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YCTOMYMBOCTb ®AKTOPU3ALMOHHBbIX MHO)KI/ITEJ'II;VI
®AKTOPU3ALUN BUHEPA-XOMN®A MATPUL-®YHKLUA

H.B. Adykoea

KOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUsepcumem, 2. YensbuHck, Poccutickass ®edepauusi
E-mail: adukovanv@susu.ru

AnHoTauusi. PaccmarpuBaercs ¢axkropusanuss Bunepa—Xondga aByx mocra-
TOYHO OJIM3KHUX MO HOpPMe aJire6psl Bunepa marpun-¢pynxuuii A(t) u B(t). Heabro
padoThl sBJAsAeTCA HM3yYeHHe BONPOCa, KOraa (pakTopu3anMOHHBIC MHOXKMTEIN
A(t), B(t) 6yayT mocraTrouno OJM3KH APYr K APYry. JTa 3aja4ya npeiacTaBlisieT
3HAYMTEIbHBI HHTepec B CBA3H ¢ Pa3padoTKoi MeTOJ0B NMPHOJIMKEHHOH (ak-
Topu3anuu MaTpun-@yHnkuii. UmeoTcs 1Ba OCHOBHBIX NPENATCTBUSA NPHU U3y4de-
HHMH JaHHOH NPo06JeMbl: HEYCTOHYHMBOCTh YACTHBIX HHACKCOB MaTpPHL-(pyHKIU
U He eJNHCTBEHHOCTh MX (DAKTOPU3ALMOHHBIX MHOXHUTeJel. PaHee 3anaya u3y-
yajace M.A. IllyOunbIM, KOTOPBIi MOKa3aJl, YTO YCTOHYMBOCTHh (haKTOpHM3aL M-
OHHBIX MHOHTeJIeli HMeeT MeCTO TOJIbKO B ciiydae, koraa A(t) u B(t) umeror
OIMHAKOBBIE YacTHbIEe HHAeKChI. Torna cymecrByer dakropuzamus B(t), aus ko-
TOPOil (paKTOPU3ALMOHHbIE MHOKMTEJH OyAYT A0CTATOYHO OJM3KM K MHOMKUTe-
asim A(t). Teopema M.A. IllyGuHa HOCHMT HEKOHCTPYKTHBHBIN Xapakrtep, Mo-
CKOJIBKY He U3BEeCTHO, KOTJIa YaCTHbIe HHACKCHI ABYX 0JIM3KMX MATPHI -(pyHKIM I
OyayT ONMHAKOBBIMH M He yKa3aH crnoco0 BbIOOpa Tpedyemoii (akTopuzanum
Bunepa—Xonga marpunbi-¢pynxuuu B(t). st mpeonosieHusi ITHX HeAOCTATKOB B
HacToslIeill padoTe u3y4yeHa nmpodjaeMa HOPMUPOBKH (aKTOPH3aLUU B YCTOHYM-
BOM cJIy4ae, OMUCAHBI BCe BO3MOKHbIE THIIBI HOPMHPOBOK M I0Ka3aHA UX YCTOIi-
YUBOCTH NMPH MajioM Bo3MyieHuH A(t). IT0 MO3BOIMII0O HAWTH KOHCTPYKTHBHBII
cnocod BbIOOpa GakTOpU3aLMU BO3MYLIEHHOI MaTpulbl-QyHKIMH, KOTOPBI ra-
PAHTHPYeT YCTOHYMBOCTD (GaKTOPU3ALMOHHBIX MHOMKHTEJIeH.

Kniouegvie cnosa: gpakmopuzayus Bunepa—Xonga, ycmouuueas cucmema uacm-
HbIX UHOEKCO8; YCMOUHUBOCMb (PAKMOPUZAYUOHHBIX MHOJICUMENEU; HOPMUPOBKA
gaxmopuszayuu.

BBeaenue

3anava daxropuzanuu Bunepa—Xonda maTpui-yHknuii (M kpaeBas 3aqada PumaHna aiis BeKTo-
pa) SIBIIAETCS OJHOW M3 CaMBIX BOCTPEOOBaHHBIX 3a/1a4 KOMITIEKCHOTO aHAIIN3a, UMEIOIIed MHOTOYHC-
JICHHBIC HpI/IJ'IO)KeHI/ISI B pa3J'II/I‘IHLIX 06H3CT$[X MaTE€MaTUuKH, (bl/ISI/IKI/I n HpI/IKJIaILHBIX HayK.

Beenem ocHoBHBIE TIOHATHS Teopun (akropusanuu [1]. [lycts A(t) — oOparuMasi Ha eIUHUIHON

okpyxHocTd T MaTpuia-QpyHKIHs Mopsaka P u3 MatpuuHoii anredps Bunepa W PP (T) . Cranpapr-
Has HOpMa Ha 3Toif anrebpe Oyzner o603Hauatses [y .
IIpasou ghaxmopuzayueii Bunepa—Xongpa A(t) Ha3bIBAETCS €€ MPEACTABICHNUE B CICAYIOIIEM BH-
ne:
Alt)=A_(t)D(t) A (t), teT, (1)
rae A, (t) e GW,”*P(T), D(t) =diag [tpl N } , P <...< pp — NPAaBbIE YaCTHBIE HH/IEKCBI A(t).

3nece GW,”*P(T) — rpynmna o6patumbix snementos nopanredpsr WP (T), cocrosmeii u3 abeo-
JFOTHO CXOJSIIIMXCSI MATPHYHBIX psiioB Dypbe ¢ HyneBbiME Kod(uimentamu Dypbe ¢ OTpHUIATENb-
HBIMH/TIOJIOKUTELHBIME UHIEKCAMU. [IpaBble YaCTHBIE HHIEKCHI OJHO3HAYHO (C TOUHOCTBIO JIO TIOPSI-
Ka) OnpesiensoTes MaTpuieii-ynkumeii A(t), B oTimune ot GaKTOpU3aMOHHBIX MHOXKHTENEH A, (t).

JlBa 0OCTOSATENLCTBA CAEPKHUBAIOT TIPUMEHEHHUE 3a/1auk (paKTOpU3alMu. Bo-TIepBbIX, B OTJIMYKME OT
CKaJISIPHOTO CIlydasl, MATpUYHAsK 3a]a4a, BOOOIIE TOBOPS, HE PellieHa B KOHCTPYKTUBHOM (opme (HiIu,
KaK [IPUHATO TOBOPUTH, 3PPEKTHUBHO).

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 5
2022, Tom 14, Ne 1, C. 5-12



MaTtemaTtuka

Pa3paboTka nmpuOIMKEHHBIX METOIOB (haKTOPH3AIIMK HATAJIKMBACTCS HA CEPhE3HOE MPEISTCTBUE B
BHUJIE HEYCTOWYHMBOCTH 3a/1aud B 001IeM cirydae. HamoMHuM, 9TO IOHMMAETCS TI0/I YCTOWYHBOCTRIO 3a-
nmaun (axropusammu [1-3].

YacTHble HHIEKCB fy,..., P, MATPULbI-DYHKIMH A(t) Ha3BIBAKOTCS yCmOUUUBbIMU, ECIU JUIS TTHO-

Ooro nmocratouHo manoro & >0 mobas MaTpua-GyHKIUS A(t), YIOBIIETBOPSIONIAs] HEPABEHCTBY

"A(t) - A(t)"w <&, 0baaeT TeM e HaGOPOM NMPaBBIX YACTHBIX HHIEKCOB, 4To i A(t).

B o0mem ciydae 4acTHbIC MHACKCHI HEYCTOWMYUBBI MPU MaJIOM BO3MYyIleHUU. Mimeercs kimaccuue-
cknii kputepuit ['oxO6epra—Kpeitna—bospckoro ycToMYMBOCTH YacTHBIX WHAEKCOB: CHCTEMa MPaBBIX

YaCTHBIX UHJCKCOB oy <...< O YCTOIYMBA IPU MAJIOM BO3MYLUCHHH MaTPHLbI-)YHKIHH A(t) TOTJa U
TOJIBKO TOrZa, Korxa pp, — oy < 1. K coxanenuto, 91oT kputepuii He sBIseTcs 9 (HEKTUBHBIM, IOCKOIIb-

Ky HET METOJIOB BBIYMCIICHHS YacTHBIX MHJEKCOB. B HacTosimee BpeMs u3BeCTHO Mano 3(deKTHBHBIX
KPHUTEPHEB YCTOMYMBOCTH MHIECKCOB. OHAKO IS JTJOPAHOBCKHX MATPUYHBIX MHOTOYJICHOB TaKOW KpH-
Tepui mosry4yeH B padote [4].

Jis ipuOIrKEHHOTO TTOCTPOSHUS (haKTOPU3AIlMU BaKHO, YTOOBI (DaKTOPHU3AIIMOHHBIE MHOKHUTEIIH
Ut Henpepblso 3asucsiyumu om A(t) WM yemotuusbimu. ITO 03HAYACT, YTO VIS THOGOrO 10CTa-

TO4YHO Majoro & >0 wHaimercs o >0 Takoe, 4yTo A JOOON MaTPHIBI-PYHKINU A(t), YJIOBJIETBO-

psrolel HepaBeHCTBY "A(t) - A(t)“w <&, cpeau Beex BO3MOKHBIX (paxtopusaumit A(t)naiinercs dak-
TOpHU3AIUS A(t) = A_ (t) [3(t) A+ (t) , 1711 KOTOPO# ”Ai (t) — Ai (t)”w <g.

YTouHEeHHE «Cpear BCeX BOSMOXKHBIX (DaKTOpH3AIIHiD» A(t) BBI3BAHO TEM, 4TO (PaKTOPH3AIMOHHBIC
MHOJKUTEJIA HaXOISATCS HE SJAMHCTBEHHBIM 00Pa30M M MOTOMY T'OBOPUThH 00 MX OJIM30CTH ISl OJIM3KUX
marpuu-Qynkuuii A(t) 1 A(t) Hemb3s, He BEIGPaB CrEMMATBLHBIM 0GPA30M COOTBETCTBYIOIIHE (DaKTO-
pU3aluM, T. €. KaK-TO HE MPOHOPMHUPOBaB MX. HEOOXOAMMBIM YCIOBHEM YCTOHYMBOCTH (DaKTOPOB
Ai(t) SIBJIIETCSI COBNAJEHUE YACTHBIX MHIEKCOB Y MCXOAHOU A(t) 1 BO3MYILIEHHOMN A(t) MaTpHUIL-
¢ynkunii [2, Teopema 6.14]. Ecnu 310 ycroBue BBIIOTHEHO, TO (GakTopbl A, (t) HEMpPephIBHO 3aBUCAT

or A(t) (teopema M.A. Illy6una), cm. [2, Teopema 6.15]. HensBecTHO, 0AHAKO, KaK Hy)KHO BHIOUPATH
dakropusaumio A(t), 4TOOBI rapaHTHPOBATE YCTORIMBOCTE (paKTOPOB. B crily 9TOr0 HEBO3MOXKHO I0-
JIYYUTh SBHBIE OLEHKH aGCOTIOTHON MOrPENIHOCTH ||At (t)-A. (t)”w HAXOXKIEHNs (DAKTOPU3AIIMOHHBIX

MHOXxHTeNeH. [lanHas npoGiieMa BOSHUKAET MIOTOMY, YTO HEM3BECTHO, KaK HY>KHO HOPMHUPOBATh (PaKTo-
pu3anuio, 4ToObl JOOUTHCS ee eAMHCTBEHHOCTH. [109TOMYy OCHOBHAsI 4acTh paboTHI OyJNeT MOCBsIeHa
HOPMHPOBKE (aKTOPHU3ALUK B YCTOHYNBOM CIIydae.

Ycroituusas ¢axropuzanusa Bunepa—Xonda noapasaensiercs Ha 1Ba ciydas. B nmepBom ciydae Bce

YaCTHBIC MHJEKChI PABHBI IPYT APYTY, Py =...= P, U haKropusaLus A(t) MMeEET BU]L

A =t A (DA, (1),
T.e. (pakTHUECKM IKBUBAJICHTHA KAHOHMUYECKOW (haKTOpH3aLuH. 34ech TPYyIHOCTEH ¢ HOPMHPOBKOM He
BO3HHKAET, BCEr/a (pakTOPH3aLmio MOKHO HOpMUpOBaTh ycnosneM A () =1, rie |, — exunnunas

Mmarpuia nopsaka p . B padote [5] aTot ciydaii moapoOHO u3yueH, B Heil Hccie[0BaHa HeMTPEPhIBHOCTh

(baKTOPHU3aIMOHHBIX MHOXHTEJEH M IOJNyYCHBI SIBHBIE OIEHKH JIJISi aOCONFOTHOW TOTPEITHOCTH STHX
(baxTOpOB MPH MAJIOM BO3MYLIEHUH NCXOJIHON MaTPULIBI-(DYHKLIUH.
B Hacrosimedt paboTe Mbl H3y4MM BTOPOH Cily4ail yCTOHYMBOCTH, Korna p, — o =1, T. e. xoraa

PL==Ppr =S Ppru=---=pPp=S+l, rae uucnma S, T HAXOAATCA M3 COOTHOLICHHS

sc:=Iind det A(tt) =sp+r . Tenepn D(t) HUMEeT CIICAYIOIUH OJI0YHBIN BH:

6 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2022, vol. 14, no. 1, pp. 5-12



Adykoea H.B. Yecmotiyueocmb chakmopu3ayuoHHbIX MHOXXUMersnel

¢ghakmopu3szayuu Bunepa—Xongha mampuuy-gyHKyul
t°l

_ 0
b= "
S+

0t

rae |, |, — eAMHIYHBIC MATPHUIEI COOTBETCTBYIOMIUX MOPSAKOB. B MepByto 0uepesib Mbl PELIMM TIPO-

O1eMy HOPMHPOBKH YCTOWYHMBOH (DaKTOPU3AIMK M OIHIIEM THIIBI BO3MOXKHBIX HOPMHPOBOK (pakTopu-
3allUy 3a/IaHHOM MaTpUIlbl-QyHKIHMH. [lanee MBI MOKaXkKeM, YTO TUII HOPMUPOBKH YCTOMUYWB MPU MaJIOM
BO3MYIIIEHUN MCXOJHOW MaTpuibl-pyHKInu. [locie 3Toro Mbl CMOKEM H3YYHTh HENPEPBIBHOCTH (Pak-
TOPU3ALUOHHBIX MHOXHUTenel A, (t) ¥ momyduTh SBHBIE OLEHKH ISl AOCOMIOTHON MOTPENIHOCTH TPH
NpHOIMKCHHOM HaxoxaeHun A, (f), aHaJIOrHYHBIE OLCHKaM, ITOJTYyYEeHHBIM B [5] mis KaHOHMYECKOH
¢dakropuzanuu. Takum 00pazom, Terepb yCTOWUYMBBIN ClTyyai OyAeT MOJTHOCTHIO H3Y4eH.

1. P-nopmupoBka ¢paxkropuzauuu Bunepa—Xonda nast maTpun-GyHKkumii ¢ ycToiunBoii cucreMbl
YACTHBIX HHIEKCOB

[Ipexxne Bcero HamomuuM Teopemy ['oxOepra—Kpeitna 00 oOmiem Buae (HakTOpU3alMOHHBIX MHO-
xuteneit A (t) [1, T'n. VIIL, Teopema 1.2]. Chopmynupyem 3TOT pe3yabTaT TOIBKO A YCTOHYHBOTO
ciryvasi.

lycts py=...=pp =S, Pp_ru=-.-=pPp=5+1, rae uncna s, r HAXOATCS U3 COOTHOLICHUS
sc:=ind det A(t) =sp+r . O6oznaunm Q (poy,...,Pp) MHOKECTBO BCEX OIOYHO-TPEYTOIbHBIX MaTPHIL-

¢dbyHKUMH BHIA

Q_(t) Z[ 0 Q )
22

rae Q;, Q,, — 4ncioBbIe 0OpaTUMBIC MATPHIBI pasMepoM (P—F)x(P—r) U ' XI COOTBETCTBEHHO, a

Qll Q12 (t)j

Qp (t) — MaTpMYHBI MHOTOWIEH OT t© cremensm He Beime 1  pasmepoM (P—r)xr:
0 1.1
Qp(1)=Qp +Qpt ™.
ITo Teopeme ['oxOepra—Kpeiina 06 o0iieM Buae GakTOPU3AIMOHHBIX MHOXHUTEICH B YCTOWYHMBOM
cydae oOumii B pakropusalMoHHsx MHOXHTeneir A (t), A, (t) samaercs dopmymamu

G.()=A()Q (1), G (1)=Q,(t)A. (1),
rre Q, (t) =D (t)Q:1 (t) D(t) . Takum oOpazoM, s moboil Q_ (t) e (pl,. . .,pp) PaBEHCTBO
A(t)=G_(t)D(t)G_+(t) s3amaer HoByo paxropusaumio Bunepa—Xonda A(t) u mobas dakropusa-
s A(t) MOJKET OBITh ITOJIy4€Ha aHAJIOTUYHO ITPH COOTBETCTBYIOIEM BhIOOpe Q_ (t) .

Jns onpeneneHnss HOpMUPOBKU (akropuzanyu Bunepa—Xomnda Ham noTpedyercs emie oAuH TUI
(hakropuzanuu MaTpui-pyHknuid — Qaxropusanus bupkroda [3]. Ilpasoti pakmopuszayueti bupxeogha
A(t) HaseIBaeTCs ee PECTABICHNE B CIISYIOLICM BHJE:

A(t)=D,(t)B_(t)B, (t), teT,
rae B, (t) eGWSP(T) u D, (t) =diag [tﬂl,...,tﬂp] Bis-- By — mpasble uuuekch bupkroda At).

WNunexcel bupkroda He onpeneisroTcsl OJHO3HAYHO MaTpHIeh-(yHKIHen A(t). OpnHako cpemu Bce-

BO3MOJXKHBIX Ha0OPOB MHJEKCOB bupkroda Bceraa cyliecTByeT HaOOp, MONMYYCHHBIH HEKOTOPOU Iepe-
CTaHOBKOH INpaBbIX YacTHBIX MHIEKCOB [6]. Takum oOpazom, ogna u3 ¢akropuzauuii bupkroda Bcerna
MOJKET OBITh 3allMcaHa B BUJC

At)=PD(t)P'B_(1)B, (t), teT, (3)
rae P — HexoTopas MaTpuIia nmepecTaHOBOK.

Cnenyromiee onpezieneHrne HOpMUPOBKH OBbUIO MPEATI0KEHO B COBMECTHOM Jokiane H. AxykoBoit u
B. Anykosa Ha 13-M xonrpecce ISAAC [7].

Onpenenenne 1. @axropuzanus Bunepa—Xonda MaTpuisl-pyHKIuHn A(t) :
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A(t)=C_(t)D(t)C, (1) 4)
Ha3bIBaeTCs P -HOPMHPOBAHHOI, €CITU BBITIOIHAIOTCS CISAYIONINE IBA YCIOBUS:
daxropusanus (4) 3agaet gpaxropuzanuio bupkroda
A(t) =P D(t)P'B_(1)B, (t)
o dopmynam B_(t)=P D (t)P*C_(t)D(t), B, (t)=C, (t) 1% HEKOTOPO! MATPHIBI IEPECTAHOBOK
P 13 rpynmbl mepecTaHOBOK Mopsaka N .
B_ (oo) =P.
Oxka3bpIBaeTCs, YTO BBHIITOJHCHHUE 3TUX YCIIOBUI 00ECIICUNBAET CYIIICCTBOBAHUE HOPMHUPOBKH, TapaH-
TUPYIOIICH eTMHCTBEHHOCTh (haKTOpU3aIlUH.
Yucnosele Matputibl Q 1, Qy,, Ql(g), 1%) TpeOyeTcs mojoopaTh Tak, YTOOBI MPUBECTH (DakTOpH3a-
o (1) k P -HOpMupoBaHHOM hakTopu3ariu (4):
C_(t)=A(t)Q_(t).
[Ipex e Bcero Mel MokaxkeM, uTo TpeboBanue (1) u3 onmpenencHus 1 IPUBOIUT K TaK HA3bIBACMOM
6noynoit PLU -axropusauu o6paTuMoii YncIoBoi MaTpunsl Ay = A ().

A A
P A

(cM., HanpumMep, [8]), uTo ecim B oOpaTumoil MaTpune A, oOpaThuM 610K Afl, TO OHA JOITycKaeT 6J049-

Pa3o6beMm umcnoByro Matpuny A = Ha TakWe *e OJokd, Kak B Q_ (t) Hamomanm

HO-TPEYTrOJIbHOE Pa3lIoKEeHHe
A = LU, = Lgl 0 U101 Us,
2y L) 0 Uy
Ecnn 3adukcupoBats 1uaronanbHele 070ku Matpuubl Ly (mmm Ug), B34B, Hampumep, Lcl)1 =lpr
L5, =1,, To naHHOe pasnoxeHHe OymeT eaMHCTBeHHBIM. OHO HaspiBaetcst 6Onounoid LU -
paxmopuzayueu A,. Eciu e MaTpuua Aiol — HeoOpaTuMa, TO BCErna CYIIECTBYeT MaTpHIla IepecTa-
HOBOK P Takas, uro P_lA0 nomyckaet 6nounyro LU -¢pakTopuszanuto, T. €. A, I0MyCKaeT pas3aoKeHHe
A, =PLyU,. Ono nazeiBaercs Oaounou PLU -gpaxmopusayueii Ay. OTMeTnM, 4To MaTpuLa mnepecra-
HOBOK P HaxoIuTcs He eAMHCTBEHHBIM 00pa3oM.
Mpennoxenune 1. Ecnmu marpuma-¢yHKIus A(t) C YCTOWYMBBIMH WHJEKCaMU JoIyckaeT P -

HOPMHPOBaHHYIO ¢dakropuzanuioo, TO A OO0 ¢daxkTopmzanun  Bunepa—Xonda
A(t)= A _(t) D(t) A, (t) matpuna A (o) gomyckaer onounyro PLU -axropusarmro.

Jlokasarenbcrso. Ipeanonoxnm, uro Marpuna-gyskuus A(t) momyckaer P -HOPMUPOBaHHYHO
dakropusammio A(t)=C_(t)D(t)C, (t)c marpuueii nepecranosok P . Toraa B cuy ycmosus (1) u3
onpeseneHns P -HOPMHPOBKH JOJKHO BBIIOJHSTECS BKIouerne P D ()P C_(t) D(t) eW PP (T).

D10 TpeboBaHHE PABHOCHILHO TOMY, YTO B Pa3jIOKEeHUH OIOKa (P‘lc, (t))12 B MaTpUYHBIH psif
JlopaHa B OKPECTHOCTH GECKOHEUHO YIAICHHON TOUKH Kod((uImeHTsl ipy 1, t ™ 1omKHBI GbITH HyJIe-

BbIMH. B wacTHOCTH, MaTpuIla pPlc. (o0) sBnsieTcs HMOKHEH OMouHO-TpeyroybHou. [To Teopeme 06 00-
eM BHAE (haKTOPH3ANUOHHBIX MHOKHTENEH, Ui iroboi ¢akropmsamuu A(t) = A_(t) D(t) A_(t) momx-
HO BBIMOJHATECS yciaoBue C_ (t) =A (t)Q_ (t) Ui HekoTopoir Q_ (t) Buna (2). B wactHOCTH,
C_(0)=A (©0)Q_(x), rtne Q_(o) — BepxHss OJ0YHO-TpeyroibHas marpuia. OTcloaa CleayeT, uTo
A (o0) momyckaer 6mounyo PLU -daxropusarmio. o
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Kak yka3spiBanocs, mobast ooparumast matpunia A (oo0) momyckaet oiounyto PLU -dakropusanmio.

Ceityac MbI TMOKaXEM, YTO 3TO YCJIOBUEC ABJIACTCA JOCTATOYHBIM YCJIOBUEM JIA CYIICCTBOBAHUA Yy MaT-
pI/IIII)I-(byHKHI/II/I C YCTOI‘/’IHI/IBOI\/’I CHCTEMOM YaCTHBIX UHACKCOB HOPMHUPOBKHU P -tuna.

Teopema 1. Ilycte mis MaTpumbl-QyHKIAN A(t) cymecTByeT (hakropuzanusa Buunepa—Xonga
A(t)=A (t)D(t)A, (t) mms xotopoii umcioBas Matpuma A (o) gomyckaer Omounyio PLU -
(hakTOpH3ALIHIO, T. €. NI KOTOPOit GII0K (P_lAf (oo))11 — obpaTvMast MaTpHIA.

Torma A(t) momyckaer P -HOpMHpYeMyIo (paKTOPH3ALHIO

A(t)=C_(t)D(t)C, (1), (5)
rae
Lo +71CHEM)  t7Ch()
Ca(t) l +t7Cy (1)

¥ 97eMeHThI 0110k0oB Cj; (t) npuHauiexar anredope Bunepa W_(T). dakTopu3anioHHbIe MHOKUTEIH

C_(t)=P

C_(t), C,(t) HaxomsTcs eIMHCTBEHHBIM 0OPA3OM.
®daktopuzanust Bunepa—Xonda (5) nopoxaaer paxropuzanuio bupkroda
A(t)=PD()P'B_(1)B, ()
I +1CH)  tTCo()
t'Cy I+t C ()

Joxka3ateabcTBo. PaccMoTpuM ciydaif, Korma st ucxomHo# akropusaruu Burepa—Xonda 610k

rae B (t)=P B, (t)=C,(t).

A :(A_(oo))11 — obparumas Matpuua, T. €. ciy4aii, korna P=1,. Jlokaxem cywecrsosanue |, -

HOpMHupoBaHHOW (akTopm3anuu. [lo Teopeme 00 obmem Buae (akropuzanuu JTr00ble 1Ba (hakTopa
A (t), C_ (t) CBS3aHbl COOTHOILIEHUEM

C.()=A () (), (6)

rae Q_ (t) uMmeert Buf (2).
IMon6epem matpunbl Q 1, Qyy, Qloz, Qll2 Tak, 4To0bI hakTop C_ (t) UMeJ HyKHbBIN Bua. [t aToro
pa3NoKUM aHaIMTUYecKue B oonactu D_ marpuibl-pyHkumn A (t) , C_ (t) B pszabl JIopaHa B OKpecT-

HOCTH 0€CKOHEYHO yﬂaﬂeHHOﬁ TOYKH

A (t)= iAk t %, C_(t)= ick .
k=0 k=0

k
W13 pasenctsa (6) cienyert, uro Cy = Z A Qj, B wactHoctr, Cy =Ay Q. Tloctponm 610uHyr0
j=0
LU -dakropusamuto matpunsl Ay = LyU,, BEIOpaB B kauecTBe IHMaroHaIbHBIX JIEMEHTOB MaTpuIbl Ly,

eMHUYHBIC MATPHIIB | I, . Honoxum Qy =Ugy 1, torga Cy = L. O6parumsie Matpunsl Qpq, Qy, H

p-r’
ko3¢ duiEenT Q) MaTPHIHOro MHOrouNeHa Q) (t)= QY +Ql, t™ onpenenensr equHCTBEHHBIM 06pa-
30oM. OcraBimiics MaTpuunbiii Ko3bduiment Q, ompeaeTHM Kak Ql, =—(A101)_1(A{U5 1)12. Torna
J€TKO BUJETh, YTO JI1 MarpuuHoro koddounuenta C; 610k (C;);, =0. DTo 03Hauaer, 4To MaTpuna-
bynxuus C_ (t) umeeT Tpebyemsblii Bua. Ilockonbky marpunsl Qpq, Q,,, Qloz, Qllz, OIpeIeIA0NINe
MaTpUYHBIA MHOTOUIEH Q_ (t) , HAXOJISTCSI €IMHCTBEHHBIM 00pa3oM, To GakTopu3saius Bunepa—Xornda
(5) ompenensercs OAHO3HAYHO.

Onpenennm Matpuiy-dyskimo B_(t) = D71(t)C_(t) D(t) . HemocpecTBeHHbIC BHIYHCICHUS TOKa-
3bIBAIOT, YTO
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B (1)= Lo +U1CH (1) tHC,H(1) |

thCu(t) I +tCyh(1)

Jro o3uadaer, 4o MaTpuua-pynkuus B_(t) Bmecte ¢ oGparHoii npunamiexut anredpe WP (T) u
B_ (oo) =1,. Taxum ob6pasom, ¢akropusauust (5) seusercs |, -HopmupoBaHHOH. Ilockonbky
A(t) =C_ (t) D(t)C+ (t) =D()B_ (t)C+ (t) , TO MBI TIOCTPOWJIU JJIst A(t) o ¢akropusanuu Bunepa—
Xonda ee pakropusanuto bupkroda. Hacts TeopeMsl, OTHOCsWAsACS K cinydaro P =1, noaHocTso 10-

kazana. Ciyuaii, korma A (oo) , mormyckaeT PLU -(hakropuzanmro Juisi HSKOTOPO MaTpHIIBI IEPECTaHO-

BOK P, T.e. ms ciyuast, korma (P 1A (00))11 , IETKO CBOAUTCA K YK€ PACCMOTPEHHOMY. m

2. YcToiunBoCcTh P -HOPMHPOBKH M HeNPepbIBHOCTH (JaKTOPU3ANMOHHBIX MHOKUTeIeH
B sToMm maparpade Mbl Ipekae BCET0 M3yYWM YCTOHYMBOCTH P -HOPMHPOBKH IpU MajioM BO3MY-

menun. [Ipu ompeneneHny HOPMBI ||||W MaTpULBI-QYHKIIMK U3 MaTpU4IHO# anreOpsl Bunepa Mbl Oy-
JIeM HCTIONB30BATh MAKCHMATBHYIO CTONOLOBYIO HOPMY |- ||, 11 ee MaTpuanbix k03 (duirenToB Dypbe.

Omnpenesienne 2. P -HOpMUpOBKa (haKTOpU3ALUK MATPUIIBI-(PYHKIIMA A(t) Ha3bIBACTCA YCTOMYH-
BOIl NpU MajioM BO3MYILIEHHH A(t), ecIIi JUIA JII000ro JTocTaTouHo Mayoro o >0 mrobas MaTpula-
GyHKIHS A(t) , IMEIoIIas TOT e HaOop MpaBbIX YaCTHBIX UHIEKCOB p,..., Pp> 9TO U A(t) , ¥ YJIOBJIE-
TBOPAIOLIAas HEPABCHCTBY "A(t) - A(t)”w <, UMEEeT TOT JKe TUI HOPMHUPOBKH, YTO U A(t) .

OueunHo, yto mpu p, — oy =0 KaHOHHYECKAsE HOPMUPOBKA SBJISICTCS yCTONYMBON. PaceMoTpuM
Teneps ciy4ait p, —pp =1.

Teopema 2. HopmupoBka P -tuma ams MaTpuisl-(OyHKITHH A(t) C YCTOMYUBOM CHCTEMON YaCTHBIX
MHJICKCOB SIBIISCTCS YCTONUNBOIA TpH MaToM BosMyerun A(t).

Jlokazarenncrso. IIpeanonoxum BHavase, 4ro Matpuua-pyskuus A(t) 1ormyckaerT HOPMHUPOBAH-
Hyt0 (hakropuzauuio |, -Tuma: A(t) =C_ (t) D(t)C+ (t), rae

1~ i, R
I, +t7Cp(t) t7Cp(t)

c_(t)=| *" .
Ca(t) I+t Cy (1)
l,, O
3uauut, C_ (oo): - (OO) Ll ITockonbky A(t) MMEET YCTOMYMBYIO CUCTEMY YACTHBIX HMHIEKCOB,
21 r

TO NM00ast JOCTATOYHO OIHM3Kas K A(t) MaTpHIa-QpyHKIUSL A(t) OyZeT UMEeTh TaKylo )Ke CUCTEMY YacT-

HBIX HHIEKCOB.
Torma, mo teopeme lllyOmna, mis moboro £>0 MoxHO momoOpates o >0 Takoe, 4TO, ecim

"A(t) — A(t)”w <0, TO CylecTByeT QaKTopu3aIus A(t) =A (t) D(t) A+ (t) , A KOTOpOH
"C_ (t)-A (t)" W <& Mootomy "C_ (0)-A (oo)"l <&, a 3HAYMT, U “I ot — (A_ (oo))ll”l <& . Takum

o0pa3om, 4KcIoBas MaTpulla (Aﬁ (oo))ll #0 mocraToyHO ONMM3KA K €AMHUYHON MaTpHIIe U ITOTOMY 00-

paruma. 3TO O3HAYaeT, YTO MaTPHLA-(QYHKIHS A(t) JI0IyCKaeT HOPMUPOBAHHYO (akropusauuto |, -
THTIA.

[lycte Teneps A(t) JIOMyCKaeT HOPMHUPOBaHHYIO (akropuzanuio P -tuma. O6pa3yeM MaTpuIbl-

dynxn F(t)=PA®M) u F (t) = P_lA(t) , Tae A(t) — mo0ast 10CTaTOUHO OMM3Kast K A(t) MaTpHLa-
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dbyakams. Torma guciioBast MaTpuIa (P_lA(oo))ll OyzeT moCTaToYHO OJM3Ka K eAMHUYHONH MaTPHUIIE U

MOTOMY SIBJISIETCA OOpaTHMOi. DTO O3HAYaeT, 4To A(t) JIOITYCKaeT HOPMHPOBAaHHYIO (haKTOpH3AIHIO
P -tuma. o
Teneps HETPYIHO M3YYHUTH BOMPOC O HEMPEPHIBHOCTH (PAKTOPHU3AIMOHHBIX MHOXKHUTEICH ISl MaT-

PUIBI-OYHKITHH A(t) u yTouHuTh Teopemy Lllybnuna. Oka3biBaeTcs, 4To eciu A(t) u A(t) JIOCTaTOYHO
ONMU3KK U UMEIOT OIMHAKOBBIA HAOOp MPaBbIX YaCTHBIX WHAEKCOB, TO, OAMHAKOBO HOPMHUPOBAB UX (hak-
TOPU3aIUH, MBI IOTYYUM JOCTAaTOYHO OaM3kue (hakTopu3annoHHble MHOXHUTENH C, (t) u (fi (t) . Ipn
ATOM HCIOJIb30BaHue (hakTopu3anuii bupkroda, mopokaeHHBIX P -HOpMHUpOBaHHBIMH (haKTOPH3AITHSI-
MU A(t) u A(t) , TO3BOJISIET IPUMEHUTD JJIs1 OLCHKH ||CJ_r - Ci”W pe3ynbTathl padoThl [5].

Teopema 3. Ilyctp MmaTpuma-QyHKIUSA A(t) nmorryckaeT P -HOpMHpOBaHHYIO (DaKTOpH3ALUIO
A(t) =C_ (t) D(t)C " (t) U MaTpula-QyHKIHUS A(t) YAOBJIETBOPSAET HEPABEHCTBY "A(t) - A(t)||< & .

Ilyctb &£>0 HacTOombKO Majio, 4TO A(t) JIOMTyCKaeT HOPMUPOBAHHYIO (aKTOPHU3ALIUIO

A(t)=C_(t)D(t)C, (t) Toro xe Tuna, uto A(t), u

1 1
16w e zsje, fu le-1% e, |

(7)

|1
£<min ZIIAIIW,

Torma
le_—¢_|,, <s(lc:lw+1281Al, Je2,, le:) 2 e, ~C.lw<a2(c. I, le23 lea) =0

Hccnedosanue svinonineno npu @urancosoti noodepixcke PODU u Yenabuuckoii obracmu 6 pam-
Kax Hayunozo npoexma Ne 20-41-740024.
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Abstract. We consider the Wiener—Hopf factorization of two matrix functions A(t) and B(t) that are
quite close in the norm of the Wiener algebra. The aim of this work is to study the question when the
factorization factors of A(t), B(t) will be close enough to each other. This problem is of considerable in-
terest in connection with the development of methods for approximate factorization of matrix functions.
There are two main obstacles in the study of this problem: the instability of the partial indices of matrix
functions and the non-uniqueness of their factorization factors. The problem was previously studied by
M.A. Shubin, who showed that the stability of factorization factors takes place only in the case when
A(t) and B(t) have the same partial indices. Then there is a factorization B(t) for which the factorization
factors are sufficiently close to the factors of A(t). Theorem M.A. Shubin is non-constructive since it is
not known when the partial indices of two close matrix functions will be the same, and the method for
choosing the required Wiener—Hopf factorization of the matrix function B(t) is not indicated. To over-
come these shortcomings, in the present paper we study the problem of normalization of the factoriza-
tion in the stable case, describe all possible types of normalizations, and prove their stability under a
small perturbation A(t). Now it is possible to find a constructive way of choosing the factorization of the
perturbed matrix function, which guarantees the stability of the factorization factors.

Keywords: Wiener—Hopf factorization; stable system of partial indices; stability of factorization
factors; normalization of factorization.
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OB UAEHTUPUKALIMN KOSPDPULIMEHTA TENNOOBMEHA
B CJIOUCTOU CPELE
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KOzopckuli eocydapcmeeHHbIl yHUBepcumem, e. XaHmbl-MaHculick, Poccutickas ®edepauusi
E-mail: vladimir.belonogow@yandex.ru

AHHoTanusi. PaccmaTpuBaercsi BONpoc 0 KOPPEeKTHOCTH B MPOCTPAaHCTBAaX
CoboJsieBa 00paTHBIX 3a7a4 00 ompeaejieHMH Kod(GuUIMEeHTa Temioo0MeHa Ha
rpaHuIe pa3jesia cpell, BXOAsILero B yCJOBHe CONPSKEHUs] THNA HenIeaJbHOro
KOHTaKTa. B nuaMHApPHYeCcKOil NPOCTPAHCTBEHHOH 00/1aCTH pPacCMaTpPUBAETCS
napadojuyeckoe ypapHeHHe BTOPOro nopsiaka. Oo/1acrtp AeIUTCA Ha JBe M0100-
JIacTH, Ha o0Lueil YacTy rpaHuUbl KOTOPBIX 3aJaeTcs ycjoBue conpsixeHus. Ko-
3¢ GunHeHT Tenj000MeHa, BXOASAIIUN B YCJIOBHE CONPSZKEHMs, UIETCSI B BHJe
KOHEYHOI0 OTpe3Ka psifia ¢ Heu3BeCTHBIMH ko3 dunuenramu Dypsne, 3aBHucH-
IIMMHU OT BpeMeHH. YPaBHeHHe I0NO0IHsAeTCs KPaeBbIMHU YCJIO0BUSIMH 0011ero BH-
Aa ¥ HAYAJIbHBIMH YCJIOBHSIMH, 2 TAK/Ke YCJIOBHSIMH IepeonpeeIeHus1. Y CII0BHS
nepeomnpeeaeHuss — 3HAYCHHs PelIeHAs] B HEKOTOPOM Hadope TOYeK, Jie:Kamux B
NPOCTPAHCTBEeHHOI 00J1acTH. [Ipu ecTeCTBEHHBIX yCI0BHS IJIaJKOCTH HA IaHHbIE
U pacrnoJjioikeHHe TOYeK 3aMepoB NMOKa3aHa JIOKAJIbHasl 10 BpeMeHH TeopeMa Cy-
LeCTBOBAHHUS U €IMHCTBEHHOCTH pemenuii. [loyuyeHHoe penieHue sIBJIsieTCs pe-
ryJsipHbIM, T. €. Bce 00001eHHbIe MPOU3BOJAHBIE, BXOJsIINEe B YPABHEHHe, CyM-
MHpYeMbI ¢ HEKOTOPOii CTeNeHbI0 U YPaBHEeHHe BbINOJIHsAETCS] MOYTH Beroay. Me-
TOJ SIBJIsSIETCS] KOHCTPYKTUBHBIM, M HA OCHOBE IPE/JIO’KEHHOI 0 MOAX0/1a BO3MOK-
HO MOCTPOEHHE YHCJICHHBIX METOJ0B pelleHus 3aJa4u. Jl0Ka3aTeaIbCTBO OCHOBA-
HO Ha MOJIy4YaeMbIX AlIPMOPHBIX OLICHKAX M TeopeMe 0 HEelOABMKHOM ToUKe.

Knioueswie cnosa: obpaTHas 3afada, 3a1a4a conpsbkeHus, koddduuuent
TerIonepeaayy, napaboindeckoe ypaBHeHHE, TEIIIOMacCONepeHoC.

BBenenne
MBpI ucciieyeM oOpaTHbIe 3a7auu 00 onpeesiecHud KodhQUIMEHTa TEIUIONepeayt, BXOAIICTO B
yCIIOBHE coNpsKeHus. PaccMaTpuBaeTcs mapabonuieckoe ypaBHEHHE BUIa

Mu=u, —Lu=f(xt), (xt)eQ=Gx(0,T), (1)
n-1 n

rae Lu=an U, x + . g (x,t)uxixj +2.8 (% )uy +ag(xt)u, GCR" — orpamuenHas wMHAPH-
ivjo1 i1

geckas obnmacts Bua G=Qx(0,1) (QcR™™, 80eC?). yers ['=0Qx(0,1), S=(0,T)xT . Ilo-
noxum G =Qx(0,a) (ae(0,1)), G, =Qx(a,l). Ypasnenue (1) nononHsercs HaYaIbHBIMU 1 Kpae-
BBIMH YCIIOBHSAMHU:
Ruls =g,u(0,x)=Uy (x)(x€G),Rou(t,x",0) = go, Ruu(t,x",1) =g, )
n-1
rie Ru=U mm Ru= )’ 3y, Vi +oU, X'=(X, X5, X1 ), Rou=U mm Ryu =—U,_+0gU, co0T-
ij=L
BETCTBEHHO, RU=U nmum RiU=U, + 03U, a TAKIKE YCIOBHAMH CONPSIKCHHS:

+
+,_OU

4 _
Bty = 3 ou :au
ON

"N ON

AU -u)=g" ©)

out . , ) , ,
rae m(t,x )=lim « —>a08mY, (t,x X, ),u™ =lim Xn_)aJ_rou(t,x Xy ). Tlycrs yi=(y;'a)

(i=12,...,r) — HekoTopsIii Habop Touek. K yCroBusM conpshkeHns: Mbl 100aBIISIEM YCIIOBHUS TIEPEOTIpe-
JeTICHHs B/

u(t, yi',yn)|yn:a+0 =y (1) (=12,....1), ut, yi',yn)|yn:a70 =) (=1 +1...1). (4)
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3a7aya COCTOUT B HAXOXKJICHUU pelieHus ypaBHeHus (1), ynosierBopsitomiero yciuoBusm (2)—(4) u

r
Heu3BecTHOW QyHkunu [ Bupa [ =Z B (t)CDi (t,X'), rae oynknun @; 3anasHbl, a QyHKIUH ¢ CYH-
i=1
TAIOTCS HEM3BECTHBIMM. Y CIIOBHS CONpsDKeHus (3) COBIAAIOT ¢ M3BECTHBIMH B TEOPHH TEIIIOMACCOIIE-
peHoca ycJOBHs Ha TPaHUIlE IBYX Cpel, KOrja KOHTAaKT He siBisiercs uaeanbHbiM (cM. [1]) Ecmm

[ —> 00, MBI TIOJTyYHM CTaHJAPTHYIO OCTAHOBKY 3aj1a4n nudpaximu (M. [2, 16, ri. 3]), koraa ycnoBus
out| ou”
ONls, ON s,

OOpatHbIe 3a1a9u BHIA 00 onpeaeicHnH K03 HUIneHTa TeIionepeaadd BOSHUKAIOT IPH MOJICITH-
pPOBaHHUH TEIUIOTIEPEHOCA B TEIUIO3AIUTHBIX MaTepHaiax U MOKPBITHIX, UCCICOBAHINH KOMIIO3UTHBIX
MmarepuaiioB u T. 1. (cM. [3-8]). B HacTosiee BpeMsi umMeeTcst OOJBIIOE KOJINYECTBO paboT, MOCBSIICH-
HBIX YHCJIEHHOMY pelneHus 3aaa4 tuna (1)—(4) B pa3indHbIX MOCTAaHOBKAX, BOZHUKAIOIINX B TMPHIIOXKE-
HUSX, KaK TPaBUIIO, HIIETCs KOdh(UIMeHT [ , 3aBUCALIIIMEA OT BpEMEHH HITH HA000POT OT MPOCTPAHCT-

NMEIOT BUIT ut=u" ,

BEHHBIX TE€PEeMEHHBIX, TOUukd {Y;} B (4) yale Bcero SBIAIOTCS BHYTPEHHUMH TOukamH obnacteit G,
G, . B mpuiioxkeHusAX BO3HHUKAIOT JIBa CiIyyas, B IEPBOM U3 HUX OZiHAa M3 oOnacteid, Hanpumep, G, ne-

JKHT CTPOro BHYTpH o0iacT G ¥ BO BTOPOM CITydae pacCMaTpPHBACTCs IMIMHIPUIECKast 001acTb, ONH-
CaHHasl BBIIIE, COCTOAIIAS U3 ABYX Wi Oosiee cioeB (cM. [7, 8]). UnciieHHOMY PENIeHHIO 3a1a4i WIIH
OM3KOM K Heil mocBsieHsl paboTel [5—12]. B kauecTBe MeTOa MOYTH BO BCEX PabOTax MCIONIB3yeTCsI
CBe/IcHUEe OOpaTHOM 3afayMl K HEKOTOPOH 3ajade YMpaBiCHUS W MUHUMH3ALUS COOTBETCTBYIOLIECTO
KBaIpaTuuHoro ¢yHkimonana [5, 6, 9-12]. MHoraa BO3HUKAIOT U 33124k 00 OJHOBPEMEHHOM OIpe/ie-
neHnn ko3 dunmenTa, BXOAIMEro B mapaboIniecKkoe ypaBHeHne, U KodddunmeHTa TermmooomMena (cM.
[6]). B aT0i1 paboTe B KayecTBE YCIOBHI TIEPEOPEACICHHS UCIIONB3YIOTCS 3HAUECHHSI 3aMEPOB TeMIIepa-
TYp B TOYKaxX Ha TpaHUIIC pasaena cioeB (kak u B yciaoBuu (4)). Hackonbko HaM M3BECTHO, TEOpETHYC-
CKHUX Pe3yJIbTaTOB O Pa3pelInMOCTH (WM €IMHCTBEHHOCTH pelieHuit) 3amnau Buaa (1)—(4) B mureparype
HE UMeeTcsl.

B nanHO# paboTe MbI H3y4aeM BOMPOCH KoppekTHOCTH 3ama4n (1)—(4), B 4aCTHOCTH, MbI MOJTYYUM
TEOpEMBI CYIIECTBOBAHUS U CJMHCTBEHHOCTH PELICHHI (OCHOBHOH pe3ysbTaT — Teopema 2).

Onpe)le.ﬂemm H BCIIOMOTIaTE€JbHbIEC PE3YIbTAaThI

B pabote Mbi nenons3yem mpoctparcrea Cobonesa i Tenbaepa WS (G), WS (Q), C“ (6) a TaKKe
nx ammsorporHsie apuanter WS' (S), WS (Q), C* (6) (M. ompenenennst B [2, 13, 14]). Tlo ompe-
nenenmio W3 (Q)=W; (0,T;L,(G)) AL, (0.T;W; (G)). Tyers ' — razas nosepxuocts pasmep-
Hocrn N1 u §=(0,T)xT". Torna, coorserctaento, W3" (S) =W (J;L, (T)) AL, (3;W5 (). Tox

. 2
HOPMOI BEKTOpa IIOHUMAaeM CyMMY HOpM KoopauHat. Onpenenenue BxinodeHus: 02 € C° MoxeT ObITh

Haiizieno B [2, c. 9]). [Tycthb (u,v) = Iu(x)\/(_x)dx. O603Haunm yepe3 By (yi) — map paguyca J C IIeH-
G

TpoM B TOouke Y;. Ilapamerp o >0 HazoBeM JOMyCTUMBIM, €CIIU Bd(yi)maG=®,

Bs (yi)m Bs (y j ) = mna i # j. Jlanee BO BceX YCIIOBHSAX Ha JaHHBIE CYMTAEM TaKOH mapamerp (uK-

CHUPOBAHHBIM.

Beeném obosmavenns:  Q’ =(0,4)xG, Sy=(0,T)xQ, S¢=(0¢)xQ, TI;=0Qx(0,a),
I, =80x(al), Sf=(0g)xI;, S,=(0T)xI; (i=12), G°=u;Bs(x), G =G° NG, (i=12),
Q =(O,T)><Gi , Qf =(0,r)><Gi (i =1,2). Ham  moHamoOsTCS  BECcOBBIE  MPOCTPAHCTBA
W2 (Q)={ueW,* (Q):ut™® e L, (Q)} ¢ Hopmoit
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1/p

Jull®

®)

325

f }Iu(x D1 g s j } }'“(X DU e Jul?
0

05 lt—rfrP Lp (OTM(G))

Boo6ie roBops, npu S <1/ p 3To HPOCTPAHCTBO COBHAMIAET C WS'ZS (Q),anpu s>1/p ¢ moampo-
crparcteom {U eW; 28 (Q) : u(O, X) =0} (cm. memmy 1 mynkra 3.2.6 B [13]). ITo ananoruu onpeaenseMm
npocrpanctea W (0,T; L, (I)), \/\Nlls’Zs (S;) . Honokum s, =1/2-1/2p, s;,=1-1/2p u Beroxy HUKE

cuMTaeM, 9To P >N+ 2. JlokazaTenbCcTBO CIEAYIONIEH JIeMMbI COBIIAJAET C MPUBEACHHBIM B JIieMMe 2 B

[15]). TToaTOMY MBI €r0 OITYCTHM.
Jlemma 1 Cywecmeyem nocmosnnas C , ne 3asucawas om ¢ € (0,T], makas, umo

< Clviwt2 gy,
Lﬂﬁ‘) 2, wi2af)

< i =
<ClM,,, , i=12 (6)

) 3
WL (sf) P

IMhagz 2 sp) + jv

vy (tx ,c)”wSO’280 &b +[v(t.x'c)
rne ¢=0 wm c=a mpu i=1 u c=a wmm c=| npu i=2, ana Bcex VEW;’Z(Qf) TAKHX, 4TO
ov y
v(0,x)=0. 3znech 5, ~ TIPOM3BOHAS 11O HOPMAITH K s?.
y

Jdemma 2 Ilycmo s (1/p,1). Ipoussedenue -V @ynxyuii knacca Ws'ZS (Qf) (z€(0,T1) cnosa

npuHaoexcum WS'ZS (Qr), a eciu EWS’ZS (QT) uveW? 23( ) (unu v eWS 25(Q)), mo cnpaseo-

JUebl coomeemcmeayrouue OYyeHKu

”qV”\/\?S-ZS(Qf) <G ”q”v\”/S'ZS(Qf) ||\'”\/V/S’ZS(QT) , ”qV”\/\?SvZS(Qf) < C1||q|l\l\7;*25(QT) ”V”\NS‘ZS(Q) ’
IJle TIOCTOSHHbBIE C; HE 3aBHCAT OT 7. MHOMeCTBO QF B 3THX YTBEpKICHHSIX MOMKET OBITh 3AMEHEHO

7, S{ . B ciyuae eciu BHCHT TOJILKO OJIHO} MepeMeHHOH t, Hopma ( B B OTHX He-
[, Si . B ciyuqae ec 3aBUCHT TOJIBKO OJIHOW MEPEMEHHOM t, HopMa W52 (Q7) B o e

\/ S
paBeHCTBax 3aMeHsiercst Ha Hopmy ( B W, (O,T) .

Jloka3aTrenbcTBO. J[0Ka3aTeNLCTBO OCHOBAHO Ha OMPEACICHUN HOPMBI U OHO TIOBTOPSIET JIOKa3a-
TenbCTBO JieMMbI 1 B [16]. TT0o3TOMY MBI €10 OMmyCTHM.
Omnepatop L cuuTaercs 3JUIMOTUYECKUM, T. €. A5l HEKOTOPOH MOCTOAHHOH &) >0 BBHINOIHEHO He-

PaBEHCTBO
n
2 n
D &&= 6l VEER, V(LX) eQ,
i,j=1
(SL[GCL U Jajee mojiaraeM, 4ro a, = a, = 0 pu i<n ). HpI/IBeILeM YCJIOBHS Ha JaHHEBIC. MEl Ipearnoia-
racm, 4To

8 Ly (Q)(i=0.....n), & €C(Q ).o cCOTZ0T2% (5), %
a” |Sk ECSO+£‘0,ZSO+2€0+8 (g),ak ECSOJré‘O,ZSOJrZEO (S_O),l, j =1,...,n,k :1,2, (8)

TIe & e(O,l/ 2) — TIOJIOKUTENBHBIA TMapaMeTp (OH MOXKeT OBITh KaK YrOoJHO Mall) M BKIIOYCHHS

.o € CHo+e02%+24 (Sy) m oTH GYHKIMK JOITYCKAIOT

aij|s ,o € C0+0:2%0%2%0 (G ) o3pauaror, uTO au|
k

HEIIPEpHIBHOE MIPOJODKEHUE Ha S, Kiacca CS‘)“O’ZSO*ZEO (S¢) - IIpu mepexoze yepes MWIOCKOCTh X, = @

OHH, BOOOIIIE TOBOPS, HIMEIOT Pa3phIBHI IIEPBOTO POJIA.
JOnOTHUTENBHO MPEANONIOKUM, YTO

a < Lw(o,T;w;(Gf))(i =0,...,n),3 € Lw(o,T;W; (Gf))u j=12...n, 9)
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rre k=12. Iloctpoum dyHKIMU @) (X)eCSO (Rn) takue, 4to @ (X)=1 B Bgs/5(X) u ¢ (X)=0 B
R™\ Bys/4 (%) , momoxum ¢(X) :Zq}l (x) (i=12,...,r). Cauraem, 4to
1
2

uo(x)eWE_E(Gk),g+eWpS°’230 (o) i W29 (S,), g eW @20 (S) (i=12),  (10)
rae Ky =S, (cooTBeTcTBEHHO, K; =Sy ) B Cilydae ycloBHil TpeTbell kpaeBoii 3aqauu U Ky =S; (COOTBET-
CTBEHHO K; =S, ) B ciydae ycnoBuil Jlupuxie. YcnoBus cornacoBanus npu t =0 3amuchIBaloTCs B BU-
ne:

0,x)=Rug|.., = , 11
g( ) 0|F ON ON ( )
+ aug + - + r

B up = N — By —Ug)=9"(0,X), (12)

+
e ZL[\T(XI):a”“UOXn (0,x',a+0),uy =uy(x',a+0). Ilycts Taxxe

f €Ly (Q)am (t,x,a£0)eCo 0200 (51) v, of (1,x) e L, (Q), (13)
V,o@llo (X) W2 2P (Gy ) Vyopg eWSO?9 (S4), Vi, (t,X,2£0) eW P2 (S5), (14
D; €W 020 (S)), Vo ®; €W 029 (Sps ) i=1,....1 k=12, (15)

rae Sps =(0,T)xUiyBs(y; "), momoxmm Sgs =(0,7)x Ui Bs(y;'). Ham nonamo6sres qomonsuTens-
HBIC YCJIOBHS COTIaCOBAHUA.

A) ecmu Ru=u (i=0,1) u Ru=u, To gi(t,x')|aQ:g(t,x',ri) (=0, =I1); ecim Ru=u
(=01 u Ruzu, 10 R(t,X\K)g(tx),,=9(tx,5); ecm Ru=u (i=01) u Ru=u, To

%' oy

N oNC ¢

Rig(t,x',ri)zgi(t,x')|m; ecou Ru=u, 10 B*g:g*(t,x')‘m
og* ,
%zamgxn(t,x,aio).

[IpuBeeM TeopeMy O Pa3pelIMMOCTH TIPSIMOWA 3a/1aUH.
Teopema 1. ITycmo evinonnenst ycnosus A), (7)—-(14) u ﬂeWSO’ZSO (SO), VB eWSO’280 (805).
Tozoa ons noboeo t7e(0,T] cywecmeyem eduncmeennoe pewenue U 3adauu (1)—(3) maxoe, umo

u,V,@u(t,x) eWé‘z(Qf) ﬁW;’Z(QZT) . Ecnu uy =0, mo cnpaseonusa oyenka

[V, epu(t, x)|LNé,2 oy HIVsu(t, x)|LNF1),2 @ b2 o) +lulht? o5)
Cullghgtozo (sp) +lghaozo (s5) Tl @) +IVxefl (@) +||9+|M;o2%(sg)

"'||Vx'¢’9+ (t, X')"V(,So,zso (S§) + ”90”\/\7'602'(0 (S§) + ||91|L,\7[§2»2k2 (Sg))i (16)

rae nocrosHHas C; ne 3aBucut ot 7€(0,7) u Ky=9;, mwm Kk =S, uim K, =S; eciam cooTBETCTBYIO-
wuii onepatop R mmm Ry , unm Ry onpenenser ycnosue upuxie. Ecim oneparop R win Ry mnm R,
3a1aet ycnosue Tuna Pobuna, To Ky =S, MM, COOTBETCTBEHHO, K; =Sy mmm K, =S, .

Joka3zaTenbcTBo TeopeMbl 1.  VYTBepkaenue o paspemmmoctn 3amaun (1)—(3) u3 kmacca
u eWé’2 (Qf ) mWé’z (Qg) BBITEKaeT u3 TeopemMbl 3 [17]. Hamra 3amaua — yacTHBIN Ciiydail 3a1auu pac-

CMOTpPEHHOH B 3TO# Teopeme. OHAKO, K COXKAJICHUIO y HAC €CTh OTIMYHUS B YCIOBHSX TJQJKOCTH Ha
k03bdunuent [ . BoobOmie rosopst B [17] TpeOyeTcs, yToObl OH NPUHAIISKAT HEKOTOPOMY Kiaccy
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Ienpnepa. OmHAKO caMoO YTBEpKIEHHE TeopeMbl 3 copMyIMpoBaHO Juis JIF00oro P . B Hamem cirydae

yCIIOBHE P >N+ 2 rapaHTUPYeT, KaK U B CIydae MpOoCTpaHCTB [ 'enpaepa, CripaBeiIMBOCTh COOTBETCT-

BYIOIICH TEOPEMBI O TOYCUHBIX MYJIBTUILIMKATOPaxX Jis npoctpancTB CobosieBa (JieMMa 2) ¥ COOTBET-
CTBEHHO CTIPaBEIJIUBOCTE 3TOH TCOPEMEI. Y TBEPKACHHE O TOMOJHUTEIHLHON TIaIKOCTH PEIICHHSI MOKET
OBITH JICTKO JTOKA3aHO C TIOMOIILI0 METO/Ia KOHEUHBIX pasHocTel. PakTHIecKH, T0Ka3aTeIbCTBO COBITa-
JIaeT ¢ JI0Ka3aTeILCTBOM TIEPBOI MOJOBUHBI TeopeMbl 4 [18, rit. 4, §2, n. 3], rae BHavane ycTaHABIUBA-
€TCsl JIOTIOJIHUTENIbHAS TJIAJIKOCTh PEIICHUN 10 KacaTeJbHBIM NepeMeHHbIM. OOOCHOBaHUE TOTO (paKTa,
yto moctosiHHas C; B (16) MoxxeT OBITH B3siTa HE 3aBUCAIICH OT 7 OCYLIECTBIISIETCSA IIO TOH JKE CXeMe,

4TO U B JIOKa3aTeNIbCTBE TeopeMbl 2 B [17].

OcHOBHBIE pe3yJIbTAThI
[IpuBenem nOMOTHNUTENBHBIC YCIOBHS HA UCXOAHBIe naHHbIe. [Iycts ®(t) — mMarpuma ¢ sneMeHTa-

mu ¢ =®;(t,y}) . Mbl npennonaraem, 4to
Up (¥}) #Ug (¥5) (i=12,...r),ldetd|>5 >0 Vte[0,T]. (17)
U (V) =i (0), (1) eW(O,T) (i=12,....15), U (¥])=y;(0) (i=rpo+L....,r),  (18)

r1e J; — HEKOTOpas MOJIOKHTENbHAs MOCTosHHas. PaccmoTpum pasencTso (12) B Touke (0, Y)):

a + I r
B U, = “g,gy‘) — BOYU ) -0 (V) =0 0.y, BO.Y) =Y A OD,0,y). (19)
i=1
[Nonoxus Bo =( A(0),....5 (0 )) =(R,...,F ), momyunm cucremy
AN

®(0)fy = Fo, F-—( N 90 )j/(ua(yg)—ua(y'j)), j=12..r,

KOTOpas B city yciaoBus (17) uMeeT eJMHCTBEHHOE PEIIeHHUE :Eo . Honoxum [, = Zirzl B (O)CDi (t, X') ,
a=(a,...a), o =~ B (0), a(t,x)=B(t,x")~ f(t,x"). Torna, urobsr Gbuto BemonHEHO (12),
HE00X0MMO

oug

N ) = $(0,x)(Ug

CunTast, 4TO yCIOBHS TEOPEMBI | BBIIOIHEHBI, TOCTPOUM pereHne W, 3agadu conpspkenus (1)—(3)

w OUg o on OUg oo
N(X)—aN(X),XEQ. (20)

Ha MPOMEKYTKE [O,T] , T7Ie Bo3bMeM QyHKIUI0 [, BMecto . OT™meTuM, uTo B cuity ycnosus (15) u
aeMMsl 2, [, eWSO’ZSO (SO), V.5 eWS‘O’ZSO (SO 5) U TaKuM 00pa3oM, yciaoBHs TeopeMbl 1 Ha ko3 du-
uneHt 8 BomonHeHsl.  Yciosus  (17), (18) wu  BriroweHme W, GW;’Z Q)< cal2a (Q_k)

(a<2-(n+2)/p, k=1,2) rapanTHpyioT CyIeCTBOBAHHE IOCTOSIHHBIX 0> 0,6, >0 Takux, 4ro
VA -G Y B S, >0 (<K). [y Wt Y) 5, >0 Vte[0:, (>r). (1)
Crnenaem 3ameHy U=V +W, B (1)—(4). ®yHkius V ecTh penieHne oOpaTHOH 3a1auu
Mv=V, —Lv=0, Bvls =0, v|t=0 =0, (22)
+ + -
A Ao V) =alv” ) +aug —wp), =S,
VLY =@ = @) -wo (tY)) (<r), v (LY =y =wi®) —wo (L. Y)) (i>1). (24)

Cdopmynupyem OCHOBHOH pe3ynbTar.
Teopema 2. ITycmo evinoanenst ycaosus A), (7)—(11), (13)—(15), (17), (18), (20) . Tozoa na nexo-

MopoM npomedxncymre [O, TO] cywecmeyem eouncmeennoe pewenue U sadauu (1)—(4) marxoe, umo

ueWé'z( ifo) (i=12), ﬂi(t)ewgo (0,79) (i=12,...,r), npuuem VX-Q)U(X)EWF])"Z( iro)(i=1,2).

(t,x) €Sy, (23)
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Joka3aTenbcTBO. J[OCTATOYHO J0KA3aTh Pa3peIIMMOCTh BCIIOMOraTenbHOM 3anaun (22)—(24). Io-

CTPOMM HHTErpanbHOE ypaBHEHHE LIl HAXOXKICHUS BEKTOP-QyHKUMH o . DUKCHpYS QYHKUMIO o 1
npumensisi Teopemy 1 k 3amaue (22)—(23), mMbl moctpoum oToOpaxenue o —> v(a). BozpmeM TOUKy

y;i '€ Q u pynxmmo ¢; (i<r). Ymuoxas ypasuenue (22) Ha ¢; , HMeeM
Mw=w, —Lw=[g,L]v=fy,w=gV,W_o =0, (25)

n n n
rae [p, Llv=gpLv- L(@V)=—2|;1a|kvxk(plxl _|;1alkwplxkx' —;akﬂxkv. PaBenctBa (25) MoxHO TIe-

penucarb B BUAC

n-1 n
W — 8, (L X)W, x = > 3 Wy x, +ZaiwXi +agw+ fy = f. (26)
i,j1 i

Ormetnm, 4TO 3y, >0 st Beex t,X. Umeem, uro f,V,.f el (Qr). B cumy Teopem BioxeHus,

f(t,x',x,)eC” (5_2; Ly ((O,r)x(O,I))) ¢ a<1-(n-1)/p, nocie MOXeT OBITh H3MEHEHHS HA MHOXKeE-

cTBe Mepbl HOJb (cM. cooTHomenust (3.1)—(3.3), (3.5), (3.6), cnenctaue 4.3 B [19] u Britouenue (5.7' ) B
[20]). PaccmoTpum ypaBHEeHUS

Wit (8 X0 ) =@y (Y5 %0 )Wo x = To (6 Y5 %,) (1=1.2,....15), (27)
Wi (£, %, ) —an (L Y; ' %, )Wixnxn =f(ty; %) (i=rp+1...r). (28)
Jononuum ypaBHenust (27), (28) HauabHBIMU M KPACBBIMU YCIOBUSIMU
W (0,x,)=0,w, |Xn:a+0 =y;(t),w |Xn:a+5 =0,i <. (29)
Wi (0,%,)=0,w |xn:a_0 =y;(t),w |Xn:a_5 =0,i > 1. (30)

Pemenue W, 3amaun (27), (29) (umu (28), (30) COOTBETCTBEHHO) CYIIECTBYET H €AUHCTBEHHO [2]. B
ciyuae ecnu V,o ecTb pemrenne 3aaun (22)—(24), umeem, uto W (t.x,)=ov(2 ¥ x,) . Tepennumenm
ycioBue conpsukenus (23) B Buje

AV (6 X) = F (v V) X) =V —v ) X) + (W —wp)(E,X), (31)

PaccMoTpuM 910 yenosue B Touke (1Y) u ncnonbsys (24), nonyunm

amn (G Y Wy, (6 Y ) = Bo (v =V Y ) =

a(vt vty ) +awg —wo)(t, Y ), 1=12,...,1, (32)
Ao (6, Yi Wa, (6 Yi ) = Bo(V =V Y ) =
a(vm =Vt Y ) +a(Wy —Wo (L, YY), i =1 +1,...,1. (33)

Hckomas cucrema AJIsL HaXOKACHUA KOOPAUHAT BEKTOPa 0 UMeeT BU

a(t,y;) = (anty; ')Wixn (t,a)—Lo(v" =Vt y; )+

av (t,y; )/ @ O + (W —wWo) (6, Y )) =Fi, 1 =12,...,1, (34)
at,y;)=@nY; ')Wixn (ta)—Bo(vi =Vt Y ) -
av* (tY; )/ (7 () + W —Wp) (LY, N =F, i =ty +1...r. (39)

Otmernm, uTo B criry (21) 3HaMEHATENN B 3THX PAaBEHCTBAX CTPOTO OT/EIIEHBI OT HYJIS Ha IpoMe-
xytke [0,7°]. 3mech V — pemenne sagaun conpsokenus (22)—(23), a GyHKuEHM W; — pemreHus 3ajadq
(27), (29) u (27), (30) coorBeTcTBeHHO. OHA TaKXKE MOXKET OBITh IEPETHCaHa B BUJIC

a=0"'F(a)=R(a), (36)
IJIe KOOpJMHATHI BekTopa F ompenenensl paBeHcTBamu (34), (35). OTMeTHM, UTO TleMMa 2 rapaHTHPYeT
OIIEHKY
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1= -
o™ Fhwso(0,7) <clFlup(0,7)- (37)
IlokaxeM, 49ro omeparop  R(@)  sBuseTcs — CKMMAOWMM B HEKOTOPOM  Iape
Br, ={d GWSO (0,7): II&IIWSO(O,T) <Ry} u nepesoaur ero B cebs. Bosbmem ¢ =0. Torna B cuie enun-
CTBEHHOCTH pelleHHi 3anaun conpspkenus (22)—(23) v=v(a) =0, B 3ToM cityuae BEKTOp E(O) 3amu-

oIeTCsa B BUAC

R (0)=apm, (L. )y, (t.a)/ (@3 (1)+ (g —wo) (Y ), i =1.2...

R (0)=am(t v Yy, (t.2)/ (= (1) + (g —W5) (&, ¥; ), |—r0+1
rae o; pemenus 3aznad (27), (29) uwmm (28), (30) cooTBeTcTBEHHO, TaE TMpaBble YacTu B (27) u (28)

paBHbl Hymmo0. [lonoxum Ry = 2H®_1E(O)“Wso 09 ° [lonmy4ynMm oleHKH, CUUTAs, YTO O € BRO mr<zl.
p O

N3 Teopembl 1 BhITEKAET OIIEHKA
”V”\N%Z @)+ ”V"W%’Z(QZT) + ||VX-§DV(I, X)”V\/é’z(Qf) + ||VX-¢V(t, X)|LN%’2(Q§) < C0||Ol(V7L -v7)
+ar( ~ W) 25 (55) [V eolav” V) + o oD XDz (s (39)

1€ IMOCTOAHHAs CO HE 3aBHUCHUT OT 7 . BOCIIOJIB30BaBIIMCH IEMMOM 2, IMOJIy4uM, 4YTO IIE€PBOC CjiaracMoc

Jo B IIPaBOM 9acCTH 3[1€Ch OLICHUBAETCS Yepe3
Jo=¢ ”05"\1\7;0'250 (Sg) ("V+ _V_”\NSO:ZSQ (s§) + ”War - W(;HWSO’ZSO (So))' (39)
Bropoe cnaraemoe J; oneHuBaercs yepes

<oVl sg,) 107 =V w2 (s5) +I0% —w0)E 06, +

lakio 250 (55) (V" —v g (s5) +IVidW6 —w0) € ymn () (40)
B cuity nemMmbl 2 UMeeM OLIEHKY
b2 5) + 1V hag 2o s, )

|
s e]
T (o)

A€ IMOCTOSAHHAsA C4 , PaBHO KaK U IMOCTOSAHHBIC CO _CS , HC 3aBUCHUT OT T . I[anee, Y HaC UMECT MECTO

(102 (s) 19 Pibygo 255y, J5eclebip(o). @

OLICHKA
v —V_)”WSoZSo (S§) +[Vptvr _V_)MSO'ZSO (S3)<
1/2
57 ("V”\N%Z(er) + ”V”\N%’Z(er) + ||VX|¢V(t, X)”\N%’Z(Qf) + ||VX-¢V(I, X)“Wé'Z(QZT) J, (42)
KOTOpast ObIa MoJyueHa B JoKa3zaTeiabcTBe TeopeMbl 3 B [17] (cMm. HepaBeHctBa (50)—(52)). IIpuBenem

KpaTKOC 10Ka3aTCJIbCTBO. OI.[eHI/IM IepBOC CiraracMmoc B (42) BTOpOG OLCHHUBACTCA TOYHO TaK XC. Hwme-
cM

; el F V- OF (=500 [ [P
Iv=ll” 500 gt%p jg e p ddrse v IIWSL(O) (43)
OTtcrojia BBITEKAET, 4TO
vl o[V (0.)) < 2l Lo 2V (0.7): (44)
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Ilo nemme | mpasast yacTb oueHmBaercs uepes Cr 2(||V|kN;lJ’2(Qf) +||VIIWI1),2(QZT)). Takum 06pazom,

HMEEM HEPaBEHCTBO:
v "LP(Q;VVSO(o,r))+”V_”Lp(Q;\A7,§0 (0)) <Cr'/? (||V|kNI1)'2(Qf ) T "V"W%J'Z(Qz’ ) ) (45)
O1eHUM HOPMBI ||Vi|||_p(0, r;Wé‘ll p (Q)) . Hanipumep, mns pynxmuu v umeeM, 9to

1/2

- , T 12 1/2
Wl (0mw 27 () = eVl 07w (65 ) < o) Mhugos) <G5 Mhuge(cs)- (46)

Lp( 2
3meck MBI BOCTIONB30BAINCH TeopeMor o ciemax [13, Teopema 4.7, c¢. 412] u cooTBeTCTBYyIOIIEH

OIIEHKOM ||V+||W'§fll P(@)< (:l||v+|LNl @)’ UHTEPHOISLMOHHBIM HEPABEHCTBOM
p\*2

1/2
v b,y clv ||Lp (

M u3 Gopmynel Hetorona—JleiiOHuna. 37ech BCe MOCTOSHHBIE HE 3aBUCIT OT 7. AHAJOTHYHO IS

1/2
G2)||V+”‘N§(GZ) U HEPaBEHCTBOM ||V+||Lp(0,f)£ T”VtJr”Lp(o,r) (V(O,X):O), BBITEKAIO-

GyHKIIHA V- uMeeM
_ ~ 1/2
(¥ ||Lp(o,r;wg Up (Q)) < o7 Ivhwz2(or) (47)
Taxwum 06pa3zom, crpaBeuBO HepaBeHCTBO (42). 13 (38)—(42) BhITeKaeT HEPABEHCTBO
b ) + Mz ) + [V (8 )z ) +IV eV (b Xy o5 <

cor? ||&|LA7;0 (0,7) [Ilvlk,vg,Z(Qf) + ||V||WF1),2(Q§ ) +[Vepv (t, X)ILN%,Z(Qf) +[Veou(t, X)|LN%~2(Q§ )J

+aolahig 0.2) 0§ —9p)E 025 ) [V xof —)E X mon () (48)

BriOpaB 7; Takoe, 4TO CloRofll/ 2=1/2, u3 (48) nonyunm, 4To NpH 7 < Ty = min(z'l,ro) uMeeT Me-

CTO HEPaBCHCTBO
biz(p )+ 07) Vvt hype( ) IV (t gz <
200 ke (0,7) (lowg —wo)t, X')|kv;0,2so ) + |V o —wo)(t, x')|LW§0,250 &) (49
ycrs =(ai1,ai2,...,air ) € BRO (i=12) m v; — cooTBeTCTBYIOIIME peneHns 3anaun (22), (23),
r
¢ pyHKIMAMU @ = Za“-(I) j (i=1, 2) BMecTo o . meet mecto oneHka (49), rie B mpaBoii 4acTH CTOST
-1

COOTBETCTBYIOIME HOPMBI ||Oti "\/\7;0(0,1-) . Torna pa3noctn V; —V, =@, y =04 — @, €CThb pelICHHE 3a-

ayun
+ _
MV=a)t—La)=0,Ba)|g =0,a)|t:0 20,66%286%, (50)
dw* + (g ta), o N A T + ~
N -Gl —o ):T(w - )+§(V1 +Vy =V =V )+ (W —Wp). (51)

[lycts ¥ =4 —a,. 3agaga (50), (51) umeer ToT e BHA, 4TO M 3afada (22), (23), mosromy mpu
7 <7, HMEET MECTO Ta e oueHKa (49), koTopas 3aIHIIeTCS B BHIE

IlekNé,z(er) +"w|k"’r1f2(Q§) +[|Vypalt, x)|LNé2(er) +|V ool X)"w#Z(Qg) <
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- 1 - _
2ep0 |7 ki (0,2) (‘E(Vf Vg TN =)+ —vig LNSO,ZSO 6
p 0
). (52)
‘ L/SO'ZSO(SO)

U3 oneHok (42), 3anmcaHHbIX 11 GyHKIUH Vy,V, , 1 (52) BEITekaeT HEpaBEHCTBO

"0)”\/\/%,2(er) +||CO”\/\/%‘2(Q5) +||va¢760(t, X)|L/\/%’2 +||VX QCO t X l\le(

1 o _
Vx'(ﬂ(E(Vf +Vy =V —Vy)+ Wy — W)

Q) Q) "~
MSOvZSO (So) + ||Vx'€0(WO —W )“\NSOvZSO (SO))’ (53)

rJie IOCTOSIHHAS Cy, HE 3aBHCHT OT 7. Ilycts W (i =1,2) — pemenus 3amau (27), (29) u (27), (30) ¢

culhigo(o,) (W6 —v%

HOBBIMHM IIpaBBIMH 4YaCTsAMHM, TI'I€C BMCECTO V CTOAT CI)YHKI_II/II/I Vi, W0 =@ . Torma pa3HOCTH

ki =W —W? ecTb pemrenus 3a1ad

kit_ann(t’yi" |x X _Zau ZjZj +Za|w +a00) +[¢|’L]a)|x =yi _f(t yl’ )! (54)

i,j=1
ki |t=0 =0, ki |Xn=a =0, ki |xn=a+5 =0 ( I< rO) (55)
ki |t=0 :0’ ki|xn=a :O’ ki|xn=a 5 =0 ( > rO) (56)

W3 n3BECTHBIX CBOMCTB MapabOIMUECKUX 3a/1a4 (CM Harpumep, [2]) umeeM OreHKY

:Zollnki”vvgz((o,r)x(a,aJré) Z ”k ||w12( 0,7)x(a- cS,a))S

|r0

o
f; f; : 7
G3 é” I"Lp((o,r aa+5) .% an ( (0,7)x (a—5,a)) (57)
I[Tycts, Hanpumep, i <1, . Umeem

|ty H (07 aa+5))<014”f (& X)ys (Q L, ((0,7)x (a,a+5))):‘]’3>(”_1)/p' (58)

B cHiIy TeopeM Bitokenus (cM. cienctaue 4.3 u cootromenus (3.1)—(3.12) B [19]). Janee ncnonb3yem
HEPAaBCHCTBA, BLITCKAIOUIUE M3 COOTBETCTBYIOIIUX HWHTCPIIOJIAIMOHHBIX TCOPEM (CM. CJICACTBHUEC 43 n
cootromenue (3.7) B [19]).

. 0 _ 0
I <o fi(t, X)“w%(Q; L, ((0.7)x(aa+ 5))) [fit, X)“wgl(Q; L, ((0.7)x(a,a+ 5))) 20-1=s. (59)
Baujty 3ameuanns 5.3 (c) B [19] Hopma B mocneIHEM IIPOCTPAHCTBE MOKET OBITH OIPEIEIEHA KaK

11/ A = su f.o), 1/ p+1/q=1,
I, ((0)x(aa+5))) %W&(Q;Lq((Og)x(aw»)\( o) 1 p+1/g

rjae ckoOku 0003HAYalOT MPOJOIKEHHE CKAIIPHOIO MPOU3BEJeHUs B L, 10 OTHOIIEHUS ABOWCTBEHHO-

CTH MEX[y COOTBETCTBYIOIIMMHU IpocTpaHcTBamu. Vcxons us onpenenenus f; u ycnosuit Ha koaddu-
LIUEHTBI UMEEM

” f, Mal(g; L, ((0’ T) % (a, a4+ 5))) <Cp ("a)"l_p(o,z';WFl, (Gl)) + "C!)HLp(O,T;Ws (62 ))j <
" (||w|lvv;z(gf) i ||a)||wF1)v2(Q27)j, (60)

TI€ IMOCTOsTHHAA Cl HC 3aBHUCHUT OT T . HOCH@IIHS[S[ OIICHKAa MOJIy4acTCA, €CJIM Mbl IPUMCHUM UHTCPITOJISA-
IMUOHHOC HEPABCHCTBO
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Vil (O Wi o (G )) Clg||V||1/p2(0,T;Wp2 (GI))" ||1/2(0 L6 ))

u onenky [Vl (0 7L (G )) <2'||Vt||L (0 oL (G )), BEITEKaromIyto u3 opmynsl Herorona—JleitOnuna,
a 3aTEM OLICHHM I10JTy4YeHHbIE HOPMBI Uepe3 HOPMY B Wé’z (Qf) . Ouenku (59), (60) BiekyT, 4TO

Hf t,XI,Xn H ( a a+5)) SClgz'(lfﬁ)/2||vx.(pla)('[,X)”W[l)’z(Ql,) +
[V, p0t 9z gp) * <nwlkN;sz<Qf> o) lobip2(@) +Hlohg2@p)™ - (6D

rie Cq — IHOCTOsIHHAs He 3aBucsAmas oT 7. Kak BeiTekaeT u3 HepaBeHcTBa (53), HepaBeHcTBo (61)
MO’KHO TIEpEITHCaTh B BHIIE

H fi (£, %, )“Lp((o,f)x(a’a+6)) Con ”7’”va0(0 z') <l (62)

OdeBHAHO, YTO TaKas )K€ OLICHKA UMEET MECTO U B cirydae | > Iy . 13 (57), (62) BbITekaeT HepaBeH-
CTBO

o ) }
iZ:];"ki"WFlJ’z((O’T a,a+o) ) Z ||k ||W12( 0.7)x(a— 5’a))§021r(1 9)/2”7/“”;0(0,1).

i=1p +1
B gacTHOCTH, OTCIOZa BEITEKAET OIICHKA

r
-0)/ -
Sl tolp e e
Ouennm |R(ay) - R(az)”wso (0.r) - 13 (37) BBITeKaET ONEHKA

IR(c) - R(&z)”\,(,;o ©0.0) SC23 Z" Fi(a)-F (072)”\,950 ©0.7)° (64)
i=1

Paccmotpum nepBoe cnaraemoe B koopaunate F () —F (a,) . Ilycts, Hanpumep, i <1, . OHo 3a-
IIUCBIBACTCA B BHU/JIC

3 =a(t ;) (e, — @, ) (t.a)/ (7 O + g —we)(t, ;)

B cuny nemmbl 2 u HepaBeHcTBa (63) nmeem

||‘]1||V\7§o(0, 7) SCo ‘

1 2
a}IZn 7

i L\?SO(O,T) < Czrﬂl ||g£1 —&2”\,98(0,7) , (65)

p
1€ BCC IIOCTOAHHBIC HC 3aBUCAT OT T , ﬂl — HOJIOKHUTCJIbHAA ITOCTOSAHHAA. PaCCMOTpI/IM BTOPOC cCliarac-
MO€

3o ==FoW" =W )(t, i) (7 0+ (w6 —p)(E %))
B cuny nemMmsl 2 numMeeM
r
192l 0,y < Cs ) (@ — o) Y g 0,7)
p ) |:1 p 1
CripaBeyTuBEI 04YeBHIHBIE OmleHKH (JemMa 1, (53) u Teopemsr Bioxenus (cm. [19]))

Jw* (.3 ')“w;o(o, )= Jow (2, X')M(Q;WSO (o, r)) <

Ca6 {Hvxw"w (t’ XI)HLP(Q;WSO (0,1)) + “(/)Wi (t’ X')HLp(Q;VVpSO (O, Z'))] <
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ST {HVX.(pWi (t, X‘)HLp(Q;WpSl (o, r)) +low (¢, X')HLp(Q;V\?;l (o, r))J <

Coor'? (Ilvx'covv(t' X)Im;,z(qg) +ow(t, X')ILN;,z(Q;)] < e’ o ~aliso(0,7).

rae i>1, u k=1 B ciyuae Qpynkimn o* u K=2 u i<r, B cayuae pynkimn o . Takum o6pasom,
CIIpaBe/IJIMBa OlICHKA

2l =
”‘]2”\/\750(0 ) <Cyt o —az"vc,so(olr) : (66)
p ™ P
171 HEKOTOPOH He 3aBUCAILEH OT 7 MOCTOSIHHOM Cgy . OLleHKa MOocTenHel pa3sHOCTU
J3 :(alvl_ (t, %) — v, (L% ))/(V;i (1) +(Wp —Wo)(t, X (0)))
HOJTy4aeTcsl aHAJIOTHYHO, U IMEEM, 4TO HalTyTcs HOCTOsTHHbIE 3 >0 | Cg Takwme, 4To
ﬁ — —
Jall =5 <Cy7 3 |la1 — azlii%o . 67
” 3||Wp0(0’z') 31 ” ”\Np (O,r) (67)
OxoHuaTesbpHas OIICHKA, KakK BeITeKaeT u3 (65), (66), (67) umeer BHI
HR(&l) - R(sz )“Ws < C3lrﬂ0 ”&1 - (;2”\,\750(0 1—) , (68)
L(0, r) p %
IJie I0Ka3aTenb [f; MUHUMAIbHBIA U3 MOIYYCHHBIX B JOKAa3aTEIbCTBE U MOCTOSHHAS Cg; HE 3aBHCHT OT
7. BO3bMEM B KayecTBe 73 4YMCIO CO CBOMCTBOM 75 <7, , C311'68 0 <1/2. B srom ciydae oneparop R

MIEPEBOJUT TIIap BRO B ce0s U sBsieTcst B HeM cxxuMaronuM. CrenoBarenbHo, ypaBuenue (36) umeer

pemerne & €W, (0,7, ). Haiiiem pemerne 3agaun conpsokerms V. [ToKakeM, 9TO MBI HAIILTH periie-

HUE Hamlel oOparHoii 3agayun. JlocTaTOYHO MOKa3aTh, YTO y HAC BHITIONHEHBI YCIOBHS MEPEOIIPEIeTICHUS
(24). M1 umeem pasenctsa (32), (33) u paBenctsa (34), (35), OTKyna BHITEKAET, YTO

A (6 Y Wiy (1.3) = B (v —v)(L Y ) = (@i () -V Y ) +ag —wo)(ty; ), (69)
npu i <Iy unpH i>r, uvMeeMm
ann (LY, iy (t.2) = o (V" =V Y ) =a(v (LY ) - () e —Wo)(E ;) (70)
Brrauras (32) u (69), coorBercTBeHHO, (33) 1 (70), momyyum
Al (Y0 (Y~ (L) =a(v’ — 7 1) =a(v (LY, ) ~Wta), i=12... %,  (71)
B (6 Y 00V, (6% ) ~W, (L) =a( () —v) =aW(ta)—v ). i=f+1...M,  (72)

DyHKIUA Wy; =@V YAOBIETBOpsET ypaBHeHUIo (26). BosbMeM B 3TOM ypaBHeHHH X =Y; U BbI-
4TeM ero u3 paBeHcTBa (27) mpu i <1y uus (28) npu i > Iy . [loxyunm paBeHCTBO

(Wit (t’ Xn ) — Wit (t’ Yi lv Xn )) — 8 (t’ Yi E Xn )(Wixnxn - W0ixnxn (tv X Xq )) =0, (73)
rae i=1,2,...,r. ynkin W, =W (t,X,)—Wg; (t,X, X, ) yOBICTBOPSIOT ypaBHeHH o (73), HAYAIbHOMY

ycIoBHIO W |t=0 =0 u B cuy (71), (72) rpaHUYHBIM YCIOBUSIM

ann (4% )Wy (t,2)=—aW (t,a),W (t,a+5)=0,i=12,...,1, (74)
an(t,; ')v”\/an (t,a)=aw(t,a),W (t,a—5)=0,i=rp+1...r. (75)
B CHILY €IMHCTBEHHOCTHU peuieHuit CMELIaHHOU Ha4yaJIbHO-KPaeBOMH 3a71a4u

Wi (t, X, ) =We; (t, Y; ', X, ) . ClestoBaTernbHO, BEITOIHEHBI paBeHCTBA We; (t, Y; ,a+0) =17 s Beex i <1
1 W (t,y;,@a—0)=y; i Beex i> Iy . [IocKONBKY JIOKAIBHO 10 BPEMEHH 3a1a4a CBOUTCS K ypaBHe-

HUIO CO C)KMMAIOUIMM OIIEPAaTOPOM, TO YTBEPIKIACHUEC O CIUHCTBEHHOCTHU peHIeHI/Iﬁ 31€Ch OYCBUIHO.
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3ameuanue. Bce PE3YJbTAaThl CIIPABCIJIMBLEI U B CIIy4ac Ooltee CIOKHOM 3aJa4u Koraa BMECTO O-

HOTO YCJIOBUSI CONPSKEHUS] MBI PACCMaTPUBAaEM HECKOIBKO YCIOBHH, CKaxeM B Toukax X, =k,l,,... 1,

U HEHW3BECTHBIMH SBIISIOTCS HECKOJBKO KOA(PGUIMEHTOB TeIuionepeaaun. Ha KakaoM W3 CeUYCHHIA
X, =l; B HEeKoTOpOM HaboOpe TOYEK y HAaC, KaK U paHee, 3a7aHbl 3HAUCHH PEIICHHs B Ka4eCTBE yCIIOBHUIl

nepeonpeneneaus. COOTBETCTBYIOIIUE YCIOBUS Ha JaHHBIE JIETKO (OPMYITUPYIOTCS.
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ON DETERMINING THE COEFFICIENT OF HEAT EXCHANGE
IN STRATIFIED MEDIUM

V.A. Belonogov
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E-mail: vladimir.belonogow@yandex.ru

Abstract. In the article we consider the well-posedness in Sobolev spaces of the inverse problems of
determining the heat exchange coefficient at the interface which is included in the transmission condi-
tion of the imperfect contact type. In a cylindrical spatial domain, a second-order parabolic equation is
considered. The domain is divided into two sub-domains, on the common part of the boundary of which
the transmission condition is set. The heat exchange coefficient included in the transmission condition is
sought as end segment in series with time-dependent unknown Fourier coefficients. The equation is sup-
plemented with general boundary conditions and initial conditions, as well as overdetermination condi-
tions. The ovedetermination conditions are the values of a solution at some points lying in the spatial
domain. Under natural smoothness conditions for the data and the location of the measurement points,
the existence and uniqueness theorem local in time is demonstrated. The obtained solution to the prob-
lem is regular, i. e., all generalized derivatives included in the equation are summable to some power,
and the equation holds almost everywhere. The method is constructive, and the approach allows to de-
velop numerical methods for solving the problem. The proof is based on a priori estimates obtained and
the fixed-point theorem.

Keywords: inverse problem; transmission problem; heat transfer coefficient; parabolic equation;
heat and mass transfer.
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ACUMMTOTUKA PELLEHUA NEPBOWN KPAEBOWU 3A0AYM

AnA CUHIryn4aApPHO BOSMYLWWEHHOIO ANPPEPEHLUAJIBHOIO
YPABHEHUA B YACTHbBIX MPOU3BOAHbBIX BTOPOIO NOPAAKA
NMAPABOJIMMECKOIO TUMA

K.I'. Koxxobekoes, A.A. LLloopykos, [.A. TypcyHoe
Ouwckuti eocydapcmeeHHbIl yHUsepcumem, 2. Ow, Kupausckas Pecnybnuka
E-mail: dtursunov@oshsu.kg

AnHoTanus. CTpouTcsl NMOJHOe PAaBHOMEPHOe ACHMITOTHYECKOe pa3jioske-
HHe 110 MAJIOMY IIapaMeTpy pelleHusl nepBoi kpaepoii 3agayn. [lepBas kpaeBas
3a/la4a CTABHMTCH I CHHTYJIAPHO BO3MYLIEHHOIO JIMHEHHOI0 HEOJHOPOJIHOIO
AnddepeHINANBHOIO YPABHEHUSI B YACTHBIX MPOM3BOIHBIX BTOPOr0 MOPsIKa C
ABYMSl He3aBMCHMBIMHU NepeMeHHbIMHU Napadoinyeckoro Tuna. 3agaya uccieny-
eTcs Ha NMpsAMoyroiabHuKe. OCO0EHHOCTH 3a]a4M — NMPUCYTCTBHE MAJOro napa-
MeTpa nepej ONepaTopoM TelJIONPOBOJHOCTH, CYllleCTBOBaHHe YIJIOBBIX MOrpa-
HHMYHBIX CJI0EB HAa HMJKHHUX yIJIax NpsiMoyrojbHuka. TpebdyeTcs: HOCTpOUTH paB-
HOMEpHOe aCHMNTOTHYeCKOe Pa3jioskeHHe pelleHMs NepBoii KpaeBoii 3a1a4u Ha
NPSIMOYTOJIbHUKE, ¢ JI000il cTeNeHbl0 TOYHOCTH, NPH CTPeMJIEHMH MAaJoro ma-
pamMeTpa K HYJI0. ACUMIITOTHYECKOe Pa3jio:KeHHe pelleHHs Mo MaJjoMy mapa-
MeTpy cTrpoutcs MetogoM Bummuka—Jliocreprauka. Ilpn pemennn nocrapiaeHHOI
3a/la4i HAMH MCHOJIL3YIOTCSI: MeTOAbI MHTETPUPOBAHMS 00BIKHOBEHHBIX 1 pe-
PeHIUMAIBLHBIX YPaBHeHHIl, KJIaCCHYeCKUH MeToJ MaJjoro napamerpa, MeToj mo-
rpaHM4HbIX (yHkumii Bummuka-Jlrocrepuuka u npuHuun MmMakcumyma. Kak
00BIYHO, 32/1a4a pelIaeTcsl B IBYX 3Tanax: B MepBOM 3Tane cTpoutcst popMaib-
HOe pa3jioKeHHe pellleHHs NMepBoi KpaeBoii 3a1a4M, a BO BTOPOM JTafe OLEeHH-
BaeTCs OCTATOYHBII YJIeH MOJYy4YeHHOI'0 Pa3JIoKeHHsI M 3THM J0Ka3bIBaeTCsl, 4To
NMOJy4YeHHOe pPa3jiosKeHHe JeHCTBUTEIbHO SIBJSIETCS ACMMITOTHYECKHM Ha BceM
npsiMoyrojbHuke. B mepsom 3rame ¢opMajbHOe acHMNTOTHYECKOe pelleHne
HIIeTCsl B BUJIE CyMMBbI ecTH GyHKIuii (pelueHuii): BHelIHee pellieHUe, onpee-
JICHHOE HAa BceM NMPSIMOYIoJbHUKe, IOTPAHCI0iHOE peleHne B MaJI0i OKpecTHO-
CTM HMKHeil CTOPOHBI MPSIMOYTOJAbHUKA, 1BAa GOKOBBLIX MOTIPAHC/JIOMHBIX pellle-
HHMSl B MaJIO/i OKPeCTHOCTH OOKOBBIX CTOPOH NPSIMOYTOJIBHUKA M JIBAa YIJIOBBIX
MOTPAHCJIONHBIX PelleH:us] B OKPECTHOCTAX HMKHHUX BEPIIMH NMPSIMOYTroJbHUKA.
Bce 3T norpanciioiiHble pemieHUs IKCIIOHEHUMAJBHO YObIBAIOT BHE NMOTPaHMY-
HBIX CJIOEB.

Kniouegvie cnosa: acumnmomuueckoe pewienue; Maiblii RApamemp; CUHSYISAPHO
B03MYWEHHAs 3a0a4a; Nepeas Kpaesas 3a0aud; ypasHeHue menionposooHocmu; no-
2pancolinoe peuienue.

IMocraHoBKa 3aga4yu. B npsMoyroyibHUKE pacCCMOTPUM MEPBYIO KpaeByro 3amady [1, 2]:

oz(t, x) d%z(t, x) az(t, X)
g[ p ~a’ o7 ]Jrgzp(t,x) 5 A0zt =X, e, )
z(0,x)=¢(x), xe[0,1], @)
2(t,0) = 44 (1), 2(tD) =4 (t), te[0,T], 3)
rae & — Malblii ToNoXHTeNnbHBIA mapamerp, 0<a — const, Q={(t,x)|0<t<T,0<x<1},

6.0, f €C*(@), peC7[01], 44,4, €C[0,T], A(t,X)>0: () €D, (0) = 4(0), p(1) = 11,(0)..
TpebyeTtcss HOCTPOUTH paBHOMEPHOE aCHMITOTHYECKOE MTPUOIMKEHUE 1TepBOil kpaeBol 3anauu (1)—
(3), mpu £ —0.
Pemenne 3anaun (1)—(3) Oynem uckath B BUJIE PSIIOB 110 CTETICHSIM Mayoro napamerpa [3-5]:
2(t,) =U(t, ) +V (7, %) + T (t, 7;) + T (8, 772) + Wi (7,71) +Wo (7, 77,) (4)

rne 7=tle, m=x/I4,1n,=0-Xx)/4, A=ve.
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[Moxacrasnsst cootHoweHue (4) B 3amauy (1)—(3), momydaem ciieyroniye 3a1aum:

2
{aué(;,x) _a28 ;((:’X)}Lgﬁo(t,x)—a Ua()t(’ X) +q(t, U, X) = F (%), tX) e (5)
ava(f, N2 VTN | 200 gV EX v (=0, (r0) € ®)
T

O°I1, (t,n; oIl (t, 7 oIl (t,7;

22 IO g ) =42 T8 g TLET) oy a0 @)
on; on;

Wi (z,m:) ., 0W, (7,7:) oW;(z,n7;)
Jar 17 _ 52 a17712 J +q(1-,77j)Wj(T,77j):—/14p(7:,77j)JaTjJ,(z‘,ﬂj)eQ3j, (8)
e Q, ={(z,X)|0<z < u*T, 0<x<1}, Q,; ={(t.7;)|0<t<T, 0<p; <A},

Qq; ={(r.7;)|0<7r<Te™, 0<p; <27} j=12.
[loxcrasmiss cootHomeHue (4) B HadanbHOE YCIIOBHUE (2), TOTydaeM:
@(x) =U(0,X) +V (0,x) + 111 (0,77) +T15(0,77,) + Wi (0,7) + W5 (0,77,) =
V(0,x) =9(x) -U(0,x), 9)
Wj(o,ﬂj)=—nj(oa77j)f =12 (10)
Teneps noicTaBIsAs cOOTHOIIEHHE (4) B TpaHUYHBIE YCIOBUA (3), UMeeM:
() =U (t,0)+V (te™*,0) + I1;(t,0) + TT, (t, A7) + W, (te ™, 0) + W, (te ™, A7)
yuutsiBas, uto IT,(t, A =0, W, (te ™1, 271) =0 — ycinoBue 1Is IOrpaHCIOMHBIX QYHKIMIL, TIOTydaeM:
I (£,0) = 14 (1) —U (t,0), (11)
W, (z,0) =-V(z,0), (12)
aHaJIOTHYHO
1) =U (t,1) +V (ts 1,1) + 1, (t,0) + W, (ts *,0) =
I, (t,0) = 15, () U (¢, 0), (13)
W,(7,0)=-V(z,1). (14)
B pe3ysbprate Mbl MOJTYYHIH HISCTh 33/1a4:
— 13 ypaBHeHust (5) METOIOM MaJIoro mapamerpa oaHo3HauHo onpenensiem U(t,X);
—u3 (6) u (9) onpenensiem V(t,X);
—u3 (7), (11) n (13) onpenensiem I1;(t,77;),j =1, 2;
—u3 (8), (10), (12) u (14) onpenensiem Wi (z,7;),j =1, 2.
Haunewm c ypaBHenus (5).
Jlemma 1. s pemenust U (t,X) ypaBHeHwus (5) crnipaBeainBo GpopMaibHOE aCHMITOTHYECKOE pa3-
TIOXEHUE

U(t,x) = igkuk(t,x), (15)
k=0

rie U, €eC*(Q), k=0,12,... — KOHKPETH3UPYIOTCS MPH J0KA3aTeNbCTBE JTEMMBI 1.

Hoxasamenvcmeo. ®opmainbho noactasisis (15) B (5) u npupaBHuBas K03)OUIMEHTHI TPU OTUHA-
KOBBIX CTETICHSX €, IMEEM:

f(t,x)

t,X) = ——2, 16
Uo (t, X) %) (16)
1 (au(tx) Ut X)) p(t.X) du 5 (tX) . _

u (t,x) = q(t,x)[ - a 2 } 00 ox ,keN, u,(t,x)=0, (17)

3aMeTuM, 4To U, € C°°(§_2), k=0,12,.... Jemma 1 nqoka3zaua.
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Ilepetinem k 3amade (6), (9). ITycthb
o0
V(z,x)= > e (z,x), (18)
k=0

rae V, (7,X) — HoKa HeU3BECTHBIE (PYHKIIUH.
TToncrasmnss (18) B (6) u (9), mmeem:

i [8vk(r X) 28 Vk(T X) 22 P, (x )aVk J( ir q; (X)vi_j (7, X)J

3 £ (0,0 = 90— 37640, (0.,
k=0 k=0

rae q;(x)=0'q(0,x)/07, 6o (x) =0(0,x), p;(x) =81 p(0,x)/7'.
Otcrona cienyer, 4To
Vo (7, X
20882 1 (7, X) =0, ¥ (0,%) = 9(3) ~Up (0,0 (19)
ov, (t,X
% + 0o ()Y (7, X) =
20)
2 k . oV, - , X k. (
=32M+ D] pj(X)L(T)JFZTJQJ'(X)W](T,X), Vi (0,x) ==u, (0,x), k e N.
OX =0 OX i
Pemenwne 3amaun (19) cymecTByeT, €TMHCTBEHHO H MIPEICTABIMO B BUJIE:
Vo(7,X) = ((X) ~ U (0, x))e ",

Hnst vy (7,X) umeem:

vy (7, x 0%V, (7, X
551 00w 0 =82 ST 1, (00N 700, 0. =03 0,).
Copaennusa
JlemMma 2. Pemienue 3agauu
N(z,X)

. +q0(x)\7(r,x)=e—q0(x)f(po(x)+...+ pn(x)r”), (z,%X) €y, ¥(0,x) =°(x), xe[0,1]
T

CymI€CTBYCT, CAMHCTBCHHO U NIPEACTAaBUMO B BUIC

2 n+1
(z,x)=e 0™ (x)+e ‘W(p ()7 + pl(x)—+ A+ Pa(0) J
_|_

rae Go(x) >0 x<[0,1], gy, p;,7° eC*[0,1].

Jlokazamenvcmeo. YpaBHEHUE
N(z,X)

= +q0(x)\7(f,x)=e—q0<x>f(pO(x)+ D, ()T +...+ pn(x)rn), (r,X) eQ,

3aIMicM B BUAC
(92, 20e%97) = (po(x)+ Py ()7 +...+ P (¥)2" ),

MOJTYYCHHOC BBIPAXXCHHUC I/IHTerI/IpyeM IO T, YUUThIBAd HAYAJIbHOC YCJIOBUC!:

V(z, X)eqo(x)r ~O(X) I(po(x)+ A+ pn(X)S Yds = V(r,x)=¢ ~Go (0750 7O(x) + n+1T(T,X)e_qO(X)T,
0

rae P, (z,X) = po(X) 7+ pl(x)% +.ot Py (X) 272 /n+1. Jlemma 2 nokasana.

C nomomIpio JeMMBl 2 TOKa3bIBaeTCsl CYLIECTBOBAHME M EAWHCTBEHHOCTH pemeHuid 3amad (20).
Kpome 3toro, m3 memmbl 2 ciemyeT, 9TO 3TH PENIeHHS SKCIIOHEHIMAJIBHO CTPEeMSTCA K HYII0 IpU
CTPEMJIEHHHU 7 K OECKOHEYHOCTH, T. €.
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v (7,X) =o(e—q0(x)’), T, 0p(x)>0: xe[0,1], k=0,1,2,...
[Tepeiinem x 3amauam (7), (11) u (13). 3gecy aBe 3amaum oTHOcHTensHO GyHkimil IT;(t,7) n
IT,(t,77,) — aHATOTHYHBIE, IO3TOMY JOCTATOYHO PACCMOTPETh OIHY. MBI paccMOTpUM 3a7ady OTHOCH-

tenbHO QyHKIMH I, (t,77)

T, (t, 1) oI, (t, oI (t,
a’ % —qt, )Ty (t, ) = A2 %Jr A p("aﬂl)%- (t,m) € Qy, (21)

ony
IT;(t,0) = z4(t) -U (t,0), t [0, T]. (22)
ITycts
My (tm) = D Az (tm), (23)
k=0

rae 7y (t,7) — moka HeusBecTHble QyHKUMM, npudem  lim 7z (t,7) =0, t[0,T].
m—>%©

[Moacrasnsst (23) B (21) u (22), umeem:

e}

* P tm) & omy (t,m) K Omy—j(tm)
Z;tk az#_zquj(t)”l,k—j(t’nl) _ Zimz LJJZZTHJ pj(t)+ 1
k=0 om =0 k=0 ot =0 OX

3 A7 (60) = 4 (0 3 A%, (1,0), t[0,T],

k=0 k=0
alq(t,0 olp(t,0
e 6,0)="000 p 1) =CPED) 1) q(t,0).
6771 5771

Orcrona 1ist 77y o(t,77) umeeM:

n

Pemenue 3Toit 3a1a4u MOKHO MPEJICTABUTh B BUE

o°r .
a’ - 2> =~ Qo®)710 =0, (t,73) € Qyp, m10(t,0) = £4(t) — Uy (t,0), Jim 70t ) =0, te[0.T]

U (t) -
ﬂl,O(t!nl) :(/ul(t) _uO(t!O))e a
Jdns 7y, (tm), ke N umeem:

? Tk joo (t7m) N Omy o (t,m)

o, ko LS 0
a’ 12'k —Go O =D O )+ D7 P (1) J(t7m) € Qypy,
o =1 i=0 OX ot
71 2 (1,0) = Uy (,0), 7 5 4 (t,0) =0, nlliﬂljﬂl,k (t,m)=0, te[0,T]. (24)

CnpasenBa

Jlemma 3. Pemenue 3agauu

azﬂ, 7\)q0(t)
Sem SLICLECEE (P + .t PaOR), () €Qu,
1

7(t,0)=7°(t), lim z(t,;) =0, te[0,T],
m—>0

CYHIECTBYCT, CAMHCTBCHHO U NIPCACTAaBUMO B BU/IC

%) m %)

ztp)=e @ 2°M+e @ n(BOm o+t BOR),
raie Go(t)>0 te[0,T], dp, B, 7° C[0,T].

Jlemma 3 moxasbIBaeTcs MPAMBIM HHTETPHPOBAHUEM, KaK M JeMMa 2.
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C moMoImpio JIEMMBI 3 TOKa3bIBaCTCS CYIICCTBOBAaHHUE, SAUHCTBEHHOCTh pereHui 3anad (24). s
pemennit 3a1a4 (24) cpaBeIINBEI OICHKH:

% (®) -
z(t,m)=0le 2 , 1 =0, t€[0,T], 0<a, 0<qy(t).

[Mepeiinem k 3amauam (8), (10), (12) u (14) nna onpeneneHus YriIOBBIX NOTPAaHCIONHBIX (YHKLUI
W;j(z,m5),1=1,2

37ech TOXKe JOCTAaTOYHO PACCMOTPETh OAHY W3 HHX, 1uO0 3amady mna W (7,7,), mubo mms

W, (7,7,) , BTopoe uccienyercs ananorudso. Paccmotpum 3agady mns W, (z,7,)
an(T’Ul) a2 0 Wl(T )

(W () + A3p(r, nl)%w, (r) € Q. (25)

ot ont Th
Wi (0,71) =-T15,(0,7,), Wy (7,0)=-V(z,0). (26)
IIycTh
Wy(z.m) = 3 A W (z.my), (27)
k=0

rae Wy (7,77;) — MOKa HEU3BECTHBIE QYHKIMH.

IMoxacrasisist (27) B (25) u (26), momyvaem:

ow; o, azwlJ _ _
—a +0oWy,; =0, (7,17) €Qq, J=01,
or 6 n
My, a2W1,k
—a > OoWy = O Wy Way g, Wig, T,70),  (7,77) €Qg1, kK=2,3,...
oz ony
Wi (0,771) = =71 4 (0,77,), Wy o (7,0) = = (7,0), Wy 4 (7,0) =0, k=0,1,...,
0""™q(0,0) 5 .
e Oy, ZW’ 0<dy=q(0,0), ®x — nmueiino 3apucar ot npempaymmx W, j (j<k) m ux
T om

IIPpOU3BOAHBIX OT 7); , HOTHMHOMHUAJIBHO 3aBUCAT OT 7, U 7] .

Ecin BBecTH oGo3nauenune W (7,7,) =e ©7y, (z,7) , T0

oW, 82W , 2
i (7, 771) e "y, (7, ) + €7 2 (7,771); 1,k(27 ) — o r 0"V (2,771) ’
o7 oz ony ony
" paccMaTpuBaeMasd 3ajia4ya NpumMeT BUO:
02
P _ g2 0¥ yk Dy (Yik1:Yik-2:- Y10 T70) - (7.7m) €Qg, k=0,1,... (28)
or a n
Vi (0,77) = =714 (0,771), Yo (7,0) = €%V, (7,0), Yp41(7,0) =0, k=0,1,... (29)

rIe CDJ- =0,j=0,1.

Peurenust 3amay (28), (29) cyiiecTByIOT, e IMHCTBEHHEBI ¥ MIPEACTABUMEI B BHE [6]:
Yizm) == [ 21,0 (0.6)G(z,£,m)dE + [y OH (7 =)t + [ [ 4 (6 )Gy, x, 7 -y,
0 0 00

TIe
2

m
M i 1 [(nl—)j [(m x)]
H (m,7) 2adar?  Glexm) 2aﬁ[eXp sz ) o aa ))

Wor (1) = -7, (2,0), 7 1(2) =0, ©y (7,171) = P (Yik 10 Yok 10 Y100 72 7)-
Orcioza ciienyer, uto GyHKun Wy (7,7,) SKCIOHEHIMANBHO yOBIBAIOT TIPH T + 7 —> 0.
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Takum 00pa3oM, HaMH TIOCTPOCHBI Bce (PYHKIINY, BXOJSIIKE B IPABYIO YacTh PaBEHCTBA (4).
Oo6ocHoBanue. OLIeHUM OCTaTOYHBIN YJIEH pa3ioxkeHus (4).
IMycts z(t,X) =z, (t,x) +R(t,x) , rme R(t,X) — ocTaTo4HBIi YIeH pas3IoXKeHHs,

Z, (t, X) = Un (t, X) +Vn (T: X) + 1_[1,2n+1(t’ 771) + 1_[2,2n+1(t: 772) +W1,2n+1(‘§’ 771) +W2,2n+1(§1 772):

n n 2n+1
Un (%) =Y U (6, %)V, (7,%) = D" e v (7, %), T 0 (L 77) = D A7, (t7),
k=0 k=0 k=0

2n+l K
Wj,2n+1(7177j) = Z A Wj‘k(TJ?j) .
k=0

Torna ajig 0OCTATOYHOrO YjieHa MNOJYyYUM CIEAYIOLYIO 3a1a4y:
2
. AR(t,x) g2 0 R(tz, X) () OR(t, x)
ot OX OX

R(0,x)=0("), xe[0,1], z(t,0) = z(t,1) =O(c"™), t<[0,T], £ —>0. (32)

[Ipumenss mpuHOUT MakcuMyMa [ 7], moirydaem:

[R(t,%)| < max {q7™(t,)0("), O(=")}.
(tx)eQ

O<e<<l

+q(t, )R, X) =0("), (t,x)eQ, (31)

OTcroa uMeeM:
R(t,X)=0(e"™), (t,x)eQ, 0.

Teopema. /[ perrenns 3agaun (1)—(3) mpu cTpeMIIeHIHE MaJIOTO IMapaMeTpa K HyJro B obmactu Q)
CIIPaBEITMBO ACHMITOTHYECKOE Pa3IOKEeHHE

Z(t, X) = Un (t, X) +Vn (T’ X) + 1_[1,2n+1(t1 771) + 1_[2,2n+1(tv 772) +W1,2n+1(§a 771) +W2,2n+1(§v 772) + O(gn+1)1
2n+1
rae dynkuun U (t,X) = Z:zogkuk (t,x),V,(7,x) = ZE:ongk (7, %), I onua(t,775) = Zk: ﬂkﬂ'j'k tn;),

2n+l ,k
W; 20 (7,775) =Zk:0 A"W;j  (7,77;) OmpeneneHs! BhILLE.

3aximovyenue. Hamu noctpoeHo moiHoe paBHOMEPHOE aCUMITOTHYECKOE Pa3sIoKEHHE TI0 MaIoMy
napamMeTpy pelLleHus IEPBOil KpaeBoM 3a1aur Ui CUHTYJISIPHO BO3MYILIEHHOTO JIMHEHHOTO HEOIHOPO-
Horo Ju(depeHInaIbHOT0 YPaBHEHUs B YaCTHBIX MPOU3BOIHBIX BTOPOTO TOPSIIKA C ABYMS HE3aBUCH-
MBIMHU IIEPEMEHHBIMH TapadoIMYecKoro THmna. JJoka3zaHo, YTO MOJTY4YEHHOE Pa3IoKEeHUE AEHCTBUTEIBHO
ABJSIETCSl ACHMITOTHYECKUM DEIIEHUEM MOCTaBICHHOM 3aJauu Ha BCeM NpsMOyrosibHuke. [lanHas pa-
00Ta /JIs Hac SIBIISIETCSI HAYAJIOM UCCIIeIOBaHUS OMCHUHTYJISIPHO BO3MYIIICHHBIX 33124 apaboindecKoro
THUTA, B CIEIYIOMMUX paboTax, CChUIASACH HA ATy CTaThlo, Mbl OyJIeM HCCIIE0BATh TOIBKO OUCHHTYIISp-
HBIE CITy4aH.
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ASYMPTOTICS OF THE SOLUTION OF THE FIRST BOUNDARY VALUE
PROBLEM FOR A SINGULARLY PERTURBED DIFFERENTIAL EQUATION
IN PARTIAL DERIVATIVES OF THE SECOND ORDER OF PARABOLIC TYPE

K.G. Kozhobekov, A.A. Shoorukov, D.A. Tursunov
Osh State University, Osh, Kyrgyz Republic
E-mail: dtursunov@oshu.kg

Abstract. The article constructs a complete uniform asymptotic expansion in a small parameter of
the solution of the first boundary value problem. The first boundary value problem is posed for a singu-
larly perturbed linear inhomogeneous second-order partial differential equation with two independent
variables of parabolic type. The problem is investigated on a rectangle. The peculiarities of the problem
are the presence of a small parameter in front of the heat conduction operator, the existence of corner
boundary layers at the lower corners of the rectangle. It is required to construct a uniform asymptotic
expansion of the solution of the first boundary value problem on a rectangle, with any degree of accura-
cy, as the small parameter tends to zero. The asymptotic expansion of the solution in terms of a small
parameter is constructed by the Vishik—Lyusternik method. When solving the problem, we use: methods
of integration of ordinary differential equations, the classical method of a small parameter, the Vishik—
Lyusternik boundary function method, and the maximum principle. As usual, the problem is solved in
two stages: in the first stage, a formal expansion of the solution of the first boundary value problem is
constructed; and in the second stage, the remainder of the resulting expansion is estimated and this
proves that the resulting expansion is indeed asymptotic over the entire rectangle. In the first stage, a
formal asymptotic solution is sought in the form of a sum of six functions (solutions): an external solu-
tion defined on the entire rectangle; boundary layer solution in a small neighborhood of the lower side of
the rectangle; two lateral boundary layer solutions in a small neighborhood of the lateral sides of the rec-
tangle and two corner boundary layer solutions in the neighborhood of the lower vertices of the rectan-
gle. All these boundary layer solutions exponentially decrease outside the boundary layers.

Keywords: asymptotic solution; small parameter; singularly perturbed problem; first boundary
value problem; heat equation; boundary layer solution.
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OBPATHAA 3AO0AYA TUMNA YTNPABJIEHUA Ob ONPEAEJIEHUA
CTAPLUEINO0 KOQ®®UUMEHTA OAHOMEPHOI'O
NMAPABOJIMMECKOIO YPABHEHUA

L.A. Maceppamnu
BakuHckuti eocydapcmeeHHbil yHUsepcumem, 2. baky, AsepbatidxaHckas Pecnybruka
E-mail: semedli.shehla@gmail.com

AnHoTanus. PaccMaTpuBaercs ogHa o0paTHas 3a/1a4ya THIIA YIPaBJIeHUs 00
omnpeJeleHUH cTapimero kKo3(guuueHTa 0HOMEPHOro NnapadoJIM4ecKoro ypas-
HeHusl. PaccmaTpuBaemasi 3a1a4a fBJIsIeTCSl BADHALMOHHOM MOCTAHOBKOM K03 -
¢unmenTHOM 00paTHOI 32124 /181 TapadoInueckoro ypapHenus. MckoMelil Ko-
3¢ PpuuHeHT NapadoJIM4ecKOro ypaBHeHUsl 3aBUCHT OT NPOCTPAHCTBEHHOM mepe-
MeHHOii. [l nmapa6oyimuyecKoro ypaBHeHHsl 3aJaHO HUHTerpajibHoe IPpaHHMYHOe
ycaosue. Pob ynpapasiiomeil pyHKUMH UrpaeT HCKOMBIA cTapmuii ko3¢ puuu-
eHT NMapa0o/IM4ecKoro ypaBHeHus, sIBJSIONIUIicA 31eMeHTOM npocrpaHcTBa Co-
6oJieBa. MHOXKeCTBO AONYCTUMBIX YIPABJAIOMINX QYHKIMI NPUHALIEKAT MPO-
crpancTBy CoboJieBa. LlesieBoii pyHKUMOHAJ /151 3124 YIIPABJIEHHUS COCTABJIEH
HA OCHOBE MHTErpajJbHOro yCJ0BHs IepeonpeaejeHus 3aJaHHOI B 00paTHO¥ 3a-
Aade. JTO yCJIOBHEe MOKeT ObITh MHTEPIPETHPOBAHO KaK 3aJaHHUS CpPeHeB3Be-
LIEHHOT0 3HAYEHMS pellleHHs] pacCMATPHBAEeMOI0 YPaBHEHMS 10 BPeMEeHHOI Ie-
peMeHHOi. Pemienue kpaeBoil 3agauu I Napado/M4ecKOro ypaBHeHHs, NPHU
KAXA0OM 32/IaHHOM yHnpasJsowmeil GpyHKuuu, onpegessierci Kak 00001meHHOe
pemieHue u3 npocrpancrea CodosieBa. Jloka3aHo cyliecTBOBaHHe pellieHUs pac-
cMaTpuBaeMoOil 00paTHOHl 3aJauu TUna ynpasjeHus. BBeaena compsixeHHast
KpaeBasl 3aJa4ya VIl paccMaTpuBaeMoil 3agaumn ynpasJieHus. Jloka3ana auddge-
peHIHupyeMocTh o @peme HeaeBoro GyHKIHOHAIA HA MHOXKECTBE 0y CTHMBbIX
ynpasJisiiomux ¢pyaknmii. Kpome Toro, BBeieHa BcroMorare/ibHasi KpaeBas 3a-
Aa4ya U ¢ MCNOJb30BAHMEM pellleHUs ITOM 3aAauu HaligeHa dopmysa AasA rpaau-
eHTa nejeBoro pynkmuonaia. [losydeHo HeoGxoanMoe yca0BHe ONNTUMATBHOCTH
JAOILyCTUMO# yIpaBJIsAOIMUA pyHKIHNHU.

Kniouegvie cnosa: napabonuveckoe ypasnenue; kodgpguyuenmunas obpamnas 3a-
0aya; uHmezpanbHvle YCl068Usl, GapUAYUOHHASL NOCMAHOBKA.

Beenenue

B pab6orax [1-5] u ap. u3ydeHbl 0OpaTHBIC 3a]a41 TUIIA YIPABICHUS JIJIs TapabOJIUUYeCKUX ypaBHe-
HUU TP KIACCHYECKUX MPAaHUYHBIX YCIOBUSX M JIOKAJFHBIX YCIOBUAX TepeonpeaencHus. Takue 3amaqu
MIPH HEJIOKAJBHBIX YCIIOBHSAX MEHEE UCCIIE0BaHBI [6].

B nanHoii paboTe paccmarpuBaeTcs oOpaTHAs 3a/1a4a THUTIA YIIPABIEHUS 00 OTPENeTIeHHH CTapIIero
KO3 (UIIMEHTa OJJHOMEPHOI0 MapadOJInYeCKOro YpaBHEHUS MPU MHTETPATIbHBIX ycaoBHsX. Jloka3zaHo
CylecTBOBaHWE pemieHus 3anadn. Haiinena gopmyna ans rpagueHTa nejaeBoro pyHKIMOHAIA HA MHO-
JKECTBE JOITyCTUMBIX YIIPaBIEHUH 13 TpocTpaHcTBa Co0o0eBa U MOIYYeHO HEOOXOAMMOE YCIOBHE OTI-
TUMAaJILHOCTH JIJISl JJOIYCTUMOTO YIIPaBJICHHUS.

IHocTanoBka 00paTHOI 3a1a4M THIIA YIIPABJIEHUS
B pabote mis QyHKIIMOHATIBHBIX IPOCTPAHCTB U MX HOPM MCIIOJIb3yeM 0003HaueHus u3 [7, ¢. 12—
15]. Yepes W,4(0,1) (coorserctrenno V,9(Q),Wyo(Q)) 6ymem 06o3HauaTh MOAMPOCTPAHCTBO

dyrxumit m3 W, (0,1) (cooTBercTBeHHO V0 (Q),Wzl(Q) ), paBHbIX Hymo pu X =0. Yepez M;,M,,...

0003HaYaeM TMOJI0KUTEIbHBIE TIOCTOSIHHBIE BXOISIINE B TIOJy4aeMble OLIEHKH.
PaccmoTpum cnemyromiyio 3afady ONTHMAaJIbHOTO YIPABJICHUS AJIS JIMHEHHOTO MapaboImyYecKoro

ypaBHEHUS: MycTh TpeOyeTcs HaiiTu mapy QpyHKOuMH {u =u (X,t) =u (X,t; v),v= U(X)} , MUHUMH3HPYIO-

mux QyHKIHOHAT
2

J(U):.If}w(t)u(x,t;u)dt—a(x) dx, 1)

BecTtHuk OYplY. Cepus «MatemaTtuka. MexaHuka. Pusmnkar 35
2022, Tom 14, Ne 1, C. 35-41



MaTtemaTtuka

NIPY YCIOBHSIX

ut—(u(x)ux) +a(x,t)u=f(xt), (x,t ={ (x,t):0<x<l, O<t<T} (2)
( X,0 (p(x), x<lI, (3)

[
u(0,t)=0, t)=[H(xt)u(xt)dx, 0<t<T, 4

0
U=U(X)EV={U=U(X)EW2(0,I):O<VSU X Sy,|u'(x)|£d n.8.Ha (O,I)}. 5)

3nece p>v>0,1,T,d>0 — nekoropsie nocrosuusie, a(xt), f(xt),o(x),H(xt),o(t),a(x) — us-
BECTHBIE U3MEPUMBIE (DYHKIIMH, YAOBIETBOPSIONINE CIEAYIOIIHE YCIOBHS:
|a(x,t)| < u, |H (X,t)| <y, |Ht (X,t)| <u,nBHaQ, f (X,t) el, (Q),qp(x) eW21’0 (O,I),
w(t)el,(0,T), a(x)eLy(0,1), 4,4, =const>0, (6)
v=0(X) — ynpaBiesue, V — MHOKECTBO JOMYCTHMBIX yIPABICHHIA.
OtmetnmM, uro 3amaya (1)—~(5) siBisgeTcs BapUallMOHHONW MTOCTAaHOBKOI 0OpaTHOH 3amadu s mapa-
Oonuyeckoro ypasHeHus (2) 06 onpezeneHun (QyHKIMI {u (X,t;u),u(x)} , YIOBIIETBOPSIOLIUX yCIIOBHU-

s (3)—(5) u ycioBuro nepeonpeuenemm WHTETPAILHOTO BHJA

jw u(x,to)dt=a(x), 0<x<l. (7)

B pab6ote [8] uzyuena 06paTHa$1 3amavya 00 oIpe/eNieHnu cTapiiero kodddunnenTa mapadonmnye-
CKOT'0 YpPaBHEHMS C HHTETPAJIBHBIM YCIIOBUEM NIEPEOIPEAEIEHUS B TPAAULUOHHON [TIOCTAHOBKE.

Oyukums U(X,t)=u(x,t;0) eVi’g (Q) HasbiBaeTCst OGOOIICHHBIM PELICHHEM H3 V0 (Q) xpaesoii
3anaun (2)—(4), ecnu

[[~um, +o(x) g, +a(xt)un |dxdt —}UH (x,t)u(x,t)dx:ln(l,t)dt =

Q
Ij (x.0)dx+ [ f(xt)ndxdt, (8)
0 Q
JUTSL BCEX 7] = n(x,t) eV\A/21’O (Q) = {77 R GWz,o (Q), 77(X,T) = 0} .
U3 pesynbraTtoB paboThl [9] cnemyer 4To, st KaXKI0ro L = U(X) €V , kpaeBas 3a1aua (2)—(4) nme-
€T eIMHCTBEHHOE 0000IICHHOE PEIICHIE U3 MPOCTPAHCTBA Vzl’0 (Q) . Kpome Toro, ero o6o6mmennoe pe-

MICHUC MPUHAJICIKUT TAKIKE MMPOCTPAHCTBY W21’ 0 (Q) " BCpPHA OLICHKA
1 1
ol <My ol o)+l |- ©

CyuiecTBoBaHMe pelieHUs 00paTHOI 3aJa4u TUIA YIPaBJIeHUs
Teopema 1. Ilycts BbinosiHeHs! yeoBust (6). Torma ans 3amaun (1)-(5) cymectByet XoTs Obl OIHO
ONTUMAJILHOE yIpaBlICHHE.

Joxa3zarenbcTBo. Bo3bMeM kakyro-nbo Touky v €V . [lycTh mocnenoBareabHOCTh {vk } cV ra-
KOBa, YTO
v —v crabos W, (0,1). (10)
Toraa U3 KOMIAKTHOCTH BJIOYKEHHS Wzl (O, |)—> C[O,I] [7, c. 78] cnenyer, uto
Uy —> 0V CHIIBHO B C[O,I]. (1)
Monoxum U, = Uy (Xt)=u(x,t;y, ). Toraa nonaras U=u,,v=y, B (1)-(3) 1 yunteiBas oueHKy (9)
171t GyHKIMH U = U, , IOTyYUM
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ludSh <M, (k=12...). (12)

Torma u3 (12) B cuity Teopembl BIOKEHHS [7, €. 78] CyIIECTBYeT MOJANOCIE0BATEILHOCTD {ukm}
Takas, 4To
1
U, —U cmabo s Wy (Q) ucumbno B L, (Q), (13)

rae u=u(xt)e Wzl,o (Q) — mekoTopas (yHKIHs.

Jnst dymkimii Uy, =U, (X,1) cripaBe/uIHBEI TOK/IECTBA

J.[—ukm e+ 0, (%) i +a(x,t)ukm;7]dxdt —}{J-H(x,t)ukm (x,t)dx}n(l,t)dt =

Q oLo
_jgo n(x0)de+[ f(x,t)ndvde  (k=12,...), Vn=n(xt)eWso(Q). (14)
Q
Ucnonb3ys (10) (13), nokazsiBacM, 4TO
Ivkm (x)ukmxnxdxdt - Jv(x)uxnxdxdt, (15)
Q Q

}UH (X,t)ukm (X,t)dx}n(l,t)dt —>}l:j.H(x,t)u(x,t)dx}n(l,t)dt . (16)

0lLo
N3 (14) mpu Kk, —>o ¢ nomompro (13), (15), (16) mnomysaem (8). CraemoBaTensHO,

u(x,t)=u(xt;v). Torxa cormacko (13), cpaBeTHBO COOTHOIICHHE
u (X,t;vkm ) —>u (x, t;v) CUIBHO B L, (Q) . an
Torma U3 eqMHCTBEHHOCTH pelieHue 3anaun (2)—(4) cinemyer, uto cootHomeHue (17) cpaBeannBo
JUIsl BCEH TOCIIEI0BATENEHOCTH {U |, T. €.
u(x,t;vk)—>u(x,t;v) CHIBHO B L, (Q) (18)
13 (18) cenyer, uto J (v ) —>J(v) npu k —oo, 1. e. dynkunonan J(v) cnaGo HenmpepbiBeH Ha

V . Torma u3 pe3yibTatoB padots [10, €. 49, 51] cnexyeT, 4ro cpaBeannBa Teopema 1.

JuddepennupyeMocTs PyHKIHOHANA LU M He00X0IMMO€E YCI0BHE ONTHMATbHOCTH
Beeniem compsbkeHHYO KpaeByto 3amauy st 3amaaqu (1)—(5):

W +(U(X)l/lx) —a(xt)y +H(xt)y {J‘w (x,7;0)dz— a(x)}a)(t), (xt)eQ, (19)
w(xT)=0, 0<x<lI, (20)
w(0,t)=0, w,(l,t)=0, 0<t<T. (21)

Ilycts = l//(x,t) = l//(x,t; 1)) ecTh 00001IeHHOE perieHne kpaeBoi 3agaun (19)—(21) u3 V21,0 (Q) ,

T. €. 9Ta QYHKIHUS IPHHAUICKHUT IPOCTPAHCTBY V21’ S (Q) u ynoBIeTBOPSICT HHTEIPATLHOMY TOXIECTBY
T

I[‘/”?t +0(X)yym +a(x )y —H (Xt (I ,t)n]dxdt = —ZJ‘H:J‘CO(T)U (x,7;0)dz —a(X):la)(t)}ndth

Q Q (Lo

v =n(xt)eWss (Q)={n:1 W5 (Q), 7(x,0)=0}. (22)
MOsKHO T0Ka3aTh, 4to 3axaua (19)—(21) ogHO3HAYHO paspemmMa B IpocTpaHcTBe Vy° (Q) . Kpome

Toro, ¥ =y (Xt)=y(xt;v) eW21’0 (Q) u
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(23)

”‘//”2 Q=

l:Jw X T U dr a(x)]a)(t)
2,Q

JInst olleHKM HOpPMBI B mipaBoi yacTu (23) ucnonb3yeM HepaBeHCTBO Komm—ByHSKOBCKOro H, y4u-
ThIBas (9), UMeeM

%% = Ma ot o (I o1y 1l )+l @

[Mycts (ynKmus 9=0(X;u)eW21(O,I) ABIISETCS 00OOIIEHHBIM pEIICHUEM M3 W21(0,I) creyo-

el BCoMoraTelbHOM KpaeBoH 3a/1auu:

T
—9"+9=IUX(X,I;U)WX(X,I;U)dt, 0<x<l, (25)
0
0'(0)=6'(1)=0. (26)
Jlinst pemrenwst kpaeBoit 3aqaun (25), (26) cpaBeuInBO TOXIECTBO

[ (T
j(@rn'+ On)dx = J[qu (x,t;0)y, (x,t;u)dt}ydx, Vi =n(x)eW;(0l) . (27)

0 0\ 0

3amaua (25), (26), mpu Kaxa0M 3aJaHHOM U = U(X) €V , uMeeT eIMHCTBEHHOE 0000IIEHHOE pellie-
nue 0=0(x;0)eW; (0,1) [11, c. 39, Teopema 4]. Kpome Toro, nonaras B (27) 77=6, Hcnonb3ys orpa-

HHUYEHHOCTD BJIOKEHUSI WZl (O, | ) —C [O, I] u HepaBeHCTBO Komm—byHsKoBCKOTO, HIMeeM

|

N2 1
[[(0) +6 Jax < 0lcgoyy [l < Ms 01510 el Il o
0 Q

Otcronia ciemyeT oreHKa
1
101 f01) < Ms sl ¥l 28)

Teopema 2. Ilycts BbimonHens! yciosus (6). Toraa ¢pynkumonan J (u) HeTpeprIBHO TuddepeH-
mupyeM o @pemie Ha MHOXKeCcTBe V U cripaBe/uinBa GopMyiia

J'(v)=6(xv), 0<x<I. (29)

Joka3zaTenabcTBo. [lycte v €V — HEKOTOpBIHA 37eMeHT, Av eW21(0, |) -npupamenue sroro aue-

MeHTa U U+AveV . Uepes Au(Xt)=u(xt;o+Av)—U(Xt;0) 0603HAYMM NpHpALICHHE pElICHHE

kpaeBoii 3amaun (2)—(4). Toraa sicHo, 4TO AU sIBJIsSIeTCS 00OOUICHHBIM PEIICHHEM H3 WZ1 (Q) xpaesoii

3a1a9u
AU —((v+Av)Au, ) +asu=(Aovyy),, (xt)eQ, (30)
Au(x,O):O, 0<x<l, (31)
Au(0,t)=0, (u(l)+Au(I))Au IH (x,t)Au(x,t)dx—Av(l)u,(I,t), 0<t<T. (32)

Pemenne kpaesoii 3anaun (30)—(32) ynoBiaeTBOpsieT TOKIECTBY
I(Autn +(v+Av) Au,n, +aAun — HAuzn (1,t) ) dxdt = —J-Auuxnxdxdt, Vi =n(xt)eWy(Q), (33)
Q Q

¥ MOXKHO 110Ka3aTh, YTO U1l HETO BEPHA OLICHKA

|AU|Q E”Au"VZlO(Q) < M6||AUUX||2,Q .
Otcrozia, yYuTHIBasi OTPAHUYEHHOCTH BIOXKEHUS W21 (O,I) - C[O,I] u oueHkH (9), umMeeM

1
[Aulg Mg a0y, o < Mg Avleq Ul o < Mo AL]5),, (34)
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[Ipupamenue AJ (U) (U + Au) (U) ¢yskimonana (1) mpeacraBuM B BUIC
2

([T T
U):2}{|:Iw (x,7;0)dr—a( ]Jw (7)Au(x,7) dr}dx+jj t)Au(x,7)dz| dx. (35)
0 olo
I/ICHOJ'ILSySI (22) npu n=Au u (33) pu 77 =y , NOITy4aEM PABEHCTBO
T
ZJ. l:fw (x,7;0)dr—a )]Iw(r)Au(x,r)dr dx:J.(uX +Au, )y, Avdxdt .
0 Q
VYuuteiBas 310 paBeHCTBO B (35), momyunm
AJ (v j u v, Avdxdt + R, (36)
Q
rae
| 2
= [ @(z)Au(x,7)dz| dx+ [ Augy,Avdxdt . (37)
0l0 Q
B pasenctse (27) nonoxxum 17 = Av . Torna yunTsiBas mosryueHHOE paBeHCTBO B (36), numeeM
|
AJ(v)=[(0AV +6A)dx+R, (39)

0
Ucnonb3ys HepaBeHcTBO Komm—ByHSKOBCKOTO, OTpaHUYEHHOCTh BIIOXKCHUS Wzl(O,I)—>C[0,|] u
ouenku (22), (34), umeem
[T

|R| SI Iw(T)AU(X,T)dT

o]0

2

"2,Q <

2 2
dx + “AUX‘/’XAU| dxdt < ”a’"z,(o,T) ||AU||2,Q + "A‘)”c[o,q lAu, "2,Q (7
Q

2 2 2
<Ml o) (180055 )+ Ml (1801556 ) < Ma(l805)s,)

Torna u3 (38) cneayer, uto pynkiuonan (1) muddepenuupyem o Opemie vHa V u BepHa Gopmyna
(29). Paccyxnas anamoruuso pabdore [12], HeTpymHO mMoKasaTh, 4yTO oTobpaxkenune J':V —>W21(O,I)
HemnpepblBHO. Teopema 2 noka3aHa.

Teopema 3. [TycTb BbINOIHEHBI YCinoBus (6) U U, =0, (X) €V — onTUManbHOE yIpaBieHUE B 3aja-

4e (1)—(5). Toraa wist 106010 U =v(X) €V BBHIIOIHICTCS HEPABEHCTBO
[
I[H'(x;u*)(u’(x) —u,(x))+0(x0,)(0(X) -0, (x))]dx >0. (39)
0
CrpaBeanuBoCTh 3TOM TeopeMsl cienyeT u3 [10, c. 28, Teopema 5].

Jluteparypa

1. Uckenpepos, A./l. O BapHallMOHHBIX TOCTAHOBKaX MHOTOMEPHBIX OOPATHBIX 33a]a4 MaTeMaTnye-
ckoii ¢puzuku / A.Jl. Uckennepos // JAH CCCP. —1984.— T. 274, Ne 3. — C. 531-533.

2. AmudanoB, O.M. DkcTpeMalbHble METOBI PEIICHNs] HEKOPPEKTHBIX 3371ad M UX MPHUIOKEHUS K
oOpaTHbIM 3agadam Teriooomena / O.M. Amudanos, E.A. Aptioxun, C.B. PymsHaues. — M.: Hayka,
1988. — 285 c.

3. Kabanuxun, C.11. O6parHast 3a/1a4a HaX0xIeHHUsI KOOQQHUIIMEHTa ypaBHEHUSI TEIIONPOBOHOCTH
/ C.W. KabanuxuH., I'. lanupbaesa // Mexaynapoanas kondepenus «O0paTHbIe HEKOPPEKTHBIE 331aUn
MaTeMaTHYecKod (hU3MKW», MOcBsALIeHHas 75-netuto akagemuka M. M. JlaBpenrtseBa, 20—25 aBrycra
2007 r., HoBocubupck, Poccus. — C. 1-5.

4. Kabanuxun, C.1. O6parHbie n HekoppekTHbie 3aaun / C.1. Kabanuxun. — HoBocubupck: Cu-
oupckoe Hayunoe M3natensctBo, 2009.— 457 c.

5. Iskenderov, A.D. Variational method solving the problem of identification of the coefficients of
quasilinear parabolic problem / A.D. Iskenderov, R.K. Tagiyev // The 7th International Conference «In-

BecTtHuk OYplY. Cepus «MatemaTtuka. MexaHuka. Pusmnkar 39
2022, Tom 14, Ne 1, C. 35-41



MaTtemaTtuka

verse Problems: Modelling and SIMULATION» (IMPS-2014), May 26-31, 2014, Turkey. — 2014. —
P. 31.

6. I'abuboB, B.M. Koaddunmentaas obpaTHas 3amada THIA yIpaBiICHHUS IS MapabOIMYecKOro
ypaBHEHUS C JIOTIOJIHUTEIBHBIM WHTETpalbHBIM ycioBueMm / B.M. ['abu6oB // BectHuk bakmHckoro
VYuusepcutera. Cep. puz.-marem. Hayk. — 2017. — Ne 2. — C. 80-91.

7. Jlageoxenckas, O.A. JluneiiHble W KBa3WJIMHEWHbIE ypaBHEHHs MapaOOIMYecKoro Ttuma /
O.A. Jlapprxenckas, B.A. Cononnnkos, H.H. Ypamsnesa. — M.: Hayka, 1967. — 736 c.

8. Kambiaun, B.JI. O6 oOpaTHO# 3amaye ompezeneHus cTapuiero kosgQuiMeHra B mapadoimye-
ckoM ypaBHenuu / B.JI. Kambiaun // Matem. 3ametku. — 2008. — T. 84, Ne 1. — C. 48-58.

9. Tarues, P.K. O pa3pemuMocTi HadalbHO-KPAEBOH 3a1a4u UIss OJHOMEPHOrO JHHEHHOTO mapa-
00IMYECKOTO YpaBHEHUS! C MHTErpabHBIM rpaHnyHbIM yeaoBueM / P.K. Tarues, 111.11. Mareppamiu //

Bectauk bakunckoro yauBepcureta. Cepust: @usnko-matematuueckux Hayk. — 2019. — Ne 2. — C. 17—
26.

10. Bacunse, @.I1. MeTozb! pemenus sxcTpeMaibhbix 3amau / @.I1. Bacuises. — M.: Hayka, 1981.
—400 c.

11. Camapckuii, A.A. PazHOCTHBIE cXeMbl JUIA TUQPepeHIUANBHBIX YpaBHEHHH ¢ 0000IIEHHBIMH
pemenusimu / A.A. Camapckuii, P.JI. JIazapos, B.JI. Makapos. — M.: Berc. mik., 1987. — 296 c.

12. Tarues, P.K. OnrumansHoe ynpaBieHue Kod(hQPUIHEHTaMH B NapaboM4ecKuX cucTemax /
P.K. Taruer // Juddepennuanbubie ypasaenus. — 2009. — T. 45, Ne 10. — C. 1492-1501.

Ilocmynuna 6 pedaxyuto 14 mapma 2021 2.

Caeenusi 00 aBTope

Mareppamnu Hlaxina MinxaM KbI3bl — TUCcepTaHT, Kadeapa ONTUMH3ALNS U YIpaBleHus, Gpakyiib-
TET TMPUKIATHOH MaTeMaTUKA W KHOEpHETHWKH, BaKWMHCKHI TOCYHapCTBEHHBIH YHUBEPCUTET, T. baky,
Aszepbaiimkanckas Pecry6uka, e-mail: semedli.shehla@gmail.com, ORCID iD: https://orcid.org/0000-
0003-0394-6654

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2022, vol. 14, no. 1, pp. 3541

DOI: 10.14529/mmph220104

INVERSE CONTROL-TYPE PROBLEM OF DETERMINING HIGHEST COEFFICIENT
FOR A ONE-DIMENSIONAL PARABOLIC EQUATION
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Abstract. In this paper, we consider one inverse control-type problem of determining the leading
coefficient of a one-dimensional parabolic equation. The problem under consideration is a variational
statement of a coefficient inverse problem for a parabolic equation. The sought for coefficient of the
parabolic equation depends on the spatial variable. An integral boundary condition is set for the parabol-
ic equation. The desired highest coefficient of the parabolic equation plays role of the control function,
which is an element of the Sobolev space. The set of admissible control functions belong to the Sobolev
space. The objective functional for the control problem is compiled based on the integral
overdetermination condition set in the inverse problem. This condition may be interpreted as tasks of a
weighted mean of the solution of the equation under consideration as per time variable. The solution of
the boundary value problem for a parabolic equation, for each given control function, is defined as a
generalized solution from the Sobolev space. The existence of a solution of the considered inverse con-
trol-type problem is proved. An adjoint boundary value problem for the control problem under study is
introduced. The Frechet differentiability of the objective functional in a set of admissible control func-
tions is proved. In addition, an auxiliary boundary value problem is introduced; and using the solution of
this problem, an expression for the gradient of the objective functional is found. The necessary optimali-
ty condition for the admissible control function is obtained.

Keywords: parabolic equation; coefficient inverse problem; integral conditions; variational state-
ment.
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TOYHbIE OLIEHKM U PAAUYCbI BbIMNYKITIOCTU HEKOTOPbIX
KNACCOB AHAJIMTUHECKNX ®YHKLUUA

®@.9. Matiep', M.I. TacmaHosg', A.A. Ymemucosa', C.A. Kosnoeckuii’

! Kocmaratickuii peauoHanbHbil yHusepcumem um. A. balimypcbiHoga, 2. Kocmanal,
Pecnybnuka KazaxcmaH

2 AOO «Hazap6aes MHmennekmyarnbsHble wkonbl», 2. Kocmanatl, Pecry6nuka KasaxcmaH

E-mail: maiyer@mail.ru

AnHoranusa. MHccienoBanue reoMeTpUYeCKMX CBOMCTB aHAJTUTHYECKUX
(pyHkumii sABJIseTCH OAHOM M3 KJIACCHYECKHUX 3a71a4 Teopur QyHKUUH KOMILJIEKC-
HOI'0 NIEPEMEHHOI0 M y:Ke 00J1ee MOJyBeKa KaK NpeACcTABJIseT YCTOHYMBbINA HHTe-
pec y MHOrux mMareMarukos. IIpu 3TOM OTAeJbHBIM HaNpaBJeHHeM sIBJseTCsl
MOCTPOeHHe JO0CTATOYHBIX MPU3HAKOB OIHOJIMCTHOCTH, B TOM YHCJIe HAXO0K/ICHHEe
yCJI0BHIi, 00ecreYHBaOIIUX HX MPOCThIe reoMeTpUUYecKHe CBOICTBa (BBIMYK-
JI0CTh, 3B€3/1000Pa3HOCTD, OUYTH BbINMYKJIOCTh U AP.).

Pentenne yka3aHHBIX 32/1a4 BO MHOIMX CJIy4asiX CBS3aHO C HAXOKAeHHEM
OLICHOK B Pa3JIMYHBIX KJaccax QyHKIMIi, YTO camMo Mo cede TaksKe sIBISETCH aK-
TyaJbHOH NPo0JIeMATHKOM.

Hacrosimasi craTbs NMOCBSIEHA HAXOKICHUI0 TOYHBIX OLCHOK aHAJUTHYe-
CKUX (DYHKIMIi M MX NMPOU3BOAHBIX B J0CTATOYHO INMPOKMUX KJjaccax (QPyHKIUI,
Bble/IieMBbIX B BU/e HEKOTOPBHIX OTPAHUYEHNI Ha 00J1acTH, MOJIy4YaeMbIX U3 00-
Jacreil 3HaYeHHI JaHHBIX (YHKUUH ¢ IOMOLIbIO KPYTOBOM CHMMETPH3allUM WIH
CUMMeTPU3ALUM OTHOCUTEIbHO NpsiMoii. Ha ocHOBe JaHHBIX pe3yJbTATOB HAail-
JeHbI TOYHBbIE PATHYCHI BHIMYKJIOCTH B HEKOTOPBIX KiIaccax (PyHKIUM.

Kniouegvie cnosa: ceomempuueckan meopust pyHKyul KOMHAEKCHO20 NepeMeHHO-
20, cummempusayus 061acmu, OYeHKU AHATUMUYECKUX QYHKYUl, OOHOIUCTHbIE
dyuKyuY, paouycol GbINYKIOCMU AHATUMUYECKUX DYHKYUIL.

Beenenue

Metosp! momurHEHHOCTH [1] M cumMMmeTpu3anuu [2, 3] UIIMPOKO UCHOIB3YIOTCS B TEOMETPHUYECKON
TCOPHU KOMIIJICKCHBIX (I)yHKHI/Iﬁ JJIA HAXOXKIACHUA UX TOYHBIX OIICHOK. K JaHHOMY HaIlpaBJICHUIO TECHO
IMPUMBIKAIOT BOIIPOCHI MMOCTPOCHHA AOCTATOYHBLIX ITPU3HAKOB OAHOJIMCTHOCTH IIO O6J'IaCTSIM 3HaAUCHUI
HEKOTOpBIX (DYHKIMOHANOB. B cucreMaTH3npoBaHHOM BHJE 3Ta MpobjeMaTHKa U Haubosee BaKHBIC
pe3yibTaThl BIIEpBbIE ObLIM N3JI0KEHBI B padoTte [4].

UccnenoBannio reoMeTpHyecKHX CBOWUCTB (YHKIMH, aHaIMTHYECKUX B EJHHUYHOM Kpyre
E={z:|z| <1}, B TOM uncie HaXOKACHHUIO UX PAJUYCOB BBITYKIOCTH, 3B€31000Pa3HOCTH H MOYTH BBI-

MYKJIOCTH, TIOCBSAIIEHO JOCTATOYHO OOJIBIIIOE KOJHUeCTBO pabot [5-8].

B Hamiem wucclieIoBaHMM HCIOJIB3YETCs IOHSATHUE BHYTPEHHETO pajuyca 00JIACTH — OJHOTO U3
Haubosee OOIMX XapakTepucTHK obOmactw, BBeaeHHoro I'. Cere [9]. B mampHelimiem ero cBoiicTBa
usydanuck B padorax I'. [Tomua u I'. Ceré [2], B.K. Xeiimana [10]. JIns citydast 0JHOCBSA3HBIX 00J1acTel
OH XOpOIIIO U3BECTEH 10| Ha3BaHUEe paauyca KOHPOPMHOCTH obsacTH [1].

MeTo, TOAYMHEHHOCTH B COYETAHUM C METOJOM CHMMETPU3AllMd M BHYTPEHHUM palyCcoM
obmacti 1mo3BONISIIOT [11] TpW HOCTPOCHHMM JOCTATOYHBIX TNPU3HAKOB OJHOJHUCTHOCTH B KA4E€CTBE
MHO)KECTBA 3HAueHUH (YHKIMOHAJIOB UCIOJb30BaTh O0JACTH, CYIIECTBEHHO OTJIMYHBIC OT
KaHOHHYECKUX.

Jaitee, roBopst 0 (GYHKIUSIX KOMILJICKCHOTO MEPEMEHHOTO Z , MbI Oy/IeM CUUTATh, YTO OHH SBJISIOT-
Csl PETyJSIpHBIME (aHAIMTHYECKUMH) B KpyTe E.

Iycrs dyrxunn ¢(z) u @y(2) 3anassi B kpyre E n dynkums ¢ (z) susercs ognonucrra B E.
OyHKIHO ¢(z) Ha3BIBAIOT MOXYMHCHHON yHKUMK ¢y (z) (1 oGosHauaror ¢(z)< ¢y (z)), econ
(p(z)zgoo [W(Z):I , TIie W(Z) ananmutiyHa B E , |W(2)|<1 nnsiBeex z u3 E u W(0)=0.

I'eomeTpuyecku ycaoBue NOJUMHEHHOCTH O3HAYAET, YTO ¢( E) @ (E) u ¢(0) = (O) .
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Jlns manpHEHTIIeT0 HaM moTpeOyeTcs ClIeyroras
Jlemma 1 [12]. ITycme ¢hynryus (p(z) 6 kpyee E pasnacaemcs 6 pso euoa
@(2)=Co+Cy2" +Cppyz™ +.. 021,
u nycmo (o(z) <@ (Z) . Toeoa cnpaseonusa oyenxa
' njz["*
|9'(2)| < ——5-R(Dy,0(2)),
-]z
20e R— enympennuii paouyc obnacmu D omnocumenvno mouxu W u Dy = ¢ (E) Oyenxa mounas u

docmueaemcs 015 QyHKyuuU go(z) =@, (82” ) eoe |e]=1

1. Ouenxu MoayJisi GyHKUMH U MOJYJISl IPOU3BO/IHOM B HEKOTOPBIX KJIaccax GpyHKumii
[ycts G (a, n),O <a <2 —xnacc GpyHKUUH
w=g(z)=¢,z" +¢, 2" +..,n>1 z€E, @)
YIOBJIETBOPSIIOLIUX YCIOBHIO
max mes{p(E)n|w-w, |=p}<ar, (2)
0<R<w
rae Wy — HEKOTOpoe (PMKCMPOBAHHOE KOMIIIEKCHOE YHCIIO.

JanHOE ycroBre 03HAYaeT, 4TO paJuaHHas Mepa IepecedeHus o0macTu go(E ) C KOKJION OKPYXKHO-
CTBIO |W—W, |= p He mpeBocxomut ax . [Io3TOMy mocne ocyIiecTBICHHUS KPYTOBOH CHMMETPU3ALHU
[2-3] obnacTu go(E ) OTHOCHUTEIIBHO JIy4a, UCXOAALIEr0 U3 TOUYKH W, M IPOXOJALIECro 4epe3 Hayajo
KOOPIMHAT, TOMydHTCs 06macts D, comepxamasics Buytpu yrma D ¢ Bepummmoil B Touke W, pac-

TBOpa OT.
Teopema 1. Ecau go(z)eG(a,n) npu nexomopom Wy € C, mo 6 kpyee |z|<r umerom mecmo

credyiouue OYeHKu
(04

2Aanr™ (141"

"(2)] < , 3

P @<= T 3)
1+

lo@l<A | 5| 1) (4)

rae A=|W, |. OueHkn TOYHBIC U JOCTHTIAIOTCS Ul QYHKIIUH

a

1+2"
1-2"

-11.

P (2)=A

Joka3zateancTBo. be3 orpannyeHust OOIIHOCTH MOXHO CUUTATh, YTO BEPIIMHOMN yriia D° pacTBo-
pa arx sBusercs Touka Wy =—A, A>0, u Ouccekrpuca yriia Ipoxoaur 4epe3 Touky W=0 B I0JI0kKH-

TEJIHHOM HAIpPaBJICHUU JIEHCTBUTEIbHOU OcH. JIeTKo ompenenuTh, yTo oToOpakeHue kpyra E Ha yroma
D% umeer BUJI

20 (2)= A Gf_ga_1 ,

IpH 3TOM ¢, (0) =0u ¢ (—1) =-A

Haiinem  BHyTpenHmii pamuyc obmacru D, B Toukax w: JIw=0. Tak xak

R(D.op(2)) =121~ 2|, 10
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WM OKOHYAaTCIBHO,

R(D,wo(z))zzm(i—zja

Tak kak z==r,rme 0<r<1, To

]'__rgji,
1+r 1-r
IIO3TOMY
1+z2)*

OueBHIHO, YTO

R(D.¢(2))<R(D.(2")) < ZMGi ::J .

[TosToMYy, mprMeHsIs IeMMY |, OKOHYATENBHO MOJTyYaeM
n-1 n\*
2Aanr 1+r
1-r2" (1-r"
Omenka (4) mosmyuaercss u3 oueHkH (3) uHTerpupoBaHueM 1o . TouHocTs omeHOK (3)—(4)

TpoBepsieTcs Jerko. Teopema Toka3aHa.
Konkperuzanus ycioBus (2) O3BOJISET MOJYYUTH ISITYI0 CEPUIO PE3YJIBTATOB.

CaencrBue 1. Ilycmov pyuxyus go(z) paznazaemcs ¢ psao euoa (1) u nycmv nocne xkpyeosoil

l¢'(2)] <

*
cummempuzayuu oodracmu (p(E) OMHOCUMENILHO YHA [—A;+oo),A> 0, nonyuaemcs obnacme D ,

cooepacawasca 6 oonacmu Dy = C\ (—o0;—A]. Toeoa 6 kpyee | Z|< T cnpasednrussl mounvle oyenxu

4Anr”‘1(1+ r”)
o

2
1+r"
lo(z)| < A (1 ”j 1.

lo'(2)| <

CnenctBue 1 BeITEKaeT W3 Teopembl 1 mpum o =2, xorga o0JacTh D° — Bl ILIOCKOCTB
KOMILJICKCHOTO MEPEMEHHOTO Z € yIAJIICHHBIM Ty4oM (—oo;—A].
Ilycts o =1. B nanHoMm ciydae obnacteio D, sBis€TCs MOMYINIOCKOCTh C TPAaHUYHOM MPAMOH,

yJaJIeHHOW OT Havaya CHCTEMbI KOOPANHAT Ha paccTosiHe A=|W, |.
CaencrBue 2. [lycmv ¢hynxyus go(z) umeem paznoxcenue 6 pso suoa (1) u nycmo paduannas
Mmepa nepeceyeHus obaacmu go(E) ¢ Kaxcoou oxpyxcrnocmolo |W—Wy |=p,0< p<+00, 2de W, —

HeKOmMopas (YUKCUPOBAHHAS KOMNIEKCHASL MOYKA, He NPEBOCXOOUM T .
Ecau A=|wy |, mo ons6cex 7, |Z|<t eepnbi mounvie oyenku

, 2Anr"?
' (D)< ——,
(1-r")
2Ar"
2)| < .
lp(2)| T
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CaencrBue 3. Ilycmov ynxyus (o(z) pasznacaemces 6 pao euoa (1) u nycme nuneiinas mepa
nepeceuerusi ooaacmu go(E ) ¢ moboi npsimou RW=U,—o<U <+ ne npesocxooum 2| .
Tocoa ons 6cex Z, | Z|< 1 evinonnsiomes mounvie oyeHKu
4In "t
lp'(2) | <—
7 1—r?

1+r"
|(/>(Z)|<—In1 =

CrnencrBue 3 mony4aercs U3 TeOpeMBI 1 ¢ MOMOIIBIO IpeebHOro nepexona npu « — 0. B atom
cllydae KpyroBasi CAMMETPH3AIINs PeoOpa3yeTcsi B CHMMETPU3AIHIO OTHOCHTEILHO TPSMOH.

2. Paguychl BBITYK/JIOCTH B HEKOTOPLIX KjIaccax (yHKuuii

Iycts H = { f (Z)} — poM3BONBHBII Kiace Gyukimii f (z), perymspusix B kpyre E .

Paouycom svinyknocmu knacca H HasplBaloT 4ucio Iy Takoe, 4ro mobas dpynkims f(z) us H
ABIIACTCA BRIMYKIIOH B Kpyre E, = {z:]z|<ry}. HanGounbliiee U3 TAKUX YHCEN Ty HA3bIGAION MOUHbIMU

PAoUycom 8bINYKIOCMU.

HaxoxnaeHnuio paanycoB BBIMYKIOCTH (TIOYTH BBIMYKIOCTH, OJHOJMCTHOCTH M T. J.) TOCBSIIEH
uenblii psg pador (Hanpumep, [5—7]). IIpu 3TOM OCHOBHYIO TPYIHOCTH MPEICTABIISACT MOCTPOCHHE
OIICHOK B 3aJaHHOM Kijacce H , MOAXoAsmmX TMOJ AOCTAaTOYHOE YCIIOBHE, OOeCIeurBaroIiee
HeoOxoauMble cBoicTBa GyHKimn | (Z)

Teopema 2. Ilycmo ¢hynxyusa
f(z)=z+a,,,2"" +a,,2"* +...n>1 zeE (5)
pezyasapna 6 kpyee E , In f'(z) eG(a,n) npu nekomopom Wy € C u nycmo A=|wy, |.
Tozoa gynxyus f(2) seniemes soinyknoii 6 kpyee | Z|< Ty, 20e Ty A6IA€MCS KOPHEM YPAGHEHUS
-1 1
2Acnr” (1417 ) —(1—r”)"’+ 0. (6)

Jlannwiil paouyc 6binyKioCcmu A6715emcs. MmouHbIM.
Jlokasareabcro. O603naunm ¢(z)=In f (Z) HOCKOJII)Ky go(z) €G(a,n), 1o B cuty Teopemst 1

CrpaBejIBa TOYHAs OrieHKa (3). YuuTeIBas, 4ro go / f z , 13 (3) momyyaem
| 2Aanr 1+
‘ 1-r2" (1-r"
Ecmmn
n n @
2Aanr” [ 1+r <1

TO

B Kpyre |Z|<r,, rae r, Haxomurtcs u3 ypaBHeHus (6). [TocienHee HepaBeHCTBO O3HAYaeT (HAIpUMeEp,
[2]), uto pyHkuUs f (Z) SBIISIETCS BBITYKJION B KpyTe |Z < Ty .
Pannyc BBIMYKIIOCTH I, SIBISETCS TOYHBIM, TaK KaK JOCTUTAeTCs Ui (PyHKLUH

1-t"

n

7 o
z):jexp -A —1|pdt.
0

1+t
Teopema nokasaHa.
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3ameTnMm, 4TO YacTHBIM citydaem ycinoBus In f (z)eG(a,n) sBisercs BEIMONHEHHE HEPABEHCTBA

‘arg(lnf'(z)—A)+;/‘<a—2ﬂ,A>0,O<as2, vzeE. )

U3 TeopeMbl 2 BBITEKAET PsJI CICACTBUIA.
Caencreue 4 [13]. Ilyems  pynxyus f(Z) paznazaemes 6 psao  euda (B) u

‘ f (Z)‘ <M,M >1Vz e E. Toeda mounulii paduyc 8blnyKIoOCmu pageH

er\flJrnInM—\/nlnM(nlnM +2). 8
Joxasareabcrso. Ilepeiiném or mrockocty 3uadenmii '(z) k mmockocty smavenmii In f'(z).
Ecmun ‘f(z)‘ <M, 1o Rinf '(Z)S InM . ITosTomMy nonyuaeM yacTHbIH ciaydail Teopembl 2 B Gopme
yenoBus (7), tne ¢ =1u A=InM .
U3 ypanenus (6) momygaem 2InM -n-r" —(1— r" )2 =0 nm

r —(2+2nInM)r" +1=0.

Otcroa HaXOAUM 3HAYEHUE TOYHOTIO paguyca BBIIYKIOCTH (8). DKcTpemanbHas (PyHKUUS UMEET

BU/I
2 2InM t"

f\(2)=[exp! =——-'dt.
0() ! p{ 1+t" }

Crnenctue 4 nononuseT pe3ynasTaT @.I°. ABxaauera [5], B KOTOPOM MpH ATUX KE YCIOBUAX HAMICH
TOYHBIH  paguyC OJHOMMCTHOCTH Kiacca (QyHkmmit (Z) ,  YAOBJETBODPSIOMIUX  YCJIOBHUIO

|'(z) <M,M >1vzeE.
CaencrBue 5. Eciu ‘f(z)‘ >M, 20e0<M<1,VzeE u f (Z) umeem paznodicenue éuoa (5), mo
Gyuxyus f (Z) A61€MCsl BbINYKIOU 6 Kpyee | Z|< Tty , ee
My = \/1+ n(InM( —\/n(ln M((n(InM(+2) .
AHaOTUYHO TeopeMe 2, ONMUPasiCh Ha CICIACTBUE 3, TOKA3BIBACTCS
Teopema 3. [Iycmo Ons hynxkyuu  f (Z) =7+ anﬂszrl + <’:1n+22"Jr2 +..,n21zeE, auneiunas mepa

nepeceuenust obnacmu In f'(E) ¢ Kaxcoou npsamoi MW =U,—oo <U <+, He npesocxooum 2l (I > O).

Toeoa mounwlll paouyc bINYKIOCHU IMO20 KAACCA QYHKYUL PAGEH
1

= r\l/—( 4%n? 4+ 7? —2n|) :
T

Beesem B pacemorpenne knace L(y) dymkumit  f(z) ¢ pasmoxenuem (5) Takmx, 4rO

f'(z)-1eG(y,n) ¢ Wy =0. To ecTb HanGoONbIIICE 3HAYECHHE CYMM PAJMAHHBIX MEpP IyT TepecedeHus
moGoit okpyKHocTH |W| =p ¢ obnacteio f (E) He NpeBOCXOAUT 7. DTO 03HAUAET, UTO MOCIE OCY-

IECCTBJICHUA prrOBOfI CUMMETpHU3alIU obmactu f (E) OTHOCHTEILHO IOJI0KUTEIbHON HeﬁCTBHTGHB—

HOW TOJIyOCH TIOJYYHUTCS 00JIacTh, COEprKallascs BHYTPH yIia ¢ BepmuHOW B Touke W=0 pactBopa
Y7 , CAMMETPUYHOI'O OTHOCUTEIBHO JTAHHOM MOIYyOCH.

YacTHBIM clydaeM Kiacca L(y) SIBJIIETCSL  KJIACC K(y) ¢byHKUMH f(z), YI0BJIETBOPSIIOIINX

YCIIOBHIO

‘argfl(Z)‘S7%,0<}/§1,Z€E, (9)
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KOTOPBIN B OoJiee MHMPOKOH hopMynHpoBKe m3ydaics B padore Puna [14] u npyrux aBTopoB. M3BecTHO,
4TO Bce (DYHKIIUH JAHHOTO Kilacca SBISIOTCS MOYTH BBITYKIIBIMU MOPSAKA 7 .

Herpyzso 3amernts, uro u3 ycnosus f(z)eL(y) BeiTexaer, uto jumeiiHas Mepa epeceyeHus

obiactu In f'(E) C KaXI0H mpsiMoil ShW= U,—o0 <U <+o0, He TIpeBocXoauT 7 . [loaToMy U3 Teopemsl
3 BBITEKACT
CaeacrBue 6. Eciu ¢ynxyus f(z)e L(y) u umeem pasnodiceHue uoa (J), mo f(Z) s61emcs

sbinyKnoll 6 kpyee | Z|<r,, 20e I, = n1Ny2n2 +1-yn.

Paoduyc evinyxnocmu sensemcs moyHviM u 0ocmueaemcst 01 QyHKyuu

fo(z) =§exp{—ﬁ%]a —1}dt :

IIpu y =n=1 cnenctBue 6 maeT W3BECTHBIN pe3ynbTar [15] o pamnyce BBITyKIOCTH I =J2-1

dynxumit f(z) ¢ momoKUTETBHOM NCHCTBUTENBHON JacThio npoussoaHoi Rf (z)>0,z€E.
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Abstract. The study of the geometric properties of analytic functions is one of the classical problems
of the theory of functions of a complex variable and has been of steady interest to many mathematicians
for more than half a century now. At the same time, a separate area is the building of sufficient condi-
tions of one-leaf analytic functions, including finding the conditions for simple geometric properties of
analytic functions (convex or star-shaped, almost starshaped, etc.).

The solution of these problems in many cases is associated with finding estimates in different clas-
ses of analytical functions, which in itself is also a relevant problem.

This article is devoted to finding exact estimates of analytic functions and their derivatives in fairly
broad classes of functions, which are distinguished in the form of some restrictions on the domains ob-
tained from the domains of values of these functions by circular symmetrization or symmetrization with
respect to a straight line. Based on these results, the exact radii of convexity in some classes of functions
are found.

Keywords: geometric theory of functions of a complex variable; domain symmetrization; estimates
of analytic functions; one-leaf functions; radii of convexity of analytic functions.
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3AOAYM LLOYONTEPA-CUOOPOBA U KOLWIM ANA NIMHEUHOIO
YPABHEHUA O3EKLEPA C KPAEBbIMU YCITOBUAMU BEHTLENA
U POBEHA B OTPAHNYEHHOW OBJIACTU

I".A. Ceupudwk, H.C. NoH4apos, C.A. 3acpebuHa
FOxHO- Ypanbckuli 2ocydapcmeeHHbIl yHUgepcumem, 2. YensabuHck, Pocculickass ®edepayusi
E-mail: goncharovns@susu.ru

AHHoTanusi. PaccMOTpeHbl JeTepMHHUPOBAHHAsA W CTOXacTHYecKas Ha-
YaJibHO-KpaeBble 3a/1a4M /ISl ypaBHeHus [[3ekuepa, onuchbIBAIOLIEr0 IBOTIOLHUIO
¢BO0OJHOH NOBEPXHOCTH (PUIBTPYIOLIEHCSH KUAKOCTH, B OTPAHMYEHHOH 00J1acTH
U raagakoii rpanuneii. Ha rpanume o6jaacrtu 3aganpl ycjaoBus Bentuesss u Pode-
HAa, B KayecTBe Ha4yaJbHOro yciaosus Oepercsi subdo yciaoBue Iloyoarepa—
Cunoposa, qudo yciaosue Komu. OTrmMerum, 4YTo A5 u3ydaemMoil Moaean GpuiabT-
panuu paccMaTpuBaercsl ycjoBue BeHTHens, KOTOpoe He fIBJsIeTCSl KJaccude-
cKkUM. 3a mocjaegHHe roAbl B MaTeMaTH4YecKoOil JiMTepaType KpaeBoe YCJOBHe
paccMaTpuBaeTcsl ¢ ABYX TOYeK 3peHHs (KJIACCHYECKOM H HEOKJIACCHYECKOM).
Iockonbky HavaabHble ycaoBusi Komu u Iloyonrepa—CupopoBa m3ydyajmch
pPaHee B pa3jIMYHBIX CUTyalMsX, B padoTe, B YaCTHOM cJy4ae KJIaCCHYECKHX yC-
aoBuii Bentuens n PobeHa MeTogaMu Teopuu BLIPOKACHHBIX I0JIOMOP(HBIX MO-
JIYTPYII MOCTPOEHbI TOYHBIE PellieHHs, KOTOPble MO3BOJISIIOT OINpeeasTh KOJIHU-
YyecTBeHHbIe NPOTHO3bI H3MEHEHHUsI FTe0OXMMHYEeCKOI0 Pe;KHMa IPYHTOBBIX BOJ IPH
O0esHanopHoii ¢uiabTpanumu. B croxacTuyeckom ciaydae HCHOJIB30BAaHA TeOpHUs
npousBoaHoii Henbcona—Tmmkianxa. B yacTHocTH, Mccile10BaHUS OCTABJIEHHBIX
3a]a4 B KOHTEKCTe KpaeBbIX yC10BUH BeHTHen s 1MO3BOJIN/IO ONpeaeJuTh MPO-
1ecchl, MPOTeKAIIIMEe HA TPaHuLe ABYX cpel (B 00/1aCTH U HA ee TPaHULe).

Kniouegvie cnoea: ypasnenue [[3exyepa; demepMuHupoganuvle u cmoxacmuye-
cKue ypaenenus coboneeckoeo muna; npouzeoonas Henvcona—Inuxauxa; ycnosue
Beumyens; ycnosue [lloyonmep—Cudoposa; ycnosue Kouu.

1. ITocTanoBKa 3a1a4n
Hycts QcR", ne N\{I} - orpanuuennas cBsi3Has 06macTh ¢ rpanuueit 0Q kmacca C* . B

wwmaape Qp =Qx(0,T), T R, , paccMoTpum JmHelHHOe ypaBHeH#e Jl3eKuepa
(A= A)u (%, t)=apAu(x,t) = BoA?u(x,t)— pu(x,t)+ f (x,t), (xt)€Qr, 1)

MOJENIUPYIOIIEe BOIIONHI0 CBOOOAHOM MOBEPXHOCTU (PUIIBTPYIOLICHCS XKHUAKOCTH [1], pemenns KoTo-
pOT0 IOJHKHBI YAOBIETBOPSTH KpaeBbIM yciaoBHUsIM BeHtiens

Au(x,t)+a1§—u(x,t)+ﬂ1u(x,t):0, (x,t)eaQx(0,T) 2
v
u PoGena
azj—u(x,t)+ﬂ2u(x,t)=0, (x,t)eaQx(0,T), 3)
v
a Takxe J100 HauyapHOMY ycioButo Illoyontepa—Cunoposa
lim (A-A)(u(xt)—uy(x))=0,xeQ, )
t—0+
HJIM HAYAJIbHOMY YCJIOBUIO Komm
lim (u(x,t)—uy(x))=0,xeQ. (5)
t—0+

3meck mapamerpel A€R, o, f , y€R,, k=0,1 xapaxrepusytor cpeny; pynxmus f (X,t) — UCTOY-
HUK KHUJIKOCTH, a V= v(x) — BHEIIHASA €AMHUYHAS HOpMajib K OQ) .

Kpaesoe ycnoue (3), HadanbHble yciaoBus (4) u (5) u3ydaiauch paHee B pa3jIMuHbIX CHUTYyalusx [2],
MO3TOMY IMPHUBEEM JIUIIIb KPATKyI0 HCTOPHUIO yciioBus (2). BiepBrie oHO Bo3HHKIIO B [3] mpu mocTpoe-
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Ceupudrok I'.A., NoH4yapoe H.C., 3adayu Lloyonmepa—-Cudopoea u Kowu Ansi nuHeliHo20
3acpebuHa C.A. ypasHeHusi [l3ekuyepa c KpaeebIiMU ycrio8UsIMU...

HUU TeHepaTopa monyrpymisl demtepa [4] mas MHOrOMepHBIX AU((Y3UMOHHBIX MPOLIECCOB B OTPaHU-
geHHOU obactu Q. B [5] BrepBhIie ObLI0 MOKa3aHo, uTo (2) eCTeCTBEHHBIM 00pa3oM BO3HHKAET B OHMO-
¢usuke s onucanus audy3un BHyTpH KICTKU U Ha ee MmeMOpane. [1o3xke B [6] criMcok MaTemaTuyie-
CKUX MojieNei, rae (2) omuchIBaeT MPOLECChl Ha TpaHuIle oomactu (2, CYyIIECTBEHHO momnonHuics. Ta-
KOW TIOJXO/ K M3YYEHHUIO 33]1ad, T/Ie KPaeBble YCIOBUS TPAKTYIOTCS HE KaK MpeneibHbIe 3HAYCHUS HC-
KOMOW (DYHKITMHM W €€ MPOU3BOJHBIX, 4 KaK ONMHMCaHHEe HEKWX MPOIECCOB HA TPAaHUIIE, BO3MOXKHO JIUIIIb
YaCTHYHO 3aBUCSIIUX OT MPOIECCOB BHYTPU OOJIACTH, MPUBEN K MOCTPOSCHUIO HOBOI'O HAIPABJICHUS B
TeopuH MoTeHnuana [7, 8], rae moxydensl pemeHus oqHodasHon u AByxQa3Hoi 3amay BeHnTiens ¢ uc-
MOJIE30BaHUEM TTOBTOPHBIX IMOTEHIIMAIOB ABOWHOTO U TIPOCTOTO CIIOS.

Jpyroii moaxo/ OCHOBaH Ha UAESX U METOJIaX TEOPHHU MOJIyTPYII onepaTtopoB. B [9] Buepssie mo-
Ka3aHo, YTO OIepaTop, BKIIOUAIOMmuUi B ceba onepatop Jlammaca A BHyTpu obmactu (2 u omepaTop
Jlannaca—bensTpamu A Ha ee rpanuue o€, saBigercsa remepatopoM C, -nomyrpynmsl. B [10] atot pe-
3yJNbTaT OBUT MCIOJB30BaH MPHU PEIICHUU pslia MPUKIANHBIX 3a7ad. [lepBbie UTOTH HCCICIOBAHUIA B
JTAHHOM HaIpaBJicHUW ObuH mojBeneHb! B [11]. Kpome Toro, B [12] HaliieHbl yCIOBHS aHATUTHYHOCTH
paspemaromux Cgy -HeNpepBIBHBIX NOMyrpynn onepaTopos. Hakowren, B [13] paccmorpen cirydaii, korja

onepatop A 3aMEHEH Ha A% B obmactu (), Ha rpaHulle Xe MNo-TpexxHeMy omnepartop Jlamiaca—
benbrpamu A .

Ham nmoaxon x uccnemoBanuto 3amaun (1)—(3) tpamurmonen. Bo-miepBrixX, UCHONB3Ys Kiaccude-
CKYI0 TEOPHIO DIUTHIITHYSCKUX OmepaTopoB [14, 1. 5] MBI peaylmpyeM ee K JUHEHHOMY ypaBHEHHIO
COOOIIEBCKOTO THIIA

Lu=Mu+ f (6)
Y TIOKa3bIBaeM, 4TO orepatop M CcHIIbHO (L,O) -cekTopualeH. Bo-BTOPBIX, HCIIONB3YS TEOPHIO BBIPOXK-

JICHHBIX TOJOMOP(MHBIX MOMYTpyIH onepatopoB [15, ri. 3], Mbl ctpouM pemienue kak 3aaaqu [loyonre-
pa—Cunoposa

lim P(u(t)—uy)=0, (™)
t—0+
Tak 1 3amayn Komm
lim (u(t)—uy)=0 (8)
t—0+

s ypaBHeHus (6). [ToguepkHeM, 4TO BO BCEX 3THUX MOCTPOCHUsX (2) MOHUMAETCS Kak KpaeBoe yclo-
Bre. HakoHell, B-TpeThUX, MBI pacCCMaTPUBAEM CTOXaCTHUYECKYIO Bepcuro 3aaad (6), (7) u (6), (8), rme

BMECTO «OOBIYHOI» IPOU3BOAHON U MOHMMAaeTCs Mpon3BoaHas HembcoHa—I mukimxa U . 3amMeTuM, 4TO
WCCTIEOBAaHMs B JAaHHOM HAMpaBICHWW HAa4YaThl CpaBHUTEIRHO HemaBHO [16—19]. CtaTes kpoMe BBOII-
HOW 4acTH W CIIHMCKA JUTEPATyphl COAEPKHT JBa maparpada: B IEpBOM PacCMOTPEH JAETEPMHUHHPOBAH-
HBIH, a2 BO BTOPOM — CTOXACTHYECKHUH CITydail.

2. JleTepMUHHPOBAHHBIN cIy4aid

Ilycte 41 u § — BelecTBeHHbIC OaHAXOBBI IPOCTPAHCTBA, OrepaTopbl L S(ﬂ,% ) (1. e. omeparop
L nuneen u HenpepbiBeH, npudeM domL=41), M eCI(4,§) (t.e. onepatop M suHeeH, 3aMKHYT 1
miotHo ompezener). Hamomumm [15, ro. 1], uto muOXecTBO p- (M)={ueC:(uL-M Y le &3 W}
Ha3zwIBaeTcs L -pezonveenmuvim muodcecmeom onepamopa M , a MHOXKECTBO ot (M ) =C\ p" (M )
ero L -cnexmpom. OnepaTopsl R/L‘ (M ):(,uL ~M)Lef(Y) u L';t (M ): L(uL—M)™ e £(3), nassi-
BalOTCS npasoti U aeeou L -pezonveenmoii onepamopa M coorBercTBeHHO. IlycTh p" (M ) =D,

p €{0} U N, Torzma MOXHO OCTPOUTE APABYIO U JIEEYIO

R(t,,p)<M>=1jR,bk<M>n Hz,p)wkgtbk(m)

(L, p) -pesonveenme: onepatopa M COOTBETCTBEHHO.
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Onpenesnenne 2.1 [15]. Oneparop M naseiaercs (L, p)-cexmopuansnbim, ecim

. V4
(1) cymecTByeT KOHCTaHTa O € (E , nj TaKasi, 4YT0 CEKTOp

Sg(M)={ueC:largulGtc p-(M);
(i) cymectBytoT koHcTaHTEl K € R, u p e{0}UN Trakue, ato

8 W 1 0

DU JHOOBIX Ly, £, -+ My ep" (M )
Jlemma 2.1 [15, . 3]. IlycTts onepatop M (L, p) -CEKTOpHUAJIEH, TOI 1A
(i) 4° e ={0}, 3°NF' ={0};
(i1) cymecTByeT oneparop MO_l ES(SO;MO), MIPUYEM OIEPATOPHI MalLO 62(5.10) 51 LOM(;1 62(30)

|/Uk |
k=0

HHJIBIIOTEHTHBI CTEIIEHU He OOJIbIIe p

3nech U9 =ker R("#} 0) (M ) =ker L( . p 5.11 (3 ) —  3aMbIKaHUE im R(';t,p) (M)
(im L'(‘ﬂ’ ») (M )) . (3ameruM, 4YTO Bce OTH MOANPOCTPAHCTBA HE 3aBHCAT OT  BBIOOpa

yz(yo,,ul,...yp)e(pL(M))p+1). Omepatop L, (M) — cyxenue omepatopa L(M) Ha yk

(domM ~u*), k=0,1.

Onpenenenne 2.2. [lycts B — BemecTBeHHOE 0aHAXOBO MPOCTPaHCTBO. Oneparop-PyHKIHs
ViR, —> Q(%) HA3BIBACTCS 8bIPONCOCHHOU 20IOMOPGHOU NOLY2PYNIOU ONepamopos, €Ciu
(i) VSV =V mpuscex s, teR, ;
(if) V' ronomopdHO MpoaomKKUMa B CEKTOP, CoAepKaiuii moayocs R, ;
(iii) kerV' ={0} npu nexotopom te R, .

Jemma 2.2 [15, r. 3]. Iycts onepatop M (L, p) -cexropuaien. Tora cyuiecTByeT BEIPOKICHHAS
rosomopHast nonyrpymna oneparopos U 1R, — £(U) (F :R,— £(F)), umerowmas Bux

u'= 2; R (M )e"td/{Ft =2i”i£Lb(M )e”tdy}

rJie KOHTYP FCS;F(M) TaKoOM, 4To |arg u|—> 6@ npu u—>o u pey.
O6e momyrpymmst U™ u F° romomopdusl B cekrope |arg u|< 6’—% , mpiaem kerU' = U u

ker F' = 3% npum Beex te R, . Kpome toro, imU' < ¢* u imF' ¢ § npuscex teR,
Omnpenesienne 2.3. Onepatrop M HaswIBaeTcs cunbHO (L, p) -CEeKMOPUAIbHbIM Cnpasa (ciesa), ec-

JI1 OH (L, p) -CCKTOPHUAJICH U

|RG. oy (M)(AL=M)” MuH i,ukeSg(M)ke{Ol P},

wH" ol

npu mobom U edomM u Hekortopoii koHcTaHTe K e R, 3aBHcsm1e171 oT U.

(CymectByer mIoTHbI B § auHean § takoid, uto (AL—M)™ f edomM npu Beex f €F, npuuem

ML =MY L,y M F <t 2 S5 (M) K (0L P
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npu mobom f €§ u HekoTopoii koHcTanTe K e R, , 3aBucsmeii ot f .)

Jlemma 2.3 [15, rn. 3]. Ilycte onmepatop M cuibHO (L, p)-CeKTopI/IaﬂeH crpaBa (cieBa), Toraa

cymectsyet npoextop P e £(4) (Qe £(F)), nmerommii un P=s—limU' (Q=s—Ilim F').

t—0+ t—0+
3HauwnT, ecnu oneparop M cribHO (L, p) -CeKTOpHAJIeH CIIpaBa U CJIEBa, TO CYIIECTBYIOT paciiemn-
JICHUS MPOCTPAHCTB
U=yt 5=303 9)
Onpenenenne 2.4 [15]. Omepatop M HasbIBaeTCs CuibHO (L, p) -CeKMOPUATIbHbIM, €CITU OH

cuabHO (L, p)-ceKkTopualeH crpasa i

[Rep WAL=, < 1S g

npu HekoTopoii koHcTanTe K e R, 1 mo0bIX, A, 44 € S;F(M ), ke{0,1,..., p}.

3aMeTI/IM, 4YTO €CJIK B OIIPCACICHUN 2.4 MBI 3aMCHHM CIIOBO «CIipaBa» CJIOBOM «CJICBa», TO MBI I10-
JIYYUM 3KBHBAJICHTHOC HCXOAHOMY OIIPCACIICHUC.

Teopema 2.1 [15, rur. 3]. Tlycts onepatop M cuibHo (L, p) -cexropuanen. Toraa
(1) cymiecTByeT oreparop LIl e £Ehuh;
(ii) onepatop S = L;*M, eCl (ill) CEKTOpHAJICH.
[Monyuennsie B nemmax 2.1-2.3 u Teopeme 2.1 HEoOXOAMMBbIE YCIOBUSI CHIBHON (L, p) -

CEKTOPHAIBHOCTH onieparopa M SBIISIOTCS TOCTAaTOYHBIMH, T. €. CIIPaBEIJIHBA
Teopema 2.2 [15, r1. 3]. [lycmo cywecmeyem pacwennenue (9) npocmpancme 3 u § . [lycmo cy-

wecmeylom onepamopul Ly eS(Sk;ﬂk) u M eCI(Sk;ilk) , k=0,1, npuuem cywecmeyrom onepamo-
pol Mal e £F°%u°) u LIl e &(FH U . yems onepamop M(;lL(J (unu LoMal, UMO IKEUBALEHMHO)
HULNOMeEHmMeN cmeneny P, a onepamop LIlM1 cexkmopuanen. Toeda onepamop MO(]I— P)+ M, P
CUbHO (Lo (I-P)+LyP, p) -CeKmopuaeH.

PaccMmoTpum JHHEIHOE HEOHOPOIHOE YpaBHEHHE COO0IEBCKOTO TUITA
Lu=Mu+ f. (10)

Iycte 7e€R,, Bekrop-QpyHKIHIO U :(O, Z') —>domM wuazosem peuwenuem ypaswenus (10), ecmu
ueCH(0,7);4) u u=u (t) ymosieTBopsieT ypaBHenuio (10). B mampHeiinieM BeKTOpP-(YHKITHIO
f :(O,r)—)& yI00HO Tpe/IcTaBUTh B Buje f = fO4 £t , TIe f0 =(H—Q) fuf! =Qf .
Teopema 2.3 [15, 1. 5]. Ilycmo onepamop M cunvro (L, p) -cexmopuanen. Toeoa

(i) s mo6oit BekTop-pyHKun f :[O, r] —§ Taxoii, uro f%eC p”((O, r);&o) , flec? ([O, T];Sl) , 1

moBoro BeKTopa Uy € $1 cymectByer enuHcTBenHOe pemrenne U e CT((0,7); 41) ~CP ([O, T];il) 3a1a4n
loyonTtepa—CumopoBa
lim P(u(t)-u,)=0, (11)

t—>0+

st ypasaenus (10);
(i) s moboit BekTop-(yHkimu T [O, ‘r] — 3§ Ttakoii, uro f OccP ([O, ‘r] ; So ) ACP*H ((O, r) X SO) ,

flec? ([O,r]; 31) , 1 1000ro BekTopa Uy € 4 Takoro, 4To

p
(I-P)ug =D (Mg'L) Mg £°®)(0),
k=0
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CylecTByeT exuHeTBeHHoe pernenne U e C1((0,7); 4) N CP ([O, r] ; il) 3agauu Ko

lim (u(t)—uy)=0 (12)
t—0+
st ypasaenust (10);

(iii) pemenue Uu=u (t) 3agad (10), (11) u (10), (12) umeet BUA

p t
u(t)=U'up - Y (Mg'L) Mgt f O(k)(t)+%jdsj(uL1 ~M) e I fl(s)d .
k=0 7Tl 0

[puctynum k penykuuu 3agayun (1)—(3) k ypaBHenuto (10). [lockonbKy B ganbHEHIIEM paccMaTpH-
BAeTCAd CTOXAaCTHMYECKMH CIIydai, TO Mbl OTPaHHYMMCS T'MIbOEPTOBBIMM IpOCTpaHCTBaMu. VIMEHHO, B

KadyecTBEe MPOCTPAHCTBa § BO3bMeM IpocTpancTBo CoboneBa W2I (Q) npu HekoropoM | e{0}UN, a B
kauectse poctpanctsa U = {ueW,*?(Q):a, S—U(X) + BoU(x)=0,x € 6Q}. Bnoxkenne L — F mior-
1%

HO 1 KOMITAaKTHO, a Jartacual A: 4l — § — TommmMHeHHsIH n3oMopdusm, ecnu |, |+| F, [>0 [14, rn. 4

u 5]. Jamee B TPOCTPAHCTBE § PacCMOTPUM OWIIaruiacHaH A% ¢ o6nacTbo ompeaeneHus
domA? ={u eW, ™ (Q): Au(x)+a12—u(x)+ﬂ1u(x) =0} 4 . Biokenne domA? < § MmIoTHO U KOM-
1%

MAKTHO, a Owiamiacuan A :domA? — § — romiuHei bl n30MOpGhU3M IIPH TEX Ke YCIOBUAX Ha TPO-
2

crpancTBo 4, 4to u Bbte. [Iprdem oa crektpa o (A) 1 o( A°) IMCKPETHEI, KOHEYHOKPATHEI H CTy-

IIAIOTCS TOJIBKO K 00 .

3aMeTHM, 4TO B pacCMaTpHUBAEMOM CiIydae cOOCTBEHHbIC (DYHKIIMH Jariacuana A , BOOOIe roBops,

HE SIBJISIFOTCS COOCTBEHHBIMH (YHKLMSAMH Onitaruiacuana A% . D10 CYIIECTBEHHO YCJIOKHSET Hallle HC-
CJIEIOBAHME, HO TOJIBKO TEXHUYECKHU. Pagu TEXHHUUECKON IPOCTOTHI U UIAEHHOUN SCHOCTU MBI YIIPOCTUM
ycnoBus (2) u (3), 3aMEHHB UX Ha YCIOBUS

Au(x,t)=0, (x,t)eaQx(0,T) (13)

u(x,t)=0, (x,t)eaQx(0,T) (14)
COOTBCTCTBCHHO.
[IpoctpancTBO § OcCTaercst TeM e, 4TO U BBIIIE, a 00JaCTH ONpEAeIICHNUs JIalulaciana A | Ouarn-

macuana A% (U u domA? coorBercTBeHHO) MBI GyneM 0GO3HAYATH TEMHU KE CHMBOIAMH, HO 11071a-
ratb, 4to oq = =, =0 u B, =1. Tenepp myctb @ €4l — coOcTBeHHas (yHKIMs JamiacuaHa A,

Torna A =A@, otkyaa B cuny (13), (14) pedomA? u A%p=1%p, 1. e. ¢ — coOcTBeHHas PyHKIIUS
ounamtacuana A% . Utak, U ={U;(-,)} u F={F;(--)} — BewecTBeHHbIC cenapabebHbIe IHIbOEPTOBbI
IPOCTPAHCTBA CO CKASIPHBIMH MPOU3BEACHUSIMU (+,-) U (-,-) COOTBETCTBEHHO, MPHYEM JIMHEHHAs 000-
JouKa COOCTBEHHBIX (pyHKIMiT marutacnaHa A 1ioTHa Kak B 44, Tak u B § . Jlammacuan AU —F u
ounariacuas A% :domA? —> F — caMOCOIPSIKEHHBIE ONEPATOPEL.

HonoxnmM, o(A)={4}, rae cobcreennbie sHadenus {4} 3aHyMEPOBAHbI 10 HEBO3PACTAHUIO C
yaeroMm ux kparaoctd. Yepes {@, } < C*(Q) 06o3HaunM ceMeiicTBO COOCTBEHHBIX (yHKIMI JIamuacHa-

Ha A, OpPTOHOPMHMPOBAHHBIX B CMbIcje pocTpancTBa § . [lonoxum, L=A4—-A u M =gpyA— ﬂoAz -7.
Torma

- B ST
(uL—-M)1="" . 15
g Zk_lﬂoﬂkz_o‘oﬂk +u(A-4)+y ()

Psan B (15) cxonutes abcomoTHO M paBHOMEpHO Ha moOoM komnakre B C , He comeprkaiiem Toyek L -
criektpa o= (M) oneparopa M
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3azpe6una C.A. ypaeHeHus [J3eKuepa ¢ KpaeebiMu yCIo8UsIMU. ..
L = ﬁoﬂkﬁk%jk 7 keN. (16)

Ecin Aea(A), Toraa us (15) nonyunm
(=M =30 X’;k(fiﬂk){“k n Aﬁ”f’kofoik — (17)
)=, Eﬂ(”kif’k) L (M), (18)
LM )= =T 4

rJe MTPUX Yy 3HaKa CyMMbI O3HA4aeT OTCYTCTBHE CIIaraeMbIX ¢ HoMepamu K Takumu, uto A= 4, . Ecin

A€ O'(A) , To BTopoe ciaraemoe B (17) u mrpux y 3Haka cymmsl B (17)—(19) cegyer yOpars. Benem
ycJoBUe

Koa(b(bHuHeHTm(ao, 7) eR%n B € R, TakoBbI, 4TO HU OJTHO COOCTBEHHOE *)
3HAYEHUE Ay € O'(A) HE SBJIETCSI KOPHEM ypaBHEHUs )& 2 opé+y=0.

(TToHsSITHO, YTO KOPHH 3TOTO YPaBHEHHUS MOTYT OBITh KOMIUIEKCHBIMH, B TO BpeMs KakK CICKTp
o(A)cR_ B crty caMOCONPSDKEHHOCTH JamutacHana A4l — §).
Jlemma 2.4 [15, . 7). Ilycmo evinoaneno ycnosue (*), moeda onepamop M  cunbHo (L,O)-

CeKmopuaneH.
Jloka3aTensCTBO 3aKiIIOYaeTCs B TPUBHATBLHON TIPOBEPKe onpeeneHuit 2.1-2.4.

Teopema 2.4. Ilycmo A& O'(A) u evinoaneno yciosue (*). Toeoa ons nodwvix f eC([O, T];S) u

Uy € Y cywecmeyem eourncmeennoe pewerue U eCl((O,T);ﬂ)ﬁC([O,T];L(), u=u(t) sadau (1), (4),
(13), (14) u (1), (5), (13), (14), komopoe k momy dce umeem 6uo
N 13 b cexp(ult—s)f(s),
= > exp(te )(Ug, p)ox + == D (A= A) 1Idsj P(u(t = $)XT (). ) du
k=1 27mig 0 M=

Jns nokazarensCTBa 3aMEeTHM, 4TO eciu A & G(A), TO ycnoBus (4) u (5) coBmagaroT. 3aTeMm co-

nuteMcs Ha nemmy 1.4 u Teopemy 2.3. 3ameTum erre, yTo TeopeMa 2.4 ocTaeTcs BEpHOU, €CH YCIOBHE
(*) 3aMeHUTDb Ha ero yacTHbIH cinyyait ff; € R_. [lanee, mycth A€ G(A) , BBEJIEM B PaCCMOTPEHHUE pac-

wermrenne §=3F° OF , rae F° =span A=A {p}.a 3 =(3°)'. B cuny Teopemsl 2.3 cripaBeuinBa
Teopema 2.5. I[lycmv A e G(A) u evinonnero ycaosue (*). Toeoa

(i) ams mobeix f eCt ((O, 7);§° ) NP ([0, z]; &1) M Uy el CyIIECTBYET €IMHCTBEHHOE PEIIEHHE

ueCH((0,7);4)NC([0,7]; 1) sanaun (1), (4), (13), (14);

(ii) mwis 06X f € Cl((O, T);S’O ) ~C° ([O, r];Sl) U Uy € 4l Takoro, 4To

0), P
{u N _—
zkz A Z—:/%‘lo/1 B’ 4

CYIIIECTBYET eJMHCTBEHHOE peleHne U e Cl((O,T);il) ~C’ ([O,r];il) sapaun (1), (5), (13), (14);
(iii) pemenne U=u(t) obenx 3axad nmeet B
Z (f (t)v¢k>(pk 1 exp(u(t —9))(f(s). g o
‘exp(tey )(Ug, ey + — (A-A4) "|ds du
X oxp(t1i) o 000 Loapi—r Z I { p—”

rAC MTPUX Y 3HAKa CYMMBI 03HA4YaCT OTCYTCTBUE CJIaraCMbIX C HOMEpaMu k TaKHMMH, 4TO A= ik .
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3. CroxacTuuecKMii ciayqai
IIycte Q= (Q,A, P) — IOJIHOE BEPOATHOCTHOE MPOCTPAHCTBO C BEPOSTHOCTHOU Mepoi P, acco-

[UMPOBAHHOMN ¢ ¢ -aarebpoii 4 moaMHOXeCcTB MHOXecTBa ), a R — MHOXECTBO JIeHCTBUTEIBHBIX
quCceN, HAJICJICHHOE OopeneBoil o -anreopoi. M3mepumoe otoOpaxenune &£:Q)— R HasbBaeTrcs ciay-

yaiinou eeaudunou. MHOXKECTBO CIIydalHBIX BEIIMUYMH, MaTEMaTUUECKOe OKHUJaHUE E KOTOpBIX paBHO
HyI10, a aucrepcuss D koHeuHa, oOpasyer ruimbOepToBo mpoctpancTBo L, ={&:E&S=0,D& <+oo} co

CKaJAPHBIM MPOU3BEACHUEM (51,52 )=E&&, unopwmoi || & ||f2 =D¢ . 3ametum, yto B L, opTOroHais-
HOCTb BEKTOpOB ¢ U 4 (T. €. (§,n) =0) sKBUBaJICHTHA HEKOPPEIUPOBAHHOCTH CIIyYalHBIX BENUYHH ¢
u 7. JelictButensHo, 0= COV(§, 77) =Eén= (g‘, 77) =0.

Bosemem mHOXkectBO T <R m paccmorpum nBa otoOpaxenust: f:T —L,, koTopoe Kaxaomy
teT craBuT B COOTBETCTBHE CllydaliHylo BenmuuHy &el,,n g:L, xQ— R, koTopoe kax0i nape
((w) craur B coorserctBHe TouKy ((w)eR. Orobpakenne 7:TxQ—>R, nmeomee BuI
n= n(t,a)) = g( f (t)a)) , HA30BeM (0O0HOMepHbIM) croxacmutdeckum npoyeccom. Ilpu KaxxaoM GUKcH-
poBanHOM t €T 3HaYeHHE CTOXACTUYECKOTO Ipoliecca # = n(t,-) SIBJISIETCS CIIy4alHOW BEJIMYMHOM, T. €.
n(t,-)e L, , KoTopylo Ha30BeM ceueHuem CTOXACTHYECKOro mpoiecca B Touke teT . [Ipu xaxmom
¢ukcupoBaHHOM @ € Q) (yHKIUSA 1’]:1’](',60) Ha3bIBaeTCA  (8b1OOPOUHOU) mpaekmopuell CIy4aiiHOro

npoliecca, COOTBETCTBYIOLICH JIEMEHTapHOMY Hcxony @ € 2. TpaeKTopuH Ha3bIBAIOTCS TAKXKE peai-
3ayuamMu WA 6b100POUHbLIMU PYHKYUAMY CITydaiiHOro mponecca. OOBIYHO, KOTJa 3TO HE NPUBOIUT K

HESICHOCTH, 3aBUCHMOCTE 7(f,w) OT @ He yKasbIBACTCSA M CIY4ailHbIil Ipouecc 0G03HAYACTCS TPOCTO
().
Cuurass T — R wuHTepBasOM, HA30BEM CTOXACTHUECKHH mpouecc #= n(t), teT , nenpepuignuvim,

€CIIH I.H. (IOYTH HAaBEepHOE) BCE €ro TPACKTOPHU HEMPEPBIBHBI (T. €. MpH 1. B. (OYTH BceX) w € A Tpa-

€KTOpUH n(a)) SIBIISTIOTCS. HETPEPBIBHBIMU (QYHKIMSIMU). MHOKECTBO HETIPEPBIBHBIX CTOXACTHYCCKHX

MPOIIECCOB 00pa3yeT OaHaXOBO MPOCTPAHCTBO, KOTOPOE MbI 0003HAYUM CUMBOJIOM C(T; Lz) C HOpMO#

17 llei, = sup(D(t, w))*2.

tel

[lycts A, — o -nopanrebpa o -anredpsr A. ITocTpoum MOAIPOCTPAHCTBO LO2 c L, cayyaiiHbeix

BEJIMYMH, U3MEpUMBIX oTHOocuTenbHO A;. O603Hauum uepes IT:L, —>L02 — opromnpoekrtop. Ilycts

&el,, torma I1& Ha3bIBaeTCA YCIOGHBIM MAMEMAMUUECKUM OXHCUOAHUEM CITYyHaHHON BeIWYUHBI ¢ U
oGosnauaercs cumBonioM E(&|Ay). 3adukenpyem neC(T;L,) u teT, yepes N oGosHauum o -
aneeopy, NOPONCOEHHYIO CLYYAUHOU 8eIUUUHOU 77(1.‘), u 0603Haunm El = E(- | J\/'t”)

Ipumep 3.1. BunepoBckuil npouecc, ONUCHIBAIOLINA OPOYHOBCKOE ABMKECHHE B MOJAEIH DHIITEH-
Ha—CMmoiyxoBckoro [18]

2

SIBJISICTCS HETIPEPBIBHBIM CTOXaCTHYECKHUM IIpoleccoM. 3neck Koadduumentsr {& =&, (a))}c L, — mo-

Bltw)=> & (w)sin(2k +1)t, te{0}UR,
k=0

- -2
MapHO HEKOPPEIMPOBAHHBIE TayCCOBBI CIy4ailHbIE BEIMYMHBI, TAaKHE, 4YTO D§k2 :{E(Zk +1)} ,

k e{0}UN.
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o

Omnpenenenne 3.1 [20, 21]. Ilycme ne C(T; Lz)- Ipoussoonoii Henvcona—I nuxauxa n cmoxac-
muyeckoeo npoyecca 1 6 mouke teT HazpIBaeTCs CllydaiiHas BeJIMYMHA

;7(t,-)=1( lim Et”(”(t+At")"7(t"))+ lim E:(’?(tr)—n(t—At,-)D,

2\ At—0+ At At—0+ At
€CJIM Mpeel CYIIECTBYET B CMBICIIC PABHOMEPHOM MeTpuku Ha R .

Ecnu npousBonnsie n(t,-) Henbcona—I nukinxa cToXacTUYECKOTO Mpolecca 77('[,-) CYLLIECTBYIOT

BO BCeX (WJIH M. B.) TOYKaX MHTEpBaJa | , TO MBI TOBOPHM O CYIIECTBOBaHHH Mpon3BogHONH Hempcona—

I'muknuxa n(t,-) Ha T (m. H. Ha T ). MHOXXECTBO HEMPEPBIBHBIX CTOXACTHUYECKUX MPOLIECCOB, UMEIO-

o

IIMX HempepbIBHBIC pon3BoaHble Hembcona—I mukimxa 7, 00pa3yroT 6aHaxoBo ct (T; L2) IIpPOCTpaH-

CTBO C HOpMOi#t

. 1/2
| n||C1L2=su$(Dn(t,w)+ Dn(t,w)j :
te

OnpenenumM jJajiee M0 WHAYKIMH OaHAaXOBBI MPOCTPAHCTBA c (T;LZ), | eN, croxacTnyeckux

HPOLIECCOB, YbH TpackTopud M. H. muddepentmpyemsl nmo Henbcony—Imukmuxy Ha T 10 mopska
| e{0}UN BrumounTensho [22]. Hopmbl B HEX 3a7at0Tcst GopMyIaMu

I . 1/2
||77||C.L2=sup[ZD77(k)(t,w)] :

teT \ k=0
3neck OyaeM cuuTaTh MPON3BOAHYI0 HembcoHa—I MHMKIMXa HyJIEBOTO MOPSAKA UCXOJHBIM CITydai-

HBIM riponeccom, T. e. 7 =y . Orvernm ete, uto npoctpanctsa C' (T;L,), 1e{0}UN, mis kpaTko-
ctu OyaeM Ha3bIBaTh npocmpancmeamu «uymosy [17-19].

Mpumep 3.2. B [20, 22] nokasano, uto feC'(R,;L,), 1e{0yUN, npuuem S(t)=A(t)/2t,
teR, .

HTak, NOCTPOEHBI IPOCTPAHCTBA CITYHaiiHbIX Bemunn L, u mpoctpanctsa «mymos» C'(T;L,),

| e{0}UN. TlepeiimemM K MOCTPOSHUIO MMPOCTPAHCTBA cayuatinbix K -eenuyun. BozbMeMm §) — BelmecT-

BEHHOE cenapadesibHOe THIIbOePTOBO MPOCTPAHCTBO C OPTOHOPMHUPOBAHHBIM OazucoM {¢, }, MOHOTOH-
o0

Hyto nocnenosatensHocts K ={4,}€R, Trakyo, uTo zk_lﬂkz <400, a TaKKe MOCIIeI0BATEIbHOCTh

{&3=4 (a)) c L, cmyualfHBIX BEJIMYHH TaKylo, 4To || & |||_2 < C, npu HekoTopoli koHcTaHTe C e R, u

mpu Bcex K e N. TToctpoum $) -suaunyio cyuaiinyio K -eenuuuny
£(@)= 2 Adi (@)
k=1

[NTononuenne nuHeHON 000M0uKH MHOXeCTBA {4 & @ } 1m0 HOpMeE

" 1/2
||n||HKL2=[Zﬂ£D§kJ
k=1

Ha3pIBaeTCSI  npocmpancmeom () -sHaunvix) cayyainvix K -genuuun M 0003HAYAETCS CHMBOJIOM
HgL,. Kak merpynuo Buaers, mpocrpaHctBo Hy L, — runbsbeproBo, mpuyem IOCTPOECHHAs BBbIILIE

ciyyaitnas K -BenuumHa & = §(a)) eHL, . Ananornuno 6aHaxoBO MPOCTPaHCTBO ( ) -3naunvix) K -
«UYMOBY c! (T;HKLZ), | e{0}UN omnpenenum kak MOMOTHEHHUE JTUHEHHON O0OJOYKM MHOMXKECTBA

{4 @} mo HOopMe

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusuka» 57
2022, Tom 14, Ne 1, C. 50-63



MaTtemaTtuka

- L Y2
5 o
71l =sup| D2 A4 2 D |,
K72 tel (ko ma1
i€ IOCIe0BATENbHOCTD «LIyMOB» {77 } < c' (T; L2) , 1 e{0}UN Kak HeTpyaHo BUAETH, BEKTOP

n(tw):ki:lzknk (t.o)o

nexur B npocrpanctse C' (T;HkL,), ecnu nocnenoBatenbHOCTb BeKTOPoB {77} < c' (T;L,) u Bce ux
npoussoaubie Henbcona—Tnuknuxa o nopsaka | e{0}UN BKIIOUMTENEHO paBHOMEPHO OIPaHUYEHBI

1o HOpMeE ||-||C,L2 .

Mpumep 3.3. Bexrop, nexauuii Bo Beex npocrparcteax C' (Ry;HKL,), 1e{0}UN,

Wy (t,w)=gaﬂk (to)p,

rae {f}c c' (T; L,) — mocneaoBaTeNbHOCTE GPOYHOBCKHX JBIKCHHIT, HasbIBACTCs ( §) -3HaUHbIM) BU-
neposckum K -npoyeccom.
ITycth Temepsp U (F ) — BelecTBEHHOE cenmapabesbHOe THIb0EPTOBO MPOCTPAHCTBO ¢ OPTOHOPMH-
posanHbIM Oasucom {¢ }({w}). BBegem B paccMOTpeHHE MOHOTOHHYIO IIOCIIEJOBATEIBHOCTh
o0
K={4}<{0}UR Takyto, uro Zkzlﬂkz <+oo. CumBonom UyL, (FcL,) obo3Haunm rumbs6epToBo

MPOCTPAHCTBO, SABJISAIONIEECS MOMOIHEHNEM JIMHEHHOI 000104KH cryuatinbix K -eeruuun

E=D Abp: & € in(é':ZﬂkéVkl//ka ¢k € sz
k=1 k=1

110 HOpME
l715=>_4D¢& [nwnéiyfwkj-
k=1 k=1

3ametnm, 4To B pasHbIX npocrpancTtax (UL, um F¢L,) nmocinenosarensHocts K MoxkeT ObITh
pasnoit (K={4} B UL, u K={} B F¢l,), onHako BCe MOCIENOBATEILHOCTH, OTMEUCHHbIC

cumMBoJioM K, I0JKHBI ObITh MOHOTOHHBIMU M CYMMHUPYEMBIMHE C KBaJpaToM. Bce pe3ynbrarsl, BOOOIIE
roBopsi, OyZyT BEepHBI IIPU Pa3HBIX mociaenoBaTenbHOCTIX {4, } 1 {44}, OMHAKO HMPOCTOTHI PaIH MBI

OrpaHMYUMCS CIIydaeM A, = 1, .
[lycte A3l — § — nuHeliHsI oniepaTop. Popmyson
AL =D S A (20)
3agaquM JuHelHsli oneparop A:UyL,—>F(L,, npuuem eciau psg B npasoit yactu (20) cxoautes (B
metpuke FL,) To £ edomA, a eciu pacxoautes, To ¢ & domA. TpaIUIHOHHO ONPEAEISIOTCS MPO-

CTPAHCTBA JIMHEHHBIX HENPEPHIBHBIX ONEPAaTOPOB Q(UKLZ;FK L2) W JIMHEWHBIX 3aMKHYTBHIX IJIOTHO

OTpeIeJICHHBIX orepaTopoB (moapoodHocTH cM. B [16—19]). CipaBeymuBsl
Jemma 3.1. (i) Onepamop Ae £(U;§) mouno moeoa, koeoa AeL(UyLyiFel,).

(i) Onepamop AeCl(U;F) mouno mozoa, koeda AeCl(UyL,;FcL,).
Jlemma 3.2. Onepamop M €Cl (5.1; 5 ) CUTIbHO P -CeKmopuanen OMHOCUMENTbHO 0nepamopa
LeL(L;F) mouno moeda, koeoa M eClUyL,iFl,) curono p-cexmopuanern omuocumensno

onepamopa L e S(UK L,;Fg L2) . Ilpuuem omnocumenvHulll cCneKmp 6 000UX CAYHAAX OOUH U MO Jice.
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Wrak, nycts oneparopsl L,N e LZ(UKLZ;FK Lz) , a oneparop M e CI(UKLZ;FK L2) , IpU4YEM Olle-
patop M cuipHO (L, p) -cektopuaner, p {0} UN. PaccMoTpum nuHeiiHOE 3BOIOLMOHHOE CTOXAC-

THUYECKOC YPABHEHUE

Ly=Mn+NS5, (21)
rae n=n(t) — uckomsiii, a §=5(r) — 3anaumbli croxactuyecknii K -nmpouece, teR, . Ilpouece
n= n(t) HA30BEM peuieHuem ypasuenus (21), ecnu npu nojcTaHoBke ero B (21) oH oOpamiaer ypaBHe-

Hue (21) B ToxxaectBo. Pemenne # = r](t) ypaBHeHus (21) HazoBeM peuwtenuem 3adavu Kowwu

lim (n(t)-m)=0, (22)

t—>0+
€CJIM PaBEHCTBO (22) BBINONHAECTCS 1711 HEKOTOpoi ciyuaiiHoi K -Bemuuussl 775 €Uy L, . AHamorn4no

ompexaensieTcst peuwierue 3aoaqu [lloyonmepa—Cudoposa
lim P(r(t)—1n,)=0. (23)

t—>0+
SlcHOCTH M TIPOCTOTHI paay MBI He OynieM uccienoBath 3amaqn (21), (22) u (21), (23) crons xe ne-
TaJbHO, KaK UX JI€TEPMUHUPOBAaHHBIE MPOTOTHUITEI (cM. TeopeMy 2.3). Tex unTaTeneil, KoTopble HHTepe-
CYIOTCsl TIOIPOOHOCTAMH, OTChUTaeM K [16, 19]. Mbl e nepeiinem cpa3y k uHTepnperannu 3amad (1)—(4)
u (1)—(3), (5) B Bume 3amau (21), (22) u (21), (23) B HaImIei yrnpolieHHO# mocTaHoBKe. MTak, MOI0XKIM

F=L(Q), U={W7(Q):u(x)=0,xcaQ}, a onepatop L=A-A, Leg£(LF). Oneparop
M = oA - BoA% —y, domM ={W,' (Q):Au(x)=0,xcd}N i, M eCI(LLF). Onepatop N — 510
oneparop BiaoxkeHus: N:il — §. Jlanee mo peuentam, U3JIO0KEHHBIM BBIIIE, TOCTPOMM MPOCTPAHCTBA
cnyvainbix K -pemmumn Uy L, u F¢L, . Cioyuaiinas K -sennunna ¢ €Uy L, umeer Bun

= A&
ka1

rae {¢,} — cemeiicTBO cOOCTBeHHBIX (yHKIMH oneparopa Jlammaca A: il — § OpTOHOPMHPOBAaHHBIX B

cMBICIIe CKassipHoro mpomssenenns () u3 L, (Q). (Hamomunm, uro {p }<C”(Q)). Paccmorpum

JIMHEHOE 9BOJIIOOMOHHOC CTOXACTUYCCKOC YPAaBHCHUC c000JIEBCKOr0 THIIA
Ly=Mn+Wk. (24)

3necw onepatopel L u M ompenenens! Beime, a Wx =Wk (t) — npousBoaHas Henbcona—I nuknuxa

BuHepoBckoro K -mporecca, kotopast HazpiBaeTcsi «OenbiM K -trymom». OtMmetnm, 4to «Oenbiii K -

o

mym» Wk Oornee cooTBeTcTBYET Teopuu DiHIITeHHa—CMOIYXOBCKOTO, HEXKEJIN TPAAULIMOHHBII Oeblii
myM (cM. aeranu B [23]).
Teopema 3.1. [TycTb BeINIOTHEHBI ycaoBuUs (*) 1

@ 2 é‘a(A). Tozcoa ona nawboco mnyeUyl, cywyecmeyem cmoxacmuyeckuii K -npoyecc

neC”(R,;UxL,), kasxcoas mpaexkmopusi Komopozo siensiemcs eOuncmeennvim peutenuem 3aoau (23),

24) u (22), (24). [puuem cmoxacmuueckuti K -npoyecc n=mn(t) umeem 6uo
P )4 n=n
t -
n(t)=U'ne + [U Wi (s)ds;
0

(i) Aeo(A). Toeoa ons mobozo 1yeUyl, cywecmeyem cmoxacmuueckuii K -npoyecc

neC”(R,;UxL,), kasxcoas mpaekmopusi Komopo2o a61semcs eOUHCmeeHHbIM peuteruem 3a0ay (23),

(24). IIpuvem cmoxacmuueckuii K -npoyecc n= 71(1‘) umeem 6u0
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1(t)== & i (1) +U'o + U Wi (s) s
0

/1=Vk

JUist T0Ka3aTeNnbCTBa OTMETHM SKBUBaIeHTHOCTE f) () ~ %2 Kcratu ckasath, 110 57O ke TpH-

YHHE HY OJlHA TPACKTOPHs CTOXacThdeckoro K -mporecca He MOXKET ObITh perieHueM 3anauu Ko
(22).

Paboma evinoanena npu ¢unancosou noodepacke Poccutickoeo ¢ponda ¢pynoamenmanvuvix uccie-
oosanuii 8 Yensbunckoii obracmu (koo npoexma 20-41-740010).
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Abstract. Deterministic and stochastic initial boundary value problems for the Dzekzer equation de-
scribing the evolution of the free surface of a filtering fluid in a bounded region with a smooth boundary
are considered. Wentzell and Robin conditions are set on the boundary of the domain, and either the
Showalter-Sidorov condition or the Cauchy condition is taken as the initial condition. Note that for the
filtration model under study, the Wentzell condition is considered, which is not a classical condition. In
recent years, the boundary condition has been considered in the mathematical literature from two points
of view (classical and neoclassical). Since Cauchy and Showalter—Sidorov initial conditions have been
studied earlier in various situations, in this work, in the particular case of classical Wentzell and Robin
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conditions, by methods of the theory of degenerate holomorphic semigroups, exact solutions have been
constructed, which allow to determine quantitative predictions of changes in geochemical regime of
groundwater under unpressurized filtration. Nelson—Glicklich derivative theory was used in stochastic
case. In particular, the investigation of the set problems in the context of Wentzell boundary conditions
allowed to determine the processes occurring at the boundary of two media (in the region and at its
boundary).

Keywords: Dzekzer equation; deterministic and stochastic Sobolev-type equations; Nelson—Gliklikh
derivative; Wentzell condition; Showalter—Sidorov condition; Cauchy condition.
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ANALYSIS OF THE BOUNDARY VALUE PROBLEM
FOR THE POISSON EQUATION

A.L. Ushakov
South Ural State University, Chelyabinsk, Russian Federation
E-mail: ushakoval@susu.ru

Abstract. The mixed boundary value problem for the Poisson equation is
considered in a bounded flat domain. The continuation of this problem through
the boundary with the Dirichlet condition to a rectangular domain is carried out.
Consideration of the continued problem in the operator form is proposed. To
solve the continued problem, a method of iterative extensions is formulated in an
operator form. The extended problem in operator form is considered on a finite-
dimensional subspace. To solve the previous problem, an iterative extension
method is formulated in operator form on a finite-dimensional subspace. The
continued problem is presented in matrix form. To solve the continued problem
in matrix form, the method of iterative extensions in matrix form is formulated.
It is shown that in the proposed versions of the method of iterative extensions, the
relative errors converge in a rate that is stronger than the energy norm of the ex-
tended problem with the rate of geometric progression. The iterative parameters
in these methods are selected using the minimum residual method. Conditions are
indicated that are sufficient for the convergence of the applied iterative processes.
An algorithm is written that implements the method of iterative extensions in ma-
trix form. In this algorithm, the iterative parameters are automatically selected
and the stopping criterion is indicated when the estimate of the required accuracy
is reached. Examples of application of the method of iterative extensions for solv-
ing problems on a computer are given.

Keywords: Poisson's equation; method of iterative extensions.

Introduction

Consider a mixed boundary value problem with homogeneous Dirichlet and Neumann boundary
conditions for the Poisson equation in a bounded domain. The main problems in solving elliptic
problems are usually associated with the complexity of the geometry of the domain, the height of the
order of the differential equation, and the presence of Dirichlet boundary conditions [1-5]. We will
proceed from the desired provisions that the proposed numerical methods should be stable to
computational rounding errors, be asymptotically optimal in terms of computational costs, be
sufficiently universal and have an easy implementation when calculating on a computer. To fulfill the
indicated provisions when solving the problem under consideration, we will apply the method of
iterative extensions as a generalization of the method of fictitious components [4—7]. Note that to solve
the problem in a rectangular area, to the solution of which the solution of the original problem will be
reduced, it is possible to use marching methods that are optimal in terms of costs [8-10].

1. Boundary problem

Let the first bounded flat area be given and the second bounded flat area selected.

a)e{l, II}, Q, — R2.

It is required that the intersection of these regions is empty, and the union of their closures is a

closure of the rectangular region.
O NQy =3, Q UQy, =11

For each of these three areas, the boundary consists of a closure of the union of two open non-

intersecting parts.
GQ :§ f swzrwvlurwyz,rwl ﬂrwz:@.

@ «

64 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2022, vol. 14, no. 1, pp. 64-76



Ushakov A.L. Analysis of the Boundary Value Problem
for the Poisson Equation

We assume that the intersection of the boundaries of the first and second areas is the closure of the
non-empty intersection of the first part of the boundary of the first area with the second part of the
boundary of the second area.

891 ﬂaQH :S_a S :rl,l ml—‘H,Z # Q.

All the considered parts of the boundaries for all domains are the union of a finite number of
disjoint open arcs of sufficiently smooth curves. Areas of the boundary that do not have self-
intersections and self-tangencies are considered.

In the first domain, we consider a mixed boundary value problem for the Poisson equation. In the
second domain, we introduce a mixed boundary value problem for the homogeneous screened Poisson
equation. On the first parts of the boundaries of the regions, we set the homogeneous Diri-Khleb
condition. On the second parts of the boundaries of the regions, we consider the homogeneous Neumann
condition. The problem in the first area is a solvable problem. We use the problem on the second domain
as a zero fictitious continuation of the problem being solved. Here is the problem to be solved and the
fictitious problem.

AU, +x,0, =T,, & =0, k; >0, f; =0,
_ ou
Uw r(z),l =O, a_rio Fa),z =O. (1)
Consider the problem to be solved and the fictitious problem in variational form as the problem of
representing linear functionals in the form of scalar products in functional spaces.
u,eH,: A, U, Vv,)=F,V,) YW, eH,. 2

The spaces of solutions for such problems will be the following spaces of Sobolev functions.

H,=H,©Q,) ={va, WHQ,) =o}.
The right-hand sides of these problems are linear functionals.

Fa)(va)) = ( fm’va))i (fa)’vru) = I fa)va)an)'

Qw
The left-hand sides of these problems have bilinear forms.
AUy V) = [ WUgnVay +UpyVipy + 5,0V, )dQ,.

oy oy oy o oo
Qa)

We assume that bilinear forms define in the spaces of solutions of the problems under consideration
normalizations equivalent to those of the corresponding Sobolev spaces.
e 112 D 2 _ -
3c;,¢, >0:¢ ||vw||W21(Qw) <A,(V,V,)<c, ”Vw”vvzl(gw) W,eH,.
These assumptions ensure the existence and uniqueness of the solution for each of the problems
under consideration [1]. Note that the solution to the fictitious problem is zero.

2. Continued problem in operator form
It is possible to jointly consider the solved and fictitious problems in a variational form and an
operator form. This problem will be called the continued problem.

ueV: A (U, 1V)+ A, (U,V)=F(I,V) WeV,
ueV:Bu=f, (3)
if you define the operator and the right side in the previous problem as follows
(BU,V) = A (U, 1,V) + A, (U,V) YU,V eV, (f,v) =F,(1,V) W eV.
F(v)=(f,v), (f.,v)=[ fdrL
I
The extended space of solutions for such a problem will be the following space of Sobolev
functions
7 N\T _ 1 .o
V =V () ={v W3 () : v, =o}.
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In the extended solution space, there is a subspace that is the solution space of the continued
problem. This is the space of solutions to the original problem in the first region, padded by zero to the
rest of the rectangular region.

V, =V, (IT) = {\71 eV ¥, = o}.

In the formulation of the continued problem, we use the projection operator from the extended
solution space of the continued problem to the space of its solutions.
I, :V iV, Vv, =imly, 1 =12,

Additionally, we introduce subspaces in the extended solution space.

Vi, =V, (IT) :{\73 SRS =o},
Vo =V () ={V, €V 1 AV, %) =0 W, €Vy, AV, V) =0 W3 eVg}, V =V, @V, Vy =V, BV,
We used a bilinear form, which is the sum of bilinear forms.

A(U,V) = A, (U,V) + Ay (U,V) VU,V eV.

We assume that the bilinear form defines in the extended solution space a normalization equivalent
to the normalization of the corresponding Sobolev space.

112 o 112 _\7
3¢, ¢, >0: cl||v||W21(H) <A(V,V)<c, ”V”vvzl(n) W eV.
We assume that the Sobolev spaces used are such that the continuation of functions with

preservation of the norm is possible in them. We will use this provision, which is usual in such cases, in
the indicated form.

34, €O, B, €lBil]: AN, V) < Ay (Y, V) < AV, V,) W, €V,
36, (O, B, elBi1: Bi(AV,, V) < (ApVy,Vy) < B (AV,, V) WV, €V,
where the operators under consideration are defined as follows
A=A+ Ay, (AU,V)=AU,V), (AU,V) = A, (U,V), (AyU,V)=A,(0,V) VU,VeV.
In this case, the continued problem has a unique solution. The solution to the continued problem is
the solution to the original problem in the first area, continued by zero to the rest of the rectangular area.
Note that the solution to the original problem and the solution to the original problem continued by zero,

that is, the solution to the continued problem can be denoted in the same way as a function and its
continuation.

3. Method of iterative extensions in operator form
Let us present a modified method of fictitious components in a variational form and an operator
form. Consider the iterative process at each step, which we solve the extended problem with a bilinear
form from the continued problem, but without the projection operator. We seek the solution to this
problem in the extended solution space of the continued problem, in the solution space of the extended
problem.
u“eV: AW -0 V) = -7 (AL 1) + A (0L V) - R (1), ke N W eV,
u*eV: A —u* ) =— ,(Bu* - f), keN, ()

vialeVy, iy =1.7, 1 =2/(B,+ ). k e N\{l}
Let us propose the method of iterative extensions as a generalization of the method of fictitious
components. Consider an iterative process at each step of which we solve an extended problem with a
bilinear form, this operator generated by a bilinear form.

C(U,V) = Ay (U,V) + A, (U,V) VU,V €V, 7 € (0;+),
(Cu,v)=C(u,v) Vu,veV.
We seek the solution to this problem in the extended solution space of the continued problem, in the
solution space of the extended problem.
akeV: c* —u* V) =— (A, @ 1V) + AL @ V) -FR(IV), ke N W eV,
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ukeV: CU* —u*t)=—7 ,(Bu*?-f) keN, (5)
Vil eV, 7 > a, 7o =1, 1y = (7N /7K, keN\ {1},

To calculate the iterative parameters, it is necessary to calculate the residuals, corrections and
equivalent residuals, respectively.

rv_kfl — gu/k*l _ .F’ vvkal — Cuflrkfl’ ﬁk71 — gv\vk*l’ k c N.
We will assume that the assumptions about the continuation of functions are fulfilled, which we
now write in the following form

35, € (0;+0), 6, €[6,;+0) : 52(CVy,CV,) < (A, AV, < 62(CV,, CV,) WV, €V,
Fa e (0;4+0) : (A, AV,) < @2 (ApVy, ApVy) YW, €V,
if the operators under consideration are defined in this way
C=A;+7Ay, (Cu,v)=C(U,V), (AU,V) = A (U,V), (AgU,V) = Ay (U,V) VU,V V.

4. Continued problem in operator form on a finite-dimensional subspace
Let us introduce a finite-dimensional approximating subspace. Let's set the previously introduced
rectangular area and parts of its border in a rectangular coordinate system.

IT=(0;b;) x (0;b,), Ty ={by | x (0;b,) U (0;b) x {b, }, T, = {0} x (0;b,) U (0;y) x {0}, by, b, € (0;+o0).
In this rectangular area, on the second part of its border and at the origin, we will introduce a grid.
(%:¥))=((-Dh;(j-Dhy), by =b /m, hy =b,/n,i=12..,m, j=12..,n,mneN
Consider grid functions with values at the nodes of the introduced grid.
Vi j :v(xi;yj) eR,i=L12...m j=12...,n,mneN.
To complete the grid functions, we use bilinear basis functions.
O (xy) =P ()P (y), i=12...,m, j=12...,n,mneN,

PH(x) =P(x/hy —i+1), P> (y) =P (y/h, — j+1),

z, ze€[0:1],
Y(z)=<2-12,2€[12],
0, z¢[0;2].

We assume that the values of the basis functions outside the given rectangular area are equal to
zero.
CDi'j(x; y)=0,(X;y) eIl i=12...m, j=12...,n,mneN.
Linear combinations of basis functions form a finite-dimensional subspace in the solution space of
the extended problem.

m n o _
V= {ZZVLJ-CD"J (x; y)} cV.
i=1 j=1
Consider the continued problem in variational form and in operator form when the space of its
solutions is replaced by its previously introduced finite-dimensional space.
aeV: A (0, 1,9) + A, (0,0) = R (1,9) W eV,
GeV: Bi="f, (6)
where we define the operator and the right-hand side in the previous problem as follows
(B0, V) = A, (0, 1,9) + Ay (G,7) VO,V eV, (f,0) = F(1,V) veV.
In the now used finite-dimensional space, there is a finite-dimensional subspace of solutions for the

continued problem. This is a finite-dimensional space of solutions to the original problem in the first
region, padded by zero to the rest of the rectangular region.

We assume that the projection operator acts similarly on the corresponding finite-dimensional
subspaces. In this case, we assume that the operator of projection onto the solution space of the
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continued problem zeroes out all the coefficients of the basis functions of the supports, which do not lie
completely in the first domain.

In addition, we introduce the corresponding finite-dimensional subspaces.
Vi, =V, (IT) = {\73 SV AR o},
We will assume that for finite-dimensional subspaces approximating the corresponding spaces, the
assumptions about the continuation of functions in the same form are fulfilled.
34 € (O], B, lBil]: BA(V,, V) < Ay (%, V) < BrA(V,, V) WV, €V,
36, € (O], B, e[Bii1]: B(AV,, V) < (ApYy, Vo) < 5 (AV,, V) VWV, €V5,
where the operators under consideration are defined as follows
A=A, + Ay, (AGY) = A(G,9), (A[0,7) = A, (0,V), (A,V,9) = Ay (0,V) VA,V eV.
Piecewise linear basis functions can be taken instead of bilinear basis functions.

5. The method of iterative extensions in operator form on a finite-dimensional subspace
Consider a modified method of fictitious components in variational form and operator form on a
finite-dimensional subspace.

eV : AW —0* V) = -1 (A @ 10) + Ay (G 0) - R (1,9), ke N W eV,
“eV: AW —a* ) =— ,(Bd** - f), keN, )
vl eVy, 1o =1. 7 =2/(B, + B,), ke N\ {1}.
We propose the method of iterative extensions as a generalization of the method of fictitious
components on a finite-dimensional subspace. Consider an iterative process at each step of which we

solve an extended problem with a bilinear form, with an operator generated by this bilinear form on a
finite-dimensional subspace.

C(0,7) = A, (0,7) + A, (0,V) V0,V eV, 7 € (0;+0),
(Cua,v) =C(a,V) va,v eV.
We seek a solution to this problem in the extended solution space of the continued problem, in the
solution space of the extended problem, but on a finite-dimensional subspace.
a“eV: C(* —d"* V) = -7, (AL (@ 10 + A, (@ 0) - R (19), keN W eV,
“eV: C@* -0 =—7,(Ba**-f), keN, (8)
Vi eV, 7> @, 1o =1, 7y = (P AN/ G LA, keN\ {1

To calculate the iterative parameters, it is necessary to calculate the residuals, corrections and
equivalent residuals, respectively.

P =Ba* T - f, Wt =C R T =BW T ke N,
We will now assume that the assumptions about the continuation of functions are fulfilled, which
we will write in the form.
36, € (0;+0), 8, €[J;;+0) : 52 (C¥,,C¥,) < (Ay¥y, ApY,) < 62 (CY,, CV,) WY, €V,
3@ € (0;+0) : (A, AV,) <@%(ApVy, Apl,) VU, €V,
where the operators under consideration are defined as follows.
C=A, +7Ay, (C0,7)=C(4,V), (A,0,V) = Ay (4,V), (A,0,9) = A, (0,7) VG,V eV,

6. The method of iterative extensions in matrix form
Consider the continued problem in matrix form. Approximating the continued problem using a
finite-dimensional subspace, we obtain a linear system of algebraic equations.

geRN: Bu=f, ferN. (9)
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We also assume that the operator of projection onto the solution space of the continued problem
zeroes out all the coefficients of the basis functions of the supports, which do not lie completely in the
first domain. We get the continued problem in matrix form by defining the continued matrix and the
continued right-hand side of the system.

(BU,V) = Ay (0, 1,7) + Ay (0,9) V4,7 eV, (T,7)=F(19) WeV,
(T.9)=(F.0)hhy, = Whhy, V= (v, V,...,vy ) € RN, N =mn.
As an example, consider the numbering of grid nodes, coefficients of basis functions and
corresponding basis functions.
Vni-n+j =Vijs @n(i_l)ﬂ- =<Di'j(xi;yj), i=12.,m, j=12..,n,

m n L N
V=)D @M (xy) =D vd,.
i=1 j=1 =1

But we number from the beginning the basis functions of the carriers, which are completely
contained in the first area. Further, we continue to number the basis functions of the carriers, which
cross the border of the first region and the second region simultaneously. We complete the numbering
on the basis of the support functions, which are completely contained in the second area. With this
numbering, the arising vectors have the following form.

V= (0% %), 05,00, F=(F.00).

We calculate the elements of the matrix, the components of the vector on the right side of the

reduced system.
by = o (AL (D, 1D + Ay (@, D)), Fi =h ' R (1,®), 0, j=12,...N.

Consider the modified method of fictitious components in matrix form. By approximating the

modified method of fictitious components in a variational form using a finite-dimensional subspace with

the previously indicated projection operator, we obtain the well-known method of fictitious components
in matrix form.

T eRN: A@ -0 ) =—7, (BT - ), keN,
Vil eV, 1o =1. 54 =2/ (B + Bo), k e N\ {1}. (10)

At each step of this iterative process, we obtain an extended matrix problem with an extended
matrix.

We calculate the elements of this matrix.
ay =y 'y A @), i, ] =1.2,..,N.
The resulting matrices have a well-known structure.

Ap Ap 0 An Ap 0
A=Ay Ap Ap|B=| 0 Ap Ayl
0 Ap Ag 0 Ay Ag

We use a subspace of vectors.
Vi ={\7= WV, %) eRN:v, =0, v =6}.
Additionally, we introduce vector subspaces as the corresponding finite-dimensional subspaces
introduced earlier.
V3 ={\7=(\71',\72',\73')' eR":%,=0,7, :6}’
A :{\7 =%V, W5 ) € RN 1 AV + AV, =0, Aya¥y + Aga¥y :6}, RN =V, ®V, ®V,.

Note that the fictitious component method solves the continued problem in matrix form.
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_ All A12 0 l%. E
0 Asp Ag|l0] | O

By solving the continued problem in matrix form, solutions are obtained, respectively, of the
original problem in matrix form and the zero solution of the fictitious problem in matrix form.

e R
32 Az U] [0 |Uz] [O
Let us introduce the norms generated by the identity matrix, the extended matrix, and its square.
9= (7.9 . |7l = [AV.9) . |7l 2 = [(A%7.7) v e R".
Lemma 1. In the method of fictitious components (10), an estimate is performed.
Jo* -0l . <2|=° e,
Proof. Let us introduce the notation for the error in the iterative process (10).
g =t -u, keNU{0!.
From the iterative process, we obtain equalities.
(A 7)) =(-Aw?) s AP AT 287 A7 + ATOAT® = Ay Ay
Note that the inequality holds.
AGOAY® > Ay Ay
We get inequalities.
AFAT —2A7 AP’ <0, (AF'AT)? < QAT AP’ < MAF AT NAFAFP).
After cancellation, we obtain the following inequalities.
aPap <arrt st 7], <2 . |
Lemma 2. In the iterative process (10), the estimate holds.
Jo*-al, <a]s" -

-], <2|o” -] ..
A

A2
A positive value in the inequality is estimated as an asymptotic equality.
d~ (g + ) 2 20 by >0, 2y =2 (0 +0,) /4.
Proof. Note that there is an inequality with a positive value.
3d >0: (A7) <d?(Ayt, AY).

Let us obtain an upper bound for the indicated quantity in the inequality in the form of an
asymptotic equality.

AV ) S((CA+ )t ) =23 (A +an)ely = 20 4 00 + 2 D kch ) <
i=1 j=1 i=1 j=1 i=1 j=1
> s 2 .2 All'H{H 2 .2 L P RS N |
<—ZZ]1 szﬂj i~ zzﬂﬂj % T a— ——— Ay, Ay <(Ay, Ay).
/111 i=l j=1 211 i=1 j=1 i=l j=1 ﬂi,l
Here we used the propertles of solutions to the spectral problem.
+00 +00
=3B (25 @) =L (@, @e) =0, (D # (i), i, J pl eN,

i=1 j=1

where
@ €V ((O:b)x(0b,)): ~Ag =4 4., & 20, A | =o,257z2((2i—1)b;2+(2j—1)b52), i,jeN.
Theorem 1. In the method of fictitious components (10), convergence estimates are satisfied.
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o —a], <elo ~a] . =2] 7 -7
s=cq"? c=2d e(0+w), keN, fO=A0° 0<q=(8,-B)/(B + ) <1,

d = (g + &) At by =0, Ay =27 (0 +b,%) /4.
In the method of fictitious components, the absolute error in the energy norm converges with the speed
of a geometric progression.

Let us propose the method of iterative extensions as a generalization of the method of fictitious
components in a matrix form. To solve the old problem (9), we will apply a new method. Let us define
the matrices that we will use in what follows.

(AT, V) = A (0,9), (A,T,V) = A (0,9) V0,7 V.

The introduced two matrices have a definite structure.

AI = A21 Azo 0 ’Auz 0 Aoz Aza .
0 0 O 0 Ap; Ag

Let us now define in a different way the extended matrix as the sum of the first matrix with the
second matrix multiplied by an additional positive parameter.

C=A1+1A5,|Cy Cp Cxu|=|An Ayx O0[+7|0 Ay Ayl ye(0;+m0).
0 Cp Cu| | O 0 0| |0 Ay Ag

We will assume that for finite-dimensional spaces that approximate the corresponding spaces, the
previous assumptions about the continuation of functions are fulfilled, which we now write in matrix
form.

38, € (0;+), 8, €[8,;+0): 67 (CV, CV, ) < (A ¥y, AV, ) < 85 (CV,, CV, ) W, €V,
o € (0;+90) (A, A ) < o (A, Ay ) YV, €V,
Now we apply the method of iterative extensions to solve problem (9), as a generalization of the
method of fictitious components, using the introduction of an additional parameter in the extended
matrix. Note that the method of fictitious components with a single value of this additional parameter is

obtained from the method of iterative extensions, but without taking into account the choice of iterative
parameters.

T eRN: c@ -u* ) =—¢ (BT - ), keN,
va° 6\71, y>a,179=1 14 :<Fk_l,ﬁk_l>/<ﬁk_l,ﬁk_l>, k eN\{l}. (11)

To calculate the iterative parameters, it is necessary to calculate the residuals, corrections and
equivalent residuals, respectively.

Fk_l — BUk_l B f_ V—Vk—l =C_1Fk_l 77k_1 — Bv—vk—l keN
Let us introduce the norm generated by the square of the extended matrix.
7]z = [(C?V.v) vv e RV,

Lemma 3. In the method of iterative extensions (11), the estimate is satisfied.

== < =0 =

Jo* -l <2Jo° -a], ..
Proof. Let us introduce the notation for the error in the iterative process (11).

7 =" -u, ke NU{0}.
From the iterative process, we obtain equalities.

(C@* -7").C" 7)) = (-Anil ~Aui?),
(ci#.ct) —2(C, Ap°) +(C7° . C7°) = (A, Ay ).

Note that the inequality holds.
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<C'/70:Cl/70> 2 <A11'/710’A11‘/710>-
We get inequalities.
<Cz/7,1Ct/71> —2<c(/71,c1/7°> < O,<Cl/71,Cl/71> 2¢ 4<c¢/71,c:y7°>2 < 4<c;;1,cg71><0y7°,c1/7°>.
After cancellation, we obtain the following inequalities.
(o e <a(ci o). |7, <2l
Theorem 2. In the method of iterative extensions (5), convergence estimates are satisfied.
|0 ~u] , <efu®-u]_, . £ =2(6,/5)@/ ke,

where the relative errors converge with a geometric progression rate in the norm stronger than the
energy norm generated by the operator of the extended problem

[V]lez =/(CV,Cv) W eV.
Proof. From the iterative process, we obtain equalities for errors and residuals.
=t CT A P = A CT T ke N\
We will minimize the residuals.
0<(r*,r) = ¢ (A CTr A CTH* )= 27 (A CTP P ) (P ),
We select the iterative parameters from the condition for minimizing the residuals.
—1vk—1 vk—l k-1 k-1
(ACr ) (P

‘Ul—u

o2 _Z“U -u o2

k1 =72 .
(AHC “lpk-1 AHC Lk 1) (ﬁk—l,ﬁk—l)
Note the existence of equality.

(AHC—lvk—l vk—l) (AHWk -1 ka—l)
(AHC—lfk—l’AHC—lrv.k—l) (Anvk -1 AHVT/k 1)
Let us introduce the notation

Tk-1

AWt =a, AWt =b.
We establish the positivity of the selected iterative parameters.
- - 5 12
(b.a+7b) _7_(a,b) >7_( a)'?(b,b) ., @ a2
O N ) R O BN T
We present the scalar products of the residuals for the selected iterative parameters.
—1vk—1 k-1
(rk rk):(rk—l rk—l)_ (AHC ) .
(AHC—lrv.k—lyAHC—lrk—l)

>7—a>0.

Ty =

Write out the ratio of the squared residual norms at adjacent iterations.

, (Fk,rk) . (Aucflukfl ukfl) i
Ok —m_ _(AHC_l k-1 AHC_lfk_l)(Fk_l,Fk_l) -
(AW Ayt (Cwt o) - (AWt c:v“vk‘l)2 _(bib)(a+yb,a+yb)—-(b,a+7b )2
(AWt A W) (Cwkt cwt ) - (b.b)(a+yb,a+yb) '

We introduce the notation.

(a,a)=a,(b,b)=b,(ab)=z

then
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ab — 22 —a a _al
G = < max QE(Z)=QE(7J=—<7=QZ,

b(a+7°b+2yz) |g<vab 7y
considering that
v 27(z+a/y)z+yb) . a+y%b a
220, 2(2)) = Y , = b<—<—\/£<——<x/£.
W06 (), b@+7b+272) | 2 7
This is how we establish inequalities.
(A, A ) <o (A A ) (A A )< D (At Aggrt), ke N\ {1},
Considering that
(Co*, Cy*) <o (Aww* A ), (Anyr, Agyr) <63 (Cirt, Cit) <467 (Cy°, Cy°),
522(61/71, éy?l)s4522(éy7°, Cy?o),
we obtain an inequality from which the convergence estimate in the method of iterative extensions
follows. Here we take into account the passage to the limit in the inequality.

(Cy?l,égﬁl) z<Ctﬁ1, Ct/71> £4<C1,/70, C1/70> z4(éy70,égio), h., h, —0.
Theorem 3. In the method of iterative extensions on a finite-dimensional subspace (8), convergence
estimates are satisfied.

o - “ch <gfa® - GHcZ L e=2(8,/8)@/»H T keN,

where the relative errors converge with a geometric progression rate in the norm stronger than the
energy norm generated by the operator of the extended problem on the finite-dimensional and

approximating subspace
7)<z =/(€¥,C0) Wi eV.
We assume that the properties are fulfilled in the approximation.
(A, AV) = (AV, AY), (AyV, ApV) = (AyV, AgV), by, h, —0.
In this case, the previous theorem is obtained from this theorem under the passage to the limit.
Theorem 4. There are estimates in the method of iterative extensions in matrix form (11).

|o* -~ . <elu®~a] . =26, /0)@/n) ke,

where the relative errors converge with a geometric progression rate in the norm stronger than the
energy norm generated by the operator of the extended problem

[z =[(CV.Cv) WV eRM.

Remark 1. Passing to the limit from Theorems 3 and 4, Theorem 2 follows. Theorem 3 and
Theorem 4 coincide up to notation. The proof of Theorem 4 is similar to the proof of Theorem 2 and
does not use the passage to the limit in the inequality obtained at the first iteration.

7. Algorithm that implements the method of iterative extensions in matrix form
We use the method of minimum residuals with a zero initial approximation.
I. Calculate the square of the norm of the initial absolute error.

Eo=(T,T).
I1. Find the first approximation.

at=C'f.
I11. We calculate the residual.

¥t =Bu* ! - T = AT keN\{1}.
IV. Calculate the square of the absolute error rate.
Byy =(FH ), ke N\ 1),
V. Finding an amendment.
W =CTrR Y ke N\ (1.
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V1. We calculate the equivalent residual.
p*t=Bw = AW, ke N\ (1.
VII. We calculate the iteration parameter.

Ty = <Fk—1’ﬁk—1>/<ﬁk—1’ﬁk—1>’ k e N\{l}.

VIII. We calculate the next approximation.
of =0t - W ke N\ {1
IX. Checking the condition for stopping iterations.
E,; <EE, k e N\ {1}, E=0,0001¢ (0; 2).
If the condition for stopping iterations is not met, then everything is repeated from point I11.

8. Examples of application of the method of iterative extensions in matrix form
Consider tasks using the following areas.
I1=(0;6)x(0;6), & =(0;6)x (1;4),Q; = (0;6) x (0;1) U (0;6) x (4;6).
We assume that the areas have boundaries.
I, =(0;6) x {6}, ', ={0, 6} x(0;6) U(0;6)x{0}, I';; =(0;6) x {1, 4}, T' , = {0, 6} x (L 4),
Iy, =(0;6)x{6}, I';; , =(0;6)x{0, 1, 4}U{0, 6} x(0;1) U{0, 6} % (4;6).
We select the right sides and the coefficient in the equations.
f0cy) :{2, (x;y) € (0;6) x (11+h),
' 0, (x;y) € (0;6) x (L+ h; 4),

k(X% Y) =2, (% y) €(0;6)x (0;2), &3 (x; y) =0, (X, ) €(0;6) x (4;6).
Here are the solutions to the problems.

5 (cy) = —y? —(h?/3=2h=2)y+h?/3-2h—1, (X;y) € (0;6) x (L;1+ h],
B (-h?/3)y + 4h?/3, (X y) € (0;6) x[L+ h: 4).
When sampling, we select the grid steps. h=h, =h, =6/n, n=6,12,...,102. In calculations by the

method of iterative extensions with a zero initial approximation, the number of iterations is set at a
predetermined estimate of the relative error.

k(E;n)=8, n=6,12, k(E;n) =6, n=18,...,102, E=0,0001.
Note that at the last iteration, on the finest grid, inequalities are satisfied.

uiz,j _ui’j‘/‘ui’j‘)S0,00ZZ, max '21 'J‘/(x i )te
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Annoranmsa. CMmelnaHHas KpaeBas 3afada Juisl ypaBHeHHs IlyaccoHa paccMaTpuBaeTcs B OrpaHU-
YeHHOH TUTOCKO# obmacTw. [IpoBoanTCS IPOAOIDKEHUE 3TOM 3a/1a4y Yepe3 TpaHuIly ¢ yciaoBueM upux-
Je 10 npsAMoyroibHoi obnactu. IIpemiaraercst paccMOTpeHHE IPOAOJIKEHHON 3a/laul B OLEPAaTOPHOM
Buze. s pemeHus mpoJo/DKeHHOW 3afadu GOpMYIUpPYETCs METOJ HTEPallMOHHBIX paclIMpeHdud B
onepaTtopHoM Buze. [IpofomkeHHas 3aada B OepaTOPHOM BUJE pacCMaTPUBAETCS HA KOHEUHOMEPHOM
noJnpoctpancTee. s pemenust npeapayei 3aaaun GopMyIupyeTcss METOJ UTEPAIlHOHHBIX pacIIu-
peHMii B onlepaTOpHOM BHE Ha KOHEUHOMEPHOM THoanpocTpaHcTse. [IpogomkenHas 3a1aya NpUBOIUTCS
B MaTpuyHOM BHze. [y perieHus: NpoJoKeHHOW 3aauyll B MaTPUYHOM BHUE (HOPMYIHPYETCS METO.
WUTEPallMOHHBIX pacIIMpeHni B MaTpUIHOM BHJE. Iloka3piBaeTcs, 4TO B MPEATOKEHHBIX BApHAHTaX Me-
TOJIa MTEPAIOHHBIX PACIIMPEHHUN OTHOCUTEJbHBIC OIMIMOKH CXOAMTCS B HOpMe Ooliee CHIIbHOU, YeM
JHEpreTHUYECKass HoOpMa PacIIMpPEHHON 33a4d CO CKOPOCTBIO I€OMETPHUYECKOM mporpeccuu. Hrepamu-
OHHBIE MapaMeTpbl B YKa3aHHBIX METOJAax BBIOMPAIOTCS C MOMOIIBI0 METOJa MHUHUMAaJIbHBIX HEBS30K.
YKa3bIBalOTCS YCIOBHS, IOCTATOUHBIE TSI CXOAMMOCTH MPUMEHIEMBIX UTEPAllMOHHBIX MPOIieccoB. BoI-
MMCaH aJrOpyTM, PeaM3yIOIMMKA METOJ WTEPAllMOHHBIX PACHIMPEHHH B MaTpU4HOM BHje. B manHOM
QITOPUTME MPOU3BOJUTCS aBTOMAaTHYECKUI BBHIOOP WTEPALIMOHHBIX ITapaMETPOB M YKa3bIBAETCSI KPUTE-
pHii OCTAaHOBKH NpPHU JIOCTHKEHHH OLEHKH TpeOyeMoil ToduHOCTH. [IpHUBOSTCS MpUMEpbl IPUMEHEHUS
METO/Ia UTEPAIIMOHHBIX PacIIMpPeHNH s pelneHns 3a1ad Ha OBM.

Kniouesvie cnosa: ypasnenue Ilyaccona; memoo umepayuonHvix pacuiuperuil.
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SCHRODINGER CAT STATES
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Abstract. We propose an efficient way to implement new family of continu-
ous variable (CV) states of definite parity. Measurement induced CV states of
definite parity states are realized after subtraction of an arbitrary number of
photons from the initial single-mode squeezed vacuum (SMSV) state using a pho-
ton number resolving (PNR) detector. Optical design requires irreducible num-
ber of optical elements for implementation of the CV states of definite parity. The
potential of using the CV states in optical quantum information processing can be
high. As an example, we show the possibility of using a family of the CV states of
definite parity for quantum engineering of optical even/odd Schrédinger cat
states (SCSs). In particular, we report the possibility of implementing the CV
states of definite parity that approximate even/odd SCSs of amplitude slightly
greater than 4 with fidelity prevailing 0,99 after subtraction of 50,51 photons
from original SMSV. The success probability being the third key parameter of
the optical design, decreases with an increase in the number of photons, but gen-
erally remains at an acceptable level for further use in quantum information pro-
cessing in the case of a small number of subtracted photons.

Keywords: even/odd Schriodinger cat states; single-mode squeezed vacuum state;
measurement induced CV states of definite parity; beam splitter; photon number re-
solving detector.

It is a well-known fact that the generation of two-mode entangled light state can be realized by in-
terference of single-mode non-classical states at the beam splitter [1]. The canonical example of the in-
terference is known to be Hong-Ou-Mandel (HOM) effect [2], which is a two-photon interference effect
with two single photons emerging together at one of the outputs of the balanced beam splitter with half
chance of success. The process of mixing of the non-classical states serves as a critical element in such
an application as quantum state engineering using technique of photon subtraction [3-6], photon addi-
tion [7], and photon catalysis [8, 9]. The interference of two non-classical states at a beam splitter can
become resource for a conditional quantum engineering of desired optical states.

In optics, implementation of superposition of coherent states |+/4) and |—£) with complex ampli-

tudes +8 is of considerable interest. Realization of the non-classical Schrédinger cat states (SCSs) is
expected to resolve the puzzle, at what degree of macroscopicity, if it exists, the object goes on to be
quantum [10]? The squared absolute value of amplitude of the component coherent state | #|* , which is
approximately equal to its mean photon number, can be to some extent treated as a qualitative measure

of SCS macroscopicity. It must be at least much larger than the quantum uncertainty 1/ J2 of the posi-
tion observable in the coherent state in order to recognize an optical SCS macroscopic object [11]. In
addition to their fundamental importance, the SCSs have high application potentials in teleportation [12—
15], quantum metrology [16], quantum computation [17, 18]. Here we propose a new theory for the gen-
eration of a family of CV states of definite parity whose practical potential is as yet unknown. The gen-
eration is based on the use of a photon number resolving detector, which implements the new measure-
ment-induced CV states of definite parity. Nevertheless, we consider one important practical application
of the family under study, namely the possibility of using the CV states of definite parity in the quantum
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engineering of even/odd SCSs. The approach uses irreducible number of optical elements and can be
implemented in practice.
For quantum engineering of optical even/odd SCSs, we consider the optical design in Fig. 1 con-

L . . . . t -r
taining irreducible number of optical elements. It consists of a lossless beam splitter BS { ) }
r

with real transmittance t>0 and reflectance r >0 coefficients satisfying the physical condition

t? +r? =1. The beam splitter (BS) is considered to be no longer necessarily balanced and its parameter
can be arbitrary. In Fig. 1, single-mode squeezed vacuum state in first mode

1 & 1 &y (2n)
——— > b, |2n)= 2n), 1
Jcoshs nZ:(:J 2n 120 Jcoshs nz_:‘)\/(Zn)! n! 2n) @)

|SMSV) =

with amplitudes

" (2n)
b2n_ (2n)! n! (2)

enters to the beam splitter. Here, amount s>0 is the
squeezing amplitude of the SMSV state the parameter
0<y=tanhs/2<0,5 of the SMSV is introduced. The ab-
sence of input SMSV (vacuum) is determined by the value
y =0, while the value of y=0,5 corresponds to the non-

physical case of an infinitely large squeezing amplitude
s—oo of the original SMSV that goes behind physical
consideration. No other state (vacuum) is applied to the se-
cond input BS. As can be seen from Fig. 1, part of the ini-
tial photons is diverted to the second mode of the BS, where
they are detected PNR detector. In the case of detecting a
photon state in the second auxiliary mode with the PNR
Fig. 1. An optical scheme used to generate CV. datactor, the original SMSV can be transformed into a new
states of definite parity either even or odd. It K i

consists of the beam splitter with arbitrary BS CV state, which we are going to call 2m/2m+1-heralded
parameter t through which the original SMSV  CV state by the number of extracted photons. Success in the
with squeezing amplitude s passes. Second development of photon-resolving detection [19] allows one

measurement mode is used to measure number 4 hope for the successful implementation of scheme in
of photons and implement new measurement

induced CV states |¥,,), where either n=2m practice. ) o
The analytical derivation of the 2m/2m+1-heralded

states starts with transformations of the creation operators
imposed by the beam splitter: a —>ta —ra; , a; —>ra +ta, that, due to linearity of the BS operator,
realize the following unitary transformation over input SMSV state
1 o0
ch EEVALZE 3)
Jcoshs i

or n=2m+1

BS,, (| SMSV), | 0), ) =

where the amplitudes C,, are determined as

n
c (1_5}2 g2 |z (), ifn=2m,
n: o

| (4)
t n! ,/z@m”)(yl), if n=2m+1,

where, by definition, the following function Z EZ(yl)zz(o) —1/\[1-4y? and its derivative
Z™ —d"Z/dy!' with respect to the parameter y, =t’tanhs/2 determined through the experimental
parameters (t,s) are introduced. The parameter y, differs from the parameter y by the value tl2 i.e.

Y, =t%y . By definition, the parameter y, can also take values in the range 0<y,; <0,5 in the case of
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s >0, where the case y; =0 is realized either in the absence of the SMSV at the input to the BS (s =0)

or in the case of reflection of all photons into the second auxiliary mode t=0,r =1, while the case of
y; =0,5 can be done in the non-physical case s —oo and t=1. The CV states |'¥',) are given below.

Consider the possibility of using entangled state in Eq. (3) for quantum engineering of new non-
classical CV states. The projection of the state in Eq. (3) onto Fock states by the registration of n pho-
tons in auxiliary second mode leads to heralded generation of new CV states. So, measurement of an
even number of photons n=2m in the second auxiliary mode realizes 2m -heralded CV state

A (2(”+m))'
\/sz nz(:)\/Zn (n+m) 20,

while if the observer registers an odd number of photons n=2m+1, then 2m+1-heralded CV state be-
comes

|\P2m>_

()

Vi (n+m+1))I

n
7(2m+1) f2n+1 (n+m+1)! '

Thus, the subtraction of either even n=2m or odd n=2m+1 number of photons from original
SMSV in an indistinguishable manner with loss of all information from which Fock states of the original
superposition the photons are subtracted generates the heralded CV states of definite parity in Egs. (5),
(6). The output states have a well-defined parity either even (superposition involves only even number
states) or odd (the measurement induced state consists exclusively of odd number states) in dependency
on the parity of the measurement outcomes. It is interesting to note the state in Eq. (5) becomes SMSV
in Egs. (1), (2) in the case of m=0 and y; =y . It is worth noting the family of the CV states in Egs.
(5), (6) depends on one parameter y, as well as the initial SMSV state from which they stem. For this
reason, they can also be called SMSV-like states whose non-classical properties may be of interest for

optical quantum metrology. The success probabilities to realize the 2m/2m+1-heralded states follow
from definition of the amplitudes of the entangled state in Eq. (4)

| \I’2m+1> + 1> . (6)

2m
Py = YA \ 7
2m coshs[ t2 j (2m)! @)
2m+1
Py = =0 Y e (8)
M1 coshs | 2 (2m+1)! ’

with the normalization condition Z::o P, =1 which is directly checked.

Now, we are interested in the possibility of approximating even/odd SCSs, being the superposition
of coherent states with real amplitude >0 equal in absolute value but opposite in sign
(ISCS,) =NL(B)( B £|-5)), by the heralded CV states of definite parity in Egs. (5), (6). Indeed, such

a task makes sense since the 2m/2m+1-heralded CV states of definite parity may have photon distri-

butions similar to even/odd SCSs ones
2n

SCS, ) =2N, (B)exp(-°[2)>." W |2n), 9)

ﬁ2n+1
Jen+)!

where N, =[2(1+ exp(—2/32))]‘l’ 2 are the corresponding normalization factors. Difference between the
states in Egs. (5), (6) and (9), (10) is that the amplitude £ is raised to a power of 2n (,82”) in Eq. (9)

|SCS_)y=2N_(B)exp(-B°/2)>." |2n+1), (10)

and 2n+1 (,32’”1) in Eq. (10), unlike the parameter y; to the power of n in Eq. (5), (6). But instead,
the CV states of definite parity in Egs. (5), (6) have an additional factor either (2(n+ My ))!/(n +my )!
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in Eq. (5) or (2(n+mN +1))!/(n+m,\I +1)! in Eq. (6) associated with the number of extracted photons

from SMSV which may compensate for the difference between 42", 5*™* and y;' .
a) b)
1,01 1,000 — =10
n=0
n=2
0,9'—n=4
— n=6 0,995
— n=8
0,8'_”:10
—— n=12
— n=14
n=16 0,990
0,71 — n=18
— n=20
£ n=22 &
Sl — noas S
T D 0,985
—— n=28
051113
—— n=34 0,980
— n=36
0,41 — =3
—_—n=44
—_—n=42
— n=44 0,975+
0:3'—n=4ﬁ
— n=48
n=>50
0 1 2 3 4 5
B
c)

1,000

0,9951

0,9901

Fam+1
F2m+1

0,9851

0,9801

0,975

0 1 2 3 4 5 0 1 2 3 4 5
B B
Fig. 2. Dependence of the even (a), (b) F,,, and odd (c), (d) F,,; fidelities between 2m,2m+1-heralded CV states
of definite parity and even/odd SCSs on the SCS’s amplitude £ . The more photons n are subtracted in auxiliary modes,
the higher fidelities F, of the generated states can be observed. Dependences of the fidelities of higher-order CV states

with n from 40 up to 51 depending on S are separately shown in subfigures (b) u (d). The dependences on subfigures

(b) u (d) allow for one to observe generation of even/odd SCSs with an amplitude greater than 4 with fidelity exceeding
0,99

To assess how well the 2m/2m+1-heralded CV states can well approximate even/odd SCSs, we
use the fidelity either F,,, =|(SCS, |¥,,)[> 0F oy =|(SCS_|W¥on,s) >, which is a measure of the
proximity of two pure states. The value F,, =F,,; =1 corresponds to the complete identity of two
pure states. In Fig. 2, we show the dependence of the fidelities F,,, (Figs. 2, a, b) and F,,,,; (Figs. 2, c,
d) on the SCS’s amplitude £ . The dependences are obtained by searching for the global maximum of
the fidelities by parameter y; at some constant value S . As can be seen from the plots, the more pho-
tons are extracted from the original SMSV, the greater the fidelity of the generated SMSV-like states
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with the even/odd SCSs with greater amplitude. We limited ourselves to 51 subtracted photons, but in
general, an increase in the number of extracted photons can only lead to an increase in the fidelity be-
tween the generated states and even/odd SCSs of larger amplitude g . So, if for the measure of the re-

quired fidelity one chooses the value F,,, =F,,; >0,99, then the extreme values of the SCSs ampli-
tudes at which such fidelity is still observed are g =4,04 (in the case of subtraction of 50 photons in
Fig. 2(b)) and B =4,093 (in the case of subtraction of 51 photons in Fig. 2, d). The plots in figure 3
show the dependency of y,. and y,. ., (for convenience, in Fig. 3 when designating the vertical axis,
we do not use the subscript 1 for the parameter y, ) which provide the maximum fidelities F,;, and
Foms INFig. 20n g . Itis interesting that the more photons are subtracted from the original SMSC, the
smaller the value of the parameter y, can acquire. For example, subtraction of large number of photons
(say 50 or 51) from input SMSV leaves the parameter y; in the range y; <0,2 what could have prac-
tical potential when choosing parameter values s and t.

a) )
05— n=0 — n=1
Tl — n=2 — n=3
— n=4 — n=3
—_—n=6 —_n=7
—_— n=8 —_—n=9
— n=10
=12 p
— n=14 0.4
n=16 '
041 __ . _1s
— n=20
—n =22
— n=24
— =126
n=28 , .
— n=30
— n=32 e 0,34
031 —n-34 /
n=36
— n=138
— n=40 :
r% —— n=42 £
>, — n=4a4 N
— n=48 / / Vg g ] >
— n=48 / g g 7 0,21
0,21 — n=50 / ’
0,1 014
/,
0,0 S 0,04
0 1 2 3 3 5 0 1 2 3 4 5

Fig. 3. 2m,2m+1-heralded states in Egs. (4,5) depend solely on one parameter 0<y, <0,5. The plots demonstrate
the dependencies of the parameter y, that provide the fidelities in Fig. 2 on the SCS amplitude £ . The larger the num-
ber n of the extracted photons, the smaller the value of the parameter Yy, , moreover accompanied by an increase in the
fidelity of the conditional states

As for generation rate of the even/odd SCSs, which is proportional to the success probability in Egs.
(9), (10), it already depends on two parameters y, and t, in contrast to the fidelity. As an example, we

present plots of the success probabilities in Egs. (7), (8) versus g starting with n=6 up to n=16 for

evenand n=7 upto n=17 for odd SCSs. In general, increasing the number of extracted photons can
only decrease the success probability in realizing the required CV states.

In conclusion, we have introduced a family of CV states of a certain parity which in their statistical
properties may be similar to original SMSV state from which the CV states of definite parity stem. The
key point in their implementation is the extraction of an arbitrary number of photons in an indistinguish-
able manner by means of PNR detection while preserving the superposition properties of the new CV
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states. The imperfection of optical elements, e.g. non-ideal quantum efficiency of the PNR detector, can
impose certain restrictions on the generated states, which is the subject of further study. As an example
of the application of the CV states of a certain parity, we have considered the possibility of creating a
generator of even/odd SCSs states. For the first time, we reported the possibility of realizing even/odd
SCSs of amplitude a little over 4 with fidelity >0,99 on a given type of optical design in Fig. 1. The
optical design used can be upgraded to generate new states more efficiently. For the experimental im-
plementation of the proposed scheme, one can use the technique described in references [20, 21].

t=09 t=09
=S 00167 — =7
------ n= — n=
0.035-—n=10 — n=11
— n=12 00144 — n=13
— n=14 — n=15
0,030 _ .16 — n=17
0,012
0,025
0,010+
£ 0,020 :0003
o ig ‘
0,015 | 0,006
0.010 0,004+
0.005 | 0,002 -
0.000 | 0,000
0 1 2 3 4 5 0 1 2 3 4 5

Fig. 4. Dependencies of (a) P, (Eq. (7)) and (b) Py,.q (Eq. (8)) on the SCS amplitude B for some n=6-17. In

general, the dependences indicate that the extraction of a larger number of photons leads to a decrease in the success
probability of generated CV states of definite parity approximating even/odd SCSs with the highest possible fidelity for a

given f
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NMEPCMEKTUBHbLIA KBAHTOBbIU WHXXEHUPUHI ONTUHECKNX
YETHBIX/HEYETHbIX COCTOAHUUN KOTA WWPEOAUHIEPA

M.C. Modoweedoe’, C.A. [Modoweedos’, A.I1. Anodxany’, C.M. Kynuk®
! UHecmumym ¢busuku KasaHckozo ¢pedeparnbHo2o yHusepcumema, 2. KasaHb, Pocculickas ®edepayusi
2 OXHO- YpanbcKuti e2ocydapcmeeHHbili yHugepcumem, 2. YensbuHck, Poccutickass ®edepauyus
® HayuoHanbHbIl uccredoeamesnscKuii yHuUsepcumem UHEOPMayUOHHbIX MexHono2aud,
2. CaHkm-lNemepbype, Pocculickas ®edepayusi
* Mockosckuli eocyldapcmeeHHbili yHugepcumem, e. Mockea, Pocculickasi ®edepayus

AnnHotanus. Mel nipeuiaraeM 3¢()EKTUBHEIN CIIOCO0 peanu3anuyd HOBOTO CEMENCTBAa COCTOSHHIA
HenpepblBHOM mnepemenHoi (CV) omnpeneneHHodt uetHocTH. WHmynupoBanuble usmepeHuem CV-
COCTOSIHUSI OIPEACICHHON YETHOCTH PEaTU3yIOTCS MOCJIE W3BJIEUCHHS MPOM3BOJIBHOIO 4yKciaa (JOTOHOB
W3 HAYalIbHOTO COCTOSHUS OJHOMOJOBOTO CKaToro BakyyMa (SMSV) ¢ ucnonp3oBaHHEeM JETEKTOpa C
paspemenueM uucia GpotoHos (PNR). OnTuueckas cxema TpeOyeT MUHUMAIBHOTO KOJIMYECTBA ONTHYC-
CKHX 3JIEMEHTOB IS peanu3anuu coctossauii CV ompeneneHHoM yeTHocTH. [loTeHInan ucrnoab30BaHus
cocrosiHUT CV B ONTHYECKO KBAaHTOBOH 00paboTke MH(OpPMAIMK MOXET OBITh BEICOKHM. B kadecTse
MpUMepa MNOKa3aHa BO3MOXHOCTb MCHOJb30BaHUs ceMmeiicTBa CV-COCTOSIHUIM ONMpEeAeiEHHON YETHOCTH
JUTSI KBAHTOBOM MHXCHEPUM ONTHYECKUX YETHO/HEUETHBIX cocTosHuil kota llpenunrepa (SCS). B ya-
CTHOCTH, MBI COO0IIIaeM O BO3MOXKHOCTH peanm3anuu CV COCTOSIHHIA ONpeAeNeHHONH YEeTHOCTH, KOTO-
pBIE anmpOKCHMHPYIOT YeTHbIe/HedeTHbIe SCS COCTOSIHUS C aMILUTATYIOW 9yTh OOJbINe 4 ¢ TOYHOCTHIO
> 0,99 mnocne uzBnedyenus 50,51 horoHoB U3 ucxogHoro SMSV coctosiHust. BeposiTHocTh ycnexa, siB-
Jiromadscs TpETbUM KIIFOYEBBIM ITapaMETpOM ONTHYECKOM CXCMbI, YMCHBIIACTCA C YBCIIMUCHHUEM YUCIa
U3BJIEKaeMbIX (DOTOHOB, HO B LIEJIOM OCTAETCSl Ha MPUEMJIEMOM YPOBHE Ul JalbHEHIIEero MCIoab30Ba-
HUSI B KBAHTOBOM 00paboTKe MH(POpPMAIINH B CITydae HEOOIBIIOTO YUCIIa U3BIEKAEMbIX ()OTOHOB.

Kniouegvie cnoea: uemmnvie/nevemnvie cocmoanus koma Llpeouneepa (SCS); oonomooosoe corca-
moe gakyymuoe cocmosanue, CV-cocmosinus onpedeneHHou 4emHocmu, UHOYYUPoBanHHvie usMepeHuem,
ceemoodenumend, homoH paspeumarouuti 0emexmop.
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