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ON A g-BOUNDARY VALUE PROBLEM WITH DISCONTINUITY
CONDITIONS

D. Karahan !, K.R. Mamedov

! Harran University, Sanlurfa, Turkey
E-mail: dkarahan@harran.edu.tr

% Mersin University, Mersin, Turkey
E-mail: hanlar@mersin.edu.tr

In this paper, we studied g-analogue of Sturm-Liouville boundary value
problem on a finite interval having a discontinuity in an interior point. We
proved that the g-Sturm—Liouville problem is self-adjoint in a modified Hilbert
space. We investigated spectral properties of the igenvalues and the
eigenfunctions of g-Sturm—Liouville boundary value problem. We shown hat
eigenfunctions ofg-Sturm-Liouville boundary value problem are in the form of a
complete system. Finally, we proved a sampling theem for integral transforms
whose kernels are basic functions and the integréd of Jackson'’s type.

Keywords: g-Sturm-Liouville operator; self-adjoinperator; completeness of
eigenfunctions; sampling theory.

Introduction

Boundary value problems with discontinuity condisoon the interval often appear in mathematics
and other branches of sciences. Quantum calculasniteated at the beginning of the 19th centurg an
in recent years, many papers subject to the boynddue problems consisting@-Jackson derivative

in the classical Sturm—Lioville problem have occluf&]. In [2, 3], g-Sturm—Liouville problems are

investigated and a space of boundary values ofntiémal operator and describe all maximal
dissipative, self-adjoint, maximal accretive antient extensions ofg -Sturm—Liouville operators in

terms of boundary conditions are raised. A theoversompleteness of the system of eigenfunctions and
associated functions of dissipative operators evegul by using the Lidskii's theorem.
Also, there are a lot of physical models involviggdifference and their related problems in [4, 5].

In [6], the construction of expansions @q-Fourier series was followed by the derivation loé @ -
sampling theorems. In [7], @-version of the sampling theorem was derived ushwey q-Hankel
transform. The sampling theory associated withtype of Sturm-Liouville equations is conceived
(see [8, 9)).

In [10], it is proved that the regular symmetgcSturm—Liouville operator is semi-bounded and

investigated the continuous spectrum of this operdh [11], authors established a Parseval equalit
and an expansion formula in eigenfunctions fomguliar g -Sturm—Liouville operator.

In this paper, q-analogue of Sturm—Liouville boundary value proldermwith discontinuity

conditions in an interior point ([12]) are discugse
Let us consider the boundary value problefior the equation:

I(y):= —% D, 1Bq YO + U¥ ¥(X) = vy(X), 1)
on the intervalx[d(0,T) with the boundary conditions
U(y):=D 4 ¥(0)~p(0) =0, V(y):=D_¥(T)+Ty()=0. 2)

together with the jump conditions at a poaitl (0,T )
Ya+0)=ay@=-0), D_sy@+0)=a;'D_¥(a-0)+azy(@-0). ®3)

Here v(x) O Lg (0,T )is a real-valued functiorg,, a,, y andl are real numbersy; >0

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 5
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1. Preliminaries on q -calculus
In this section, we give some of tlogenotations and we will use thesp-notations throughout the

paper. These standard notations are founded in [13]
Let g be a positive number witi< g <1. Let h be a real or complex valued function én( A is

q-geometric set (see [2])). Tre-difference operatoD,, (the Jacksory -derivative) is defined as

Dhix) = NP s
x(1-q)
When required we will replacg by q. We can demonstrate the correctness of the fatigviacts
using the definition and will use often

D) = (Dgh)(@™x), DFh(a™x) = aDg[D4h(a™x)] = D,1Pqh(x).

Let h and g be defined on & -geometric setA such that they -derivatives ofh and g exist for
all xOA. Then, there is a non-symmetric formula for thelifferentiation of a product

Dyl H(X) 9(x)]= h(ax)Dq g(X) + 9(X) Dgh(x). 4
The g -integral usually associated with the name of Jacks defined in the intervedD,T , ps

[, P(9dgx = (1- AT

Let Lﬁ (0,T) be the space of all complex-valued functions aefian (0,T ), such that

1
I =(J; 1O dx ? < .
The spacel_(z] (0,T Js a separable Hilbert space (see [6]) with tikeiirpproduct

T -
(hg)= [ H)a(xdgx
If h andg are bothq-regular at zero, there is a rule @fintegration by parts given by
T T
[, 909D4h)dgx = (hG)(T) = (hg)(0) - || Dy o Y NAxdgx. (5)

The q appearing in the argument f in the right-hand side integrand is another matdfiion of the
symmetry that is everywhere presentgjrcalculus. As an important special case, we have

J, DaHXdgx = (0)(T) = (M)). (6)

Lemma 1. (see [2]) Leth (.) g(.) in Lé(O,T) be defined or[0,q”*T]. Then, for x0(0,T ] we
have

(Dgh)(x™) = D _1h(x), ()
(D g) =) oTa ™)~ im HTG") Tq"™) (= D, 29), ®)
<—§ D1Mv9) = lim ATA"™) o(Tq") = TG ™) g(T) +¢h, Dgg)- ()

2. Properties of the spectral characteristics
Let h(x) and g & ) be continuously differentiable functions flha afd [a;T ]. Denote

Wq (h,g)(x) = (h.g) := h(x) D g(x) — 9(X) Dy h(X).
Here W, t g ) is defined as the|-Wronskian of two functiorh and g. If h(x) and g &) satisfy the
jump conditions (3), then

6 Bulletin of the South Ural State University
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<h! g>|x=a+0 = <h1 g>|x=a—01 (10)
i. e. the functiorh, g) is continuous ofi0,T .JApplying formula (4), we obtain
DW,(h (= D(H3Qdx- ¢ xQoKW= 6 axh@x (@mw3ph. (A1)
On the other hand,
DW(h (G 3= HYIG ¢ a X gxBad)x

(12)
=gh(x)[( Y d ¥-v ¢ ¥ - a6 Xk (Mx(h)xv (R]= 0.
As a result,
Jor -~ Wa(hg)(@™) ~Wg (h, g)(%)
0= D W, (h,g)(q™x) =— - § : (13)
e q7'x(1-q)
so, forx#0,
Wq (h,9)(x) =W (h,g)(a ™), (14)
i. e. theq -WronskianW, (h,g)(x ) does not depend ox.
Let n(x,v) andé & v ) be the solution of equation (1) under the boundanditions
nOv)=¢@v)=1, D anOv)=y, D {Tv)=-T. (15)
and under the jump conditions (3). Then
U@)=V()=0. (16)
Since theq -Wronskian is independent of, we can evaluate
Wq (7,6) (V) :=Wa (V) ==V (7) =U ($). (17)

W, (V) is called the characteristic functionlof

Lemma 2. The eigenvaluegv,} o Of the boundary value problem coincide with zeros of the
characteristic function. The functiomgx,v, apd &(x,v,, ) are eigenfunctions and

§(XVn) = By1(xvy), B, #0. (18)
Denote
T 2
a, = joq (X,Vp)dgX. (19)
The sef{v,,,a,} .o is called the spectral date lof
Lemma 3. The following relation holds

Bt =W (Vy), (20)
whereW, (v) = DyW,, ¢ ) (respect tav ).

The proof of Lemma 2 and Lemma 3 can be done gitailfl2].
Theorem 1. The q-Sturm-Liouville eigenvalue problem (1)-(3) is satfjoint on

C3(0)n LZ(O.T).

Proof. We first prove that (.) g(.) in Lﬁ (0,T), we have the followingy -Lagrange's identity

Jy 1(0)909 ~ OATTa00)x= [ al(T) = tim [ (T, (21)
where L
[ gl(x):=h(X)D 19(x) =D 1 (X g(x). (22)
Applying (9) with h(x) = D4h (x) and g(x) = g &), we obtain
<~ D1Dgh(, 609 >
= lim (Dgh)Ta"™) 9T - (Dgh)Ta™) T+ < Dgh. Dy >
BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 7
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= lim D_4hTq") o(Tq") ~D_1h(T)g(T)+ < Dgh, Dyg >. (23)

n-oo

Applying (8) with h(x) = h(x),, g(x) = D49(x), we obtain

<D4h, 0,9 >= h(T) B, o(TGH) - lim K TA) § ¢ TH)+ < hé D po

n- o

(24)
=B8N~ im KT8 D d T+< . D1 P o
Therefore,
<~ D404, 9( >=[h GIT) - im [ GI(Tq" )+ <= D_4Dg > (25)

Lagrange's identity (21) results from (25) and tkeelity of v(x). Letting h(.),g(.) in Cg(O) and
assuming the that they satisfy (2)—(3), we obtain
D,1h(©)=)h(0) =0, D 19(0)~9(0) =0. (26)
The continuity ofh(.),g (.)at zero implies thalim,_.[h 91(Tq") =[h,g](0) . Then (25) will be
1 1
<=4 D1Pan g >=[N gl(T) ~[ngJO)+ < =D 1D49 >.
From (26), we have o
[h.g](0) = h(0)D 19(0) =D -1h(0)g(0) =0.
Similarly, from (2) we obtain
[hgl(T)=h(T)D_1g(T)~D_1h(T)g(T)=O0.

Sincev ) is real-valued function, then

<I(9.9>=<-_ DB+ WA I3, d§>=<0 Dy DK 6)0+ < LXK @)

=< = DaDyg >+ <YW o 3 >=< hi( 9>

i.e. | is a self-adjoint operator.
Lemma 4. The eigenvaluegv, Jof the boundary value problem (1)—(3) are reaf)eBfunctions

related to different eigenvalues are orthogonalLﬁ(O,T). All zeros of W, ¢ ) are simple, i. e.

W, (v,) 2 0.
Proof. Let vy be an eigenvalue with an eigenfunctigyn . Then,
<1(70).110 >=<10,1(170) >. (27)
Sincel(r79) =V, , then
— T
(Vo =vo)[| 1700 dgx (28)

Sincer, (.)is non-trivial thenvy = %. So the eigenvalues are real.
Let v, 1 be two distinct eigenvalues with correspondingefgnctionss (.) &(.), respectively.
Then,

T .
v = )] 0E(Xdgx =0.

Sincev = u, thens (.)and & (.) are orthogonal.
Sincern(x,v, )and ¢ kv ) are solutions of the boundary value problem (1)-4& obtain

Dg(1(XVa), EXV)) = (Vg =V )7 (XV )E (X.V). (29)

8 Bulletin of the South Ural State University
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Integrating equation (29) frofd to T and using the conditions (2), we obtain
Wy (V) ~Wg (V)
R R

Vy =V
Since &(x,v,) = By (X,v,) asv - v,, we obtain

Wq (Vn) = By,

Thus it follows thatV, (v,) # 0.

3. Completeness of Eigenfunctions
Theorem 2.The system of eigenfunctiodg(x,v,,)} =0 Of the boundary value problem (1)—(3) is

complete inL%(0,T).
Proof. Consider the function

Y (x,v) =

W,

1 X T
o [E(x,v) joxy(t,v) h(t)dgt +7(xV) jx Et,v) h(t)dqt}

It is easy to verify that
1
—a Dq_1 DY (X) +{-v +UAX)}Y(x) =h(x), xUO[0,T], vUC, (30)
Furthermore, taking into account (19) from (18 é20) we get

Res., X %) =W( () g tnC el ECen) o)
4,

W( )
Let the functionh(x) O L5(0,T )be such that

Eopxwo) [ (v Rt ——f7(>< o) [ 7Vt (31)

T

joq(t,un)h(t)dqt =0, n=0,1,2,... (32)

Then in view of (31),Res_, Y Xy )=0and consequently for each fixedd[O0,T , the function
n

Y(x,v) is entire inv . Furthermore, foro0Gs={p:|p-p, 20 tand|p|z o Wherev = ,02, p, are
the zeros of the function

Wy (0) = oy singT ~b, sinp(2a-T)),

0’1 al_al_l

whereb; _T’ b, = , J is a fixed positive numberp’ is rather large, the inequality

W V)R Cs oI, pOCs, p=o+ir
and consequently the inequality
Y2, pOGs,
|0l

is obtained (see [12]). Using the maximum princigled Liouville's theorem we conclude that
Y (x,v) =0. From this and (30) it follows thdt x ( ) =8. e. on(0,T ) Thus the theorem is proved.

4. The q-sampling theory
Theorem 3.Let 7(x,v) and & & v ) be the solutions of (1) selected as above. Thenygunction
h of the form

.
h(v) = jo v(X)7(xv)dgx, vOL2(0,T), (33)

can be written as the Lagrange-type sampling expans
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-\ Wy (V)
h(v)= nZ:;,)h('/n)m,

whereW, (V) is the q-Wronskian of the functiong x(v, and¢ & v ).

(34)

Proof. We multiply equation (1) witi(x,v,,) . Then we consider again equation (1), but replace
by v, and multiply this last equation by x ¢ ,. Pubtracting the two results yields

v =V V)N (XVy) = DE(A %V, )7 (X V) = DGn(a xv)n(x,v,).
From the rule for they -differentiation of product (4), we can write

(v =V V7 (V)7 (V) = D [Df7(a v )1 (x) - D@ x v (x.v,)|
If we apply aq -integration by means of (6) we obtain

v =vo) [ 7w (Vo) dgx=[ D[ Dp(d* xv 1 (w)- Dp(d* wh(w )] ¢ x

= Dy7(@ T2 (Tw) = Dy (7 Tw Yy (Two)=( B (G°0v )7 OV > D (GO0 y (0 )
From the condition (2), we have
Dy7(a0,v, Y7 (0V )= Dy7 (@ Oy )7 (OV) =071 Ovy (O ¥ D7 (M1 (B,
=D _4710v;)= 1 (0w,) =U @) =0.

Multiply (17) by 77(T,v,, ) to obtain
WoU1(Tvs) = =D an vy (T.vy) =T a(T.v)n(T.v,)

= _Dq—lﬂ(TaV)”(TvVn) + Dq_ln(T,vn)n(F,V)-

Then, we get

V=V [ 7V (6Va)dgx = Wo@n(T v,)
as a result,
Wo 07T )

)
Jomoxvmxvp)dge=—U

and taking the limit ag - v, gives

[o 1700V ) dgx =Wg (v, (T ).

We can therefore apply Kramer's lemma (see [14])varite an integral transform of the form (33)
as

h(v)=ih(vn) _ W) (35)
n=0

Wq(Vn)(V ~Vn) .
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2 MepcuHckut yHusepcumem, MepcuH, Typuyus
E-mail: hanlar@mersin.edu.tr

Msyuaetcst g-ananor rpannyHoi 3agaun lltypma—/IuyBuiis Ha KOHEYHOM MHTEpBaje, UMEIOIIEM
pa3pbIB BO BHyTpeHHEW Touke. [[oka3piBaercs, uro (-rpanuyHas 3ajaya ltypma—JlnyBumis siBnsercs
CaMoO-COINIPSDKEHHOW B MoAuduiupoBaHHoM [ unpOeproBomM  mpoctpaHcTBe.  Mccnmeayrorces
CICKTpaJIbHBIC CBOWCTBA COOCTBEHHBIX 3HAUCHUH M COOCTBEHHBIX (YHKIMHA O-TpaHUYHON 3a7ada
I typma—/TuyBusmis. Iloka3aHo, 4To coOCTBeHHBIC (BYHKIMU (-rpaHuuHoM 3amava Ltypma—/TuyBusis
MpeNCcTaBUMBl B BHAE TIOJMHOH CHCTeMbl. HakoHem, [OKa3pIBaeTcs TeopeMa O JHCKPETHOM
MPEJICTABICHUH JUISI MHTETPATBHBIX MPeoOpa30BaHUM, YbH S/Ipa SBJISIOTCS 0a3UCHBIMHU (DYHKIMSIMH, a
uHTerpan umeet tum Jxexcona.

Knrouesvie cnosa. Q-onepamop Llmypma—/luysunns;, camoconpsasxicenHvlli onepamop; HOJHOMA
cOOCMBEeHHbIX PYHKYULL, meopema 0 OUCKDEMHOM NPedCmasieHUU.
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YCJTOBUSA CYLWWECTBOBAHUA U EQAUHCTBEHHOCTU PELLEHUA
NUHENHbBLIX ®YHKLUMWOHAINBbHbLIX YPABHEHUN B KITACCAX
NMEPBOOBPA3HbIX OT NEBEFOBCKUX ®YHKLIUN HA NMPOCTON
rMAOKOWU KPUBOU

B.J1. QunbmaH, [].A. Komuccapoea
IOxHo-Yparibckul 2ocydapcmeeHHbili yHusepcumem, 2. YenabuHck, Pocculickass @edepayus
E-mail: dilmanvi@susu.ru, komissarovada@susu.ru

OnnceiBaTCo JIMHelHbIC (PYHKIMOHAILHBIC YPABHEHHUSI HA MPOCTBIX I1aj-
KHMX KpPHUBBIX ¢ QyHKIUeH cABUra, MMeKllell HeHYJIeBYI0 IPOU3BOAHYI0, YI0BJIe-
TBOPAOINYIO ycjioBHI0 I'enbaepa,  HeMOABH:KHBIMH TOYKAMH TOJIBKO HA KOHIIAX
kpuBoii. Ileab craTbu — HAWTH YCIOBHS CYIIeCTBOBAHUS W ¢JHHCTBEHHOCTH pe-
HIeHHUs TAKUX YPABHEHHUII B KJIaccax NMepBoo0pa3HbIX OT JeferoBckux GpyHkuuii ¢
K03 GHIHEeHTOM U NPaBOii YacThI0 U3 TAKHX Ke KJIACCOB. DTH YCI0BHUS 3aBUCAT
OT 3Ha4YeHuii ko3¢ PuuueHTa ypapHeHus Ha KoHuax kpusoii. [loka3zaHo, 4To ec-
JH K03 HuHeHT 1 npaBas 4acTh GyHKIHMOHAJILHOIO YPABHEHUS] NMPHHAMJIEKAT
KJIaccy MepBo0Opa3HbIX OT Jie0eroBCcKUX (YyHKIMIi, TO M ero pelieHue NMpUHajA-
JIEHKUT 3TOMY KJIaccy. Y pellieHHii onpeeneHbl noka3areau I'ejibaepa u Ki1accoB
nepBoodpa3HbIX OT JieberoBckux (pyHkuumii. MeToaq HcciIeIoBaHHS OCHOBAH Ha
kputepun @. Pucca NpuHAUIEKHOCTH (PYHKIINH KJIACCY NepBOO0OPa3HBIX OT HH-
TerpupyeMsbix nmo Jledery ¢pynkmmii. [lokazaHbl BO3MOKHOCTH NMPHMEHEHUS JIH-
HEHHBIX (PYHKIMOHAJIbLHBIX YPABHEHHUN N1 U3y4YeHHS W PellleHHs CHHIYISPHBIX
HHTErpaJIbHbIX YPABHEHHI ¢ JorapupMuuecKMMHU 0COOCHHOCTSIMH.

Kniouegvie crosa: cuneynspuvle unmezpanvhvle YPasHeHus co cO8UOM; JUHel-
Hble (QYHKYUOHATIbHBIE YPABHEHUSL ¢ OOHOU NEPEMEHHOU; KIACChl Nepeoodpa3HbIX Om
nebe206cKux GynKyuil.

BBeaenne
Hauunas ¢ ypaBHeHust

.:[In|r—t|¢(r)drz f(t),

peurenHoro B 1922r. B 3amkHyToi#t hopme T. Kapnemanowm [1], uHTerpansHbie ypaBHEHHS IIEPBOTO pojia
C JOTapU(PMUYECKIMU OCOOCHHOCTSIMU ITOCTOSHHO NPHBICKAIN BHUMAaHHE HCCIEOBAaTeNedl TeOphH
KPaeBBIX 3a7a4 aHAJTMTUYCCKUX (DYHKUUH M CHHTYJSIPHBIX HHTETPAJIbHBIX YpaBHEHUWH. B nanpHelmem
OBUIH TOJTy4eHbl MHOTOYHCIICHHBIC PE3yJbTaThl, OTHOCSIINECS K HCCICIOBAaHHIO U PEIICHHIO Pa3iivy-
HBIX THIIOB YpaBHEHHH C JIOTapH()MUUECKHIMHI OCOOCHHOCTSIMU B SiApE, MCCIIEAOBAHUIO CBOWCTB MHTE-
TPabHBIX ONEPATOPOB C JIOrapu(PMHUIECKUMH OCOOCHHOCTAMH B Pa3INYHBIX (DYHKIIMOHAIBHBIX KIaccax
u npoctpaHcTBax (ccpuikd B [2]). [Ipy M3y4eHHN CHHTYISPHBIX MHTETPAIBHBIX YPaBHEHHH ¢ Jorapud-
MHYECKHUMH OCOOCHHOCTSIMU PAacCMATPHBAIMCH KJIACCHI WM HPOCTPAHCTBA MEPBOOOPA3HBIX JHOO OT
reapaepoBCKuX (GyHkuui [3, 4], 6o or GyHKIHi 13 1eOEroBCKUX MPOCTPAHCTB [5], a Takke QyHKIHiA
U3 9THX KJIACCOB, HMCIOIINX CTECIICHHBIC OCOOCHHOCTH B OT/IEJIBHBIX TOYKAX.

B pabote [2] ObLIO MpeIOKEHO M UCCIECIOBAIOCH B TEIBICPOBCKUX KiaccaX (YHKIUH «MOIeIb-
HOE» UHTETPATBHOE yPaBHEHNE TIEPBOTO POJA C NMEPEeMEHHON J0rapu(pMUIecKOl 0COOCHHOCTBIO B Ape
BUJA!

b T
A(t) [¢(r)dr + B(t)Iq)(r)drIMdE: £(1). (1)
t r a E_t
3necy = [a; b] — [IPOCTasi OPUCHTHPOBAHHAS KPUBAasi HA KOMIUICKCHOI IUIOCKOCTH ¢ KoHIamu a u b

(opuenTamust or a no b; Bozmoxxkno a="Db). B padore [6] 9T0 ypaBHEHHE HcCIEIOBATIOCH B JICOETrOB-
CKHUX KJ1accaxX (yHKIIHH.

B cBs3u ¢ Teopuel KpaeBbIX 3a/lad M CHHTYJISIPHBIX WHTETPaJbHBIX ypaBHEHHH cO cIBHIOM [7—9]
NPE/ICTAaBISIET MHTEPEC U3yYCHHE WHTErPaJbHBIX YPAaBHEHHH C JABYMs JIOTapU(PMUYECKUMU OCOOCHHO-
CTSIMHU B sIIpe, OJJHA M3 KOTOPBIX IOJy4aeTcs U3 Apyroil B pe3yibrare capura. Kak o6o0imenne ypaBHe-
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Hus (1) Ha ciyyail IBYX «IIOJBHIKHBIX» JIOTapU(PMUYECKHX OCOOCHHOCTEH, COAepIKalluXcs B WHTeE-
rpajibHOM ypaBHeHI/II/I MOKHO pacCMOTPETh B KAUE€CTBE MOJIEJIBHOTO YpPaBHEHUE

b a(r)
_[ (r)dr-go(9)[g(r) oar +B(1)£¢(r)d E(ft) & - J‘g f) = (). @

DTO ypaBHEHHE CBSI3aHO C JIMHEHHBIM ()yHKIMOHAIBHBIM YPaBHCHHEM
(Fs (@) (t) =9 (a(t)) - a(t)er (1) = (1) 3)
Nmeercst GONBIIOE KOTUUECTBO IyOIHKAIMU, CBA3AaHHBIX ¢ ypaBHeHHEeM (3) 1 ero o6oOIIEHUIMHI
[10]. B [10] uccnenoBaHus MPOBOAMIKCH B KITACCAX HEMPEPBIBHBIX (DYHKITHIA.

B pabore ucciexyrorcs cBoiictBa pemnenuit ypasaenus (3). Ilenb cTaThi — HAWTH YCIIOBHS CYIIECT-
BOBaHHUSA U CIUHCTBEHHOCTH pellicHHs ypaBHEeHHUs (3) B Kiaccax A, 1epBOOOpPasHbIX OT JIEOCrOBCKUX

(yHkuuii, ecau KodpGULUCHT 1 IpaBas YacTh TAKXKE NPUHALICKAT A, . DTH YCIOBUS 3aBUCST OT 3Ha-
yeHu# koaduuumenra g (t) ypaBHEeHHUs1 HAa KOHIax KpuBoil. [TokazaHo, uTo ecnu k03(hUIHEHT U npa-

Basi 4acTh ypaBHeHus (3) npuHauiexar Ay, TO U PELICHHE NPHHALIEKAT Ay .

O003HaYeHNA M BCIIOMOTaTeIbHbIE YTBep KIeHHUs!
Knacc HenpepbiBHBIX Ha [T (GyHKIHHE 0003HAYMM C' wm npocro C . Kiacc bpyukuuit @, ymosie-
TBOpsitomui ycnosuro ['enpaepa va I :

r ot r
00o3Haunm H u (K), WK cokparieHHo H u(K) wm H i Hy= ﬂ H, . Knacc abcomtoTHO HHTET-
O<v<u

pupyeMsix Ha [T co crenenbsio P (QyHKIMHA 0003HAYNM LE), uim cokpaiento L. Knace nepsoo6pas-

- r
HbIX OT L, obosHaunm A ; Ap = ﬂ A, p>1.
I=g<p
[Iycts a = a’(t), tdln —orobpaxenue kpuBoi [T Ha ceds Co CBONWCTBAMU:

1. 0 — B3aMMHO OJHO3HAYHOE HEMPEPHIBHOE OTOOpakeHHWe KpuBOM [ Ha cebs ¢ coxpaHeHHEM
npuHATON Ha [ opueHTanuy;
2.Ha ' He cymecTByeT APYrUX HEMOABIKHBEIX ToYekK (H.T.), KpoMe a u b;

3. I Bcex tOI cymectByer a’ (t) #0, mpuuyem a'OHy Ha I, HD(O;ZI] ;

4.|a'(a)| 21, |a'(b)|# 1.

bynem npumeHsTs 0003HaueHUS: Q) (t) =t, o (t) = a(t) y ay (t) = a(an_l (t)) , g (t) — obpar-
Hoe k g orobpacenne, a_, (t)=a_;(@_n(t)), n=Lew. Ouesunno, a,(a_,(t)) =a_,(a,(t))=t.

Ecmu msa Bcex tD(a; b) a(t) D(a;t) , TO TOUKY & OyIeM Ha3bIBaTh npumseusaroujeli Henoosudic-

nou mouxou (. H. 1.). Ecmu s Bcex tD(a; b) a(t) D(a; t) , TO Touky b OyzeM Ha3BIBaTh OMMALKU-

sarowell HenodsuicHol mouxotl (0.H.1.). OUeBUAHO, YTO BCera MO0 ToUka & —II. H. T., a Touka b —o.
H. T., 1100 Ha000poT, & — 0. H. T., a TOYKa b —1. H. T.

Bcroay B pabote momaraem, 94ro a —II. H. T., a TO9ka b —o. H. T. B 3TOM ciy4ae yciaoBue 4 MOXKHO
3aMEHHUTH Ha YCIIOBUE

4% |o'(a)| <1, |o’(b)>1.

3aMeTHuM, 4TO BCE YTBEPXKIEHHUS, OTHOCAIIUECS K O. H. T., CICIYIOT U3 COOTBETCTBYIOIINX yTBEp-
JKIIEHMS IS 1. H. T.

[IycTs cD(a; b) . BBenem o6o3nauenue: |, (C) = [an (C) ;aH(c)] , =100,
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Aunbman BJ1., Ycnoeus cyujecmeogaHusi u eQUHCMeeHHOCMU peweHul
Komuccapoea [.A. JIUHeUHbIX hyHKYUOHal/IbHbIX ypagHeHUU ...

Kpurepuii @. Pucca npunaiexsoctd GyHkuun knaccy Ay, pP>1 st nefictBUTenbHbIX QyHKUUH,

3aJ]aHHBIX Ha OTpPE3Ke JEUCTBUTEIHLHON MPSAMOM, UMEET MECTO B paccMaTpUBAaEMOM CHUTyalllud, TO €CTh
JUTISE KOMIUIEKCHO3HAYHbIX (DYHKIIMK Ha MPOCTOH TIaJKOH KPHUBOH, 3aJaHHON HAa KOMILIEKCHOM ILIOCKO-
ctu. ChopMynupyeM ero B BUIC CIICTYIONIEH JIEMMBI.

Jlemma 1. Ilycte I =[a; b] — mpocTas riaaakas kpuBas. OmnpenencHHas Ha [ KOMITIEKCHas KOM-

IIeKCHO3Ha4YHas GyHKus @ [ A,, P>1, Toraa u TONBKO TOTJA, KOTJA JUIsl JIFO0OH IOCIE0BATEIBHO-

cTH To4eKk Ha [ {tj,j =0,..n ty=a,t, =b,t D(tj_l,'l']-+1) J=1..n- }
#(t)- (1))

n
Z p-1 <K,
rae nmoctostHHas K He 3aBUCHUT OT {tj = 0,...n} .
OcHOBHBIE Pe3yIbTATHI
Brenem 0003HaueHMe
-1gla;(t —
G.(0)=N 94, (1) (0= o, ()=n—20  n-is. @)

i=0 i=1 . '
P oa Mol (0)
Cuauana c(hOpMyIHPyeEM IBE TEOPEMBI, OTHOCAIINECH K MOIYOTKPBITHIM IPOMEKYTKAM TIIAIKHX KPH-

BBIX.
Teopema 1.IIycts h, g0 H n g( t) Zz0, tD[ & kj . [Iyctp |g(a)| >1. Torga cymecTByeT € AMHCTBEH-

HOe penieHue ypaBHeHus (3) B kiacce clab) [10]:

__2 ha(t) __ = hla()
v kéo.éog(aj(t)) kgogkﬂ(a)ekﬂ(t). ©

Ecmu g,h0O ALa;b), p>1, o 1//DA[pa;b).
Brenem o6o3nauenwms. Ilycte Touka CD(a; b) — npousBonbHa; 00o3HauuM vepes Cg 4 Kiace

¢dynxuuii f , HenmpepbIBHBIX Ha | (C) = [a (C); C] U YZOBJIETBOPSIOLINX YCIOBHUIO:

f(a(e))-o(d f(9=H3.

[Iycte K — npou3BosibHBIN Ki1ace (GYHKIIHIMA; TOJIOKUM II0 ONPEACICHHIO!

Keg.h=Cegnn K.

Teopema 2. Ilyctsb cD(a; b) — npousBoibHA, Y, UC npousBonbHa. [lycts

c,g.h
h,gUH,, g( t) #z0, tD( a; li . IycTs |g(b)| >1. Toraa ypaBHenue (3) paspemnMo B KJIacce c®  Ero

o01ee pereHue UMeeT BUI:

‘//(b)—l_g(b)
:g(aj—n(t))d/o(a_n(t))+§h(ak_n(t))j|jlg(aj_n(t)), t01,(d), n=23;...
= g(a- (1)) wo(a-a(t) + h(a_,(1)), tO1y(c),
w(t)= Ua (1) 4014 (C), (6)
njg‘l(a’j_n (t))l/lo(an (t))—kilh(a'n_k(t))lj( g_l(an—j(t)), {0 |_n(C), =12
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(at]

Ecin ,u<|og‘a,(a)‘|g(a)|, o WOHy '. Ecm g, hO A()a;b], p>1, ¢,0 (]

o Po>1, To

~(a;b

wORS s p,=minf pi pyi ) ;£=(1— qua,(b)|g(l)|)_l, ccmn |g(b)|<[a’(B), u pY=+eo B

OCTQJILHBIX CITydasX.
Crenyrolas Teopema sIBJISICTCS ClieACTBHEM TeopeM 1 u 2.

Teopema 3. Ilycts h,gUH,, g( t) 0, tD[ & l:] . [lyctp |g(a)| >1, |g( b)| >1. Torma cymecTByeT

eIMHCTBEHHOE pelrenne ypasHenus (3) B kimacce clzt (bo) . OHo onpenensiercst GopMyIaMH:

dona) e e ba()
YO e Y R e ey

Ecmu 4<10g .y 9(a), To @O ﬁ[,?;b] .

Eom g,hO A", p>1, p;1<'09a'<a)lg(a)lﬂowDﬂ[ﬁ;b].

Teopema 4.Ilycts h,gUH,,, g( x) #0, )d][ a l} . ITycte |g(a)| =1, | g( b)| <1. Torma mis cymect-
BOBaHMs pellicHus ypaBHeHus (3) B Kiacce clatl (bo) HEOOXOAUMO M JI0CTATOYHO, YTOOBI BBIMOIHSIOCH

yclioBHe
S h(ax (1))
Eo(9(2) ™ Geal)
IIpn Bemonuennn (7) pemenne ypaBHenuss (3) eauHCTBeHHO, mpmuyeM (U0 HLa;b]. Ecmu
g,h0 A¥, p>1,70 g0 AR
3ameuanne. Eciu g(a) =1, |g( b)| >1 nm |g(a)| <1, |g( b)| >1, 10 pemenne ypaBuerus (3) He

=0, tO(a;b) (7)

eMHCTBEHHO. B mepBoM cilydae peleHrs CymeCTBYIOT TOTJa W TOJIBKO TOT[A, KOTr/aa h(a) =0, a o6-
iee pPelIeHUe SBISCTCS OJHOMAPAMETPUIECKIM ceMeicTBOM (pyHKIMi. Bo BTOpOM ciydae ypaBHEHHE
(3) uMeeT KOHTHHYYM JIMHEHHO HE3aBUCHMBIX PEIIEHUH B KIIacCe HEMPEPHIBHBIX Ha [a; b] dbynkimit. B

pa60Te OTHU ClIy4an HC PaCCMATPUBAIOTCA.

Joxa3aTenbcTBO Teopembl 1
CdhopmynupyeM HECKOIBKO BCIOMOTaTEIbHBIX YTBEP)KICHUH.

Jlemma 2. Ilycts :[a; b] — INIajkas B HEKOTOPO# OKPECTHOCTH TOYKU & KpuBas, I — JACUCTBH-

TEJIBHOE YHCIIO, TAKOE YTO
o' (a)| < r <1.
Torma: cymiecTByeT Takas OKPeCTHOCTb V(a) TOYKM & Ha KpuBo# [ W Takoe HatypambHOe uncio N,
3aBHCSIIEE TOIBKO OT [, 4TO JUIst MI0OBIX Touek 1y, t, OV (a) M MIOOBIX Teasix M, N> N
|a'n () —am(t2)| <r |0'n—1(t1) ~ 0ot 2)| '
cymectByeT unciio K Ttakoe, 9To 1s mo0bIx Touek t 1V (a)
|, (1) —a < Kyr".
Crnencreue. B ycmoBusx gemmser 2 st K =0;1;2;...

janc (t) — an (to)] < Tt -t
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JIUHeUHbIX (OYHKYUOHaJIbHbIX YPasHeHUull ...
Jlemma 3. [lycte I =[ab] — riaagkKas B HEKOTOPOH OKPECTHOCTH [ac] TOYKHM & KpuBas, QpyHKIUS

g (t) z0, g(t) OH,, tD[ ad . Torma mociemnoBaTeIbHOCTD {Gn (t) n=1,2; } PaBHOMEPHO CXOJIUTCS
na [a;c|,
lim G, (t)=G,(t)20,c.
n-oo
B wactHOCTH, ecnu QyHKUMS ( HENpephIBHA HA [ab) ,Tou G, (t) HEenpepbIBHA HA [ab) ; Gy (a) =1.
Coopmynupyem HepaBeHCTBO I enbiepa Ui YUCIOBBIX PAIOB B (hopMe:

Jlemma 4. IMycts {aj, j= 0;1;2;..} n {bj, j= 0;1;2;..} — MOCIEIOBATENFHOCTH JEHCTBUTEIBHBIX
ancen, a; 20, b 20, j= 0;1;,2;... [Tycts cxonsTes psbl
p 1 p
o — 00 a.
Z p = Gp_l’ Z(_JJ .
': ]=O b]

Torzma cxogures psan Y. aj , pUYeM
j=0

Mg

p p
oo a]
(Z ajJ <G (—J . (8)
j=0 j =0 bj
JlokazarenbcTBO TeOpeMsr 1.

IMar 1.IIycts CD(a; b), fOA, Ha [a'c] |f a|<1.Tor;[a

|‘| (o (1)) OA(p. L),

rje nocrosiHuas L He 3aBucur o1 .

Hoxka3zarenbcTBo mara 1. M3 ycnoBus ciieyeT, 4To CyIIEeCTBYIOT YUCIO I} U OTPE30K [a; Cl] O [ a cj
Takue, YTO A tD[a; q] |f(t)|< L <1l. CymectByer kOD{O;l;Z;..} Takoe, YTO JUIA
k>ky f (a’k (t)) D[a; q] H, CIIe/IOBATEIBHO,

| (a (1)) < <1, ecmn tOfa; ] (9)
U3 ycnosus f [ A Ha [a C] u JIeMMBbI 1 cietyer, 4To eciu {to ..... } a [a C] tt=at, =c, 10
i|f(tm+1)_ |p<M
m=0 |tm+1 -t |p—1
rae M He 3aBUCHT OT BEIOOpa { ..... ;t.; . Y3 cnencTBus neMMbl 2 TOrzia Claeayer:

AL f|gglk(tm))\" et

1)
m=0 |ak (tmet) — (8
(

f (i (tma)) = f (@ (t)]” <M (D)

) ( i\ )‘ |0'k trml)_ak(tm)|p_ls

|p ! |tm+1 _tm| P

m=0 [tieg —t

p1

M:

< : (10)
=" m) o\ (tm)”
Iycts |f (t)| <M; Ha [a; C] a1t Hekortoporo M, . O4eBunHoO,
ko-1
!‘| f (e (1)) M0 (11)
=0

JlokaxkeM, 9To IS |_| f (ak (t)) BBITIOJTHACTCS YCIIOBHE JIEMMBI 1.
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j j P i ] P
) [t ] ) [ 1 ent)
$ i = o8 :
m=0 |tm+l _tm|p m=0 |tm+l tm| i

(cnemyer u3 (11))
j -1 J P
i Z(f (a1 (tmsa)) = T (e, (tm))) [° (an(tm)) [T f (@it m))
ko < [1=lo K=lo k=1+1
My D ) <
m=0 |tm+1 tm|p
=1 j
(mst ymo6cTBa 3amucu GopMyJT CUUTAEM, UTO |O_| , : paBHbI 1)
lo 1+l
i P
n J p_llzll‘(f (O'| (tm+1)) - f (O'| (tm)))‘ rlj_k0
M, 0 <
’ fé) |tm+1_tm| -

(3meck ncnosap3oBano (9) 1 HEPaBEHCTBO

[é&]psnp_léxp, x20) (12)
5[ ( () - (a1 ()

j . . j
ool ik = - p-1 ik I(p-1
Mlkoz_Jplrljkomo — SMlkoMJp]TlJ oZr(P )S
1=0 |tm+1 tm| 1=0

(3meck ncnonp3oBano HepaBeHcTBO (10))

MjoM P g=5 /(P
=0

| j
Myers max{ [P/ ™0 j =121 =M. Torma [ f (@ (1) DA(P L), e L=M MM, S
k=0

HE 3aBHCHT OT | .

Iar 2. [ToaroroBumMcs K mpoBepKe BeIONHeHHS Kputepust @. Pucca (memma 1) s dyuxiwm (6).
Beenem o0o3HaueHue 1st ynoOCcTBa 3anucu GopMyir:

_ 1 - 1 =0l
S T @ea ) (13)

k=0

rae G; (t) omnpenencHo Gpopmyioii (4). Tak Kak ‘g_l(a)‘ <lwu g_l(t) [ A,, TO, KaK Cie/IcTBHE NEPBOTO

miara,
H; O A( p, L) ,

npuyeM L He 3aBucut ot . [lo memme 3 pyHKIMs Hj PaBHOMEPHO OTpaHWYCHA MO | Ha [a; C], TO
€CTh CyILIeCTBYeT unucio M, Taxoe, ‘-ITO‘H i (t)‘ <Mj; Ha [a; C] s Beex | =0;1;.... Ucmons3ys 0003Ha-

gyenue (13)u popmymny (5), 3anummem:

o p
] _ b, Z(h(a,- (tmea)) H (tmer) = (@ () Hy (1)
|I/I(tm+l) I/I(tm)| — z j=0 < % + % (14)
0 st " 0 [
18 Bulletin of the South Ural State University
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rac
p
Z(:)h( (tm+1))( ( m+1) Hj(tm))
py U <
37 mZ:O |tm+1 _tm| - )
0 p
n [z\ (@ j(nm))(H,-(nm)—Hj(tm))j
<obtP 1=0 ,
%O P (15)
o p
s [ ) (1 ()~ (1)
gpy <
SZ r%:() |tm+l _tm| P :
© p
| ol () -l )
<2Py AT - , (16)
m=0 |tm+l _tm| P

npuueM HepaBeHCTBO (14) ciexyer u3 HepaBeHcTBa (12) mpu N =2, a HepaBeHcTBa (15) u (16) BepH®bI,
€CJIM PsIIbI U3 MOJIYJIeH B UX MPABBIX YaCTAX CXOAATCS, 4TO OYAET MOKa3aHO HUKE.

[ITar 3. PaccMOTpyM YacTHBIN ciydai, Korma h(a) =0.

OuenumM cnaraemoe S . BpeMeHHO 0003HAUNM:

-1.
P J

Uy =[0(a; () (H; (o) = H ()]s vy =72 (17)
Tak xak h(a) =0 no npeanonoxenuto u hJ A\D O Hp;1, TO
p
p1
\h(aj (tm))\s\h(aj(tm))— h( a)\s My|a;(t,)- 4 p (18)

IJIsL HEKOTOpoH mocTostHHOi M, . Mcnons3ys o6o3nadenus (17), HepaBeHCTBO ‘H i (t)‘ <Mj; s Beex

j=12;3;.. Ha [a; C] , HepaBeHCTBO (18) 1 memmy 2, momydmnm:

p1 p—lj
— 1.
u; 2MM4‘a 54p 2MMKprp P
j 3Viy 2p
ol < Mr
Vi Vi v
p-

=]

1 P
u.
rie Mg=2M3M K * | nocrosnunas K BBeneHa B nemme 2. [lostomy psn Z(—JJ CXOJHTCS, 4TO
=0\ ¥

noka3siBaeT HepaBeHcTBa (15)m (16). HepaBenctso (8) nemmbl 4 B 0003HaueHusx (17) umeet Bu:

p p
o = (u, h(a; (tn))(H; (twea) = H; (1)
[Z“"] SGZ( J _GZ‘ I PR s (19)
j=0 j=0\"]j I’J[?j
HUcnons3ys obo3navenus (17) u nepaerctBo (19), momydnm:
[ p-1
(2] _J xr =
n Zr ( ? )h(aj (tm))(Hj(tmﬂ)_Hj(tm))p
g<2PGy 12 — <
m=0 |tm+l _tm|
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w _,-(p;lj o .
i Z(:)r 2I(Ke)H | (o) H ()
—PG ]= <
”Z‘B |tm+1 _tm| - )
AP GK p—li rj(pT_l) i ‘Hj (tmea) —H j_(ltm)‘p < A PGK p—1|_i rj[pT_l] “K,
j=0 m=0 |tm+1 _tm| P j=0

Cymma S olieHeHa KOHCTaHTOH, o603HaueHHoi K; .

Ouenum cnaraemoe S, . B 3ToM cirydae BpeMEHHO 0003HAYHM:

p-1.

-

U :‘h("j (tner)) = (e, (tn))" y =12

Torpa usz nemmsl 2u hOH p1 CJIEeIlyeT:
p

L -1

ﬂ< M4‘aj (tm+1)_aj (tm)‘ P <M r%p-
v, v —e '

j j
[Ipumensist HepaBeHCTBO (8) memMmsbl 4, oeHM S, To4HO Tak *ke, kKak § . [Tycts S, < K, . Crieno-

BaTEJBHO, Ul QYHKIUH {J , 3a1aHHOH opmyIoii (5),
p

o ()0 (1)

S |

i

<K;+K,,
j=0

b 7Y
OTKy/Ia B CHITy JIEeMMBI 1 l,ll(t)D Ap tD[a; C] .

[ar 4. ITycTts Temeph He 00s3aTENBHO h(a) =0. OueBuaHo, ypaBHeHue (3) paBHOCHIILHO ypaBHE-

HHIO

rae

x(t)=w(t>—L“)). (0= ()~ (1 g(g).

1-g(a 1-9(a)
Tak xak hl(a):O, X(t)DAp, tD[a,'C], a, clIie0BaTeJIbHO, t//(t)DAp, tD[a,'C], YTO 3aBepIlacT

A0Ka3aTCJIbCTBO TCOPCMbI 1.

IpuioxkeHne K CHHTYJISIPHBIM HHTETPAILHBIM YPaBHEHUSIM
Paccmotpum ypaBhenue (2). Bocnonbzyemcst (opMyJsioii epecTaHOBKH MOPSAKA HHTETPUPOBAHUS
B IIOBTOPHOM HHTerpae [7]:

£¢(r)dri§df:i{% d{i¢(r) ar . (20)

3nech I = [a; b] — mpocTasi TiiajKas KpuBasi, BHyTPEHHHI UHTETpaj B JICBOM yacTu mpu t [ (a; T) U WH-
Terpa B MPaBOW YaCTH CYHIECTBYIOT B CMBICIIC TJIABHOT'O 3HAYCHMS, @ BHEITHUN HHTETPaJ JICBOM YacTh
CYIIIECTBYET IO KpaifHell Mepe Kak HecoOCcTBeHHbIH. 13 hopmymsr (20) caemyer
Jlemma 5. Tlycts I = [a; b] — IpocTast TIIaaKas KpuBasd, CD(a; b). ITycts GyHKIUS ¢ HHTETPHpYeE-
Ma 110 Jlebery Ha [C; b] , TIpAYeM
b
w(t)=[g(r)dronled, (21)

t
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dbyaxkous pU H[C;b] , a yHKIMA @ 3afaHa Ha [ = [a; b] 1 yIoBJIeTBOpsieT ycinoBusM 1—4. Torna

b a(r) b b
[g(r)dr | Molfz jMdE [ #(r)ar, O(ay. (22)
2 R C AL (0
3n1ecs BHYTPEHHUH MHTETPal B JIeBoi yacTu npu t [ (a (C) ,a (T)) Y MHTETpaJl B IPaBOW YacTH CyILIECT-
BYIOT B CMBICJIC I'NTABHOI'O 3HAYCHMHH.
[epexons B (22) k npeneny HpI/I Cc- a, nonyqaeM'
b
j¢ (‘t) sd¢= j df [ #(r)ar, wW(ay. (23)
a-4(é)

U3 (20)u (23) caenyer:

a(r) b b
[#(r)dr ?(i)df jg ‘;) P(¢) d& =j__‘?d5 ()¢(r)dr— d )fa(r) d|.
r r t t

Torna (2) an/I06peTaeT BUJ:

) | swar-sofewe 205 e ] ea- Qs o]z O

t

A(t)v (1) + B(1) j% de = £(1), (24)
r
riae 0003HaYeHo:
b

I ¢ r)dr-g(t)[¢(r) dr=v(1),
t
TO ecTh (cMm. (21))
w(a (1) -9(e()=v(y). (25)
[MosTomy mnst perieHus ypaBHeHUs (2) CleqyeT peIlUTh CHHTYJISIPHOEC MHTETPAIbHOEC ypaBHEHHUE
(24), nonyueHHoOe pelIeHHE MOJCTAaBUTh B MPaBYIO 4acTh (PyHKIMOHATBHOTO ypaBHeHHUs (25); perieHue
9TOTO ypaBHEHHS, B cooTBeTcTBuU ¢ (21), mpomuddepennuposars. Eciu pemrenne ypaBhenus (24)
npuHaiekuT Ly, p=1, To pemenne ypasuenus (2) Takxe npuHamieRur L .
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EXISTENCE AND UNIQUENESS CONDITIONS FOR SOLUTIONS OF LINEAR
FUNCTIONAL EQUATIONS IN THE CLASSES OF LEBESGUE FUN CTIONS
ANTIDERIVATIVES ON A SIMPLE SMOOTH CURVE

V.L. Dilman, D.A. Komissarova
South Ural State University, Chelyabinsk, Russian Federation
E-mail: dilmanvi@susu.ru, komissarovada@susu.ru

The article describes linear functional equationssionple smooth curves with a shift function and
fixed points only at the ends of the curve. Theeogken the shift function has a nonzero derivagate
isfying the Hélder condition is considered. Theeadalijve of the article is to find the conditionstbe
existence and uniqueness of such equations solutithe classes of Lebesgue functions antiderieativ
with a coefficient and the right-hand part belomgio the same classes. These conditions depertteon t
values of the equation coefficient at the endshef ¢urve. It is shown that if the coefficient ame t
right-hand side of a functional equation belongh® class of Lebesgue functions antiderivativesnth
its solution also belongs to this class. The indicaof Holder and of classes of Lebesgue functions
antiderivatives are determined for the solutiortse Tesearch method is based on F. Riesz’s critefion
a function’s belonging to the class of antiderivasi of Lebesgue integrable functions. The postésli
of applying linear functional equations for studyiand solving singular integral equations with loga
rithmic singularities are shown.

Keywords: singular integral equations with a shiftiear functional equations with a single vari-
able; classes of Lebesgue functions antiderivatives
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MAKING INVESTMENT DECISIONS IN AN INDUSTRIAL ENTERP RISE
UNDER UNCERTAINTY
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The article is devoted to the issue of selectingviastment projects for the
modernization of an industrial enterprise in the canditions of uncertainty. Uncer-
tainty in this work is understood as the lack of déa on the likelihood of the im-
plementation of scenarios of alternative investmenprojects. As a methodological
base, a set of generally accepted quantitative ceitia for reducing uncertainty is
proposed, which is characterized by different attiides towards the probability of
future events (pessimistic, optimistic, neutral, et). Additionally, a criterion is se-
lected that combines expert and quantitative assesent of uncertainty. Practical
calculations are made according to five criteria fothree scenarios of five invest-
ment projects of an industrial enterprise. The aimof this work is to assess the dif-
ficulty of making unambiguous investment decisionsinder conditions of uncer-
tainty. As a result, each of the four quantitativecriteria has pointed to a different
project. The fifth criterion has made it possible b limit the range of choice to two
projects. This has confirmed the conclusions that aking investment decisions
requires the responsible person to use not only guétative indicators, but also
existing experience and intuition. The reliability of the findings has been con-
firmed by the use of generally accepted models andethods, as well as the prac-
tical implementation of the results. It is recommeded to use these results in the
scientific community when conducting subsequent mhbdological studies aimed
at reducing uncertainty, as well as to business owens and investors when making
strategic decisions.

Keywords: alternative; investment decision; investtrproject; criterion; uncer-
tainty; industrial enterprise; scenario.

Introduction

In the modern world, which is characterized byaifaist changes, as well as instability, complexity
and ambiguity, the value of the ability to workexffively under conditions of high uncertainty is in
creasing. Such activity requires a step-by-stegdystii huge amounts of information and adjustmemts t
work with it as new data becomes available in otddre able to accurately predict the future [1,T2]e
problem of working under conditions of uncertaiigyextremely relevant at the level of large indiastr
enterprises. Especially in situations where itasassary to quickly solve complex economic probJems
incl. selection of investment projects. The exigtioolkit is rather heterogeneous and represeotsra
bination of quantitative and expert methods. Assult, testing of such approaches is required to-mi
mize uncertainty in the process of making investnaeeisions at an industrial enterprise. In therkeit
this will improve the tools for dealing with uncairity and speed up the process of making effective
economic decisions. This issue is extremely imprfar both business owners and investors. Conse-
quently, this problem is significant not only frarscientific, but also from a practical point ofwi.

1. Methodology for the quantitative substantiationof investment decisions in conditions of uncer-
tainty

The determining sign of uncertainty is the lacksofficient information about the likelihood of fu-
ture events. In particular, when making investnaetisions under conditions of uncertainty, as a,rul
there is not enough data on the likelihood of thplementation of investment project scenarioshis t
case, the formation of the investor's personaluati to probability is required based on a number o
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criteria. The methodological basis of this worlaiset of five such criteria, presented in detdiblvg2,
3].

Wald's criterion, based on careful decision makis@ pessimistic approach. The highest probabil-
ity is assigned to the most unfavorable event anadihgonsidered projects and their correspondirag sc
narios, as shown in conditions:

W =min()<ij),i=l..n,j=1..m
W, =max(W),i=1..n . 1)
Xoptim = X1 KO(L; 1)

optim
whereW is Wald's criterionn is the total number of-th alternatives;j is the state (quantitative value)
of the i -th aIternative;Xij is studiedi -th alternative with statg ; W is the minimum value of the
state of each -th alternative;W\, is the maximum value of the alternative state sgnalh the mini-
mums; X,uim = X is the optimal alternative according to the ciaer

According to the optimistic “maximax” criterion,atighest probability is given to the best event in
each alternative in accordance with:

M; :max(Xij ) i=1.n,j=1.m
M, =max(M;) i =1..n , (2)
Xoptim = Xk' kD(l; )

where M is the “maximax” criterion;M; is maximum value of the state of eactth alternative;M
is the maximum value of the alternative state amahthe maximums;X, i, = X is the optimal al-

ternative according to the criterion.

Laplace's criterion is based on the principle alfficient justification and assumes that the prob-
abilities of all alternatives should be equal tateather, and the priority is the project with thexi-
mum average effect according to the conditions:

m
2%
L=12_i=1.n,j=1..m,
m

L =max(L;)i=1..n, (3)
Xoptim = Xk kO(L 1),
where L is the Laplace criteriont; — average result of eachth alternative;L, — the maximum value

of the alternative state among all averag€g;im = X is the optimal alternative according to the crite-

rion.
The Savage criterion transforms the initial data & “regret matrix” that takes into account thstlo
effect and gives preference to the project withisimum loss in (4) and (5):

Y; =max()<ij ) i=1..n,j=1.m
i =¥ %
where y; is the maximum value of the state for eachth case;r; — lost effect in the form of the dif-
ference between the maximum gain and the actuaévial each state.

: (4)

S =max(rj),i:1..n,j: 1.m,

Sc=min($§),i=1..n : (5)
Xoptim = Xk1 kD(l; n) !
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where S is the Savage criterion§ — the maximum lost payoff of eadhth alternative;S, — the
minimum lost gain among all the maximumx;;,,= X is the optimal alternative according to the

criterion.

The Hurwitz criterion is based on an expert's ihtaiassessment of the likelihood of scenario®- th
“optimism coefficient” (& ). The choice of projects involves the study ofyogktreme scenarios accord-
ing to (6) and (7):

Ximaxzmax(xij)ai:]---n,jz1..m 6
Ximin=min(xij),i:l..n,j=1..m, ()

where X;

imax 1S the maximum state value for eachth alternative;X; ., is the minimum state value

for eachi -th alternative.
Hi =0 Kipax + (1= ) Kimin,i=1..n,j=1..m,
H,=max(H;)i=1..n, )
Xoptim = Xk kD(l; n),
where H is the Hurwitz criterion;H; - the value of the gain, taking into account thptimism coeffi-
cient” o for eachi -th alternative;H, — the maximum payout among all alternative,,;, = X is

the optimal alternative according to the criterion.

2. Practical choice of investment projects in contons of uncertainty.
The scenario conditions of investment projectstifier modernization of an industrial enterprise are
presented in Table 1, and the results of the assedg0f the criteria are in Table 2.

Table 1
Brief description of projects
Alternative projects - Profit / Loss Scenarios (RUB thousand) -
Pessimistic Neutral Optimistic
Project 1 —1 000 -100 3 000
Project 2 0 10 2 000
Project 3 100 300 1000
Project 4 -500 0 2 500
Project 5 0 200 1500
Table 2

Criterion values for projects

. . Selection of Criterion value, thousand rubles
Alternative projects : L
projects (criteria)
oroioct 1 “ng'mix" / M, =max(—1000; —100; 3000) = 3000
rojec urwitz Ata=0,8H, =0,8-3000 + 0,2-(~1000) = 2200
| = 0+10+ 200
Project 2 Laplace / Hurwitz 2
At o = 0,3H,=0,3-2000 + 0,7-0 = 600

Project 3 Wald W; =min (100; 300; 1000) = 100
Project 4 Savage S, =max(600; 300; 500) = 600
Project 5 -
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Calculations showed that the opinions of the mbgaiive indicators (with the exception of the in-
tuitive Hurwitz criterion) were divided between tfiest, second, third and fourth projects. Wheningk
into account the expert assessment according téltineitz criterion, the first and second projeces b
come priority. The fifth project was not selectedamy of the criteria, although it is among theaire
even ones.

Conclusions

1. A method is proposed for solving the urgent fbof selecting investment projects in condi-
tions of complete uncertainty.

2. A comparative analysis of alternative projeatd #heir scenarios was carried out according to
five criteria for reducing uncertainty.

3. The obtained results are recommended to bewbed developing an approach to reducing un-
certainty and making investment decisions at ingalsgnterprises.

The work was supported by grant of the Presidetit@Russian FederatiotK-4549.2021.2).
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NPUHATUE UHBECTULIMOHHbIX PELUEHUA HA MPOMbILTIEHHOM
NPEAMNPUATUN B YCNOBUAX HEONPEOEJNIEHHOCTU

B.I". Moxog', I'.C. Ye6omapesa’

! HOxHO-Ypanbckuli 2ocydapecmeeHHbill yHUsepcumem, 2. Yens6urck, Poccutickas ®edepayusi
E-mail: mokhovvg@susu.ru

% Ypanbckuli pedeparibHbili yHUsepcumem, e. Ekamepur6ype, Poccutickas ®edepayusi
E-mail: g.s.chebotareva@urfu.ru

CraTps MOCBSIIEHA BOIIPOCY 0TOOpPAa MHBECTHIIMOHHBIX MPOEKTOB MOACPHU3AIINH TPOMBIIUIEHHOTO
MIPEeNNpUITHS B YCIOBUSAX HeomnpeaeaeHHOCTH. 110 HeonpeaeneHHOCThI0 B pab0Te TOHUMAETCS OTCYT-
CTBUE JJAHHBIX O BEPOSITHOCTU peaju3allii CIICHAPUEB albTEPHATUBHBIX NHBECTULIMOHHBIX MPOEKTOB. B
KadecTBE METOJIMYECKON 0a3bl MpeIokKeH Habop oOIMIeNpHU3HAHHBIX KOJIWYECTBEHHBIX KPUTEPHEB CHU-
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JKEHUS HEONPEACICHHOCTH, XapaKTEePU3YIONINXCS PA3IUYHBIM OTHOIICHHEM K BEPOSTHOCTH OyIIyIIuX
COOBITHI (TECCUMUCTUYHOE, ONITHMUCTHYHOE, HEUTPAITBbHOE U Jp.). JIONMONHUTEIBHO BRIOpAH KPUTEPHH,
COUETAIOMNN JKCIEPTHYI0 M KOJIMYECTBEHHYIO OIIEHKY HeompeseneHHOCTH. [IpakTmdueckne pacueTs
MIPOM3BEICHBI TT0 IISITH KPUTEPUSAM IS TPEX CIIEHAPUEB MSATH HHBECTUIIMOHHBIX IPOEKTOB MPOMBIIIIICH-
HOTO TpeanpusTus. L{enpro paboThI SABISETCS OIIEHKA CIIOKHOCTH TPUHSATHS OJTHO3HAYHBIX MHBECTHUIIH-
OHHBIX PEIICHUH B yCIOBHSIX HEONPEAEICHHOCTH. B pe3ynbraTe, KaXKIbIid U3 YETHIPEX KOJTMYECTBEHHBIX
KPUTEPHUEB yKa3all Ha CBOM MPOeKT. [IAThIi KpuTeprii O3B0 OTPAaHUIHTH KPYT BRIOOPA IO IBYX MPO-
€KTOB. JTO TOATBEPIUIIO BBIBOIBI O TOM, YTO MPUHITHE HHBECTUIIHOHHBIX PEIICHUI TPEOYyeT OT OTBET-
CTBEHHOT'O JIUI[A UCIIOJI30BAHUS HE TOJBKO KOJIMYECTBEHHBIX MMOKA3aTENEH, HO U UMEIOIIETOCs OIbITa U
UHTYUIH. [|0CTOBEpHOCTh TMONYyYEHHBIX BBIBOJIOB MOJTBEPKIACHA MPHUMEHEHHEM OOIIETPH3HAHHBIX
MoOJieNield U METOJIOB, a TaKXKe MPAKTUUECKON peanu3anueil MoIyYeHHBIX pe3yiabTaToB. JlaHHbIE pe3yib-
TaThl PEKOMEHIYETCSI UCIIOIb30BaTh B HAYYHOM COOOIIECTBE MPH MPOBEACHUU MOCIEIYIOIIUX METO -
YECKUX MCCIIEeIOBAHMA, HATIPABJICHHBIX HA CHIDKEHHE HEOIPEIEIEHHOCTH, a TaKkKe COOCTBEHHUKaM Om3-
HEeca M HHBECTOPaM IPH MPUHATHU CTPATETUIECKUX PEIICHUH.

Knrouesvie cnosa. anomepuamuea; uneecmuyuonHoe peuieHue, UHBeCMUYUOHHbII NPOEKM; Kpume-
putl; HeonpeodereHHOCMy; NPOMBIULIEHHOE NPEeONpUAMUe; CYEHAPUIL.
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AIITOPUTMbI N OBPABOTKA UH®OPMALIUK B HNCIIEHHOM
WCCNEAOBAHUN CTOXACTUHECKOWN MOAEJIU BAPEHBJIATTA-
XENTOBA-KOYNHOM

E.A. Condamosa', A.B. Kennep'?

! HOxHO-Ypanbckuti 2ocydapecmeeHHbili yHUsepcumem, YensibuHck, Poccutickasi @edepayusi,

2 BopoHexckull 2ocydapcmeeHHbili mexHu4eckul yHueepcumem, BopoHex, Pocculickasi ®edepauusi
E-mail: soldatovaea@susu.ru

Hccaenyercst Moedb AMHAMUKH JAaBJieHUs] QUIbTPYIONIEHcsl B TPEUIMHOBA-
TO-TIOPUCTOIi cpeie KUIKOCTH €O CJAYYaliHBIM BHEUIHUM BO3/1elicTBHEM, B €€ 0C-
HOBe JIe:KMT 3aga4ya Komm—/{upuxiie s cToXacTu4eckoro ypaBHenusi bapeno-
aarra—Kearosa—Kounnoi. IIpeacrasiieH ajJropuT™M YUCIEHHOTO0 UCCIET0BAHUSA
u o0padoTku MHpopMaNUM, NPelyCMATPUBAIOIINNA MOJyUYeHHe KAK BBIPOJKIEH-
HOT0, TAK M HEBBIPO:KIEHHOI0 YpaBHeHHs. B cTaThe 1aeTcsi onucanue ajaropur-
Ma YMCJIeHHOro pemeHus 3agauyn Komu—/Iupuxie Qs cTOXaCTUYECKOr0 ypaB-
HeHusi bapenoaarra—Kenrosa—KounHoii, B ocHoBe KoTOporo jgexut meroa I'a-
JepkuHa. YHcleHHOe Hcc/IeI0BAHNe CTOXaCTUYECKO Moe/ M MpeanoJaaraer mo-
JydyeHUe ¥ 00padoTKy pe3yabTaTOB N IKCNEPUMMEHTOB NPH Pa3JIHYHBIX 3HAYE-
HHUSAX CJIY4aliHO!l BeJMYHUHBI, B TOM 4YHCJe, OTHOCAUIUXCH K PeIKHM COOBITHSIM.
OCHOBHBIMH T€OPeTHYECKHMMH Pe3yJbTaTaMH, MO3BOJMBIIMMH NMPOBECTH JaHHOE
YHCJIeHHOE HCCJe0OBaHue, SIBJSIOTCS MeTOAbl TE€OPHUH BBIPOKIEHHBIX TPYyNI
0OMepaTopoB U TEOPHH YPABHEHHI C000JIeBCKOI0 THNA. AJITOPUTMBI MPeACTABIIe-
HbI CXeMaMHU, MO3BOJISIIOIIUMH MOCTPOUTH HA UX OCHOBE 0JIOK-CXeMbl MPOTpamMMm
JUUTSI POBEeHUS BLIYMCIUTEIbHBIX IKCIIEPUMEHTOB.

Knrouesvie cnosa. Moodenv Bapenoaamma—Kenmosa—Kouunou; uuciennoe uc-
cedosatue; aropumm; Cmoxacmuieckoe ypagrHerue coboneecko2o mund.

Beenenue

Vpasuenne bapen6narra—Kenropa—Koumnnoit [1] ¢ mocemyromei peaykiuueii K ypaBHEHHIO c000-
JICBCKOTO THIIA TIPU PA3JIUYHBIX YCIOBUSIX MCCIEIO0BAIOCH, Hanpumep, B [2, 3]. PasButue MeTom0B Teo-
pHM YpaBHEHHIA COOOJIEBCKOTO THIIA U TEOPHUH BBIPOXKICHHBIX (IOY)rpYIII, 3aJ0KEeHHBIX B [4], mo3BO-
JIWJIO HAYaTh aHATUTHYECKHE MCCIIeIOBAHMS CTOXaCTUIECKUX yPAaBHEHUI COOOJIEBCKOTO THITA U CTOXAC-
THueckoi Mmomenu bapen6narra—Kenroa—Kouunoii [5, 6], 3aremM ObLTH HavaThl pa3pabOTKH W YHMCIIEH-
HBIX METOJIOB JIJISI €€ MCCleaoBanus [7].

Jlns ucenemoBanus croxactndeckoit moaenu bapenomarra—KenroBa—KodnHoM BBEIEM B pacCMOT-
peHue BEIIICCTBEHHBIE cenapadenpHbIC THIIBOEPTOBBI MIPOCTPAHCTBA

A= {UD\NZZ( D) :% =0nad D},S = V\é( II) ; orpanndenHyio oomacts D 0 R™ ¢ rpanmumeit 0D kmacca

C” . ByzeM HCKaTh #= n(x,t) , VIOBJIETBOPSIIONTYIO B IumuHAPe D X[O,T] , TUR, ypaBHEHHUIO

Ldp = Mpdt+ Ndw (1)
ycioBuro Jupuxie
n(xt)=0, (x,t)00Dx[0,T] (2)
u ycnoButo Komu
n(x,0)=15(X). (3)

3neck omeparopel L, M DS(U;F)TaKI/Ie, groL=A-A, M =agA, napamerp O'D]R\{O}, A0R xa-

pakTepu3yIoT cpeay, a yepe3 dw obo3naveH 0000meHHbIH nuddepeniman (L —3HaAYHOTO, SIEPHOTO)
K—sunepoBckoro nporecca. CiryqaifHbIN TIporiece

()= X VAB ()91t OF.
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HasbIBaeTCsl K—BHHEPOBCKUM mporieccoM, rae {A,} — mocienoBaTeabHOCTh COOCTBEHHBIX 3HAUCHHH
omneparopa K, 3aHyMepOBaHHBIX 10 HEBO3PACTAHMIO C Y4€TOM HX KpaTtHOCTH. Ecim cien oneparopa K

- _
TrK = Zkzl/lk <+o0, TO oneparop K HasbiBaetcs sinepHbM. Kpome Toro { £ (t} tOR, —mocnenosa-

TEIBHOCTh HE3aBHCHUMBIX OJIHOMEPHBIX BUHEPOBCKHUX MPOIIECCOB.

OTMETHM, YTO UCCIICIOBAHHS CTOXACTHUYECKUX YPABHEHHI U CTOXaCTHUECKUX YPaBHEHHH COOOJIEB-
CKOT'O THIIA C MCIOJIb30BaHKEM (IOJTY)IPYIIIOBOTO MOX0/1a U METOOB MPOM3BOIHBIX B CPETHEM BEIYT-
Cs1 OTEUECTBEHHBIMU U 3apyOekHbIMU yaeHbiMu [8—13]. KpoMe TOro, akTHBHO pa3BHBAIOTCS Ka4eCTBEH-
HBIC M KOJIMYECTBCHHBIC WCCIICAOBAHUS 3aa4l BOCCTAHOBJICHUS JTUHAMHUYCCKA UCKaXEHHOTO CHUTHAa
TPY HAJTMYUH TIOMeX «Oenblit irym» [14, 15].

Mogens (1)—(3) omuceiBaeT TUHAMUKY JABIEHHUS KAIKOCTH, (DUIBTPYIOIIEHCS B TPEIIHHHOBATO-
MOPUCTOH Ccpefie.

B niepBoii yacTH cTaThH MPUBEIEM aHATMTHUYECKOE pernenue 3anaun (1)—(3),B0 BTOpoii yacTu npu-
BEJIEM aJITOPUTM €€ YHUCICHHOTO PeIleHHsT MOAUPHUIIUPOBAHHBIM METOIOM [aJlepKuHa, B TPEThEH YacTH
NPUBECM AITOPUTM YHUCICHHOTO HCCIICI0BAHUs U 00pabOTKN HH(POPMAIIHMH, TTOIYIaeMO B PE3yJIbTaTe
Pa3IUYHBIX BBIYUCIHTEIBHBIX SKCIIEPUMEHTOB.

AHaJIMTHYeCKOoe pelieHne

Amnanutrueckoe uccnenosanus moaenu (1)—(3) mpuseaem, cnenys pesyiabtatam B [16]. TIpexme
BCET0, OTMETHM YCJIOBUS Ha MapaMeTphl A U &, KOTOPBIC MO3BOJSIOT MCIOIb30BATH TEOPHIO OTHOCH-
TEILHO OTPAaHMYCHHBIX OIIEPATOPOB

Jlemma 2.1.7Ipu mo6vix AORN{O} , a OR. onepamop M (L,O) -02paHUYeH.

B xauectBe K Bo3pMeM omepatop I'pmHa omHOpomHO# 3amaum Jlupuxie Au(x) =0, x00D mus
ypaBHeHus Ilyaccona —Au= f B obmactu D. B srom ciyuae coOCTBeHHbIe 3HAa4eHHs {/4} CIek-

TpanbHOHU 3anaun —Ag = H @, B obmactu D mmeroT acuMnToTUKY
Ile ~ kz, k — 00,

B TOM citydae oreparop ['puHa OyaeT simepHbIM.
Crnenys Teopurd OTHOCUTEIBHO OTPaHMYEHHBIX OMEPaTOPOB M MOPOXKAAEMBIX MUMHU BBIPOXKJICHHBIX

rpymn [4] oTMeTM, 94TO MpocTpaHcTBa il U §F MPEICTaBHUMBI B BHIEC MPSMBIX CYyMM #oul=y and
3003 =53, onepatopsl L, (M, ) ectb cyxenue omnepatopoB L(M ) Ha Uk (domM n yk ),

k=0,1. Ecmu omepatop M (L,O) -OrpaHMYeH, TO omepaTopsl Ly Dﬂ(ﬂk;gk) , k=0,1;
MoOCH4%5%), M, 0e(uh3?); eymeersyior oneparopsr L' 0(F4uY) u Mgt Og(3%u°).
OGosmammv H =MoL, 02(4°), S= 1M 0e(u?).
[ycts onepatop N U L(Sl) . Torna 3amaua (1), (3)pacmanaercs Ha 1Be HE3aBUCHMBIC 3a1a4H
Hdn® =n°dt.n°(0) =ng, @)
dp' = Spdt+ L Ndw 7°(0) =775 5)(
IAe ciay4yailHble MpPOIECCHI /70 = (I - P)I],/]1 =Pn, a cayualinple BeIUYHMHBI l7|(§ O LZ(Q,ilk) ,k=0,1,

rae Q —mogHoe BepOTHOCTHOE MPOCTPaHCTBO, P —mpoekTop.
VYpaBuenue B (5) uMeeT eAMHCTBEHHOE, PUYEM 1. H. TPHBUAIIBHOE, PEIICHUE, 3HAYMT, 3a1a4a (4)

paspelrMa TOJIBKO MPU HYJCBOM 3HAYCHUU /78 , a s paspemumoctr 3amaun (1), (3) HeoOxomumo,
1
4T00BI HaYabHOE 3HAUYEHHE /], II. H. IPUHAUICKAIN NIPOCTPAHCTBY LZ(Q,LL ) OO6patumcs K 3amade

(5) u mepeiimeM K CTOXaCTHYECKOMY HHTETPO-Iu(phepeHIINATEHOMY YPABHEHUIO
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t t
nt =IS/7dt+j L Ndw.
0 0
Torna equHCTBEHHBIM (OPMaTIbHBIM pelIeHHEM OyIeT CiTydaiHbIi mpolecc
t
7(1) =U'p + JUSLNAw( 9
0
WJTU TIOCTIE TIpeoOpa3oBaHMiA
t
7t (t) =U ' + GINw(t) + [U I Nw( § ds (6)
0
rae U CTPOUTCS aHAJIOTMYHO JCTCPMUHHPOBAHHOMY Cliy4dato [4]:
1 -1
Ul=—|(uL-M) " Le"du
- {(ﬂ ) %

Takum 00pa3om, cripaBeTBa

Teopema 2.1. I[lycms. onepamop M (L,O) -oepanuyern, W[ Lg(R+ X Q,Sl) - § Y snaunvui K-
suneposckuti npoyecc, onepamop N[ L(Sl) . Toeoa ons nwboco My LZ(Q,ill), He3a8UcUMbIX ¢ W
npu kaxcoom Qurxcuposannom t cywecmeyem eouncmeennoe pewenue 3adaqu (1), (3)suoa (6).
AJIropuTM YnciIeHHOro pemenns 3agaun Komm—/Iupnxie

JI71s 9ucIeHHOTo UCCeIOBaHus B Ka4eCTBE CIIy4ailHOrO BO3IEHCTBHS OyJeM paccMaTpuBaTh 3ajia-
vy Komm—/lupuxie

p(ro,t) =0, |p(0,t)| <+o0, p(r,0)=py(r) (7)
ISl yPaBHEHMS
(A-0,)p =ab, p+w(r,1), (8)
2 190
rac AI’ = ar—z + ?E .
Hﬂﬂ HaXO0XICHUA HpI/I6HI/DKeHHOFO peH_IeHI/DI 6yHeM HNCIIOJIB30BATH Hpe,Z[CTaBJ'IeHI/Ie
N
p(r.t)=p" (r.t)=> p (1) A (r) 9)
k=1

rae N Hy)kHO OpaTh TakuM, 4TOOBI 4y < A, YTOOBI yuecTb 3 PEKThI BHIPOKICHHOCTH ypaBHeHUs. Ecin
BHEIITHUE BO3MYIIICHUS CIy4aiiHbl, To perieHue 3amaun (7), (8)0ymeM rckaTh MOTPacKTOPHO.

[Ipexae Bcero HEOOXOAMMO CTEHEPUPOBATH CAYYAWHBIN MPOIIECC, I YeTr0o UCIIONIb3yeM TeHepaTop
CIIy4aifHbIX YUCEll, TOT/Ia

N
w(r,t)=> Acsin(at)@(r) (10)
k=1
IMoxcTaBuM B ypaBHeH#He (8) npeactaBiaeHus s MPUOIMKeHHOTo pemeHus (9), monydnm
N N
524+ ) B (994 (1) =0 St D 1)+ (.0, e
k=1 k=1

3aTeM YMHOXXUM YpaBHEHHE CKaJSIPHO Ha COOCTBEHHBIC (YHKLIHUH @ ( r), k=1,...,N. B pe3ynbrare
nonyuuM cuctemy N ypaBHeHUH
(A + 1) Pu(t) = —ap py(B) +H(W(r, 1), 09
(12)
(A + 1n) P (1) = —apy P (D) +HWE 1),0 )
B 3aBucuMocTu oT 3HaueHus J ypaBHeHHs B (12) MOTYT moy4aThest 00 auddepeHIratbHIMI
MIEPBOTO MOPSKA, THOO aNreOpandecKuMH.
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I. Ecmu A Da(—A), To Bce ypaBHeHus (12) 6ymayT 0OBIKHOBEHHBIMHU Iu((hepeHINaIbHBIMA YpaB-
HEHHUSAMHU TI€pBOTO MopsaKa. s peleHus 3Toi CUCTeMbl OTHOCHTEIBHO [I ( r) , k=1,...,N ycnosue

Komm yMHOkKaeM CKaJIIpHO Ha COOCTBEHHBIE DYHKIMH ¢ (r) ,k=1,...,N, naiinem N HauaIbHBIX yCIIO-
BUil. 3aTeM MoOJydeHHass CUCTEMa ¢ HalJCHHBIMH HAYaIbHBIMH YCIOBHUSMH PEHIACTCS, TAKUM 00pa3oMm,
HaxoZATcst KOOQOUIUEHTHI [y (r) ,k=1,...,N B npubamwkennom pemreanu (9)

Il. Hac 6ombiie unTepecyet ciyyaii A o (—A). Ipeanonoxum, uto A = Hg = Hg, =-.-= Hg ~THE
I — KPaTHOCTb COOCTBCHHBIX 3HAYCHHH [f; . Y PaBHCHHUS (12), xoTopBlEe COOTBETCTBYIOT UM, OyAyT ai-

reOpanvecKrMH, a OCTAIbHBIC OOBIKHOBECHHBIMU Ju((epeHIMaIbLHBIMU YPAaBHCHUSMHU MIEPBOTO MOPSI-
ka. OTOenbHO pemaeTcs CUcTeMa anre0pandecKnx ypaBHEHUH OTHOCHUTEIHLHO qu .1 =1,...,r 6e3 uc-

N0JIb30BaHUsI HAYaJIbHBIX YCIIOBUH, B pe3yJbTaTe Yero mojyvacM TpuBUaibHOE pemreHue (cm m. 1). 3a-
TEM pelIaeTCs CUCTEMa OCTaBIIMXCS OOBIKHOBEHHBIX UG (HEePCHIINATBHBIX YPaBHEHHIA.

ANTOpUTM HaXOXJSHUS MPUOIKEHHOTO pemeHus 3anaaun Komm—/lupuxie s cTOXacCTHIECKOTO
ypaBHeHUs bapentiarra—KenroBa—Ko4nHON CBOAUTCS K CIICAYIOIINM dTaIlaM:

1. Haxomstcs coOCTBEHHBIC 3HAUEHUS M COOCTBEHHBIC (DYHKIIMU I orepaTopa —A .

2. Haxonurcs 3nauenue N u3 ycrmoBust puy < 4.

3. IlpoBepka 10 3aaHHOMY NapaMeTpy A, K KAKOMY CIIy4ar0 OTHOCUTCSI MaTeMaTH4ecKasi MOAEb
— I 1. OtMeTnm, uTo B ciaydae | MOTYT IpUMEHSTHCS pa3iIMyHbIC YUCICHHBIC METOIbI, Harpumep [8].

4. BepluucineHue MpuOIKEHHOTO PEIIEHHUS IIPU 33JaHHOM HayaJIbHOM YCJIOBHH, HCIIOJIb3Ys METO[
lanepkuna.

AJITOPUTM YHMCJIEHHOTO0 UCC/IeI0BaHUs U 00padoTku MHGpopManuu

B ocHOBe anropuTMa YHCICHHOTO MCCICAOBAHMSI CTOXacTHUeCKOH Mogmenu bapenOnarra—KentoBa
—KounHo#t nexut uncnennoe pemrenue 3agaun Komm—/upuxie (7), (8). UccienoBanue croxacrtiye-
CKOH MOJeNHy TpenaroiaraeT MpoBeAeHNEe M BEIYUCIUTENBHBIX KCIIEPUMEHTOB, U3 KOTOPHIX B MEPBOU
rpymnme (M SKCIEePUMEHT) UL MOACIHPOBAHNUS BHEIITHETO BO3/ICHCTBHS HCIIOIb3YEeTCS TeHepaTop HOp-
MaJbHO PACHPEICICHHON CIy4yallHON BETUYHMHBI C 3aJJaHHBIMH MTapaMeTpaMU MaTeMaTHUYEeCKOr0 OXKKa-
HUS M JUCIIEPCHH, a BO BTOpOil rpynme (M— M 5KCIEPHMEHTOB) MOAECIUPYETCS BHEIITHEE BO3ICHCTBHE
MIpY 3HAYEHUU CIy4ailHOM BEWYUHBI, BEPOSITHOCTh KOTOPOTO KpaitHe Maina. [ mepBoi rpymmbl K-
nepuMeHToB reaepupytorcst A; u3 (10),rme i = 1,..., M — HOMEp BBIYHCIUTENHHOTO YKCIICPHMEHTA,
Iu1st BTOpo rpynnsl 3agatotes A u3 (10), rme i = my+1,..., m, ucxonsd u3 HU3HIECKUN CBOWUCTB
CIIy4alflHOTO BO3JEHCTBHS KaK penKoro coObITHs. s 3TOro 3amaloTcsi MaTeMaTHYecKOoe OXKHIaHWe
M (Aq)=0uD(A;) =Dy .

ANTOpPUTM YHCICHHOTO HCCIEIOBAaHUS cTOXacTHueckoi mozaenu bapenOnarra—KenroBa—Kounnoit
MpeAcTaBlicHa Ha pucyHke. [lociie reHepanuu Ciy4dailHBIX BEJIMUYMH PEaU3yIOTCs MEPBBIC TPU dTama
YUCJIICHHOTO pemeHus 3afgaun Komm—/lupuxne s CTOXacTHYECKOro ypaBHEHHsS bapenOmarra—
Kenrosa—Kounnoii (cm. 1. 2). JIiis mociaeayromiei 06paboTKH pe3yabTaToOB 3aIlyCKAeTCsl UK TT0 |, 9TO
MO3BOJISIET B OHOMN MporpaMMe o0paboTaTh pe3ynbTaThl M AKCIIEPUMEHTOB.

3ateM UAYT BBIYHMCICHHS HEOOXOAMMBIX XapaKTepHUCTHK CIydalHBIX mporieccoB. lIpencraBnenwne
CITy4aifHOTO BHEITHETro Bo37eicTBUs Kak (10) MMeeT BUI KAaHOHUYECKOTO Pa3IOKEHUsI CITy4aiiHOTO TPo-
necca. CiydaiiHble BEeIMYMHBI A Ha3bpIBAIOTCA KOI(GULUEHTAMU pa3lokKeHHsd, a (QyHKIuH
Wy (t) =Sin(ax)¢k (r) — KOOpAMHATHBIMUA (DYHKIUSIMH pa3ioKeHHs. B aToM ciiyyae KoBapHallMOHHAS

(byHKLII/ISI " JUCTICPCHUA UMCIOT BUJ
N
K (t.t) = Dt (o) @i (t2), D(t) = K(t.t), (13)
k=1

Kpome Toro, Tak kak Bce A, SBISIIOTCS FayCCOBBIMHM C MaTeMaTHYeCKUM OXugaHueM M, =0 wu
aucniepcueit Dy, To MatemMaTH4yeckoe O>KMIAaHUE BHELIHETO BO3ACHCTBUS OyIeT PaBHO HYIIIO, @ JIUCIIeP-
cust onpenensarees mo (13).
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[ Hauano nporpammel ]

]

Beog napamMeTpoB Mofenu d, A, w, Ha4anbHoil hyHKLWKN pofr),
napaMeTpoB YUCMEHHOTo peweHua N, m: napamMeTpoB cny4aiHbIX BeNWYKH Dy,
napaMeTpa o6nacTH I, W BpeMeHHoro uHtepeana T; kx(m-m;) 3HaqeHuid Ay

l

| HaxoxaeHUe cOBCTBEHHBIX 3HAYeHUIH U COBCTBEHHbIX (PYHKUUA onepaTopa -A I

l

| MpegcTaBneHne NPUGNMKEHHOTO PEWEHNA B BUAE FANepPKMHCKOI cyMMBl |

!

I NogcTaHOBKA NPUBAMKEHHOTO PeLleHUA B ypaBHeHue I

T

YMHOXeHWe ypaBHeHUA U HauanbHOi hYHKLNKA Ha cOBCTBEHHbIE YHKLUUA CKANAPHO

Her /|\ a
A= A

l \'”"/
BrnioyeHne ypaBHEHUA B cUCTEMY

06bIKHOBEHHBIX AUhchepeHUMANbHBIX YpaBHEHWA

BKNloueHUe ypaBHEHUA B CUCTEMY

l anreGpanyeckux ypasHeHwii
| FeHepaymA m; cAyvaiiHbIX BENUYUH Ay I 1
l | MonyyeHue TpuBUaNbLHOTO pelleH A

]

- T

l | PelweHune cuctembl 0GbIKHOBEHHbIX AndhthepeHUunanbHblIX ypaBHeHnid npu Aq= Ay | |

I

( NpuénumxkenHoe pewenne ph(rt) , rpacdmk

K i<=m

HaxoxgeHue marematuyeckoro oxugadus M(p"(rt)), noctpoenue rpaguka

|

HaxoxpeHvne cpefHero KBagpaTU4ECKOro OTKNOHEHWA O U 30

!

[ KoHel nporpammebl ]

|Haxom,quMe AUCNEPCUUN BHELWHETo cny4YailHoro Bo3geicTBuA I
—J\ k<=N

NI RN

AnropuTm YNCNEHHOrO UCCNefoBaHUA cToxacTudeckon mogenu bapeHonarra—XKentoea—KouunHoim

MaTteMaTHYECKUM OXKHIaHUEM SIBJIIETCS HeclydaiiHas GpyHkuus M ( p(r,t)), KOTOpasi MpH JIt000M
3HaueHUH { paBHa MaTEMaTHUYECKOMY OXKUAHHIO COOTBETCTBYIOIIETO CEUCHUS, T. €. MPEICTABISICT CO-
00l yCpEeHCHHYIO TPAaeKTOPHIO (peall3alluio), TOTyYEeHHYIO B pe3yibTare 0O0pabOTKH [Ty SKCIepH-
MeHTOB. Jlucniepcueii U CpeHUM KBaIPaTUYECKUM OTKIIOHCHHEM OYAyT SBJSATHCS HECIydalHble (yHK-
uuu D ( p( r,t)) uo (t) , KOTOpBIE TIpU JIFOOOM 3HAYCHUU t paBHBI AMCIIEPCHU M CPEIHEMY KBaJpaTHye-
CKOMY OTKJIOHCHHIO COOTBETCTBYIOIIEIO CEUEHHS CIIydaliHOro mpoiiecca. B pe3yibTare ¢ BEpOATHOCTHIO
0,997||p(r,t) = Mp(r,t)| <3 (t).

[Ipn mpoBeneHNN BTOPOW TPYMITBI IKCIEPUMEHTOB LIENBIO SBISIETCS MOAETHPOBAHHUE CHCTEMBI, €€
peaKkIuu Ha CITy4aiiHOE BO3JICHCTBHE, OTHOCSIIEECS K PEAKUM COOBITHSIM.
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BapbupoBanue napamMeTpoB MOJAETH, XapaKTEPU3YIOLIUX CPEy, BHEIIHETO CIy4aHOTO BO3JEHCT-
BUSI TIO3BOJISIT HA OCHOBE BBIYMCIUTEIBHBIX SKCIIEPUMEHTOB MOJIYYUTh COBOKYITHOCTh PE3YJITATOB, 00-
paboTKa KOTOPBIX METOJIaMU CHCTEMHOTO aHAJIM3a, TIO3BOJHT C/IENaTh KadeCTBEHHBIE BBIBOJBI O CHCTE-
Max, MOJIETPyeMBIX ypaBHeHHEeM bapen6narra—KentoBa—KoumHoid.
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The paper investigates a model of pressure dynamhiadiquid filtered in a fractured-porous me-
dium with random external action. It is based oa @auchy-Dirichlet problem for the Barenblatt-
Zheltov—Kochina stochastic equation. An algoritton fiumerical research and information processing
is presented, which provides for obtaining botheathegate and non-degenerate equations. The article
describes an algorithm for the numerical solutibithe Cauchy-Dirichlet problem for the Barenblatt—
Zheltov—Kochina stochastic equation, which is basedhe Galerkin method. Numerical study of the
stochastic model implies obtaining and processiregresults of n experiments at various values of a
random variable, including those related to rarengs: The main theoretical results that have made i
possible to conduct this numerical study are théhaus of the theory of degenerate groups of operato
and the theory of Sobolev-type equations. Algorgheme represented by schemes that allow to build
flowcharts of programs on their basis, for condugttomputational experiments.

Keywords: Barenblatt—Zheltov—Kochina equation; nticaé research; algorithm; Sobolev-type
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WCCNEQOBAHUE BO3MOXHOCTEMN NOBbILWEHUA CKOPOCTU
MOPLUHSA B YCNOBUAX ANEKTPOTEPMOXUMUYECKON
TEXHONOIrmn BoCrmiAMEHEHUA NPUMEHUTEJIBHO
KYCTAHOBKE CPEOHEIO KAJIUBPA

B.B. bypkuH, A.C. []bsiukoeckul, A.H. MuwieHko, B.3. Kacumoe, H.M. Camopokoea,
A.[]. Cudopos, E.FO. CmenaHoe

Hay4Ho-uccnedosamernbckuli  uHcmumym  rpuknaGHol MamemamuKku U MexaHuku, Tomckul
eocydapcmeeHHbIlU yHugepcumem, 2. Tomck, Poccutickasi ®edepayus
E-mail: aleksid92@gmail.com

IIpeacraBieHsl pe3yJbTaThl TEOPETHYECKOT0 MCCJIET0BAHNS HETPAAWINOH-
HOIH cXeMbI BbICTpeJa ¢ NMPHMEHEHHeM 3J1eKTPOTePMOXHMHUYECKOH TEeXHOJI0rHU
BOCIIJIAMEHEHHs B YCJIOBUSAX YCTAHOBKH CpeJJHero Kajuopa. AZanTUpoOBaH 3aK0H
TrOpeHHUsl MOPOXOB K YCJOBHAM BBICTpeJa € 3JIeKTPOTePMOXMMHYECKOH TeXHOJ10-
rueii BocnjaMeHeHHs! IOPOX0BOro 3apsi/ia NPUMEHUTEJIbHO K MOJeJbHOI 6anin-
CTHYeCKOl yCTaHOBKe cpe/lHero kajuopa. 3a 0CHOBY NPHMHSATHI pacyeTHbIe JaH-
Hble, MOJTy4YeHHbIe Ha J1a00paTOPHOI (0AIHCTHYECKOH IIaJKOCTBOJbLHON ycTa-
HOBKe MaJyioro kanubpa. IIpoBenensl TeopeTnueckue mapaMerpuyecKue mccie-
JOBaHMSs, HATIPABJIeHHbIE HA ONMpe/eJieHHe BO3MOKHOCTEH BhICTpeJa ¢ IpUMeHe-
HHEM JJIEKTPOTEPMOXHMHYECKOH TEXHOJOTHH BOCIJIAMEHEHHS] KOMOMHHPOBaH-
HOr0 NMOPOXOBOr0 3apfA/Ja B IIHPOKOM JHANA30He BBOJUMON JHEPTrHH NPU Pa3HOii
HAYAJIBHOW TeMmIepaType NIOpPoXoBoro 3apsajaa. TemmeparypHblii rpagmeHT N0
AyJbHOI CKOPOCTH MOPLIHS NPH HAYAJIbHBIX TeMIlepaTypax MOpPOX0BOro 3apsjaa
—40u +20 C 0e3 AONOJHUTEIBLHOr0 3Hepropeoaa cocraBui 4 %. /st ero Kom-
MeHcaluu Heo0X0AMMO BBeleHHe AOMOJHUTEeNLHOI Heprun 60 k/[)x B mopoxo-
Boii 3apsaa. Onpe/eneHbl YCI0BUS 3apsizkaHUs HccaedyeMoi 0alIMCTHYecKOi yc-
TAHOBKH, MO3BOJISIIOIHE JOOUTHCS MAKCHMAJILHOIO MOBBbIIIEHHS AYJbHOI CKO-
POCTH MOPILIHS MO CPABHEHMIO ¢ 0a30BBIM BBICTPEJIOM MO KJIACCHYECKOH cxeme
3apsKaHusl ¢ MPUMeHeHHeM TPaANIMOHHBIX BociuiamenuTeleii. [Iposenena Teo-
peTnYecKasi MOICpHH3aIUs IOPOX0BOI0 3apsAAa IJIsl JOCTHKeHHs 00JIbIIero npu-
pocTa NyJbHON CKOPOCTH MOPUIHS.

Knouesvie cnosa:. enympenHssi OaiucmuKa; 6blcmpen; 31eKmpomepmMoXumuye-
CKULL, CKOPOCMb 20PeHUsL; NOBblUeHUe OYIbHOU CKOPOCTNUL.

Bgenenue

CymiecTByeT mpo0JieMa MOBBINICHUS AYIbHOH CKOPOCTH METAaeMOTO JJIEMEHTA WM TOPIIHS, SIB-
JISTFOIIASsICS OJTHOM M3 OCHOBHBIX 3a/1ay BHYTPEHHEH O0ayuMCTUKU. TpaguIliOHHBIE CIIOCOOBI MTOBBIIICHUS
IYJTBHOW CKOPOCTH BBICTpENa MO KIIACCUYECKOH cXxeme 3apsyKaHus He TI03BOJISIOT JOOUTHCS 3HAYUTEIh-
HOTO pe3ynbTata. B CBS3M C MOBBIIICHHEM XapaKTEPUCTUK 3AIUIIEHHOCTH OPOHUPOBAHHBIX IIeJe IMo-
WCK ITyTEH MOBBIMIEHUS CKOPOCTH MOPITHS HE YTPATUI CBOSH aKTyalIbHOCTU U B HacTosIee Bpems. [is
3TOTO TPEOYIOTCS MCCIICAOBAHNS HETPAJUIIMOHHBIX CXEM METaHWs, TIO3BOJISIONINX MOBBICHTh JTyTBHYIO
CKOpOCTh TOpIIHS. [lepcreKTHBHBIM HanpaBlieHHEM B 00JIaCTH BEICOKOCKOPOCTHOTO METaHHS SIBIISICTCS
HETPaJUIHOHHAS CXeMa BBICTPEJa ¢ MPUMEHEHHEM dieKTpoTepMoxumudeckoi (OTX) TeXHOIOTHH BOC-
IIaMeHeHus opoxa. OHa MpUMEHSETCS I TIOBBIIICHNS MHTCHCUBHOCTH T'a3000pa30BaHus B KaMmepe,
4T0 0OYCITOBIECHO BBICOKOM TeMIeparypoii smekTpopaspsaaHoit miasmel (JI1), obpasyrommeiics mpyu BbI-
cokoBONBTHOM paspse. [Ipu momomm DI1 ymaercs CylmiecTBEHHO COKPATUTh JIUTEIEHOCTH MEpUOJa
BOCIUIAMEHEHUSI TTOPOXOBOTO 3aps/ia, CTa0MIN3UPOBATh €r0 XapaKTEPUCTHUKU M YMEHBIIUThH BIMSIHHUC
HAYaIBHOW TeMIIepaTyphl Mopoxa Ha OaJTMCTUYECKHE MapaMeTphl BBHICTpeNla N0 CPaBHEHHIO C Kall-
CIOJIbHBIM MHHIIMMPOBaHKEM TTopoxa [1].
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Llenpro maHHOUM pabOTHI SABISETCS MPOBEACHUE TCOPETHUYCCKUX HCCICIOBAHUA BO3MOXKHOCTEH BBI-
CTpelia ¢ LEJBIO MOBBIIICHNUS TYyJIbHOM CKOPOCTH MOPIIHA MPHU UCMONb30BaHUU D TX TEXHOJIOTHUHU BOC-
TUTAMEHEHUS PUMEHHUTENBHO K MOJICNTFHON OaJITMCTHUECKON YCTAHOBKE CPETHETO Kanuopa.

HHTepnperanus pe;kxuMa NOBbIIIEHHOT0 Ia3000pa30BaHus
PacueTHO-TEOpEeTHYECKUI aHAIU3 CXEMbI BBICTpEIa BBIMOJHEH C MCIOIb30BAHUEM POrPAMMHOTO
KoMIIiekca [2], B OCHOBE KOTOPOTO JICKHUT MaTeMaTHIeCKas MOJICIb BHYTPHOATUCTHUECKUX TPOIIECCOB
B CTBOJIbHBIX CHCTEMax, 0asupyeMasi Ha OCHOBHBIX JTOMYIICHUAX MEXaHUKH MHOTO(A3HBIX CPE/.
ITapamMeTpsl MOAEIBHOM ycTaHOBKY: cpemnunii kamuop (120 mm), macca mopmust 7,8 kxr. 3apsm co-
CTOUT M3 36PHCHOTO CEMUKAHAIBHOTO ¥ TpyOuaToro mopoxos (puc. 1). [TnazmoTpon Tuma «pieira» [3]
pacrmoioKeH BHYTPH HACHIMTHOW CEMUKAHAILHOW YaCTH METATEeILHOTO 3apsa.
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¥ 000"
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Puc. 1. Cxema pacnonoxeHusi nopoxa B kamepe 3TX BbicTpena:
1 — nna3mMaTpoH; 2 — ceMUKaHanbHbIW NOPOX; 3 — TPy64aTbI NOPOX; 4 — NopLUeHb; 5 — cTBON

ITockonbKy TPOrPaMMHBIH KOMIUIEKC [2] MO3BOJSET HCMONB30BaTh MPOU3BOJIBHOE KOJHUECTBO
(hpaxmuit mopoxa, Beenenue I B mOpoxX yITEHO NpH MOMOIIH BBEACHUS OTACIBHON (paKIK — yCIOB-
HOT'O OBICTPOTOPAIIEro TOIIKBa [4]. DTO MO3BONIAET CMOIEITUPOBATE BPEMS U XapakTep paspsaa. Bee-
nenue OI1 ¢ sHeprueii Q BbI3bIBa€T HEPABHOMEPHOE BOCILUIAMEHEHHE U TOPEHHUE Mopoxa. B ¢Bszu ¢ aTuM
PEeXUM TOBBIIICHHOTO Ta3000pa30BaHUs CMOJICIIMPOBAH CICIYIOIUM 00pa3oM. Dpakius ceMUKaHaIb-
HOT'O MOpOXa, OKPYXKaroIas 1mia3MaTpoH (mepsas Gppakiiys), BOCIUIAMEHIETCSI B MOMEHT Hadasa dJieK-
TPOBBOJIa U TOPHUT B PEKUME YCKOPEHHOTO ra3zoo0pazoBanus. B obmieM ciydae yBemuueHHe ra3000pa-
30BaHUS MOXKET OBITh CBS3aHO HE TOJBKO C JOMOJTHHUTEIHHBIM MPOTPEBOM IMOPOXa, HO M C YACTUYHOM
JIECTPYKITUEH TMOPOXOBBIX 3€PCH U YBEIMYCHUEM MOBEPXHOCTH TOPEHUS. O6paSOBaBH_II/II/IC$I ra3 CImycrs
HEKOTOpOE BpeMsl BOCIUIAMEHSET BTOPYIO (paximro,
KOTOpasi TOpUT B OOBIYHOM pexuMe. JlaHHoe mpemno-
JIOKEHUE COTJIACYETCS C Pe3yJIbTaTaMH 3KCIICPUMEHTOB
¢ BBeqeHneM Oll B MONMATHUIIEHOBBIE TPaHYJIBl B 3aMK-
HYTOM 00BeMe, MOJICIUPYIONUE 3EPHEHBI TOpPOX B
kamepe cropanus (puc. 2). PesynbTaThl MoKa3aiu, uTo
4acTh TpaHyJl, PacloNOKeHHAs BOIU3U «DICHTHI», CTO-
pena, a Apyras 4acTh JIMIIb OOyriuimach. [loatomy B
pacyerax CEeMUKAaHAJIbHBIA TOPOX JEIWTCS Ha JIBE A ,
(bpaKLlI/II/I C pa3HBIMHU TapaMETPaAMU rOPCHUA. Macca, Cau- Puc. 2. PesynbTaT BBeA€HUA 3NeKTpopaspsaaHoOn
HHYHAs CKOPOCTH TOPEHUS U BpeMsl BOCIUIaMeHeH s [5]. NNasME! B FPaHYNNPOBAHHLIA NONMITHIEH
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Puc. 3. 3aBucMMOCTbL Macchbl NepBou (ppakuum (a) U1 eAUHUYHOW CKOPOCTU ropeHus (6) oT 3HeproBBoaa
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Apnanranys peXxnMa HOBBIIIEHHOTO Ta3000pa30BaHus K MOAEIBHON ycTaHOBKe KamuOpom 120 mm
IpOBEZIeHAa Ha OCHOBE PACYCTHBIX JAHHBIX, NMOJYYEHHBIX Ha OaUIMCTUYECKOH YCTaHOBKE KalanOpom
30mwm [6]. ITpu cmene kammbpa ¢ 30 Ha 120 MM npenmnonaraercs, 4YTo B IIa3MOTPOHE YBEIUUUBACTCS
KOJINYECTBO OTBEPCTUH U Pa3Mephl: AJMHA U AUAMETP, YTO MO3BOJISIET BOCIIAMEHSTH OOJIbIlIee KOJIHYe-
CTBO TIIOpOXa Ha 3Tare paspsaa. ITO MPUBOIUT K BO3PACTAHHIO 3HAYEHHS MACCHl MEpBOi (hpaKIuH I110-
poxa. 3aBHCHMOCTH Macchl IepBOi (Ppakiyu OT ypoBHs BBeAeHHOH 3Heprun a1t 30 u 120mm ycraHo-
BOK MMEIOT JINHEWHYIO ()OpPMY M PacHOIOKEHBI MAapaIUIEIbHO APYT K APYTy Ha rpaduke (puc. 3, a). 3aBu-
CHMOCTH €IMHUYHON CKOPOCTH TOpPEHHs U; ¥ BPEMEHHN BOCITIAMEHEHHS BTOPOH (pakiyu t, He H3MEeHAT-
¢S, TOCKOJIbKY oTiuune mopoxos amst 30u 120MM BEICTPENIOB — TONBKO B pa3mepe 3epHa (puc. 3,a u 4).
[Monyuennsie B [5] 3aBucumocty st 30 MM yCTaHOBKH SKCTPAIIOIUPYIOTCS. B CTOPOHY OOJIBIIMX 3HAYE-
Hul sHepruu s 120MM BeICTpea.
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Puc. 4. 3aBUCMMOCTb BpeMeHM BOCNiaMeHeHUsi BTOPOI (hpakuumu OT ypOBHSI BBeAEHHOW aHeprum

IMapameTpuyeckue uccjie10BAHUS

Ha ocHoBe noiy4eHHOro pekrMa MOBBILIEHHOT'O Ta3000pa30BaHus ObLIO MPOBEIECHO NapamMeTpHye-
CKOE€ HCCJICAOBAHKE TI0 OINPEACIICHHUI0 BO3MOKHOCTEH BBICTpENia ¢ MCIOIb30BaHueM DT X-TexXHOIOTHH
BOCIJIAMEHEHHS IPUMEHUTEITFHO K MOJCNBHON ycTaHoBKe KamnbOpom 120 MM, sIBISIOIIEHCS aHAIOTOM
Rh120 [7],B mupokoM auama3one ypoBHs BBeaeHHO# sHeprun Q = 20-120x/[x. nst onpeneneHus
MPUPOCTA JTyJTBHON CKOPOCTH B KauecTBE 0A30BBIX TOYECK HCIIOJNL30BAHBI JIAHHBIC TPEX BBICTPEJIOB MO
KJIACCHYECKOW CXeMe 3apsDKaHHs C MPUMEHEHHEM TPaJHIMOHHBIX BOCIUIAMEHHTENeH (maee 0a3oBbIit
BBICTpEIT) IPU Pa3HBIX HavalbHBIX Temrneparypax: —40, +20u +40 C.

PacueTsl TPOBEJCHBI C Y4eTOM psfa MpearnosiokeHuid. HauambHas TeMmmepaTypa 3apsia paBHa
+20 °C. Tpenue mopiHs 0 KaHall CTBOJIA U AaBJICHHE (OPCHPOBAHMS HE 3aBUCAT OT YPOBHS SHEPTOBBO-
na. Cuna f 1 oTHOCHTE IbHAS TOBEPXHOCTH TOPeHUS O({)) BTOPO# (BpakiMi CEMHUKAHAILHOTO TOPOXa He
3aBUCSAT OT DHEProBBoja. Btopas ¢pakiuus CceMHKaHAIBHOTO IOpoXa W TpyOYaTeli TOPOX
BOCIIJIAMEHSIIOTCS OJHOBPEMEHHO. Bech mNOpoxoBoW 3apsia TOPUT MO TEOMETPUYECKOMY 3aKOHY.
[TapameTpsl TopeHus] TpyOUaToOro mopoxa He 3aBHCAT OT SHEproBBoja. [1opox MONHOCTBIO Cropaer 3a
BpeMs BbIcTpena. B ycnoBusix OTX-BocIlaMeHEHUsI POCT Ta30MpHXOa YYHUTHIBAETCS TPH TTOMOIIH
YBEJINYCHHS CIUHUYHON CKOPOCTH TOPEHUS MepBON (PpaKIny CEMUKAHAIBHOTO MOPOXa.

CoracHo moiy4eHHBIM pesynabTatam, BBeAcHne 120 k/[x (oxomo 1 % ot o6ineil moTeHIHambHO
SHEPrHU BCETO 3apsia) B CCMUKAHAJIbHBINA MOPOX TMO3BOJISET MOBBICHTH JYJIbHYIO CKOpocTh Ha 5,2 %
(xpuBas 2, puc. 5) Mo cpaBHEHHIO ¢ 0a30BBIM BBICTPEIOM. IIpH 3TOM IO MEPBOM (paKIUK JOCTUTAET
65 % ot 00mIel Macchl CEMHKAaHAIBHOTO Mopoxa. B 001acTu BHICOKMX 3HAYCHUI BBEACHHOH SHEPrUH
(100-120k/Ix) HabmromaeTcs CHIDKEHHE TIPHPOCTa MaBieHus ra3a (KpuBas 2, puc. 5, 6), KOTOpO€e BbI-
3BaHO IMPEXKIEBPEMEHHBIM (POPCHUPOBAHNEM MOPIIHS U YBEITMUYECHHEM 00beMa 3apsKaHusl, YTO TIPUBOTUT
K CHIDKCHHUIO MPHUPOCTA JyJIbHOW CKOPOCTH MOPIIHS. TOYKaMU yKa3aHbl pacuyeTHBIC JaHHbIE 0a30BOTO
BBICTpEIa MPU Pa3HBIX HAYAIBHBIX TEMIIEpPaTypax.

U3BecTHO, 4TO M3MEHEHNE HAYATIBHOIN TeMIlepaTypbl IOpOXa BIHsIET HA OAJUIMCTHIECKHE MapaMeT-
pBI BBICTpENa: AYJIBHYIO CKOPOCTH MOPIIHS M MakcumaibHoe nasienue [8]. [losTromy ormenbHO pac-
CMOTpPEHBI pa3HbIe HayalbHbIe TemrepaTypsl mopoxoB: —40u +40 T (puc. 6). TemneparypHslii rpaau-
€HT BBICTpEJIa 10 AYJIBHON CKOpOocTH mopiiHs mpu temmeparypax —40u +20 C 6e3 A0noJHUTEILHOIO
sHeproBeoja coctarisieT 4 %.Beeneune 60 k/k B MOpOXOBOI 3aps MPH HAYAIBHOM TeMIeparype Tg =
—40 T 1o3BoJIsIeT KOMIIEHCUPOBATH TEMITEPATYPHBII TPATUCHT MO AYJIBHON CKOPOCTH MOPIIHS 10 YPOB-
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ypOBHsI 0a30BOro BhICTpeNna (C MPHUMEHEHHUEM TpPAJAWIMOHHBIX BOCIUIAMEHUTEJCH) MPH TeMIepaType
+20 C. Beenenne 120x/x B mopoxoBoii 3apsn npu To = —40 T mo3BoisieT MaKCUMAaIBHO MOBBICUTH
IyJBHYIO cKOpocThb Ha 6,5 %,8 mopox (+40 C) —ua 5 %.

V M/C Pmax,
o — MIla
180 80C
3 // / / L —
175 70C 3
L ] ]
i 5 / g / -
60C
170 2
1
1 50C
165( 1
0 3C 60 90 120 0 30 60 0 12C
Q, x/lx Q wllx
a 6

Puc. 5. 3aBUcCMMOCTb AyNbLHON CKOPOCTU MOPLUHSA (8) U MaKCUMarnbHOro AaBneHus rasa (6) oT ypoBHS1 BBeAEHHOMN 3Hep-
rmn: 1 ——-40 B; 2 — +20 ®; 3 — +40 B; Il — paHHbIe BbICTPENOB NO KIacCMYeCKON cxeme 3apsKaHus

JInst moydeHust OOJNBLIETO MPUPOCTa MYJIBHONH CKOPOCTH IOPINHS 3a cyeT ucmosib3oBaHus DTX
BOCIUTAMEHHTEIISI OBLTH PACCMOTPEHBI TOPOXa ¢ PAa3HBIMU TONIIMHAMY TOPSILIETO CBOJA MPH HaYaIbHOM
temneparype +20 °C ¢m. puc. 6). A IMEHHO: pa3Mep TOpsIIEro CBOJa CEMHKAHAILHOTO M TPy04YaToro
nopoxoB MeHblIe (kpuBas 3) u Oonbie (kpuBas 1) Ha 10 %,4eM y cTaHIapTHBIX TOPOXOB (KpuBas 2).
ITopox, uMeromuit MEHBITHH pa3Mep, O3B JOOUTHCS OONBIIET0 MPHUPOCTA ITYJIBHONW CKOpOCTH. B
nepoM ciaydae Beeaenne 120k/[k 1mo3BOJIAET HOBBICUTD TYJIbHYIO CKOpOCTh Ha 6,6 %,B0 BTOpOM CiTy-
yae Ha 3,6 %.

184(
Vi, M/c —
180(
176(
A
2
1720} o
A
1
168(
0 3C 60 90 120
Q, x/Ix

Puc. 6. 3aBUCMMOCTb AyNbHOM CKOPOCTU NOPLUHSA OT YPOBHA BBEAEHHOW dHEPrum:
1 — yronweHHbIN (+10 % Kk pa3mepy); 2 — cTaHAAPTHbIW; 3 — yTOHYeHHbIN (—10 % K pa3mepy)
Il — faHHbIe BbICTPENa Nno Krnaccu4eckon cxemMe 3apspkaHus

3akuouenne

B pabote npencraBieHbl pe3yibTaThl TEOPETHUECKOTO UCCIEIOBAHUS CXEMbI BBICTpEIIa C IPUMEHe-
HreM DTX-TEeXHOJIOTHH BOCIUIAMCHEHHUS B YCIIOBHSX MOJCIHHOW YCTAaHOBKHM cpemHero kammbpa. J[ms
IPOBEACHHS TMapaMEeTPUIECKUX HCCIECIOBAHUN PEXHMM IOBBIIIEHHOTO I'a3000pa30BaHUsl, MOIYYEHHbIH
Ha OanrcTuueckor yctanoBke kannopom 30 MM, ObIT aJanTUPOBaH K YCIOBUAM MOAETIBHOMN OaInCTH-
geckoi ycraHoBkH KanmnOpom 120 mm. [lomydeHHBIE pe3ynbTaThl MPOAEMOHCTPUPOBAIH MOJIOKUTENb-
HBIH 3¢ dexT npumenerns DT X-TeXHOIOTHH BOCIUTAMEHEHHS 3apsi/ia IPH pa3HbIX HaYaJIbHBIX TEMIIepa-
Typax nopoxa. Beenenne 60k mopoxoBoii 3apsan npu To = —40 °CnoBblIaeT AyJIbHYIO CKOPOCTD
nopiHs Ha 4 %.3T0 Mo3BOJSET KOMIICHCUPOBATH TEMIIEPATYPHBIN TPalMeHT BBICTpENa NPy HadaabHBIX
temneparypax —40u +20 °C. MakcuMallbHbIi MPUPOCT IYJIbHOM CKOPOCTH IMOPIIHS 110 CPAaBHEHHUIO C
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0a30BBIM BBICTpEIOM IIpH TeMieparype To = —40 °Cronyuen npu BBeaeHuu 120k ]Ik TOpOXOBOH 3apsi
u cocraBui 6,5 %./lanpHelinee MOBBIICHHE YPOBHS SHEPTOBBOJIA B TIOPOX BBI3HIBAET MPEIKICBPEMEH-
HOe (opcUpoBaHKE TOPIIHS CO CHIKCHHEM OAUTUCTHYECKUX MapamMeTpoB BeicTpena. ITokasaHo, 4To
MOPOX C MEHBIIIEH TONIMHOW FOPSIIIEr0 CBO/A MO3BOJISIET JOOUTHCS OOJBIIEr0 MPUPOCTa AYILHOU CKO-
poctu (Ha 6,6 %).

Pe3ynomamul Oviiu nonyuenvl 8 pamrax GbINOJIHEHUS 20CYO0ApcmeeHno2o 3adanusi Munobpuayxku
Poccuu, npoexm Ne 0721-2020-0032.
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INVESTIGATION OF THE POSSIBILITIES OF INCREASING TH E PROJECTILE
VELOCITY UNDER THE CONDITIONS OF ELECTROTHERMAL-CHE MICAL
IGNITION TECHNOLOGY AS APPLIED TO A MEDIUM-CALIBER INSTALLATION

V.V. Burkin, A.S. D'yachkovskiy, A.N. Ishchenko, V. Z. Kasimov, N.M. Samorokova, A.D. Sidorov,
E.Yu. Stepanov

Research Institute of Applied Mathematics and Mechanics of Tomsk State University, Tomsk, Russian
Federation

E-mail: aleksid92@gmail.com

This paper presents the results of a theoreticalysbf an unconventional shot scheme using elec-
trothermal-chemical ignition technology in a mediaaliber installation. The law of combustion of
propellants has been adapted to the conditionssbbawith the electrothermal-chemical technolofy o
ignition of a propellant charge as applied to a edduhllistic machine of medium caliber. The calteth
data obtained on a laboratory ballistic smooth-bostallation of small caliber are taken as a basis
Theoretical parametric studies are carried out diatedetermining the capabilities of a shot usimg t
electrothermal-chemical technology of ignition oE@mbined powder charge in a wide range of input
energy at different initial temperatures of the dewcharge. The temperature gradient of the muzzle
velocity of the projectile at the initial temperegs of the powder charge of —40 and +20 °C witlaalit
ditional energy input has been 4 %. To compengatd,fit is necessary to introduce an additional e
ergy of 60 kJ into the powder charge. The conditifam loading the investigated ballistic instaletiare
determined, which make it possible to achieve aimam increase in the muzzle velocity of the projec-
tile in comparison with the base shot accordinth&oclassical loading scheme using traditionaltagsi
The theoretical modernization of the powder chdrge been carried out to achieve bigger increase in
the muzzle velocity of the projectile.

Keywords: interior ballistics; shot, electrothermethemical, combustion rate; increasing muzzle
velocity.
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BOJIHOBOE YPABHEHUE C KY§MHECKOVI HENMWHENHOCTbIO
N BO3BYXOEHUE KOJIEBAHUN B CUCTEME «CPEOA-UCTOYHUK>

O.H. lLlabnoeckuti

lomenbckuli 2ocydapcmeeHHbIU mexHudeckull yHugepcumem umeHu 1.0. Cyxoeo, e. [omerb,
Pecnybrnuka benapych

E-mail: shablovsky-on@yandex.by

ITonyyeHo HOBOe TOYHOe pellleHHe BOJTHOBOIO YPABHEHHMsl ¢ HCTOYHHKOM,
3aBHCSIIMM OT MCKOMOIl pyHKIMH M BpeMeHH. PyHKIUS MCTOYHHMKA HMeeT IO-
JIMHOMHUAJIBHYIO (TpeTheii cTeneHN) HeJMHEHHOCTh, a TaK/Ke ABa IOMOJTHUTENb-
HBIX aINTHBHBIX YJeHa, B KOTOPbIe BXOASIT BTOPasi H TPeThsl CTeMeHN HCKOMOii
(GyHKIMK ¥ ABHAsi CHHYCHAas 3aBHCUMOCTBL OT BpeMeHH. IlocTpoeHHbIe COOTHO-
IIEeHNs ONMHUCBHIBAIOT HMEHHO Npouecce Bo30y:KAeHns KoJde0aHnii B cucTeMe «cpeja
— HeJIMHEIHbI PeOHOMHBI HCTOYHUK» H MOITOMY He COdepxKaT B cede KakK 4a-
CTHBIN CJIy4ail pelieHHe BOJIHOBOIO YPAaBHEHHs ¢ OOBIYHOI KyOMYecKoil HeJH-
HeliHOcThI0. Du3nyeckasi MHTepPNpeTanus pe3yJbTATOB PadoThl 00yCJIOBJIEHA
CBOMCTBAMM BHEIIHEr0 NMepHoOJIMYeCcKOro Bo3JelicTBHA Ha cpeny. Pemenne momy-
YEeHO HA INIOCKOCTH «HCKOMasi QyHKIMS — BpeMs» M JaeT aHAJHMTHYECKHE BbI-
pakeHUs YACTHBIX NPOM3BOJHBIX HCKOMOIl (P)YHKIUH MO MPOCTPAHCTBEHHOI KO-
OpAMHATe U BpPeMeHH. JTO MO3BOJIsieT U3YYaTh HeCTAlMOHAPHBbIE CBOIiCTBa M30-
JIMHUI HcKOMOH (YHKIIMH. MX CKOPOCTD M YCJIOBHUS, IPH KOTOPBIX 3Ta CKOPOCTh
siBJIsieTCsl 3HAKoNepeMeHHOii. BajkHoe BIMsIHMe HA NMOBeleHHe H30JMHHII 0Ka3bI-
BaeT HAKJIOH (YHKIMM MCTOYHHKA B MaJOil OKPeCTHOCTH HYJeBOI0 3HAaYeHHUs
HCKOMOIi (PYHKIIMH. A UIMEHHO. €ro 3HaK ONpeaesieT PesKuM NBH:KeHUs (103BY-
KOBO#i 100 CBePX3BYKOBOI) H30JUHUY, 2 €r0 MOAYJb CIYKHT MACIITA0OM NpH
BBIYMCJICeHNHU 0e3pa3MepHoil 4acToThl BO30y:KAal0INX KoJebdanuii. B padore pac-
CMOTPEHbI HHTEPBAJIbl BICOKHX M HH3KHX 4aCcTOT. B ka:kablii MOMEHT BpeMeHH
rpajueHTHbIC CBOICTBA MCKOMOI (DYHKIMH XapaKTepH3yeT MOHOTOHHBIH Npo-
¢uab, pacnosaraluuiics B NoJy0ecKOHeYHOH 00J1aCTH HA MJOCKOCTH <KOOP/H-
HaTa — HCKoMasi QYHKIHUA». YKa3aHbl YCJOBHs, MPH KOTOPLIX MPOMCXOASAT IHe-
pUOIUYeCKHe N0 BpPeMEeHM KHHK-MYJbCALMU. B OTAeJbHble MTHOBEHHUS HCXOA-
HbIii MOHOTOHHBII mpoduiab TpaHchopMupyeTcsi B KHHK, COOTBETCTBYHOIIMIi
ABYM COCTOSIHHSIM paBHOBecHsl cucTeMbl. M3ydyeHbl HecTallMOHapHbIe CBOIHCTBA
KPUBH3HbBI MOHOTOHHBIX Npodujeii. NosBJIeHHe TOYeK MNeperndéa M Touek
cupsaMiieHns. PaccMoTpeHbl ABa MOHOTOHHBIX NPOQUIIA: JieBasi M NMPaBas BeTBH,
pacnoJioKeHHbIe B M0JIy0eCKOHEYHBIX 00JIACTAX, COOTBETCTBEHHO, CJIeBa H CIpa-
Ba OT HA4ajJa KOOPAMHAT. JTH BeTBH COBePHIAKT KoJiedaTe/bHbIe IBUKCHUS,
NMEePHOAMYECKH COJMKAACH H YIAJIAACH APYr OT APyra. B MoMeHTBI BpeMeHH, KO-
I1a BeTBH NPHMBIKAKT K HA4YaJdy KOOPAWHAT, OHH 00pa3ylT HemoJABHKHBII
Pa3phIB, KOTOPBIH AIBJsieTCA €1a0bIM MM CHJIbHBIM, €CJIM HAKJIOHBI BeTBeil Co-
OTBETCTBEHHO Pa3HbIX 3HAKOB JIN00 01HOTr0 3Haka. OOHApY:KeHO, YTO B X0je Ta-
KOT'0 K0J1e0aTeJIbHOT0 Npolecca B HHTepBajie BBICOKMX YacTOT BO3MOKEH TPaHc-
3BYKOBOW Iepexo]. CKOPOCTb M30JHMHHMH MeHsieTcsl OT /I03BYKOBOI'0 3HAYeHMs K
cBepx3BykoBoMy. ITocTpoeHa koHdurypanusi BOJHOBOIO THIA: JieBasi U MpaBasi
BeTBH, o0pa3ywomue cjaadblii 1100 CHIbLHBIH pa3pblB, COBEPIIAIT NMepHOANYe-
CKoe 110 BpeMeHH /IBUKeHHe B/10JIb 0CH KOOPAHHAT.

Kniouesvie cnosa: onnosoe ypasnenue; kybuueckas HeluHeUHOCMb UCHOYHUKA,
MPAHC38YKOB0U Nepexo0; NOOSUINCHAS SPAHUYA; CAObLI U CUNLHYIIL PA3PbIE.

BBenenne. BonHOBBIE ypaBHEHMs C JIHHEHHBIMH W HEIMHEHHBIMH HMCTOYHHMKAMHU (ypaBHEHUS
Kneitna—I opmona) siBisttorcst QyHIaMEHTATBHBIME YPaBHEHUSAMH MAaTEMAaTHUECKONH (DU3UKK M ITO3BOJIS-
I0T W3y4YaTh JUHAMUYCCKHUE CBOWCTBA HEPABHOBECHBIX COCTOSHUN TEIUTO(PHU3NUSCKUX, (QUIUKO-
XUMHAYECKHUX U Onosorunueckux cucreM [1—3]. O6macTh mpakTHYECKOro MpUMEHEHHs ypaBHeHMH Kiieii-
Ha—] OpiOHa B 3HAYMTENHHON CTENEHH pACIIMpPSEeTCs MPH y4eTe SBHOW 3aBUCHUMOCTH (YHKIIUH HUCTOY-
HUKA OT BPEMEHHU. TakoW HETUHEHWHBI PEOHOMHBIM HCTOYHHMK IO3BOJISCT MOJAEIUPOBATH BIHSHUE
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BHEIITHEH CHIIBI U paccMaTpuBaTh (QU3UYECKU COJEpPIKATENbHBIE PEKUMbI BO3JIEHCTBUS HA CKOPOCTH H
HalpaBJIcHUE ABMKCHIS BOJHBI. COBPEMEHHOE COCTOSIHME Ha3BaHHOM MPOOIeMBbI 1 TTOApoOHAast OnOIHo-
rpadus mpeacTaBieHsl B pabotax [4—8]. OTMeTHM, YTO B 3THUX HCCICIOBAHUAX OCHOBHOC BHHMAHHE
ObUTO OOpamieHO Ha ypaBHeHHEe cuHyc-I'opmoHa ¢ MomuU(pUKAIUAMU, OTHOCAIIMMUCA K Pa3IAYHBIM
croco0aM BHEITHEr0 HECTAIIHOHAPHOTO BO3JICHCTBHS HA CPELTY.

lenr maHHOW CTaThM — MOCTPOUTH U MPOAHAIN3UPOBATh TOYHOE PEIICHHE BOJIHOBOTO YpaBHEHUS,
JUTSE KOTOPOTO (DYHKIIMSI HCTOYHUKA COICPIKUT KYOMUYECKYHO HEIMHEHHOCTh U SIBHYIO CHHYCHYIO 3aBUCH-
MOCTb OT BPEMEHHU.

MocTpoenne pemenusi. OMHOMEPHOE BOJHOBOE YPaBHEHHE C HCTOYHUKOM UMEET BH]T

%t 9% _
o axy Y

e T — QyHKIMs, ONUCHIBAIONIAS HEKOTOPOE (PU3MIECKOE CBOWCTBO cpeibl; t —Bpems; X' = X/ W; X — ne-

KapToBa KOOPJHMHATA;, W — CKOPOCTh PacHpOCTPaHEHHs Majblx BosMmymeHnit; K, =K, (r, t) — byHKIHS

ucTouHuka. s pasMepHbIX u Oe3pa3MepHBIX YpaBHEHHMI IMOJIb3yeMCsl OAMHAKOBOH (hopMOH 3amucH,
MPUMEHSISI MacIITaOBbl Ty U Ty

(7/10) - 7. (/) - t, [%/(wt)] - x, (kutg/rb) - k.
N3onunus T(X',t) =7, = const nepememaercsa co ckopocTbio N = dx dt, koropas sBisIETCS 103BYKO-
BO¥/CBEPX3BYKOBO#, eciiu urciao Maxa M = d)(/ dt= N/ w Mensb1e/6omnbiue equauibl. O003HAYUM
u=0r/ox', v=0r/ot, dr =udxX+ vdt
u BMecTo (1) 3amuiremM cucTeMy ypaBHEHHIA
(ov/at) - (ou/oxX) = k,, ou/ot=0av/ox .
ITociie mpeo6pa3oBaHms HE3ABUCUMEIX TIEPEMEHHBIX (X',t) - (T,t) moayuaem [9]:

6v+V6v_u6u_ , @

o ar or
u, 0 0v o
ot or or

3pecy D(7,t)/D(x',t)=07/0X # 0. Usomarms 7 =7; aemxercs co ckopoctsio M =-v(z;,t)/u(7; ,t).
Pemenue npeacTaBuMm B BU/IC
u=r1[a+7(asinkt+ acoskj], (4)
v=1[ by +7(hsinkt+ b cosk) |, k =const> C. (5)

[ITecTh MOCTOSIHHBIX KO3(DMUITHEHTOB &y, Dy, ¢ = 0,1,2cBsi3anbl, cornacuo (3), CAeaYOIMMA IBY-
M1 COOTHOIIEHHUSIMH.

aohy = byay — kay, aph, = ya, + ka. (6)
OcrajbHbie GOpPMYIIBI, HEOOXOIUMEIE IS 3aMBIKaHHUs 3aJa4M, MoJydaeM Ha ocHoBe (2) mpu 1mo-
cTpoeHHH (DYHKIIUM UCTOYHUKA, BU]l KOTOPOH OIPEENIICTCS BRIPAXKECHUEM

k, = Qr £ Qr?sin( kt+ B) + Qr3(1+ asin2k). (7)
B aTOoM cityuae
by =ag+Q, bf -a =b - &= Q/2, (8)
Qa;=2(bb- aa), t98=C,/C;, QG =C + CJ,
C, =3(yh — aa) - ki, C, =3(byb, — ayay) + K.
dusnyeckoe coAepKaHue JAHHOTO PEIISHUS 3aBUCUT OT BhIOOpa koddummerToB Qq, Qo, Qs. [Toa-

poOHbIe opMyIIBI IS Q22 , a§ OyayT yKa3aHbl B XOZle JaJbHEHIINX BhIYMCICHUH. Bennuuna £, a Takke

BBIOOp 3HAKOB «+» U «—»1epen Q, B (7) OTHOCATCS K HOIMYCTHMBIM BapraHnTaMm HadaiasHoro (t = 0) co-
crostHust ucrounuka. [locie moacranoBku by, b, u3 (6) B (8) monydaem
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(@)= 3 a4 4+ 2| ©

IpUYEM 3HAK Iepel KOPHEM TaKoM ke, KaK 3HaK MpoM3BeneHus body. 3mech U B JalbHEHIIEM HIDKHHE
UHIEKCHI 1, 2 COOTBETCTBYIOT 3HAKAM «+»/«—»1epen KopHeM. IIpu MpoBeIeHHH pacueTOB YUHTHIBAEM,
qTo

o -af =abykaa/( K- Q). af + & = FQ/( ¥+ Q) (10)

B pe3ynbTaTe HaxoauM

2 2
4k
(af)lzz a§Q3 1+ y _|>0. 11)
2k +Q)| " Y asi+(k2+ Q)
O6paH_[aeM BHUMAHHEC HA TO, YTO 3€Ch HOZ[KOPCHHOC BBIpa)I(eHHe ITIOJIOKUTCIIBHOC U MCHbBIIC €U~

HUIBI. B16op 3Haka nepen kopHeM B (11) BeimomHsieTcst pH (U3UUESCKOM MCTOJKOBAHHUH perneHus. 13
MOCJIEAYIONIMX aHAINTHYECKUX HpeoOpa3zoBanuii OymeT sicHo, uro Beipaxkenust (10) He comepkar oco-

GEHHOCTH THIIA <Ie/IeHHE Ha HOMbY». CBA3b 85 « Q3 MMeeT BUI:
16%aQ =( K+ Q) G- Q K+10K @+ 9G). (12)
Takum o0pa3om, aHainuTHYeCKask cTpykTypa pemenus (4), (5) ocHoBana Ha dopmynax (12), (11),
(9), (8)u (6). CnemyeT OTMETHTb, UTO MOJYYCHHOE PEIICHUE HE COJCPIKUT B ceOe KaK YaCTHBIN Cirydai
BapuaHThl, korga Q, = Owu/mam az = O.
CaoiictBa pemeHusi. Bo3pMeM g ONpENEICHHOCTH KOHEYHBIA WHTEPBAI T D(O,rm] ,
Tm = const > 0jus koroporo u>0, X' [ (—00, )<n] . s © < QpaccyxaeHus: aHamoruunsie. [Ipuaumaem
€CTECTBEHHOE OIPaHUUYCHUE
> (a2 + o)z, (13)
KOTOpOE FOBOPHT O TOM, 4TO SQNU = SN (8y).
O6o3Haunm a3, = al + a3, cm.(10); b, = b? + b3, U3 (8) cemyer, uto b, = al, + Q. [peacrasum
CKOPOCTb M30JIMHHY T =T; U €¢ 3aKOH JBIKCHUS CIETYIOIIMH BEIPAKCHHSAMU:
dx /dt=~[ i + b7 sin( kt+ B,) /[ a+ ag sin( kB3], (14)
8, >0, <0, a,>0, b,>0,
t + ay,f; sin( kt+
Xi'(t)E)((T=Ti,t)=—&—i|na0 e ( 181)
B & 8+ &t sinf;
3nech tgf =ay/a, t9B, =b,/b, cos(—B,)=bya/(ag), B #B,. Wrorosas samuch
¢yukuuu (15) He comepxut by, ITycTs X'(T =r;,t= O) = 0; Torga U30IUHUS (ri +AT) < T,,, pacmoio-

+const. (15)

xenHas Beie (At>0), uMeeT HaualbHYI0 KOOpAUHATY X (Ti +Ar1,t= 0) =¢>0,rme
exp(-agGo) =7, [ 8+ (7 + A7) a,sinBy /[ (5 +A7)(ag+ 5 a,sing)]< -
Amnanu3 mokasa, 4To mpu Beex t>0 BBIIOIHEHO HEPABEHCTBO X (Ti +AT, t) > X (Ti ,t) , KOTOpOE 03Hava-

€T, YTO B Ka)KAbII MOMEHT BPEMEHH BEPXHSA M30JUHMS PACIIONOKEHA CIpaBa OT HIDKHEH BIOJb ocu X.
CrenoBatenbHO, JaHHOE PELICHUE HE pa3pyllaeTcs BO BCE BpeMsl IBIKEHHS Tpouist U = u( X, t) .

Ecin a3 =12a5, T. e. [T%QB/( k2 + Q)J =1, To, cormacHo (14), B Te MOMEHTHI BpeMeHH t = tp,

KOTZa Sin(kt+ ﬂl) =-1, 7y — U30AMHUS yAasAeTcs Ha OECKOHEYHOCTh (XI'm - 00) C HEOrpaHHMYEHHO

OONBLION CKOPOCTBIO, M MCXOAHBIH MPO(WIb NMPUHUMACT BUJ KHHK-TIEPEXOAa MEXIY COCTOSHUSIMHU
paBHoBecust (r = O0,t > 0)u (r = 7yt = ty). Taxkoil pexuM ABIKEHUS MOXXKHO Ha3BaTh KUHK-

MyJIbCalUsIMA MOHOTOHHOTO TIpoduis U = u( X, t) >0, puc. 1.
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Tm
t<t, t=t, t>t,
_/*
0 X'

Puc. 1. KWHK-nynbcauum MOHOTOHHOIO npoduns.
CTpenka ykasblBaeT HanpaBneHue ABUXeHUA

OOcynum noBesieHue penieHus B Manoi okpectHoctd 7 = O.Ilpu ¢ = +0mnomy4yaem u3 (4), (5)c
TOYHOCTBIO JI0 WICHOB MEPBOro Mopsiaka mo . 7 =Tgexps, E=ayX +ht<0, a,>0, h,<0,x <0,

t>0, 7,=const. SIcHO, 4TO 3Ta IKCHOHEHTA (AHMAPMOHHYECKOE ABTOMOJEIBHOE PELICHUE) yI0BIIe-
TBOpsieT ypaBHeHHIO 02 r/ d&? =1, kotopoe ectb pesyibTar ImHeapusammn (1), (7) B OKpecTHOCTH pe-

mennst T=0. JlaHHBII BBIBOZ OTHOCUTCS K MOJIOXKUTENBHBIM M OTPHLATEIbHBIM 3HAUCHUsIM Q) = bg - aé
rae Q; —HaknoH ¢yHkuuu ucrounuka K, = Qr (cm. (7)). Paccmorpum m3onuumio 7 =7, =£=+0, rae
€ — MaJjoe MOJIOKUTEIFHOE YHCIIO; Jaiee Ui KPaTKOCTH Has3bIBaeM ee e-m3onmHuei. {1t Hee KBagpar
gyucina Maxa pasen M 5 =1+ (Ql/ ag) >0, nmostomy Q; XapakTepusyeT OTKIOHEHHE CKOPOCTH &-
M30JMHUK OT cKopocTH 3ByKa. [Ipu Q; < 0 sta ckopocts mo3BykoBas, mpu Q; > O —cBepx3ByKoBasi.

[Tpoananusupyem nosenenue pemenus (4), (5), (7)npu pa3nuyHbIX BapHaHTaX BbIOOpa 3HAKOB KO3(-

¢urmentoB Q; u Q.
Koae6anust BbICOKoii uactorhl. Jlonycruym, uto Q; < 0,Q; > 0,k*+Q; > 0. Vcnosue (13) npu-
BOJIUT K HEPABEHCTBY

0<[Q3T§]/ (k2+ Ql)} <1, (16)

Jis ynoOCTBa aHAJIMTUYECKHUX MPEOOpa3OBaHUI BBEJIEM B PACCMOTPEHHE BMECTO Q22 BCIIOMOTATENb-
HBIU MapaMeTp My!

Qf =-16Q.Q/(1- nf), 0<m <1. 17)
TpeGoBaHue BHIOIHEHNS HEPABEHCTBA bg = a§ + Q>0 naer oleHKy MHTEpBasa, B KOTOPOM MEHSCTCS

qacToTa KoneGanuii ncrounnka (7). O603nauaem p2 = kz/ (—Ql) U TI0JTy4aeM WHTEPBAJ BBHICOKHX Yac-

TOT
1< < p <1, (18)
p = (3m+5)/(1-m) , 45 =(5-3m)/(1+ m). (19)
B sToM ciiyyae umeem a§ = —Qlagl,
2
2 (,u _1) 16 2,
=7 - 91>1, 20
0T e e (20)

Y TIO3TOMY al2 + a§ B (10) He comepxuT k? + Q= —Q(,u2 —1) .

[Mopsiok pacyeToB COCTOUT B CIEAYIOIIEM. YKa3bIBaeM HHTEPBAI (O,rm] , BHYTPH KOTOPOTO pac-
TTOJIOXKEHA 00J7acTh H3MEHEHUS (QYHKIIAN T(X’,t) . 3aJaeM IpoOM3BOIBHO MapameTp ucrounnka Q <O0;
BBIOMpAEM 3HaUYEHHE [Ty D(O,l) Y TIOJICYUTHIBAEM ,ulz, ,L122 B (19); uacroTy KoNebaHMii KCTOYHHMKA MO-

JKeM BapbHpoBaTh B uHTepBase (18). [l BHIOpaHHOIrO 3HaueHns p° mogcuntbiBaem K2 + Q >0, amna
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ocHoBe oneHkn (16) 3amaem mapamerp ucrounnka Qs 0<Q; < [(—Ql)( ,L12 —1) / Trﬂ . Onpenensiem Q;

u3 (17).Kosdduiment ag B (7) XxapakTepu3yeT aMIUTUTY/1y BHEIIHETO EPHOIUUCCKOTO BO3ICHCTBHS Ha
Cpelly U KOppEeIHupyeT ¢ 4aCTOTOM KOJeOaHui Clie Iy oM 00pa3oM:
2,2_,2
a3 =1+ M . (21)
a2 -1)
IIpu puxcupoBanHoM My, (cm. (19)), 3aBHCHMOCTE a§ oT 1? — MOHOTOHHO yObIBafomas. Bmecte ¢ Tem
BEpXHSIS TPaHNIa 3HaYeHHiT Q3 MOHOTOHHO pacTeT mo Mepe pocta pu” > 1. Jlagee BEIYHCIAEM MOCTIEN0-
BaTEIHHO ag 6112 3§ (a2 )1 , 1o popmynam (12), (11)n (9), a rarke Haxogum bg; 3mech B (11) 61 B3ST
«—» epen KopHeM. [t mogcuera by, b, u tgf npumensem (6) u (8). Boibop 3HaK0B K02(D(DHUIMEHTOB

ay, &, (az )1 2 by BEITIONHSAEM TTpH (DHU3HUECKOM UCTOIKOBAHWHU JAHHOTO PEIIEHUS.

Wrak, KOHCTaHTa Iy BIUSET ONMOCPEIOBAaHHBIM 00pa30M Ha IIHUPHHY MHTEpBaJla YaCTOTHI Kojebda-
Huid (M. (18), (19))u Ha mapametpsl Q,, Qs, 83 ucrounuka (cm. (16), (17), (21))Cnydvait my; =1-0 oc-
TaBJIsIEM B CTOPOHE, IOTOMY 4YTO OH HPHBOJHUT K HEOTPAaHUUCHHO OOJIBIIMM 3HAUCHUSIM Q; ¥ 3.

IMpumep pacuera. 3amaem 7, = 1,Q; = —1,m; = 1/2. Torma ,ulz =13, p% =7/3; 6epem u = 2.3Ha-
uut, Qg D(O,3). bepem Q3= 1 u momyuaem Q, =8/x/§,a32 =115 36. Jlanee Haxomum a2 =79/ 64,
bg =15 64. Yncnosble 3HAYEHHUsI OCTAIBHBIX KOHCTAHT, BXOJSIIMX B PEIICHHUE, 31€CH HE MPUBOMISTCS:

9TH BBIYUCIICHUS HETPYIHO BOCIIPOU3BECTH.
OO6cyIuM BO3MOKHOCTE ITEPEMEHBI 3HAaKa CKOpOCTH n3oauHnn. OcHOBHOE HepaBeHCTBO (16) 3amm-

mem B BHAE T3 =5,$1(—Q1)(;12—1)/Q3, J%D(O,l), u Torna 17 =90°12, JIZD(O,]]. Ckopocthb Ti-

M30JIMHUM COXPAHSET NOCTOSHHBIN 3HAK, €CIIH bg >T, i2b122. OTO yCIIOBHE BBINOIHAETCS 1JIs M30JHHHUA C
HOMEpaMu O, yJI0BIETBOPSIOIIMMU HEPABEHCTBY

3 < (a8, -1) /[ g2 (ad-1+ 17 . (22)

31ech 3HaK PaBEHCTBA OTHOCHUTCS K W30JMHHH, CKOPOCTH KOTOPOH 0OpamaeTcss B HOJIb B OTACIBHEIC
MOMEHTHI BpeMeHU. CKOPOCTH T - U30JIMHUY 3HAKOMIEPEMEHHAs, €ClIU

(agl—l)/[drﬁ(agl—1+y2)}<5izs 1 (23)
Taxue 57 CYIIECTBYIOT, €CIH 82, HE SBISIETCS CITAIIKOM MabIM:
(agl_l)/(agl_1+ﬂ2) <on<l.
ToBenenue kpuBu3HbL uHuUA T =T (X, t) ACHO U3 paccMOTPeHHs POPMyYJIbI
0%7/a(x)" = ul & +2ra,sin( kt+ B)]. (24)
T0 BHIPOKEHHE UMEET TIOCTOSHHBIN 3HAK, eclu a3 > 47585, T.e. ( Ve —1) > [4T,$1Q3 / (—Ql)} . Kpupnus-
Ha oOpamaercss B HONb B OT/JCNbHbIE MOMEHTHl BPEMEHH HAa M3OIUMHUAX T=Tjf, AT KOTOPBIX
ag < 4Tif2 afz. 3HaK HEpPaBEHCTBA COOTBETCTBYET TOYKAM IEPernoda, 3HaK paBeHCTBA — TOYKA CIpsMIIE-
HUS, I03TOMY C y4eToM oueHkH (16) momydaem
2 2 2
[TmQ3/(_Q1)}<(:U ‘1)3[4Tif QS/(_Ql)]' (25)
OTH HEPaBEHCTBA COBMECTHBI, ECIIH (T% / 4) < Ti‘?‘ < T,%.

Koue6anus Hu3Koii YactoTl. Pacemorpum ciyuait Q; < 0, Qs < 0, xorma k?+Q, < 0. JJo/KHEI
OBITH BBITIOJHEHBI YCIOBUS bg = ag +Q>0u [812 + (Q3/ 2)] >0, (cm. (9)). B dopmyne (11) anst al2
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HY)KHO B3Tb «+» mepel KOpHeM. IToroBble OLIEHKHM BBITJISIAT —Tak: (k2+Ql)< Qr2 <0,

Q =mEQQ, 9<m <24, a =-Qay, 8y = (1-47)(mE -9+ 1?) /(1647).

Huskue yacToTsl pacronaratoTcs B MHTEpBale
0< < <(y2), 4 =(-m} -6+ [mf + 1607 /2.

B otinune ot koneOaHMii BBICOKOH YaCTOTHI 3/1€Ch a32 — Bo3pacTaromas QyHKIUS apryMeHTa |1

> 2
a2 =1+ M2 9T A” (26)
41-42)

BepxHsis rpanuna 3HaueHuil |Qs| paBHa (—Ql)(l— ,uz ) / T ,% 1 yOBIBaeT M0 Mepe POCTa YacTOTHI KoJeba-

Huil. [lopsimok pacyeToB aHAIOTHYEH MIPEABIAYILEMY.
[lpumep pacuera: m =1, Q= -1, m§ =10, ,u:f =-8+4/65, (—19/ 20) <Q;< (G Oepem

u? = 1/20,Qs = —1/10u nomyuaem Q2 =1, a5 =97/ 76.
VYcnoBust, pU KOTOPBIX CKOPOCTh U30JIMHUH UMEET MOCTOSHHBIN JTHOO0 TIEPEMEHHBIH 3HAK, 3aIHCHI-
BAlOTCH, COOTBETCTBEHHO, B Buae (22) mubo (23). CoxmepkaHwe OTHX COOTHOIIEHHH TaKoe:

12 =02Q (1—#2)/Q3 , 12 =0%%, & D(O,]] , O 0(0,1) . Toukn nepern6a u TOYKH CIPSIMICHHS H30-
JIMHWH T TIOSIBIISIFOTCS B OT/ACIBHBIC MOMEHTBI BpeMeHH (cM. o0cysxaenue popmyisl (25)), ecnu
(r2Qy/Q)<(1- 1)< (42 Qy/ Q). (r2/4) <12 <72
3HaK KpUBU3HBI H30JUHUN COXPAHACTCS TIPH YCIOBUH, UTO (1— ,uz) > (4T§]Q3 / Ql) .
Ilpu ouenp Manoll wyacroTe ,u2 = +0 mnabmomaercs HEYCTOWYWBOCTh JaHHOTO PEIICHUS.

ag ~ (]/ ,uz) > 1. Curyanusi MeHsieTCs, €ClIM IPUHATH CIEAYIOUIYIO0 3aBUCUMOCTh Kodddunnenta Q, ot

94acTOTHI KoJIeOaHMI: m% -9= mgl,u 2, 0< mgl,u2 <15. Torga umMeeM yCTOHYMBOE PELICHHE!

1 (1"' m221)
o)

3neck, Kak u B cinyyae (26), a§ — Bo3pacraromas ($yHKIHs aprymenta p°. Jlanee HAM MOHAKOOUTCS UH-

Q= (9+ mg]ﬂz) QQ, a5 = (1_,U2)(1+ ”‘%1)/161 aj =1+ (27)

TepecHsIi BapuanT by = 0, s KoToporo
ms -9=4%(2"+ o2+ 19 /[ (w%+ Y £47)],
me0(9.24), @ =mQQ, #°0(0.44, b, = hyahy/( aa,),
aby =t +eu?+1) [(5u+ 1), 8k = QK+ Q) (28)
s,
(o)

OtmeTuM erie, 4To Uil PACCMOTPEHHBIX PEKUMOB KOJICOAHHI BBICOKOW M HU3KOH 4acToThl (g # 0) ot-

2 _
3 =1+

CYTCTBYET TPaHC3BYKOBOH IEepexo.1 BUIA (M 52 <1) - (M 2> 1) .

Iupoxmii maTEpBa YactoT. [lepeitnem k uzydenuro Bapuanta Q; > 0, Qs > 0, KoTOpbIH OT/IH-
9aeTcs OT JABYX MPEIIICCTBYIOIIUX MOJIOXKHUTEILHOCTRIO Mapamerpa Qp MCTOYHHKA: &£-M30JUHUS JBH-

JKETCS CO CBEPX3BYKOBOIT CKOPOCTHI0. B aToM ciyaae Q5 = mEQ Q;, k% = 4/°Q, 12Q5 < ( k?+ Q) ,

2 _9- 2

8l =1+13 ——to mi>9, (29)
4(,u +1)
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u mpounecc B036y)KZ[€HI/I}I KoJIeOaHwMit MMPOUCXOIUT Ha KOHCYHOM HWHTCPBAJIC qacCToT

0< ,uz < (mf - 9) <o . 31ech a§ — MOHOTOHHO yOBIBafoIIasi GYHKIHUS apryMeHTa u2 npu (PUKCUPOBaAH-

HoM Me. Jlanee umeem: a3 = Qa5;, as =(,u2 +1)(m§—9—,uz)/(16uz) > 0; B popmymne (11) s a7
HY’KHO B3STh «+»TIepell KOpHeM; &, onpenensiercs Bripakenuem (9). B wactHocTH, mpu £°= 1 momydaem

ab,=(m -10) /8> 0, a? = 83,Qy/2,
(ay), ,=(1£1) a01[Q3(1+ %1) / 2}1/2 //J'

Ha OCHOBE COOTHOIICHHMIT T7, = 5%Ql(ﬂ2+1)/Q3, 17 =93, 3 0(0,9), & D(O,]] HaXoJIUM, 4YTO

CKOPOCTb T; - U30JIMHUHU COXPaHAET NOCTOSHHBIN 3HAK IIPH 5|2 < (1+ agl) / [5,3] (1+ a§1+ H 2)} . Ilepemena
2 2 2 2 2 2

3HaKa MPOHCXOAUT IIPH (1+ 301)/[@“ (1+ ag t U )} <9,°<1. Takoe & cymecTByer, ecin

[(1+ agl) / (1+ a(2)1+ ,uz)} < 55 < 1. TpaHc3BYKOBO# TMEpPeXo OTCYTCTBYET. Y CIIOBHE TIOSBIICHUS TOYEK
neperuda U TOYEK CIPSIMIICHUSI UMEET BUJT
(r2Qy/Q) <(k?+1) <42/ Q).
KoMMmeHTapwmii K 3TUM OIIEHKaM TakoH ke, Kak npu odcyxkaeHuu ¢popmyn (24), (25).B ciydae ma-

noit gactots! [1°=+ 0] HaHHOE peleHne HeyCTOHUNBOE: a§ ~ (ZI,/ ,uz) > 1.

dusnyeckre cBOMCTBA NCTOUHUKA (7) MEHSIOTCS, €CIIH CUMTATh, uTO KOod(pduimenT Q, 3aBUCHUT OT
4acTOTHI BO3OYXKIalomuX KoneOanuii. Bossmem Me —9= g, rie ms; >1 — dUKCHPOBAHHBIH KO-

HeuHbIi mapamerp; Toraa Q5 = (9 + n‘éj/lz) QQ, a5, = (,u2 +1) ( mé, - 1)/16,
,UZ (mfsgl _1)
g

¥ pellIeHHe YCTOuMBOE sl I0O0ro kKoHeuHoro 4°. Teneps, B otmuune ot (29), a§ — MOHOTOHHO BO3-

a§ =1+ , (30)

pacTaroast GpyHKIs 4.

ITpu Q3> 0 momyckaercs ciaydait Q; = 0, Korja &-U30JIMHKSI HMEET 3BYKOBYIO CKOPOCTh: Ka4eCTBEH-
HO HOBBIX PE3YJIbTATOB 371ECh HET.

3ajgaua ¢ mOABHKHOM rpaHumeii. B xauecte ¢usmueckoii mogenu permenus (4), (5)pacecmorpum

HPOLECC B MOIYOECKOHEUHOM 00JaCTH ¢ HEU3BECTHOM MOIBIKHON rpanuneii X = )(N(t) : (6 r/ 6X') >0,
X O(=,%,], 70(0,7,,] O (0.7 ;

X - —w, d7/0X - 0,7 - 0;X =X,(t),(0r/0x) = 9(7y), (31)
rae T, =7(Xyt). @ynkuus g(7,,)= g7, + O,T2, XapaKTepU3yeT 3aBHCHMOCTh IPATHEHTa HCKOMOI

(GyHKIIMHM OT caMO¥ 3TOW HEW3BECTHOUW (YHKITNH, 31€Ch J;, J2 — MOJOKUTEILHBIC MTOCTOSTHHBIE. Takas
(hn3nueckas MHTEPIIPETays MPUTOAHA JIJIST BCEX TPEX PACCMOTPEHHBIX BBINIE BAPHAHTOB. KOJEOAaHUS
BBICOKOI M HU3KOM 4acTOTHI, IIUPOKUN HHTEpBaI 4acToT. CKOPOCTh NBUXKEHUS TPAHULIBI paBHA

dX,,/ dt=[ (7., dr/ d) =\, ]/ U,
U, =38y + Tyasin(kt+ By), V,, = by + 7,,b,sin( kt+ 3,)
ay,>0, by<0, a,>0, b,>0.
®dyHKIMIO T, (t) HaxoauM u3 rpanuyHoro ycimoBus (31) ¢ ydetom cTpykTypsl perueHus (4):

TW=(aO—gl)/[ 9, — a,sin( kt+ﬁl):|. 3meck cnemyer mpuHATh O < ¢y <&y, O, > app, W TOrAa

r,(t)st naTae Ty = (ao - 91) / (9, a&,) ecTb Bepxmsis rpaHuLa 3HAUCHNIT QyHKUMA T,, (t) . Ucxonnoe
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JIOIYIIICHUE Tﬁ] <T,, OyJeT BBINOIHEHO, €CIH (ao + Tmaiz) < ( o+7 mgz) . DTOMy HEpaBEHCTBY BCErza

MOYKHO yJIOBJIETBOPUTH MOAXOASAIINM BhiOOpoM @z > 0.
Kose6anusi AByX MOHOTOHHBIX BeTBeii. 13yunm ornenbHbli Bapuant by =0 (cMm. (8)). Dopmyirst

pacuera Takme: ag =-Q >0, a’=aj3, 8122=—Q1Q3/(k2+Q1), b =-b,=(-ka/ &), tgf=1,

a =(;12+1)2/(;12—1)2 3necs K2 =-Qu?, 1 = 85Q (1-42) [y, G30(0,9).

Kone6anus Bbicokoit yactoTsl: Q3 > 0, Q; < 0, k?+Q;>0, 4° > 1, Q22 = —mZQQg. DTOT ciyyvait
Halmogaercst pu M- > 16 U1st IBYX 9acToT

u2 =[m2—61 rT12( m?—16)}/2. (32)
Kone6Gauus Hu3koii yactotsl; Q3 < 0,Q; < 0,k*+Q; < 0, Q22 = mZQQg m’ > 9,4°<1,

,uz=[—6—m2+\/m}/2.

Ha wunrtepsane TD(O,Tm] MIPOAHATIM3UPYEM PEKHUM KOJIEOAHUH IBYX MOHOTOHHBIX BETBEH, MMEIOIIHUX
pa3HbIe 3HAKK HAKJIOHA.

Jleast BetBb: O7/0X >0, a,>0, & >0, a,>0, &,>0; XO(-w,X]; X - —, 7 - (+0).
Tpasas BetBb: O7/0X <0, 8, <0, & <0, a, <0, a,<0; X O[X,); X - +eo, T — (+0). Jlnst 0Ge-
ux Berseit b <0, b, >0, b, <0. Moxynu onHOMMEHHBIX KO(Q(UIMEHTOB ClIeBa U CIpPaBa OJUHAKO-
Bele; tg [, =—cCtgp,; Hanpumep, nainee S, = f; + (n/ 2) . CkopoctH 7m-u3onunuii Ha jeBoit (I) u mpa-

BOii (I) BETBsIX TaKwue:

> __dX _ O _

dt dt dt —bio cos¢/[a0 +a Sir¢]| , §=kt+p,. (33)
Toraa 3aK0H ABMKEHUS Tpy- U30JUHUH JaeTCs (hOpMYIIOi
' + T
X (¢) =| Dzjn %+ el -

a K 8t af,sing |
X (#) ==X (4) = % (9).

KauecTBeHHas cxema pacrooXKeHNsT MOHOTOHHBIX poduiieH Ha MI0CKOCTH (X ,7) MpeCcTaBlIeHa Ha
puc. 2. [Ipoananusupyem noBenenne touek (X ,zm); manee s KpaTKOCTH HAa3bIBAEM UX Ty-TOYKaMH. B
MOMEHTBI BpeMEHH, Koraa @ = 21Ny (Ny — 1enoe MON0KUTETBbHOE YHCIIO0) Ty~ TOYKH Ha BETBSIX CMEIICHBI
BJIEBO M BIIPAaBO Ha OJMHAKOBbIE paccTOostHUS OT X = 0, U MX CKOPOCTH HAIPaBJIEHbI HABCTPEUy IAPYT
npyry. Ipu ¢ = (@/2) + 2tny, X' = 0 BETBH CMBIKAIOTCS € HYJIEBOM CKOPOCTHIO M 00pa3yroT CIa0bIi pas-
PBIB: TIPH T = 7, TEPITUT Pa3phbiB MEPBOTO POJA MepBasi MPOU3BOAHAS 0 KoopauHare. [Ipu ¢ =1 + 21Ny
BETBH PACXOIATCS U B TMOCIEAYIONIEM Tp-TOYKH JOCTHTAlOT Hauboubiero yaainenus or X =0: ¢ =
(37/2) + 2zng, cm. (34).Utak, HYJIEBYIO CKOPOCTD Try- U30JHHUIN HA JIEBOW U MPABOM BETBAX MMEEM JIBa-
Kbl B TEUCHHE OHOTO MEPUOa KoJeOaHuil: B MOMEHT CMBIKAHHUS BETBCH U B MOMEHT HAHOOJIBIIEr0 HX

yAaneHus IpyT OT ApyTa.
OO0cyauM mpuMep TPaHC3BYKOBOTO NepeXxoia Ha Tp-H30JUHUM TpU ¢ = 21Ny B 3TOoM ciydae

(d){n / dt)2 = ,uzé'ﬁ,,, 5% D(O,l). Jlnst Hu3kux gactoT (4°<1) TpaHC3BYKOBOIl IEpexol OTCYTICTBYET, a
npu u>>1 oH cymecTByer, ecin ,uz >(]/ Jn%) Hanpumep, ans é}i =1/2 510 HepaBEeHCTBO OYIET BbI-

TOJIHEHO, eCiH, cornacHo (32), NP> 25 BHak «+» nepe kopHem) mu6o 16 < m’ < 25 @Hak «—»mepen
KOPHEM).

Tenepsb paccMOTpUM KosieOaHHsI AByX MOHOTOHHBIX BETBEH, HMEIOIIMX OJJMHAKOBBIN 3HAK HAKJIOHA.
Jesass setss: 70(0,7,], 07/0X >0, a,>0, a >0, a,>0, a,>0, b<0, b,>0, b,<0;

X O(=,%]; X = -0, 7 - (+0). Ipasas sersp: 70[~7,,,0), 87/0x >0, a,<0, & >0, a,>0,

BectHuk HOYplY. Cepusa «MaTtemaTtuka. MexaHuka. Pusmnka» 51
2021, Tom 13, Ne 4, C. 44-56



MexaHuka

&,>0, b >0, b,<0, b,>0; X'D[K,oo); X 500, T (—0). Ckopoctu (*zy,)-TOUEK MPOTUBOIIO-
JIOKHBI IPYT APYTY U BEIYUCISIOTCS 110 (GOpMyIIe

dx ~(bi2),, (£7m)cosp
kel = 35
3, (@), *(a2),, (xT)sing )
a §)
Tm Tm
go:zjmo _K (oz(w
0 X' 0 X'
T
Tm p=(3n/2)+2xny Tm
¢:”+27[n0 R J
0 0 X'

Puc. 2. KonebaHus ABYX MOHOTOHHbIX BeTBEN, MMELLMX Pa3Hble 3HakKu HakKrnoHa.
CTpenKa yKa3bliBaeT HanpaBJlieHne ABNXXeHnsa

3akoH aBWKeHHs (+7y) - U30JIMHUIA TaeTCsl BRIpOKCHUEM

X _1 b, n (ao)"’ +(aiz)l,r (irm)
( )I'r (%zl r | (ao),,r +(612)|’r (£7,,)sing’

X (#)=-%(9).

[Ipomecc xonebanuii BETBEH aHAIOTHYCH TOMY, YTO HaOIromancs s mpoduiel ¢ HakJIOHaMH pas-
HBIX 3HAKOB, HO Temneph npu ¢ = (7/2) + 2tNy umeem B Touke X = O HEMOABMKHBIN CHUIIBHBIA Pa3pbIB:
¢dyuknums t(X ,t) MeHseTCS CKaYKOM OT —Tpy IO T, PUC. 3.

s BapuanToB (33) u (35) Koppemnsims «HaKJIOH BETBU — CKOPOCTH T~ U30JHHHUN MIPEICTABIISETCS
B popme

M =£[u?F(Q)]7, (36)
M =dx,/dt, £=u, /1., F(z;):ciz[afzrfn—(z;— aO)ZJZO. (37)

e muuun (36) oOpasyror Ha 1IockocTh ({,M) SIUTUIICOBUIHYIO TETIIO0 AMHAMHYECKOTO THCTEpPE-
3uca. Jist IeBoii 1 MpaBoi BETBEH METIH PACIION0KEHBI CHMMETPHUYHO 110 OTHOIIeHH 0 K ocu { = 0. Ha

puc. 4 noKa3aH Ka4eCTBEHHBIH BH]] TAKOW METIH AJIs J€BOH BETBU: D[Cl,C 2] y G2 =@0F Ty Ap
[IpencrarisroT wWHTEpeC KoJieOaHWUS HA WHTEpBaie (0,r j] C HECTallMOHapHOW TrpaHullen
T =T, (t) , 171 KOTOPOH TIPHHATO yCIIOBHE (6 1/ 6X') ;=% T?. g, =const. Bo3zpMeM BeTBH, HMEIOLINE
HAKJIOHBI Pa3HBIX 3HAKOB. JIeBas BETBb: ar/ax >0, X D(—OO, i ], ’ED(O,’EJ-:I , 89>0, >0, a,>0,
a,>0, b <0, b,>0, b,<0, g,>0. [Ipasas BerBb: 07/0X <0, X'D[X' 00), TD(O,TJ-] , 39 <0,

i’

& <0, a,<0, a,<0, b <0, b,>0, b,<0, g, <0.B ganHOM ciyuae
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_L d—)(J:i aﬂ-_zk_ —
kN g, — &,sing ~ dt 92( 3 blZJCOS(b' ¢ =kt+p,, (38)
' 1 k .
X] =@(%_Q2J(Sln¢ﬂ). (39)
e (d)(j/dt)| :_( d)ﬁ/ dar ’ (X’J )I =_()(j)r )
(PZZTEno Tm a (p:(n/2)+27[n0 Tm 6

XI
0 0
_Tm / _Tmi
T| B 0=(3n/2)+2ny T r

XI
0 0

Puc. 3. Kone6aHua ABYX MOHOTOHHbIX BETBEN, MMEIOLIUX OANHAKOBbIE 3HAKW HaKMOHa.
CTpenka yka3blBaeT HanpaBrneHue ABUXEHUA

Q=m+21Ny

0 Cl\JCZ g

Puc. 4. MeTns puHamun4yeckoro rmcTepes3nca Ha NJIOCKOCTU
«HaKMoOH BeTBU — CKOPOCTb Ty, - UBOJTUHUN»

31ech cleqyeT NpuHATh Or = 28124, Aj >1. Ycnosue a§ > 8122TJ-2 O3HAYAET, YTO
(7). =87 (-Q)(#?-1)/ Q. o=(w2)+2mm0, 57 0(0,1)
$=h

2
1 NpUBOJUT K CBA3U 512 =]/( 2A] - 1) . B xauecTBEHHOM OTHOIIICHHUH nmponecc KOJIEOAaHMM 3TUX BETBEH

noxox Ha ciyyaii (33), (34) puc. 2), Ho Tereps Ha TPaHUIIAX BETBEl UMEEM MEPHOIMYECKYIO 3aBHCH-
MOCTb Tj OT BpeMeHH, cM. (38).IIpu ¢ = @1 1IBe cMBIKarOIIHecs BETBH 00pa3yroT ciaabblii paspsB. s

¢ = 21Ny TPAHC3BYKOBOM MEPEXO0JI CYIIECTBYET MPH BHICOKUX YACTOTAX, €CITU uz > AJ-Z >1.
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IIpu paccMOTpeHNH BeTBeil, IMCIOIINX OJMHAKOBBII 3HAK HAKIIOHA, IIOCTYIAEM CIIeAyIOINM 06pa-
3oM. JleBas BetBb: 07/0X >0, ’CD(O,T“ J , X'D(—OO, i ] a,>0, a,>0, b,<0, g,>0. IIpasas

BeTBb. 07/0X >0, T|:||:Tjr,0), X'D[ jr,OO), ay<0, a,>0, b,>0, g,>0. 3xecs cnpaBeIUBBI

dopmyner (38), (39),8B KOTOPHIX BEIOOP 3HAKOB KOI(D(DHUIIMEHTOB COOTBETCTBYET HANMEHOBAHUIO BETBU:

T ST ST, (d)(j/dt)=(d)§/ d§| =—( dk/ d)r, X; =Xy =—% . lpu ¢ = (W2) + 2tno 5TH BeTBHU

00pa3yloT HENOABUKHBINA CHIBHBIM pa3pbIB. Paccy:kaeHus, oTHOCsMMECS K BEIOOPY MapaMeTpoB Ob, A,
8? U YCIIOBHIO IOSIBJICHUS TPAHC3BYKOBOI'O IIE€PEXOAA, OCTAIOTCS TAKUMH XKe, KaK U B IPEIbIIyIIeM

clly4ae JUisi BETBEH C HaKJIOHAMHU Pa3HbIX 3HaKOB. KayecTBeHHast KapTHHA KOJIeOaHWH aHAJOrWYHa TOMH,
4TO MOKa3aHa Ha PHC. 3, HO TeHeph rpaHuYHast QYHKIMS Tj COACPIKUT CHHYCHYIO 3aBUCHMOCTB OT Bpe-
MeHH, cM. (38).

KoJiebanusi ¢;1aéoro u CHJIbHOr0 pa3pbiBOB. BepHeMCst K MHTEPBay HH3KHX 4acTOT M 00CYIUM
¢buzmyeckyro Mozxenb pemeHus npu b =0: cM. cooTHOmEHHs, comyTcTBYIomme Gopmye (28). Ha un-

tepsaie 70(0,7;,] ABe MOHOTOHHbIE BETBU CMBIKAIOTCS APYT C APYIOM IIPH T = tn=CONStu o6pasytor
cnalbii paspeis. Jlesast BerBb: 01/0X >0, X'D(—OO,)¢n] , >0, >0, a,>0, a,>0, k<O,
b, <0. Ilpasas BetBb: 07/0X <O, X'D[)q',n,OO) , 8<0, & <0, a,<0, a,<0, by>0, b,>0. Pac-

IOJIO’KEHUE BETBEH MOX0XKE Ha TO, YTO M300pakeHO Ha puc. 2, 6. O0e BEeTBH INPUMBIKAIOT APYT K APYTY
nipu Beex 1>0. CkopocTs citaboro paspbiBa paBHa

dx,/dt=~(ty+ br,cosk)/[ @+ afysin ki B;)]. (40)
B oroii  ¢dopmyne BbIOOp 3HAKOB KO3(D(MHUIMEHTOB COOTBETCTBYET HAWUMEHOBAHHMIO BETBH:
(4o ), =( 4/ ),

Jlpyroii BapuaHT TOCTPOEHHMs BETBEH BBIMOIHIAETCS CIEAyIONMM 00pa3oM. JleBas BETBb:
TD(O,Tm] , 0r/ox' >0, X'D(—m,)(n] , 3>0, >0, a,>0, by<0, b,<0. IlpaBas BeTBb:
’ED[—‘Em,O), dt/ox >0, X'D[)(H,OO) , 3 <0, >0, a,>0, >0, b, <0. Cxema pacnonoxeHus
BETBEI aHAJOrWYHA TOM, YTO IOKAa3aHa Ha puC. 3, 6. DTH BETBU NPHMBIKAIOT CIIEBA U CIpaBa K JTUHUH
X = X'm(t) , t > 0. Takas xoHHUrypaIys aCCOLMUPYETCS C CHIBHBIM Pa3pbIBOM, HA KOTOPOM (PYHKIIUS

7(X',t) MeHsAeTCa CKaYKOM OT —Ty 10 Ty, CKOPOCTH pa3pblBa paBHA
Xy _ (bo),, +(b2),, (£7:)coskt
T - : (41)
dt (@), +(a),, (£7)sinkt+ (&), (27,) coskt

(dxn/ dt), =( bt/ i, -

Jnst BapuantoB (40) u (41) muHMM TUHAMHYECKOrO ructepesuca Ha miockoctu ({,Z) uMeroT Buz,
aHanoruuHblii (36):

2 Y2
2=+ A F@Q)| z=1+2M.
a; by

®Oyukuus F({) onpenensercs Gpopmynoii (37).

3axmouenue. BonHosoe ypasHenue (1) ¢ uctounnkom (7) uMeeT TouHOe yacTHOe perenue (4),
(5). OcHOBHBIE CBOWCTBA PEIIEHUS NETEPMUHHUPOBAHBI BEIOOPOM 3HAKOB Kod(dumneHToB Qp, Qs U Xa-
pPaKTEPOM 3aBHCHMOCTH KOd((HUIMEHTa @z OT YaCTOTHI BO3OYKIAIOIINX KOJNEOaHWH MCTOYHHMKA (CM.
(21), (26)—(30)). PaccmoTpenbl KojecOaHUs BBICOKOH M HHU3KOM YacTOTHl. M3ydeHbl CBOWCTBA T7j-
M30JIMHUM. KUHK-TYJIbCAllUH; 3HAKONIEPEMEHHOCTh CKOPOCTH M30JIMHUMN; I03BYKOBOM M CBEPX3BYKOBOM
PEXXUMBI IBIKEHHS; TPAHC3BYKOBOM mepexoa. [IpencraBnensr Tpu rpynmsl 3a7ad, CBSI3aHHBIX ¢ (hr3u-
YeCKOW MHTEpIpeTalreil peleH s 3a1a4a ¢ HEM3BECTHOM MOoABMWKHOM rpanuneii (31); konebaHus IByx
MOHOTOHHBIX BETBEH, MEPUOINIYCCKU CONMKAIONIMXCS U YIAISIOIIUXCS IPYT OT Apyra; KOHQUTrypanus
BOJTHOBOT'O THTIA — CJIA0BIN KOO CHIIBHBIN Pa3phIB, ABMKYITUICS BIOIb KOOPINHATHON OCH.
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WAVE EQUATION WITH CUBIC NONLINEARITY AND EXCITATIO N
OF OSCILLATIONS IN THE “MEDIUM-SOURCE” SYSTEM

O.N. Shablovskii
Pavel Sukhoi State Technical University of Gomel, Republic of Belarus
E-mail: shablovsky-on@yandex.by

A new accurate solution of the wave equation wittoarce depending on the required function—
time has been obtained. The source function hadyagmial (third degree) nonlinearity, as well a®t
complementary additive members, which include #ead and third degrees of the required function
and an explicit sine dependence on time. The aactstl relations describe namely the process of exci
tation of oscillations in the “medium — nonlinedweonomic source” system and therefore do not con-
tain, as a special case, the solution of the waumateon with common cubic nonlinearity. Physical in
terpretation of the results of work is explainedtbg properties of the effect of the periodic exaér
force on the medium. The solution has been obtatmethe plane the “required function—time” and
gives analytical expressions of the partial spatrad time derivatives of the required function.sTal-
lows to study the rheonomic properties of isolinéthe required function: their velocity and thendo
tions at which this velocity is alternating. An iortant influence on the isolines behavior is exktig
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the slope of the source function in a small neighbod of the zero value of the required functiope-S
cifically: its sign determines the mode of (subsoor supersonic) isoline movement, and its module
serves as the scale when calculating the non-diomadsfrequency of the exciting oscillations. Time i
tervals of low and high frequencies are considéndtlis work. At every instant, the gradient prdjeer
of the required function are characterized by tlematone profile, located in the semi-infinite domai
on the plane of the “coordinate — required functiofhe conditions are indicated, at which time-
periodic kink-pulsations occur: at separate momehe&ssource monotone profile transforms into &kin
which corresponds to two equilibrium states of glgstem. The rheonomic properties of the monotone
profiles curvature have been studied: the appearahpoints of inflection and rectification poiniswo
monotone profiles have been considered: the lefttha right branches, located in the semi-infiite
mains, respectively, to the left and right of thigia of coordinates. These branches move in @i,
occasionally approaching each other and movingtapathe moments when the branches adjoin the
origin of coordinates, they form an immaobile distouity, which is either weak or strong dependimg o
whether the branch slopes are respectively eithéifierent sign or of the same sign. It has been r
vealed that in the course of such oscillation psec@ transonic transition is possible in the Hrgh
quency interval: the isoline velocity changes fribia subsonic value to the supersonic one. A wave ty
formation has been constructed: the left and thiet thranches, forming either weak or strong diseont
nuity, move in time-periodic oscillation along tbeordinate axis.

Keywords:.wave equation; cubic nonlinearity of the sourcensonic transition; moving boundary;
weak and strong discontinuity.
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AB INITIO MODELING OF INTERACTIONS OF P, H, C, S
WITH GRAIN BOUNDARIES IN a-IRON

A.V. Verkhovykh, A.A. Mirzoev, N.S. Dyuryagina
South Ural State University, Chelyabinsk, Russian Federation
E-mail: diuriaginans@susu.ru

The results of modeling from the first principles & interaction of non-
metallic impurities of interstitial (H, C) and substitutional (P, S) with grain
boundaries in a-iron are presented. The modeling has been condudavithin the
framework of the density functional theory (DFT) by the full-potential linearized
augmented plane waves (FP LAPW) method with considation to the general-
ized gradient approximation (GGA'96) in the WIENZ2k software package. Three
grain boundaries of the slopex3 (111),X5 (210) andX5 (310) are studied. The
supercells of the tilt grain boundaries using the @incidence site lattice model is
constructed. The values of the energy characterists of various grain boundaries
with impurities are influenced by a number of factas, namely, the volume of the
Voronoi polyhedron per impurity, magnetic moments,and the symmetry of the
surrounding matrix. The results show that symmetricgrain boundaries 3 (111)
and X5 (310) are embrittled by phosphorus, hydrogen, andulfur, while carbon
strengthens interatomic bonds at the grain boundarywhich coincides with the
data available in the work. In the case of an asymatric grain boundary X5 (210),
phosphorus and hydrogen weaken bonds at the grainoobindary, while sulfur
strengthens them. This is primarily explained by tke geometry of the surrounding
matrix. The magnetic moments at the impurity atomsare very small and, in most
cases, are antiparallel to the magnetic moments #ie neighboring Fe atoms.

Keywords: ab initio modeling; BCC iron; hydrogemasphorus; sulfur; carbon;
grain boundary

Introduction

The brittle intergranular fracture was experimdgtabserved in many different materials: iron and
steel; nickel, copper, and high-melting alloys [[L-dis type of brittle fracture is often accompeshby
a significant reduction of fracture toughness. Aala result, its sudden appearance can leadad@s: c
trophic degradation of material properties, whiahits the use of many alloys. Although the mechanis
of a brittle intergranular fracture depends on rthegterial and its application, there is a distinging
characteristic observed in all known cases. Imp@sritvith low solubility in the volume accumulate at
the grain boundaries (GB) and locally reduce thieesive strength of a metal. These embrittling ele-
ments are called impurities because their bulk eotrations are often below the level that can be co
trolled during the manufacturing melting process @xample, less than 200 ppm). However, when the-
se elements accumulate at the grain boundarigsctirecentration cabeveryhigh,abouts—10 at. %.

Though researchers have been studied the influginearious impurities on the interatomic bonds
on GB for several decades, some problems remaioluats The intergranular embrittiement, which
stems from the changes in interatomic bonds on i§&Rssociated either with a chemical mechanism
related to the features of impurity capture [4-46\with a mechanical impact related to the atonue sif
the impurity [7]. The predominant mechanism depemis type of impurity and a material boundary.
The properties of loaded interfaces (such as GBpatermined by their thermodynamic characteristics
experimental evaluation of which is not an easyess. At the same time, computer modelling from the
first principles allows researchers to calculatmatically reliable thermodynamic characteristics.

In 1990 Krasko and Olsen [8] for the first timediad the behavior of various impurities (boron,
carbon, phosphorus, and sulfur) on G&®111) in iron, using the ab initio modelling. Fnegn and his
colleagues [9-13] continued the investigation. Tekgwed that the chemical bond between impurity
elements and Fe plays an important role in theegggion processes of dissolved substances. At the
same time, the modelling of thi(210) boundary in the bcc iron indicated that iein factor is the
size of the impurity atom [14]. Many studies on gegregation of light elements (B, C, P, N, O, &hd
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at the grain boundary5 in bcc iron demonstrated that different inteiatitmpurities may occupy dif-
ferent positions at the grain boundaries. Howeakthese atoms are embrittling elements for GB-{15
17]. Several investigations [18—-21] were devote®ET (density functional theory) modelling of the
interaction of hydrogen witl3(111) in iron. The authors showed that hydrogarses strong embrit-
tlement of the considered boundary. TI%310) boundary was also studied [22—-24], and & sfzown
that internodes capture a hydrogen atom. Howevdy, ane (and not sufficiently detailed) [25] inviest
gation was devoted to the interaction of hydrogéh the boundang5 (210).

So, this work aims to study the effect of light mmpies (C, P, H, S) on the grain boundaries
¥5(310),%5(210), andx3(111). We investigated the structural, electroaied magnetic properties of
these GBs, using the WIEN2k software package [26].

Methods

All calculations were carried out using the fullkgotial method of linearized augmented plane
wave [27] with generalized gradient approximati@8][ implemented in the WIEN2k software package
[26]. This approach allowed us to obtain high aacyrof the simulation results within the densitpdu
tional theory. For calculation, we used a powectuinputing system “Tornado SUSU”. We considered
three symmetric tilt GB£3(111),25(310), andt5(210). Thex3(111) GB is the most thoroughly stud-
ied one [18-21]. So, we used it as a model systesymmetric tilt GB with impurities in iron. The
¥5(310) boundary has the lowest formation energycitiron [23]. Less studied5(210) has a mutual
shift of the relaxed grains, which introduces astmnto the system. Therefore, it is suitable asoa-
el for an asymmetric tilt boundary in iron.

We constructed the tilt grain boundaries superagdlag the coincidence site lattice (CSL) model
[29]. Usually, the CSL is characterized by thealue, which equals the inverse density of the@ei
dent sites. In the case of grain boundati®&10) and-5(310), we rotated the contacting bcc grains for
each other about the common [001] axis by appraeineb3,1° and 36,9°, respectively. The planes
(210) and (310) were defined as the planes of dgoaimdaries. Similarly, we constructed the grain
boundaryx3(111). In this case, a rotation angle about thmmon [110] axis equaled approximately
70,53°, and the (111) plane was used as the pfahe grain boundary. The models of grain boundarie
¥5(210),%5(310), andx3(111) have elementary cells of 80, 80, and 96 astamspectively (Fig. 1).
Note that all substitution positions 1-6 in Figd ¢n the grain boundary, although at a quick gtaihc
may seem that some of them lie inside the subsutéyer.

W05
z=0,0

'z 0,5a
@00 Y

@:--o0
V: =0,3a

Uatatats s i v
a2l s a2

X

©)
Fig. 1. Structures of a) X5 (210), b) Z5 (310), and c) 3 (111) grain boundaries in bcc iron. Dark and ligh  t balls represent
grain atoms lying in two different planes: z=0an  d z = 0,5a, respectively ( a is the lattice constant). Positions of impurity
atoms P and S: a) 1-6; b) 1-3; c) 1-3. Positions of interstitial impurity atoms Ca  nd H: a) C1 and C2; b) C1; c) C1
Because of periodic boundary conditions, the canstd cells represent two “grains” and two
boundaries. The free surface (FS) supercell waseltgatiby replacing one of the halves of the cell
(grain) with a vacuum of 10-12 A length. Thus, B®has 40 (foE5 (210) andt5 (310)) or 48 (fox3
(111)) atoms, separated from the neighboring gedl kacuum of 10-12 A in the directiontbe xaxis.
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Forx5 (210) an5 (310) we used 4x2x1 Monkhorst-Paekoint mesh in the Brillouin zone [30],
and forx3 (111) — 6x4x1. A further increase in k-points tednsignificant changes in the total energy
of the systems (no more than 0,01 eV). Muffin-fhere radius R was equal to 2,0 (iron atom, substi-
tutional impurities P and S), 1,25 (interstitialpority C), and 0,7 (interstitial impurity H) a.u.&\those
cut-off energy of 340 eV for all systems. The sgpdrdimensionsd, b, ¢) for £5 (210),x5 (310), and
¥3 (111) GBs were (45 a,/54a, 2a), (2/10a,4104a, 2a) and (4/3a,/64a, 2J2a) respectively. GB
planes were perpendicular to tkaxis. Herea is the lattice constant of bcc iron. The calcudaggui-
librium lattice constant of ferromagnetic bce irequals 2,847 A, which is in good agreement with the
experimental value of 2,86 A [31]. Thus, the supkschad the GB areas of 36,24, 51,26, and 55,88
AZlcell for £5(210),25(310), and3(111), respectively.

For every constructed structure with GB, we optadizhe supercell lengths (both along and per-
pendicular to the GB) to remove stresses that hadrain the supercell with the introduction of (BB.
Subsequently, the relaxation of positions of sepasoms in the supercell was performed (the cenver
gence criteria for Hellmann—Feynman force at edomavas 0,01 eV/A). We simulated surfaces and
hydrogen adsorption, using 40 and 48 layers of Ina¢tens. Metal atoms on the two lowest layers re-
mained at their equilibrium positions. With the shn computational parameters calculated energies
have a numerical precision of 0,01 eV.

To study the intermolecular interaction and the ma@écal properties of GB it is necessary to de-
termine the following energy characteristics:

1) The Griffith work, which is defined according titee thermodynamic theory by Rice and Wang
[32] as a work, needed to separate a crystal aagrain boundary:

Eow = Egb ~2F 1)
where Egb is the total energy of grains at their equilibripwsitions for each other, aﬁ% is the total

energy of relaxed free FS supercells, which form @B. It is measured in eV. A negative value

EGW corresponds to a decrease in the free energy afystem due to the elimination of two surfaces,

i.e. this process is energetically favourable.
2) The energy of GB formation in the framework o @b initio approach
E.,— E
gb  “bulk
== 2
where Egb is the total energy of a GB supercell, which corgta Fe atoms;Ey . is the total energy of
a bulk crystal supercell, which consistsndfFe atoms and has the same volume and shape sispitie
cell with the GBs; an&is the area of the grain boundary interface. théasured in J/m

The influence of impurity on the properties of tirain boundary can be described by the following
guantitative characteristics:
a) The solution energdE , defined as

X
AE = By —(n— K By~ EH X, 3
where Egb is the total energy of a supercell without imputhat consists of n Fe atomsgb is the to-
tal energy of the same supercell with an impuffity & substitution impuritk = 1, for an interstitial im-

purity k = 0); E(X) is the energy of one atom of the impurity (X =@ H, S). It is measured in eV. A

negative sign of the dissolution energy indicabed &in impurity is easily dissolved at a grain totam.

b) Correction to the Griffith work: the cohesiveeegy, which is defined according to Rice and
Wang model. It indicates either an enhancementafhagvalue) or a weakening of the intermolecular
bond between Fe-atoms on the GB in the presenae iofipurity [19]:

AEé(W - Egi) - Egb+ Ers— E>f(s’ 4)
where Eis the total energy of the supercell of a cleas Ererface;E]?(sis the total energy of the super-

cell of the free surface with one impurity (X= B,I&, S).
¢) The binding energy of impurity to a grain bouryda
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Egbix =(E€)(ulk_ Ebulk) ‘( Egb™ EgQ' (5)

wherek,  is the energy of the commensurate supercell df bal Ek),(u”( is the total energy of the su-

percell with one impurity in an equilibrium posiioThe negative (positive) value of this energyi-ind
cates the presence of attraction (repulsion) betle®= GB and the impurity.

Results and discussion

In our previous works [33] we determined the foroatnergy of£3(111),25(210), and=5(310)
grain boundaries by formulas (1) and (2). It equaldl9 eV and 1,46 Jinfior £3(111); —5,24 eV and
1,83 J/ri for £5(210); -5,77 eV and 1,44 Jfor £5(310). These results are in good agreement wéth th
results of other authors, obtained within the fraumek of density functional theong6(310) — 1,48 J/fn
[34], 1,378 J/rh[35]; £5(210) — 2 J/rh[36]; £3(111) — 1,52 J/M[37], 1,57 J/IM[36]). However, the
experimental value$/gb are about 1,5-2 times smaller than our resul®&7(0/nf and 0,985 J/A{38,

39]) probably because in experiment it is possibléetermine only an average value;%fb over all

GBs in a sample.

We chose the interstitial position for a carbomatmecause this position is energetically favourable
[13, 16]. Experimental studies show that at lowgenatures substitution positions are energetidaly

vourable for phosphorus. The situation changes héiditing: interstitial sites become more favourable
with the temperature rise [40]. Since we modell&ids 0 K, we studied the substitution positionsof

phosphorus atom in more detail. Similarly, we irtiggded a sulfur impurity on grain boundaries.
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Fig. 2. Graph of the dependence of the relative ene  rgy (E »-Eo) of the grain boundary on the impurity position nu mber:
a) £5(310); b) £3(111); c) £5(210)

For positions of substitutional impurities, we ch@oms with numbers 1-6 fa6(210) (Fig. 1,a)
and 1-3 forz5(310) andx3(111) (Fig. 1b, c). These atoms were replaced one by one. For iitirs
positions of C and H atoms, we chose the sitesr@1G®2 forz5(210) (Fig. 1) and C1 forz5(310)
andX3(111) (Fig. 1 b, ¢). We calculated the total energy of the structndependence on the position
of every impurity. Subsequently, we determineddhaund state energ¥{{) as the lowest energy of a
structure with each impurity (Fig. 2).

Fig. 2 shows that the systems wih(310) andx3(111) have the lowest energy when substitutional
impurities (both S and P) are located at positiomzahe case of asymmetric grain boundabg210),
sulfur and phosphorus occupy sites 4 and 6, reispbctThe position of carbon and hydrogen, which
corresponds to the systems with the lowest enesdy].
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Table 1 indicates that there are fluctuations dhlibe magnetic moment on the impurity atoms and
the volume of the Voronoi polyhedron, constructedthis impurity. And there is no specific depend-
ence forx5(210). For example, for the C atom in 2 differpositions, the magnetic moment and the
volume are the same, though the energies diffestanbally (~0,6 eV). The possible explanationhiatt
the energy components are influenced by the priegest the surrounding matrix, i. e. the asymmefry

the structure.
Table 1
The values of the magnetic moment and the volume of the Voronoi polyhedron, corresponding
to the impurity atom X in different positions on t he grain boundaries (X=C, H, P, S).

Voronoi polyhedron volume of Magnetic momenk, g
Type | Ne impurity, A3
S P C H S P C H

1] 11,99 12,05 7,57 7,11 0,01l -0,08 -0j06 -0,01

2 | 10,87| 10,88 7,57 6,79 -0,03 -0,09 -0/06 -0,01

3 | 11,75| 11,62 — — -0,08 -0,10 — —
5(210) 4 | 11,76| 11,55 — — -0,08 -0,10 — —

5 | 10,60| 10,45 — — -0,06 -0,09 — —

6 | 11,14| 10,92 — — 0,02 -0,08 - —

1| 12,06 11,97 752 7,22 0,04 -0,07 -0j10 -0,01
¥5(310)| 2 | 10,74| 10,70 — — -0,04 -0,10 — —

3 | 11,78| 11,06 — — -0,02 -0,08 — —

1| 12,74| 1245 7,63 6,72 0,00 -0,06 -0j10 -0Q,01
¥3(111)| 2 | 10,47| 10,45 — — -0,04 -0,08 — —

3 | 11,17| 11,40 — — -0,08 -0,07 — —

For symmetric boundariegh(310) andt3(111) the magnetic moment of the impurities Pargl H
directly depend on the volume of the Voronoi potjtes: the magnetic moment on the impurity atom
increases with the volume increase. With the irszes the plane number, relative to the grain beund
ary plane, the volume and, consequently, the magmetment peak, then, after the decrease, the yalue
slowly grow. Similar behaviour is observed for anfom onX3(111) [36]. The changes in interplanar
spacings introduced by hydrogen are small enouglepmparison with P and S, which is due to the
small ionic radius of hydrogen. When the carboifoated on the GB, the nearest iron atoms move
away from each other, at the same time Fe-C-Fedforch. Magnetic moments on phosphorus (—0,09
ug for £5(210); —0,07ug for £3(111)), sulfur (—0,03 £5(210); 0,025 for £3(111)) and carbon at-
oms (—0,06uz for £5(210); —0,10us for £3(111)) are in good agreement with the values ptesein
another theoretical work (P: —0,07, —04@9 S: —0,03, —-0,04s; C: —0,12, —0,1445 at grain boundaries
¥3(111) andx5(210), respectively) [16]. For all impurities, @M value of the magnetic moment, ori-
ented antiparallel to the surrounding iron matsxgbserved.

Table 2 presents the energy characteristics ofnfegaction of impurities with grain boundaries,
calculated using formulas (3)—(5).

The negative value of the solution energy indicdites the impurity readily dissolves at the grain
boundary. The solution energy of carbon at the X5B8310) is —0,47 eV, which is in good agreement
with the experimental data for this grain bound&®,45 eV [41]). And this value agrees with other
theoretical data (-0,29 eV [42], —0,23 eV [43]) eTValues of the hydrogen solution energy are —0,48,
-0,10, and -0,10 eV fa5(210),x5(310), and=3(111), respectively. These energies agree witlotie
er theoretical results [21, 22, 24].

Phosphorus and hydrogen have positive cohesiorggrarpractically all positions on the grain
boundaries. So, P and H are embrittling elementshiese boundaries. In contrast, carbon in allcase
strengthens the interatomic bonds between Fe-aton(SB, which agrees with other data [16, 35]. In
the case of the asymmetric grain bounde¢210) all considered positions of sulfur have ntiegative
cohesive energy, so S, like C, strengthens thentéeatomic bonds on the GB. Such effect originates
from the asymmetry of the surrounding matrix, whieads to the formation of Fe-S bonds. As a conse-
guence, the bonds between the iron atoms belongidiferent grains are enhanced. In the caseef th
boundarie3(111) andx5(310) sulfur is an embrittling element strongeaartiphosphorus. This result

agrees well with experimental [44, 45] and thecsdtdata [14, 16, 17, 37].
Table 2
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Energy characteristics of the interaction of impuri ties with GBs: the solution energy ( AE),

the cohesion energy ( AEGXW ), and the binding energy ( Egg}()

Type | N The solution energy, eV The cohesion energy, eY Bihding energy, eV

1 S P C H S P C H S P C H

1) 0,02 | -0,95 -0,32 -04B -0,27 1,67 -1[38 0,07 10,8279 0 -1,58 -0,81

2| 0,28 | -0,79] 0,28/ -0,28 -0,02 1,83 -0/79 0,32 10895 0,-0,99| -0,57
3| -1,18| -1,88 — — -1,48 0,75 — . -0,88 0,14 — —
£5(210) 4| -1,21| -1,89 — — -1,50 0,78 — . -040 0,16 — —
5| -0,63| -1,49 — — -0,92 1,18 — . 0,17 0,p4 - =
6|-1,11| -2,17 — — -1,41 0,45 — . -0,81 -0,43 — —

1) 044 | -0,70, 0,32 -0,4p 124 0,81 -0/07 0,68 120001,-1,27| —-0,43
¥5(310) | 2| -1,05| -1,94 — — -0,26 -0,43 — 4+ 029 -0,24 — -
3| 0,30 | -0,77 — — 1,19 0,74 - — 1,06 0,93 T -

1,-069| -161 -003 -0,10 292 081 -0{29 041 0,0201 0 -0,82] -0,49
¥3(111) | 2| -1,27| —-2,76 — — 1,49 -0,65 — - -142 -114 - —
3| -2,12| -1,93 — — 234 0,18 — -+ 0,7 -0j31 - —

The negative binding energy indicates that an imyp@atom is trapped. The greater the value of
binding energy, the higher the activation barr@rifmpurity migration in the matrix. The higher et
tion barrier corresponds to the lower rate at whighimpurity can accumulate at the tops of theksa
causing a fracture. The maximum value of the big@inergy is observed when a carbon atom is in C1
position at the asymmetric bounda$(210). In the case of hydrogen, the position wiith highest
value of binding energy is the same. The resuttsragood agreement with the data available irlithe
erature (for carbon &5(310) GB: —-1,77 eV [46] and —1,51 eV [43];%4(210) GB: —1,62 eV [46], at
»3(111) GB: -0,8 eV [16]. For hydrogen28(310) GB: —0,4 eV [22]; a&X3(111) GB: —0,49 eV [20];
the experimental value of binding energy is —0,814¥1]).

Calculated binding energies of phosphorus (-0,824; and -1,14 eV fat5(210),x5(310), and
¥3(111), respectively) also agree with the resules@nted in other papers (the experimental value is
0,44 eV [48]; at=5(310) GB binding energy is —0,4 eV [49]; 6(210) GB: —-1,0 eV [16] and —
0,275 eV [50]; a3 (111): —1,16 eV [50, 51]). For the sulfur impurthe maximum binding energies
are —0,40, —0,29 and —1,42 eV k%(210),x25(310), and3(111), respectively. These values are in good
agreement with the experimental data (-0,77 eV)[4&8king into account the fact that in the expeiin
the binding energy wasveragedverall differentorientation®f grainboundariesgncountereth the iron.

To summarize, the binding energy of an impuritynaie affected not only by the volume and mag-
netic properties of the surrounding matrix but dgdhe asymmetry of the structure.

Summary

Using ab initio methods we modelled atomic configurations of fulslaxed grain boundaries
¥5(310),25(210), andz3(111) with and without impurity X (X = P, S, C, ldhd calculated their energy
characteristics.

The obtained results for the grain boundary foramagnergy are in agreement with existing data.
The grain boundaries5(310),£5(210), andE3(111) trap impurities. Comparing the energy chiarass
tics of three different grain boundaries with imgas, we noticed that many factors affect theiues,
namely, the volume of the Voronoi polyhedron pee ampurity, the magnetic moments, and the sym-
metry of the surrounding matrix. We found that$gmmetric boundaries sulfur is a stronger embngtli
element than phosphorus, which agrees with botleraxental and theoretical data. In the case of the
grain boundarg5(210), a negative value of the cohesive energpserved for all the considered sulfur
positions, so S strengthens the Fe interatomic dondhe GB. This effect stems from the asymmeftry o
the surrounding matrix.

The work was supported by the Russian FoundatioBasfc Research (grant no. 20-43-740004
r_a_Chelyabinsk).
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[IpencraBieHsl pe3ysIbTaThl MOJICTUPOBAHKS M3 TIEPBBIX NMPHHIMIIOB B3aMMOACHCTBUS HEMETAJITH-
yeckux npumeceit BHenperns (H, C) u 3amemenus (P, S) ¢ rpanumamu 3epeH B a-xeneze. Moaenupo-
BaHHUE MPOBOJUIIOCH B paMKax Teopuu ¢yHkuuoHana riotHocTH (DFT) momHomoTeHIUanbsHBIM METO-
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JIOM JIMHEapH30BaHHBIX MPUCOCTMHEHHBIX IIockuX BoiaH (FP LAPW)c yderom 0600mmeHHOr0 Tpaju-
ertHoro npudmmkenus (GGA'96) B nporpammuom makere WIEN2K. Beutn u3yueHsl Tpu Mex3epeHHbBIC
rpanunsl HaktoHa 23(111),X5(210)u X5(310). IToctpoeHne cymepsiaeek TPaHUI] 3epEeH HAKIOHA OCY-
IIECTBIIOCH C MOMOIIBI0 MOJENH PEIISTKH COBIAJAIONINX Y3710B. Ha 3HaYeHUs SHEPreTH4ecKux Xa-
PaKTEepUCTUK Pa3IMYHBIX TPAaHUI 3€PEH C MPUMECSIMH BIUSET psil (HaKTOPOB, & IMEHHO, 00bEM MHOTO-
rpaHHuKa BopoHoro, mpuxonsimuiics Ha OJHY NPHMECh, MarHUTHBIE MOMEHTHI M CHMMETPHS OKpY-
JKAIoIe MaTpuibl. Pe3ynbTaThl MOKa3bIBAIOT, YTO Ui CHUMMETPHYHBIX TpaHui 3epeH x3(111) u
>5(310) pocdop, Bogopoa U cepa SBISAIOTCS OXPYMYUBATEISIMH, B TO BpeMsl KaK yrJIepo] YCHIMBACT
MEKaTOMHBIE CBSI3M Ha TPAaHUIIE 3€pHA, YTO XOPOIIO COTJIACyeTcsl C MMEIOMIMMUCS B JIUTEpaType JaH-
HeIMH. B cityuae acummerprdnoit rpanunsl 3epHa £5(210)dochop u Bogopox TakKe OCIabISIOT CBA3H
Ha TPaHHMIIE 3€pHA, a cepa yCcWIMBaeT. B mepByro ouyepenb, 3TO CBA3aHO C T€OMETPUEH OKpYy)Karouen
MaTpuibl. MarHUTHBIE MOMEHTBI Ha aTOMax IpHUMeceil 04eHb MaJlbl U B OOJIBIIMHCTBE CITy4aeB aHTHIIA-
pasuIenbHbl MArHUTHBIM MOMEHTaM Ha COCeTHHX aTomax Fe.

Kniouesvie cnosa. ab initio moodenuposanue; OL[K-scenezo; 6000pod; gochop; cepa; yenepoo;
epaHuya 3epua.
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ON®PY3UOHHbIW NEPEHOC B LUAPOOEPA3HOW MPAHYIE
C UAEAJIbHbIM KOHTAKTOM OBYX NOCJIEAOBATEJIbHbIX
PA3HOMPOHULAEMbIX OCECUMMETPUYHbIX OBJIACTEN
NMPU TPAHUYHBLIX YCNIOBUAX NEPBOIO POOA

H.A. KoHoeanoe, A.B. Psixxckux, A.A. Xeocmos, E.A. Cob6osneea
BopoHexckuli eocydapcmeeHHbIl mexHu4eckul yHusepcumem, . BopoHex, Pocculickas ®edepayus
E-mail: dmikonovalov@yandex.ru, ryazhskihav@bk.ru.

HecrannonapHelii mepeHoc BemecrBa 1mo Au(pdy3HoOHHOMY MeXaHU3MY B
0cecHMMETPHMYHOI BYXCJIOHHONH mIapooOpa3Hoil rpaHyJjie ¢ pasHbIMH INPOHM-
AeMOCTSAMH NPH HIeATLHOM KOHTAKTe NMpeACTaBJIeH CUCTeMOoi mapadouyecKux
ypaBHeHnuii B popmate 1-D cpepuuecknx koopaunat. Ha BHemHel moBepxXHOCTH
rpaHyJibl MOA/IeP;KUBaeTCsA MOCTOAHHASI KOHUEeHTpauus 1udyHaupyromeii cpe-
Jbl, 2 HA TPaHUIIEe CONPSIKEHUSI CJI0eB MPUMEHEHO TPAHNYHOE YCI0BHe YeTBepTo-
ro poaa. IlonbiTKa pelINTh AHATOTMYHYIO 3224y [0 NOCTAHOBKE METOI0M OJTHO-
CTOPOHHEr0 MOJyOTPAHHYEHHOr0 WHTErpaabHOro mpeodpasosanus Jlannaca He
NPHUBOANT K (U3NYecKH 000CHOBAHHOMY PELICHHIO, T. K. JJIsl MAJbIX 3HAYeHHIl
BpPeMEHH pellleHHue HEeYCTOHYMBO M He YAOBJETBOPSeT KPHTEPHI0 CXOAMMOCTH C
YBeJIMYEeHHEM YHCJIA YICHOB MOIy4Yaluerocs: B pe3yjbrare psifa. OqHako eciu
NPUMEHHTD /IS HHTeTPUPOBAHMSA HCXOJHON CHCTEMBbI KJIacCHYeCKHIl MeTO pa3-
JleJIeHUS] TIePeMEeHHBIX, TO MOJYyYeHHOEe pellleHHe, 0Ka3bIBaeTcs, yAOBJEeTBOPSAET
Ka:KI0MY YPABHEHHIO CHCTEMBbI U TOKAeCTBEHHO BbINMOJIHAET HAYaJbHO-KpaeBble
ycaoBusi. Mccienyemas 3aiaya uMeeT BasKHOe NMPAaKTHYeCKoe MPHUJIOKEHHE IS
OlleHKH KHMHeTH4YecKoro kod(dpguunmnenta nocryinara I'mokaypa ckopocTu mepe-
HOCa OJHOBHUIOBOI cpeAbl B OHAMCHEPCHOM TpaHYJHPOBAHHOM MaTepualie B
NpUOJIM:KEeHUM THNOTEeTHYecKo JHHeHHOH MoJean ¢ cocpel0TOYeHHbIMH Mapa-
MeTpaMH.

Knouesvie cnosa: 0gyxcaotinas wapoobpasnas epanyia; oug@ysus; epanuitvie
VCII0BUSL HeMBEPMO20 poOd; AHATUMUYECKOe peuleHue.

Bgeoenue. Anmapathbl ¢ 3epHUCTHIMH CIIOSIMU IIMPOKO PACIIPOCTPAHEHBI B PA3IMUYHBIX MPEAMETHO-
OPHUEHTHUPOBAHHBIX 00JACTSIX [UIs MPOBEACHHUS MacCOOOMEHHBIX MPOIECCOB, HAIPUMED, TAKUX Kak aj-
copOmus, KaTaaus, peKyrepalus oTpaboTaHHOrO TEIUla W3 BBICOKOTEMITEPATYPHBIX T'PaHyIMPOBAHHBIX
MaTepuagoB, OYMCTKAa MEMOPAaHHBIX OMOPEaKTOPOB U T. 1. [1]. KHHETHKY 3THX MPOLIECCOB OMPEACISIOT
SIBJICHHSI TIEPEHOCA B MAaCIITa0e JUCIIEPCHBIX YaCTHII, UMEIOIINX, KaK MPaBHJIO0, HEOMHOPOIHYIO CTPYK-
Typy [2]. Ucnonb3oBanne OCpeIHEHHBIX M0 00BeMy (Macce) TpaHy/I IapaMeTpoB, XapaKTEPHU3YIOIINX
CKOPOCTH TepeHoca 6e3 yueTa X BHYTPEHHEH CTPYKTYPBI, YIPOIIAeT MATEMATHIECKYIO (DOPMYTHUPOBKY
MyTEM CBEIEHMS €€ K KIAaCcCHIeCKOo# mocranoBke (moctyiar I'mokayda) [3], HO moilydaeMsle P 3TOM
pe3yNbTaThl HE BIIOJHE COTJIACYIOTCS C SKCICPHUMEHTAIbHBIMU JaHHBIMU [4]. Takol MOAX0a MOXKET
OBbITH UCIIOJIL30BaH Oe3aIbTEPHATHBHO, €CIIH PACIpeIeICHHE HEOTHOPOIHOCTEH B rpaHyJic HEM3BECTHO
3apaHee. B MpakTHYeCKH BaXKHBIX CIyYasX, TAKUX Kak aJcopOIMs B HEMOIBMKHOM, JBHKYIIEMCS HITH
MICEBIOCKIKCHHOM CJIO€ TPaHyJ acopOCHTa ¢ OUIUCIICPCHOM CTPYKTYPOid, HEOJHOPOJHOCTh 3apaHee
3amana [5], 4To CcyliecTBeHHO 00JerdyaeT HACHTH()UKAIUIO JTOKAIBHBIX MO KOHICHTpauu 1uddyH-
JIMPYIOIIETO BEIIECTBA. B 3TOM CBs3M 3aciy)KMBacT BHUMaHUs IOCTAaHOBKa 3aaaud B (opmare 1-D B
ceprudeckoil cucTeMe KOOpIHHAT 00 OXJIaXKICHHH CHCTEMbI IBYX cep, OfHa M3 KOTOPHIX BIOXKEHA
OCECHMMETPHYHO B JIpyTyio [6], mpudeM CTpyKTypa MaTeMaTHYeCKOW MOJEIH aHaJIoTHYHa (HOopMyITu-
POBKE MOJIeNId TepeHoca BemiecTBa quddysueii ¢ uaearbHbIM KOHTAKTOM Ha TPAHUIE COMPSDKEHUS 00-
JlacTeil u3-3a OJJMHAKOBOI'0 MaTeMaTUYECKOTro IpeacTaBieHusa 3akoHoB Dypre 1 Duka:

dcy (r,7) _D o .2 dcy (r,7)

,0<r<r, 7>0; (1)
o r2ar ar !
dc, (r,t D, 0 dco(r,t
9cy(r.7) )=—22— r2—2( ) ST <r,, T>0; 2)
Ot re or or
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¢ (r,0)=c,(r,0) =cy = cons; 3)
a(rnt)=cp(rye); (4)

D, aclgl'f) =D, acz(g:rf) ; (5)
¢, (r,,7) =, = const; (6)
cl(O,r)¢00, (7)

rae v —BpeMs; [ —paaualbHas KOOpAUHATA; I} , — paguychl obnactelt; ¢; , 1 D; , —loKanbHbIE KOH-
neHTpanuu 1 kodddunuentsl quddysun B rpanyine npu O<r <r, u r; <r <r, COOTBETCTBEHHO. SIBHbIE
BBIPKCHUS ¢ 2(r,r) , TIONTy4YeHHbIe, KaK U B [6], METOIOM MHTErpaibHOro mpeodpasoBanus Jlamiaca,

TOXJICCTBCHHO YIOBJIETBOPSIOT YPaBHEHHUSIM CHCTEMbI M TDAHUYHBIM YCIIOBHSAM, OJHAKO HadyaJbHBIC
YCJIOBHSL HE BBITIOJIHAIOTCS, TOATOMY OHH CIpaBeUTUBBI it 7> 0.

B cBs13u ¢ 5THM €0 UCCIEI0BAHMS ABIsAETCs pemierne cucteMsl (1)—(7),crnpaBenBoe BO BceM
JMana3oHe U3MEHEHHsI T W MPUMEHEHHUE €ro Ui OICHKH KHHETHYECKOro apaMeTpa B nocryiare [ o-
Kay(da 0 CKOPOCTH MEpPEHOCa OJHOKOMIIOHEHTHOM Cpelbl B JIMHEHHOM MOJENH C COCPEAOTOUCHHBIMH
napaMeTpaMu ¢ Y4€TOM BHYTPEHHEH CTPYKTYPbI IPaHyJIbl.

Pewenue. Cucrema (1)—(7)upencrasnena B 6e3pasmepHoii popme:

acl(geRﬁ) - 12 0 [Rz aCl(R'g)] 0<R<1, §>0; (8)
R° dR oR
—acza(;g) :%i{#w}, 1<R<y, 8>0; 9)
R° 0R oR
C(RO=G(RQ=1; (10)
C,(L6)=C,(19); (11)
0C,(L0) _ ,9C,(19). (12)
oR oR
Cy(n,0)=0; (13)
C,(0,0)# (14)
c MIOMOLILIO OTHOCHUTEBHEIX MEPEMEHHBIX 0 =10, / rl2 ; R=r/r; D=D,/Dy;

Cl,Z( R,H) = [01,2( r ,r) - CS] / (CO— CS) ; n=r,/r;. Clieftys aqanTHpOBaAHHOMY METOJY pasjejieHHUs Ie-

peMeHHBIX Dyphbe K OA0OHBIM MOCTaHOBKaM [7], cTpykTypa pemenus (8) u (9) BeiOpaHa B BHIC
Ci2(RO) =W (R)T (), (15)

IJie HeM3BECTHBIE (DYHKITHH 9’12( R) ul (0) , kKak cienyet u3 (8)—(15),0mpenensroTcss COOTBETCTBEHHO

u3 pCHICHUA KpaeBoﬁ 3a4a4u.

1.d| ,d¥(R],
R dR[ ar | (R (16)
D d|_d%:(R], >
——| RF————= ?,(R)=0; 17
R dR[ ar | 72(R) a7)
Wi(1)=w2(D; (18)
dy, (1) . dy, (1) ; (19)
drR dR
W,(n)=0; (20)
llJl(O)Jfﬁoo (22)
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u 3amaun Komm

dz_((ﬁwzr(e) =0, (22)

r(0)=1, (23)
rac u — COOCTBEHHBIE 3HAYCHUS.
O6mmwue perrenus (16), (17):

W, (R) = Asin(«R)/ R+ B cofuR)/R; (24)

W, (R)= Aysin(1R/\/D)/R+ B cofuR/VD) /R, (25)

npuueM B cuiny (21) B, =0, a ocransHBIe KOHCTaHTHI HHTETpHpoBaHus B coorsercTBuu ¢ (18) — (20)
JIOJKHBI YIOBIETBOPSATH MATPHIHOMY YPaBHEHHIO

[AIIX]" =[0]", ] (20)
sinu —sir{%) - CO{%)
[A]= WT/“:OS“ Sin(\/%j_\/% co{\/%j COE\/%}L\/% SiE-\/%j )
B e )

[X]=[A. A B]: [0]=[0.04.

CoOCTBEHHEIC 3HAYCHUS U Haﬁ,[[eHBI 13 YpaBHCHUMA det[ /\] = 0, KOTOPOC UMECT KOMITOHCHTHEIN BU

[(1—%)3@&% cosu} sir|i( 1—;7)%}—% sip c{ﬁ 417)%}: : (27)

IMonoxwus, Hanpumep, A =1, u3 (26) onpeneseHb! OCTAIBHBIC TIOCTOSHHBIC:

A, =sin,usir(%j+@( 1—% sinu co%\/%}i cos C%J%J (28)

s ) o k) )
W3 (22), (23)cnenyer, uto T () ZEXp(—,u 9) , ¥ Tor

G (RH) =§ W;\l (nR)[Jigqul(é)df +E52w2(5)d5}exp(—ﬂ§a) ,i=1,.2, (30)

rac
1 n
Ny = [PWE(e)ds +[eW3(¢)ac,
0 1

Up, —KopHH (27).
Heranmuzanus (30) ¢ yuetom (24), (25)u (28), (29)u BEIGOPOM HANPABICHHUS MOTOKA BEMIECTBA

Q(R0)=1-G(RY) (31)
I1I03BOJIMJIA 3aIIUCaTh peH_IeHI/IeZ
Q(RO)=1- [ F (ty.D 1) + @ (1D )] sir{ oR) DeX{é-,u?ﬂ)/[RQ(,un D )] (32)
n=1

Q(RO)=1- Z[F D 1) + @ (1 D ﬂ)][AzSI J—j
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+B, O jﬁRﬂ Cexif~130) /[RQ (1 P 4)], (33)
rmue
F (1, D)= _,unCO$l;r21_S|n,un + Az{_co %Jﬂn”/D +

+Co \//%j/an+D\/5 si %j—D\/ﬁ sirE\//%ﬂ/(/xﬁ D);
dJ(ﬂn,D,n):Bz[sin(%j,unDn—si \’/‘%joﬂnmﬁ coE%j—Dx/B c %ﬂ/(yﬁﬁ);

Q(ﬂme)={ﬂn—§cos(zﬂn)+(85—Af)[-;mm(%j_

_;\/Bsin(zj‘g}ﬂn(yq)}— 2AZBZ[ coé(%j— co \%ﬂ}/@un)

Ananuz. Eciu (1—;7) / JD = p/d, rae p, g — uenbie, To ypaBHeHue (27) UMEET JOTONHUTENBHBIE

KOopHU A4 =q7rK, K=1,00. Tem He MeHee, OyleM CUMTATh, YTO HACTYIUICHHE TAKOTO COOBITHS B MpaK-
THUYECKUX PacdyeTax MaJOBEPOSITHO.

15 154

0

0 05 1 1
R
Puc. 1. BbinonHeHne HaYanbHbIX YyCNOBUI Puc. 2. Mpocunu koHueHTpaumm npn D =3, 4 =2 u pas-
npu D=3 un =2 nuYHbIX 6: 1 -0,05;2-0,4,3-0,8
VY CTaHOBIIEHO, YTO HaYadbHbIE YCIIOBHS YAOBJIETBOPEHHI s aroboro Habopa D >0 u #>1 (B xa-

(=]

yectBe npumepa puc. 1). Eciun D =1 (ogHOpOIHBIH 1O IPOHUIIAEMOCTH I1Iap), TO VIS JIF0OOT0 3HAUCHHUS
# pas3BuTUE Npoduieil KOHLEHTpalUil B OJHU U T€ € MOMEHThl BPEMEHU OCTaeTCs OJMHAKOBBIM

(puc. 2). Ilpy D <1 nmpOHHKHOBEHHE BEIIECTBA JIMMHUTHPYETCS MPOHHUIIAEMOCTHIO 00JACTH, MPUMBI-
KaIOIEeH K MOBEPXHOCTH rpaHysisl (puc. 3,a), a st D >1 Hao60poT — IMMUTHPYET MPOIECC MOTJIOIIe-
HHsL 00J1aCTh, HAXOASIIAsACA B sape rpanyibl (puc. 3, b). Criemyer 3amMeTHTh, YTO CKOPOCTH TpOIEcca
HOTJIONIEHHsT CYIECTBEHHO Bhimie mpu D >1. VMeHbIlieHHE pajuyca KOHTaKTa 00JacTeil ¢ pasHBIMH
IPOHUIIAEMOCTAMH YMEHBIIAET CKOPOCTh MOTJIOIICHHS BELIECTBA Ipanyioi (puc. 3,C, d).

Bocmoneazyemcst momydenusiM pemenreM (32), (33)mms ounenkn mapamerpa K THHEHHONH MoOIeTn
MaccooOMeHa ¢ COCPEeIOTOYCHHBIMU TapaMeTpaMu

dQ(0)

— K [1-Q(0)], (34)
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- 1 - 1)~ _ 1
me Q)=5@(0)+1- 5 |0u(0)i @0)=3]rQ(RokR; (0
0
K =kr2/D.
a b

1.59 1.5

0

e

0 1 2 3 4 0 1 2 3
: R

Puc. 3. Mpodmnu koHueHTpauui npu: a— D=0,1, n=2;b- D=5, yp=2;¢c- D=0,1, n=4;d- D=5, y=4;
M pa3nuuHbIix 6: 1 - 0,05; 2-0,4; 3-0,8
B BrIpaxkenuu 6e3pazMepHoil CpeTHe0ObEeMHON KOHIIEHTPAITHH

— N . 3| M, Ccosu, — Sinu A U7
Q(8)=1-— n n 0+ [—/,1 Dncog —== |+
) ﬂgnZ:::L{ 75 pNDL T VD

+u,Dco ﬂ”j+D\/_S| ””’7} DVD sirE\/;%J}

Jo Jo

+ﬂ§—\/5{ﬂnDnsin[%j u1,D si \/—J

+D+/Dco f‘/ﬁj DD co{%ﬂ}[

Z (0, D7) exp{ 120 (35)
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MO’KHO OTPAaHHYHUTHCS OJJHUM WieHOM psina (puc. 4),
torma u3 (34) mu (35) mpu n=1 cuemyer, 4TO

K= ,u,lz OTKyJa

2
_ 1Dy
k=—=5—. (36)
r
B cnyyae ogHOpOIHOCTH TPaHyJIbl IO MPOHUIIAEMO-
CTH (D =1) KUHETHYECKUI mapameTp paseH [8]

kO :@ , (37)

2
Iy

D= is D, + [1——13] D, — cpenHeoObeMHBIH KO3-
n n
. ¢dunment auddysun. Pacyer mokasbiBaeT, Halpu-
08 mep, it D=3 u y=2: k=1,21, k; =13,57. D10
Puc. 4. KuHeTuka npoliecca nornowieHus BellecTsa
rpaHynoii: 1 - D=5, y=2;2- D=5, y=4;3-
D=0,5, #=2;4- D=0,5, =4 (cnnowHble KpuBbIe
— pacyert no (35) ¢ n = 200; » — pacyeT no (35) cn =1)

O3HayaeT, 4To AOMyIIeHHe 00 OIHOPOJHOCTH Tpa-
HYJIbI MO’KET BHOCUTB CYIIECTBEHHYIO ITOTPEIIHOCTh
B OLICHKY CKOpPOCTH IIOIJIOIIEHUSI BellecTBa 0e3
yueTa peajbHON CTPYKTYPHI.

3akntouenue. Iloka3ano, 9To HEYUET JOKATHLHONW HEOTHOPOTHOCTH TPAHYJIBI IO MMPOHUIIAEMOCTH Ha
ocHOBe Au(DPYy3MOHHOTO MEXaHM3Ma MEPEHOCa MPHU OleHKE KMHETHYECKOTO MapaMeTpa JIMHEHHOW MO-
JISA BHYTPUTPAHYJSIPHOTO MacCOOOMEHa B COOTBETCTBHH C TIOCTyJaToM [ okayda CyIiecTBeHHO 3a-
BBIIIAET CKOPOCTh MOTJIOMIEHHSI CPEbl, YTO, B CBOIO OYEPE/h, MOXKET MPUBECTH K 3aMBIKaHUIO Maccora-
OapUTHBIX XapaKTEPUCTHK allapaToB ¢ 3€PHUCTHIM MaTEPHUAJIOM.
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DIFFUSION TRANSFER IN A SPHERICAL GRANULE WITH IDEA L CONTACT
OF TWO CONSECUTIVE MULTI-PERMEABLE AXISYMMETRIC ARE AS UNDER
BOUNDARY CONDITIONS OF THE FIRST KIND

D.A. Konovalov, A.V. Ryazhskikh, A.A. Khvostov, E.A . Soboleva
Voronezh State Technical University, Voronezh, Russian Federation
E-mail: dmikonovalov@yandex.ru, ryazhskihav@bk.ru

The unsteady transfer of a substance through dffusiechanism in an axisymmetric two-layer
spherical granule with different permeability witteal contact is represented by a system of parabol
equations in the format of 1D spherical coordinatas the outer surface of the granule a constamt co
centration of diffusing medium is maintained, andhe& interface between the layers a boundary eondi
tion of the fourth kind is applied. An attempt tohse a similar problem posed by the method of one-
sided semi-bounded integral Laplace transform dotdead to a physically justified solution, sirfoe
small values of time, the solution is not stabld does not satisfy the criterion of convergencé \ait
increase in the number of terms of the resultingeseHowever, if the classic method of separatibn
variables to integrate the original system is aggpjlthe resulting solution satisfies each equatiotie
system and identically fulfills the initial-boungaconditions. The examined problem has an important
practical application for estimating the kineticefficient of the Gluckauf postulate of the transfate
of a single-species medium in a bidisperse gramakerial in the approximation of a hypothetical li
ear model with lumped parameters.

Keyword: two-layer spherical granule; diffusion;dnodary conditions of the fourth kind; analytical
solution.
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KpaTkue coobLieHus

YOK 519.17 DOI: 10.14529/mmph210409

MWHUMAJbHbIE BEPLUMHHBIE PACLUMPEHUA LUIBETHbBIX
NMOJNIHbIX TPA®OB

I1.B. Pazymoeckul, M.6. A6pocumoes
Capamosckull eocydapcmeeHHbIl yHueepcumem, 2. Capamos, Pocculickas ®edepayusi
E-mail: shprotby@gmail.com, mic@rambler.ru

IIpennarawTcsi K pacCCMOTPEHHIO pe3yJbTAThl MOMCKA MHHHMAJIBHBIX Bep-
IIMHHBIX PACHIMPEHMIl 1S HEOPHEHTHPOBAHHBLIX IBETHBIX MHOJIHBIX rpados.
JlaHHasi TeMATHKA HENOCPEACTBEHHO CBSI3aHA ¢ MOJEJHPOBAHHEM IOJHBIX 0TKA-
30yCTOHYMBBIX TEXHHYECKUX CHCTEM € 3JIEMEHTAMH PA3JMYHOI0 THIA B TePMH-
Hosoruu rpagos. Ecin onnchiBaTh TeXHHYECKYI0 CHCTeMYy Kak X, TO eii comoc-
TaBJsieTcsl HeKOTOpBIii rpadp G(X), B KOTOPOM BepLIMHBI COOTBETCTBYKOT JJie-
MEHTaM CHCTeMbl X, a pefpa — cBA3AM MeKAy HUMHU. THI KaKIOro 3jeMeHTa
BBIPa’KaeTcsi B COMOCTABJIEHNH KaxK10ii BepiinHe rpada G(X) HeKoTOporo uBera
U3 MHOkecTBa uBeroB F = {1, 2...,i}. BepiunHHBIM paclupeHHeM JaHHON CHC-
TEMBI TOT/a SIBJIsIETCSl HEKOTOPBIi rpad G(X), B KOTOPOM BBelAeHBI H30BITOYHBIE
BePIIMHBLI U MPH KOTOPOM CHCTEMAa, eMy COOTBETCTBYHOILAs, CIOCOOHA MPO0JI-
JKaTh padoTy B MPUCYTCTBHH K 0TKa30B JI0ObIX €€ 31eMeHTOB. [losiHbIM rpad Ha-
3pIBaeTcCs TOrAa, Koraa Jiro0ble ABe ero BepiinHbI coequHeHbl pedpom. Ilonnbie
rpagpl He HMEKT pPeOepHBLIX PACIIMPEHMIl MO ONpeleleHHI0 — He CyIIecTBYeT
cnoco6a 106aBUTHL pedpo B rpad ¢ MAKCHMATBHBIM KOJIH4YecTBOM pedep. [Ipyru-
MH CJI0BAMH, CHCTeMa, NMPeACTABJCHHAsA MOJHBIM rpadgoM, He cIOCOOHA NMPOTH-
BOCTOAThL 0TKa3aM cBsi3eil Mexkay cBoumu djiemeHnTamu. IloaTomy nannas padora
HeJTHKOM MOCBALIEeHA HCCIEe0BAHUI0 MUHMMAJbHBIX BePIIMHHBIX PACIIMPEHUI.
OnucbIBaOTCA yCJOBHS CYIIeCTBOBAHMS MHHMMAJIbHBIX BEPIIMHHBIX paciiupe-
HHUIi 111 IBETHBIX MOJHBIX I'Pad)oB, MPUBOAATCS cXeMbl MOCTPOeHUsI U Gopmy-
JIbI, 10 KOTOPBIM MOKHO BBIYMCJIUTH HE00X0AHMOe KOJIMYeCTBO JOMOJHHTEIb-
HBIX pedep A5 MOCTPOeHHs] MMHHMAJILHOTO BePIIHHHOIO0 PAacCIIUPeHHUs IIBETHO-
T0 MOJIHOTO rpada.

Kniouesvle cnosa: sepuiunnvie pacuupenus epagos; noinsie epagol, MuHUMAalb-
Hble pacuupenus epagos; pacuiupenus Yeemuvix epagos; ysemuovie spagpoi.

Bgenenue

IIpu mpoeKTHPOBaHNN TEXHUYECKUX CHCTEM 0CO00€ BHIMAHHE YIENIETCS CBOWCTBY OTKa30yCTOM-
quBOCTH. OTKa30yCTOWYMBOCTh KaK CBOMCTBO JMCKPETHOW CHCTEMBI BIEpPBbIC ObLa BBeleHa A. ABU-
KeHucoM [1] u TpakTyeTcsi Kak 00eCIIeUeHUEe CUCTEMBI CIIOCOOHOCTBIO TIPOTHBOCTOSTH OLIMOKE U BO3-
MOKHOCTBIO MPOJOIDKATh Pa0OTy B MIPUCYTCTBHH STON OITHOKH.

CrenyronyM m1aroM B MCCIEIOBAaHUM AaHHOU MpoOiieMsbl ctano mnepenoxenue [[. Xeizom B 1976
roay [2] 3amaun NOCTPOCHUS OTKA30yCTONYMBBIX AUCKPETHBIX CUCTEM Ha MOJENb, OCHOBAaHHYIO Ha rpa-
¢dax. B 310l MOJETN TEXHMUYECKONW CHCTEME COTOCTABIISCTCS Tpad. DIeMeHTaM CUCTEMBI COOTBETCTBY-
0T BEPUINHBI rpada, a CBA3SAM MEXAY dJeMeHTaMu — pedpa (nnm ayru) rpada. OTKa3oM dJIeMEHTa CHC-
TEMBI SBIISETCS YAaJIEHUE BEPIIUHBI U3 Ipad)a CO BCEMH MHIIUACHTHBIMUA PEOpPaMHU.

[o3nuee xon Xeitz B 1990x ronax cOBMECTHO ¢ aMEpUKaHCKHM MaTeMaTHKoM Dp3HkoM Xapapu
0600IIMIN MOJIETh Ha CITy4uail 0TKa30B CBs3el MexkAy aaementamu [3]. [Ipu 5ToM MOJENb ¢ paccMaTpu-
BaeMbIM OTKa30M 3JIEMEHTOB OBLIO MPEJIOKEHO Ha3bIBATh CHCTEMOM C BEPIIMHHOM OTKa30yCTOHYMBO-
cThio [4].

M.B. AGpocuMoOB B cBOMX paboTax [5] mpemiokuil HCIONb30BaTh TEPMUHEI «BEPIIMHHOE PACIIH-
penue rpada» u «pedepHoe pacmuperne rpada» s MoaeTy BEPIIMHHOW 0TKa30yCTOHYHUBOCTH U pe-
OepHOIl 0TKa30yCTOWYMBOCTH COOTBETCTBEHHO.

Ha mpakTrke TeXHUYECKHe CHCTEMBI COCTOST M3 DJIEMEHTOB Pa3IMYHOTO THMAa. B KOHTEeKcTe mepe-
JIO’)KEHUSI TOMOOHBIX CHCTEM Ha TpadoBYIO MOJENb MpEIIaraeTcs paccMaTpUBATh PACIIUPEHUS IS
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IBETHBIX TpadoB. B maHHOM cilyyae 3J1€MEHTY CHCTEMBI 33JaHHOTO THIIA COMOCTABISICTCS BEPIIMHA C
3aJaHHBIM Ha Hel nBeToM. TakuM o0pa3oM, paccCMOTpEHHE PACHIMPEHUH IBETHBIX IpadoB MO3BOJHUT
KOHCTPYHPOBATh OTKAa30yCTOMYMBBIE TEXHHYECKUE CHCTEMBI C KOMOWHALMEH SIIEMEHTOB DPa3IMYHBIX
THIIOB.

[lepBbIMU pe3ynbTaTaMu UCCIEAOBAHUS 33aHHON MPOOJIEMBI CTaIM aNTOPUTMBI TOCTPOCHHUS BCEX
HEU30MOPGHBIX [IBETHBIX TPadOB 33JaHHOTO KOJIMYECTBA BEPILIHH, pedep u 1BETOB [6].

CremyromM 3TanioM B MCCIIEIOBAaHWHU IBETHBIX TPa)OB M MX PACIIMPEHUH CTaJ IMOWUCK PEIICHHS
3aJa4d MUHMMAJIbHBIX BEPIIMHHBIX M peOEPHBIX PACIIMPEHUH AJISl HAMICHHBIX HEM30MOPQHBIX LBET-
HBIX rpadoB. Beul pa3paboTan anropuT™ Morcka BceX HeM30MOP(PHBIX MUHUMAIBHBIX PACIIUPEHUH IS
3aJJaHHOTO LBETHOro rpada. Pe3ynbrarsl ObLIM OMyOaHKOBaHBEl B pabote [7]. IlBeTHBIE MHUHUMAIIBHEIE
paciupenus, Mody4YeHHbIE MOCIe 3alycka peai3aluy JaHHOTO ajrOpUTMa, TTO3BOJIWIN NPOAaHATHU3U-
pOBaTh pa3IMYHbIC KJacchl TpaoB M HAUTH AJISl HUX OOIINE CXEMbI TOCTPOCHHS.

JlanHast paboTa COAEPIKUT CXEMBI ITOCTPOCHNSI MUHUMAIBHBIX BEPIIMHHBIX PACIIUPEHUIN IS IIBET-
HBIX TIOJHBIX Tpa)oB BCEX BO3MOXKHBIX KOH(Hrypanuii. IIpenBapurenbHble pe3ysibTaThl Uil MHHU-
MaJIbHBIX BEPUIMHHBIX l-pacmmpeHuid ObuIM mpeacTaBieHbl Ha KoHpepenun «Jlomonoco 2021» [8].
B nacrosmiei paboTe myOnIHMKYIOTCSI 3aKOHYEHHBIE PE3YyJIbTaThl MCCIEAOBAHHS LBETHBIX TOJNHBIX Ipa-

¢hos.

OnpenesieHusi U 0003HAYEHUS

Jlnist Havana JgajguM OCHOBHBIC OTIPE/ICIICHUS] M 0003HAYCHHSI, KOTOpPBIE OYAyT UCIOIh30BAThHCS B Ha-
croseit pabore. OCHOBHBIE TOHATHSA Teopruu TpadoB maHsl B cooTBeTcTBHM ¢ [9]. Onpenenaenus mu-
HUMAJIbHBIX pacIIUpEHU rpadoB JaHBI B COOTBETCTBHUH C [5].

Onpeoenenue 1.T'padp K, = (V ,a), riae [V|=n, nassiBaercs nonmsim, eci y Hero o6 Be BEp-
HIMHBI CMEXHBL, U,V V,u# V( u,\)Da .

Onpeoenenue 2. Ilycte G = (V,oc) —r1pad, a i0ON. Oyuknus suga f:V - {1,... ,i} Ha3bIBACTCA
BEPIIMHHOM | -packpackoii rpadga G, a f (V) ,vOV —1nBerom Bepmunsl V. [Ipu 3ToM rpad HazeiBaeTcs
epagom ¢ ygemuwviMU 6epuuUHaMU, WA Yeemuvim epaghom. J{na Takux rpadoB BBOIUTCS CIIETyIOIIee
obo3nayenue: G = (V,oc, f ) .

BBezeM HECKOIBKO TOMOIHUTENBHBIX 0003HaueHHH. [TycTh MHOXECTBO IIBETOB OyeT 0003HAYATh-
cs xak F={1..,}. Torma user Oyzer nmerb oGosuauerme f JF. MuoxecTBO
Vfi ={v|vOV, f(VY = f} — nabop BepmmH nsera f, . Muoxecrso W :{Vfi ‘ f. O F} COJCPXKUT BCE
MHOKeCTBa HAGOPOB BepIIHH 110 rBeTam. W ={V; | V; OW| \ [F 1} —mHOx)ecTBa BepLinH ¢ LBETaMH,

BCTpEYAIOIIMMUC B Tpade TOIBKO eanHOoX bl Torma W2={Vfi | Vi OW,| % [F 1 comepxut MHOXKECT-
Ba BEPIIMH ¢ HEYHUKAILHBIMHU [BETAMH, TO €CTh BCTPEYAIOIIIUMHICS J1Ba U GoJjiee pa3 B rpade.

Onpedenenue 3.Tpad G = (V* a f ) HaspIBaeTCs BepmMHHBIM K -pactmpennem (roe KON) i -
uBeTHOro rpaga G= (V,a, f) , eci rpady G BKJIagpIBaeTCA C YYETOM LIBETOB B KaXKAbIH rpad, momy-
qaroumiics w3 G yaaneHneM T00bIX ero K BepIumH.

Onpedenenue 4.Tpap G = (V* a,f ) Ha3bIBACTCS MHHUMAJIBHBIM BEPIIMHHBIM K -paciimpeHueM
(rme KON) i -miBetHoro0 rpada G = (V,a, f ) , €CJIH BBITIOJTHSIOTCS CIIEAYIOIINE YCIIOBHS:

1) rpadp G sBusercs BepmuHHBIM K -pacimmpennem nseTHoro rpaga G ;
2) tpap G conepxur |V Hik Bepmmn, To ecth [V EV [+ik;
3) @ COmCPKUT MHHHUMAIBHYIO MOLIHOCTB CPEIH BCEX TPadoB, yIOBICTBOPSIONIAX YCIOBHSIM 1) 1
2).
Jns ynoOcTBa TEPMHUH «MHUHUMaNbHOE BepuimHHOe K -pacmmpenue» Oyaem cokpamars g0 MB-Kk P.
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MuHuMadbHbIEe BepIIHHHBbIE 1-paciiMpenusi ABYXIIBETHBIX MOJHBIX rpadoB

CHayana pacCMOTPHM YacTHBIA Ciy4all MHHUMAJIBHBIX BEpPIIUHHBIX 1-pacIIMpeHuid ABYXIBETHBIX
NOJNHBIX rpadoB. J[aHHBIH ciydail TO3BOJMT B AajbHeimieM OOOOUIMTH JaHHYIO Monenb ais K-
pacimpeHnii MHOTOIIBETHBIX IpagoB.

Teopema 1.]1ns nonnoro rpada K, = (V,oc, f) cF ={ fo, f1} , |FE 2, |Vf0 F1, |Vf1 P 1 naiinercs
MHHUMAJBHOE BEPIIMHHOE 1-paciimpeHne ¢ KOJIMYECTBOM JOMOIHUTEIBHBIX pedep, paBHbIM

2n-1. Q)

Cxema NOCTPOCHUSI MUHUMAITLHOTO BEPIIMHHOTO 1-pacuimpeHust 3aKII09aeTcs B CICAYIOMECM:

1. U3 pomonHuTenbHON BepmmMHBI IBeta f; mpoBomsTcs pebpa BO Bce MCXOIHBIC BEPIIMHBI I[BETA

f

2. U3 ,I[OHOJ'IHHTCHBHOﬁ BCPIIWHBI IIBETA fl MMPOBOIATCA pe6pa BO BCC UCXOOHBIC BCPIINHBI.

IIpumep rpada, ymaoBIeTBOPSIOIIEIO YCIOBUAM TeopeMbl 1, u ero MB-1P, noctpoeHHOro 1o mpea-
CTaBJICHHOW cXeMe, N300paXkeH Ha puc. 1 U 2 COOTBETCTBEHHO.

’
’ AN
& ) -
R
-~ - - > ]
= e
~ 7’
AN ’
~ £
Puc. 1. Fpad K, , ynoenersopsiowmi ycnosmsam Puc. 2. MB-1P npeactaBneHHoro rpacda Kg . MyHkTMpom
Teopembl 1 M3o6paxeHbl AONONHUTENbHbIE BEPLUMHLI U pebpa

Joxazamenvcmego. PaccMOTprM 00a IMMyHKTa CXEMBI 110 OT/ICIIbHOCTH.

[Ipu ymaneHWM MCXOIHOH BepUIMHEI I(BeTa f, Bce MCXOXHBIC BEpUIIMHBEI [jBeTa f; TEpsIOT CBOIO
cBsA3b ¢ BepmmHaMu 1nBeta fy. Takum oOpa3zom, ucxomHbIi rpad) cTaHOBUTCS OAHOLBETHBIM. /11 TOTO
9TOOBI BOCCTAHOBUTH MCXOIHBIN Tpad, HEOOXOIUMO COCIUHUTH peOpaMu JOMOTHUTCIHHYIO BEPITHHY
nsera f, co Bcemu ncxoqusIMHU BepiuHamu 1Bera f; . KommdectBo nomonHuTeNbHEIX pebep B TaHHOM
ciydae Oyzaet paBHbeIM N—1.

Ilpn orkase mcxoqHOW BepuIMHBI IBeTa f; Tpad mpeBpamiaeTcss B IOJMHBIH JBYXIBETHBIH rpad
K,-1 - UT0OBI BEpHYTH BO3MOXKHOCTb BIOKUTbh UCXOAHBIN Irpad B pacIIUpeHUE, HEOOXOIUMO COEAUHUTh
JOTIONHUTENBHYIO BEpIIMHY IIBeTa f; CO BceMM MCXOTHBIMM BEpIIMHAMH CO CTeneHplo N—1 (Bepru-
HBI, TIOTEPABIIIHE PeOPO MOCiIe 0TKa3a paccMaTpuBacMol BepuiuHbl). C y4eTOM YCIIOBHS BEPIIHHHOTO
pacIIMpeHus, TP KOTOPOM MOXKeT ObITh ynaieHa Jrobas BepmmHa f;, pebpa OymyT mpoBeneHbI KO
BCEM HMCXOJIHBIM BepirHaM. VX o01ee KoimndecTBo OyIeT paBHO N.

HrtoroBas cymMa JOTIOTHUTENBHEIX pedep OymeT N—1+ n=2n-1.

Teopema 2. {ns nonuoro rpada K, = (V,a, f) cF ={ fo, fl} , |F E 2, |Vf0 1, |Vf1 P 1 naiinercs
MUHHMAJIBHOE BEPIIMHHOE 1-paciimpeHue ¢ KOIHUECTBOM JIOTOTHUTENLHBIX pedep, pAaBHBIM:

2n. 2)
Cxema MoCTpoeHUsT MUHHMAIBHOTO 1-paciivpeHus:
1. U3 nononHuTeNbHON BepIInHEI 1BeTa f, mpoBoasTCs pedpa Bo BCe HCXOJHBIC BEPIINHEL.
2. U3 nonomHuTeNbHOM BepuHb IBeTa f; mpoBoasTcs pebpa BO BCe HCXOAHBIEC BEPIIHHBI.

IIpumep rpada, yaoBICTBOPSIOIIEIO YCIOBUAM TeopeMbl 2, U ero MB-1P, mocTpoeHHOro 1o mpea-
CTaBJICHHOW cXeMe, N300paXkeH Ha puc. 3 U 4 COOTBETCTBEHHO.
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Puc. 3. 'pacd K; , ynosnersopsiowmi ycnosmsam Teo- Puc. 4. MB-1P npeactasneHHoro rpacda K . MyHkTI-
pembi 2 pom n3oBpaxkeHbl AONOMHUTENBHbIE BEPLUUHBLI U pebpa

Hokaszamenvbcmeo. AHATOTMYHO TIpeABIAYINCH TeOpeMe NpU yAaJeHHH BepIuuHbl mBeta fy n-1
HNCXOOHBIX BCPIIMH TCPAIOT CBA3bL C ,Z[aHHOﬁ BCPMHHOﬁ, IMO3TOMY H€06XOI[I/IMO Z[O6aBI/ITI> n-1 pe6ep
MCKAY UCXOOAHBIMU BEPIIMHAMU U Z[OHOJ'IHI/ITCHBHOﬁ BCpH.IPIHOﬁ OBETAa fO . HOCKOJ’IBKy OTKa3aTb MOXET
1r00as BCpIIMHA IBCTA fO , TO JOIMOJIHUTC/IbHAA BCPIINHA IBETA fO JOJDKHa OBITh COCJHUHCHA CO BCEMU
HCXOJIHBIMH BepIIUHAMH. [IpH 5TOM KOJIMYECTBO TOMOJHUTEILHBIX pedep Oyaer paBHo N.

AHaJIOTUYHBIM 00Pa30M JIOTIOJHUTEIbHAS BEPIIUHA IIBETA f1 JIOJDKHA OBITH COSIMHEHA CO BCEMU

HCXOJIHBIMH BEPLIMHAMHU.
HToroBoe KoMM4ECTBO TOMOTHUTENBHBIX pedep OyaeT paBHO N+ N=2n.

MunuMabHbIe BePIIMHHBIE K -paciiMpeHus ABYXIBETHBIX MOJIHBIX IpagoB

Tenepr nepeiizeM K o0IIeMy Cly4al0 MUHHMAIbHBIX BEPIIUHHBIX K -pacliMpeHuid JBYXIBETHBIX
HOJHBIX TpadoB. J[aHHBIE TEOpeMbl JanyT MOHHMaHUE, KaK CTPOATCS K -OTKa30yCTOHYHMBBHIC BEPIIHMH-
HBIE peasTu3aliy JJIsl IBETHBIX MOJIHBIX rpadoB.

Beenem crnenyromue obo3nauenus. VMcexonnsle Bepumnsl u3 V' nera fy u nsera f; Oynem o6o-

* + +
3HAYaTh 32 Vi W Vg COOTBETCTBCHHO, & IOTIONHHTEIIBHBIC 13 V' —-3a Vi, B Vi, -
Teopema 3. [Inst nonsoro rpada K, = (\/,a,f) c F ={f0, fl} , |F =2, |Vfo |=1, |Vf1 |> 1 naii-

ACTCA MUHUMAJIbHOC BEPIIMHHOC k -pacinpCHUC C KOJIMYCCTBOM AONOJIHUTCIIBHBIX pe6ep, paBHbBIM

k(k-1)
2

k(n=1)+ kn+( k-1 ( k-1 + (3)

MHuHIMAaITbHOE BEPIIMHHOE K -pacimupeHue CTPOUTCS IO CIEAYIOMIE CXeMe:
1. 13 k momomHuTENBHBIX BepIIUH BeTa fy mpoBomsTcs pedpa BO BCeX HCXOJHBIC BEPIIMHEI IIBE-
ta f;: k(n-1).
2.13 k nomomHUTENBbHBIX BepIInH IBeTa f; mpoBomsTes pedpa Bo Bce HCXOIHBIC BEPIIMHBL: KN.
3.3 k-1 nononuurensHol BepumHbl nBeta f, mpooxurcst K—1 peOpo B ofHM U TE K€ JOIOII-
HUTEJIbHBIC BEPIIMHBI I[BeTa f; ! (k - 1) ( k- 1) .
k(k-1)
—

[Ipumep rpada, ynoBIeTBOPSIONIETO YCIOBUSM TeopeMbl 3, 1 ero MB-2P, moctpoeHHOr0 10 mpeacTas-
JICHHOH cXeMe, U300paXkeH Ha puc. 51 6 COOTBETCTBEHHO.

4.3 K nonmonHUTENbHBIX BeplInH IBeTa f; crpowmrtcs momuslii rpad: K, =
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- -
Il T

Puc. 5. Fpacd K, , yaoBneTtsopsiowuit ycnosuam Puc. 6. MB-2P npeactaeneHHoro rpaca K, . MyHkTMpom
TeopeMbl 3 M306paxeHbl AONONHUTENbHbIE BePLUMHbI U pebpa

Iloxazamenvcmeo. PaccMotpum Ha npumepe MB-2P, kakue ciiydan 0TKa3a MOT'YT IIPHCYTCTBOBATh
B rpade:
1. VYnaneHsl BepIIMHEI Vi, M Vi -

2.  VYnajeHsl 1Be BEPIIUHBI Vfl .
3.V \Y v+

. JaJICHBI BepH_II/IHI:I fO nu fO .
4, 'V \% v+

. JaJICHBI BepH_II/IHI:I fO nu fl .
5 Vv \Y; v+

. JaJICHbI BEPUIMHEL Vi M Vg .
6. VY \ vy

. J@JICHBI BEUIMHBL Vi U Vi .

+

7. YnaneHsl ABE BEPIIUHEI Vfo .

+
8. VYnajeHsl 1Be BEpLIMHBI Vfl .

[Mocnemnue nBa cirydas pacCMaTpuBaTh CMBICIIA HET, MOCKOJIBKY B rpade, MOITyIeHHOM yaleHHEeM
JOOBIX IBYX JAOMOJHUTEIBHBIX BEPIIIHH, YXKE COACPKUTCS UCXOIHBIN rpad.

Cayuan ¢ 3) mo 6) cBomsrcst kK TeopeMe 1, MOITOMY KOJHYECTBO HOIOJIHUTENBHBIX pedep OymeT
paBHO 2n—1. [ToCKONBKY TIO YCIIOBHIO BEPITMHHOTO pacmupeHuss B MB-2P MoryT ObITh ymanieHbI JIio-

. + +
Ople 1Ba pedpa — JOIOHUTEILHBIC pedpa HEOOXOMAUMO MPOBECTH W3 KAKIIOW BEPITHHBI Vi, B Vg

2( 2n- ZI) = 2( n- 1) + 0. B obmem cityyae B MB-k P MoryT ObiTh yaanens mo0bie K pedep, mosromy
¢dopmyna ans obuiero ciydast OyAeT paBHa k( 2n- 1) = k( n- ZI) + kr.

Teneps paccmoTpuM cirydaif 2), KOoraa ynaiasioTcs ABE TIOObIe MCXOIHBIC BepmInHEI Beta f; . B
JaHHOM CITydae MOJy4YMBIIUHCS UCXOAHBIH rpad cTaHOBUTCS MOMHBIM Tpadom K, _, . Ecimu paccmarpu-
BaTh rpad TakuMm 00pa3oM, 3TO O3HAYaeT, YTO MONHBIA rpad K, sBisics coequHeHueM rpados
K, + K,,_5 . 3Ha4uT, 4TOOBI BJIOKMTh UCXOIHBIHA rpad B MOTyYMBIIHUNCSH, HEOOXOIUMO BOCCTaHOBHTH

coenunenue rpada K, _, crpadom K, , cocrosmum u3 BepmuH f; . DTo 3HAUHT, 4TO HAM HEOOXOIMMO

’ K 6ep 2279 K -
CO3/1aTh M3 BEPIIMH V¢ rpadp K, c xommyecTBoM pebep — U COeIUHUTH ero ¢ K, _,, cocTos
MM M3 OCTaBIIMXCS BEPIIUH MCXOAHOTO rpada. [TockoabKy JaHHOE COeANHEHHE YKE MPHCYTCTBYET B
peuienun [uisi cirydaeB 3)—6), To o0liee KOJHMYECTBO JONOIHUTENBHBIX pedep st ciydaeB 2)—6) Oyaer

2(2-3)

paBHO 2(n—1)+ 2n+T.

OueBHIHO, IPU PACCMOTPEHUH OOIIETO Cay4as MPH yIaICHUH JIFOObIX K MCXOIHBIX BEPIIMH IIBETA
f; mcxonuslit momueli rpad cranosurcs K, _\ . DT0 3HAUUT, 4TO HEOOXOAUMO BOCCTAHOBHUTH COCAUHE-
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HUC K, +K - I/ICXOIUI n3 pacc )KZ[GHI/Iﬁ BBIIIIC, B O6H.[€M cJIydya€ KOJINYECTBO OOIIOJTHUTCIBHBIX 666
k n-k

Oyzmer paBHO k( n —1) + kn+@ .

PaccmoTpum ocrasmuiics ciydait 1). Ilpu yianeHuN BEPIIMHBL Vi M Vi MOJYYMBIINICA UCXO/-

HBII Tpad sBiserca K, _,, cocrosmuii Tonpko u3 BepiuH mBeta f; . Kak n B cinyuae 2), Heo6xoxumo

BOCCTaAaHOBUTH COCAMHCHHEC Kn_2 C K2 , IpUYICM K2 AOJDKHO BKIIIOYATh BEPIIMHY LIBETA fO . Cnyqan C

+ +
3) mo 6) y»e MMEIOT JOCTaTOYHBIE pedpa, CoeTUHSIONTHE Vi, € Vg H Vg C Vi (a Taxxe K;, cocros-

Y1-9_

mee U3 BepumMH nBera f; C konmdecTBOM pebep T—O). Ob6miee umncino pedbep OyaeT paBHBIM
n-2)(n-2- 1-
(202270 s (n-2)2+ A2,

B o6mem ciayuae npu yaaneHud K BepIIMH HCXOIHBIN rpad ctaHoBHTCA K| _ , IpHYEM OH COCTO-

T TOJBKO M3 BepiuuH 1Bera f; . CnenoBaTenbHO, HEOOX0MMMO BoccTaHOBUTH coenunenne K, ¢ K .
+ +
Cayuan ¢ 3) o 6) y)Ke MMEIOT JOCTaTOYHbIE pebpa, COeIUHSIOIINE Vi, © Vg H Vg C Vi (a Taxxe

Ky_1 , cocTosmmee u3 BepiuuH nera f; ). Obmee uncio pebep OyneT paBHBIM
(kD) k—l)é ) (=0 k—1)§ - 2) _

2 2
n? - n-2k+2_ n(n-1) 2k- 2_ n(n-1) ~(k-1)
2 2 2 2 '
n(n-1)

Hecnoxuo 3aMCTUTh, YTO JAaHHOC YHCJI0O MCHBIIC Ha K -1, a 3HA4YuT, YTOOBI BIIHCATh HC-

XOJIHBIN TTOJHBIN Irpad) B HONy4nBIIMICS, HYy*)HO 100aBuTh K —1 peGep mexxay BepurnHamu nsera fy u
nsera f; . OTH pebpa MOKHO MOJIYYUTH ITyTEM HX JOOABICHHS MEXTY NOIOTHUTEILHBIMH BEPIIMHAMU
nsera fy u f;. IlockombKy MOMKHO OBITH BBIOJHEHO YCJIOBHE BEPIIMHHOTO PACIIUPECHUS, U MAKCH-
MaJbHOE KOJIMYECTBO yJaJCHHBIX BEPIIMH IBeTa f; B mepBoM cirydae MoxeT ObITH TonbkO K—1, TO
JUISl MUHUMAJIBHOTO BEPIIMHHOTO K pacmmpeHus 1octaTouHo npoBectd K —1 momoiHUTENnbHBIX pedep
u3 K —1 1onosHUTENbHBIX BEPIIUH IBeTa f; B IOMONHUTENbHBIC BEpPIIMHBI I1BeTa fj ! (k —1) ( k- 1) .

Teopema 4. lns nonHoro rpada K, :(V,a, f) c F :{ fo, fl} , |F =2, |Vf0 |>1, |Vf1 | > 1 naii-

ACTCA MUHUMAJIbHOC BEPIINHHOC k -paciipCHUC C KOJIMYCCTBOM AONOJIHUTCIIBHBIX pe6ep, PaBHBIM:
k-1
2nk+>" (k= j)+ k(k-1). 4)
=1

Cxema MocTpoeHNs MUHIMAaJIFHOTO BEPIIMHHOTO PACITHPEHUS:

o
1. U3 xaxnoit Vi, TIpoBesieM pedpa Bo BCe MCXOHBIC BEPIIMHBL: KN.

Lot
2. U3 xaxnoit Vi, TIpoBesieM pebpa Bo BCe MCXOHBIC BEPIIMHBL: KN.

3. I3 nmonomHuTenbHOM BepmmMHBI IBeTa f; mpoBemeM pebpa B (k—l) JOTIOJTHUTETHHYTO
BepumHy 1BeTa fjy. [lanee n3 monomHnTeNnBbHOM BepiuuHEI nBeTa f mpoenem (k - 2) BEPIIVH B

JAOMNOJHUTCIILHBIC BCPUIMHBI IBETA fl . HaHHaﬂ Oorcpanus NOBTOPACTCA MPU YBCINYCHUN CTCIICHU

K pacimupenus, MOCTENICHHO YMEHbBINAs KOJMYECTBO JOMOIHHUTENIBHBIX pebep. Takum oOpazom,

k-1
obiiee yncio pebep OyaeT paBHO: Z(k - j) .
j=1
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4. U3 MHOXecTBa V'ftJ Y MHOXKECTBA V;; HOCTPOUM JIBa MONHBIX rpada K : 2@.

[Ipumep rpada, yaoBIeTBOPSIOMIEro ycaoBUsIM TeopeMsl 4, u ero MB-2P, noctpoenHoro mno npea-
CTaBJICHHOM cXeMe, H300payKeH Ha pHC. 7 U 8 COOTBETCTBEHHO.

Hokazamenvbcmeo. PaccMOTpUM Cilydan OTKa3a 2 BEpUIMH Ha HpHMepe pacumpeHus ¢ K=2.
BonbIIMHCTBO CiTyyaeB aHAJIOTHMYHBI CITydasiM M3 TEOPEMbI 3, OHAKO 371€Ch MOSBISACTCS €lle OWH J0-

MOJTHUTENILHBINA. KOT/IA YAAJSIOTCS 2 BEPUIMHBI Vi, - ITockonmbKy OTKa3 IBYX BEPIIWH Vi, aHAJOTHYeH

YAQICHUIO JIBYX V¢ , TO OyzieM paccMaTpHBaTh ATOT CIIy4ail Kak BapUaHT cirydast 2).

Puc. 7. Npad K4 , YAOBINETBOPAKLIUNA YCITIOBUAM Puc. 8. MB-2P npeactaBneHHoro rpada K4 . MyHkTMpPOM
TeopeMbl 4 M306paxeHbl AONONHUTENbHbIE BePLUMHbI U pebpa

Cayuau 7) u 8) TaK e, KaK ¥ B TeopeMe 3, He IMEET CMBICIIAa pacCMaTPHBATh.

Ciyuan 3)—6) cBoIsTCS K TeopeMe 2, MOITOMY KOJIMYECTBO JOMOIHHUTEIBHBIX pedep OyAeT paBHO
2n. ITo YCJIOBHUIO BCPIIMHHOI'O pAaCIINPCHUA B rpaq)e MOT'YyT OTKa3aTb J'IIO6BI€ ABC BCPIIHHBI, TIO3TOMY
JOTIOJTHUTENIbHBIE pedpa HEOOXOIUMO MOCTPOUTH U3 KaKIOW AONMOIHUTENHHON BepmuHbl 2[2n. B 06-
miem ciyyae K[2n.

PaccMoTpuM Teneps yaaneHne K MCXOMHBIX BEPIINH OJHHAKOBOTO I(BETA. J{iis Vfo OH aHAJOTMYCH

npeapiaymei Teopeme. Takke U s Vi, - DTO O3HAYAET, YTO HEOOXOAMMO MOCTpouTh |F | momHbIx

k(k-1)

rpadoB K, : 2 . Jnst K =2 xoJau4ecTBO IOMOJTHUTENBHBIX pedep OyIeT paBHO ABYM — ISl IBYX

nonssix rpagos K, .

[lepeiineM k ocTaBHIEMYCS CIydaro, KOTJa yAalsIOTCS BEPIIMHBI Vi, M Vi - [ony4ennsiii rpag

cogepxxur K, , (B obmem ciaydae K_, ) HCXOIHBIX BEPIIMH Pa3IMYHBIX L[BETOB. DTO O3HAYAET, YTO
HaM HeoOxoaumo no6asuts K., , cocrosmuii u3 BepmuH nsera fy u f; .

YroObI BIOKHUTH Ipad B JOMOTHUTEIbHBIEC BEPIIUHBI, HEOOXOAUMO T00aBUTh (k —1) pebep mexny

BEpITUHAMU V?(') u V}; , B caydae K =2 tpebyercs n1o6aBuTh 0HO pebpo.

IMpu yBenuueHun K pactet 4ucio BApHAHTOB, BEPIIMHBI KAKUX I[BETOB MOTYT OBITh yaasieHbl. J[py-
TUMHU CJIOBaMH, PACTeT KOJIMYECTBO BaPUAHTOB, U3 BEPLIMH KaKHX I[BETOB MOXeT coctosaTh K, , koTo-
pyro HeoOxonuMo nobaButh. Hampumep, npu K =3 Moryt ObITh ynaneHsl aBe BepumMHBI nBeta fy u
onHa nBera f;, a Takxke MOryT OBITH yAaJIieHA OJHA BepiiuHa IBera f, u nBe —uBera f; . [Ipu sTom
nobasienne K—1 pebep MEXIy JTOMOTHUTESIBHBIMU BEPIIHHAMHU 331aHHBIX I[BETOB 0T BO3MOXHOCTh
BJIOXKHTH TOJBKO OIUH U3 BapuaHTOB K| . s TOro 4roObl MIMETh BO3MOXKHOCTb BIIOKUTH 00a BapHaH-
Ta, & TAKXKE BBIOJHUTH YCIOBHE MUHUMATBHOCTH, HEOOXOIMMO JOTOIHUTENILHO 100aBuTh K —2 pebep
MEX]Ty JaHHBIMU JIOTIOTHUTEBHBIMU BEPIIMHAMH PA3HBIX IIBETOB. VITOroBOE KOIMYECTBO JT0OABICHHBIX
pebep Oyzmer paBHO (k —1) + ( k- 2) .

IMpu k>3 nmanHas JOTHMKA PACHPOCTPAHACTCS CICAYIOIIAM OOpa3oM: MPU YBEIWYCHHUU CTEIICHU
pacImpeHns yBEeJIMYMBAETCS KOJMUYECTBO BAPHAHTOB OTKA30B BEPIIHH, CIIEIOBATEIHEHO, HEOOXOIMMO
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HOKPBIBAaTh BCE CIIy4au yBeJIHMUCHUEM KomuuecTBa pedep. Tak, s K =4 kommuectBo pedep Oyer pas-
HBIM (k —1) +(k— 2) +(k— 3) , IOCKOJIBKY CYILIECTBYET TPHM BapHaHTa yJaJeHHs BepIIMH IBeta f; u
f, . Jng K=5 Takux BapHaHTOB 4eThIpe, M Tak Jajnee. COOTBETCTBEHHO, [UIS TIOKPHITHS BCEX BapHaH-
k-1
TOB 00111ee unciio pedep OyneT paBHO Z(k - j) .
j=1
Takum 00pa3oM, MBI PACCMOTPEIIHN BCE CIy4al OTKAa30B BEPILIHUH.

4. MuHMMAJIbHBIE BEPIIHHHBIE PACHIMPEHUS TPEXIBETHBIX MOJIHBIX rpadoB
VYBeNMU4MM KOJIMYECTBO I[BETOB B Tpade 0 TPeX U HCCIIEAyeM MPEACTABICHHYIO MOJEIb TMOCTPOe-

HUSI MUHUMAJTBHBIX BEPINUHHBIX K -paciimpeHuii.
Brenem dyaknuro F (W) —Ha00p IIBETOB, KOTOPHIE IPUCYTCTBYIOT B MHOXKECTBax BepmH u3 W .

+
I[J'ISI yZ[O6CTBa IMOBECTBOBAHHS 00O3HAYKNM BCPIIMHBI IIBETAa M3 MHOKCCTBA F (Wl) 3a VWl n VWl -

+
HCXOOHBIC U NJOIIOJJHUTCIILHBIC COOTBETCTBCHHO. Amnanornyno 0003HaYMM VW2 u VW2 .

Teopema 5. JIna nonroro rpada K, = (V,a,f) c |[F|=3 |[W|>1, (WZ( =1 wmaiigercs MHUHH-

MaJibHOE BEpIIUHHOE K -paciimpeHue ¢ KOJMYeCTBOM JIOMOJTHUTEIbHBIX pedep, paBHBIM:

2(n=2)k+ nks [W [( k- 3 k-;+@+ : 5)

Cxema IMOCTPOCHUA JAHHOTO MUHUMAJIBHOI'O BEPIIMHHOTO PAaCIIUPCHUA.

1. U3 k Bepmmnu Vv-I\;l (mms xKaxmoro IBETA M3 F(Wl)) MIPOBOJUTCS (n—2) pebep B BEPIIMHEI
ucxoaHoro rpada V2 —BO BCE BEPIIMHEI, KPOME BEPUIMH LBETA 13 F (Wl) : 2(n - 2) k (B 06mmem
cryaae [WH |(n— |vvlb k).

+
2. U3 K [momomHHUTENBbHBIX BEPIIUH VW2 MIPOBOIATCS pebpa BO BCE BEPIIUHBI MCXOTHOTO Tpada:
nk.

. +
3. M3 k-1 momonHUTEIBHON BEPIIUHBI Vi VT KKJIOTO LBETa M3 F(Wl) nposogurcst K —1

p€6p0 B OJHM M TC KC IOONOJHUTCIBbHBIC BCPIIMHBI HBETA U3 F(WZ) . KomnuecTtBo p€6€p:

WH (k=3 (k-1.
4. Kaxnaas napa JOMOJHUTENBHBIX BEPILINH pa3HOTo 1BeTa U3 F (Wl) coenuHseTcs pedpom K .

k(k-1
5. Crpowutcs moHblii rpad) U3 JONOJHUTEILHBIX BEPIIKH IBeTa U3 F (Wz) : % .

Jlokazamenvemeso. Cnenyet u3 teopeMbl 3. UeTBepThI MMyHKT cXeMbl 00OCHOBBIBACTCS TEM (hak-

TOM, 9TO TIPH YOAICHHUH JI000T0 HabOpa, COCTOSIIETO U3 BEPITHH U3 wt, TEpSIeTCS CBSA3b MEXKIY Bep-
[IMHAMH JAHHOTO I[BETa, IO3TOMY €0 HY)KHO CKOHCTPYHPOBATh U3 JIOTIOJIHUTEIBHBIX BEPIIVH.

Teopema 6. Ina nonHoro rpadga K, = (V,oc,f) ¢ |[F|=3, W|=1, |W?|>1 maiigercs Mumu-
MaJIbHOE BepIIMHHOE K -pacIiupeHne ¢ KOJIMYECTBOM JOMOIHUTEIBHBIX pedep, paBHBIM
k(k-1) k2
(n-1)k+2nk+ (k-1 ( k-1 + 2%+Z( k= ). (6)
=
Cxema MoCTpOeHUs JAaHHOT'O MUHUMAaJIBHOTO BEPIIMHHOTO PaCIIUPEHUS:

+
1. U3 K OOmogHHUTENBHBIX BEPIIMH V1 TIpoBoasTes pebpa BO BCe BEPIITMHBI V2 (n —1) k.
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+
2. W3 Kk Bepumn V2 KXKIOTO IBeTa 13 F (Wz) MIPOBOJIATCS pedpa BO BCE BEPITUHBI HCXOTHOTO
rpaga: 2nk.

N +
3. U3 k-1 qomomHUTENbHOM BEPIIHHEI V4 IS KaKIOTO LBETa M3 F(Wl) mpoBogurcst K —1

pedpo B OOHM W TE K€ JOMOJHHUTCILHBIC BEPIIUHBI I[BETA U3 F(WZ). KommgectBo pebep:
2(k-1)(k-1).

4. W3 nDONOJHUTEIHHOW BEPIIHHBI Vv+v2 nsera C U F(Wz) mposeneM pebpa B (k—l)
JOTIOJHUTENIBHYIO BEpLIMHY IBeTa C, [ F(Wz). Jlaee U3 JOIOJHUTEIBHONM BEPUIMHBI [BETA C°

MpoOBEJIeM (k - 2) BEPILUH B JIONOJTHUTENbHBIE BEPIIUHBI iBeTa C; . [laHHas omepaiys NOBTOpseTCs

NpU yBEIWYCHUU CTETEeHW K paciimpeHwus, MOCTENCHHO YMEHbIIash KOIMYECTBO JOMOIHUTEIbHBIX
k-1

pebep. Takum oO6pazom, obIee anciio pedep OymeT paBHO Z(k - J) .
j=1

k(k-1)

2
Joxazamenvcmeo. JlaHHYI0 CXeMy MOXHO pa3OUTh Ha JIBE — CXeMa MOCTPOCHUS PACIIUPEHUS ISt

. +
5. [nsa xaxngoro nsera u3 F (WZ) MOCTPOMM TIOJHBIN Tpad u3 Vo2 2

rpada ¢ W |=1,W? |> 1u cxema mms W |>1,[W? |= 1. Hynkrer 1-3 cieayror u3 Teopemst 3. ITo-
CIICJTHUE JIBA ITyHKTA CIICAYIOT U3 TeOpeMsI 4.
Teopema 7. lns nonHoro rpada K, = (V,a,f) ¢ |[F|=3 [WY|=0, |W?|>1 naiigercst Munu-

MaJIbHOC BCPIINHHOC k -paCIMpCHUC C KOJINYICCTBOM JOIOJIHUTCIIBHBIX pe6ep, PaBHBIM
k(k-1 k1 .
3nk+3%+ S (k- ) @
j=1

Cxema nocTpoeHus:

+
1. Jlnsg kaxmoro mBeTa U3 F(WZ) 3 K TOMONHHUTENBHBIX BEPIIMH V2 TIpoBOASTCS pebpa BO Bce

BEpIIMHBI HCX0HOTo rpada; 3nk (B oGmem ciydae W2 | nk).
2. Jlna xaxnoi mapsl IBETOB Cp,C, L] F(WZ) U3 JIONOJIHUTENBHON BEPUIMHBI LBETA C; IMPOBOAATCS

k-1 pebep B BepImIMHBI IBeTa C, , a U3 JONOJHUTEIBHON BEpIIMHBI IBeTa C, pebpa B K—2
JIOTIONHUTENbHBIC BEPUIMHBI IBeTAa C; W Tak Jajee NPH YBEIWYCHHH CTEICHH PACLIMPCHUS:
k-1 )

3 Z(k— j) . Hecnoskno 3aMeTHTB, 9TO BCE paccMaTphBaeMble Iaphl 0Opasyror monusii |W< |-

j=1
BepIIMHHBINA rpad. Takum oOpa3oM, B 00IIEM Cilydae KOJHUYECTBO JIOMOJHHUTEIBHBIX pebep Oyrer
W2 (W2 -]
paBHBIM —————— Z(k— j)

2 =
2 . + . k(k_l)
3. g Kaxaoro mBeTa H3 F(W ) CTPOMTCS TOJNHBIN Tpad u3 V2 3———= (B obmieM ciryuae
k(k-1
W2 |¥).

Hokaszamenvscmeo. CiieyeT U3 IPEIbIIYIINX TEOPEM.
Teopema 8. [lna nomuoro rpada K, = (V,a,f) ¢ |F|=3, IW'|>1, |W?|=0 uaiigercs munn-

MaJIbHOC BCPIINHHOC k -paCIMpCHUC C KOJINUCCTBOM JONOJIHUTCIIBHBIX pe6ep, PaBHbBIM
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(w1
2

+
Cxema MOCTPOCHHA 3aKIH0YACTCA B TOM, YTOOBI IMOCTPOUTH K momHbIxX Fpa(l)OB 13 BCPIINH le .

(8)

[Ipumep rpada, yaoBIeTBOPSIOIIETro yciaoBusaM Teopemsl 8, u ero MB-1P, noctpoenHoro mo npen-
CTaBJICHHOM cxeme, n300paxeH Ha puc. 9u 10 cOOTBETCTBEHHO.

Puc. 9. Npad K3 , YAOBNETBOPSALUNNA YCIIOBU- Puc. 10. MB-1P npepcTtaBneHHoro rpada K3 . MyHKkTMpPOM
fAIM TeopeMbi 8 n306paxeHbl AONONHUTENbHbIE BepLUMHbI U peGpa
Hoxazamenvcmeso. Ilpn ynanenun nro0oi BepmmHbl Jroboro nsera rpad K, npespamaercs B

K,-1, moatomy Heobxomumo coeanHuth K, ; ¢ K;, mocTpoeHHBIN M3 JONOIHUTEIBLHON BEPUIMHBI
yJaneHHoro 1BeTa. ITockonabky MOXKeT OBITh yJajieHa BEpIIMHA JII000ro IBETa U JUli KaKAOro IBETa
HeoOxonumo coequHATh K, ynamenHoro msera ¢ K, _;, To HykHO npoBecTH N—1 pebep n3 Kaxmoi
JIOTIONIHUTENBHON BepIIMHbL. OUeBUTHO, YTO YCIOBUE MUHUMAIBHOCTH PACIIMPEHNUs JOCTUTAETCs TOT/a,

n(n—l)'

Korga Kaxxaas JOIOJHHUTCIbHAS BEpIIMHA COCAWHCHA C OCTAJIbHBIMHU JONOJIHUTCIbHBIMHU: C

Y4ETOM CTENEHHU pactmpeHus K HeoOX0AuMo mocTpouTh K monHBIX rpadoB U3 K JTOMOTHUTEIBHBIX
BEPIIUH.

3ameuanue. YcnoBus Teopembl 8 cripaBeTUBEI U [uisi rpadoB ¢ |F |= 2.

PaccmarpuBas mpeacTaBlICHHBIC TEOPEMBI, MOKHO OOHAPYKUTh HEKOTOPYIO 3aKOHOMEPHOCTH B TIO-
CTPOCHHHU CXEMbl MHHHMAJILHOTO BEPIIMHHOTO K -pacimpeHust 1uisl pa3indHbIX KoH(uUryparmii rpados.
B nelicTBUTENBHOCTH, BCE ONMMCAHHBIE BBIIIE CXEMBI MOXKHO CBECTH K €IMHOM 1 0000IINTH BCE TEOPEMBI
BhIIIE K 00IIeH Teopeme AJIsl IBETHBIX MOJHBIX rpadoB Tr000i KOHPUTYpaLun.

5. MuHuMAaJIbHbIEe BePUIMHHBIE K -paciIMpeHusi IBETHBIX MOJIHBIX rpados

Crnenyromasi TeopemMa sIBISICTCS CICACTBHEM 3aKOHOMEPHOI'O Pa3BUTHS HMIEH IOCTPOCHHS CXEM
MHMHHMMaJbHOTO BEPUIMHHOTO K -paciiuMpeHust Ui LBETHBIX IIOJHBIX TIpadoB, PAaCCMOTPEHHBIX B
Teopemax 1-8.

Teopema 9. Jlna nonsoro rpada K, = (\/ N3 f) ¢ |F |> 1 naiinercs MuHMManbpHOE BepuimHHOE K -
pacuIMpeHre ¢ KOJIMYECTBOM JIOMOIHUTEIBHBIX pedep, paBHBIM

W (W) e WP |nkrN§|v€/( k Yk )HW I:Zj(k—j) +
K(k=1) , W (W -9 ©
2 2

CxeMa moCTpOeHHs] TaHHOTO MUHUMAJIBHOTO BEPUIMHHOTO PACHIMPCHHUS 3aKII0YACTCs B CICAYIO-
IEM:

+|W2 |

+
1. Jlng kaxmoro mpeTa w3 F(Wl) MPOBOIATCSA pedpa U3 K IOMOMHUTENBHBIX BEPIIHH V,1 BO BCC

- L
BEPUIMHBL V, 5 ! W |(n— |Wt D k.
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+
2. i Kakaoro IBeTa u3 F(WZ) 3 K IOMONHHUTENBHBIX BEPIIMH V2 TIpoBOASTCS pebpa BO Bce
BEpIIMHBI HCXoaHOTo rpada: |W? | nk.
. +
3. U3 k-1 momoaHuTeNbHOM BEPIIHHEL V2 » UL KXKJIOTO LBETa 13 F (Wz) nposogutcst K —1 pedpo

B OINHA M TE€ JKC JOINOJHUTEIbHBIC BEPIIMHBI IIBETA U3 F(Wl). KommaectBo pebep:

WA
2IWF (k=3 (k- 9.
0
4. JIna xaxnoil mapsl 1BETOB C;,C, F(Wz) U3 JIONOJHUTEIBHON BEPIIUHBI L[BETA C; IPOBOIATCS

k-1 pebep B BepIIMHBI IBeTa C, , a U3 JONOJHUTEIBHON BEpIIMHBI IBeTa C, pebpa B K—2

AONOJJHUTCIIbHBIC BCPIIHWHBI TBCTA C_I. U TaK JajJec NIpH YBCIWUYCHUU KOJIUYCCTBA BApPUAHTOB

W2 (W2 -3 (2
yIaJeHus HCXOAHBIX BEPIIUH Pa3InIHOTO I[BETA. B — Z(k - j) .
j=1
k(k-1)
>

6. Kaxgas mapa [JOMONHUTENBHBIX BEPIIMH pa3HOTO IBETa W3 F(Wl) coenuHsAeTCs pedpoM:

W (1w -9
K——mM—.
2
B pabore M.b. AGpocumoBa [5] mnpuBoamTCcs TEeopeMa O MHHHMAIBHOM BepUIMHHOM K -

. +
5. Jlast kaxmoro seTa u3 F (Wz) CTPOUTCS TOJHEIH rpad u3 V2 W2 |

pacmupeHuu nonHoro rpada K, = (V ,a) . B Heli roBopuTCS, 4TO MOJIHBIN rpad UMEET €IUHCTBCHHOE C
TOYHOCTBIO 710 n3oMopusMa MB-K P, n aTum pacmmpennem siBisercst noiusii rpad Ky -

ITonueiit rpad Oe3 BBeAcHHON HAa HeM (YHKIMHM PacKpackKM MOXKHO paccMaTpHBaTh Kak Ipad
K,= (\/ N3 f) ¢ |[F|=1, W' [=0, [W?|=1. [locunTaeM KONHYECTBO IOTOJIHATEIBHBIX peGep B pac-
mmpenun K, -

(n+Kk)(n+ k=1)- n( n-1) _n’+kn-n+ knt K- k= A+ n 2kn+ K - K e k(k-1)
2 2 2 2
Teneps mocynTaeM KOITUIECTBO JIOTIOTHATENBHBIX pebdep mo Teopeme 9.

0(n-0)k+ nk+ m%m[kz_l( k- j)}r k(kz—l) . ;\0[62_]) = kml((Lz_]).

=1

Cneocmeue 1. CxemMa TOCTPOEHUS MUHMMAJIBHOTO BEPIIMHHOTO K -pacimupeHus ¢ 3aJaHHBIM IO
(hopMyITe KOJTHUUECTBOM OMOJHUTENBHBIX pebep CrpaBeInBa M Iis MONHBIX rpados ¢ |F |= 1.

Paboma svinoanena npu nodoepoicke Munobpnayku Poccuu 6 pamkax svlnoimnenus 20cyoapcmeeH-
noeo 3aoanus (npoexm Ne FSRR-2020-0006).
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THE MINIMAL VERTEX EXTENSIONS FOR COLORED COMPLETE GRAPHS

P.V. Razumovsky, M.B. Abrosimov
Saratov State University, Saratov, Russian Federation
E-mail: shprotby@gmail.com, mic@rambler.ru

The article proposes the results of the searchmiaimal vertex extensions of undirected colored
complete graphs. The research topic is relatetigartodelling of full fault tolerant technical syste
with a different type of their objects in the tenoliogy of graph theory. Let a technical systen®be
then there is a grapB(X), which vertices reflects system'’s objects andesdgflects connections be-
tween these objects. Type of each object reflectedmapping of some color frof= {1,2...i} to the
corresponding vertex. SystenE¥svertex extension is a grak(X) which contains additional vertices.
System reflected by grapB(X) can work even if there alefaults of its objects. Complete graph is a
graph where each two vertices have an edge betitheem Complete graphs have no edge extensions
because there is no way to add additional edgeetgitaph with a maximum number of edges. In other
words, the system reflected by some complete graphot be able to resist connection faults. Thegefo
the article research is focused on vertex extessioity. There is a description of vertex extensiexis-
tence condition for those colored complete grafimés paper considers generating schemes for such
minimal vertex extensions along with formulas, whatlows to calculate number of additional edges to
have an ability to construct minimal vertex extensi

Keywords: graph vertex extensions; complete graghsph minimal extensions, colored graph ex-
tensions, colored graphs.
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UHdopmauums
EBFEHUA AHATONbEBUY BENIEHKOB (21.01.1964 — 28.10.2021)

28 okts10pst 2021rona yien u3 sku3Hu EBrenuii AHaToJIbeBUY
BbenenkoB, mpodeccop, HOKTOp (U3MKO-MAaTeMaTHYECKHX HayK,
npodeccop kKadpenpsl GU3NKK KOHIESHCUPOBAHHOTO COCTOsSTHUS Ye-
JSIOWHCKOTO TOCYIAPCTBEHHOTO YHUBEPCUTETA.

Esrennii AnaronbeBud poxwicsa 21 suBaps 1964 B ropone
ITepBoypanscke CeepayioBckoit obmactu. B 1986 romy oxoHumn
YenaOMHCKHUI roCy1apCTBEHHBINH YHUBEPCUTET U HOIYUHII JUILIOM
¢ npucBoeHueM kBanupukanuu «Dusuk. [Ipenoxasarenn». [locie
OKOHYAHUSI YHHUBEPCHUTETA CIY)KWUJI moyitopa roja B psgax Cosert-
ckoit apmuu. B 1988 rogy nayan paboTaTe MiaAlIuM Hay4HBIM
COTpYIHUKOM B UenssOMHCKOM TOCYapCTBEHHOM YHHBepcHuTeTe. B
nepuof ¢ 1992no0 1997nocreneHHo poc B JOJHKHOCTH OT HAYYHO-
ro COTpymHUKa 1o moreHrta, a ¢ 2003roga Havan paboTarh mpo-
(dheccopom Ha Kadenpe (PU3MKH KOHACHCHPOBAHHOTO COCTOSHHS
Yenl'Y. Kpome toro, EBrenunii AnaronbeBud padboTai o coBMecC-
THTEJLCTBY Mpodeccopom B KOxHO-Y pabCKOM rocyaapCcTBEHHOM
yauepcutere B 2005—20121 MarHutoropckoM rocynapcTBEH-
HoMm yauBepcutere B 2003—201%T.

EBrenuit AHaTONbBEBUY BCIO CBOIO *KU3Hb MOCBATWJI Hayke. B
1995rony oH 3amMTHI KaHAMJATCKYIO quccepranuio «Dopmupo-
BaHME KPHCTAIIOB B yIbTpamguciepcHeix cucremax C u C-Si, ctuMymupoBanHoe (ha30BBEIM IIpeBpaIe-
Huem» 1o crneuuanbHocTy 01.04.07 -Dusuka KOHACHCHPOBaHHOTO cocTostHus, a B 2002roay ycrnemHo
3alUTHIT AUCCEPTANUIO 10 TeMe «DOpMHUPOBAHHE KPUCTAIUIMYCCKON CTPYKTYPBI YIJICPOIHBIX U Kap-
OMJIKPEMHHUEBBIX MAaTEPUAIOB» HA COMCKAHUE CTEIeHU JOKTOpa (hU3MKO-MaTeMaTHYeCKUX Hayk. Hauu-
Hast ¢ 2002rozaa, Eprenuit AHaTonbeBHY ObLT OCCCMEHHBIM YUCHBIM CEKpeTapeM JTOKTOPCKOro AHMcCep-
taruoHHoro cosera /| 212.296.031pu Yenl'Y no TeopeTrueckoit Gusuke u (HU3MKe KOHJICHCUPOBAHHO-
ro coctosinust. B 2006romy emy OblTo MpUCYXAEHO ydeHOe 3BaHUe mpodeccopa. EBrenunit Anaromnse-
BUY SIBJISUICSL DKCIIEPTOM B OOJIACTH UCCIIE/IOBAHUS YTIIEPOHBIX HAHOCTPYKTYP U OCHOBOIIOJIOKHUKOM
Hay4HOro HampasieHus B Yenl'Y mo MomenupoBaHUI0 aTOMHON CTPYKTYpPbI YIIEPOIHBIX COCTUHCHUM.
OH ObUT HEOTHOKPATHBIM TTOOCAUTENIEM IPAHTOB BCEPOCCUHCKUX U PETHOHANBHBIX KOHKYPCOB. Pe3yiib-
TATOM €r0 aKTUBHOM HaydHO# paboThl sBistorcs O0onee 300 onmyOaMKOBAaHHBIX HAYYHBIX M METOIMYEC-
ckux pabotr u Tpu MoHorpaduu. [Tox pykoBogcTBoM EBrenuss AHaToJIbeBUYA TOATOTOBICHBI W 3aIH-
HICHBI ICCATH KAHIUIATCKUAX JHUCCEPTAIHH.

Taxxe EBrenuit AHATOMREBUY BEJI aKTUBHYIO IPEIOAABATEIIBCKYIO AESITEILHOCTh. MHOTO JIeT Yu-
TaJI JICKIIUU TI0 OCHOBHBIM pazjieNiaM (U3UKH KOHJICHCHPOBAHHOTO COCTOSHHS U TIPOrpaMMHUPOBaHui0. B
Yenl'Y oH opraHu3oBai y4eOHYIO J1a0OpaTOPUI0O HAHOTEXHOJIOTHH M PYKOBOIHJ CIELICEMHHAPOM IO
(usnKe yraepoaHbIx MatepuanoB. EBrenuit AHaTonbeBHY ObLT MpeacenaTencM yaeOHO-MEeTOTUUECKOM
komuccuu ¢usndeckoro dakynprera YenalV. 3a MHOTOJIETHIOI IJIOJOTBOPHYIO PadOTy IO Pa3BUTHIO
y4eOHOTO TMpoIlecca U MOJArOTOBKH CHELHAIMCTOB eMy ObLIO MPUCYKACHO 3BaHMe <«IloueTHbIN padoT-
HUK BBICIIIET0 mpodeccruoHansHoro odopasosanust PO» (2016rox). Taxke HaydHO-TIearoruuecKkas pa-
6oTa OblTa OTMEYeHA TPaMOTOi MunucrepcTBa obpazoBanms u Hayku PO (2012rox) u bmaromapro-
cteio ['ybepraropa Yensounckoit odmactu (2021rox).

EBrenuit AHaTOMLEBHY OBLT TPYIOJIOOMBBIM YETOBEKOM U SIPKOW JTHYHOCTHIO. OTIHYANCS BHUMA-
TEJILHOCTBIO M OT3BIBYMBOCTHIO K KOJIJIETaM M CTYJICHTaM, 00J1ajian YAHBUTEILHONH OCTPOTON yMa U 1yB-
CTBOM roMopa. KoJutern u yaeHuKkH Beerna OyIyT HOMHHUTh €ro Kak I0Oporo U MPUHIMITHATILHOTO Yello-
BEKa, YBICYCHHOTO HAYKOH.

Kounern u apy3bs Tiy0OKO CKOPOST U BBIPAXKAIOT UCKPEHHHUE COOONIC3HOBAHUS CEMbE M OJIU3KUM
EBrenus AnatonpeBnya. CBeTiasi maMsaTh O HEM HaBCETJZla OCTAHETCS B HAIIMX CEeplax U B UCTOPUH
UenssOMHCKOTO TOCYIaPCTBEHHOTO YHUBEPCUTETA.

Yuenuxu, urenvi pedakyuonnot Koune2uu u pe0aKyuoHHO20 CO8eMa JHCypHaLa
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HATANA BOPUCOBHA MEOABELEBA (24.10.1960 — 2.08.2021)

2 asrycra 2021 rona Ha 61w romy ymnuia U3 JKU3HU
Haramus bopucona MenseneBa, TOKTOp  (pU3HUKO-
MaTeMaTHYeCKUX Hayk, mpodeccop kadeapsl auddepen-
OUaJBbHBIX U CTOXaCTUYECKUX ypaBHEHHH (akylpTeTa Ma-
TEMaTUKH, MEXaHUKH M KOMIIBIOTEPHBIX HayK, mpodeccop
kadeapbl BEIYUCIUTEIbHOM MaTeMaTuku Yenal'V.

Haranus BopucoBna poaunace 24 nexabpst 1960rona
B T. XabapoBcke. OKOHUMIIAa MEXaHHKO-MaTeMaTHYECKHHA
(dakynprer MI'Y 1 actiupantypy OTaeacHHS MaTEeMaTUKH B
1987r. B aToM ke roay mpuctynuia K padore B UensaOuH-
CKOM TOCYAapCTBEHHOM YHUBEPCUTETE B JOJDKHOCTH acCH-
cTeHTa. 3a BpeMs paboThl MPOILIa MyTh OT ACCUCTEHTA JI0
npodeccopa.

Kpyr nayunsix unrepecoB H.b. Mensenesoit — mpo-
Onema paznuueHHs LEeHTpa U GoKyca B MPOCTPAHCTBE BEK-
TOPHBIX TIOJIEH ¢ (pUKCHpOBaHHOW Auarpammoii HproToHa,
aHAJTUTUYECKasl Pa3peIlinMOCTb MPOOJIEMBl YyCTOWYMBOCTH B
HEKOTOPBIX KJIacCax BEKTOPHBIX MOJEW Ha IIOCKOCTU CO
CJI0KHOM MOHOAPOMHOM 0c000# Toukoi. Ero momydeHsl
collepKaTellbHbIe Pe3yNbTaThl B ATOH 00JacTH, MpHU3HAH-
HbIC 3HAYUTEIbHBIMY B HaIlIeH CTpaHe u 3a pyOekoM.

B 1988r. Haranus boprcoBHa 3ammThia KaHAMIATCKYIO AUccepTanuio Ha TeMy «O mpolseme yc-
TOWYMBOCTH MOHOJPOMHBIX OCOOBIX TOYEK Ha TUIOCKOCTH» ToJ| pykoBojcTBoMm 10.C. Unbsmenko. B
2005 r. 3amuTHIa JOKTOPCKYIO IUCCEPTALUI0 B MaTeMaTH4eckoM HMHCTHTYTe MM. B.A. Crekiosa
(r. MockBa) Ha TeMy «Y CTOMYMBOCTh MOHOJIPOMHBIX OCOOBIX TOYEK Ha TIOCKOCTH.

B 2007rony H.b. MensezneBoii ObLIO MPUCBOCHO yUEeHOE 3BaHKE mpodeccopa.

C 2014roxa Haranmus Bopucosna coBmemana pabory B Yenl'Y ¢ paboToii B qomkHOCTH Tpodec-
copa kadeaps! auddpepeHIUaNbHBIX U CTOXaCTUIeCKUX ypaBHeHui IOYpl'Y.

Vaenss 3HauuTeIbHOE BHUMaHHME yueOHOH pabore, H.b. Menpenesa moaroroBuiaa U mpodMTaia
O0JIBIIIOE KONMMYECTBO (DYHIAMEHTAILHBIX MAaTeMAaTHYECKHX KYpcoB, (hOPMHUPYIONIMX MHPOBO33pPEHUE
Oyayliero MaTeMaTuka: ypaBHEHHUS] MaTeMaTHIeCKOi (PU3UKH, ypaBHEHHUS C YACTHBIMU MPOU3BOJHBIMH,
KOMIUJICKCHBIM aHajIu3, HeNMPepbIBHBIE MaTEMaTHIECKUE MOJICIIN, YACICHHBIE METO/IbI, MATEMaTHUECKHUHA
aHaJIN3 U Jp.

Ero ony6nukoBano 6osee 60 HaydHbIX, y9eOHBIX U y4eOHO-METOINYECKUX PadOT.

Hayunbie n MeTognyeckue noctmwxkenus Hatanum BoprcoBHBI BBICOKO OLIEHEHBI M OBUIH MOJAEP-
*anbl rpanToM ¢orna J[x. Copoca u honna «KynpTypHas HHUIMATHBAY» 1O TIporpaMMe «Y HUBEPCUTE-
1ol Poccum» (1993—-1995)¢tunenaueii Jx. Copoca (1993—-1994)rpantamu Poccuiickoro dhonma ¢GyH-
JTaMeHTaNIbHBIX uccienoBanuii (PODU), rpantoM rpakaaHcKoro (GoHIa MCCICAOBAHUA M Pa3BHTHS
CIIA (CRDF).Omna 6su1a yaoctoeHa 3Banust «CopoCOBCKHIA HOIEHT» TPIuKAsl —B 1997, 19981 1999r.

B 2013roxy H.b. MenBenera Obuia HarpakaceHa [loueTHol rpaMoToit MUHHCTEPCTBAa 00pa30BaHMS
U Hayku PO.

Hatanmuro BopucoBny Bcerga oTnuuanu 100poXKenaTelbHOCTh, HHTEIUTUTEHTHOCTh, OT3BIBYNBOCTS.
Ona OblIa TATAHTIUBBIM MAaTEMAaTHKOM, BEICOKOKBATU(QHUIIMPOBAHHBIM M JJOOPOCOBECTHBIM IMpEIo/iaBa-
TeaeM. JloOphIi, KU3HEPAJOCTHBIA, TPUHITUIHATBHBIA U OSCKOMIPOMUCCHBIH YEJIOBEK — TaKOW OCTa-
Hetca Haranus boprcoBHa B maMsATH 3HaBLIINX €€ ApYy3eH, KOJJIET 1 yUSHHUKOB.

Jlpy3vs u konnecu
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TPEBOBAHUA K NYBJIMKALWUN CTATbU

1. ITyOnuKkyrOTCS OPUTHHANBHBIE PaOOTHI, COJCPIKAIINE CYIICCTBEHHBIC HAYYHBIC PE3yJIbTAThl, HE OIMy0-
JUKOBaHHBIC B IPYTUX M3IAHMAX, IPOIICAIINE dTall HAYYHOW SKCIEPTH3HI M COOTBETCTBYIOIINE TPEOOBAHUAM
K MTOJITOTOBKE PYKOITUCEH.

2. B peakosuteruio npegocraBisiercs ajaektpontas (mokyment MS Word 2003gepcust paboTel 06beMoM
He Oonee 6 cTpaHUIl, IKCIIEPTHOE 3aKIIOUSHUE O BO3MOKHOCTH OITyOJIMKOBAaHUS pa0OTHl B OTKPBITOH IeYaTH,
cBenenus 00 apropax (©.1.0., Mecto paboThl, 3BaHUE M JOIDKHOCTH JUIsS BCEX aBTOPOB pabOThI), KOHTAKTHAS
HH(pOPMAIHSI OTBETCTBEHHOTO 32 TIOATOTOBKY PYKOITUCH.

3. Crpykrypa crateu: Y/JIK, HasBanue (He 6omee 12—15cmoB), criucok aBTopos, anaotanus (150—25QcmoB),
CIIMCOK KITFOYEBBIX CIIOB, TEKCT paboThl, uTeparypa (B MOpsIKe HIMTUPOBaHUS, B CKOOKAX, €CIIM 3TO BO3MOXHO,
JIaeTCsl CChUIKA HA OPUTHHAT TEPEBOTHON KHHUTH WIH CTATbU W3 JKypHAaIa, MEPEBOIIETOCS HA aHTIIMHACKUI
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHUe, paciupeHHas anaotanus (pedepar cratbu) oobemom 10 1800
3HAKOB C TIPOOEIaMH, CIIFCOK KJIIOYEBBIX CJIOB M CBEACHHS 00 aBTOPaX Ha aHTIIMHCKOM SI3BIKE.

4. TTapametpsl Habopa. [Tomst: 3epkanbHbIe, BepxHee — 23, HIKHee — 23,BHYTpH — 22,CHApYyKU — 25MM.
Mpudt — Times New Roman 11 piiacmirad 100 %,unTepBan — 0ObI4uHbIN, 6¢3 cMemienust u anumaruu. Ot-
crym kpacHo# crpoku 0,7 cM, mHTEpBan Mexay ad3anamu O T, MEKCTPOYHBIA HHTEPBAI — OIMHAPHBIH.

5. ®opmynsl. Ctuns Matemaruueckuil (udpsl, QYHKIMH U TEKCT — NPAMOI WPU(T, MepeMEHHbIE — Kyp-
cuB), ocHoBHOM mput — Times New Roman 11 pipkaszarenu crenenu 71 %u 58 %.Boikitouenusie dop-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 LIEHTPY.

6. Pucynku Bce uepHo-0enble. JXKenmarenbHo IpeToCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (PaiioB.

7. Anpec penakiMOHHOHM koyieruu xypHana «BectHuk IOYpl'Y» cepun «Martemaruka. Mexanuka. Ou-
3UKa»!

Poccus 454080,r. Yensbunck, mp. um. B.M. Jlenuna, 76, FOxHO-Ypanbckuii TOCYIapCTBEHHBIN YHUBEP-
cuteT, PaKyIbTeT MAaTEMaTHKH, MEXaHUKU U KOMITBIOTEPHBIX TEXHOJIOTHH, Kadeapa MaTeMaTHIECKOrO H KOM-
MBIOTEPHOT0 MOJCIHPOBAHMS, TIIABHOMY peaakTopy mpodeccopy 3arpebunoit Codppe Anekcanaposue. [Prof.
Zagrebina Sophiya Aleksandrovna, Mathematical and@iter Modeling Department, SUSU, 76, Lenin
prospekt, Chelyabinsk, Russia, 454080].

8. Anpec 3ekTpoHHO# moutel: Mmph@susu.ru

9. [MTonmHyO BepcHIO MPaBUII MOJATOTOBKHM PYKOMHUCEH U puMep oOpPMIICHHS MOXHO 3arpy3UTh C caiita
xypHana: cm. http://vestnik.susu.ru/mmph.

10.KypHan pacmpocTpaHsieTcss 10 MOJMKUCKE. OJEeKTpOHHas Bepcus: cm. Www.elibrary.ru,
http://vestnik.susu.ru/mmph, httgétrauk.roypry.pd/mmph.

11.TInara c acnmupaHTOB 3a MyOJIMKAIIUIO HE B3UMACTCHI.



CBEAEHUA O XYPHAIJE

Kypnan ocnosan B 2009 roxy. CeunetensctBo o peructparwu [IM Ne @C77-57362 Beigano 24 mapta 2014 .
denepanpHOl cyk00H 10 Ha3opy B cdepe cBsA3M, MHPOPMAIMOHHBIX TEXHOJIOTHH M MaCCOBBIX KOMM YHHKAITHH.

Yupeautens — DenepanbHoe rocy1apCTBEHHOE aBTOHOMHOE 00pa30oBaTelbHOE yUPEXISHHE BBICIIET0 00pa30-
BaHus «HOKHO-Y panbCKuii rocyJapCTBEHHBIH YHUBEPCUTET» (HAIIMOHAIBHBIHN HCCIIEJOBATEIbCKUN YHUBEPCUTET).

I'naBHBIN penakTop xypHana — 1.¢.-M.H., npod. C.A. 3arpeduna.

Pemennem [pesunmyma Briciieit aTtectanionHoi koMmuccun MuHKCTEpCTBa 00pa3oBanust M Hayku Poccuiickoit
denepaunn xKypHat BKIOYeH B «[lepedeHb BenyMX peleH3UpYeMbIX HAay4YHBIX >KYPHAJIOB M W3/IaHUH, B KOTOPBIX
JIOJDKHBI OBITH OITyOJIMKOBAaHBI OCHOBHBIE HAyYHBIE PE3YJIBTATHI JUCCEPTALINI HA COMCKAHNE YUCHBIX CTEICHEH JTOKTO-
pa ¥ KaHOWAaTa HAyK» IO CIEAYIOIIAM HAYYHBIM CIICIMATbHOCTSIM M COOTBETCTBYIOIIMM MM OTpPAciisiM HAYKH:
01.01.01 — BemiecTBeHHbIH, KOMIUIEKCHBIH M (YHKUMOHAIbHBIM aHanu3 ((PpHU3MKO-MaTeMaTHYEeCKUE HAYKH),
01.01.02 — Iuddepenimansabie ypaBHEHHs, JMHAMHYSCKHE CHCTEMBI M ONITUMANIbHOE yrpaBjieHue ((Hu3uKo-mMarte-
Marudeckue HaykH), 01.01.07 — BerancnurensHas Mmarematrka (pusuko-maremarndeckue Hayku), 01.01.09 — Tuc-
KpeTHasi MaTeMaTHKa M MaTreMaTuueckas KuoOepHeTuka (¢pusuko-maremarndeckue Hayku), 01.02.05 — Mexanunka
XKHIKOCTH, Ta3a " 1iasmbl (pusnko-maremarnueckue Hayku), 01.04.05 — Onrtuka (pusuko-mateMaTHIeCcKnue Hay-
kn), 01.04.07 — ®uzuka KOHIEHCUPOBAHHOTO COCTOSHMS ((PU3UKO-MAaTEMAaTHYECKHUE HAYKN).

Pemenuem Ipesnnnyma Bricoieit arrecTanmoHHoi kKoMuccnn MuHucTepcTBa 00pa3oBaHus M Hayku Poccuii-
ckoii Penepanny xKypHai BKIIOYeH B «PerieH3upyemble HayuHble M3/IaHMs, BXOSIINE B MEXIyHapoJHbIe pedepa-
TUBHBIE 0a3bl JaHHBIX U CHCTEMbI IIMTUPOBAHMS U BKIIOYEHHbIE B [lepeueHp pelieH3UpyeMbIX HAyYHBIX M3/aHHUH, B
KOTOPBIX JIOJDKHBI OBITH OMYOJMKOBaHBI OCHOBHBIC HAay4YHbBIE PE3yIbTaThl AUCCEPTAIM HA COUCKAHUE YUEHBIX CTe-
MeHeH JOKTOpa W KaHAHUIaTa HayK» IO CIEAYIOMIMM OoTpaciisiM U rpymmam crennanbHocteil: 01.01.00 — Maremarn-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uznka, 05.13.00 — IHpopMaTHKa, BEIYUCIUTEIbHAS TEXHUKA U YIIPABICHHE.

Kypnan BxitoueH B Pedepatususlii )xypHan u bassr naraeix BUHUTH. CBenenus o xypHale eKeroxHo myo-
JUKYIOTCS B MEXIyHapOJHBIX CHPAaBOYHBIX CHCTEMax II0 MEPHOAWYECKHUM M TIPOJOIDKAIIMINMCS H3IaHHUAM
«Ulrich’s Periodicals Directory», «Zentralblatt MATH», «Russian Science Citation Index on Web of Science».

Moamucuoit munexc 29211 B obobeanHenHoMm kartanore «IIpecca Poccum», E29211 B HurepHer-kaTanore
arentcTBa «Kuura-CepBucy.

ITepuonn4HOCTS BBIXOJA — 4 HOMEpA B IO,

Anpec penakiun, usnarens: 454080, r. Yensounck, npocrekt Jlenuna, 76, M3narensckuii uentp HOYpl'Y,
kab. 32.

BECTHHK
HOXHO-YPAJIbCKOI'O
I'oOCYJAPCTBEHHOI'O YHUBEPCUTETA
Cepus
«MATEMATUKA. MEXAHUKA. ®U3UKA»
Tom 13, Ne 4

2021

Penaxrop C.4. Yeaposa
TexH. penakrop 4.B. Munux

Wznarensckuil uentp FOxHO-YpanbCKOro rocyJapcTBEHHOTO YHUBEPCUTETA

IMoxmucano B meuatsh 29.10.2021. Jlara Beixoaa B ceer 12.11.2021.
®opmar 60x84 1/8. Tlewars udpoBast. Yeu. neu. 1. 11,16.
Tupax 500 sx3. 3aka3 336/388. Ilena cBobomHAs.

Otneyarano B Tunorpaduu M3marensckoro nenrpa IOYpl'Y.
454080, r. YensabuHck, mpocnekt JlennHa, 76.





