CTAaOMIN3AIMN TTOJIeH
OCTAaTOYHBIX Aedopmanuii U pa3mMaxoB nedopManuii 3a UK IPH CTAOMIBHBIX CBOWCTBAX Marepuana.
Jnist KOHCTPYKIUH ¢ miaHoBbIM pecypcoM nopaaka 10 000uukioB, HanpuMep aBUAIIMOHHBIX JBUTATeE-
JIeH, TOBpEXIeH!sI, HaKaIjIuBaeMble Ha CTaIlH IPUPaOOTKH, OKa3bIBAIOTCS HEOOIBIIUMH. JTO SBIACTCA
OCHOBAHHEM ISl IOCTATOYHO MHOTOYHCICHHBIX IONBITOK OTPaHHYUTHCS PACCMOTPEHHEM HAKOILICHUS
MOBPEXKICHUH TOJIBKO B CTAOWIIBHBIX IIMKJIAX, CM., Harpumep [18, 19].

OpHako B psize 3a/1a4 TaKoi MOAXO0J HE MOXKET ObITh MCHOJIb30BaH. K HUM OTHOCATCS 3ajadyu pac-
94eTOB KOHCTPYKIMH ¢ MaJbIM IUIAHOBBIM PECYPCOM M pacyeThl Ha CTANH MPeApa3pyIICHNUS.

OC00eHHOCTH TEXHOJIOTHH PacyeTOB KHHETHKH 1eOpMUPOBAHUS

Jnst KOHCTPYKIMH € TUIAHOBBIM PECYPCOM Ha YPOBHE JIECSTKOB M COTEH IIMKJIOB CTaaus Mpupador-
KH MOXKET COCTaBIISAITh 3HAYNTEIBHYIO YaCTh pecypca — 0COOCHHO MPH HAIWYUH TTOJI3yIECTH, BHI3BIBAIO-
el mpojoJpKalonieecs: OT IUKJIA K LUKy M3MEHEHHE TPaHULbl 30HBI HEYIPYTroro AehopMHUpPOBaHUS.
OnHUM U3 BapHaHTOB aHaM3a PabOThl KOHCTPYKLUHU B 3TUX YCIOBHSX SIBISICTCS pacdyeT KMHETHKH He-
yrpyroro aegopMupoBaHws.

CymecTBeHHOE BIMSHUE HA PE3YJIbTaThl pacyeTa 3TOH CTaauu paboThl KOHCTPYKLMK MOTYT OKa3aTh
OCTAaTOYHBIC HANPSDKCHUS U U3MCHEHHUS MPEICIIOB TEKy4eCTH (HAKJICIbl) BCICICTBUE Ae(hOPMUPOBAHUS
B TEXHOJIOTMYECKOM Mporecce. B kauecTBe mpumMepa Ha puc. 3 MOKa3aHbI MONMKIOBBIE PAacueThl KHHE-
TUKU OKPYXHOU nedopmManuu &, oceBoi nedopMaliu & M MHTEHCUBHOCTH AedopMmauuii &§ B 3amade
Bree B cimydae oTCyTCTBHSA M HAMM4YMs TEXHOJIOTMYECKHX OCTATOYHBIX HAmNpspkeHWi. OcTaTovHbIC Ha-
NPSOKEHUST CABUTAIOT METIIO THCTEpEe3nca, U3MEHsIS 3HAUCHNSI HAKOIUICHHBIX K MOMEHTY CTaOWIN3aliu
KOMITOHEHT Jie(popMaIuii 1 pa3MaxoB HHTCHCHUBHOCTH Aedopmanuii (pa3Maxu KOMIIOHEHT U, COOTBETCT-
BEHHO, MHTCHCHBHOCTb Pa3MaxoB IPH ATOM HE 3aBHCST OT OCTATOYHBIX HANPSHKEHUI).

OtMmeTnMm, 9TO pacdeTHOE MOTydeHHE HH(POPMAIMK 00 OCTATOYHBIX HANIPSHKEHUSX U HAaKJIeTax Tpe-
OyeT MOJEIMPOBaHMS BCEr0 TEXHOJOTMYECKOTO MPOLECCa, SBIACTCS CIOKHBIM U MPUMEHSETCS PEIKO.
OIHUM U3 TEPBBIX MPUMEPOB, MMO-BHIMMOMY, MOXKET cuuTaThesi pabota [20]. HecmoTpst Ha pocT BbI-
YHCIIUTEIBHBIX BO3MOKHOCTEH, 3TH 3aJa4uH, IPEKIE BCETO B CHIIy CIOKHOCTH TOJydEHHUs U HEIOCTa-
TOYHOH HaJCKHOCTH UCXOTHBIX JAHHBIX, OCTAIOTCS CKOpPEe YHUKAIBHBIMHU, YEM THITMYHBIMHU.
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Puc. 3. PesynbTaThl NOLMKNOBOro pacyeta Heynpyrux aecdopmaunii B 3aaade Bree npu oTCYTCTBUM UMW Hann4uum Tex-
HONOrMYECKNUX OCTaTOYHbIX HanpsbkeHUn. CnpaBa BBepXy — pacnpeneneHne oKpYKHbIX OCTaTOUYHbIX HANPAXeHU! Ha
Hayvano npouecca

JKCIepUMEHTAILHOE TIONTyYeHne 3ToW MH(OpPMAIUU 3aTPYAHSACTCS HEOOXOIMMOCTBIO Pa3pyIlUTh
Jetans (U1l OnpeesIeHUs] OCTATOYHBIX HAMPSDKCHHUIT) M BBICOKUMHE TPaMEHTaMH CBOMCTB M HaIpsike-
HUH B IPUIIOBEPXHOCTHBIX CJOSX, 30HAX TEPMUUECKOTO BIUSHHUS CBAPHBIX LIBOB U T. II.

JU1st OLIEHKH BO3MOKHOCTH TOJTy4eHHsI HH(GOPMALMK O HAaKJIeNaxX U OCTaTOYHBIX HANPSDKCHUSIX He-
paspyImaroIiM METOJOM OblIa TPEANPHUHATA TOMBITKA MOJCIUPOBAHUS OINPEICIICHHS TBEPIOCTH IO
Bpunemmio B obpasue u3 cranu 12X18H10T. YcnoBus MoaearpyeMbIX HCIBITAHUKA COOTBETCTBOBAIH
I'OCT 9012-59 Ncrtunnas auarpamma aeopMUpOBaHUs MaTepraia CTPOMWIIACH 110 3HAYSHUSIM TIpeena
tekyuectn (196MIIa) u npenena npounoctu (491MIIa) m3 [12] ¢ ucmonb30BaHMEM aIIPOKCHMU-
pyromux popmyn nprumoxennss 3.D k [11]. TTomsiTka oKa3agack HEYIA4HOM: MpeqBapUTEIBHOE PACTS-
xenue 1o 350MIla (1 mociemyromas pasrpy3ka) ¢ LENbIO CO3JaHUS HaKIena U3MEHUIO PacyeTHYIO
BEJIMYHMHY BIABIMBAaHUS MeHee 4eM Ha 5 %0, 4To, mo-BHIUMOMY, JISKUT B TIpE/ieaX TOYHOCTH H3Mepe-
HUH. [IpHauHON SIBISIETCS TO, YTO TPEIBAPUTEIIFHOC PACTSIKCHHUE MOJMHMMAET HAOMIOMaeMBIN TIpemer
TEKYy4eCTH JIUIIb B HAMPABJICHUU MPEABAPUTEIHLHOTO PACTKCHHS, a HA pe3yJIbTaTaxX BIABIWBAaHUS IIa-
pHKa CKa3bIBAIOTCS YCPEIHCHHBIC TI0 HANPABICHHUSM CBOWCTBA (BO3MOXKHO, BIABIMBAaHHUE TPH3MBI B 2
B3aWMHO TEPICHNKYIISIPHBIX HAMPABICHUAX MOTJIO ObI JaTh JOTOJIHUTEIHHYIO HHQOpMAIIHIO, HO TaKHe
UCTIBITAHUS HE SBISIOTCS CTaHAAPTU30BAHHBIMU). BIHUSHUE OCTATOUHBIX HANPSKCHUI HA BIABIMBAHHC
HIaprKa MOXET MacKHpOBaTh Aa)ke 3TO HEOONbLIOE BIMSHUE HAKJIENa, TaK KaK 3HAKW U3MEHEHHUH OKa-
3BIBAIOTCS PA3ITUYHBI.

Takum 00pa3zoMm, TIeTbIO pacyeTa Ha CTaJAuU MPUPAOOTKH MOXKET OBITh OIICHKA IMUPUHBI METIIN He-
yIpyroro ae(pOpMUPOBAHHS JJIsl ONPEACICHHUS YPOBHS IMKIMYECKOTO YNpOYHEHHs (pasynpOvYHEHHS)
Marepuaia ¢ MCIOJIb30BaHUEM IUKJINIECKON KPHUBON — B MPEIIONI0KEHIH, YTO COOTBETCTBYIOIIEE YII-
pounenue (pa3ynpodHEeHHE) yCIeBaeT MOJHOCTHIO pealn30BaThes. Takod pacyer, Mo-BHIUMOMY, HE
MMEET CMBICIIA, €CIH TJIAHOBBIN pecypc KOHCTPYKLUH TOCTATOYHO BEJUK U CTaAMs CTaOMIbHON PabOTHI
(cM. HIKE) TOCTATOYHO MPOJOJDKHUTENIBHA IS TOTO, YTOOBI YCTAHOBUBIIHUECS HA TOW CTaIUM pa3Maxu
Y YPOBHH YIIPOYHEHHUS CJIa00 3aBUCEIH OT CTAJHH MPUPAOOTKH.

Ha craguu ctabuibHO# paboThl €JIMHCTBEHHOCTD PEIICHNs, KaK W3BECTHO, TOKA3bIBACTCS JIUIIb JIJIS
oOmacTeid, Tie UAET IIacTH4ecKoe NeOPMHUPOBAHHE — IPU YCIOBUH M3BECTHBIX CBOICTB MaTepHaa.
VYder NUKINYecKOro YIPOYHEHUS-Pa3yPOYHEHUSI MOXKET OBITh CJeNIaH UTEPAMOHHBIM CITOCOOOM: TIy-
TEM TIOCIIEIOBATENBHBIX PACUETOB HECKOIBKHX IMKIIOB, OIICHKH ITUPUHBI TIETIH TUCTEPE3HCca 1 BEIHYH-
HBl HaKOIUIeHHs AedopManrii 3a MUK, ¥ MOJCTAHOBKH COOTBETCTBYIOIIMX UM CBOWCTB MaTepHaliia — C
TIOCJICTYIOLIMM MTOBTOPEHHEM pacuera. Takas mpoleaypa clIoXKHee, 4eM NMpUMEeHsieMble ceifuac (peanu-
30BaHHbIE, Hanpumep, B makete ABAQUS) mpoueaypsl pacuera CTaOMIBHBIX LUKJIOB, TPEAIOIara-
M€ HE3aBUCUMOCTD JHarpaMM LUKIMYECKOTo IeOpMUPOBaHHS OT Pa3MaxoB M MpUpaLieHud nedop-
MaIiil B IUKIIE.

Ecnu npuparienus nedopmaiivii B IUKIC HEBEJIUKA U CBOMCTBa Marepualia OJIM3KH K CBOMCTBaM
NPU KECTKOM IHKIUYECKOM HArpy»KEHUH, TO B PAacUeT JOJDKHBI OBITh 3AJI0KEHBI JUATPAMMBI ITHKIIH-
YEeCcKOro IeOpMUpOBaHMs B CTAOMIM3MPOBAHHOM JKECTKOM IMKIE Ul KaKIOro 3aJJaHHOTO pa3Maxa
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nedopmarruii B nukiie. I[Ipu OTCYTCTBHM TaKHMX JaHHBIX B CIPABOYHOMN JIUTEPAType B KauecTBE MEPBOTO
TPUOTMKEHHS MOXHO, BHIMMO, PEKOMEHI0BaTh KOPPEKIIMIO KPUBOH OJHOKPATHOTO Ae(opMHUpOBAHHUS
Ha OCHOBE IUKJINYECKOM KpuBOH (cM., HampuMmep, [4]) U TpeAnonokKeH s, YTO MOIYJb YIPYrOCTH HE
MeHsieTcsl. TeXHOMOTHYECKH OIMUCAaTh TAaKOE€ M3MEHCHHE JMarpaMM B CYIICCTBYIOIIMX MaKeTaX MOXKHO
TaK e, KaKk W3MCHEHHE JMarpaMM TpH Harpese. [Ipu 3TOM MOCie pacueTa OMHOTO IHKIa IedopMu-
POBaHUSI KOHCTPYKIIUU B KaXJOW TOUKE (KaKIOM KOHCUYHOM DJIEMECHTE) MOJDKHA OBITh BBIYKCIICHA WH-
TEHCHBHOCTh pa3Maxa HEympyro# gedopmariyu, mo Heil — BeMWYMHA YIPOYHEHHS W BhIOpaHA COOTBET-
CTBYIOIIAsl «TEMIIEpaTypa», ONpeAeisionias auarpammy aedopmupoBanus. [I0BTOpATH MpoIiece HyKHO
70 o0OecreveHus CXOMMOCTH, TIOHUMAaEeMO Kak Majoe OTJIMYHE MOCIeI0BaTeIbHbIX IUKIOB (Ooee
KOPPEKTHBIM SIBJISICTCS CPaBHEHHE HE 2 MOCCIOBATEIBHBIX IIUKIOB, & PE3YJIbTATOB PACUYETOB B TEKY-
IIEM [HUKJIE C pe3yIbTaTaMH SKCTPAIOJISIUH [0 PACCUYMTAHHBIM IMKJIaM Ha OOJIBIIOE YHCIIO IUKIIOB).
Ilpy W30TEPMHUYECKOM HArPYy)KCHHH TaKas MpoIeaypa MOXKET ObITh pealM30BaHa B KOHEUYHO-
JJIEMEHTHBIX MAKeTaX UCMOJL30BAHUEM 3aBHCHMOCTH CBOMCTB OT KBa3H-TEMIECPATYpPhl; HY)KHO TOJBKO
HUMETh B BH/Y, YTO B CYIIECTBYIOINX makeTax (B uacTHOCTH, ANSYS)HeT BCTpOSHHBIX CPEJCTB pacue-
Ta MHTEHCHBHOCTH Pa3MaxoB HEYNPyrux aedopMaIiuii # COOTBETCTBYIOIICH «KBa3H-TEMIIEPATYPhI», 3TO
JIOJKHO OBITh CIIETaHO, HAIIPUMEP, C UCIIOIb30BAHUEM MTPOTPAMMHUPOBAHHS HAa BCTPOCHHBIX S3bIKAX I1a-
ketoB MKD (APDL B ANSYS, Pythors ABAQUS u 1. 11.).

B kauecTBe METOIMYECKOrO MPUMEPa HIXKE PACCMOTPEH pacueT KPyriioro odpasia ¢ KOJbIEBOit
BBITOYKOM. B kadecTBe MaTepuana paccMmatpuBaercs craib 12X18H10T; mmarpammsel aedopmupora-
HUSI, BOCCTAHOBJICHHBIE MO AMMPOKCUMAIIMOHHBIM (opMynaM [4], moka3aHs! Ha puc. 4.
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Puc. 4. Anarpamma aecopMmpoBaHms NpU MOHOTOHHOM Harpy)xeHuu (KMpHas KpMBas), LMKNMYeckas Kpusas (LiTpuxo-
Bas) U guarpammbl 4edopMUPOBaHUsA B CTaOUIbHbIX LIMKIaXxX ¢ pa3HbiMU pa3Maxamu gedopmanui

Jns auarpamMM HUKIXYECKOro AepopMUpoBaHUs (B KOOPAMHATAX O, &+, OTCUHTBHIBAEMBIX OT TOY-
KM PeBepca) UCIONIb30BAHO CTENCHHOE ONMCAaHNUE BUIA 01 = A&, C TOCTOAHHBIM 3HAYCHHEM MOKA3aTEIIs]
n = 0,08 [4]; mHOXHTeNb A ompenessieTcss U3 YCIOBHUS, YTO NPH 33JaHHON aMIUIMTYAE HEYNpyrou ie-
dopManuM &, BEpUIMHBI METEIb T'MCTEpe3rca MOMAnaloT Ha IUKINYECKYI0 KpuByro:. Ilpu 3agaHuu
cBotictB Matepuana B ANSYS yunTteiBaeTcst T0, YTO B MOJCIH MaTepHaja ¢ KHHEMaTHUECKUM YIIPOYHe-
HHEM pealn3yeTcs NMPpUHOUT Ma3uHra, u AuarpaMmbl IUKIMYECKOro e opMUpOBaHuUs 3a1al0TCs B BU-
e «OJJHOKPATHBIX» THarpaMM, HEHTPAIBHO ITOOOHBIX MOJTYYSHHBIM ¢ KOG PHUIUSHTOM nojoous 1/2.

PesynpTaThl pacyeToB CyIIECTBEHHO 3aBHCAT OT METOOUKH. Tak, MakCUMajbHAsh HHTCHCHBHOCTH
pa3Maxa IJIacTHYeCKuX AeOopMamuii 3a IUKJ, PACCUNTAHHAS MIPHU ONMCAHWU CBOWCTB Marepuaia KpH-
BOW omHOKpaTHOTO nedopmupoBanus coctapiseT 1,54 %;npu onmrucaHuy KPUBOW, YIUTHIBAIOIICH YII-
pOYHEHHE, ONpeAeTICHHOE M0 pa3MaxaM aedopmanuil Baaau ot KoHneHTpatopa — 1,87 %;npu nonnom
ydere ynpouHeHHsi (YIPOYHEHHE B KaXKIOH TOYKE KOHCTPYKLHMH 3aBHCHUT OT pa3Maxa nedopManuii B
atoit Touke) — 0,81 % ¢m. puc.5). YuuTeiBas, 9T0 JONTOBEYHOCTH B MAaJIOIMKIIOBOI 00aCTH 00OpaTHO
NPOMOPIMOHANIFHA KBaIpaTy pa3Maxa nedopmanuii B LUKIIE, HAWACHHBIC PA3INYus MPEACTABISIOTCS
OYEHb CYIIECTBEHHBIMHU C TOUKH 3pEHHS OLIEHKU pecypca KOHCTPYKLUH — 10 5 pas.

EnuHCTBEeHHOCTH pemieHHs 00ecIedrBaeTCs JHIIb B TOM ClIydae, €ClIM YIPOYHCHHE 3aBHUCHT OT
pa3maxa geopManuii B cTaOMIBHOM LUKJIE M HE 3aBUCUT OT MCTOPHH. B obmieM ciryyae 3To HE Tak —
cM., Hanpumep, [21]. IIpensioxkeHHast BbIIIe TEXHOJIOTHS IMPEIIoiaraeT OTCYTCTBHE B MPOrpaMMme Ha-
IPY’KEHHS IIEPErpy30K, KOTOPBIE MOTJIH ObI IPUBECTH K IOBBIIICHHOMY YIIPOYHEHHUIO MaTepuaa.
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Ecnu HarpyxeHue SBISETCS HEU30TSPMUIESCKIM WM €CITH B CTAOMIHLHOM ITUKIIC OOHAPYKUBACTCS —
KpOMe pa3Maxa — HaKOIJICHUE HEeynpyroi aedopmMarmu, KOTOpoe MEHSET CBOMCTBAa MaTepuana [17], To
3aMeHa JuarpaMMbl J1e(OPMUPOBAHHS HECKOIBKO OCIIOXKHSETCS. BO3MOKHBIM BBIXOJIOM SIBJISIETCSI CO3-
JlaHue Habopa ONMMCAaHWKA MaTepuaia, KakKIoe 3 KOTOPBIX COMCPKHUT IUarpaMMmy CTaOMIBHOTO Aedop-
MUPOBaHUS B OMPE/ICIICHHBIX YCIOBHSIX, BEIOOP COOTBETCTBYIOIIETO OMMUCAHUS IO PE3ysIbTaTaM pacyeTa
Y TIOBTOPEHUE 3TOU MPOIIEYPHI 10 obecnedeH s cxoauMocTd. Onmucanue 3aBUCUMOCTH YIPOYHEHHUS OT
pa3Maxa W MpUpAIeHUsT HEYIPYTo# AeopMaIii B MUKIIE [IPU STOM TOJIyYaeTcs TUCKPETHBIM (Kycod-
HO-TIOCTOSTHHBIM). B CYIIIECTBYIONIUX MAKETax «3aMeHa» MaTepuaia He MOXKET ObITh CAeTaHa B Cepe/Iu-
HE MPOTPaMMEBI HATPYKEHUS, TOCKOJIBKY MOYYAOIINUECs OIS HAKOTUICHHBIX JedopMaliii U 0CTaTod-
HBIX HaNpsDKEHUI He OyIyT YAOBJIETBOPSATH YCIOBUSM COBMECTHOCTH M YpaBHEHHUSM paBHOBecHs. He-
00x0IuMa UTEpalMOHHAS MPOIleIypa 00eCTIeUeHUS CXOJUMOCTH.

RL ") .

=

% a) 0) B)

Puc. 5. PacnpeneneHue MHTEHCMBHOCTM pa3maxa nractuyeckux gecgopmauuin (B %) B Kpyrnom obpasue ¢ Hagpesom npu
XECTKOM LIMKITMYECKOM HarpyXXeHuu: a) cxema, 6) pacuyeTt 6e3 yyeta LMKINNYECKOro yNpo4HeHus, B) C y4eTOM (pa3HbIi
YPOBEHb YNPOYHEHUA B Pa3HbIX TOYKaX KOHCTPYKLMK)

HauGonee TpymHoil mpoOieMoil SBISETCS pacdyeT Ha CTaJAUW TpeApa3pylICHUs U pa3pylIcHUS.
Huknudeckoe pasynpodHeHHe, XapaKTepHOe IS MaTephaia Ha 3TOW CTaguH, HE MO3BOJIAET CUUTATh
CTaOWIIBHBIN IIMKJI U BBIHYK/IAa€T OTPaHUYMBATHCSA MOLUMKIOBBIMU pacdeTaMH KWHETHKH, TIIaBHOW TpO-
0JIEMOI KOTOPBIX SBISETCS OTCYTCTBUE JOCTOBEPHON MCXOAHON MH(MOpMAIIMU. HU HA CTAIUM MpHpa-
0OTKH, HU Ha CTaJIUU CTAOWILHOW PabOTH HAKOIUICHHBIC JeopMallii He MOTIN ObITh KOPPEKTHO OT-
peneneHbl. Eciy npearnonoxuTh, 9TO 0OCTATOYHBIC TEXHOJIOTUYECKUE JIeOpPMAIH HEBEIUKHU 110 CPaB-
HEHHUIO C PECypCoOM IUIACTHYHOCTH (YTO, OYEBHIIHO, BEPHO HE BCEraa), a HakomuieHHe nedopmaruii B
CTaOMILHOM ITHKJIC B OTTACHBIX 30HAX OLICHEHO Ha MPEABIAYIICH CTaIuH KOPPEKTHO, TO TAKOW pacyeT —¢
COOTBETCTBYIOIINM MOIUKIOBBIM U3MEHEHUEM JUArpaMM JeGOpMUPOBAHUS — MOXKET OBITh ClIENIaH, XO-
T U TpeOyeT, KaKk B MPEeAbLAYIIEeM ciiy4yae, JIOTIOTHEHWH K CTaHJapTHBIM cpeacTBaM makeroB MKD u
00naaeT orpaHU4YCHHON HH(OPMATHBHOCTHIO.

BriBoabI
[onHbIiA «a@IpsMO¥» pacueT mporecca MaJIOIUKIOBOTO Ae()OpMHUPOBaHUS KOHCTPYKIIMH B TCUCHHUE
BCET0 pecypca B HACTOSINEE BpEeMsl HEBO3MOXEH 10 4 MpuirHAaM:

* OTCYTCTBHE OKCICPUMEHTAIbHBIX JAHHBIX JUISI TPOM3BOJIBHOTO HEYNMPYTroro HArpy>KCHHUS,
XapaKTEPHU3YIOIIETOCs HEHYJICBBIMH pa3MaxaMiu U TPHUPAIICHUIMH IHIACTHICCKON AehopManuu B
ukIie (bosee Toro, OTCYTCTBYIOT CTAHAAPTHI TAKUX HCITBITAHHMN);

e OTCYTCTBHE Mojeneill MaTepuana (pusndeckre «IepBOMPUHIMITHBIC» MOJCIH CIUIIKOM CIIOMHBI,
a SMIIUPUYUECKUE HE MOTYT OBITh MOCTPOCHBI U3-3a OTCYTCTBHS JAHHBIX);

e orcyrcrBue (B OOJBIIMHCTBE CIy4aeB) JJOCTATOYHO TOYHOW M TIONHONW HH(pOpMAIMH O
TEXHOJIOTHH U €¢ BIMSHUHN Ha CBOWCTBA MaTepHAaIa;

* TPYAOEMKOCTb M CIOXHOCTh O0OCCIICUCHHSI TOYHOCTH TIPU PACUETe IOCTATOYHO OOJBIIOTO YUCIIA
IIUKJIOB.
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Jlenenue mporiecca dKCILIyaTalu Ha ctaanu (IpupaboTka, crabuinbHas paboTa, mpeapaspyllieHie)
U SIBHOE BBIJICJICHHE TUIIOB HEYIPYTOTro IUKINYECKOro AeGopMUpOBaHus (3HAKOTIEPEMEHHOE TEUCHHUE,
OJHOCTOPOHHEE HAKOTUICHHE Ae(OpMAITiii, HX KOMOUWHAINS) TO3BOJIAET YKa3aTh, KAKKME U3 PE3YIbTATOBR
OTPaHUYCHHBIX PACUCTOB, MPOBEJACHNUE KOTOPHIX BO3MOXKHO B CETOJHSIIHUX YCIOBHUSIX, SBISIFOTCS JTOC-
ToBepHBIMH. be3 Takoro neneHuss 000CHOBATH JJOCTOBEPHOCTh PE3YIHTATOB HEBO3MOXKHO — ITOKa HE yCT-
paHEHBI BCE MPUYMHBI, IEPEYUCICHHBIC B I1. 1.

Hcnons3zyemble B cymiecTByroniux nakerax MKD monenn marepuaioB TPeOYrOT TOMOIHEHUS, 1O-
CKOJTBKY MOTPEIIHOCTH, CBS3aHHBIE C HE YUYUTHIBAEMbIMU UMH (PaKTOPaMHU, MOTYT OBITh 3HAYUTEIBHEI. B
HEKOTOPBIX CIIydasiX TaKHe JIOTONHEHHS yAaeTcsl 00ecieYnTh HeCTaHJapTHBIM UCTIONBL30BAHUEM CYIIe-
CTBYIOIIIUX B MAKETaX CPEJICTB.
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DESCRIPTION OF THE DEFORMATION PROPERTIES OF MATERIALS
IN LOW-CYCLE FATIGUE CALCULATIONS

O.F. Cherniavsky, A.O. Cherniavsky
South Ural State University, Chelyabinsk, Russian Federation
E-mail: cherniavskiiao@susu.ru

The issues of reliability of the results of caldidas of the structures durability operating under
conditions of cyclic inelastic deformation are ddesed. The limited available experimental informa-
tion and the specifics of computational technolsgiee taken into account.

It is shown that division of the operation procés® stages (running-in, stable operation, pre-
fracture) and evident identification of the typdscgclic inelastic deformation (alternating flowne-
sided accumulation of deformations, their comborgtiallow to indicate which of the results of lieut
calculations, possible in today's conditions, atiable and which are certainly not. Without suatia-
sion, it is impossible to substantiate the religbibf the results, at least at present time, wphgsical
“ab initio” models of materials are too complex fe in structural calculations, and the empiracads
cannot be built due to the lack of data. An exanyflea calculation, demonstrating both the non-
standard use of the means existing in the FEM peeskfor a more complete description of the material
properties, and a significant difference in theuttssdepending on the method of accounting forethe
fects under consideration is given.

Keywords: low-cycle fatigue; alternating deformatjgrogressive accumulation of deformations;
calculation of the kinetics of deformation.
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dusunka

YOK 537.5+544.6 DOI: 10.14529/mmph210308
O NMPOLUECCE PA3PAOA SJIEKTPOCTATUHECKNX MOHUCTOPOB

E.C. BozdaHog", O.P. Cyxoea®, A.I". BopoHyoe®

' MBOY «®u3suko-mamemamuyeckuti nuueti Ne 31 2. YensbuHcka», e. YensbuHck, Poccuiickas
®edepauus

2 OXHO- YpanbcKuti eocydapcmeeHHnbili yHugepcumem, e. YensbuHck, Pocculickas ®edepayusi

E-mail: vorontsovag@susu.ru

HecMoTpsi Ha pacTymiy0 MOMYJSIPHOCTL HOHHCTOPOB (CyMepKOHIEHCATO-
PoB), o0IIENPUHATAA MO/eJdb pa3psiaa U eAUHAsT METOAUKA OMUCAHUSA UX Xapak-
TEPUCTHK MOKA OTCYTCTBYIOT. JTO CBA3aHO CO CJI0KHOCTHIO (GU3HKO-XUMHYECKUX
MPOIECCOB, MPOUCXOASINUX B HUX. B 1aHHO# padoTe ObLI NMpoBedeH aHAJIN3 3a-
PSA-pa3psAIHBIX KPHBBIX M3rOTOBJIEHHOTO B JIAGOPATOPWH M TPOMBINIJIEHHOTO
HOHHCTOPOB.

Bb10 moKa3aHO, YTO I HMCCIETOBAHHBIX HOHHUCTOPOB, B OTJIHYHE OT
00BIYHBIX KOHJIEHCATOPOB, XapaKTepPeH ABYXCTYNEeHYATHIH MeXaHU3M pa3psia ¢
OTJIHYAKIIAMHUCI TPUMEPHO HA MOPS/IOK MOCTOAHHBIMH BpeMeHH. BhIcTpBIid
pa3ps ompeaeisieTci BHYTPEHHHMH NAapaMeTPpaMd HOHHCTOPA, a TOCTOSTHHAS
BpPEeMEHH ITOro INpollecca He 3aBUCUT OT CONPOTHBJIEHHs] BHelmHeil memu. Jlist
Me/IJIEHHOTO Tpoliecca MOCTOSIHHAST BPeMEHH JIMHEiiHO 3aBHCHT OT CONPOTHUBJIe-
HUsl BHELIHEH 1eny, M03TOMY 3TOT NMPOLECcC SIBJISIETCA aHAJIOrOM pa3psiia 00bI4-
HOro KoHIeHcaTopa. I3 mapaMeTpoB Me1J1eHHOT0 Mpolecca BO3MOKHO Ompee-
JUTh 3 (PpeKTHBHOE BHYTPEHHEE CONPOTHBJIEHHE HOHUCTOPA U €r0 eMKOCTbh.

CooTHollIeHHE CKOPOCTel GBICTPOro W MeJJIEHHOT0 pa3psiia B cliydasix Jia-
00paTOPHOT0 W MPOMBINLIEHHOT0 HOHHCTOPOB NMPHMEPHO OJWHAKOBO, YTO YKa-
3bIBa€T HA CXOJHOCTH NMPOLECCOB, MPOTeKANIAX B HUX. CylecTBeHHAs] pa3HHIIA
MeKITy HOHHCTOPAMH HA0II0IaeTCs B COOTHOIIEHHH AMILIHTY/ HANPSIKEHUH, €0-
OTBETCTBYIOIINX OBICTPOMY M MeIJ€HHOMY mpomeccaM. jif NpPOMBIILIEHHOTO
HOHUCTOPA BKJIAJ HANPSI)KEHHUsI, MPUXOAANIETOCSl HA MEJICHHbIH (3aBUCAIMIA OT
napaMeTpPOB BHelllHeil [emH) Mpolecc, CyIeCTBEHHO BbIlIe, YTO TOBOPHUT O
foabuieii ero 3gppeKTUBHOCTH NPU PadoTe B NIEKTPHUECKUX LEMSIX.

Kniouegvie cnoea: uonucmop; 3apso-paspsouvie Kpueble, O8YXCHLYNEHYAmblil
paspso.

Beenenue

HouucTopsl (CyNnepKOHACHCATOPBI) — 3TO SICKTPOXUMHYECKUE HAKOMUTE H dHepruu. OHU OTIIH-
YalOTCsI OT OOBIYHBIX KOHIAEHCATOPOB TEM, UTO ISl COXPAHEHHUS 3JIEKTPUUIECKON SHEPTUH HCIIOIb3YETCS
HE MaKpOCKOMHYECKHI TUIIEKTPUUECKHN CJIOH MEKITY MPOBOAAIINME OOKJIAJAKAMH, & MHKPOCKOITHYE-
CKHi TOJIIPU30BAHHBIA CIIONW Ha TPaHHIE MOBEPXHOCTH pasieiia TBEPAOTO BEHIECTBA U AJICKTPOJIHUTA
[1, 2]. TTo xapakTeprCTHKaM HOHHCTOP 3aHUMAET MPOMEKYTOYHOE MOJIOKEHHE MEXKY KOHICHCATOPOM
U XUMHYECKUM UCTOYHHUKOM TOKa [3]. Briaromapsi yHHKa bHBIM CBOMCTBAM HOHHMCTOPBI HAXOMIAT IPHMeE-
HEHHUE B Pa3IMYHBIX YCTpoiicTBax. OHH JAfOT ONIYTUMYIO S5KOHOMHUIO SHEPTHH TPH MPUMEHEHUH COBME-
CTHO C OOBIYHBIMH aKKyMmynsaTopHbIME Oatapesmu (AKB) B aBroMoOmiecTpoennu [4], 4To HE TOIBKO
yIAydIIaeT XapakTepucTuku ruopuanoit AKB, HO ¥ MO3BOJISET 3ayCKaTh ABUTATENb IIPH SKCTPEMAIIBHO
HHU3KHMX TEMIIEpaTypax; OHH MOTYT MPUMEHSTHCSA B CHCTEME aKTHBHOIO (pHIIbTpa dJIeKTpoceTu [5], uro
M03BOJISIET TIOAHATH MOKA3aTeNN OTKa30yCTOMYMBOCTH M JOJTOBEYHOCTH DIICKTPHYECKUX YCTPOUCTB;
UCIIOJIB3YIOTCS B CHCTEMAxX PEKyIepaliy SHEPIHH, HAlIPUMEP C UX MOMOIIBIO YaaeTcsi BepHYTh 10 35 %
KHHETHUYECKOM SHEPTHH BaArOHOB METPOIIOJIMTEHA, TEPAEMO BO BpeMsl TOpMOKeHHs [6]. DT U MHOTHE
JpyTHe Croco0bl MPUMEHEHHUSI HOHUCTOPOB HAXOIATCS B CTAIMH SKCIICPUMEHTAILHOM pa3paboTKH.

HecMmoTpst Ha pacuIupsFOLIyocst 00J1aCTh PUMEHEHHS HOHUCTOPOB M X aKTHBHOE TPOMBIIIIICHHOE
[POU3BOJICTBO, TEOPETUUECKOE OMHMCAHKE MPOIECCOB, MPOUCXOASAIINX B HOHUCTOPE, JAIEKO OT 3aBep-
mieHus. YcrtaHoBieHo [1—3], 4To HaKOIIEHHE SHEPTUH B HOHHCTOPE MPOUCXOAUT B JTBOHHOM 3JICKTPHU-
geckoM cioe (JIDC) Ha rpaHuile pasziena dIeKTpoaa u diaekTpoauTa. TommuHaa BHyTperHeii yactu J[9C
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TOpsIIKa HAHOMETPOB, UTO NMPUBOANT K 3HAYUTEIHHOMY YBEIUYCHHIO €MKOCTH, KOTOpas oOpaTHO IPo-
MTOPIIMOHATBFHA PACCTOSHUIO MEXIY 3apsnaMu. IIpw 3ToOM HE MPOWCXOAWT OOpa30BaHHE XUMHUUIECKOMN
CBSI3H, TO €CTh JIaHHAS DJICKTPOXUMHUECKAsl CHUCTEMa BeJIeT ce0s Kak KoHJieHcaTrop. M3-3a manoctu pac-
CTOSTHHUH MEXTy 3apsaaMu (MopsAaKa pasMepoB aToMa) U OOIIMPHOW MIIOIAAN MOBEPXHOCTH MaTepuana
9IIEKTPOOB (HAIpUMeEp, Y aKTHBHPOBAHHOI'O YIUIS) EMKOCTh HOHHUCTOPOB MOYKET COCTABIATH HECKOIBKO
dapaj, a IIOTHOCTH 3aMACCHHOW YHEPTUH UCUUCIIIETCS BaTramMu Ha kuorpamm [3].

CyIiecTBYIOT pa3HbIe MOJICIH Pa3psjia HOHUCTOPA U €ro PKBUBAJICHTHBIC cXxeMbl. Haubonee wacto
BCTPEYAIOTCS MOJENN IMHEWHOTO M DKCIIOHEHIINABLHOTO paspsna. B pabote [7] ucmons3yercst Moaenb
AKCTIOHCHITNATILHOTO pa3psaa, TEM CaMbIM HOHHCTOP OTOXKIECTBIISICTCS ¢ OOBIYHBEIM KOHIIEHCATOpoM. B
pabote [8], HanPOTHB, MPOIECC pa3psaa HOHUCTOPA PACCMATPHUBAIOT KaK PE3KUI Craja HAMPSHKCHUS U
JlanbHeillee ero JIMHeHOe yMeHblleHue. [Ipu 3TOM HOHUCTOPHI BBIJIETSAIOTCS B OT/ACJIbHBIM TUIT HAKO-
MIATEJICH YPHEPTUH HAPATY ¢ KOHIECHCATOPAMHU U aKKYMYJIITOPHBIME OaTapesiMu. DKBUBAJICHTHBIC CXEMBI,
MPEIOKEHHBIC ISl HOHUCTOPOB, TOXKE pasnudHbl [1]. OOBIYHO MpeIaraeTces paccMaTpUBaTh KaXKIYIO
Mopy Marepualia 3JIeKTpo/ia KaKk KOHACHCATOP, COSIMHECHHBIH Yepe3 COMPOTUBICHUE ¢ OJJHOW U3 OOKJIa-
1ok nonucropa. OIHAKO Jake OAMHAKOBbIC (PU3NUYECKHE MOJEIH B pad0TaX pa3HbIX aBTOPOB IIPUBOISIT
K Pa3sIHYHBIM OKBHBaJeHTHBIM cxemaMm [9, 10]. TpyaHOCTH TEOpETHYECKOTO ONMCAHMS CBSI3aHbI, B TOM
gucie, ¢ TeM, 4to B JIOC BXOASAT MOHBI ABYX THIIOB. MOTCHIIUAIONPEACISIONINEC — CIOCOOHBIC TEPSTh
CBOIO BOJIHYIO 00O0JIOUKY U <IIPUJIMIIATH» K JCKTPOAY, H3MEHSSA €ro MOTeHIral, U MHaAuGHEepeHTHbIC —
COXpaHSIONINE BOJHYIO O00JIOUKY U TIOITOMY HAXOISAIIHECS Ha HECKOJILKO OONBIMNX paccTosHUsMX. Ta-
KHM 00pa3oM, CIIOKHOCTh (PU3UKO-XUMHUYECKUX MPOIECCOB, MPOUCXOAIINX B HOHUCTOPE, TIOKA HE T10-
3BOJISIET CO3JaTh CAUHYIO TEOPUIO.

Ilensro maHHOW PabOTHI CTAJNIO AKCIIEPUMEHTAIBHOE M3ydeHHUE 3aKOHOMEPHOCTEH pa3psIIHBIX KpH-
BBIX M3TOTOBJICHHBIX B JIA0OPATOPHH 3JEKTPOCTATUYCCKUX HOHUCTOPOB U UX IPOMBIIUICHHBIX aHAJIO-
I'OB.

IMoaroroBka 06pa3noB U cXeMa IKCIIEPUMEHTA

B pabore uccienoBamich XapaKTepUCTUKU TPOMBIIIICHHBIX HOHUCTOPOB (BHYTPEHHHM COIIPOTHB-
neareM 15O0M 1 eMkocThi0 2 D) U HOHHCTOPOB, M3TOTOBIIEHHBIX B J1a00PATOPHEIX YCIOBUAX. DIEKTPO-
JIbl HOHKCTOPA U3TOTABJIMBAINCH U3 ATFOMUHHEBOH (DOIBIH, TIOKPBITOM AJIEKTPOJHON CMEChIO, COCTOS-
el U3 MOpOoIIKa aKTHBUPOBAHHOTO YIJIsl, HAXOJSIIETOCS B CBS3YIOIIEM TOKOIPOBOJSIIEM BEILECTBE
(knee TIBA). B kadecTBe IEKTPOJIUTA UCIOIB30BAIHM CyIb(aT aqrOMUHMS, KOTOPHIA HE pa3pymact
IIOMHUHHUEBBIE TOKOChEMHHUKH U SIBIISICTCS XOPOIIMM MPOBOJHUKOM JJIEKTPHUYESCTBA. AKTUBHPOBAHHBIN
yToJib, CBA3YIOIEE BEUIECTBO U 3JIEKTPOJIHUT Opaiuch B 00beMHBIX cooTHomeHusax 15:5:3.Coopka no-
HHCTOPA BBIMOJIHSIACH B HECKOJIBKO ATAINOB. HAHECEHHE AJIEKTPOJHON CMECH TOHKHM CJIOEM Ha (oJIbry
U nocienyroias cymka npu temrneparype 100 °C;nponurka cemaparopa 3JIEKTPOIUTOM; (GOPMHPOBa-
HUE CIIOUCTOW CTPYKTYPHI U3 IBYX 3JICKTPOJIOB, Pa3JICICHHBIX CENapaToOpOM.

Jns monydeHus 3apsAa-pa3psaHbIX KPUBBIX HCIIONB30Bajach cXeMa, MokazaHHas Ha puc. 1. M3me-
HCHHEM TIOJIOKEHHSI KJIF0Ya MOXHO OCYIIECTBUTH 3apsi (mosnokenue 1), camopaspsizi, KOTOPbIH 3aKITio-
YJaeTcs B MPOTEKAHUHM BHYTPCHHUX TOKOB, (MOJIOKEHHE 2) U pa3psia HOHH-

cTopa depe3 Harpysky (mosmoxxerue 3). JIyis u3MepeHUs CHIIbI TOKA B ICTH 1 &
WCTIONIL30BAJICS STAOHHBIN pe3ucTop comnpotuBieHueM I = 1,00m. B kaue- - —
CTBE BOJITMETPOB MCMONb30Baauch 15-0utopsie ALIIl ADS1115,moakiiro- *? Ruarp
YeHHBIC K KOMIbIOTEpY. JlaHHAs cxeMa TO03BOJIMIIA U3MEPSATH HalpshKEHHEe 3 — 1
Ha nonucrope U B auanazone —6,14...6,148 ¢ marom 0,19MB u Tok uepe3 r Cc*
nonuctop | B tuanasone —2,56...2,56A ¢ marom 66 MxA. 1 _| I_'
3apsiika HOHUCTOPA OCYIIECTBISUIACH B TeueHHH 3—5wmuH (10 10CTH-
JKCHUS HACBIICHHUS), HAMPSDKEHHE MPU 3TOM COCTABIsLIO okoyio 2,1B, oHo

HE TPHUBOAWIO K HEOOpATHUMBIM XUMHUYECKHUM H3MEHEHUsAM. Pa3psika mpo- @ _@_
U3BOAMIIACH Yepe3 32 pa3siIMYHBIX OCTOSHHBIX CONPOTHBICHHS Ry, HOMHU-

HaoMm 3...420M. M3mepeHne 3aBepmiaioch B MOMEHT, KOT/Ia HAIPsDKEHUE
Ha MOHUCTOpPE manano 10 5 MB (pyU MEHBIINX HANPSHKEHUSIX HEBO3MOXKHO
KOPPEKTHO M3MEPSTH TOK B Iienu). TouHoe 3HaueHnE R, ey — BHEIIHETO COIPOTHBIIEHUS LIEMH (C yIeTOM
COIIPOTHBJIEHHUS POBOOB U ATAJOHHOTO CONMPOTUBJIEHHUS) — ObLITO monydeHo 1o 3asucumoctr U(1), xo-
TOpast C BBICOKOW TOYHOCTHIO ObLITa TUHEWHOM.

Puc. 1. Cxema ycTaHOBKM
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Pe3ynbTaThl M 00CyxkIeHHe

3apsa-paspsiiHble KpUBBIE Al J1a0OPaTOPHOIO M MPOMBIIUIEHHOTO HMOHUCTOPOB IOKa3aHbl Ha
puc. 2. OHI NPENCTaBIAIOT CO00H pe3Kne mepexoabl B MOMEHTHI TIEPEKITIOUCHHUS, CMEHSIOINECS T1J1aB-
HBIM IPUOIIKEHUEM K CTallMOHAPHOMY COCTOSHMIO. 11 000MX MOHHUCTOPOB HAONIOJAIOTCSA CXOJHBIE
3aBUCUMOCTH, OJHAKO HEOOXOAMMO OOpaTUTh BHUMaHWE Ha Pa3HUIy MaciiTa0oB BpemeHH. CTOUT OT-
METUTh CIIEAYIOIIUE Pa3Iu4MA: Ul J1a0OpaTOPHOI0 MOHUCTOPA CKAYKU HAIPSHKEHUS IPU IEepeKIIroye-
HUSIX CYIIECTBEHHO OOJIbIle; JJIS CHJIBI TOKAa HaOrojaeTcs oOpaTHas 3aKOHOMEPHOCTb — CKauKU TOKa
NpU TMEePEKITIOYCHNUH OOJIbIIe I MPOMBIIICHHOTO HOHUCTOpA. st 1TabopaTOpHOTO MOHUCTOpA CYIIe-
CTBYET 3HAUMTEIBHBIN TOK YTEUKH. ITO MOXKHO yBUAETh i BpeMeH 1y = 40...6Cc, korna HampspkeHue
Ha MOHUCTOPE JOCTHUIIIO HANpPsDKEHHs MCTOYHMKA mutanus (2,1B), a B menu ocraeTcst CyIieCTBEHHBIN
ToK (okoso 15 MA). OcraToyHOoe HanpsHKEHHE U TOK IS JTaOOpaTOPHOTO HOHUCTOPA CBUACTEIBCTBYIOT
0 €ro HETOJIHOM paspsizie 3a yKazaHHoe BpeMs. V3 BhllenepeyncIeHHOr0 MOKHO 3aKII0UUTh, 4TO Ja00-
PaToOpHBI MOHHUCTOP YCTYyNaeT 3aBOACKOMY IIO0 KAaueCTBY MCIIOJHEHHUS, TaK KaK UMEET CYIIECTBEHHO
MEHbIIIee CONPOTHUBIICHHE camopaspsiia (OONbLIOH TOK YTEUYKH) M CYIIECTBEHHO MEHBILIYIO €MKOCTh
(6picTpoe HapacTaHue / TaieHUE HANIPSDKCHHMS).
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Puc. 2. 3apsaa-pa3psgHbie KpMBbie MOHUCTOPOB ANA HanpsXkeHusi (cneBa) U cunbl Toka (cnpaBa). 1 — nabopaTopHbIN UO-
HUCTOP M HUXHSASA LWKana BpemMeHu (i), 2 — 3aBOACKOM MOHUCTOP U BEPXHAA LUKana BpeMeHu (i)

IMpu aHamu3e pa3psiIHBIX KPUBBIX BBISICHUIOCH (pHC.
3), UTO OHU HE MOTYT OBITH OIHCAHBI OMHON (PYHKITHEH
BUJIA!

259

— —t/T 2,04
U) = U, e''", 1)
TaKk KaK HadYaJIbHBIM U KOHEYHBIN Y4aCTKU CYIICCTBCHHO
pa3uyHbI 10 GopMe. DTO TOBOPHUT O TOM, YTO HOHUCTOp @

ABJIAETCS GOJIEE CIOKHBIM 0OBEKTOM, Y€M KOHIEHCATOP, —

KOTOPBIA MMEET NMOCTOSHHYIO EMKOCTh U OJIHY MOCTOSIH- K

HYI0 BpeMeHH paspsna. Kak mokazaHo Ha puc. 3, s

OTHMCAaHMUS DKCIICPUMEHTAIBHBIX 3aBUCHMOCTEH TOpa3mno 057

Jy4Ille MOAXOMUT JIMHEHHass KOMOWHAIMS JBYX 3KCIIO- 2

HEHT. 0,0 ! : I ! : ———

Y. Y. -50 a 50 100 150 200 250 300 350 400 450
Ut) =U, e 1+U, e 2 2 tc

B KOTOPO# OBICTPHIN JTaBUHOOOPa3HbIH CI1aj ONHUCHIBACT- Puc. 3. Annpokcumaums paspsiaHoi Kpneon

s MIEPBBIM CJIaraeMbIM, a MOCIENYIOIIee MIIaBHOE Najie- MPOMBILUNEHHOTO MOHNCTOPA. 1 — paspAAHas
KpuBasi, 2 — annpokcuMauus cdopmynon 1, 3 —

HUE HaIpPsOKEHUS — BTOPBIM. XOpolllee COBNAJCHHUE arl- annpokcuMauus copMyno 2

npoKcUMaIu 1o Gopmyiie (2) U paspsIHBIX KPHUBBIX
CBHUJIETENBCTBYET O HAIMYHH IBYX MEXaHN3MOB HAKOIUIEHUS M TiepeHoca 3apsaaa, U, u U, —ux BKIags! B
HaNpsHKEHHE, a 71 U To — XapaKTepHBIE IS HUX BpeMeHa IepeHoca 3apsa.

Ha puc. 4 u 5 npuBeeHbl 3aBUCHMOCTH MOCTOSTHHBIX BPEMEHHU OT BHEIITHETO COMPOTHBIICHHUS I[CTIH.
MOJKHO 3aMETHTh, YTO T1 HE 3aBUCHT OT Ry, ¥ paBHO (3,45 £ 0,06), a 7, — MMeeT THHEWHYIO 3aBHUCH-
MOCTb:
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72 =A+ BE&Hem ' (3)
rme A= (29,3 +1,9) cB=(1,88 + 0,07) €m. Yka3zaHHbIE TIOTPELTHOCTH COOTBETCTBYIOT CPEIHEKBAI-
pPaTHYHOMY OTKJIOHEHHIO TOYEK OT ANNPOKCHMHUPYIOIIEH JUHHHA. 3aMETHM, YTO CKOPOCTH TIPOIIECCOB
pa3IMyaroTCs Ha TMOPSAI0K, TIO3TOMY OyeM Ha3bIBaTh IMEPBbIM MPOIECC «OBICTPHIM», @ BTOPOH — «Me/I-
JIEHHBIM.

B ciyuae uaeanbHol 1ienu (¢ HYJ€BbIM MMOJHBIM COITPOTHUBICHUEM) MEPEKITIOUEHHS COCTOSHUN HO-
HHCTOPA, B TOM YHCJIE€ Pa3psil, MPOUCXOAAT MTHOBEHHO, TO €CTh IIOCTOSIHHAS. BDEMEHU CTPEMUTCS K Hy-
mo. [ToaTomMy m3 prc. 5 MOXHO OIIEHUTh BHYTPEHHEE COMPOTHRICHUE HOHUCTOPA. TaK KaK Rieny = Ronew
+ Ryuyrs T0 118 Ryeny = O 72 = 0, mommyunm R,y = A/B = (14 + 2)Owm. IIpousBoxurenem 3asBIeHO 3Ha-
yenre 15 OM, 4TO COOTBETCTBYET HAIIMM JaHHBIM. ECiM MeIjIeHHbIH Mpolece B paspsiie HOHUCTOpa
paccMaTpuBaTh Kak paspsii 0OBIYHOTO KOHIEHCATOPa, TO KOd(D(MHUIMEHT B ABIIETCS «€MKOCTBIO» HOHH-
cropa: 72 = B:(Ruyr + Ruwem) = C-Ryenu. B Hamem cirygae momyqaercst C = (1,88 + 0,07)D (3asBnenHas
npousBoautesieM - 2 @). Takum 00pa3oM, MEIJICHHBIH YIaCTOK pa3psiiHON KPUBOW COOTBETCTBYET HO-
MHHAJILHBIM XapaKTEPUCTHKAM HOHHCTOPA, a MPEJIOKEHHAs METOMKA SABJIACTCSA YIO0OHBIM CIIOCOOOM
ux ompeneenus. [TapamMeTpsl HauaapHOTO (OBICTPOrO) MPOIlecca He BXOAAT B CTAHIAPTHHIE XapaKTepH-
CTHKH, YKa3bIBAEMbIC TIPOU3BOTUTEIIEM.
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Puc. 4. 3aBUCMMOCTb NOCTOAAHHOW BpeMeHU GbICTPOro Puc. 5. 3aBUCMMOCTb NOCTOAAHHOW BpeMEHU MeasIeHHOro
npotecca OT BHelIHero ConpoTUBneHus npotecca OT BHelIHero ConpoTuBneHus

[Mony4yeHHBIE JBYXCTYINEHYATHIE 3aBUCHMOCTH MOTYT OBITh OOBSCHEHBI HAMYMEM JIBYX Pa3HBIX
¢du3uKo-xuMHIYecKkuX npouecco. U3 reopun crpoenus 19C u3BectHo [1-3], 4TO B HOHUCTOpE CyHIECT-
BYIOT JIBa TUIIA HOHOB, KOTOPBIC UMEIOT CBOHM XapaKTepHbIC MOBEACHHS: NHA((EpEeHTHBIC 1 OTCHIHA-
nonpenensitomue. ManuddepeHTHpie MOHBI MPHOIMKAIOTCS K OOKIAJKE TPOTHBOIOIOKHOTO 3apsija
MO/ JIGHCTBHEM BHEIITHETO DJICKTPUIECKOro 1moisi. [Tocie OTKIIOYeHNsT BHEITHETO HCTOYHUKA HOHBI J10C-
TaTOYHO OBICTPO OTAAISIOTCS IPYr OT JIpyra U OT OOKJIAJOK, MOHIKAs MOTEHIMAN Ha HUX. JaHHBII
IpOIIeCcC AOCTATOYHO OBICTPHII U HE 3aBHCUT OT MapaMeTpPOB BHEIIHEH 1enu (BHEIIHEro COMPOTHUBIIC-
uus). [ToTeHIaIOnpeIeroNIe HOHBI BO BPEMs 3apsijia, HAIIPOTHB, TEPSIOT CBOKO BOIHYIO 000IOUKY H
BCTYNAIOT B 3JCKTPOXMMHUYECKOE B3aUMOJICHCTBHE C MarepualoM sjekrpona. [locie OTKIrOUCHUS
BHEIITHET0 MCTOYHHMKA OHU MPOAOJDKAIOT YACPKHUBAThCS Ha MOBEPXHOCTH AIIEKTPOoaoB. VX orcoenune-
HUE MPOUCXOJUT MPU MEPEHOCE 3apsijia Mo BHENIHEH IIeNHd, TO €CTh CKOPOCTh Mporiecca o0paTHoO Mpo-
MOPLUUOHAJbHA BHEITHEMY CONPOTHUBIICHUIO.

OTMeTHM, 4TO OTHOILICHHE aMILTHTYJ MEIEHHOTO U ObicTporo mpoueccoB U, / U; ms nmpomepi-
JICHHOT'O MOHHCTOPA BO BCEX M3MepeHusax cocrasisuio 2,86 ... 3,33a s 1a00paTopHOro HOHUCTOpA —
0,05 ... 0,10IIpu 3TOM [IsI MaJIOTO BHEIIHETO COMPOTHRIICHUS OTHOIICHHE XapaKTePHBIX BPEMEH OBICT-
POro U MEIUICHHOTO MPOLIECCOB 7, / 73 B 000MX cilydasix cOCTaBisuIo okoso 10.9To cBUACTEIBCTBYET O
TOM, YTO TPOIECCHl pellaKCallii B JIA0OPATOPHOM M MPOMBIIIJICHHOM HOHUCTOPaX HUMEIOT CXOIHYIO
NPUPOJTY, OJJHAKO KAUYeCTBO M3TOTOBJICHHS CHIILHO BIIMSACT Ha KOJMYECTBO YACPKHBAEMOTO 3apsa (Ha-
npsbkeHre U, MeIUIEHHOT0 TIpoliecca, KOTOpoe He TepsIeTCs IPU OBICTPOM caMmopaspsizie).

3akiaouenue
B pesyibTare paObOThI HOIYUYCHBI 3apsa-pa3psaHble KPUBBIC IS JJA0OPATOPHOIO U MPOMBIIILICHHO-
T0 MOHHCTOPOB. BBUTO TIOKa3aHO, YTO pa3psiIHBIC KPUBBIC XOPOIIO OIMHCHIBAIOTCS JTUHEHHON KOMOWHa-
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el IBYX 3KCIOHEHIMAIBLHO CHAJAoNUX (YHKIIMHA, YTO CBUICTEILCTBYET O HAIMYMU JABYX MCXaHM3-
MOB penakcaiuu 3apsaa. HalineHo, yTo oauH U3 MeXxaHu3MoB (MEJICHHBIN) 3aBUCHT OT MapamMeTpoB
BHEIIHEH Ienn, a BTOPOil (OBICTPEIi) SBISETCS COOCTBEHHOW XapaKTEPHCTHKON HOHHCTOPA. 3aBUCH-
MOCTh TIOCTOSTHHOM BPEMEHH MEJIUIEHHOT'O MPOIIecca MO3BOJSET ONPENCIUTh BHYTPEHHEE COMPOTHBIIC-
HUE HOHUCTOPA U €T0 EMKOCTh C MTPUEMIIEMON TOYHOCTBIO.
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Despite the growing popularity of supercapacitagpércondensers), the common model of dis-
charge and the unified method of describing thearacteristics are not available as of yet. Thisxis
plained by the complexity of the physical and chexhprocesses occurring there. This work provides a
analysis of the charge/discharge curves for a &boy-manufactured and an industrial supercapacitor

It has been shown that a two-step discharge mesais typical for the supercapacitors under
study, unlike for usual capacitors, and time camstaiffer by approximately one order of magnitude.
Fast discharge is determined by the internal paemsmief a supercapacitor, and the time constatiti®f
process does not depend on the external resistaace. slow process, the time constant is in lirkar
pendence with the external resistance, that is tisyprocess is analogous to the discharge of al usu
capacitor. Using the parameters of the slow proaesspossible to determine the effective intémea
sistance of the supercapacitor and its capacity.

The ratio of speeds of the fast and slow discharg&se of a laboratory-manufactured and an in-
dustrial supercapacitor is approximately equal, tvihandicative of the similarity of the processss
curring there. A significant difference betweenexgapacitors is observed in the ratio of voltaggelam
tudes corresponding to the fast and slow procefsesan industrial supercapacitor, the contributbn
the voltage of the slow process (which dependsheneixternal circuit parameters) is considerably
higher, what proves its higher efficiency duringeogiion in electric circuits.

Keywords: supercapacitor; charge/discharge cuntes-step discharge.
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K TEOPUU NA3SEPHOW FrEHEPALIUM YNPYITUX BOJIH
B PEPPOMAIHUTHbLIX METAJIJTAX
NMPU TEMNEPATYPE MATHUTHOI'O ®A30BOIO NMEPEXOA

C.10. l'ypesu4, A.A. lllynbeuHos
FOxHO-Ypanbckuli 2ocydapcmeeHHbIU yHUsepcumem, 2. YensbuHck, Poccutickass ®edepauyusi
E-mail: shulginovaa@susu.ru

JlazepHas reHepanus yJbTpPa3ByKa Hallla HIHPOKOe NMPUMEHEHHE B COBpe-
MEHHBIX TeXHOJIOTHSIX: JUIs KOHTPOJIsl KaYecTBa KOMIO3MIIHOHHBIX MATEPHAJIOB,
JJ1s BbISIBJIEHHUS] PACCJIOeHHIl KileeBbIX COeJUHEHUH, BHYTPEHHUX M NMOBEPXHOCT-
HBIX Ie)eKTOB, a TaK:Ke KayecTBa IMOBEPXHOCTH M3e1us B Npoliecce MPOU3BOA-
cTBa. /1A B030yIeHUS BOTH B MeTa/iaX O0BIYHO HCHOJIb3YIOT MMITYJIbCHBINH
Ja3ep. B Merannypruu, a Tak:ke B nepcneKTHBHbIX 3D-TexHosnorusx, HeodXxoau-
MO KOHTposMpoBath u3nenausi npu Boicokux (800 T u Gouiee) Temmepartypax.
[ MpoeKTHPOBaHUS YJbTPa3BYKOBBIX KOHTPOJIHPYIOLIHX YCTPOICTB, comep-
JKallMX TeHepaTop MMIYJbCHOTO JIa3ePHOT0 HM3JIYYeHHsI B KauecTBe MCTOYHHKA
yABTPa3ByKa, HeoOX0IMMO TeopeTHYecKoe HCCIeJ0BaHHE Ipolecca Ja3epHOi
reHepanuyu yJbTpa3ByKa B (eppOMAarHMTHBIX MeTa/uIaX MPH TeMIepaType Mar-
HUTHOTO ()a30BOr0 Mepexoaa, T. K. Mepees ropsiiero MeTanaa ocylecTBIsIeTCs,
KaK NPaBMJIO, HMEHHO NPH 3Toii Temnepatype 768 C 11 Kee3a U CIJIABOB Ha
ero ocHogpe. M3 pe3yJibTaTOB 3KCIePHMEHTAJIbLHBIX PafoT cileayeT, UTO TeMiepa-
TypHasi 3aBHCHMOCTb HOPDMHPOBAHHON aMIUIMTYAbl AKYCTHYECKOT0 MMITYJbCa B
sKesie3e MMeeT 3KCTPeMaJIbHbIN XapakTep B palioHe MarHUTHOro )a30Boro mepe-
X01a, T.e. B paiioHe Toukn Kiopu. B nanHoii padoTe nmocrasijieHa Lejb HCCJIe10-
BaTh Npolecc JIa3epHOii reHepaluu yJabTpa3Byka B ()epPOMATHUTHOM MeTaJliie
NpH YCIOBHHM HeJIVHEHHOH 3aBHCHMOCTH Ko3(pduumuenta 060bEMHOro pacimmpe-
HUSI OT TemmepaTypsl. Pemena 3agaua TepMoynpyroro Bo30y:KAeHHs] MPOI0JIb-
HBIX W TOMEePeYHBIX BOJH B ()epPPOMArHUTHOM MeTaJllIe JIa3ePHBIM HMITYJbCOM
NpH TeMIiepaType MarHuTHOro ¢a3oBoro nepexoaa. Ilosydens! 1uarpaMmel Ha-
NMPaBJEHHOCTH MPOAOJIbHBIX H MONEPeYHbIX BOJIH NPH Bo3lelcTBHH Ha deppo-
MATHUTHBI MeTaJl1 Ja3epHbIX HMIYJbLCOB PAa3JHYHOr0 Auamerpa. Jlanbl peko-
MeHAAIUHU 115 3¢ PeKTHBHOI0 UCMOJIb30BAHNSA J1a3ePHOI reHepaluy yJbTpPa3By-
Ka B J1e()eKTOCKONHHU 1 TOJIIHHOMETPHHU.

Kniouegvie cnosa: nasepnas cenepayus yiempaszeyka, geppomazHummusle Meman-
JIbl; MazHUmMHbL Pasosviil nepexod; nPoooIbHble U HONepeynble GOIHbL.

Bgenenue

Jlnst co3maHusi METOJIOB U CPEICTB KOHTPOJISI M3/CIHI METAUTyPrUYeCKOro MPOM3BOICTBA 3HAYH-
TENBHBIM HHTEPEC MPEACTABISACT MPOLECC TEHEPAIUH YIIPYTUX KOJIeOAHHUH YIbTPa3ByKOBBIX YaCTOT MO
JEUCTBUEM JIa3€PHBIX MMITYJILCOB. VICIONB30BaHUE Ja3epPOB B YJIBTPA3BYKOBOM KOHTPOJIE MPHUBICKAET
BHMMAHHE C TOM TOYKH 3PEHUS, YTO MO3BOJIAET OCYIIECTBUTh JUCTAHIIMOHHBINA KOHTPOJb u3aeaui. s
KOMHATHBIX TEMIIEpaTyp pa3paboTKa TEOPHH I'eHEpAIiK YIbTPa3ByKa B METaJIaX JIA3ePHBIMH HMITYJIb-
CaMHd B OCHOBHOM 3aBEpIliCHA M TOATBEPIKICHA DKCIIEPUMEHTAIbHBIME pa3zpaboTkamu [1—4]. JlazepHast
reHepalus yabTpa3ByKa Hallla MIMPOKOE MPUMEHCHHE B COBPEMEHHBIX TEXHOJIOTHSX: ISl KOHTPOJIS
Ka4yecTBa KOMITO3UIIMOHHBIX MATEPUAIOB aBUATEXHHUKHU [D], /Ui KOHTPOJIS MU3CTUI M3 HEpKaBeroleit
CTaJld, MEJIM B MpOILIECcCe Ja3epHoi 00paboTKH [6], 1JIst BBISBIECHHS PACCIOCHUIN KICEBBIX COCIUHEHUI
yTJeIIacTUKa M amfoMuHus [7], BHyTpeHuux [8, 9] u moBepxuocTHEIX Aedexros [10, 11],a Taxxke xaue-
CTBa MOBEPXHOCTH M3MENUs B mporecce nmpousBoactsa [12]. Kpome Toro, 3ToT Meton BO30YkKIACHHS
AKyCTHYECKUX BOJIH OKa3ajcs ya00CH JUIS TOYHBIX M3MEPEHHH, HAallPUMEpP, CKOPOCTH BOJH B CTEKJIE
[13], cpennero pa3mepa 3épen cranu, Harperoit 1o 1000 T [14], mapameTpoB aHH30TPOIHBIX KPHUCTAI-
708 [15], moporos miaBieHus TyromiaBkux MetaiioB [16]. JlazepHslii AUCTAHITHOHHBIN METOI BO30YXK-
JIEHUsI YJIbTPa3ByKa OKA3aJiCsl HE3aMCHUMBIM B UCIIBITAHUAX MAaTEPHAIOB M3 ajMasa MPU BHICOKHX JaB-
nenusix [17]. Jlns Bo30yKA€HHS BOJH B METalaX OOBIYHO HCIIOJIB3YIOT UMITYJIbCHBINA TBEPIOTETbHBIN
Nd:YAG mnasep [1], HO B mociaenHue TOAbI BCé OOMBbIEE PaCIIPOCTPAHEHHE IS OTHX eIl MOIydaroT
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BOJIOKOHHBIC JIa3ephbl Oiarogaps ux Han&xkHocTu U 3¢d¢dextuBHOCTH [5, 18]. [lenaroTcst MOMBITKY CO3-
JIaTh yIbTPAa3BYKOBOW TOMOTpad sl BU3yanu3aluu BHyTpeHHUX nedekros [19, 20]. [ns moctmwkeHns
9THUX LIeJIeH TPOBOASATCS UCCICOBAHNS HAPABICHHOCTH TEPMOAKyCTHYECKOTr0 HCTOYHHKA [21] 1 mouck
METOJIOB yIIpaBJIeHUS €10 [22—24].

B meramnmyprum, a TakxKe B MEpCIEeKTUBHBIX 3D-TeXHOIOrHAX HEOOXOIMMO KOHTPOJIUPOBATh U3/e-
must ipu Beicokux (800 u Gonee) Temmeparypax [6, 14, 25, 26] s npoeKTHPOBaHHS YIBTPa3BYKO-
BBIX KOHTPOJIMPYIOUIUX YCTPOHCTB, COAEPIKALINX TEHEPATOP UMITYJIECHOTO JIA3€pPHOTO M3IydEeHUs B Ka-
YecTBE HCTOYHUKA YIIBTPa3ByKa, HEOOXOAMMO TEOPETHYECKOE UCCIIEIOBAHUE MPOoIIecca JIa3epHOi TeHe-
paumu yibTpasByKa B peppOMAarHUTHBIX METaJIax MpU TeMIepaType MarHuTHOTO (a30BOTO MEpexosa,
T.K. TIEpe/iesl TOPSAYEro MeTajla OCYIIECTBISCTCS, KaK INPaBWIIO, UMEHHO TPH 3TOH TemrepaType,
768 T, mns xemnes3a U CIUIABOB HA €T0 OCHOBE. DKCIIEPUMEHTAJIbHbBIE UCCIIEOBaHUs Mpoliecca reHepa-
1M aKyCTUYECKUX UMITYJIECOB MPOIOIBHON BOJIHBI Ja3epHBIMH UMITYJILCAMH B JKeJI€3€ U alllOMUHAEBOM
CIUTaBe MPOBEJCHBI B IIMPOKOM HHTEepBaie Temmepatyp [27]. W3 pe3ynbTaTtoB pabOTHI CIEIYET, 4TO
TeMIlepaTypHasi 3aBHCUMOCTh HOPMHPOBAHHON aMIUTHTYIBI aKyCTHUECKOTO HMITyJIbca B JKelle3e UMeeT
JKCTpeMalbHBIN XapakTep B pailoHe MarHWTHOTO (a3oBOro mepexona, T. €. B paiioHe Touku Kropu.
AHanu3 myOMuKanuid Mo HCCIIEAOBAaHHUI0 (PU3MYECKHX CBOMCTB ()epPPOMArHUTHBIX CIUIABOB MO3BOJHI
UICHTU(HUIIPOBATH OTMEUCHHYIO TEMIIEPATyPHYIO 3aBUCHMOCTh aHOMasHel koddduimenTa TeroBoro
pacumpenus xenesa [1, 28]. [Ipu ucnonb3oBaHHO# B paboTe [27] HOBEpXHOCTHOW TNIOTHOCTH TEILIOBO-
ro HOTOKA Jia3epHOro m3nyuenus (no 50 MBt/cmM®) B MeTanmax mpu KOMHATHOM TeMIIepaType OTBETCT-
BCHHBIM 32 MEXaHHM3M T'€Hepaluy ABiIseTcs TepMoynpyruit ¢ dexr. Ecamn metamt GeppoMarHuTHBIN, TO
HEJIMHEHHas TeMIepaTypHas 3aBHCUMOCTh K03()(UIMEHTa TEIIOBOTO PACIIMPEHUsI OOBSICHACTCS Clle-
nytouM obpaszoM. Ilpu HarpeBe deppomarHeTrka 10 Touku Kiop cuiibl B3aUMOJCHCTBHS MEXKIY aTo-
MaMHU KPHCTAJUTMYECKOH peIeTKH, 00yCIIOBICHHbIE HAMarHUIMBAaHUEM, HCYE3aI0T BCIEICTBUE NEPEXO0-
na (eppomaraeTuk—tapamaraeTuk. CieoBaTeIbHO, MPOTUBOACHCTBYOMINE (YHIpPYrue) CHiIbl Hemar-
HUTHOTO TIPOUCXOKJCHUS OoJiee He KOMIICHCUPOBAHbI U IS kene3a BOnmu3u Touku Kiopu mpoucxogur
cKaTue pemeTkd. B pesynprare KoaQQUIUEHT TEMI0BOro paciinpeHus ¢ npuommkeHreM K Touke Kio-
pu yosIBaet. [Ipu nanpHeHIeM NOBBIIEHUN TeMIepaTypsl kKoddduimenT Bo3pacraer 10 «Hepeppomar-
HUTHOTO» 3HaueHusA. B naHHO# paboTe mocTaBieHa Ielb UCCIENOBATh MPOILECC Ja3epHO T'eHepalun
yIbTpa3Byka B (peppOMarHUTHOM MeETajule MPH YCJIOBHHM HEJTHMHEHHOH 3aBUCHMMOCTH KO3 (UIHMEHTa
00BEMHOTO PaCIIMPEHUsI OT TEMIIEPATYPHI.

1. ITocTaHoBKa 3a1a4n

Paccmotpum deppoMarHUTHOE MOIYIPOCTPAHCTBO, TOJABEPTAIOIIEECS BO3AEHCTBHIO UMITYJIbCHOTO
Ja3zepHoro m3nydeHus. lIpum 3Tom cumtaeM, 4TO TemmepaTypa MONYyHpOCTPAHCTBA HAXOIUTCSA JHOO B
paitone marautHoro (hazoBoro nepexona (rouku Kropu), 1160 MOITHOCTD JIa3ePHOTO U3AYUCHHUS JT0CTa-
TOYHA ]ISl HArpeBa MOBEPXHOCTH MOIYIIPOCTPAHCTBA JI0 STOU TeMIieparypsl. [Ipu 3ToM moynpocTpas-
CTBO CTAaHOBUTCS MapaMarHUTHBIM, & aHOMaJIbHOCTh TEPMOYIIPYTHX CBOWCTB Cpenbl OyJeT yuTeHa TeM-
MEPaTypHOH 3aBHCHMOCTBIO KO3(duIMeHTa TermIoBoro pacmmpeHus. BemecTBo MmomymnpocTpaHcTBa
XapaKTepU3yeTcsi MOCTOSIHHBIMU JIaMd L/ 1 A, TUIOTHOCTBIO 0O, YACIBbHON TEIUIOEMKOCTBIO C, CKOPOCTSIMU
IPOJIOJIBHOMN M TIONIEPEYHON BOJIHEI G U C;, KOI(Q(DHUIIMECHTaMH: TEIUIONPOBOAHOCTH Ag, TEMIIEPATYPOIIPO-
BOJIHOCTH @, TEMJIOBOTO PaCHIUPEHUs O, CKOPOCTHIO PACHPOCTPAHEHHs TEIIIOBOIO BO3MYILEHHUS Cq. ITo-
CKOJIBKY CpeJla ONTHYECKH HeTpo3payHasi, TO TIyONHY MPOHUKHOBEHHS ONTHYECKOTO H3IYIEHUS MOXKHO
CUMTATh ONM3KOM K HyIto. [lormomaemMsplii cpeioil MOTOK Ja3ePHOTO U3IYUYCHHS BBIIEISICTCS B BUJC Te-
TUTa, TIOATOMY PEIICHUE IMOCTABJICHHOW 3a/Ja4d CBOAMTCS K PEIICHUI0 JUHAMUYECKOW 3a7aud TePMOYII-
PYTOCTH JJISl TEMJIOBOTO TOTOKA, EHCTBYIOMIETO HA MOBEPXHOCTH TMONYHPOCTpaHCTBa. B pesynbrare
pactpoCcTpaHeHHs TEIUIOBOM 3HEPTrUU BIIIyOb Cpellbl B MOBEPXHOCTHOM CIIOE TOCJIETHEH BO3HHUKAIOT
AKyCTHUYECKUE MCTOYHUKH, PACIpe/ICIIEHHbIC BOIU3U MOBEPXHOCTH, MOCKOJIBKY TITyOWHA MPOHUKHOBE-
HUS B METAIUT TEIUIOBOM dHEprun cocTaBisaeT 2—5Mkm [29]. ITycTs moite CMeIeHu# B IAINHAPHUECKOM
cucteMe koopauHar (z, I, @) xapaktepusyetcst ckansapHbiM @ u BekTopHbIM W MOTEHIIHATIAMH CMeETIe-
HUM.

B obmiem citydae medopMariiu 3JieMEeHTapHBIX 00BEMOB TEPMOYIIPYTOH CpPeIbl BOZHUKAIOT OT TEIl-
JIOBBIX U MEXaHUYECKHX BO3JICHCTBHUI, U HA00OPOT, U3MEHECHUE TEMIIEPATYPHOTO IOJII 00YCIIOBICHO
nedopmMarei cpesipl. Pemenne Bompoca 0 TOM, MOXKHO JIM pa3ieiiTh YPaBHEHUS TEIUIONPOBOJIHOCTH
e opMallHii, 3aKII0YaeTcsl B BRIYUCIEHHH Koo durmenTa ceszannoctn [30]:
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Typesu4 C.HO., K meopuu nasepHol 2eHepayuu ynpyaux 60JiH 8 (heppoMacHUMHbLIX Memarsiiax

LWynba2uHos A.A. npu memnepamype Ma2HUMHO20 (ha308020 nepexooda
2
_ (3A + 2/,1) 0’1?T0 , (1)
(A+2u)cp

rae To — Temmeparypa HOBEPXHOCTH CPEIbl 10 OOMyUYEHHS JTa3epHBIM UMITyJILCOM B rpagycax Llembcus.
[TpoBexas BeIYMCIICHHS B COOTBETCTBUU ¢ AaHHbIMU [31], momy4ynMm, yto £~ 0,01. Takum oOpaszom, pe-
HIaeMasi 3aJa4a sSBJIICTCS HeCBSI3aHHOM.

CocTaBUM CHCTEMY YpaBHEHUI TEPMOYIIPYTrOCTH B MOTEHIMANAX ynpyrux cmeuienuii @, W u tem-
mepatyp T [30], KoTOpbIe CBSA3aHBI CO CMEIIEHUSAMH:

u(zr,t)=gradd + rot¥ . (2)

2 2 2
0% - lacf—maT(Toﬂsr)er; 0%y - a‘f 0; m2g-19%9 iﬂ-o. (3)

¢’ ot ¢’ ot aot cq ot

3pece M= ——— 3+ 2y , 0=T-T,.
A+2u’
I'pannunsie ycnoBus (z = 0) umeror Bux [32]:
06 0

0,,=0,=0; -A —=L[q rt)], L=1+t . (4)

3I[CCI> t — BpEMs peilaKCallin TEIJIOBOI'O IOTOKA, T. €. BpEMs, B TCUCHUEC KOTOPOIr0 OTKJIIOHCHUC 3HAYC-
HUS TCIJIOBOTO MOTOKA OT paBHOBCCHOI'O YMCHBIINUTCA B € pas; A— K03(1)(1)I/II_II/I€HT MOIrJIOMICHUS J1a3ep-
HOI'O U3JTYUCHUS. HaHpﬂ)KeHI/I}I CBs3aHEI C ,Z[e(l)OpMaI_[I/IHMI/I COOTHOIICHUEM I[IOEIMCJIH—HCI;’IMaHa:

1( du.  Ou;
o, =2ug; +(A 3+ 2u) , & == —+—L 5
ij :uu ( &k ( 2ru) T ) 1j ij 2 axj 6>g ()
Havanbnbie ycinopus (t —— ):
®=0, ai)_o ¥ =0, 6_‘1’_0 6=0, %:O. (6)
ot ot ot

B ¢dopmyne (2) yuteHo, 4TO MpOIecC HarpeBa MOBEPXHOCTHOTO CJIOS CPEIbl SIBJSIETCS] BHICOKOHMH-
TEHCUBHBIM, TIO3TOMY HEOOXOIMMO YUUTHIBATD, YTO TEIJIO PACIIPOCTPAHSIETCS He 0ECKOHEUHO OBICTPO, a

o . _ ~1qL
C HEKOTOPOIl KOHEYHOii CKOPOCTBIO C, =&/t [32]. lna merannos Bpems penakcauuu t =10 c. Ot-
CIOZia, CKOPOCTB PAaclpOCTPaHCHHUs TeIUIa, HAPUMED, JUISL JKeJIe3a COCTaBUT Cq ~ 1,3-18 m/c, uro npu-

MEPHO COBIAJIAET CO CKOPOCTHIO aKyCTHUUECKOW BOJHBI B 3TOM K€ MaTepHare.
[ToBepXHOCTHYIO TIOTHOCTH TEIJIOBOTO MOTOKA 3aJauM C moMmomisio (pyHkinu ['aycca mo pamau-
aNbHOI KOoOpauHATe I ¥ TI0 BpeMeHH L

T s T

rae A — ko3 GUIIUEHT MOTJIOIICHHS H3J1yquH;1 E — sHeprus nazepuoro mmmyisca, [k, Ry — pagmyc
[ATHA MO KPUTEPHIO HWe'M (Half Width at €' Maximum),t, — aurensaoCTb Mo Kputepuo FWe'M
(Full Width at € Maximum).

2. Pemienue 3aaqaumn

[IpumeHenne wuHTErpanbHBIX MpeoOpasoBannii dypbe Mo BpeMeHHOH mnepeMeHHOH u Dypbre—
Beccens mo paauanbHO KOOpAMHATE MO3BOJsAeT permuth 3amauy (3)—(7) B xkBagparypax. Perenune co-
CTOUT U3 TPEX ITAIOB!

Aran 1. Pemenne ypaBHeHus TeruonpoBogHocTd (3) mis 6 ¢ yuéroM HavdanbHBIX M TPAHUYHBIX
ycmosuii (4) u (6).

6 (zr,0)= [ 6(zrt)exp~ia)dt, 6 (zkaw)=[6(zr1p(k)rdr,
oo 0
2 2 2 2)h* f
9% 1ae+ae 100_10%_ % op g geoye,iw_of
a2 ror 2 adt cqat dZ? a ¢
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—Aqﬂ =G A£(1+1 rjex A POJ g\ =o,
0z | T 16 Zow
z=0
g :%exp(—az), O(z,r,t)=— (I z, k) | ( kr) kdk} exp( wi) dv. (8)
q —oo

Otan 2. [TonyuenHast QYHKIUS MPUPAICHHUS TEMIIEPATYPbI H(Z, r,t) BXOJIMT B MPABYIO YacTh BOJI-
HOBOrO ypaBHeHHs (2) st @ . TIpu 5TOM ydTeHa HENMHEHHAsS 3aBUCHMOCTh Ot (9+T0) (puc. 1) [28].

Ha 5ToM sTane HE0OXOAMMO PEMIUTH BOJHOBBIE ypaBHeHus (2) mit @ u W ¢ yu4éToM Ha4anbHBIX K
rpannuHbIX  yciaoBui (3)—(5). YuuThiBas OCEBYyI0 CHMMETPHIO TPAaHHYHBIX YCJIOBH, OCTaHETCS
CAWHCTBCHHAA HCHYJICBAsA KOMIIOHCHTAa BEKTOPHOT'O IMOTCHI[UAIa l-IJ =y .
%0 100 9% 19% °W 1o¥ W W 19%W
2 F T3 2—rna’T('IE)+H)t9 ot Tt 55270
orc ror  9z° g ot a rar 12 & ¢? at?

P (z,kw) = T[TQJ z 1,1 (k) rerexd—iaJt)dt, d;:z - B2®" =mi",

—00

. T . d2g” -

oy (z k w)= __[O[IW z 1) (k) rdr]exp(—la)t)dt, 7 - p29" =0,
,B_Lzzkz—éz, ﬂzzzkz—éz, " (zkw)= T{T”T To+6)81,( ki) rdr |exp(—ict) dt

Cl —00
d*®° 1 2,2 do" o o d*WT o dé’ |  _ p=S
—= (1 2/7)cl>+27kdZ mfzzo-o, OIZZ+qu+2de2:0-, e
G} :exp(ﬁlz)[Bﬁ%J‘ ' ex(-5,2) d2]+ exif-5, [ I;——_[ T expB, 3 dz,
0
$" =Byexp(B,2) + B, ex(-5,3. (9)

Bueen B == [ exp(-4.2) . 8,=28, B,=0, B,=28,
1o

a=aBB,-(C+ B) . By =ak?Bp,+ (K0 + BE) L B, =2k (10 + B2).

IMocne monyuenust Tpancdopmant Oypre—beccens nmorennuanos @ u W npoussomurcs obpar-
Hoe npeobpaszoBanue s nonydenus P u .
Ortan 3. Ha mocnemHeM 3tamne Onpeaeiiia CMEIICHUS u(Z, r,t), WCTIOJIB3Ys TIOJyYeHHBIE MOTEH-

mmansl @ u ¥ no popmyne (2). OkoHUATENBHBIM PE3YIBTATOM SBJIAETCS PACUET JUArpaMMBbl HalpaB-
JICHHOCTH MPOJOJIBHBIX U MOMEPEYHBIX BOJIH NP pa3IMYHbIX paguycax JIa3epHOro msaTHa. Pemenue Obl-

JIO TOSy4€HO B BUJE QYHKIMH cepruecKux KoopauHar Ru U :

3 1
u, (RI)=—=-0f, (), (10)
rae R — paccrosiHue OT 1EHTpa J1a3epHOTo ISATHA, z9 yTII0Basi KOOPAWHATA, OTCYMTHIBAEMAas OT HOpMa-
JM K MOBEPXHOCTU MeTalla, Uy = Ugg — aMIUIUTYa CMEILEHUs CPe/ibl B paJuaIbHOM HAIllPaBIEHUU IS
NPOJOIBHON BONHBI, U, = Ugy — aMIUIUTY/IA CMEIICHUS B TOmepedHoii Bomue, fi, (19)— dbyakIms Ha-

IMMPaBJICHHOCTHU BOJIH.
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Pacuérer npomsBoamiIrch s uHBapHOTo crutaBa 35HK] [31]. [TapamMeTps! J1a3epHOTO MMITYIIbCA!
E=1mIx, t,=30Hc, A=0,45 MakcumansHbiii ckauok Temmeparypel — 60K. Koncranta

B~ (1-2)-10° »* (5). Ha paccrosuuu 1 cM [0 HOPMAJIH OT MECTa IOIJIOMICHUS Ta3ePHOTO JIyda cMe-
IICHHUS YaCTHI[ CPEIbl COCTABSIT BEIUUUHY Mopsinka 1—2MkMm. /luarpaMmbl HanpaBICHHOCTH MPOJOJIb-
HBIH W TOIEPEYHBIX BOJH I JIa3€PHBIX IATEH pasHBIX paamycoB Ry (0,125; 0,250; 0,375; 1,00084)
UMEIOT JIBYJICTIECTKOBYIO (opmy (puc. 2). Ilpo-
JOJIbHBIC BOJHBI UMEIOT IIEHTPAJIbHBINA JICTIECTOK
npu O rpamycoB, a BTOpOH JIENECTOK MMEET Mak-
cumyM ot 50° mo 70°. UMeHHO 101 3TUMHU yriia-
MU yZ00HEE BCEro BEeCTH KOHTPOJb oOpasma. Of- 20 |-
HOBPEMEHHO C TIPOJOJBHOW BO30YXKIAeTcs WH-
TEHCHBHAs IOMEPEYHAas BOJHA IOJ YIJIOM IpH-
MepHO 35°, KOTopasi TakKe MOXET OBITh MpHMe-
HEHa JUIS yJbTPa3ByKOBOTO KOHTpous. [Ipyroit
genectok mox yriiom 60°—80° sBiseTcss MeHee 10 -
WHTEHCUBHBIM. [IpH 3TOM, yIbTpa3ByKOBBIC HM-
MYJIBCBI, COOTBETCTBYIOIUE MPOAOJIBLHOM | TIOTIe-

25 o, 107 rpan”’

15

pEYHO BOJIHE, JIETKO Pa3iUYMMBbl, TaK KaK CKO- S

POCTh TIPOIOJILHON BOJIHBI MOYTH BIBOE MPEBBI- :

IaeT CKOpOCTh momnepeyHoil. C yBenudeHHEM 0 ] | K
JIMaMeTpa JIa3epPHOTO TATHA MPOMCXOMUT Mepe- 0 250 500 750 °C
pacrpeziesieHne aKyCTHIECKOM SHEPTUH OT MepH- Puc. 1. TemnepaTypHas 3aBUCMMOCTb Ko3chuumeHTa
(bepwuiiHoro JemecTka K meHTpaibHoMy. OTCroaa paclmpeHus xenesa

CJIEyeT, YTO IS TONIUHOMETPUU U JePEKTO-
CKOITMH METAJUTOU3CTHI MPOCcTOi GOpMbI (CII0bI, JIUCTBI, TPYOBI U T.II.) ONTHMAIBHBIM SIBJISCTCS Jia-
3EpHBIN U3IydaTelb, JUaMeTp MATHA KOToporo Ooukire 2 MM. JlanbHelee yBennieHne quaMeTpa Jia-
3€pHOTO MATHA MPUBEIET K YMEHBIICHUIO IFIOTHOCTH MOTOKA TEIIOBOTO U3IMYUYCHHS W, COOTBETCTBCHHO,
K YMEHBIIEHHUIO BEJTMYMH CMEILEHUN KaK B MPOJIOJILHOM, TaKk U B mornepeyHoi BoiHe. Kpome nepepac-
MpeeNICHNs] SHEPTUU MEX/Ty IIEHTPAILHBIM U neprdepriiHbBIM JISIECTKOM o0palaet Ha ce0s BHUMaHHe
BO3pacTaroias KOHIICHTPAUs aKyCTHYECKOM SHEPTUH BOJIM3U HOPMAITU K TOBEPXHOCTH C YBEIIMYCHUEM
JIUaMeTpa IMATHA, T. €. IPOUCXOJNUT CYKEHHE IEHTPAITBHOTO TISITHA.

IIpu KOHTPOJIE METAJUIOM3AENNI CIOKHON (OopMbI (peabChl, (PaCOHHBINA M MPOMUIBHBINA POKAT U
T. I1.) HEOOXOJUMO HCIIONB30BaTh YCTPOUCTBA HAKJIIOHHOTO BBOJA yabTpa3Byka. J[is atoro ciemyer wuc-
MOJIL30BaTh JIA3€PHBIC U3TYYaTeIH, HMCIOIIUE MaJbli JUaMETp MATHA, €CIIM KOHTPOJIb BEAETCS HA TIPO-
JIOJIBHBIX BOJIHAX M HEOOXOIUMO OCYIIECTBIISATH BBOJ YJIbTpa3Byka Moj yriioM okoio 60°. [Tockonbky,
KaK BUJIHO W3 PHC. 2, OJHOBPEMEHHO C MPOJOJHLHON BO30YKIaeTCsi MHTEHCHBHAS IMOTIEpeyHasi BOJIHA
MOJT YIJIOM 0K0JI0 35°, TO BO3MOXKEH KOHTPOJIh METAJUIOU3/ICIINI Ha MOMEPEYHBIX BOJHAX, BBOJUMBIX B
W3JIeNTUE MOJT YKa3aHHBIM YTJIOM. YIJIbTPa3BYKOBBIC HMITYJIbCHI MPOJIOIBHOM U TIOTIEPEYHON BOITHBI JIETKO
Pa3INIUMBI, T.K. CKOPOCTH MPOJIOJILHON BOJHBI TOYTH BABOE MPEBHIIIACT CKOPOCTH MOTIEPEYHOH .

[IpoaemMoHCTpHUPOBATH BIMSHUE OJU30CTH K TOuke Kiopu Ha XapakTepUCTHKHU HAPABICHHOCTH Jia-
3€pHOTO M3ITy4yaTels JI4Ile BCero HEMOCPEICTBEHHBIM CPABHEHUEM ATHX XapaKTEPUCTHK ISl KOMHAT-
HBIX TEMIIEPATyp C MOJyYEHHBIMH pe3ylbTataMu. J[Is KOMHATHBIX TeMIepaTyp XapaKTEepPUCTHKH Ha-
MPaBJIEHHOCTH MPeACTaBIeHbl B pabore [3, ¢. 154]. 3 cpaBHEHHsS BHUIHO, YTO IPH TEMIIEPATypEe Mar-
HUTHOTO (Pa30BOTO Tepexoja XapaKTePUCTHKH HAMPABICHHOCTH UMEIOT 00JIee CIOXKHYIO YTIIOBYIO 3a-
BUCUMOCTbB. CBSI3aHO 3TO ¢ TeM, 4To B pabore [3] He yuuThIBaNaCh KOHEYHOCTh CKOPOCTH pacipocTpa-
HEHHMS TEIUIa, YCTaHOBJIEHHAS B paboTte [32], u aHOMabHas TeMIepaTypHas 3aBUCHMOCTE KO3 GHUIIMEH-
Ta TEIUIOBOT'O PACIIUpEHUs B 001acTi Touku Kropu.

3akioueHue
TakuM 00pazoMm, MOCTpOEHA MOJIETh B3aUMOJCUCTBUS JTA3€PHOTO HM3IIyUeHUS ¢ (eppOMarHUTHBIM
MeTaJioM. Pacdérel, MpoBeIEHHBIC HA OCHOBE 3TOW MOJICIH, MO3BOJISIOT JaTh PEKOMEHAANNU s 3¢-
(hEeKTHBHOTO HMCITOJIb30BAHU JIA3€PHOI T'eHEPALUU YIbTPa3ByKa B 1e(DEKTOCKOIHMH U TONIUHOMETPHH.
PaccMOTpeHBl TCOPETHUSCKUE MOJOKEHHUS MPOIECCa BHICOKOTEMIICPATYPHOH JIa3ePHOM I'eHepaluu
AKyCTHYECKUX UMITYJIHCOB B (DEPPOMArHUTHBIX METAJUIaX, TEMIIEpPaTypa KOTOPhIX HAXOAWUTCS B palioHE
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toukn Kropu. YureHo, 4TO reHeparus MPOUCXOAMT 3a CUET TEPMOYIPYroro 3(pQeKTa U HCIBITHIBACT
BITUSHHUE HEJIMHESHHOW TEMIIepaTypPHOH 3aBUCUMOCTH K03((pHIMeHTa TeIII0OBOTo paciuperns. B pamkax
HECBSI3aHHOM JAMHAMHUYECKON 3a/laud TEePMOYIPYTrOCTH MpPEJIOKeHa METOAMKa pacuéra MmapaMeTpoB
aKyCTHUYECKUX TIOJIEH M OmpezesieHbl ONTUMAbHBIE ITapaMeTphl J1Ia3epHOTO M3IIydaTelNs, MpeaHa3HaueH-
HOTO JUISl TUCTAaHIIMOHHOW TEeHEpalMyd aKyCTHYSCKUX HUMITYJhCOB B (PEPPOMArHUTHBIX MeTalllax Mpu
BeICOKHX TemrepaTypax (500 T u BhIie [IIst Keae30CoAepIKaIMX CIIIaBOB).

e = 7(8)
M (9) Ro=0,125 mm oK ( Ro = 0,250 MM
0.5f= 0.8
0.6 0.6
0.4 0.4p=
0.2 0.2
0.0 | 1 0.0 | | | |
0 20 40 60 80 9, rpan 0 20 40 60 80 3, rpan
- AR
o | /(8) 1.0 (8) Ro = 1,000 MM
’ Ro =0,375 mm
0‘8 0.8
0.6 0.6
0.4} 0.4
0.2 0.2
0.0 | 0.0 | | |
0 20 40 60 80 8, rpan 0 20 40 60 80 8, rpan

Puc. 2. Qnarpammbl HanpaBneHHOCTEN BOSH NPOAObHbIX (1) M nonepeyHbIX (2) Npy pa3nUyHbIX paguycax naTtHa Ry
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TO THE THEORY OF LASER GENERATION OF ELASTIC WAVES
IN FERROMAGNETIC METALS AT THE TEMPERATURE
OF MAGNETIC PHASE TRANSITION
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Laser generation of ultrasound has found wide agfitin in modern technologies: to control the
quality of composite materials, to detect layerasapon in adhesive-bonded joints, subsurface and s
face defects, as well as the quality of a prodscttgace in the process of manufacture. For exortadf
waves in metals, pulse laser is normally used. étafturgy, as well as in promising 3D technologies,
is necessary to control products at high tempezat(800€C and higher). To design ultrasound equip-
ment with a pulsed laser radiation generator asitn@sound source, it is required to conduct tegcal
research of the process of laser generation addadtmd in ferromagnetic metals at the temperatiire o
magnetic phase transition, since the hot metal @sion for ferrum and ferrum-based alloys is, as a
rule, performed namely at this temperature of 468The results of the experimental works allow to
conclude that the temperature dependence of naabdimplitude of acoustic pulse in ferrum is of ex-
treme character in the range of magnetic phassiti@m i.e., in the range of Curie point. In thisrk a
goal has been set to study the process of las@rg@n of ultrasound in ferromagnetic metal in the
condition of non-linear dependence of the volumpagsion coefficient on the temperature. The task of
thermoelastic excitation of longitudinal and tramse waves in ferromagnetic metal by a laser mtlse
the temperature of magnetic phase transition haa belved. Diagrams of longitudinal and transverse
wave patterns when ferromagnetic metal is exposddser pulses of various diameters have been ob-
tained. Recommendations for effective use of lgesreration of ultrasound in non-destructive testing
and thickness measurement have been given.

Keywords: laser generation of ultrasound; ferromatin metals; magnetic phase transition; longi-
tudinal and transverse waves.
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UHdhopmauua
U3MAMNNOB IOPUU FTEHHAOBLEBUY — K 70-IETUIO CO AIHA POXXOAEHUA

Mzmaitno IOpuit ['eHHagbeBUY, TOKTOp XUMHUYE-
ckux Hayk (1993), mpodeccop (1995), mepsriii aekan
(dakynmpTeTa TPHUKIATHON MaTeMaTHKA U (U3HKH
UIr'Ty-t0ypl'y (1996-1997),npopekrop mo yueOHO#
pabore IOVpI'Y (1997-1998).Tparnuecku morud 14
ntoHs 1998rona.

Wsmaiinos FOpwuii I'eHHanpeBUY poAauiCcs B CEMbE
WH)KEHEpHO-TeXHn4Yeckux padotHukoB 10 mas 1951ro-
nma B 1. Cemumnanatuncke (Kaszaxcram), 6onee Bcero ms-
BECTHOM PACIIONIATaBIIUMCS B €r0 OKPECTHOCTSIX S/Iep-
HBIM TIOJIMTOHOM. B eTcTBEe MedTan cTath JIeTYHKOM. B
MATOM KJIACcCe HAIMCall MUChMO 3HAMEHHTOMY JIETUHKY,
reporo Cosetckoro Coro3a Ajekcero MapecbeBy, 4TOOBI
y3HaTh, KaK CJIEIyeT TOTOBUTHCS K 3TOW Ipodeccuu.
OTBeT OBUT TaKON: HAZO XOPOIIO YYUTHCSA, 3aHUMATHCS CIIOPTOM, YKPETIISATh CHITy Boiu. M camoe riaB-
HOE, KeM ObI Thl HE CTaJl, «Haa0, 4TOObI TBOS padoTa MpHUHECHa MoJb3y Hapomy, Poaune. Bot k arToi
OJaropoJHOM 3a7ade U TOTOBb ce0s». DTUM 3amoBensM u cienosan FOpuit ['eHHabeBUY BCIO JKU3HB.
OH OTJIMYHUKOM OKOHYMJ CPEAHIOI0 MIKOIy. IIIkOMbHUKOM, 3aHUMAsICh JIETKON aTIEeTHKON (TpOWHOM
NPBDKOK), TOAHSUICS 110 mpu3epa mnepBeHcTBa KaszaxcraHa, a HauyWmHas CO CTYJICHYECKHX JIET, ObLI
1eHTp(HOpBapaOM CaMOCTHHHOW (yTOOIBLHONW KOMaHIbl YHHBEPCUTETA, BIOXHOBUTEIEM KOTOPOH OBLI
Poummn B.E. (mo3mHee mpodeccop, 3aBeayronmii kageapoi, nekan M-¢paxynbrera). OHa cocTosia u3
CTY/ICHTOB, ACIIUPAHTOB, JIOIIEHTOB U MPO(ECCOPOB — BCEX MHOOUTEINECH 3TOW UrPhl KaK Ha METAJUTYpIrH-
geckoM (haKyIbTETE, TaK M 3a €ro mpeaenamMu. HekoTopsie u3 koimier Ha3siBasid M3maitiioBa MapamoHoit
3a BHEIITHIOK TIOX0XECTh, (PyTOOJEHBIC TIOBAKU U, TJIABHOE, 32 PE3yJIBTaTUBHOCTh. UTO KacaeTcs CHIIBI
BOJIH, TO JIFOOOE JIENI0, 32 KOTOPOE OH Opajsicsi, OH BBITIOIHUI C OJIECKOM U JI0 KOHIIA.

Tosapumu KOpus ['eHHanbeBrUYa, BCIIOMUHAS BpeMeHa CTYJEHUYECTBA M ACIIMPAHTYPHI, OTMEYAIOT,
YTO MPHU OOIICHUU C HUM B MIEPBYIO O4Yepelb OPOCATUCH B IIa3a €r0 CEPhE3HOCTh U PACCYAUTEIHHOCTD.
Bce, uTo oH roBopwI1, ObLTO B3BENICHO, 00 JyMaHO, PACCMOTPEHO CO BCEX CTOPOH U TEM BBI3BIBAJIO TIOJI-
Hoe posepue. [Ipu atoM FOpuii ['eHHagbeBUY OBUT OYEHDb KOMITAHEHCKUM YEIIOBEKOM, C KOTOPBIM OBLIO
uHTepecHO 00maThcs. OH ObLT HEOOBIKHOBEHHBIM PAaCCKa3YMKOM — PAcCKa3bIBajl C YBIACUCHUEM U 00JIb-
muM nadocom. MckyccTBo opaTopa OBUIO y HETO B KPOBH U BMECTE C JPYTMMHU KaueCTBAMHU OYEHb eMY
MPUTOIMIOCH, KOTAa OH CTajl JIGKTOPOM M KOTJa TepeleN Ha PyKOBOAAIIyto paboty. Jlronu, mpoxoas
MHMO JIEKIIMOHHOM ayAWTOpPUH, HEBOJBHO MPUTOPMAKWUBAIH, KOTJA OTTyAa MOHOCHICA Tonoc FOpus
I'ennanpeBuua — Hy na, ato Usmaiinos. Yerko, sicHO 1 yoeauTenbHo». OH O4EHBb TPETETHO OTHOCHIICS
HOCHJICSI K CBOEH CeMbe, TOPIUIICS CBOCH KpacaBH- i |
el sxeHow Baneit, aro0mi rynsath ¢ qoukamu Hara-
meit u Upumieit. Ero oTHolIeHHE K OKPYXKAIOIIUM HE
M3MEHWJIOCh, KOTJa OH CTajl TMOJHUMATHCS IO CITy-
xebHol nectamue (mekaH, mpopekrop). OH coxpa-
HSJ1 TOOpbIe TOBApHIIECKHE OTHOIIEHUS CO BCEMH,
KOT'O 3HaJ.

B 1973 r. Opwnii I'enHagpeBUY € OTIMYHEM
oxonunn YT (Metamtyprudeckuii (hakyabTeT IT0
CHEeNUATEHOCTH «MeTauTyprus YepHbIX METAILIOBY),
a B 1976r. — aciupanTypy Kadeapsl MeTalUTypruu
CTalli ¢ TeM ke ycrexoMm. B 1982r. emy npucBoeHO
yuéHOe 3BaHHuE JOIeHTa 0 Kadeape busuku, B 1995
r. YTBEpPXKIEH B 3BaHmM mpodeccopa kadenpsl 00- Wamaitnos 0., acnupaHTypa, 1975 .
e u reoperudeckoit puzmku. B 1996r. cran nep-
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UHdopmauus

BBIM JieKaHOM oOpazoBanHoro B UI'TY ¢akynsTera npukiagHoii MaremMatuku U ¢usuku, B 1997r. —
NPOPEKTOPOM 10 yuebHoit padote FOYpI'Y.

Ceoii nyTh B Hayky IOpuii ['eHHagpeBruy Havad B cepeaune 70X roaoB Ha Kadeape METaTypruu
cranu YIIH, rne B To Bpemst ObuH pa3BepHYTHl HHTEHCUBHBIE IKCIIEPUMEHTAIFHBIE NCCIIEIOBAHUS HOH-
HBIX PAcCIUIaBOB B CBS3H C Pa3pabOTKOH HOBBIX MeTAJUIyprudeckux TexHojorud. Ctynent M3maiinoB
3/1eCh MPHOOpEN MepBbie HABBIKK BBHIMTOJIHEHUS AKCIIEPUMEHTOB HaJ BBICOKOTEMIIEPAaTypHBIMU paciiia-
BaMH, 00paOOTKH OTBITHBIX JAHHBIX U MX HHTEpHpeTanud. JUmioMHy0 paboTy Mo 3TOi TeMaTHKe OH
3alIUTUI Ha «OTJIIMYHO», HA Ty € OLIEHKY, BIIPOYeM, KOTOPYIO OH IOJydall BO Bce BpeMsi oOyueHus. B
1973rony OH MOCTYNHJI B aCIIMPAHTYPY IO TOM e TeMaTHKe, €ro Hay4HbIM PYKOBOAUTENEM CTajl J0-
HEeHT, K.T.H. Bstkud I'epman IlnatonoBud (mo3zHee AOKTOp XHMHYECKHX Hayk, mpodeccop, dieH-
koppecnionnienT PAH, pekrop u npesunent IOYpl'Y). B 1976rony IOpwmii ['enHagpeBny ycnenxo 3a-
MIMTHI KaHIUIATCKYIO JUCCEPTALMIO U BCKOPE Iepelien Ha paboTy Ha kadenpy ¢usuku Ne 1, kotopoit
kK ToMy BpeMenu 3aBemoBai [.I1. Barkun. Bmecte ¢ HuMu Ha kadeapy ¢uszuku Ne 1 mpuiuia U HOBas
TEMaTHKa MCCIIEJ0BaHNH, KOTOphle K cepeanHe 80X TOIOB cOCPEIOTOYMIUCH B JIAOOpATOpHU (HU3HUeE-
CKOM XMMHUH reTepPOreHHBIX CHCTEM, pyKoBoanMoii FOpuem ['enHanbeBuueM.

B 310 Bpemst BHumanue 10.I'. M3maiinoBa mpuBieK OAMH U3 KJIACCOB MOHHBIX CUCTEM — TPOIMHBIC
B3aMMHBIC CUCTEMBI C JICTYYMMH KOMIIOHCHTaMH, Takue Kak, Hampumep, cuctema CaO-AO;-CaF.Otu
CHCTEMBI TPEICTABIISIOT 3HAYUTENLHBIA HHTEPEC KaK C MPAKTHYSCKOW TOYKH 3peHHs (BBUIY MX LIMPO-
KOT'O HMCIIOJIb30BaHHS B METAJUTypPTUH), TAK U B TCOPETUUECKOM IUIAHE — BCIECICTBUE MX HEPAaBHOBECHO-
CTH B OTKPBITBIX YCJIOBHSX. BbUIH YCTAaHOBIICHBI Ba)KHEHINHE 3aKOHOMEPHOCTH MX MOBeACHUs: 1) He-
CMOTpS Ha JIETy4eCTh MPOIYKTOB OOMEHHOW PEeaKIiy, CHCTEMa B COCTOSIHUU JOCTHYb PABHOBECHS U3-32
pa3BHUTHs MapauICNIbHO MAYIIMX PEaKIUil KOMIUIEKCOOOpa3oBaHMs; 2) CKOPOCTh OOMEHHBIX pPeaKIMi
OTPaHMYMBAETCS] CPABHUTENHFHO MEIJICHHBIM MPOIIECCOM HCTIApEHUs JIETy4YrX MPOJAYKTOB CO CBOOOTHON
TPaHUIIBI pacIiaBa, YTo MO3BOJIAET PACCMAaTPHUBATh CUCTEMY B KaXKABI MOMEHT BPEMEHH KaK KBa3HUpaB-
HOBECHYIO M CTPOUTh COOTBETCTBYIOIME «IHarpaMMbl COCTOSHUS», KOTOPbIE B COBOKYITHOCTH C TpE-
JIOKCHHOW TEXHMKOH TaK Ha3bIBAEMBIX TUATrPaMM HCHAPEHHS SBISIOTCS CErOAHS Ba>KHBIM MHCTPYMEH-
TOM B IIPOTHO3MPOBAHUY CBOWCTB U MOBEACHHUS TAKUX CUCTEM B METAILTYPTUYECKUX MPOIleccax.

i Konr4ecTBEHHOM MHTEPIpETalii HAKOTUIEHHBIX OTBITHBIX JAHHBIX O CBOMCTBaX MOHHBIX pac-
IUTABOB C JIETYYUMH KOMIIOHEHTaMH HEOOX0JMMO ObLIO 0oJiee JeTalbHO U3YYUTh MPOLECCHl OTKPBITOIO
WCTIAPEHUS KUAKOCTEH BOOOIE ¢ yIeTOM BceX (paKTOPOB, CIIOCOOHBIX TOBIUATH HAa PE3YIIbTATHI IKCIIE-
puUMeHTOB. {1151 3TOr0 OBLT BHITIOTHEH KOMIUIEKC TEOPETHUYECKUX MCCIIEIOBAHMIN HAJ KUIKOCTSIMHU Pa3-
HOW TPHUPOJIBI, UCTIAPAIOUIMMHUCS B PA3JIMUHBIX YCIOBHAX, OMM3KUX K TE€M, YTO UMEIOT MECTO B HaTyp-
HBIX JKcIiepuMenTax. [IpeanoxkeHHble MaTeMaTHIECKHE MOJIENTH BEPUPHUIIMPOBAIUCH B CIICITUATBEHO BhI-
TIOJTHEHHBIX JKCIIEpUMeHTax. Pa3paboTaHHbIe B pe3ylbTaTe METOAbI, MAaTeMaTHIEeCKHEe MOJAETH U Tpo-
rpaMMBbl TTO3BOJIMIIM aJCKBaTHO aHAIM3UPOBATh 3aKOHOMEPHOCTH MPOIIECCOB MacconepeHoca pH Ucma-
PEHHMH YHCTBIX >KUAKOCTEH, PaCTBOPOB M PACIUIABOB OMHAPHBIX M TPOMHBIX B3aHMMHBIX CHCTEM, IOJY-
YEHHBIE B AKCIEPUMEHTAFHBIX YCIOBUAX, a TAKXKe Jaj BO3MOXHOCTB JJISl pacdeTa TPAHCIIOPTHBIX H
TEPMOJTMHAMUYECKUX XaPAKTEPUCTHK PACILIABOB 110 OMBITHBIM JAHHBIM O CKOPOCTSIX MCIIApEHHS.

BrimonneHHble pa3paboTKH CYLIECTBEHHO PACIIUPHIIA KPYT BO3MOXKHOCTEH (DU3MKO-XMMHUYECKOTO
WCCIIEIOBAHNS MAacCOOOMEHHBIX MPOIIECCOB C YYaCTHEM CHCTEM, COACpIKAIIUX JIETYy4YHe COCIUHEHWMS.
OHM UCTIONB30BATUCH KaK ISl ONTUMH3AIMHA COCTAaBOB PACTBOPOB U PACIIJIABOB, IPHUMEHIEMBIX B XUMHU-
YECKHX M METAJUTypTUYEeCKUX MPOM3BOJCTBAX, TaK M IJIs pa3pabOTKU 3KOJIOTUYECKH YHUCTBIX TEXHOJO-
Tuil. DTH UCCIeIOBaHUS OBUIM TOJIOKEHBI B OCHOBY JIOKTOPCKOW IuccepTaluu, kotopyro FOpwuit ['en-
Ha/beBUY ycremHo 3amutiia B 1992 romy. Iox ero pykoBojcTBOM OblLIa 3allUINeHa KaHIAWIATCKAs
mucceptanus A.T. benmoHoX Ko (HBIHE JOIEHT, JOJITOe BpeMs pabOTaBIIMI 3aMECTHTENIEM JISKaHa YHEp-
reruueckoro Qakynprera IOYpl'Y) u moaroroenena xanguparckas auccepranus A.E. Koperuenko
(uptHE Tpodeccop, MOKTOp (u3.-MaT. Hayk, mpodeccop MUPDA), sammursr koTopoit FOpwuii I'ennaane-
BUY, VBB, HE YBUAEI.

Crocobnoctu 10.I'. M3maiinoBa kak maepa NpOSIBUIIMCH PaHO — €IIe B CTYJEHYECTBE U aclupaH-
Type, Kora oH ObLT He(pOpMaTBHBIM OPTaHU3aTOPOM Pa3HOOOPA3HBIX MEPOTIPUATHI 3a paMKaMH y4e0-
HOT'O TIpoIecca: CIOPTUBHBIX COPEBHOBAHMH, BKIIIOUAs MHTECIUICKTYalIbHbIC TP (MpedepaHc), TOKab-
HBIX JUCTIYTOB (PUIOCOPCKOrO COAepKaHUs, a TaKXKe TUCIYTOB IO aKTyalbHBIM MpoOjeMaM OOIIeCT-
BEHHOH M 4acTHOH >Ku3HH. B MOIHO# Mepe 3TH ClIOCOOHOCTH MaTepUaIn30BalIUCh U CTAIH Pa3BUBATHCS,
korna lOpwuit ['eHHazBpEBHY mepemien Ha PyKOBOIAIIYIO paboTy, CTaB KaHAUAATOM M JOKTOPOM HayK.
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Beckaydko B.I1., Bamkun I'.1., Jpo3uxn A L]., U3maiinoe Opul NeHHadbesuY —
3ansinun B.U., Mup3oee A.A., PouwjuH B.E. K 70-nemuro co OHs1 poxxOeHus1

CHauana oH OBLT 3aBeIyIOIUM JlabopaTopueii Gu3ndeckoil XUMHU TETEPOTCHHBIX CUCTEM, 3aTEM 3aMec-
TUTEJIEM M HCIIOJHSIONIMM 00S3aHHOCTH 3aBeayromero kapeapoit pusuku Ne 1 (Heine Kadenpa Gusuku
HAHOPA3MEPHBIX CHUCTEM), Jaliee AeKaHOM (aKyIbTeTa MPUKIAIHBIX MATEMAaTHKHA U (QU3KMKH, TPOPEKTO-
POM YHHBEPCHUTETa, KaK YIOMUHAIOCH BbImIe. [log ero pykoBo-
JICTBOM WM HETMOCPEJCTBEHHOM YYacCTHH OBLJIO BBHIMONHEHO He-
CKOJIBKO KPYIHBIX MPOCEKTOB, TaKUX KaK CO3JaHUE IOJIHOTrO
KOMIUIEKTa TpapuuecKux MaTepuanoB ((Gosuii) 1is COMPOBOXK-
JICHYSI JIGKIIMH 110 BY30BCKOMY KypcCy OOIIeH (hU3UKH — OKOJIO
THICSTYH W300paXKECHUH, IEMOHCTPUPYIOIIUX BECh CIIEKTpP (U3M-
YECKUX 3aKOHOB, TMPEJCTABICHUA W TOHATHH. JTO KOMIUICKT
napajiebHO ObUT aJlanTUPOBaH U IS 3aHATHH 1Mo (usuke B
cpenneii mkone. B 80 roapl no unuimaruse H0.I'. M3maiinosa
Ha kadeape Obuta chopMHUPOBAHA TPYIINA IKCICPUMEHTATOPOB,
cnenpanuctoB mo mexanmke W ontuke (I.I1. TIeun, B.JL
VakoB u 1p.), KOTOpasi Hapsay C BHIMOJHEHHEM HAYYHBIX HC-
CJICIOBAaHUNA 3aHAIACH Pa3pabOTKON M WM3TOTOBICHHEM 000pY-
JOBaHUS JUTsS (PU3UYECKOTO MPaKTUKyMa B By3aX U IIKOJaX. DTO
Hanpasienue kK 2000M rogaM pa3BHIOCH HACTOJBKO, YTO TPYII-
ma craja MocTaBjIsaTh o0opymoBaHue mo Bced Poccum, ot Ho-
sOppcka Ha JlanpHem Boctoke no IlerepOypra Ha Ceepo-
3amane u CeBacToIog Ha I0Te, a TaKXkKe U 3a pyOek, B CTPaHbI
CHI' (Kasaxcran, Tamkukucran, AsepOaiimkan). 910 060py-
JoBaHKE paboTaeT B Ny4IInWX By3ax cTpansl — MI'Y, MUDU,
MAU, MUCuC. OOmecTBeHHBIM MPHU3HAHUEM STOU JEATEIb-
HocTH ObLIO mpoBeneHue B 1996rony B OYpI'Y mMexmyHapos-
ot koHpepenuunu crpan CHI' «CoBpemeHHBIH (U3MYSCKUI
MPaKTUKyM>», 32 OPTaHU3AIMI0 KOTOPOH CO CTOPOHKI YHUBepcuTeTa oTBevan IOpwuit ['ennanbeBud. OH
Ob1 Takoke wieHoM oprkomutera VIl Beecorosnoit kondepeHinn «CTpOSHHE W CBOWCTBA METaJLIHYe-
CKUX M IIIIaKOBBIX paciuiaBo» (Hemsounck, 1990),uneHoM peakiuu mepBoro Ha Ypaie U OJHOTO U3
MEepPBBIX B POCCHU 3NIEKTPOHHBIX HAYYHBIX W3JaHUN — KypHana «BbICOKOTEMIEpATypHbIC PACIUIABBI»,
MOSIBJICHUE KOTOPOTO HWHHIIMUPOBAJIO BO3HUKHOBCHHE B YHHUBEPCHUTETE COBPEMCHHBIX «BECTHHKOB
IOYpl'Y».

Haubonee rmybokwuii cnen B uctopun IOYpl'Y IOpwmii ['eHHanbeBUY ocTaBMII Kak OCHOBHAsI JIBU-
Kylas Cuia B CO3JaHUM (DaKylIbTeTa MPUKIAJHBIX MaTEMATHKU U (U3UKU, TEPBOTO ECTECTBEHHO-
HAy4YHOTo MmozpaseieHus, u3 kotoporo B Hayane 2000x romor o0pa30Baanuch GUIUUESCKHMA, XHMHYC-
CKUI M MaTeMaTHYecKUil (pakynbTeThl. TOMYKOM JIJIs CO3MaHus 3TOro (pakylbTeTa MOCTYKWI 3ameda-
TEJHHBIN OTIBIT, IOTYYCHHBIN paHee, B epBoii mosioBuHe 90X roj0B, M0 00YYCHUIO CTYICHTOB B MOTO-
KE YCHWJICHHOW (U3UKO-MATEeMATHYECKOH MOATOTOBKU. DTOT MOTOK OBUI CO3JIaH 10 WHUIIMATHBE BbI-
TAIOIIETOCsS COBETCKOTO ydeHOTo-¢pu3nka, bopuca SlkoBmeBnua 3enpaoBuya, OBIBIIECTO TOrAa mpodec-
copom IOYpI'Y. B aTom moToke OBUI MOATOTOBJICH LENBINA PSII TATAHTIMBBIX MOJOJBIX HCCIIEIOBATE-
JIeH, cACNaBIIMX MOTOM 3aMETHYIO Kapbepy B Poccuu u 3a py-
6exoM. Onnako ¢ orbe3oM b.S. 3empaoBuua u3 YensOuHcka
STOT OMNBIT MOT PACCEAThCS, B CBS3M C YeM PYKOBOJCTBOM
IOVYpI'Y Obuto mpHHATO peUIeHue JIeraau30BaTh MOJATOTOBKY
€CTECTBEHHO-HAYYHBIX KaJ[POB, CO3/1aB (haKyIbTET MPHUKIATHOMN
MaTeMaTrku ¥ Qusuku ([IM®). DTta Henpocras pabora ObLia
nopyueHa lOpuro ['eHnagpeBuuy. 37ech eMy moTpeOoBaics
BeCh Nap yOexaeHUs, 4ToObl HEHACHUIBCTBEHHBIM ITyTEM CO-
OpaTh BMECTE €CTECTBEHHO-HAayYHbIE U HAYKOEMKHE B (DHU3HKO-
MaTEeMaTHYECKOM OTHOIIICHUM Kadeaphl, TPEKpacHO cels
YyBCTBOBABIIME HAa CBOMX HCXOIHBIX (akyibpTeTax. B
pe3yibTaTe HANPSHKCHHBIX Je0aTOB U JTUCKYCCHM, KOHCEHCYC
Obu1 HaiigeH, u IOpuii ['eHHaabeBUY OBLI Ha3HAYEH IICPBBIM

PaboTta Haa [OKTOPCKOM, 3KCNEepUMEHT
(1990r.)

BcTtpeua pykoBoacTea HOYpl'Y

JeKaHOM HoOBOro ¢akynsrera. OH B KpaTyallme CpOKH ¢ ry6epHaTtopoM YenabuHckom
OPraHM30BaJl CJIAKEHHYIO PadoTy Bcex OpraHos (hakyiabTeTa, o6nacu .1. CymuHbIM
BecTtHuk OYplY. Cepus «MaTtemaTtuka. MexaHuka. Pusmka» 81

2021, Tom 13, Ne 3, C. 79-82



UHdopmauus

KEHHYI0 paboTy Bcex OpraHoB (aKyJabTeTa, UCHOIb3Ys HE CTOJIBKO aJMHUHUCTPATUBHBIN pecypc, CKOJb-
Ko nuuHbIA npumep — lonsim? Bunenn? [lenaiite, kak 51, uian jydiie». beiBiIre oTBETCTBEHHBIE pa-
O0oTHHKH Kadenp W JeKaHaTa He IOMHST Cly4aeB MpUMeHeHUs 3MaiiioBbIM KakuX-THOO0 KapaTelbHBIX
Mep, TOJIBKO pa3bsACHEHHNE W yOexaeHne. DTH KadecTBa 3a00TIMBOTO BOCIIMTATENS W HACTaBHHKA pac-
NPOCTPAHSIIMCh U Ha cTyAEHTOB. OIMH U3 BBITYCKHUKOB TOrO BpeMeHH, Asiekceil ['yH (HbIHE Hay4yHBbIH
corpyauuk IIpuHCcTOHA), BertoMuHas y4ueOy Ha IIM®, mumer B «TexHomomuce». «KOHEUHO, MMPExIe
Bcero, Hajo BcrmoMHHTH HOpus ['eHHagpesmya M3MaiinoBa, HEOOBIKHOBEHHYIO JIMYHOCTH, TMOMJIMHHOTO
oTLa HOBOTO Jeina, pakynpTeTra». O0 3TOM ke TOBOPST paccessHHbIE Teneps no EBpasun u Amepuke u
JpyTHe BBIMYCKHUKH, Koraa HaBemiator Alma Mater.

Her comuenus, uto Opwuii I'enHanseBry M3MaitioB coBepmimi O MHOTO IPYTHUX OOJBIINX U BaK-
HBIX €Tl «Ha MoJIb3y Hapoxdy, Ponune», oqHako cynpba pacnopsauiack uHavye. Ho u To, 4To OH ycnen
cenaTh, OCTaBUIIO TIIyOOKHM Clle B TAMATH TeX, KOMY MOCYACTIMBUIOCH C HUIM CONPUKOCHYTHCSI.

becxkauko B.II., Bamkun I' I1., /Ipo3un A /1.,

3ananun B.U., Mup3oee A.A., Powjun B.E.
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TPEBOBAHUA K NYBJIMKALWUN CTATbU

1. ITyOnuKkyrOTCS OPUTHHANBHBIE PaOOTHI, COJCPIKAIINE CYIICCTBEHHBIC HAYYHBIC PE3yJIbTAThl, HE OIMy0-
JUKOBaHHBIC B IPYTUX M3IAHMAX, IPOIICAIINE dTall HAYYHOW SKCIEPTH3HI M COOTBETCTBYIOIINE TPEOOBAHUAM
K MTOJITOTOBKE PYKOITUCEH.

2. B peakosuteruio npegocraBisiercs ajaektpontas (mokyment MS Word 2003gepcust paboTel 06beMoM
He Oonee 6 cTpaHUIl, IKCIIEPTHOE 3aKIIOUSHUE O BO3MOKHOCTH OITyOJIMKOBAaHUS pa0OTHl B OTKPBITOH IeYaTH,
cBenenus 00 apropax (©.1.0., Mecto paboThl, 3BaHUE M JOIDKHOCTH JUIsS BCEX aBTOPOB pabOThI), KOHTAKTHAS
HH(pOPMAIHSI OTBETCTBEHHOTO 32 TIOATOTOBKY PYKOITUCH.

3. Crpykrypa crateu: Y/JIK, HasBanue (He 6omee 12—15cmoB), criucok aBTopos, anaotanus (150—25QcmoB),
CIIMCOK KITFOYEBBIX CIIOB, TEKCT paboThl, uTeparypa (B MOpsIKe HIMTUPOBaHUS, B CKOOKAX, €CIIM 3TO BO3MOXHO,
JIaeTCsl CChUIKA HA OPUTHHAT TEPEBOTHON KHHUTH WIH CTATbU W3 JKypHAaIa, MEPEBOIIETOCS HA aHTIIMHACKUI
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHUe, paciupeHHas anaotanus (pedepar cratbu) oobemom 10 1800
3HAKOB C TIPOOEIaMH, CIIFCOK KJIIOYEBBIX CJIOB M CBEACHHS 00 aBTOPaX Ha aHTIIMHCKOM SI3BIKE.

4. TTapametpsl Habopa. [Tomst: 3epkanbHbIe, BepxHee — 23, HIKHee — 23,BHYTpH — 22,CHApYyKU — 25MM.
Mpudt — Times New Roman 11 piiacmirad 100 %,unTepBan — 0ObI4uHbIN, 6¢3 cMemienust u anumaruu. Ot-
crym kpacHo# crpoku 0,7 cM, mHTEpBan Mexay ad3anamu O T, MEKCTPOYHBIA HHTEPBAI — OIMHAPHBIH.

5. ®opmynsl. Ctuns Matemaruueckuil (udpsl, QYHKIMH U TEKCT — NPAMOI WPU(T, MepeMEHHbIE — Kyp-
cuB), ocHoBHOM mput — Times New Roman 11 pipkaszarenu crenenu 71 %u 58 %.Boikitouenusie dop-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enble. JXKenmarenbHo IpeToCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (PaiioB.

7. Anpec penakiMOHHOHM koyieruu xypHana «BectHuk IOYpl'Y» cepun «Martemaruka. Mexanuka. Ou-
3UKa»!

Poccus 454080,r. Yensbunck, mp. um. B.M. Jlenuna, 76, FOxHO-Ypanbckuii TOCYIapCTBEHHBIN YHUBEP-
cuteT, PaKyIbTeT MAaTEMaTHKH, MEXaHUKU U KOMITBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIECKOrO H KOM-
MBIOTEPHOT0 MOJCIHPOBAHMS, TIIABHOMY peaakTopy mpodeccopy 3arpebunoit Codppe Anekcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and@iter Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Anpec 3ekTpoHHO# moutel: Mmph@susu.ru

9. [MTonmHyO BepcHIO MPaBUII MOJATOTOBKHM PYKOMHUCEH U puMep oOpPMIICHHS MOXHO 3arpy3UTh C caiita
xypHana: cm. http://vestnik.susu.ru/mmph.

10.KypHan pacmpocTpaHsieTcss 10 MOJMKUCKE. OJEeKTpOHHas Bepcus: cm. Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétrauk.roypry.pd/mmph.

11.TInara c acnmupaHTOB 3a MyOJIMKAIIUIO HE B3UMACTCHI.



CBEAEHUA O XYPHAIJE

Kypnan ocnosan B 2009 roxy. CeunetensctBo o peructparwu [IM Ne @C77-57362 Beigano 24 mapta 2014 .
denepanpHOl cyk00H 10 Ha3opy B cdepe cBsA3M, MHPOPMAIMOHHBIX TEXHOJIOTHH M MaCCOBBIX KOMM YHHKAITHH.

Yupeautens — DenepanbHoe rocy1apCTBEHHOE aBTOHOMHOE 00pa30oBaTelbHOE yUPEXISHHE BBICIIET0 00pa30-
BaHus «HOKHO-Y panbCKuii rocyJapCTBEHHBIH YHUBEPCUTET» (HAIIMOHAIBHBIHN HCCIIEJOBATEIbCKUN YHUBEPCUTET).

I'naBHBIN penakTop xypHana — 1.¢.-M.H., npod. C.A. 3arpeduna.

Pemennem [pesunmyma Briciieit aTtectanionHoi koMmuccun MuHKCTEpCTBa 00pa3oBanust M Hayku Poccuiickoit
denepaunn xKypHat BKIOYeH B «[lepedeHb BenyMX peleH3UpYeMbIX HAay4YHBIX >KYPHAJIOB M W3/IaHUH, B KOTOPBIX
JIOJDKHBI OBITH OITyOJIMKOBAaHBI OCHOBHBIE HAyYHBIE PE3YJIBTATHI JUCCEPTALINI HA COMCKAHNE YUCHBIX CTEICHEH JTOKTO-
pa ¥ KaHOWAaTa HAyK» IO CIEAYIOIIAM HAYYHBIM CIICIMATbHOCTSIM M COOTBETCTBYIOIIMM MM OTpPAciisiM HAYKH:
01.01.01 — BemiecTBeHHbIH, KOMIUIEKCHBIH M (YHKUMOHAIbHBIM aHanu3 ((PpHU3MKO-MaTeMaTHYEeCKUE HAYKH),
01.01.02 — Iuddepenimansabie ypaBHEHHs, JMHAMHYSCKHE CHCTEMBI M ONITUMANIbHOE yrpaBjieHue ((Hu3uKo-mMarte-
Marudeckue HaykH), 01.01.07 — BerancnurensHas Mmarematrka (pusuko-maremarndeckue Hayku), 01.01.09 — Tuc-
KpeTHasi MaTeMaTHKa M MaTreMaTuueckas KuoOepHeTuka (¢pusuko-maremarndeckue Hayku), 01.02.05 — Mexanunka
XKHIKOCTH, Ta3a " 1iasmbl (pusnko-maremarnueckue Hayku), 01.04.05 — Onrtuka (pusuko-mateMaTHIeCcKnue Hay-
kn), 01.04.07 — ®uzuka KOHIEHCUPOBAHHOTO COCTOSHMS ((PU3UKO-MAaTEMAaTHYECKHUE HAYKN).

Pemenuem Ipesnnnyma Bricoieit arrecTanmoHHoi kKoMuccnn MuHucTepcTBa 00pa3oBaHus M Hayku Poccuii-
ckoii Penepanny xKypHai BKIIOYeH B «PerieH3upyemble HayuHble M3/IaHMs, BXOSIINE B MEXIyHapoJHbIe pedepa-
TUBHBIE 0a3bl JaHHBIX U CHCTEMbI IIMTUPOBAHMS U BKIIOYEHHbIE B [lepeueHp pelieH3UpyeMbIX HAyYHBIX M3/aHHUH, B
KOTOPBIX JIOJDKHBI OBITH OMYOJMKOBaHBI OCHOBHBIC HAay4YHbBIE PE3yIbTaThl AUCCEPTAIM HA COUCKAHUE YUEHBIX CTe-
MeHeH JOKTOpa W KaHAHUIaTa HayK» IO CIEAYIOMIMM OoTpaciisiM U rpymmam crennanbHocteil: 01.01.00 — Maremarn-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uznka, 05.13.00 — IHpopMaTHKa, BEIYUCIUTEIbHAS TEXHUKA U YIIPABICHHE.

Kypnan BxitoueH B Pedepatususlii )xypHan u bassr naraeix BUHUTH. CBenenus o xypHale eKeroxHo myo-
JUKYIOTCS B MEXIyHapOJHBIX CHPAaBOYHBIX CHCTEMax II0 MEPHOAWYECKHUM M TIPOJOIDKAIIMINMCS H3IaHHUAM
«Ulrich’s Periodicals Directory», «Zentralblatt MATH», «Russian Science Citation Index on Web of Science».

Moamucuoit munexc 29211 B obobeanHenHoMm kartanore «IIpecca Poccum», E29211 B HurepHer-kaTanore
arentcTBa «Kuura-CepBucy.

ITepuonn4HOCTS BBIXOJA — 4 HOMEpA B IO,

Anpec penakiun, usnarens: 454080, r. Yensounck, npocrekt Jlenuna, 76, M3narensckuii uentp HOYpl'Y,
kab. 32.
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