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NIMHENHAA AN®DEPEHLIUANIBHAA UTPA YOEPXAHUA
C NOJIOMKOMU

B.O. AHucos
YenssibuHckul eocydapcmeeHHbIl yHugsepcumem, e. YensbuHck, Pocculickasi @edepauyusi
E-mail: dik_gamer@mail.ru

AnHoTtanusi. PaccmarpuBaercs JnHeiiHasa auddepeHuuanbHasg Urpa yjaep-
JKaHMSl C MPOCTBHIM JBH:KeHHMeM. /laHHas Mrpa paccMaTpHuBaercsi CO CTOPOHBI
NepPBOro NrpokKa, KOTOPOMY HeOOX0AMMO yAEPKHBATh COCTOSIHME CHCTEMBbI B 3a-
JAHHOM BBINMYKJIOM TePMHHAJIbHOM MHOKeCTBe HA NMPOTS:KEHUH BCEro BpeMeHH
HUIPbl, HECMOTPS Ha BO3MOKHYIO NOJIOMKY H yIpaBjeHHe BTOporo urpoka. Ilox
NMOJIOMKOIi MOHNMAeTc MTHOBEHHAasl OCTAHOBKA IEePBOro UIPOKa B 3apaHee He-
H3BECTHBII MOMEHT BpEMEHH, Yepe3 onpe/ieJiecHHOE BpeMsl OH YCTPAHUT MOJIOMKY
U NPOJOJIKHUT JIBMKeHHe. BekTorpaMmMamu ynpaBjieHUHl UI'POKOB SIBJISIOTCS N-
MepHbIe BBINYKJIble KOMIAKTHI, KOTOPbIe 3aBHCAT OT BpeMeHH. /151 mocTpoeHust
U-cTaduibHOro Mocra ucnogab3yercs:t Bropoid meron JI.C. Ionrpsirmna. Tak
CTPOMTCSI MHOTO3HAYHOE 0TOOpakeHHe HA OCHOBE aJbTePHHPOBAHHOIO HHTErpa-
Jaa JI.C. IloHTpsiruHa, mocJjie 4ero A0Ka3bIBaeTcs, YTO NOCTPOECHHOE 0TOOpakeHne
sIBJIsIeTCSl U-CTa0MIBHBIM MOCTOM JUJISl pAcCMATPHBAEMO HIPbI, €CJIM BBINOJIHS-
eTcsl paj yeaoBHii. B KOHIe cTaThu paccMaTpUBaeTcsl NPOCTOM NMpUMep HA MJIOC-
KOCTH, I/le BEKTOIPAMMBI HTPOKOB eCTh KPYI'H ¢ IEHTPOM B HayaJjle KOOPAUHAT U
¢ MOCTOSIHHBIM PaguycoM, IPHYEM PaJuyc Kpyra nepBoro Urpoka cTporo 60,b-
e BTOporo. B nanHoM mpumepe cTouTcsi U-cTa0MIbHBI MOCT MO NpeJioKeH-
HOMY MeTOAYy B CTaThe W HAXOJMTCHA IKCTPeMasbHas CTPAaTerus AJs NepBoro ur-
POKAa HAa MOCTPOEHHBIN U-cTa0UJIbHBII MOCT.

Kniouegvie cnosa: ougpdepenyuanvnas uepa, yoepoicauue, anrbmepHupoSanHbll
unmezpain, cmabuIbHbIL MOCHI.

Beenenue

Hapymenne nunamuku B auddepeHIranbHbIX UTrpaX MpeciieIOBaHNs-YKIOHEHHS B YHCIIE TIEPBBIX
paccmotpen M.C. Huxonsckuii [1-4]. Tak, B cratee [3] ucnons3yercs Bropoit Meron JI.C. ITonTparuna
[5] ot mocTpoeHus U-cTabMIIBHOTO MOcCTa [6, ¢. 52].

B nmaHHoOIi cTaThe OYIET paCCMOTPEHO HApYIICHUE TUHAMUKH B JTMHEWHON auddepeHimansHoi ur-
pe yaepxxanus. Kak u B crathe [3], OyZeT paccMoTpeHa pa3oBas I0J0MKa Y TIEPBOT0 UIPOKa, IPU BO3-
HUKHOBEHHH KOTOPOH OH O0E3/BMXEH Ha HEKOTOPOE BpeMsl, JaHHAs MOJOMKa MPOUCXOAUT B 3apaHee
HEU3BECTHBI MOMEHT BpeMeHHU. BekrorpaMMamMu yrpaBiieHU UTPOKOB SBJISIOTCS N-MEpPHBIE BHITYKJIIbIE
KOMITaKThI, KOTOPBIE 3aBUCAT OT BpeMeHU. [locTaBneHHas urpa ynepx anus OyJeT paccMaTpUBaThCS CO
CTOPOHBI IIEPBOIO UIPOKA, KOTOPOMY HEOOXOOUMO YIEpPKHBATh COCTOSHUE CHCTEMBI B 33laHHOM BBI-
MYKJIOM TEPMUHAJILHOM MHOXKECTBE Ha NMPOTSDKEHUM BCETO BPEMEHM WUIPBI, HECMOTPSI Ha BO3MOKHYIO
MOJIOMKY H yIpaBlIeHHE BTOPOTO UTPOKa. J{Jst mocTpoeHHs U-CTaOMITBHOTO MOCTA MCIIONB3YeTCsl BTOPOM
metox JI.C. Ilontpsiruna. Tak CTpoWTCS MHOIO3HAYHOE OTOOpaKEHHE, KOTOPOE PABHO IEPECEUCHHUIO
anpTepHUpoBaHHBIX HHTErpajioB JI.C. [IoHTpArMHa Ha TEPMHUHAIBHOE MHOKECTBO NPH (PUKCUPOBAHHOM
MOMEHTE ITOJIOMKH, TIepeceveHue OepeTcs M0 BPEMEHH MOJIOMKH U TI0 BEpXHEMY IpeJieNly HHTeTpUpoBa-
HUS aTbTEPHUPOBAHHOTO MHTETpaiia. Takke MpUBOIUTCS JOKA3aTENbLCTBO, YTO MOCTPOSHHOE OTOOpaKe-
HUeE sIBIsieTCS U-CTaOMIIBHBIM MOCTOM JIJISl PaCCMaTpUBaeMON UTPHI, €CIIM BBIIOIHACTCS psiA ycioBuid. B
MTOATBEPKCHIE CYIIECTBOBAHMS B KOHIIE CTaThU OyJAET PacCMOTPEH MPOCTOW ciy4yail Ha IJIOCKOCTH,
T/Ie BEKTOIpaMMaMH YIIPaBIEHUH UTPOKOB SIBISAIOTCS KPYTH MTOCTOSHHOTO pajinyca ¢ IIEHTPOM B Havale
KoopauHat. B naHHOM mpuMmepe cTpouTcsl U-CTaOMIIBHBIM MOCT IO MPEIJIOKEHHOMY METOAY, a TakkKe
CTpOMTCA SKCTpEeMaibHas cTparerus [6, C. 57] Ha JaHHBII MOCT.

B mepBoii wacTu cTaThy ONMKCHIBAETCA MOCTAHOBKA pacCMaTpUBAeMOM 3aJady yAEpKaHHA, BO BTO-
poil yacTH BBOAMUTCS B PACCMOTPEHHE HCIOIB3yEMBI MaTeMaTH4YEeCKMH ammapar W CcTpouTcs U-
CTaOMIIBHBII MOCT, a B TPEThEH YacTH pacCMaTpUBAETCs POCTON MPUMED.

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 5
2022, Tom 14, Ne 2, C. 5-12



MaTtemaTtuka

IlocTanoBka 3agaumn

ITycTh 3a4aHO BBIMYKJIOE orpaHudeHHoe MHOkecTBo M — R", Bpemenmnoii otpesok [0,T] u Ha-
yanbHbIA (a3oBblii BekTop cucteMsl Z(0) =2z, € M, Torza ecnu Ha npoTsbkenuu t €[0,T] BbImonH:AIOCH
Brimrouenue Z(t) e M, To urpa 3akaH4dmMBaeTCs M MOOEXKIAaeT NEPBBIil UTPOK, HHAYE, €CIIN B HEKOTOPHI
MoMmeHT t. € (0,T] maHHOe BKIIIOYEHHE HApYLIMJIOCh, TOTJA Urpa 3aKaHYMBACTCS U MOOSKIAACT BTOPOM
UTPOK.

Honokum R, ={xeR:x>0}. Jlus OCTHXCHHUS CBOMX LEJICH HIPOKH CTPOST HOIYCTHMBIC
YIIpaBJIEHHs, C TOMOIIBIO KOTOPBIX NMPOMCXOAUT BO3ACHCTBUE HA cucTeMy. [lyist yrpomeHus paccyxue-
HUIl BEKTOrpaMMBbl yIpaBJIeHUH UIPOKOB OYAyT 3a]aHbl BHITYKIbIMH KommakTamu P u Q u3z R", a
MHOJKHTEINb, 3aBUCUMBIH OT BPEMEHH, OyAeT yuTeH B Buae Kodpduuuenra. JlomycTumoe yrpaBieHne
nepporo urpoka sagaercs Qyukuueir U:[0,T]xR" — P, xosp¢duuuenT 3agaercss MHTErpHpPYeMOil
¢ynkuueit a:[0,T]— R, . B 3apanee HemsBecTHbIH MOMeHT BpeMeHH @ €[0,T] MoxkeT mpou30HTH 1o-
noMka Ha BpeMs h. Jng MareMaTH4ecKOro ONMMCAaHMs MOJOMKH BBeleM (QYHKIHUIO ¢, KOTOpas UMeeT
BUJT

0 telo,6+h]
Py(t) = { :
1 HMHa4ye

JlomycTHMOe yrpaBiieHHe BTOporo urpoka sagaercs dynkiueit V:[0,T]xR" —Q, kospduuuent

3amaercst uHTerpupyemoiil pynkuueit b:[0,T] >R, .

B cuiny Bbllie cka3aHHOTO JBIKEHHE CUCTEMBl MOXKHO ONHCHIBATH JIMHEHHBIM quddepeHnnanbHpIM
ypaBHEHUEM

% =b(t)-v(t, z(t)) —a(t) - g, (t) -u(t, z(t)), z(0)=zy, v(t,z(t))eQ, u(t,z(t))eP, te[0,T]. (1)

Jlagum ompesienieHue IBMKEHUS cucteMsl (1), HOpOXKIEHHOTO JOMYCTUMBIMH YIIPABICHUSIMH HIPO-
KOB M3 HAuaJbHOTO MOJIOXKEHHs Z,. Bo3bmeMm pa3buenue @ BpemeHHoro orpeska [0,T] ¢ anamerpom
d(w) caemyromnm 06pazom:

@:0=ty <t <..<tp, =T, d(®)=max(t-1t).
0

<I<m

[TocTponm nomanyo
t t
2,0)=2,(t) | [2,(1)-a(r)dr |-utt,z,, ) +| [brydr |-v(t, 2, ). 2)
4 ti

npu Z,,(ty) =2y, t €[t ti,1]. CemelicTBO nOMaHBIX (2) SIBISETCS PABHOMEPHO OIPAHMYCHHBIM U PABHO-

CTEIMEHHO HEMPEPHIBHBIM COTJIAcHO [7, C. 46], a 3HAUUT, YAOBIECTBOPSIOT YCIOBHIO TEOpEMBI Apiiena [8,
c. 104]. Tlox nBwxeHnem cuctemsl (1) ¢ TOMyCTUMBIME YIIPABICHUSIMU U U V U C HAYaJbHBIM YCIIOBHEM
z(ty) =z, moHmMaercs Jiro0OH TpexeN MOANOCIEI0BATENBHOCTH IIOCIIEIOBATEIEHOCTH JIOMAHbIX (2),

KOTOpast paBHOMepHO cxoautces Ha otpeske [0,T] mpu d(w) — 0.

IHocTpoenne cTabuIBLHOIO MOCTA
Bgenem B paccmotpenue onepar MUHKOBCKOTO [5] HaJl MHOXECTBaMH.

v o n
Onpenenenne 1. Anredpandeckoil cymMmmMoil HemycTbix MHOKeCTB A 1 B u3 R HasbiBaeTcs MHO-
KECTBO

A+B={X6Rn :x:a+b,aeA,beB}: L (A+D).
beB
Onpenenenne 2. [Ipoussenenuem HermycToro MHOkecTa A u3 R" Ha uncno B HaspBaeTCs MHO-
3KECTBO

,B-A:{XeR” :x:ﬂ-a,aeA}.

6 Bulletin of the South Ural State University
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Omnpenenenne 3. [eoMeTpHUECKOH Pa3HOCTBIO HEMyCTHIX MHOxkecTB A u B u3 R" HasbBaercs
MHO>KECTBO

A;Bz{XGRn :x+BcA}= N (A-b).
beB
BBezem B paccMoTpenue uHTerpan Aymanna [9, c. 326].

Onpenenenne 4. ITycts 3amaHo MHorosHaunoe orodpaikenue X :R —R", smauenus kotoporo
SBJIAIOTCS. HEMYCThIMH KommakTamu. MHTerpanom Aymanna ot X(t) Ha oTpeske [t;,t,] Ha3biBaercs
MHOXECTBO

t t
j X(r)dr = J'x(r)dr . mmepuMast X(r) € X(r) mpu moutu Beex t <r<t, ..
L} ]

Jlemma 1 [3]. IlycTs 3amansl HEKOTOpBIE HemmycThle MHOXecTBa B,C u 3amano {A} — CEMEHCTBO

HEIyCThIX MHOYKECTB, KOTOPBIC 3aBUCAT OT mapametpa i€l mnycts 3 jel: Aj = ﬂ A , Torma

iel

A +e)-c]-[Na-e)-c
iel iel

Beenem B paccMmoTpenue arvmepruposannsiti unmeepan J1.C. Ilonmpsaeuna [S] mis paccmaTtpuBae-
Moii urpbl. IlocTpoum MHoOrosHaunslie otoOpaxeHus U,(t)=g,(t)-a(t)-P u V(t)=b(t)-Q npu
te[0,T]. Tak kak 3HauyeHHs JAHHBIX oToOpaxkenuii mpu te[0,T] — 3T0 BITyKIble KoMnakTel u3 R",
TO JIaHHbIE OTOOPaKEHUsI paBHOMEPHO orpaHuyeHsl Ha oTpeske [0,T], To ecth

dreR:Vte[0,T] =U@{)cr-SV({)cr-S,

rae S — 3To N-MEpHBIH Iap eIMHUYHOTO paauyca C IEHTPOM B Hadajie KoopauHaT. Bo3pMewm pazome-
Hre o orpeska [0,T]:

ITonoxum

L i
U= [Uy(dr V= [V(rdr i=1.m+1.
iy tig
[Tonoxum Ay =M nonpenenum A ,; UHIYKTHBHO
A=(AL+U))=V, i=1lL.m+1.
MHoxecTBO A, ,; HA3BIBACTCS AIbIMEPHUPOBAHHOU CYMMOU, A TIepecedeHne A, ,; IO BCEBO3MOXK-
HbIM pazbuenusam @ orpeska [0,T] HasbiBaeTcsa anomepnuposannvim unmezpanom J1.C. llonmpsaeuna u
3aIMCBIBAETCS B BUJIE

T
Wy(0,T)= [ Ug(r)=V(n)dr.
M,0
B cuny onpenenenus umeeM, uro V't €[0,T] Bemonnserca W, (t,t) =M .

B cnenyromieii ieMMe NpeCTaBIeHO KIIFOUEBOE CBOMCTBO albTEPHUPOBAHHOIO MHTErPaja, KOTOPOe
CBSI3BIBAET €I0 C U-CTAOMIIBHBIM MOCTOM.
Jlemma 2 [3]. Vte€[0,T] u Ve €[0,T —t] BeImOIHSIETCS CIeaYIOIIEE BKIIOUEHHE:

t+e t+e

W, (t,T) | W, (t+£,T)+ jug(r)dr - _[V(r)dr.
t t

W3 maHHOTO BKIIIOUCHHS U BBEAEHHBIX ONpENeNeHui cienyet, uro V zZ(t) eW, (t,T), BemonHseTcs

BKJIFOUEHUE
t+e t+e
2t) e (V| U Wolt+&T)+| [ pp(r)-a(rydr [-u|-| [ b(r)dr |-v|,
veQ| ueP t t
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TO €cTh JU. € P, uT0 VV €Q BBITOIHSACTCS BKIFOUYCHUE

t
Beenem B paccMmoTrpenne monathe U-ctabuimbHOro Mocta [6, C. 52]. IlycTs HadadpHOE COCTOSHHE
cuctemsl z(0) eW,(0,T), Toraa B cuity JeMMBsI 2 CyLIECTBYET JOIyCTUMOE YIIPaBICHHUE NIEPBOTO UIPO-

t+e t+e
z(t)—( | gog(r)-a(r)drj-u*—i—(‘[ b(r)dr]-v:z(t+5)eW9(t+g,T).
t

ka u(t,z(t)), 9ro mpu 1000M TOMYCTHMOM YIIpaBIeHHH BTOporo urpoka V(t,z(t)) m mobom MomeHTe
nonoMkn @ €[0,T] Oyner BBITOMHATHCS BKIIOUCHUE

z(t) eW, (t,T), te[0,T], (3)
a koneunoe cocrosune z(T) eW,(T,T)=M . Toraa muoxectso {(t,X):te[0,T],xeW,(t,T)} nazsiza-

ercst U-cmabunbhvim mocmom st addepeHIManIbHON WPl PECIIeI0BAHUA-YKIOHEH S, 3aJaHHOe
muddepernmanbabiM ypaBaeHueM (1) k MmaokectBy M . OnHako u3 BKimodeHus (3) HE clieyeT BKITHO-
yenne Z(t) e M, t€[0,T], kotopoe TpebyeTcs OT MEPBOr0 MIPOKa B paccMaTpuUBaeMol urpe. UToOw!

Y4€CTh Tpe6yeMoe BKJIFOYCHHUE, ITOCTPOUM CIICAYIOMINE MHOXKECTBA:

Dy(t.T)= () Wy(t,s); D(tT)= (] Dy(t.T);
Se[t ,T] He[t T ]

By ={(t,X):te[0,T],xe Dy(t,T)}; B={(t,x):te[0,T], xe D(t,T)}.
Jdemma 3. Ilpu Vte[0,T], ecnu D(t,T)#D, To Bhmonnsercs Bkmouenne D(t,T)cM n
Dy(t, T)cM npu O€[t,T].
HoxkazarensctBo. ITycts t €[0,T], D(t,T) = . MuoxkectBo D(t,T) cormacHo onpeaeieHu0 pas-

HO
D(tT)= () Dy(t.T), @)
o[t T]
a xaxgoe Dy (t,T) cormacHo ompeneneHuro paBHO
Dot T)= [ Wy(t,s). 5)
selt,T]

IIpu V& e<[t,T] B nepeceuennn u3 (5) npucyrcrByet anemeHt W, (t,t) =M , a 3HauuT, qaHHOE IIe-
pecedenue nexuT B M wmm paBHO emy, nomyamian, 9to D,y (t,T) =M . Tak kak npu VO €[t,T] BbI-
nonHeHo BkmoueHne D, (t,T) =M, to nepecedyenue u3 (4) nexur B M miu paBHO eMy, MOIYYHIIH,
yro D(t,T) <M. o

Teopema 1. [Tycts HauaneHOe coctosiHue Urpsl Zg € D(0,T) u D(t,T) =< mpu t€[0,T]. Ilycts
Vte[0,T] 36'<[t,T] rakoe, 4T0 UMEET MECTO PAaBEHCTBO

m DH(t!T):DH‘(tlT)l (6)
0e[t,T]
u Vte[0,T] Is'elt,T] Takoe, 4TO MMEET MECTO PABEHCTBO
(] Wyl(t.s)=Wy(t,s). (7)
seft,T]

Tornma B paccMaTpuBaeMoil Urpe yAep>KaHHs MEePBbI UTPOK CMOXKET MOOEIUTh MPH JIFOOOM A0y C-
THMOM YIPaBJICHUH BTOPOTO UTPOKaA U JItoOoM MomeHTe nosioMku & [0, T].
HoxazatensctBo. [lano z, € D(0,T) u D(t,T) =< npu t[0,T]. Pacnumem muHoxectBo D(t,T)
10 OMPEIENICHUIO, TOTYIUM
D(tT)= () Dy(t.T). t)
oet,T]
PaccmoTpum otaensHo MHOKeCTBO Dy (t,T), pachuiueM ero no onpeneneHuo

DytT)= (] Wy(t.5). ©
SE[I,T]
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Ocmabum mepeceyenne B mpaBoii uactu (9) cremyrommM o00pa3oM. BO3BMEM HEKOTOPOE
£€(0,T —t] mmepeiinem ot [t,T] x [t+¢&,T], 3arem ncronbp3yem semMmy 2, OIyIHM, YTO ITPaBasi 4acTh
(9) nexwur B

t+e t+e

N || Wp(t+es)+ jug(r)dr = jV(r)dr . (10)
t t

seft+e,T]
Tak Kak M0 YCIIOBHIO TEOPEMBI BBITIOIHACTCS paBeHCTBO (7), To mpumeruM siemmy 1 k (10), a mosy-

YeHHOE MepeceueHre ﬂ W, (t + &,5) 3amennM, cornacHo onpeznenenuto, Ha Dy (t+¢,T), nomyuum
seft+e,T]

t+¢ t+e

(10) = De(t+g,T)+J'U6,(r)dr - IV(r)dr.
t t

Momyuwnny, uto Vte€[0,T] u Ve €[0,T —t] BemonnseTcs BKIIOUCHHE

t+e t+¢

Dy(t,T) | Dyt +2,T)+ [ Uy(r)dr |= [V(r)dr. (11)
t t

AHanoru4Ho BbIBOJAM ©3 JeMMbl 2 w3 BkimoueHus (11) ciemyer, dYTO MHOMKECTBO
By ={(t,X):te[0,T],Xe Dg(t,T)} ABJsieTCsl U-CTa0MIBHBIM MOCTOM K paccMaTpUBacMOW UTpe MpH
¢duxcupoBanHoM MoMmeHTe noomku & €[0,T].

[Tpumenum Brurouenue (11) x (8), momyuum
t+e t+e

®)c () | Dolt+eT)+ j U, (r)dr |~ J'V(r)dr. (12)
Oe[t.T] t t

Ocnabum niepecedenue B (12) ciemyrommm obpazom: BosbMeM HekoTopoe ¢ € (0, T —t] u mepeitnem
ot [t,T] k [t+¢,T], Tak KaK 1Mo yCIOBUIO TEOPEMBI BBINOJHACTCS paBeHCTBO (6), TO MPUMEHHM JIeMMY
1, a monmy4eHHOE TMepecedeHue ﬂ Dy(t+¢,T) 3amenum, cormacHo ompenenenuto, Ha D(t+¢,T),

He[t,T]
MOJIYYUM, YTO mpaBas yacTth (12) nexur B
t+e t+e

D(t+&,T)+ [Uy(rydr |~ [V(r)dr.
t t

B wrore nonyummy, uro Vt €[0,T] u Ve €[0,T —t] BemonnseTcs BKItOUCHHE

t+¢ t+e

D(t.T)=|D(t+&T)+ [Upy(r)ydr |= [V(r)dr. (13)
t t

Amnanornuno u3 BkitoueHus (13) criemyer, uro MHOKecTBO B = {(t,X) it e[O,T],XeQ(’[,T)} SIBTIS-
eTcs U-CTaOMIIbHBIM MOCTOM K PACCMaTpUBAaEeMOM HIpe.

Tenepp omuIieM airOpuTM JBHKEHHS TEPBOTO MIPOKa sl AOCTHXKEHHs 1mo0enbl. [10CKOIbKY
z,€D(0,T), To (0,z,)eB. Tak xak B — U-cTaOMJIBHBIN MOCT, TO CyHIECTBYET TaKOE€ IOMYCTHMOE
yIpaBlIeHUe U;, YTO IPH JIFOOOM JOIYCTHMOM YIIPABICHUH BTOPOTO UIpOKa JBIKeHHE cucTeMbl Z(t)
YIIOBJIETBOPSIET BKIFOUCHHUIO

z(t) e D(t,T), te[0,T]. (14)

Hanpumep, MOKHO MONOKUTE U =Uf — dKCTpeMalbHas crparerus [6, ¢. 57] k B, Torna B cuiy

aemmbl 15.1 u3 [6, c. 62] Brmovenue (14) Oyner BemodHATHCs. Ecin mojioMka He MpOUCXO/IMT, TOT/Ia B
cuity jemmbl 3 U BKiIroyeHus (14) Bemonnsercs Bkimouenne z(t) e M npu t€[0,T], To ects urpa 3a-

KOHYHTCS B MOMEHT BPEMEHHU | U NEePBHIil HTPOK MOOEINT.
Wnaye, ecim monomka npousonuia B MomeHT @'€[0,T], Torna nepBblii UTpOK B MOMEHT BPEMEHHU

@' ocraHaBIMBaeTCsA M YCTpaHsET IMOJIOMKY B TedeHue Bpemenu h'=min(T —@',h), mocne yero npo-
noikaet aeikenue. V3 Brmodenust (14) ciemyer, 4TO B MOMEHT MOJIOMKH BBITTOJHSIETCS BKIFOUCHHUE
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z2(0)eD(0',T), a cormacHo ompeaedcHu0o MHOoxectBa D(6',T)  crmeayer  BKIIIOYCHHE

2(0") € D,(0',T), u3 KoTOpOro B CBOIO ouepens cuexyer Bkmodenue (6',z(0")) € By . Tak xak B, — u-

CTaOHUIIBHBINA MOCT, TO IIPH JFOOOM JOIMYCTUMOM YIIPABJICHUHU TEPBOTO WTPOKa (JIF0OOM, Tak Kak (pyHK-

1ust ToJOMKH @, () =0 npu te [9 L0+ h']) U J1I000M JIOIyCTUMOM YIIPaBJICHUH BTOPOTO MIPOKA ABU-
xeHue cucteMbl Z(t) yIOBIETBOPSECT BKIFOUCHHIO

z(t) e Dy (t,T), te[0',0'+h1. (15)

Torna B cuity nemmsbl 3 u Bkirouenus (15) Boimonnsiercs Briarouenune z(t)eM mpu te[6',6'+h7,

TO €CTh MOKAa MEePBBIA UTPOK YCTPAHSET MOJIOMKY, BTOPOMY UTPOKY HUKAK HE YAACTCS HAPYLIUThH BKIIIO-
yenne z(t) e M . Uepes BpeMs h' mepBeIii HTPOK TPOIOIDKAET ABMIKCHHUE, a (Da30BBIN BEKTOP CHCTEMBI

2(0'+h) e Dy (6'+h'T), o (6'+h',z(6'+h") €By.. Tak kak B, — U-cTabuibHBIA MOCT, TO CyIECT-

BYET Takoe JOIyCTHMOE yNpaBieHUe U,, YTO IPH JTI000M JOMYCTUMOM YIPABIEHUU BTOPOIO UIPOKA,
JBIDKCHUE CHCTEMBI Z(t) yZOBICTBOPSET BKIIIOUYCHHIO

z(t) e D, (1, T), te[@'+h"T]. (16)

Hanpumep, MOKHO TIOJIOKHUTB, U, =U5 — SKCTpeMaibHas ctparerus [6, ¢. 57] k By, Torna B cuiny

aemmbl 15.1 u3 [6, c. 62] Bkitouenue (16) Oyaer BbIMOMHATHCS. Torma B CHTy JeMMbI 3 U BKIFOUCHUS
(16) Beimonusietcs Brioyenue z(t) e M mpu t€[@'+h', T], To ecTh urpa 3aKOHYMTCS B MOMEHT BpeMe-

HU T ¥ EpBbIM UTPOK MOOEIUT, HECMOTPSI HA IIOJIOMKY B MOMEHT BpeMeHu 6. i
Ipumep. Ilycts 3agano uncno Mm>0 u mHOkecTBO M =m- S, monoxum, a(t) =a,, ., b(t) =b,

npu te[0,T], npudem &, > by, . AnprepupoBanssiii narerpan W, (t,T) npu t€[0,T], cornacho
teopeme u3 [10], paBen
M+ 8 (T —t—=h) =D s (T —1) t<OLO+N<T

- M+ 8 (0 —1) =D (T—-t) t<O<T<O+h
W, (t,T)=S -[m+j¢9(r)amax _bmaxerz S-im+a,, (T-60-h)—b(T-t) 0<t<O+h<T,

t M —Bpax (T 1) O<t<T<O+h
M+ &y (T —1) =B (T —1) O+h<t<T
npuaeM W, (t,T) # &, eciu BEIOTHACTCA ClIeLyIONIee HEPaBEHCTBO

T
m > max | (Bpa — @5 (F) - 8pay )dr .

t<z<T
T

YroOsI AAaHHOC HECPABCHCTBO BLIIIOJHSJIOCH AJI1 BCEX MOMCHTOB IMOJIOMKH, BO3BbMEM MAaKCUMYM I10 BpC-
MCHHU IIOJIOMKH, IMOJTYUYUM
.
m=> max max | (e — @y (r) - apay )dr =byh (17)

t<O<T t<r<T max=”
T

Orcrona muoxectBa D(t,T) n Dy (t,T) npu te[O,T] n 0 <[0,T] paBHbI

m t<o-—Pml_ popiner
a-max_bmax
h
M+ By (€ 1) —Bppay (0 +h 1) g-— Pl i gcgin<T
D (t T):S- amax_bmax
o m t<@0<T<O+h '
M —bpa (0 +h—1) O<t<O+h<T
M — Bpa (T 1) O<t<T <O+h
m O+h<t<T
D(t,T) =S (M —by, min[T —t,h]).
10 Bulletin of the South Ural State University
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U3 uepasenctsa (17) crenyer, uto ecmt m>hby, , Torma Dy(t,T) u D(t,T) mpu te[0,T] u
6 [0,T] SBAAIOTCSI HEMYCTHIMU MHOYKECTBAMH, TOTJIA MEPBBIA UTPOK MOMKET MOCTPOUTH IKCTPEMAITb-
HbIE cTpaTeruu Uy ,U5 , KOTOPBIE COMTIACHO [6, ¢. 62] paBHbI

vu(t)eS |z(t)]|<m—hbp

e _
w20 "zg;" ”Z(t)” >m-—hb,, telofl,
vu)eS |z(t)|<m
ust,z(t) =4 z(t) 20> m’ te[0'+h'T],
2]
rme ' — MOMEHT TMOJOMKH (€cind TONOMKA He Obuto, To 6'=T), a BpemMs NOYMHKH PaBHO

h'=min(T —&",h). Ilpu ucnons3oBaHUM Napbl ynpaBieHus U =(uf ,US) MEPBBIIl UTPOK CMOXET JI0C-

THUTHYTH IEJTU TPH JFOOOM JOMYCTUMOM YIPABICHUH BTOPOTO UTPOKA U JTFOOOM MOMEHTE MOJIOMKH CO-
riacHo Teopeme 1. YenoBus Teopemsr (6) u (7) oueBHIHBIM 00pa30M BBIOJIHSAIOTCS JIJIs pacCMaTpUBae-
MOT0 MpUMEpa, MOCKOJIBKY MepeceyeHre KPyroB ¢ MEHTPOM B Hayalie KOOPAWHAT PaBHSETCS KPYTy C
MHUHHUMAJIBHBIM paainyCoOM.

Asmop evipadicaem 61a200apHOCIb C80EMY HAYUHOMY pYKogooumeno Yxobomogy Buxmopy Hea-
HOBUYY, OOKMOPY hu3.-mam. HAYK, 3a8. Kagheopoti meopuu ynpasnenust u onmumuzayuu Yeal 'V, 3a 3na-
YuMble 3aMeUaHUsl U 8adiCHelUe co8emyl npu NPOBEOeHUU UCCIE008AHUSL U OPOPMACHUU OAHHOU CMa-
mo.
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Abstract. A linear simple motion constraint differential game is considered. This game is considered
from the part of the first player, who needs to keep the state of the system in a given convex terminal set
throughout the game, despite the possible glitch and control of the second player. A glitch is understood
as an instantaneous stop of the first player at a previously unknown point in time; after a certain time he
will eliminate the glitch and will continue his motion. The player control vectograms are n-dimensional
convex compacts that depend on time. To construct a u-stable bridge, the second method of L.S.
Pontryagin is used. This is how a multi-valued mapping is constructed on the basis of the alternating
integral of L.S. Pontryagin. After that, it is proved that the constructed mapping is a u-stable bridge for
the game under consideration if a number of conditions are satisfied. At the end of the article, a simple
example on the plane is considered, where the vectors of the players are circles centered at the origin
and with a constant radius, while the radius of the circle of the first player is strictly greater than the se-
cond. In this example, a u-stable bridge is built according to the method proposed in the article, and an
extremal strategy is found for the first player on the constructed u-stable bridge.

Keywords: differential game, constraint, alternating integral, stable bridge.
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AnHoTanusi. K KOHIy npouuioro Beka B MareMaTudeckoil Teopun audde-
PEeHUUAIBHBIX NO3ULUOHHBIX Mrp (AIIHN) yrBepauauch 4yerbipe HanpaBJIeHHS:
OeckoasnuuoHHblii BapuanT [AIIM, koonmepaTuBHBbIN, HepapXuyecKUil M, HAKO-
Hell, HAUMeHee H3Y4YeHHbIHl KoaauuuoHHbI BapuaHT [IIA. B cBolo ouepens,
BHYTPH KOAJIHMIHMOHHOIO OOBLIYHO BBIJCJSIIOTCA HIrpbl ¢ TpaHcdepadeJbHbIMH
BBIMTPBIIIAMH (¢ MTO0OOYHBIMH IJIATEKAMM, KOI/IA HTPOKH B Te4eHHUE UTPbI MOT'YT
AeJIUThCS CBOMMHU BBIMIPLIIIAMHI) U HeTpaHcdepadelbHBIMHM BHIMTPBIIIAMH (MT-
pPbl ¢ MOOOYHBIMHU IJIATEKAMM, KOI/la TaKHe INepepacnpenejleHusl 0TCYTCTBYIOT
N0 TeM WJIM HHBIM npuunHaM). HcciaenoBaHus KOAJTUIMOHHBIX UIP C MOOOYHBI-
MM IJIaTeKAMM COCPeJ0TOYEeHbl U AKTHMBHO BeAyTcsl Ha (paKyJbTeTax NMPUKJIAA-
HOM MaTeMaTHKHU U npoueccos ynpasieHusi Cankr-IlerepOyprckoro rocynusep-
CUTETA U MHCTUTYTAa MaTeMATHMKM U MH(opmanuoHHbIX TexHoJorui Ilerposa-
BOJACKOro rocyHusepcurera (mpodeccopa JL.A. Ilerpocsan, B.B. Mas3aJos,
E.M. Ilapuianna, A.H. PerrueBa u uX MHOro4nc/JeHHble YyeHnKH). OaHaKO MO~
00YHBIC ILUIATEKU HE BCErJa NMPHCYTCTBYIOT JasKe B IKOHOMHYECKHX B3aMMO/eii-
CTBHSIX, 00J1€e TOro, NO0OYHbIE MJIATEKH MOIYT ObITH BOOOLIE 3alpelieHbl 3aK0-
HojaaTeabHO. [IpeanpuHATHIE HAMH B NOCJeIHHE T'O/AbI HCCIEI0BAHMS PAaBHOBe-
CHUSl YTPO3 U KOHTPYIPo3 (CAHKIMII U KOHTPCAHKIHUI) B 0eCKOAJIMIIMOHHBIX M (-
(epeHINATBHBIX HTPaxX NMO3BOJIAIOT, HA HAII B3IIA, OXBATHTH H HEKOTOpbIE ac-
NeKThl HeTpaHc(pepadeJbHOr0 BapHaHTa KoaJanumuOHHBIX urp. Kak pa3 Bompo-
caM BHYTPeHHel M BHeLIHed ycTroilumBocTH koaauuuii B kiaacce JAIIN u nocss-
IeHA HACTOosIasl cTaThbsl. B Heil BbIAB/IeHbl KOY(pQUIMEHTHbIE OTPAHUYEHUS B
MaTreMaTH4yeckoii Moaean Aud@epeHUHAJBHOH TNO3MUMOHHOW  JIMHeiHO-
KBA/IPATUYHOI Mrpe LIECTH JIMI C JABYXKOAJMIHOHHON CTPYKTYPOii, IPU KOTO-
PBIX 3Ta KOAJHIMOHHAS CTPYKTYPa BHYTPCHHE H BHEIIHE YCTOHYUBA.

Kniouesvie cnosa: pasnosecue no Hawiy; pasnosecue y2po3 u KOHmMpy2po3; on-
mumanvHocms no Ilapemo; xoanuyus.

Beenenue

Kak y>xe Obl10 yIIOMSIHYTO B @aHHOTALMH, K KOHILY IPOIIJIOrO BEKa B TEOPUH IMO3UIIMOHHBIX Audde-
perunansHbix urp (IIAN) chopmuposamich 4eTsipe HampaBlieHHs UCCIIEAOBaHUN: OECKOAIMLINOHHBIH,
KOOIIEPATUBHBINA, HEPAPXUUECKUNA Y KOAIMIIMOHHBIN BapuaHThl Urpsl. [locnenHuid B CBOXO ouepenb MojI-
paszzernsercss Ha Urpbl ¢ MOOOYHBIMH U 0e3 ITOOOYHBIX TuIaTexei (TpanchepabenpHBIME U HeTpaHchepa-
OenbHBIMM BBIMTPBILIAMH). V3ydeHune mepBoro u3 HuUX B Poccun BO3riaBiseTcsi W3BECTHOM CAHKT-
MeTepOyprekoil HaydHOM KOO 1Mo MatemaTtndeckoi teopun urp [1-4]; reopus xoamumuonusx 111
0e3 MoOOYHBIX IJIaTEKEH TOJNILKO HAYMHAET CBOE CTAHOBJICHUE Ha 0a3e paBHOBECHUS YIPO3 U KOHTPYIPO3
U TPYNIHpyeTcs BOKPYT Kadeapsl ONTUMaIbHOTO YyIpaBieHus (aKyabTeTa BBIYUCIUTENILHON MaTema-
Tuku u kubepHernku MI'Y [5-8]. B Hacrosmeli crarbe 3TH uccienoBaHus npopospkatorces ams AT

LIECTH JIAIL ¢ IByXKOAIMIMOHHOI cTpykTypoit {K; ={1,2,3}, K, ={4,5,6} .

OHOBPEMEHHO MBI TaK)KE IIPEJIaracM aHaJIOTHYHBIHN MOXO0J K MOCTPOCHUIO ONTUMAJIBHBIX (B (hop-
MaJM30BaHHOM Jajiee cMmbiciie!) permennii B koanunuoHHbX J{[1W, 6aszupytrommiicss Ha uesx MpUHIIHIA
paBHOBeCcHOCTH 0 Hamty u MeTosia AMHAMUYECKOTo nmporpaMMupoBanus bennmana.

HammomuuMm, ato B 1949 romy aBaamaTHoOgHONICTHWUH acmupaHT [IpHHCTOHCKOTO YHUBEPCHUTETA
Jxon ®@opodc Hamn (mMi1) mpeyiokuil B JOKTOPCKOH AMCCEPTALIMN TTOHITHE PEIICHUST OSCKOATUITHOHHOM
WTPHI, B MOCIEAYIONIEM Ha3BaHHOTO pasHogecuem no Hawy (PH). OHO, BO-TIEPBBIX, CHITPANI0 HEOICHH-
MYIO POJIb B CTAHOBJICHHUH MaTEMaTHIECKOW SYKOHOMUKH, COITMOJIOTHH, CUCTEMHOTO aHAJIM3a, BOCHHBIX
HayKax; BO-BTOPBIX, poBHO uepe3 45 net (1994 r.) xony Hamry (coBmecTHO ¢ Xapianeu U 3€bTO-
HOM) nipucykaeHa HoOeneBckas mpemust «3a (pyHIaMEHTAIBHBIN aHAIM3 PAaBHOBECHUSI B TEOPUU HEKOO-
MIEPATUBHBIX UTPY»; B-TPETHUX, OTKPBIBAs CeHYacC MOYTH JIFOOON COBPEMEHHBIH KYPHAJ 110 TEOPUU UTD,
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WCCIIEIOBAHUIO OTepaluid, CHCTEMHOMY aHaJN3y M M0 MaTeMaTHYeCKOH SKOHOMHKE, TIOUTH HaBEPHSKA
MBI BCTPETUMCS C pabdOTaMu, 3aTparuBaloOLUIMMU T€ WM MHBIE BOIPOCHI, CBA3aHHBIE C PABHOBECHEM IO
Homry (PH). Omnako «there are spots on the suny. Croma OTHOCATCS BHYTPEHHSISI M BHEIIHSS HEYCTOM-
YUBOCTh MHOKecTBa PH, HEyCTOHYMBOCTH K OTKIIOHEHHIO OT HEero ByX U Oojee urpokoB (PH ycroiuu-
BO K OTKJIOHEHHIO TOJBKO 01HOTO), PH MOKeT He cyniecTBOBaTh, «yJIy4llIaeMOCTbY», OTCYTCTBHE SKBH-
BAJICHTHOCTH M B3aHMMO3aMCHSEMOCTH W T.I. B 3Tux cimydasx aBtopel BuisT [9] aBa Beixona. Bo-
TIEPBBIX, OTPAHUYUTHCS JIUIIb MATEMAaTHIECKUMHA MOJIEISIMH, CBOOOIHBIMH OT HEKOTOPBIX W3 MEPEeUHC-
JICHHBIX (M HE MEePEYUCIICHHBIX|) HETaTHBHBIX CBOWCTB. BO-BTOPHIX, BBOJUTH HOBBIC NIOHATHSI PAaBHOBE-
cus, otnuHble oT PH. 3nech, mo HameMy MHEHUIO, IEPCIEKTUBHBIMU SIBISIFOTCSI pABHOBECHE YTPO3 U
KOHTPYTPO3 [5, 6] 1 paBHOBecue 1o bepxy [7, 8]. Emé pa3 moguepkHEéM, 4TO B HACTOSIIECH CTaThe MBI
He cTpemMuMcs oaepruyTs PH kputuke, Ho ncnonszyem uaero Jxxona Homma yxe ans popmanuzanun
MapeTOBCKOTO pemenus koaauyuontvlx JAI1TN.
PaccMoTpum OeCKOATUITMOHHYIO HTPY B HOpMaJIbHON opMe, 3a1aHHYIO YIIOPSITOYEHHOW TPOHKOI:

I'= <N’ X }ieN A (X)}ieN>'
3nece N={1,...,N}— MHOXeCTBO MOPSIKOBEIX HOMEPOB MIPOKOB, MHOKecTBO X; € R™ crparernit X;

UrpokoB. Beibop X; € X; MPOUCXOAUT OJHOBPEMEHHO BCEMH UTPOKAMH, B pe3yibTaTe oOpasyercs cu-

myayust X=(Xg,...,Xy) € X = H X; . Camu uHTepecH! (11€/11) UTPOKOB ONPENEIAIOTCS 3HAUCHUAMH (6b1-
ieN
uepviwamu) 3anaHHbIX GyHKIuH Beiurpsima f;(X) (i€ N). Ilpu 3ToM Kakabplii U3 UTPOKOB CTPEMUTCS
BO3MOYKHO V6eIUYUmMsb CBON BBIMTPHILL.
Onpenenenne 1.1 Iapa (X%, f¢ = f (x°)) e X x RN nassiBaercst pasrosecuem no Houry urpsi I', ec-
i umeeT Mecto N paBeHCTB
e e H
max f; (X" || %) = f;(X°) (ieN), (1)
xieXi
e € e
i X0 X XN )-
U3 (1) cpa3y cinenyroT Tpu BaxkHenmmnx coiictBa PH: 6o-nepswvix, PH ycmouiuu6o K OTKIOHEHHIO
OTJIEBHOTO UTPOKA, 80-8mopuix, PH mpucyIie cBOMCTBO uHOUBUOYANbHOU pAYUOHATLHOCHIU, T.€.

f.(x*)>max min f;(x,x;) (ieN),
XiEXi X,iEX,i

IJIe UCTIONB30BaHbI OOIIENPUHATHIE B TeopuH urp o6osHauenus (X° || %)= (X, ..., X

(3mecs yxe —ieN\{i}={1..i-1i+1..,N}), empemvux, x°coBnamaer c cednogoii mouKoi

(X%,X3)e X, xX, B cloydae aHTaroHMCTHYeckoro Bapuanta [, (rme yxe N={12} nu

f,(X) =—f,(X) = f (X)), umenno max f(x,x3)= f,(x,x5)= min f(x,%,). Kpome Toro, onpenene-
X eXq X2€X3

Hue 1.1 cpa3y oTBedaeT Ha JBa BOMpOca: Kak KaxaoMmy Hrpoky i €N mocrynars B urpe I” (OTBeT: ciie-
noBath X; € X;) M Kakoro BHIMIpbIa oH nobusaercs (otset: f; (X°)).
Teneps urpe /" nocraBuM B coorBeTcTBUE N-Kpumepuanvhyio 3adauy

Iy :<X’{fi(x)}ieN> '

3/1ech y)ke MHOKECTBO X aibmepHamué X COBIANAeT C MHOXKECTBOM CUTYali uepsi I, a kpume-
puii f;(X) —co cxansapHoit ¢pyHkumeit Bemrpeima f; (x) urpoxa i e N.
B 1909 r. uranbssHCKHIA COLMOJIOT, SKOHOMUCT (a Takxe OoraTeiii Hacieauuk) Bunsdpeno [Tapero

MPEAJIOKHNIT B KAQYECTBE ONTUMAJIBHOTIO PCIICHUA 3a1a4un FD HCIIOJIb30BaTh MaKCUMAJIBHYIO (BHOCHC}I-

CTBUHM Ha3BaHHYIO «110 [TapeTo») anerepHatuBy XP € X .

Onpenenenne 1.2 [9-11]. Ansrepratuba XP € X HaswiBaeTcs maxcumanshoii no Ilapemo B 3anade

r ecoru  Tmpu 000 anpTepHatmBe X € X HecoBMecTHa cmctemMa N HEpaBeHCTB

L

f,(x) > f,(xP) (ieN), w3 koTopeIx XOTs OB OZHO CTpPOrO€; TIPA OTOM  Mapy
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(xXP, fP=f(x")ieN)e X xRN nazviearom maxcumymon no Iapemo B 3amaue I, ; HalOMHHUM, 4TO
N
f:(fl,...,fN)ER .
U3 onpenenenus 1.2 cpasy cieayer, 4To OpH OTXOJE OT albTepHATUBLl X Helb3s 0JHOBPEMEHHO

yBenuunth KomnoHenThl Beex kputepues f;(xP) (i e N), a raxke yBenudenne xotst Obl 0OHOH KOMIIO-

nentsl f;(xP) Bexropa f(xP) HensOexno Bneuér ymeHblenue XoTs1 Ob1 OAHOI M3 ocTaBumxcs. Ove-

BHIHA, HaKOHeIl, ieMMa Kapiuna [12]:
CaoiictBo 1.1. Eciu npu xakux-nu6o nocrosHubix ; >0 (i € N) cnpaBeminBo paBeHCTBO

xeX ! :
ieN ieN
T0 anbrepHatnBa XP — makcumanbha no Iapero B 3anaue I, .
Hanee onepanuto (moctpoenust Makcumyma o [lapero), nukryemyto (2), Oynem o06o3Hayathb
MAXP f(x)=f(xP)=1P, 1.e.
xeX
MAXP f (x) =maxa'f (x) =o' f (xP) 3)
xeX xeX
a7 Kakoro-nu6o mocrosHHoro N-Bekropa o =(oy,...,ay), @; >0 (i €N); HamomuHaeM, 4TO MWITPHUX

CBEpXy O3HauaeT omneparuio TpaHcroHupoBanus (@’ — N-BeKTOp-CTpoKa).
2. OCHOBHbIE IOHSATHS TEOPUHU KOATUIHUOHHBIX UTP

IlepeiineM Kk BO3MOKHOMY KOQJIMITMOHHOMY BapHaHTy Urpbl /. 3/1eCh IPEXk/Ie BCEro Mpeanoaraem,
4yTo Ha MHOXxecTBe N 3amaHa xoanuyuonnas cmpykmypa, T. €. pazouenue N Ha momapHO Hemepece-

Karoluecs IoAMHOKecTBa (koanuuuu). s I' Mbl orpaHMYMBaIUCh ABYMs KoanuuusaMu K = {l, 2, 3} u

K, = {4, 5, 6} ; KOATUIOHHA CTPYKTYpa yIOBIETBOPSET YCIOBUSAM:

IIpu sTom otaenshble kKoamuuuu K, (I =1,2) uMeroT BO3MOXKHOCTb Ha «KOAIHI[HOHHBIX COBEIIa-
HUSAX» co00lIa BBIOMPATh CBOIO CTPATETHIO X, = {Xl. lieK 1} eX = H X, (BCE MHOXKECTBO TaKMX

ieK|

cTpateruii Xy, obosHaunm X ). Torma moGas curyamust X € X B urpe /' npescraBumMa X = (XKl , XKz) ,
BEKTOPHYIO (YHKIMIO BBIMTpbINA Koamumuu K; ob6ozHauwaem f K (XK1 , XKz) =(f, (XK1 , XKz) |meK;)
(1=1,2), mostomy N BekTOp-(DYHKIIMM BBIMIDHIIIA UTPOKOB (BEKTOPHBIH KpuTepuii 3amauun [, ) Oyzer
f(X) = f(XR'l,XKz) :(le(XKl,XK‘Z), fKZ (XK].’XKZ)) .

B pesynbrare nepexoiumM OT UCXOJIHOTO OCCKOAIMIIMOHHOIO BapHaHTa UIPbl [ K UrPe KOATUIUOH-
HOH

0= (=1 UKy i e U ), )

Kak yxe ynoMHUHaNI0Ch, UTPOKH OTICIILHOM KOAJTHUIIMK Ha CBOEM «KOAJIMIIMOHHOM COBEIIAHUMY CO-
BMECTHO BBHIOMPAIOT CTPATETHIO KOATUIUH, BHITOHSIS 1Ba TPCOOBAHMS: HHANBUIYATLHON U KOJUICKTHB-
HOW PaIMOHATLHOCTH.

OO0paTtumcs K TPeOOBAHUIO UHOUBUOYAIbHOU PAYUOHATILHOCMU, T. €. YTOOBI JocTHraeMblii B urpe G

BBIMIPBILI i-r0 UIPOKA B BHIGPAHHOM CHTYaldd X' GbLI GBI HE MEHBIIIE €T0 MAKCHMUHHOTO, HMEHHO,
P - - -
f.(x")=max min f;(x,x;)= min f;(x?,x;)=f%<f,(x?,x;) vx,;eX, ieN,
XiEXi X_jEA_ XfiEX,i
rae, HanoMHuM, —i =N\ i :{1,...,i—1,i +1,..., N}, X_i = (Xgyeees X1, Xiggr s XNy ) €E X € H Xj )
jeN\{i}
3aMeTHM, YTO IS paCCMATPUBAEMBIX B HACTOAILEH CTAThE MIPAaX TaKME MAaKCHMMHHBI HE CYLIECTBY-

10T [6] ¥ TI03TOMY YCIIOBUS MHAMBHUYaIbHON PAllAOHAIBHOCTH MbI HE YUHTBHIBAEM.
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IlepeiineM Kk TpeOOBAHUIO KOMIEKMUEHOU payuonatbHocmuy. JIs 4ieHOB Koanuuui K| OHO CBO-
INTCS K MaKCUMalbHOCTH 10 [lapeTo (IO OTHOIIEHHIO K OCTAlbHBIM MApTHEPaM MO Koamuuuu K| ),
UMEHHO,

Takum 00pa3oM, IPUXOAUM K CIACIYIONIEMY MTOHSATHIO.
Onpenenenne 2.1. Ha6op crparernii X~ = (X,F;l , X[Féz) € X =Xy, x Xy, Ha30BEM koanuyuonno 1la-
pemo-onmumanvhuim (KITO) nns urpst G, ecnu
P P P P
MAX ™ fr (X Xi, ) = Fiy (i 1 Xy ),

XKleXKl (4)
P P P P

MAX fKZ (XKl’XKZ): sz (XKl,XKZ).

XKy eXKZ

Herpyano Buznets, uto (4) sensercs mogudukanuei (1) ams cirydas oqHOAIEMEHTHBIX KOATUIIHHA B

I’ (omeparmst max w3 (1) 3ameHeHa Ha MakcuMm3aruio 1mo [lapero MAX P us (3)), a camm paBeHCTBa
X Exi XKi EXKi

(4) mosromy siBnstroTest Momudukareit PH (4em u BbI3BaHO Ha3BaHUE HACTOSINCH CTaThh). ECTeCTBEHHO
TOr'Za, YTO NEPEUNCICHHBIC BBIIIE «IISITHA HA COIHLE», XapakTepHble 1y PH, npucymu u KIIO.
Bcnomunast 0 OypHOM MoTOKe MyOIuKaluii (BO BTOPO# MOI0BHHE Mpouuioro Beka) mo PH, Bri3BaH-
HBIX JIOKTOPCKO# nucceprarueid Ixona Hamma u nocnemyrommm 3Be3aomnanoM HoOeneBekux npeMuii o
SKOHOMHUKE (HO Oazmpyromuxcs Ha mpoOieMax MaTeMaTHYecKOW TEOpUH Wrp), IO HalleMy MHEHHIO,
omnpezeneHue 2.1 He MeHee MEPCIEKTUBHO ISl M3ydeHus, yeM ompenenenue 1.1. OnHako nanee Mbl
CKOHIEHTPUPYEMCS Ha BOIPOCAX BHYTPEHHEN M BHEIIHEN ycTOMUMBOCTH Koanuuui B [T/IU.

3. BHYTpeHHsIsl ¥ BHEIIHSISI YCTOHYMBOCTh KOAJTUIIUHA
31ech CUMTACTCS, YTO B KOAMIIMOHHOM urpe /" HaiineHa onpenenéunas B (4) koanmunuonHo [lapeto-

ontumainbHas (KI1O) curyarms (le , Xl'zz) =x" M MMeHHO 5Ta CHTyaIHs BHIGPaHA HIPOKAMH TS MIPAK-
THYECKOT0 HCHOb30BaHus. OOOCHOBaHUEM TAaKOTO BBIOOpA, HALIPUMEP, UL KOaTUIUU K SBISETCS, BO
P _ P
NEPBBIX, Makcumanbrocme no Ilapemo Xy, B 3anade G = < X Fry (Xe s X, )> u3 (4) (Beab UTPOKH U3
K, ctpemsTcs K BO3MOXHO OOJIBIIMM BBIMTPBIIIAM [T KaXI0T0, @ B MHOTOKPUTEPHAIbHOI 3a1aue G;
P P
MMEHHO X, JIOCTaBIIseT MakcumyM 1o Tlapeto ast f K (XKl ' XK, )).

Bo-BTOpBIX, TpeOoBanue enympenueu ycmotivueocmu Kj: OyneM cumTarh, 4ro Koanuuus K;
BHYTPEHHE YCTOWYMBA, €CIIM HU y OHOTO M3 €€ UTPOKOB He B03HUKaem dicelanue nokunymo K aubo
nepeiimu 6 koaruyuio K, , 1160 00pa30oBaTh HOBYIO TPEThIO KOAIHIHIO, COCTOSIIYIO JIUIIb U3 OJHOTO

«repedexunkay. «OOHyIEeHHE» TaKOTO «IPEAaTeIbCTBay OCTUTAETCS, €CIHM XOTS OBl IS OJHOTO U3
OCTaBIIMXCA B K; UrpoKa IOSBIAETCS BO3MOKHOCTh «HaKa3aTh nepebexunkay. GopmabHO ompeje-

JIMM TIPOLIECC HaKa3aHUs CJIETYIOMNM 00pa3oM.
bynem cuurarh, 4to Urpok 1 oOnamaer yeposoi na enympenniow ycmotivusocms K, €CIM y HETO

UMEEeTCs CTpaTerus XlT € X, Takas, 4To
T P P P P P
f104q Xz %3, X4 ) > T (X 2 X, )- (%)
B otBer Ha Takyro yrpo3sy (cM. (5)) y 0AHOro U3 ocTaBIIMXCs B K, HAIIpUMEp, y UTPOKa 2 UMEETCsI

KOHmMpY2po3a, €CIIN y HETO CYIIECTBYET CTPATErUs ch € X, , AJ1sl KOTOPO# cpa3y BBIIOIHEHHI J1BA CTPO-
TUX HEPABEHCTBA!

T, P P P P
B0 X7 %5, X ) < F104q7, %), (6)
T ,C (P P P
fo(X X5, X5, Xg ) > max (%, %) (7
XlEXl
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ITepBoe n3 HuX (MMeHHO (6)) «OOHYISIET» NEHCTBUE YIPO3BI — CBOIUT BBIMTPHIII YTPOXKAIOIIET0» K
MEHBIIEMY, YeM ObLT IepBOHAYATBHO fl(XP) = fl(XIF()l , XZZ) . Bropoe nepasenctBo (cM. (7)) gaxe «moa-

TaJKUBAeT» BTOPOr0 Ha HMCIIOJIb30BaHUE X2C , 100 B pe3ynbTaTe UIPOK 2 JOCTUTAET CaMOTO OOJBIIETo
BEIMTPHIIIA, O KOTOPOM OH MOXKET TOJBKO MEUYTaTh. AHAIIOTUYHO OIpeNesieTcs KOHTPYTpo3a UTpoKa 3 B
OTBET Ha Yrpo3y NEPBOro Ha BHYTPEHHIOK YCTOMYMBYIO K, a TakKe peakiys ABYX OCTABLIMXCS UTPO-
KOB Ha )KEJIaHU€ OJIHOIO M3 KOATMUUK K; IOKHUHYTh 3Ty KOAIULHMIO.

Omnpenenenue 3.1. Koamnmuio K Ha3eIBaeM 6HYmMpeHHe YCMOUYUE0U, €CTd B OTBET Ha BO3MOXK-
HOCTB JIF000T0 4jieHa Koanuuuu K nokuHyTh K, y XOTsI ObI OTHOTO U3 OCTaBILUXCS UMEETCSI KOHTPYIpo-

3a (Buaa (6) u (7)).

3aMeTHM, OTCYTCTBUE YIPO3 IPUBOJIUT, ECTECTBEHHO, K HEHY>KHOCTHU U KOHTPYTPO3.

[epeiiném k erewneti ycmotivusocmu koaruyuu (Harnpumep, K; B urpe I)). Byznem cumtate, 4To
HeXKeJlaHWe KaKoro-aMbo urpoka u3 K, BbIATH M3 Koanuuuu K, U IPHCOEIUHUTHCS B K XapaKTepH-
3yeT BHEIIHIO YCTOMUMBOCTh Kj. OUeBHAHO TaKKe, YTO BHYTPEHHsS ycToidnmBocTh K, «obecrnedu-
BAeT» BHELIHIOK YCTOMYMBOCTh K M 0OpaTHO.

Takum 00pa3oM, BHYTPEHHSSI YCTOMYMBOCTD KaXKAOH KOAIMIMH B KOAJIUIIMOHHOW CTPYKTYpE rapaH-
TUPYET BHYTPEHHIOIO U BHEIIHIOI YCTOWYHBOCTH, YTO B CBOIO OUYEPE/lh MPUBOJIUT K YCTOMYMBOCTU Ca-
MOH KOQIHIIMOHHON CTPYKTYpHI, T.€. K HEXKEIAHHWIO HApyIIaTh CIOXKUBINEeecs pa3OneHue WIpOKOB Ha
MOMAapHO HEIMepeceKarolnecs NoJIMHOKECTBA.

Haxonerr, 3aMeTum, 9T0o HepaBeHCTB BHa (6) u (7) a1 paccMarpuBaemoii nanee B pasaene 4 T1U
MBI T0OMBaeMCs CIIEIIMATFHBIMU KOO PHUIIMEHTHRIMA OTPAaHHUYEHUSIMI Ha (DYHKITUHN BBIUTPHIIIA UTPOKOB
u3 K.

JanpHelmmii MaTepua CTaThU MOCBSIIEH TOCTPOCHUIO SIBHOTO BUA BBIICICHHBIX (OMpPEICICHUEM
2.1) KIIO mns moctaTouno obmiero kimacca ITJIN.

4. InddepenunanbHast TUHEHHO-KBAPATHYHAS UTPA IIECTH JIHUIL
Kak npussTO B Teopuu WUrp, Takas MaTeMaTH4yecKas MOJEIb MOKET 3a4aBaThCsl YIMOPSIOYEHHOU
HIATEPKOM.

Ip= <N’{K1 ={L.2.3}, K, = {4’5'6}}’Zx A Sy AL Ut %0 e >’ ®)
rne N={1,2,3,4,5,6} — MHOXECTBO MOPSIIKOBBIX HOMEPOB UIPOKOB, 3a/IaHa KOAJTHIIMOHHAS CTPYKTYpa

(mamomuHaem, 3a c4ér pasbuenus N Ha 1ODApHO  HeNepeceKaroluecs —IMOJAMHOXKECTBa:
N=K, UK, AK; N"K, =); ynpasisemas JuHaMu4decKas cucrema ., iuHelHa (mo X u u; (i e N)):

X=At)X+ D Uj, [ X(to) =X |
ieN

npu4éM MOMEHT OKOHYAHHUS Urpbl 3 >0 «3aMOPOKEH» AMPHOPH; TOTIIA 8PEMsL NPOOOINCUMENLHOCIU
urpel te[ty, 9], 3nece 0<t, <t<$; A(t) — nenpepsiBHasg Ha [0,4] nxn-matpuna (0003HAYUM 3TOT
dakr A() €C,.,[0,9]); xeR"— asossiii n-sextop; naps (t,X) €[ty, 9] R" — nozuuus urpsl, Hayab-
nas nosmms (L, %,); ynpaBmsomee BosmeiictBue i-ro wmrpoka U, e R"(ieN), Tak kak
u=(U,....,uy) € R"", 10 ynparmsoume Bo3aeHCTBIS KOATHIHIL Ug, = (U, Uz, Ug) 1 Ug, =(Uy,Us,Ug)
mosTomy U = (U KU Kz) ; MHOKECTBO cTpaTeruit urpoka i € N, kpome toro, coracuo [13],

A ={U; +u; (t,X) =Q ()X vQ () € C,, [0, 1},
curyanuss U =(U1,...,U6)te:HQli, Ag, = H 2, (1=12); nnunamuka wnrpel (8) mposBisiercs B

ieN ieK; .
TOM, YTO KaXKJbI UTPOK, UCXOJS U3 COOCTBEHHBIX MHTEpecoB (cM. Hike (9)), BEIOUpaeT CBOKO cTpare-
ruro U; +U; (t,X) =Q, (t)x (1. e. mconb3syer «cBoto» Marpuiy Q, () € C[ty, 9] ); 3aTtem urpoku cosme-
CTHO ompenensoT pemeHue X(t), te[tO,S], CUCTEMbI JINHEWHBIX OJHOPOIHBIX NU(PepeHIIHATEHBIX

YpaBHEHHH C HEMPEPHIBHBIMU 110 T k03 pumentamu
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X() =[A®) + > Q(OIx 1 X(ty) = Xo-
ieN
[Totom QopmupyrOT pearusayuu BbIOpaHHBIX UMHU cTpateruit U;[t]=u; (t,x(t)) =Q(t)x(t) (ieN);
3aMeTHM, 4Yro Toraa N-Bekropa Uj[t] HempepbiBHEl Ha [t;,$]. Ha HenpepsBHBIX mapax
(x(t),ult]) = (Wt],...,ug[t]) ampumopm 3anana @yuxyus eviuepwiwua i-ro UTPOKa B BHAE KBaAPATUUHOTO
(G yHKIIFOHANA

9
I (U, tg, %) = X' () x(F) + J z uj[t]Dyu;t] |dt (ieN), )
to \ JeN
NpUYeM IITPUX CBEPXY O3HAYaET ONepalrio TPAHCIIOHUPOBAHUS; HE OTPaHUIMBas OOIIHOCTH, CUATACM
arpHoOpH 3aIaHHBIC TIOCTOSIHHBIE N X N -MaTPHIIBI a, D_IJ CHMMETPUYHBIMH. 3aMETHM, YTO TIePBEIE ClIa-
raeMbie B (9) Ha3BIBAIOT MePMUHATLHBIMU, BTOPBIC — unmezpaivubimMu, a 3HaueHue (9) — eviuepoviuem
urpoka i B urpe I’ . Ha codepacamenvhom yposHe UTPOKH, KK Ha CBOEM «KOAIUIMOHHOM COBE-
IIaHUNY, BEIOUPAIOT KOJUIETHAIBHO CBOM CTPATErnH; YTOOBI KOMIIOHEHTBI MX TPEXKOOPANHATHBIX BBIVT-
permieii |y =(l,.|rekK;) (1=12) G6bun BO3MOXHO 0OJbIIE (M yIOBIETBOPSIIM YCIOBHIO MHAMBUIY-
anpHOM panuoHansHOCTH). [IpH BEIOOpE onTUMAaNBHOTO pelieHus 6a3upyemcs Ha onpeaenenuu 2.1, 1. e.
Ha KOAUIMOHHON [TapeTo-MakcHManbHON CUTYalHH.

IIpeBAPHTENBHO yIPOCTHM YIPABIAEMyO CHCTeMY 3 I’ C MOMOIIBIO 3aMeHbl Y = X “(t)X, rie
dx
X (t) — pyHmameHTanbHas NxN-MaTpUIlla PEHICHUN CHCTEMBI Pl A)x, X(9)=E, (E, — exunmu-

Has NxN-marpui@). B pesynbrare cucrema X, MEPEXOmUT B 2,

d _
YoSu, yite) = X to)%o,
dt ieN
MHOKECTBO CTPATErHii I-ro UrpoKa X B
2% ={U; ~U; (6, ) =Q Oy | YQ () € C,pn [0, 13,

¢ynkuus Bemrpeima i-ro urpoka |I; (U,ty,y,) B

4
T;U; %, Yo) = V(DS y(9) + [| D ujtDyu; It e, (10)
to \ JeN
IJIe MOCTOSAHHBIE NX N -Marpuiel G, Dij CUMMETPUYHBIL.

B pesynbrare ncxomnas urpa (8) mpuBOIUTCS K BHILY
Ty =(NAKL KLy A2} AT U0, 30) ) - (11)
Bosmosxknas sxonomuueckas unmepnpemayus (11). Ilpeanonoxum, 4To CyImecTByeT NPOMBIIUICH-
HBIH KJIacTep, COCTOSAIIMN U3 IECTH NPEANPUATHH, BXOASIIINX, IOMUMO TOTO, B JBa OObEANHEHUS (MU
rpynmnsl). Kak npaBuiio, neis npeanpusaTs (MWK OpraHu3aluy) — OJHOBPEMEHHOE YMEHBIICHHE pac-
X0/10B (3arpaT Ha BeITycK nmpoaykuuu) (mpu C; <0), a Takke yBeIMYEHHWE BHYTPEHHHMX MHBECTUIIMI
(mpu D;; >0) B coOCcTBEHHOE MPOMU3BOACTBO. J{OMOIHUTEIBHBIM YCIOBHEM SIBIISIOTCS. POTHUBOIOIONK-
HbIE MHTEPECHI OCTATBHBIX Y4aCTHUKOB Kiactepa (ecmu Dy <0 (i # j)).
B cBs13u ¢ 3TUM nanee npeanogaraeTcs, YTo
Ci <0, D; >0, By <0 (i,jeN;j=i). (12)
IMepeiiném Kk wucnonb3oBanuio onpenencHus 2.1, Ho yxe mwis auddepernuanpaon urper (11).

Hmenno, Beeném i kaxaon koammumu K; m K, MHOoxecTBo €€ crpareruii U K teKI = H A
relq

(1=12), xpome TOro, MCHOJIL3yeM TPEXMEPHBIH (PYHKIMOHAT €€ BBIMUTPBILICH, KOTOPHIH C y4&€ToM

U :(UKl’UKz) MPEICTAaBUM B BUJIC IK| (Z;1jeK;) (1=12). Torna
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Ty, (U1, ¥0) = (ZyUg, U, 0, Vo) Zo(U g, Uk, T, o) ZsU g, U, o0 Vo))

Ty, U.t9,Y0) = (Z4(U g, Ui, 10, Yo) Zs (U U i, o o0 Yo ) Ze (U g U, To, Vo)) -
Onpenenenne 4.1. Iapy (U, Z7) = (U,';1 ,U,'?z Ly, uP o, yo),IK2 (U] P,to, yo)) e AxR® Hazosém
koanuyuonno Iapemo-onmumanvuvim pewenuem (KIIO) urpst Iy, ecinu npu 1106b1X HAUATLHBIX HO3U-
yusx (ty,Yo) €[0,9)xR", y, =0,
MAX " Ly, (Uzq,UEZ to Yo) =Tk, u Pvto! Yo),

Uk €245,
MAX i IKZ (Ulljliul(z !t0| yO) :IKZ (U PltOl yO)i
UKZEQIKZ

P
rae, Hampumep, MAX "~ 7 K (U] Kl,U IF()Z,tO, Yo) O3Ha4aeT MaKCHManbHOCTh IO IlapeTo Ha MHOKECTBE
Uy, g
1 1

A, TpEXMepHOro (dbynkmonana 7 K (8] &Y 1F<>2 19, ¥p) - B 21011 cTaThe Makcumym (mmo ITapero) Oynem
peann3oBbIBaTh, ciemyst cBOHCTBY 1.1 (c HaxOXJAEHHWEM CKaJIspPHOTO MAaKCUMyMa JIMHEHHOW CBEPTKHU

TPEX KOMIOHEHT ("] K'Y 152 1, Yo) € HOJIIOKUTENEHBIMU KOY(DGUITICHTaMH).

5. BcnomorareJibHbIe CBeeHUs U3 TEOPUH MATPUI M KBAIPATUYHBIX (hopM
Jarnee Ui MOCTOSTHHOW CUMMETPUYHOM NxN-matpunbl D >0 (<0) o3HavyaeT ompeaenéHHyo Mo-

JIO)KHUTENBHOCTH (OTPULIATENBHOCTH) KBaapaTuuHoii Gpopmel X'DX , rae X e R".

Yreep:kaenue 5.1. [14, c. 108]. IMeroT MeCTO JBE HEMOYKH HMILTHKAIIHI:

a) D>0=0<AXX<XDX<AXX VxeR", b) D<0=-AXXx<XDx<-Axx VxeR",
snech yxke A(—A) — nanvensmmii 1 A (—A) — HanGonbmmii kopuu ypasrenus det[D—AE,]1=0; npu-
yem 0<A <A, E, —eauHnuHas Nxn-MaTpua.

3ameuanue 5.1. HeoqHOKpaTHO MCIONIB3yeM yIIpaBiIsIoNee BO3ICHCTBHE BUAA U; =€ X, €, — N-
BEKTOP-CTONOEI] CO BCEMH KOMIIOHGHTAMHU, DPaBHBIMU IUTIOC CIMHUIE, TOTAA €6, =N, YHCIO

a=const>0.
YrBep:xaenue 5.2. Ecimu D >0, To ns A — Haubonsmiero us kopHeit det[D — AE,]=0 Oyzer:

a) [14]: A<nM —rae M makcumym moptyneit snementos dyj matpuusl D = (dj);
n

b) [15]: A< min ) |d;|.

) [15] il’_._’njzl\ i

YrBepxknenne 5.3. Crpasemmusa skBuBanenims D <0< (-)D=-D>0 (t. e. ymHOKaeM Bce
ANIEMEHTHI MMOCTOSHHOW CHMMETpUYHOW NxN-maTpuubsl D Ha MuHyc eamnmity) u torna —A >0, Han-
Oonbmmit u3 kopHeil ypaBuenus det[-D—AE,]=0, coBnagaer ¢ HauMeHbIINM U3 KOPHEH ypaBHEHHS

det[D - AE,]=0.
3ameuanue 5.2. CormacHo yTBEepKICHHMIO 5.3 I OLIGHKHM HAWMEHBIIETO W3 KOPHEH
det[D—-AE,]=0 noctaTtouHO OLEHUTH HAMOONBUIMI M3 KOPHEH XapaKTePUCTHYECKOTO YpPABHEHHS

det[-D-AE,]1=0.
YrBepxkaenne 5.4. (anamor memm 4.1 u 4.2 u3 [7]) CupaBemuBbl uMIutakaiuu: e i, j €N, j#i

a) D;>0= i xaxgoro Ufi eA; mwm Ui* €2, CylmecTBYeT «CBOsS» IOCTOSHHAsA
a; (U U, Y,) >0, npu koTopoii st Beex mocTostHubX ¢ > ¢ (U;,U.) npu crparernn U, +ae)y
BBINIOJIHACTCS CTPOrO€ HEPABEHCTBO
Zi (Ui Ui, YO) > T (Ui Ui, YO) :
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HanomuumM, 4uro ¢yHkums Bemrpeima Z;  onpegeneHa B (10), a  —1=N\ {I} =
={12,..,i-Li+1..,N};
b) Djj <0 (j#i1)= mnpn mobsix U’; €A n u” jER_j CyWECTBYeT «CBOS» I[OCTOSHHAs

a]—k(U;,U*j,to,yo)>O Takasi, 9To ‘v’a>a’;(U?,Ujj) TIPH CTPATET N U_j+ae;]y Oynet

7;(U5.U75,t0,¥0) < 73 (USU75 .0, o ) -
Haxoner, B [5, 6] ycTaHOBIIEHA CIIPaBEAIUBOCTD CIIEAYIOLUIUX YTBEPKICHUM.
Teopema 5.1. B urpe "y npu BoimonsHeHuu (12):
a) He cylecTByeT paBHOBecHs 1o Houy;
b) He cymectByer Umin Z;(U;,U_j,t5, o) » ¥ KaK pa3s I03TOMy yCIOBHE WHAMBULYaIbHON Paiuo-
1<%

1
HAJIBbHOCTH B HTpe [y MOXHO HE YUHTHIBATH (B ONPEAEICHIN ONTHMAIBHOTO PEIICHNUS);
C) ecnu kpome (12) BBINOMHSIOTCS OrpaHUYCHUS] HA KOPHU COOTBETCTBYIOIMX XapaKTEPUCTHUEC-
CKUX ypaBHEHUH AqiA,, <AjpA,p, To B urpe (11) cymectByer [5] naperoBckoe paBHOBECUE YIpo3 U

KOHTPYT'PO3.

B 3akntoueHue nepersiéM K LIEHTPATbHOMY PE3YJIbTaTy HACTOSIIEH CTaTbU: MOCTPOCHUIO SIBHOTO
Buna KI1O-pemenns mis koanummuoHHOH Urps (11). [Ipu aTrom Oynem ocHOBEIBaThes Ha cBoiictBe 1.1 n
METOAE AMHAMHYECKOTO IporpaMMmupoBanus bemnmana. [TonagoOuTces Takke HOMOJHUTEIBHO PELINTh
OJIHY cTaTHueCcKyto N-KpuTepuanpHyIo 3a1a4y, ¢ KOTOpOW HAYMHAETCSI CIECAYIOMINH maparpad.

6. MakcumanbHble o IlapeTo cuTyanun U napeToBCKUe BHIMTPHIIIH
[Ipex e Bcero npuBeeM BCIIOMOTATEIbHBIC YTBEPKIACHUS (CM. najee ieMmy 6.1).
PaccMotpum 6-kpuTEpHATIBHYIO cramuyieckyro 3a1ady

Iy= <R6n , {fl (1) =u Dy + ... +“éDi6“6}i:1,...,6>’
B kotopoit JITIP BeiOupaer anprepHaTuBy U =(u1,...,u6) c RO C LEIBI JOCTUYb OJHOBPEMEHHO BO3-
MOKHO OOJIBIINX 3HAYCHUH BCeX 6 KOMIMOHEHT BeKTOpHOTO Kputepus f(U) =( fi(u),..., fg (u)). Amnajio-
roM ompeneneHust 1.2 3mech Oyaer: anbTepHATHBA uP maxcumansna no Ilapemo B I, ecnu mpu

VueR® HecoBMecTHa cHCTEMa HEpABEHCTB fi(u) > f; (uP) (i=1,...,6), U3 KOTOPBIX XOTS GBI OIHO

CTpOTOo€.
Hwuxe ucnons3yem ananor cpoiictsa 1.1.

Jlemma 6.1. Ecivt B 3a1a4e [y CHMMETPHYHBI IOCTOSHHBIE N x N-Matpuibl Dy, a monoxunrensuble
yucna Ay, Aij @i, j=1,...,6,i # j) TakoBbI, YTO
Dji >0, Dy <0 (mpm i j), Ajyyy <AgpAgy, AgaAss <AgsAsy,

* .
TO IIpHU NMOCTOSIHHBIX ¢; (i € N) Takux, 4ro

o =1, a;:l Au A , agzl Ayg + 2y ,
2\ Ay Ay 2 Ags
* * A A * A *A
a4=1’ aszl 44 A , QGZE 46 T 05\ 45 1 (13)
2\ Asy  Asgs 2 Agg

KBaIPaTHYHBIE (HOPMBI
* * * * * * ' * ' *
fu) =y fy(U) +ay fo(U) + a3 F3 (U) + g T4 (U) + 025 5 (U) + a6 T (U) = Uy Dy (@ Juy + ...+ Ug Dg (@ )Ug
CTAHOBATCS OHpe,Z[eJ'IéHHO OTpI/ILIaTeJ'ILHBIMI/I; 31€Ch
Di(a )= Dy + Dy + 03Dy + a4 Dy + a5 Ds; + o D
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kpome  Toro, A; >0 -  HauOonpmMii  KOpEeHb  XapaKTEPHCTUYECKOTO  YPaBHEHMs
A;i (A) =det[D; — AE, ]=0, coorserctBenHo, —Aj; <0 — Haubonblmii (110 abCOMOTHON BEIHYNHE)
KopeHb ypaBHeHus & (A) = det[Dij —AEn:l =0 (i,je{l...6}, j=i), rakke nHanomuum, uyro E,—

euHNYHAs 6 x 6-marpuia.
Hoxasamenvcmeo. B cuny cummerpuanoctn Nxn-matpun Dy >0, Dy <0 (i,jeN; j=#i), ne-

TNOJb3YeMBIX B 3aja4e [, KODHH XapakTepuctnieckux ypasHeHuit Aji(A)=0 n 6;(A)=0 sewecr-
BeHHBI, kpome Toro, Ay >0, —Aj; <0 (i,jeN, j#i). Tak kax BBIIONHEHB! OLEHKNA u' DUy < Ayuu;
u Uj Dijuj' < —Aijuj'uj (yrBepxkaenue 5.1), To ¢ yuétom (cM. HUxKe) Tabm. 6.1

f(u) =0y fy(U)+ o, fy(U) +...+ o g (U) =

! * * * [; * * *
= [a,l Dy, + 5Dy +...+056D61]u1+...+u6 [aq_ Dy + ;Do +...+056D66]u6 <

< [afAll + 0y (~Agy) +ot ozg(—Am)]ul'u1 +ot [af(—Am) + 0 (—Agg) + .t agA%]uG’UG :

3aMeTHM, YTO AJsl MIPOBEPKU NMPHUBEAEHHBIX HIKE (HOpMYI yIoOHEE BOCIOIb30BaThCs CIEAYIOIIU-

Mu 1a0m. 6.1 u 6.2.
Ta6nuua 6.1

e

* * * * * * * *
371ech u 1ajiee KOMIIOHEHTBI BEKTOp-cTonbna @ = (o, 0, 05,0,,05,04) , TAe ¢; 3anaHsl B (13).

2
B cBs3u ¢ Tem, uto U; Dyu; < AjU;'y; u uj'D--u- <-Aj ”uj‘ , @ TaKKe ¢ y4€ToM Tad. 6.2 ckansp-

Uy

Has pynaxmus f (u) <0 YueR® , U Qg,,, €ciu BBIIOJIHEHBI BCE HEPABEHCTBA U3 Tab. 6.2.
Tabnuua 6.2

* * * * * *
Ayq — Ay — Ag1ag — Aoy — Asyots — Ay <0

* * * * * *
—Np00 + Nty — Mgyt — A g0ty — Agpts — Agpotg <0

* * * * * *
—Nq30q — Mgty + Aggttg — A g3y — Agzts — Ngzatg <0

* * * * * *
—A140 — Npyty — Ngg0rg + A gg0ty — Moyt — Agyts <0

* * * * * *
—N50n — N5ty — Ags 0tz — A 50 + Nosts — Agsg <0

* * * * * *
—Ng0n —Npsty — Aggtz — N ygtty — Aggts — Ngstg <0

Bonee Toro, u3 Tabn. 6.1 momydaem, 4To mpu
Anoy = Ayay —Ago5 <0,

—Appay +Aypoy —Agpo5 <0, (14)
—Ag30n — A0y + Agzory <0,

a TaKxKe MpH

* * *
Aga0ty — Aggas — Aggas <0,
A5y + Asstts — Mgz <0, (15)

* * *
—A e = Asets — Ags <0,
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Bce 6 CTPOTHX HEepaBeHCTB U3 Tabia. 6.2 uMeroT Mecto, nbo (kpome (14) u (15)) Bce ocTanbHbIe ciarae-
* - -
MbI€ OTpHL@TENBHEI (TaK Kak —Aj; <0, ¢ >0, i# ] ).
VeranoBUM, UTO IPH AqqAgy < AjpApy B AygAgs < Ays/Ag, TIEpBBIE 1Ba HEpaBEHCTBA U3 Tabi. 6.2

o *
BBIIIOJHAIOTCA. JIeHCTBUTENBHO, eclid a5 >0, To mepBhIe [jBa CTPOrux HepaBeHCTBa (14) numeroT mecTo,

A » A
ecn 0< L < o, < 12 ur0 cpasy crenyer u3 A Ay, < AjpA, . HakoHen, BHITIONHEHO TPEThe Hepa-
21 2
o 1 Ap+Apa, .
BeHCTBO B (14) nna O <y < EM , TIe a, = l[ﬂ + EJ AHaNOru4YHO, 7Sl CIIPaBEAIUBO-
2 Aszs 2\ Ay Ay
. . A o 1 Ag+aA
cru (15) nocrarouno, uTodsl , =1, a5 = E[M + ﬁj , Og = l(m]. O
2\ A5y Ass 2 Ags
Yreepxaenue 6.1. Eciu B iudepenunansHoii urpe [

TO MakcuManbHas 1o [lapero curyamms U P B 6-KpuTEpHaNbHOM 3a1ade [, Oyzaer
uP :(uf,ug’,...,ug)+(uf(t,y),ug(t,y),...,ug’(t,y)):up(t,y) -
= (@Y. QF .. ®)y)= (17)
=(-Dr' (@0 ©)y,~D; ("0 (1)y,..~Ds " («)O" 1)y ),

raie O (") — cumMerpiunas, HenpepbIBHAS Ha [0, 9] N x N -MaTpuna

3 -1
e°(t)= {C_l(a*) + j [Dl-l(a*) +D M)+ + Dgl(a*)]dr} (18)
t

M MIOCTOSIHHBIE CUMMETPHUYHBIC N X N -MaTpHUILIbI

*

* *
ITOJIOKUTEIIBHBIC YUCJIa & , Xy, ..., Xg OHUPCACIICHbI PEKYPPCHTHBIM 06pa30M B IemMme 6.1.

" P
Hokaszamenvcmeo. Haiinem makcumanpayto 1o [lapeto curyaruro U ™, npumensist temmy 6.1 (koH-
KpeTHo, Tabi. 6.2 u Meron nuHaMuueckoro nporpammuposanus (ML) u3 [10, c. 112]. Camo npume-
Henue M/III 31ech cBen€Tcs K OCYIIECTBICHUIO ABYX 3TaNoB. Ha nepeom [uis 3a1auu [y HY’>KHO HaWTH

6 TIONMOKUTENBHBIX UHCEI f ,Cly,..., Uy , @ TAKKE HEMPEPHIBHO M HEPEHIMPYEMyO CKATAPHYIO (ByHK-
o V(t,y)=y'0@)y, Ot)=0'(t) Vte [0, .9] u n-exkrop-pynkuuu U;(t,y,V) (ieN) rtaxue, uro
vy eR"
V(4,y)=yC(a)y, Cla)=C,+a,C, +...+ aCy;
3aTeM C TIOMOUIBIO CKATIPHOH (DyHKIIUU
W(t,Y,Uy,...Ug,V) =%+[%} (Uy + oo Ug )+ 0y’ Dy (& Yy + ..+ crglig D (& YUl
. oV

onpenenuts N-sekrop-pynkmuu U; (t,y,V) (i €N), ncxons u3 E =grad,V |,

max W (t, y,Uy,...,Ug,V) = Idem{u; > u; (t,y,V) (i=1...,6)} (20)

Upyeens Ug

npu mo6kIx (t,y,V)e[0,9]x R™ . Nlocrarounsie ycnosus cymecroBanus U(t,y,V) B (20) cBomsTes K

BBIMTOJTHEHUIO TpeboBanuii: mpu V(t,Y) € [O, 8) xR" 4TOOBI BHIMONHSIUCH 12 TOKIECTB
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WP LN o @by V) =0,  (i=1..6),
au' u(t,yVv)
2)
%zZDi(a*)<0 (i=1...,6), 21)
ou;
rae D;(a) <0 B cuty nemmsr 6.1.
U3 (21) nonyuaem
ey =205 (=1.6). (22)
oy
Tornma
N L[V, SR,
W (L, y,u(t, y,V),V) =W, yV]:——Z{E} (Dll(a )+...4+ D3 (a ))E

Bmopoii sman. Haiinem pemenue mepsoro ypasuenms u3 (21) suma V =VF(t,y)=yO"(t)y,

o7 (t) = [@P (t)] quddepeHINATEHOTO YPaBHEHHS C YaCTHBIMHU POU3BOIHBIMHA
W(,y,V)=0
C TPAaHUYHBIM YCIIOBHEM (C(a*) =C, +a,Cy+...+ agcﬁ) . Tak xak

V(3,y)=yC(a)y VyeR",

To ipu Vt €[0,9], Vy e R" nomkuo nmers Mecto
W[tyV(ty)=yefy|=0, V(gy)=yC@)y vyeR".

O6a »Tr TpeOOBaHUS BBHITIOJIHEHBI, €CIIM CHMMETPUYHAs N X N-MaTpuia oF (t) ymoBnerBopsieT MaTpuy-

HoMy nuddepenuuansHOMy ypaBHeHuto Tuna Pukkaru (0., —HyneBas Nx N -MaTpuia):

nxn
67 -0 (DM (@) +...+ D5 (@) )O° (1) = Oy,
0P (9 =C(a") = C, +a,Cy +...+ 2Cs;
peuieHue oP MOJIy4eHHOr0 MaTpu4Horo ypasHenus umeert [10, c. 65] Bun (18). 3necy yureHa nummiu-
KaLusi
C,<0(i=1..,6)=C(@)=c4C, +,Cy +...+ sCs < 0.

Hakownern, u3 (22) npuxoauMm K crpaBemiuBocty (17). Takum oOpasom, makcuManbHas 1o Ilapeto cu-
tyarms UP B 3agaue I ¢ umeet Bux (17)—(19). O

Ilepeiinem K IIOCTPOEHUIO MaKCUMAaJIbHBIX 1o ITapeto BBIUIPBIIIEH

JP :(lel...,Jg)z(Jl(U P,to, yo),...,J6 (U P,to,yo)) OIIAATh TAKHA C IOMOIIBIO METOAA JUHAMUYECKOTO

nporpammupoanust [10].

Yr1Bepxknenue 6.2. [lycts Bbimonnens! TpeboBanus (16) (13 yrBepxkaenus 6.1) u mist quddepen-
LUAJILHOW UIpbl [y ynanoch HaWTH 6 CKalApHBIX HempepbiBHO aAuddepeHnypyemMbix GyHKUUNA Buaa
V,(t,y)=y'0;(t)y (i=1..,N) rakux, 9ro

1) Vi(3y)=yCy VyeR";

2) CUCTCMA U3 ILICCTU ypaBHCHI/Iﬁ C 4aCTHbBIMU HpOI/I3B0)1HLIMI/I
oV, [ev. , o
il N()y +y'©P (M. ()OP (t)y =0,
p {ay} Oy+yoe Mt (t)y=

Vi(4,y)=yCy VvyeR" (i=1..,6) (23)
nmeer pemenne Buaa V,(t,y) =y'o;(t)y, [G)i (t)]’ =0;() (i=1..,6).
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Torza npu moGoii HadaneHo# mosuimn (ty, Vo) €[0,9)xR", y, #0, umeer mecto
i =3 (U Y yo): YoOit)Ye (i=1...6).
B (23) HenpepsIBHBIE N X N -MATPHUITBI
N() =—(Dr(e") +...+ Dg(a")) " (1),
M; (1) =6° (0] Dy (") DD (e )+ + D (@) DyD5 (@) |O° (1) (i=1....6),

N X N -MaTPUIIBI oP (t) u D (a*) npuseaens! B (18) u (19), a cumMmMeTpuuHBIe N X N -MaTPULBI
, 9
00 =Y ] {Ci - [Y(2)6° (r)M; ()0 (7)Y (r)dr}Y‘l(t) (i=1...6), (24)
t

Hakxonery Y(t) — QynmaMeHTanbpHas MaTpuia penieHus ofHopomHoi cuctemsl Y =N(t)y,
Y(9)=E,.
Hoxazamenvcmeo. COCTaBUM CKaJSIpHbIC (DYHKIMU

W[t y,Vi] Z%J{%} N(t)er[UlP (t, Y)]r Diuy (t,y) +...+

Huf ey ] Deufty)  (i=1...6), (25)
npuiyeM uiF> (t,y) — n-Bekrop-pyHKIMH, onipeeneHHbIe B (17).
Wmem pemenne V,(t,y) (i=1...,6) cuctemMsl u3 6 ypaBHEHUH C YaCTHBIMU IPOM3BOIHBIMU

W[ty Vi]=0, Vi(%y)=yCy VvyeR" (i=L..,6) (26)

B BHJIC KBaapatiaHoit Gopmsr Vi (t,y) = y'0; (t)y, [©; (t)]l =0;(t) (i=1...,6).

YcranoBuM /Ba ¢akTa.
Bo-nepswix, pemennto cuctemsl (25), (26) npucyiie cBOWCTBO

Vilto,Yo) =3; U 15, p)  (i=1....6), 27)
rae curyarmst UF = (Ulp,...,UGF> ) nmeer Bux (17). JleiictBurensho, econ UT — curyaums us (16)—(19),

T0 cormacHo (25) u (26) ans pemennst y© (t) cucremsr Y= N(t)y, y(ty) =Yo =0, npu y= yP (t) Gymer
Vi (t,y° (1) {avi (t,yP(t»}
oy

0= w[t yP OV (Y (t))] N(t)y" (t) +

ot

6
+ Ul y" @) [ Dl 6y @) =Wilt]  Vte[ty,9] (i=1..6).
j=1

HuTerpupyst 00e 4acTH 3TOr0 TOXKJIECTBA B Ipeenax oT ty 10 § ¢ yuyeToM rpaHHYHBIX YCIOBUH 3
(26), npuxoaum K

0= jW[t]dt_jwdujz[u ty (t))] Dyuf (¢, y° @©)dt =

9 6
=V;(8,y° (9) ~Vi (to, ¥° (o)) + j Z[u (ty" () ]| DUl (t.y" @)t =

o 171
= Y(C;y(9) + j z[u (t,y" () ] DUl (. y" @)t -V, (. y™ 1)) =

= Ji(U 10 ¥0) —Vilty, YW (t))  (i=1....6),
OTCIOJIa Cpa3y CIeAyeT CIPaBEATUBOCTh paBeHCcTRa (27).
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Bo-emopubix, ycranoBuM, uro pemenue Vi(t,y) (ieN) cucrempr (26) wumeer BuJ
Vi(t,y)=y'0;(t)y, roe cummerpuunas Nxn-marpuna ©;(t) mpexacrasuma B Bune (24). B camom fere,
noxcrasus V;(t,y)=y'®;(t)y B (26), momyyaem cmpaBeanuBocTsb (24), ecau toneko O;(t) (i=1,...,6)
SIBJISIETCS. PEIICHUEM MATPUIHOTO JIHHEHHOTO HEOJHOPOIHOTO AU PEPEHIIMATEHOTO YPAaBHEHHS

0, +O,N +N©, +0° (O)M,0°(1)=0,.,, ©;(9=C, (i=1..,6). (28)
IMoxncranoBkoit ©;(t) u3 (24) ybenumes, yro cumMeTpudHast Nx N-matpuna O, (t) u3 (24) B camom
nene sBisieTcs pemeHreM (28), 4To u 3aBepiIaeT 10Ka3aTeNnbCTBO YTBEPKACHHS 6.2. mi

3ameuanue 6.1. O0bequHCHNE yTBEpPXKIeHUH 6.1 ¥ 6.2 IPUBOAMT K CIEIYIOIIEMY UTOTOBOMY pe-
3yJbTaTy, KacaroleMycsi BHOro BHJa MakcumanbHoro no Ilapero pemenus (U P.J P) e Ax R UTPBI
Iy.

ITycts nns auddepennuanbHoii urpsl /g :

1) MOCTOAHHBIC CUMMETPUYHBIC nxn -MaTpUIlbL
Dii>0, Dij<0’ Ci<0’ (l,le,,6, iij),

2) [AnfAg <AppAp ]l [Asufss <Agshsy]-
Torna npu V(ty, o) €[0,9)xR", y, #0, Gyzer
U uP(t,y) = (-D(2)O° (1)y,~D; (@ )O" (t)y,....—Dg (@ )O" (t)y),
I7=0{37,:35) I =¥Oit)yo (i=1..6),

a cUMMeTpHuHbIe Nx N -Matpuusl OF (t) n ©; (t) umeroT BUA:

P -1
ef(t) = {Cl(a*) +| [D;l(a*) + DY)+ D61(a*)]dr} :
t

, 3
;1) =[Y—1(t)] {Ci - [Y(9)6° ()M, ()6 ()Y (r)dr}Y‘l(t) (i=1..6),
t

nxn-marpuna Y (t) — dynnamentanbhas Matpuia pemenus cucreMsl Y = N(t)y, Y () =E,, cummer-
PUYHbIE MATPHIIBI
N (t) :_(Dgl(a*) ot Dgl(a*))@)"(t),
M, (t) =©P (t)[Dl_l(a*)DilDl_l(a*) bt Dgl(a*)DiﬁDgl(a*)]@)P(t) ,

* *

*
IIOJIOKUTCIIBHBIC YUC]Ia &y ,&y,..., (g OINPCACICHBI PCKYPPCHTHBIM O6p330M

a =1, a;:l(ﬂ+ﬁ], a*_l£A13+azA23]’

3 =
2\ Ay Ay 2 Ags
0‘: =1, a; =1[ﬂ+%j, 0{2 :l Ay +055A45j,
2\ Ay Ass 2 Agg
BenmanHa Ay (—Ay) — HamGombmmii (HAMMEHBIIMIT) KOPEHh XapaKTCPUCTHYCCKOTO YDPaBHEHHS

det[D;; — AE, ] =0 (cootBercTBenHo, det[Dij —AEn]=0) (i,je{l,...6}, j=i).

7. SIsnbiii Bug KITO

Ilepeiiném K neHTpaIbHON YacTH cTaTbu — mocTpoenuro sisHoro Buna KI1O (koamummonnoro Ilape-
TO-ONTUMAJIBHOTO pelIeHus) urpsl 1, (hopMaTM30BaHHOTO OMpesiesieHreM 2.1: Ipu BBIITOTHEHNWH Orpa-
HudeHus (16) puis urpel 1y, CipaBe/UIMBBI PAaBEHCTBA
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MAX Ty, (le,UzZ o Yo) =2, (U " 10, Yo),

Uy €45
MAX IKZ (U[F{)llUKZ |t01 yO) = IKZ (U PitO! yO)!
Uk, 2k,

YTO, B CBOIO OYepe/lb, OyIeT CleoBaTh 13

L max I:aIIl(UKl ,UEZ To, Yo) + a;IZ(UKl vU1F<)2 10, Yo) +a;I3(UK1,U152 Lo, YO)] =
K 9Ky
o (29)
:ZaJZJ(U ,to,yo),
j=1
 max [ 234U U, to,¥o) + 25 T5 (U Uy o, Yo) + 26 Z6 (U Uy o, Yo) | =
K €K7
6 ; (30)
= ZamIm(U o, Yo,
m=4
npu V(ty,Yg) € [0, 9) xR", rae nocrosiHHbIe
* * 1 A A * 1 *
2\ Ay Ay 233
* «~ 1A A * 1 *
Agy Ass 2Ae5
Aji >0 — manGonpmmii kopens A(A)=det[D; —AE,]=0, —A;; <0 — HauMeHbIIMIA KOPEHb ypaBHE-
HUS ;i (A) =det[Dij —AEn]=O (i, ] e{l,...,G}, j#i), A >0; CHUTYyaIHs
UP=:(Ulp,...,UGP)+(—Dl_l(a*))®P(t)y,...,— gl(a*))®P(t)y). Utak, mokakem, 4TO HaWJcHHAs B

Tpe/IBIAYIIEM pasene HacTosmei cratei cutyamms UT €2 kak pas u npeacrasiser co60il 00ben-
P [P P P PP P P P PP .

Henne (Ug Uy, )=U", tae Uy z(Ul U, U ) u U z(U4 Uz ,Ug ), KOTOpBIE HaiaeHs! B (17)—

(19). OnHako MMEHHO JTOKA3aTeIbCTBO CIPaBeTUBOCTH (29) U ABIIETCS COAEPKAHUEM CTAThH [5] ms

urpel [y, T1e «3aMOpOXkKeHbD» cTpaTernn U ['32 =(U f ,U5P ,Ug ) €Ay, (em. yrBepkaenne 3.1 u3 [5] npu

* * *
o =1, f=a,, y=az); bonee TOro, 3T camble (Uf,ug’,u;’)zu,il KaK pa3 U pean3yioT Ugnag)[( B
K 9K

(29), uto, B CBOIO OYEpesb, U MO CBOMCTBY 1.1 BIeu€T X MakCHMaIbHOCTB 10 [lapeTo B TpeXKpUTEpH-

anbHOI 3a1a4e <y=u1+u2 +U3,Y(ty) = yO,Q[Kl,{Ii(Ul,Uz,U3,UEZ,to,yO)} 23>. Orcroza, Kak cien-

i=
CTBUE, SBHBIM BH]I U,'zl = (U, USud) +(—D1_1(a*))®P (t)y,-D; (a))O" (t)y,~D5*(a"))O" (t)y) u
COOTBETCTBYIOLIME BBIMIPHINIM B TakoW cutyaumu U 131 €2y, . AHATOTHYHO YCTAHOBHM CIIPABEILTH-
BOCTh UEZ = (Uf ,U5P ,UBP) + (—D;1 (" ))O" (t)y, —D5_1 (")OF (t)y, —Dgl(oc*))(aF> 1) y) W SBHBIA BH]I

BBIUTPHINIECH B cuTyanuu U ZZ :(U f ,U5P U g ) Hrax, npuxoauM K CIpaBeJJIMBOCTU CJIEAYIOIIErO yT-

BEPIKJICHHUSL.
Teopema 7.1. IlycTh 1y KOATMIUMOHHON IU(QepeHInansHONR Urpbl ¢ HeTpaHchepadeTbHBIMH BbI-
UTPBIIIAMU

Iy = <{K1 = {1’ 273} Ky = {415’ 6}}'zy’{2[1(, }|:1,2 ’{Ilq (UI(l’UI(Z vtvao)}11,2>’

BBITIOJTHCHBI OTPaHUYCHU A
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Torna xoanuuonHo IlapeTo-ontuMansHoe pemenne urpsl Iy o0pasyeT 4eTBEpKa
P (P . P P PP 3. m3
(UK11UK2’IK1(UK11U2 10, %), Zg, Uy Uy, ’tolxo))egliq xR, xRTxR7,
rie U =(U1P,U;,U3P)teKl, Ug, =(uf,u5",u§)em,(2, UP +-D,(a)O°(t)y (i=1..6) cnu-
METPUYHBIC TIOCTOSIHHBIE N X N -MaTPUIIBI,

Di(a*)=afDi1(a*)+a;Di2(a*)+a; Dia(a’) +ay |4(05*)+0‘; Dis(@) +@Dig(a”) (i=1,...,6),

Ay A
=1, ay==| 412 | a A13 +a2A23)
Ay A22
* * A A *
a, =1, a5—— = N A46 +a5A45),
2\ Asy A55 2A66

HEIpephIBHAS CUMMETPUYHAS N X N -MaTpHIIa
-1
9 6
@P(t)={C‘1(a*)+I{2Di‘1(a*)}dr} ,
tLi=l
I;l[to’yo]ZIKl(Ullzl’Ullzz’tO’XO):(Il(Uzl’UZZ’tO’XO)’IZ(UZl’UEZ’tO'XO)’IS(Uzl'UEZ’tO’XO))’
II?Z [to: Yo =Zx, (UIF()l’UIIZZ 10, %) :(14(U1?1’U1€2 ’tO'XO)’IS(UIF()yUISZ ’to’Xo)’Is(Uzl,Uzz ato’Xo)),
1151:(}'0'@1(%))/0: Yo ©2 (1) Yo, yo'®3(to)yo)v

IIF;Z :(yo’®4(to)YO, y0’®5(t0)y01 yo’®e(to)yo),

Cla)= iai*Ci :
i=L

, 9
o m=[Y'0] {Ci - Y’(t)@"mMi(r)@P(r)dr]Y1(t> ,
t

Y (t) — dbynnamenranbHas MaTpuna pemenuii cucremsl Y =N(t)y, Y(9) =E,,

N(t) = ZD_l(a )OP (), M;(t) = @P(t)[zD (¢")D;D; Y (a )}
=1
rae Aj; >0 — nanGonbumii kopers A(A) =det[D; — AE,]=0, —Aj; <0 — HauMeHbLINIT KOPEHb YpaB-
nenns & (A) =det| D — AE, [=0 (i, je{l,...6}, j=i).
[Ipu 3TOoM 00€ KoanuIMKu BHYTPEHHE U BHELIHE YCTOWYMBEL.
Hoxasamenvcmeso. B [5] ycranosneno, uyro cornacHo Dj; >0 B urpe /'y He CylllecTBYeT paBHOBE-
cus no Hoamry, HO mo yTBepxkaeHuto 5.1 u3 [5] MOKET CyllIecTBOBATh YIrpO3a HA BHYTPEHHIOIO YCTONYH-

BOCTh Koanuuuu K; (T. e. EIUlT +ae )y u o =const >0 Takue, uTo mpu Vo > a (e, — n-Bexrop ¢
eIMHIYHBIMH KOMIIOHEHTaMK) OyzeT Z; (Uir ,U; ,U; U ,P(z 1. Yo) > (U P 10, Y0) )
B otBeT Ha Takyro yrposy u cornacHo Dy, <0 y urpoka 2 u3 xoanunuu K; (1o yrBepxkaeHuro 5.4
u3 [5]) cymecTByeT ;1 >0 u Takoe, uro npu Vo > ;1 Oyner s u§ +ae,y
Il(UlTaU§’U3P’U152 tos Yo) <Zy(U P,tof)'o)y
aHaJIOTU4YHO, cornacHo Dy, >0 3 ymcio a_z >0, a1 xoToporo nmpu Vo > a_2 Oyner
T,(Uy U7 Uz Uz, to, Vo) > max T(Ug Ug, . tg, o).

Kle K1
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Ho torma mns ctpareruun Ug npu o > max{al,az} JIBa TIOCTICAHNX CTPOTUX HEPABEHCTBA «OOBEIUHS-

I0TCsD» B KOHTPYTPO3y Ha BHYTPEHHIOK YCTOMYMBOCTh KOATMIMK K; CO CTOPOHBI UTPOKa 1.
Takum 00pa3oM, yCTaHABIMBAETCS BHYTPEHHSA yCTOMYMBOCTh K; M aHAJIOTMYHBIMU pacCyxkKje-

HUSAMHU BHYTPEHHSA YCTOHUUBOCTh Ky .

3akiouenune

Urak, npu BeimonaHenun orpanndecHuii (16) B urpe I” cymectByet KITO perienue (ero sBHbINA BU
MOXXHO HaWTH B Teopeme 7.1). B KOHIle cTaThu XOTEI0Ch Obl YIOMSHYTH O BO3MOKHOCTH IPEIIOKECH-
HBIM 371eCh IPUEMOM peliaTh BOMPOCH 00 YCTOWYMBOCTH 00JIee CIOKHBIX KOATUITUOHHBIX CTPYKTYP.
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Absract. By the end of the last century there were four areas in the mathematical theory of position-
al differential games: non-coalitional positional differential games, cooperative, hierarchical and, finally,
the least-understood coalitional positional differential games. In their turn, coalitional games are divided
into games with transferable payoffs (games with side payments when players can split profits in the
course of the game) and with non-transferable payoffs (games with side payments when there are no
such distributions for this or that reason). The coalitional games with side payments are being extensive-
ly explored at the Faculties of Applied Mathematics and Management Processes of St. Petersburg Uni-
versity and the Institute of Mathematics and Information Technologies of Petrozavodsk State University
(by Professors L.A. Petrosyan, V.V. Mozalov, E.M. Parilina, A.N. Rettieva and their numerous stu-
dents). However, side payments are not always present even in economic cooperation; moreover, side
payments can be legislated against.

We believe that the research of the equilibrium of threats and counter-threats (sanctions and coun-
ter-sanctions) in non-coalitional differential games that we have carried out over the last years allows to
also cover some aspects of non-transferable payoff coalitional games. The article considers the issues of
namely the internal and external stability of coalitions in the class of positional differential games. The
coefficient constraints were identified for the mathematical model of a linear-quadratic differential posi-
tional game with twin-coalitional structure for six persons where this coalitional structure is internally
and externally stable.

Keywords: Nash equilibrium, equilibrium of threats and counter-threats, Pareto optimality, coali-
tion.
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Abstract. We consider the problem of determining point sources for mathe-
matical models of heat and mass transfer. The values of a solution (concentra-
tions) at some points lying inside the domain are taken as overdetermination con-
ditions. A second-order parabolic equation is considered, on the right side of
which there is a linear combination of the Dirac delta functions d(x—x;) with coef-
ficients that depend on time and characterize the intensities of sources. Several
different problems are considered, including the problem of determining the in-
tensities of sources if their locations are given. In this case, we present the theo-
rem of uniqueness of solutions, the proof of which is based on the Phragmén—
Lindelof theorem. Next, in the model case, we consider the problem of simultane-
ous determining the intensities of sources and their locations. The conditions on
the number of measurements (the ovedetermination conditions) are described
which ensure that a solution is uniquely determined. Examples are given to show
the accuracy of the results. This problem arises when solving environmental
problems, first of all, the problems of determining the sources of pollution in a
water basin or atmosphere. The results are important when developing numerical
algorithms for solving the problem. In the literature, such problems are solved
numerically by reducing the problem to an optimal control problem and mini-
mizing the corresponding objective functional. The examples show that this
method is not always correct since the objective functional can have a significant
number of minima.

Keywords: heat and mass transfer; parabolic equation; uniqueness; inverse
problem; point source.

Introduction
Under consideration is the inverse problem of recovering the point sources in the model

U, +Lu =§1;Ni (t)o(x—x)+ fo(t,x),Lu=—-Au +%:ai (x)uxi +ag(X)u, 1)

where (x,t)eQ=(0,T)xG, G is a domain in R" (n=2,3) with boundary I"C?. The unknowns
are the functions N; (t) . The equation (1) is furnished with the initial and boundary conditions
Bus =0,U._o =Uy(x),S=(0,T)xT, )

where either Bu= Z—u+au ,0r Bu=u (v is the outward unit normal to 77), and the overdetermination
v

conditions
U(yj,t)=t//j(t),j=1,2,...,s. (3)
These problems arise in mathematical modelling of heat and mass transfer processes, diffusion, fil-

tration, and in many other fields (see [1-3]). In the theory of heat and mass transfer, the function u is
the concentration of a transferred substance and the right part characterizes sources (sinks) [1]. In the

most general formulation of the problem (1)—(3), the intensities N; (t) of point sources, their locations
X; and the number m are quantities to be determined. Some descriptions of models of this type can be

found, for example, in [1]. A lot of articles are devoted to solving these inverse problems. The main re-
sults are connected with numerical methods of solving the problem and many of them are far from justi-
fied (see [4-16]). The problem is ill-posed and examples when the problem is not solvable or has many
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solutions are easily constructed. Very often the methods rely on reducing the problem to an optimal con-
trol problem and minimization of the corresponding objective functional [2, 4, 5, 9, 16]. However, it is
possible that the corresponding functionals can have many local minima. Some theoretical results devot-
ed to the problem (1)-(3) are available in [17-21]. The stationary case is treated in [20], where the
Dirichlet data are complemented with the Neumann data and these data allow to solve the problem on
recovering the number of sources, their locations, and intensities using test functions and a Prony-type

algorithm. The model problem (1)—(3) (G=R") is considered in [21], where the explicit representation
of solutions to the direct problem (the Poisson formula) and auxiliary variational problem are employed

to determine numerically the quantities ZiNiri} (here Ni(t):const forall i and ;=[x —y;j|). The
quantities found allow to determine the points {x;} and intensities N; (see Theorem 2 and the corre-
sponding algorithm in [21]). So the results of [21], for instance, say that the problem (1)—(3) and more
general problem of simultaneous recovering points {x;} and intensities {N;} in some model situations is
uniquely solvable. In the one-dimensional case uniqueness theorem for solutions to the problem (1)—(3)
with n=1,m=1 is stated in [17]. Similar results are presented also in [22].

In this article the main attention is paid to uniqueness questions of solutions to the problem in some
model cases and the general case as well. Examples showing the accuracy of the results obtained are
displayed. The constructions can be used when developing numerical algorithms. The results are based
on asymptotic representations of the Green functions of the corresponding elliptic problems (see [23]).

Preliminaries
First, we describe our conditions on the data and some corollaries of the results in [23]. Let G be a

domain in R" . The symbols L,(G) and W, (G) (1< p<w) stand for the Lebesgue and Sobolev
spaces [24]. We also use the spaces CX (5) of k times differentiable functions (see the definitions in

[24]). If .S are some sets then the symbol p(7:S) stands for the distance between these sets. The
symbol D(L) stands for the domain of an operator L. Denote by B, (X,) the ball of radius r centered
at X, . Let a=(a,,a,) for n=2 and a=(a,,a,,a;) for n=3. The brackets (-,) denote the inner prod-
uctin R". Let

1
()= [ (@0 + £x - 3p)). (x— X
0

The coefficients in (1) are assumed to be real-valued and
a eWﬁ(G)(i :l,...,n),Vw,At//,aO IS Lw(G),Gecl(l“), (@)
Consider the problem
n
— _ n

_Au+i§aiuxi+a0u+iu_5(x X ), XxeGcR", (5)
Bu|. =0. (6)
For the reader’s convenience, here we present some results the article [23] (see Theorem 3.5, 3.9,
3.11, 3.12). We consider compact K < G, containing X, , with properties: if Bu=u and G is a domain
with compact boundary then the convex hull of K is contained in G ; if G is a domain with compact

boundary and Bu=u then K BP(XO r) (xo) ;if G=R" or G=R" , then K is an arbitrary compact.

Theorem 1. [23]. Assume that the conditions (4) hold, K is a compact with the above properties,
and if G:Rﬂ , then, in case Bu=u, =0 (i.e, Bu=uXn )and a =0 for i=12,...,n. Then there

exists 4, >0 such that for all 2> 4 asolution u,(x) (n=2,3) to the problem (5), (6) in every domain
{yeK:0<e<|y—x|, 1=12,...,m} admits the representation
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1 (X)-NZx-xq 1)
Uy (X) = e” @+0(==)); ()
227 | x—x | 2 Wi
1 y(X)—Alx=xo 1
Ug(X)=—"""¢ 1+ O(—=)). 8
s ()= x] 1+0(£) ®)
Next theorem deals with solvability of the direct problem (1), (2). Let
Up (X) €W (G),Up (x)|,. = 9(x,0) if Bu=u. 9)
We also suppose that
fo € L, (Q),g(x,t)eWS/*32(S)if Bu=u,g(xt)eW;y’ *?(S)if Bu=u. (10)
Consider auxiliary problems
U + Lu = fy(t,x), Bug =g,U_q =Ug (X), (11)
m
W+ Lw=>"N; (t)5(x - ),Bws =0,w_g =0. (12)

i=1
Let Wé’B(G) be a space of functions u eWé(G) satisfying the homogeneous Dirichlet condition

whenever Bu=u and W, 5(G)=W,(G) if Bu=u. Denote by W, % (G) the dual space to W, g (G)

(the duality is defined by the inner product in L, (G), see [25]).
The following theorem follows from [26], theorem 2 and [27], theorem 8.2.
Theorem 2. Let T<oo and let pe(l,n/(n—l)). Assume that the conditions (9), (10) hold,

ael,(G) (i=04...,n),and N; €L, (0,T) (i=12,...,m). Then there exists a unique solution to the
problem (1), (2) such that u=w, +w, where w, eW21'2(Q) is a solution to the problem (11), w is a
solution to the problem (12), we LZ(O,w;WéﬁB(G)), W, € LZ(O,oo;W[;ls(G)) and weW,%(Q,) with
Q. ={(xt)eQ:|x—x; |>¢& Vi<m} forall £>0.

Main results

Here we present our uniqueness theorem for solutions to the problem (1)—(3). We introduce the
functions

1
9)(x) =~ [ @0y + 2=y ). (- )
0

Let 5 =min;r;, j=12,...,s, where r; =[x —y;|. Let A, be the matrix with entries a; =1

if [% —y;|=0J; and a; =0 otherwise. We assume, that:

det Ay =0 (13)
Condition (4) is rewritten as follows: the coefficients of L are real-valued and
q eW? (G)(i =1,...,n),V(pj Apj, a9 el (G)(j < S),aeCl(F). (14)

Firstly, we justify uniqueness in the inverse problem (1)—(3) of recovering a solutions u and inten-
sities N; (i=1...,m). Points {x;} and their number are assumed to be known.
Theorem 3. Assume that T <o, m=s, and the conditions (13), (14) hold. Then a solution (u, N)

to the problem (1)—(3) such that u belongs to the class described in Theorem 2 and N; €L, (O,T) is

unique.
Proof. It suffices to demonstrate that a solution to the problem (1)—(3) with homogeneous data is

zero. In this case the auxiliary function wy =0. Let a function u such that u eW;? (Q,) forany £>0,
uel, (O,T;W;B (G)) U el, (O,T;Wp‘ylB (G)) be a solution to the problem
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m
U+ Lu=>"N;(t)s(x—x%), (15)
i=1
BUS = 0, Ut:O :0, (16)
u(y;.t)=0,j=12,...s. (17)
We integrate the equation (15) with respect to t and make the change of variables w= j r)dr.
This function is a solution to the problem
W, + Lw= Zs (t)S(x—%),s; —J'N )dz eW; (0,T),s;(0)=0, (18)
Bwg = O,Wt:() =0, (19)
w(y;,t)=0,j=12...s. (20)

Put w=e*v, where 1R . This function satisfies the equation

m
Vi HLv+v=>" 5 () eMo(x—x). (21)
i=1
Let Vj (x,/l) be a solution to the problem

L*v]f+ﬂ,v]f:5(x—yj),B*vﬂr:O, (22)

where L~ — formally adjoint operator to operator L, B v=v, if Bu=u and B*V=%+(0'+(Ez,v))v

otherwise. The problem (22) is the adjoint problem to the problem
Lv+Av=5(x-y;),BV|. =0. (23)

Multiplying the equation (21) by v; , integrating the result over Q, and using (20), we obtain the equali-
ties

(V(T,X),V?(T,X))ZjV(T,X (T, x)dx = ZJ.S "“dtv (%). (24)
G i=10
The equality (24) can be rewritten as
A(1)S=F, (25)
T \F5

where the vectors S, F have the coordinates S =J.si (t)e™™dt and F =475, ( (T.x),v (x))
0

forn=3 and F, =2 25j7r/11’4(v(T,x),v]f (T,x))eﬁb‘j for n=2. Transform the representation

f, :(V(T,x),v’j‘ (T,x)):e’ﬂ W(T, ), (A+ L) 25(x—y,)) =

e (A + L)W %), 6(x -y ) =~ (A + L) w(T ),
Note that the last expression makes sense and these formal transformations are justified. Indicate that
w,w, €L, (O,T;W;B (G)) . In particular, we infer we C([O,T];Wé(G)) after a possible change on a set
of zero measure. By embedding theorems, WEC([O,T]; Lt1(G)) ¢ q<3p/(3-p) for n=2,3. In this
case the expression (A+ L) w(T,x) qu2 (G) is well-defined if the parameter A is sufficiently large,
say A=>4,>0 for some 4, . However, qu (G)cC(@) when n=2,3 and q>3/2. Thus, we can con-

sider the value (1 +L)™* W(T,X)|X_y_ . There is the estimate
7]
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|2+ L)W,y ) 1A+ L)W, X) lle @) < Co ll (A +L) ™ w(T, X) 26y =G WM iy @) (26)

where the constants do not depend on the parameter 4> A, and we use resolvent estimates for the ellip-

tic operators (see. [27, Ch.2]). As a consequence, we obtain the estimate

IFylecnre e vz gy,

where is the constant ¢, does not dependon A and » =0 when n=3 and y=1/4 when n=2. Fix an
arbitrary £ e(0,T). The above estimate implies that there exists a constant Cy (&) >0 such that

Co(e)e T
F.lg22" 72~
|Fjl= ]

By Theorem 1, the entries by (1) of A(1) are representable as

by (2) =475} (x ) =g [HO(%D

VA Ay, 27)

for n=3 and

by (4)=2./28,2V; (% ),11’4eﬁ5i ~a; (1+ o(%D

for n=2. Under the condition (13), we can assume that the matrix A(2) is invertible for 1> 4, and
the elements of the inverse matrix A™ ={s;;} are bounded by a constant independent of /; otherwise,
we increase the parameter A, . Therefore, we have

Si(4) Zzlsij (4)F; (1)
]=
and estimate (27) ensures that
Cy(e)(e)e "
|21

Consider the functions S;(4,+2z), where z is a complex parameter, Rez>0. The function

1S (A)]< VA2 . (28)

Si (4 +z):'|.0T S; (t)e_%te‘tht is the Laplace transform of the function § (t)=s; (t)e_ﬂot for t<T

and §;(t)=0 for t>T . Introduce an additional function W (z) = 2e7%)s. (% +2). Itis analytic in the

right half-plane and is bounded by a constant C, on the real semi-axis R* . Estimate this function on
the on the imaginary axis. Integrating by parts, we have

1 L= T -l —zt
Si(/10+z)=—/10+Z 5(T)e e +J'si.(t)e e~ ?dt |.

0

For z=iy we have the estimate
W(DIs(18 (1)1l o 1) |=Cs ve-iwyer @)
In each of the sectors O<argz<z/2, —r/2<argz<0 the function W (z) admits the estimate

W (z)|<eT) @ s (T)1+1s; ||L1(0,T)] VRez>0. (30)

Applying the Fragment—Lindelef Theorem (see theorem 5.6.1 in [28]) we obtain that in each of the
sectors 0<argz<z/2, —x/2<argz <0 the function W (z) admits the estimate

W(z)Smax(Cl,C3)=C4 VRez>0. (31
Therefore,
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1Si (Zo +2)1 =1 L(s (1)) (2)1<C4 (6)e TR /| 2] VRez > 0. (32)
We have equality (o> 4y, p=0c+i¢)
17 17 .
s, (t)=2—7ﬂ0£wep‘L(5i)(p)dp=ﬂLe eL(s ) (o +ig)de.

and, thereby,
—o-(t—(T—g))_ 1% ict ,o(T—¢) .
s;(t)e _E:Le e L(s;)(o+i&)dé

The Parseval identity yields

B o{T-2) ' C.(g) = 1 C:(¢
I's; (t)e )||L2(,M)——f L) (e rig) P de s ZE[)_J;OO-2+§2d§S ;Ef)

Since this inequality is true for all o>0, §(t)=0 for t<T —¢. Since the parameter ¢ is arbi-
trary, s;(t)=0 for t<T.We infer N;(t)=0 for t<T and every i and, therefore, the right-hand side

of (15) vanishes which implies that u=0. mi
We note that the following condition is actually a necessary condition for the uniqueness of solu-
tions to the problem (1)—(3). If it fails then any number of the points {y;} does not ensure uniqueness of

solutions (see examples below).
Condition (A). For n=2, any three points {y;} do not lie on the same straight line and, for n=3

any four points {y;} do not lie on the same plane.

Next, we describe some model situation in which Lu=-Au+4,u, 4, >0, G=R" and functions
N; on the right-hand side of (1) are real constants.
Theorem 4. Let u,,u, be two solutions to the problem (1)—(3) from class described in the theorem
r
1 with the right-hand sides in (1) of the form ZJNijﬁ(x—xi) (Nj =const, j =1,2), the condition (A)
i=1
holds, and s>2r+1 in the case n=2 and s>3r+1 in the case n=3, where r>max(r,r,) (i.e.,
there is the upper bound for the number max(r,r,)). Then u =u,, r,=r,, and N =N? forall i,
i. e., a solution to the problem of recovering the number m, points x; , and constants N; is unique.
Proof. Let the functions u;,u, do not coincide and let w=u, —u, . The function w satisfies the
homogeneous initial data and over determination conditions (3) and we have (after renumbering the con-
stants NJ and points x; )

r3 r4
W, + LW=ZNi§(x—Xi)—Zcia(x—xi*), 2r >, +1,,N;,C; =const, (33)
i=1 i1

where N;,C; >0 for all i, j. Without loss of generality, we can assume that all the numbers N;,C; are

not equal to zero and all points x;,x; are distinct. Let, for example, n=3. For simplicity, take 4, =0.
The proof is the same for other values of this parameter. Applying the Laplace transform, we infer
3

. ~=1 o VAlxx]
W(x)=) ——¢ 1, 34
(%)= §4z|x X | A Z47r|x X |/i 39
Using (3), we obtain
3 . _ ) e
z N| \ﬁl)’] Xll C \/;|yj XI ,j—12 (35)
i=147[|yj_xilﬂ‘ —147[|yj ||l
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For definiteness, we assume that r;>r,. Let us show that the sets of numbers
{n =A% -y li=12...,5}, {r; = xi*—yj l,i=12...,r,} coincide for all j. Fix the parameter j. Let

O =min; i, o

ij - Demonstrate that &;;=0;;. Assume the contrary. Let, for example,

] i
&yj <45 - Multiply the system (35) by 47r51]-/1eﬁ5“ and passing to the limit as A — +oo we obtain the
equality
X =y jl=o1
_ o o V
It is a contradiction, since N; >0. So, &;; =¢;; and multiplying the system (35) by 476, ;e and
passing to the limit as A — +oo we also derive that

> N= > G

B =Yal= i1x; — =6
So, we can reduce the following sums on the left and on the right in the equalities (35):
> N —JZlyj—xil Ci e—ﬁlyj—XFl
% ~Y1|=51 Az|yj—% |4 ey =5, zly;—x |4

Denote  &,; =min I

j and 521:mini:rij>51j rj . Repeating the arguments, we obtain that

8,5 =0, and, thereby,

N= > C.

XX =Y jl=02 i:|xi*—yj|=52j
Again, abbreviated equal summands (35), we arrive at the system (35), where the sums on the left and
on the right are taken over i:r; >&,; n i:5; >35,;, respectively. It is now obvious by induction that

there are pairs of equal numbers &;,8; k=12,...,15; <min(r,1,) and

i:lxi_yjlzé‘kj i:|xr—yj|=5~kj
moreover, the left-hand and right-hand sides of these equalities are positive. So, the sets of numbers
{r =A% -y lhi=12...,r5}, {f = xi*—yj |,i=12...,r,} coincide for all j. In particular, it follows that
for any point, for example, x; and any j, there exists a point xij such that

|M—y”qx%—ij=LZm§.
But we have s>3r+1 and r, <r is the number of points {xi*}. Hence, among the points {xi*j }?:1 there
are four coinciding points. After renumbering if necessary we can assume that these points are
xi; , xi*2 , xi’; , x;; . Then the equalities

1% —Y; |=|Xi*j -yil i=12...s.
imply that the points y; with j=1,2,3,4 lie in the same plane which is perpendicular to the segment
[xl, xd , but this fact contradicts to the conditions (A). So, w=0.

The proof in the case of n=2 is almost the same but we use an asymptotic representation for a

fundamental solution iHSl) (i\/ﬂ X—X, |) defined by the equality (7), where w=0. As in the case of

n=3, we arrive at contradiction with the condition (A). mi
We display the corresponding examples showing the accuracy the results obtained. The following
example shows that if the condition (A) fails then the problem of recovering the intensities of sources
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(sinks) located at x;,x, has a nonunique solution. At the same time, it is an example of the
nonuniqueness in the problem of recovering the intensity of one source and its location. Note that the
problem of determining the location of one source x, and its intensity N (t) is simple enough and to
uniquely recover these parameters we need two measurements in the case of n=1 [22], three measure-
ments in the case of n=2 [28] and four measurements (that is s=4 in (3)) in the case of n=4 [25].
The smaller number of points does not allow to define the parameters N (t),x0 uniquely. We should
also require that the point x, lie between two measurement points in the case of n=1 and the condition
(A) holds in the case of n=2,3. The numerical solution of the problem of recovering one source is
treated in the articles [6, 9-15, 19, 28].

Example 1. First we take n=3, G=R", Lu=—Au. Let u be a solution to the equation (1) satis-
fying the homogeneous initial conditions with the right-hand side in (1) of the form

N(t)(5(x=%)—5(x=X%,)).
The Laplace transform of this solution to the problem (1)—(2) is written as
G=N (2)(= 1 o Vx| _ 1 efﬁlele).
A | X=X | A | X=Xy |
Let P be the plane perpendicular to the segment [xl, x2] and passing through its center. We have
U(y,4)=0 VyeP.
So, u(y,t) =0 for all yeP. Precisely the same example can be constructed in the case n=2. We take

the perpendicular to the segment [xl,xz] passing through its center rather than the plane P. Thus, if

condition (A) fails then any number of measurement points does not allow to determine the intensity and
the location of the sources.

Example 2. Consider the case of G=R", Lu=-Au. Let us show that the conditions (3) with
s=4 inthe case of n=2 and s=6 in the case of n=3 does not allow to determine location of two
sources and their intensities even if the condition (A) holds. Let u, , u, be solutions to the equation (10)
satisfying the homogeneous initial conditions in which the right-hand sides are of the form

N (0)8(x=3)+ N ()(x=%),N (t)5(x—x )+ N (1) 5(x=x)-

Let, for example, n=3. Then the Laplace transforms of u,,u, are as follows:
2 Q 2 Q .
Gy (x,A)=Y A Uy (x,1)= N o Vaixxl (38)

i AT | X=X | i:147r|x—xr|

Here we use explicit representations of the fundamental solution for the Helmgoltz equation (see, for
example, in [30, §3.11 or [31, «ch. 4, 8]). We take x =(a,a,0),xf =(a,—a,0),
Xy =(—a,—a,0),x§ =(-a,a,0) (a>0). As is easily seen, the functions U;,d, coincide at the points
y; =(M,0,0),y, =(-M,0,0),y; =(0,M,0),y, =(0,-M,0), y5 =(0,0,M ), ys =(0,0,-M), where
M >0 and, thus, the problem of recovering the locations of 2 sources and their intensities admits sever-

al solutions in the case of s=6. It follows from the theorem 2 that in the case of s=7 points x;,x, and

the intensities are determined uniquely (if the condition (A) holds and the intensities are constants).
Consider the case of n=2. As before, we construct functions u;,u, whose Laplace transform is of

the form
. &iN . . &N _ .
G, =Z—Hél)(|\/2| x—X; ), G =Z—H((Jl)(|\/ﬂ_b| x=X; ),
=t =t
where Hyg is the Hankel functions [32]. Let us take x =(a,a),x =(a,-a),%, =(-a,-a),x, =(-a,a)
(a>0). Itis easy to check that
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0y (y;,2)=0,(y;,2) Vi=1...,4, e R" (39)
where y; =(M,0),y, =(-M,0),y;=(0,M),y, =(0,—M). It follows from the theorem 2 that the

points x;, X%, and intensities are determined uniquely in case s=5 (if condition (A) holds and the inten-

sities are constants).

Remark 1. The examples show that the number of minima of the corresponding objective
functionals introduced if we solve the problem (1)—(3) numerically reducing the problem to an optimal
control problem can be large and even can be a manifold.

Remark 2. Relying on asymptotic representations and Theorem 1 in the case of constant values
N; , we can construct a numerical algorithm for finding sources {x;} employing the ideas from the arti-

cle [19]. Some review of the results connected with numerical determining point sources can be found in
the article [33] and some results in [34-37].
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O EAMHCTBEHHOCTU B 3AA0AYAX OMNPEAOENEHUA TOYEYHbIX
MCTOYHUKOB B MATEMATUYECKUX MOAOENAX TEMTOMACCOINEPEHOCA

J1.B. Heycmpoeea
KOzopckuli eocydapcmeeHHbIl yHUsepcumem, 2. XaHmbl-MaHculick, Poccutickass ®edepauusi
E-mail: Starkovalv@mail.ru

Annorarus. B pabore paccMoTpens! 3a1aun 00 OnpeaeeHHH TOYeYHBIX HCTOYHUKOB ISl MaTeMa-
THYECKHX MOJIeNell TeruoMacconepeHoca. B kadecTBe ycioBuil mepeonpenencHust OepyTcsi 3HauCHUS
peuieHus (KOHIIGHTpalMii) B HEKOTOPBIX TOUYKaX JieKaluX BHyTpU obnactu. PaccmarpuBaercst mapabo-
JMYECKOE YpaBHEHHE BTOPOTO MOPSAKA, B MPABOW YacTH KOTOPOTO MPUCYTCTBYET JIMHEIHAs KOMOMHA-
st genbTa-QyHKnui Jupaka o(X—X;) ¢ koaddunmeHtaMu, 3aBUCSIIAME OT BPEMEHH U XapaKTePHU3YIO-
IIMMH MOIITHOCTh MCTOYHHUKOB. PaccMaTpMBarOTCs HECKOJBKO PAa3MYHBIX 337ad, B TOM YHCJE 3a/1a4a
OIpezieNeHNss HHTeHCUBHOCTEH HCTOYHUKOB B CIIydyae, €CIM UX MECTOIOI0KEHHE 3a/IaHO.

B sTOoM cirydae MBI MPUBOJMM TEOpEMY €ANHCTBEHHOCTH PEIICHHH, JOKA3aTeIbCTBO KOTOPOH OCHO-
BaHO Ha Teopeme Pparmena—JIunneneda. Jlanee B MOAEIBHOM CIydae MbI pacCMaTpUBaeM 3agady 00
OJTHOBPEMEHHOM OIIPE/IEIICHHH MOIITHOCTEW UCTOYHUKOB U UX MECTONOJ0KeHHUs. ONUcaHbl yCIOBUS Ha
quciie 3aMepoB (YCIIOBHUIT MepeonpeiesieHnsi), Korja peieHre ONpeaesieTcss eqUHCTBEHHBIM 00pa3oM.
[TpuBeneHBI PUMEPHI, MOKA3bIBAIOIINE TOYHOCTH MTOJIYYEHHBIX pe3ysbTaToB. [IpobiiemMa BO3HUKAET IpH
pelIeHAN IKOJIOTUYECKUX 3ajiad, MPEX/Ie BCETo 3a7ayu ONpeeeH!s] HCTOYHUKOB 3arpsi3HEHUs] B BOJIO-
eMe win arMocdepe. Pe3ynbTaThl BaxKHBI IPH MOCTPOCHUH YUCIICHHBIX aITOPUTMOB PElIeHus 3a1aun. B
JUTEpaType TaKue 3a/1a4d PEIIAlOTCs YHCICHHO C TIOMOIIBIO CBEJCHUS 33/1a4H K 33aJa4e ONTUMAIBHOTO
yIpaBJIeHUs] © MUHIMHU3AIHA COOTBETCTBYIOIIETO 1eNeBOro GyHKInoHana. [IpiMepsl OKa3bIBaloT, 4TO
TaKOW CHoCcO0 pellleHrs] He BCET/Ia KOPPEKTEeH, TTOCKOIBbKY IeNeBON (PYHKIIMOHAT MOXKET UMETh 3HAUU-
TEJIFHOE KOJMYECTBO MUHIMYMOB.

Knrouesvie crosa: mennomacconepeHoc; napaboauyeckoe ypasHeHue; eOUHCMEEeHHOCMb; 00pamHas
3a0aya; moueuHwlll UCTOYHUK.
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TENNONPOBOAHOCTb B OQHOPOOHOM NOJIOCE C IUHENHbLIM
U3MEHEHUEM TOJIWWWHbI NMPU TFPAHUYHbIX YCJITOBUAX
NMEPBOIO POOA

A.B. Psixxckux
BopoHesxckul eocydapcmeeHHbil mexHu4eckul yHusepcumem, 2. BopoHex, Pocculickas ®edepayusi
E-mail: ryazhskihav@bk.ru

AnHoranusa. ITonydeHo To4HOe aHAJMTHYECKOe pelllecHHE B KBaApaTypax
HAYaJIbHO-KPaeBoil 3aJa4M JJIsl HECTAMOHAPHOI0 OJJHOMEPHOI0 YPpABHEHHS Te-
ILUIONPOBOJHOCTH € I'PAHUYHBIMH YCJIOBHAMH IEPBOro pojaa s 0eCKOHEYHOI
M0JIOCHI, IPUYEM OJHA M3 €€ I'PAHMI] ABUKETCH C MOCTOSIHHOH 3aJaHHON CKOPO-
CThbI0, YMEHbIAs TOJIUMHY noaockl. IIpenBapuTebHO HCXOAHAA CHCTEMA ypaB-
HEHHUH IyTeM MCIOJIb30BAHMS ABTOMOJE/IbHON 3aMeHbl NPOCTPAHCTBEHHON Iie-
PeMeHHOM CBeleHa K CUCTeMe ¢ HelOJABMKHOM rpaHuueil, K KOTOPbIi NIPpUMeHeH
METOJ pa3ie/ieHUs 3aBHCHMBbIX NepeMeHHbIX. TpeGoBaHue paBeHCTBA HYJII0 KO-
3¢ ¢uuMeHToB nepex NPOU3BOAHOI NMEPBOro NOPSAKAa M0 ABTOMOJeIbHOI Npoun3-
BOJHOH M OTAEJBbHO BXoAsieil pyHkuued B MOAN(PHUIMPOBAHHOM YPABHCHUH B
YACTHBIX NPOU3BOJHBIX NapadoJH4YecKOro TN MO3BOJIMIIO ONpedeaUTh 00LLYI0
CTPYKTYPY pellleHus, COAep:KAallero HeHM3BeCTHYH (YHKIMIO. JTa (yHKIMA
NpeACTaBJECHA CyNepno3uuMeil AByX NMOTEHIHAJIOB, KOTOPbIe CBSI3aHbI MPOIIOP-
HHOHAJIBHO € MOMOLILI0O ABTOMO/C/IbLHON NMEPEMEHHOM, YTO 1aJI0 BO3MOMKHOCTH
YHPOCTHTL MOAU(DHIUPOBAHHOE YPAaBHCHHE M NPHMCHUTH JUISA €r0 pelleHus
KJIacCHYeCcKoe MHTerpajibHoe cCuHyc-npeoOpa3zoBanue ®ypbe. Pe3yabrarsl pac-
4eTOB NPOJAECMOHCTPHPOBAIH JTHUHAMHKY JIOKAJIBHOT0 NPOQUJIsi TeMIIEPATYPHI 110
M3MCHSAIOLICHCS TOJIIHHE I0JI0ChI ¢ IIOCTOAHHOH CKOPOCTHIO, IPHYeM KHHETHKA
CpPeIHEHHTErpaJIbHOM TeMIIEPATypPhbl MOKA3BIBACT, B OTJMYHE OT CIy4as OTCYT-
CTBHUS IBUKEHUS] TPAHUIBI, HAJTHYHE MAKCUMYMA, CMELIA0IIerocs ¢ pocTOM OT-
HOLICHHUSI CKOPOCTH INepeMelleHUs] TPAHUIbl K CKOPOCTH MepeHoca TemloThl Te-
IJIONPOBO/IHOCTBLIO K HEeNOABMKHOM rpanuue. B npeamnoJioxkeHnu, 4To TOJIHHA
N0JI0CHI SIBJsAETCS MapaMeTpoM, 3aAa4ya B HCXOAHOIi ¢opMyJMpPOBKe pelieHa Me-
TOA0M OJJHOCTOPOHHEr0 MHTerpaJbLHOro npeodpasosanus Jlamjiaca no BpeMeHH.

Knouesvie cnosa: ananumuueckoe pewienue; noioca; napaboauveckoe ypasHe-
HUe; NOOBUIICHAA 2PAHUYA, SPAHUYHbBLE YCII0BUS NEPBO2O POOd.

Beeoenue. 1lpoueccol B reOMETpHUYECKUX 00JACTAX C M3MEHSIOMIMMUCS BO BPEMEHH I'pPaHHLIAMH
peanu3yloTCa B Pa3jMYHBIX MPUIIOKEHUSAX. B pakeTHO-KOCMHUYECKON M aBUAIIMOHHOM TEXHUKE — 3TO
yrpasiieHre (GPOHTOM TOPEHHS B TBEPIOTOILIMBHBIX JIBUTATENSX W MOBbBIICHUE 3PPEeKTUBHOCTH absi-
[IMOHHOM 3aIIUTHI 00TEKATENeH JIETaTeIbHBIX allapaToB B ITIOTHBIX ciosix atMocdepsr [1]. B [2] oTme-
YaeTcsl HEOOXOJUMOCTh Y4eTa TeIIONepeHoca P POCTe KPUCTAIIIOB B (DOPMOBKE 3arOTOBOK MX JKH]I-
KOro Meramia. B XuMHuecKkoil M MUIIEeBON MPOMBIIUIEHHOCTH C MOMOIIBI0 TaKHUX 3aj7ad OIEHUBAETCS
ycymka marepuanos [3]. CoBpeMeHHOE IPUMEHEHHE MOA00HBIX TOCTAHOBOK OTMEYAeTCsl B KpHOMEIU-
ruHe [4]. KpoMe Toro, yuuThIBass MaTeMaTHUECKYIO aHAIOTHIO MeXy 3akoHamu Dypee n duka, 6011b-
1I0¥ MaccHB 3ajiay ¢ MOJBIKHBIMY I'paHHUIIAMH BCTpeYaeTcsl pu IepeHoce Macchl auddysueii [5].

CuctemaTtnzauus 1 GopManu3anys MaTeMaTHYECKUX 3a1ad C JIBIKYIIUMUCS TPAaHULAMU ATl pas-
JIMYHBIX TUIIOB ypaBHEHUH MaTeMaTH4eCKO (hU3MKK ObUIN BBHITIOJIHEHHI B [6], i€ OAHOBPEMEHHO OBLIH
0003Ha4YeHBI OCHOBHBIE TIOAXO/BI K PEIICHHUIO TaKMX 3a/a4. B [7] ObUIH MpeacTaBieHbl OPUTHHAIBHBIC
METO/Ibl aHATUTHYECKOTO PEIICHHs IMPOKOT0 Kilacca mapaboInuecKuX ypaBHEHHUH ¢ pa3iinYHbIMU Ha-
YaJIbHBIMA W T'PaHUYHBIMHM YCJIOBUSIMH C ABIXKYIIMMUCS TpaHulamu. [lanpHeiliee pasBUTHE TaKOro
MOJIX0J1a MPEICTABICHO B [8, 9] B KOHTEKCTE MOTyOrpaHMYEHHBIX 00IacTei.

X B nannoii paboTte, nCnonb3ys U0 Iepexoia K HOBBIM KOOpUHA-
TaM ¢ SJlkoOMaHOM OTJIMYHBIM OT HYJIS, B KOTOPBIX HMCXOJHAs 3ajada

l NUEN bopmyupyercst B 061acTi ¢ QUKCHPOBAHHBIMU I'PAHHUIIAMH, PACCMOT-
AN \
| Y

ho PEHO pellleHHe HEeCTALMOHAPHOI'O YPaBHEHWs TEILIONPOBOJHOCTH C
TPaHUYHBIMH YCJIOBUSIMU NEPBOTO poja Ha HEMOJBMKHOW U JBHXKY-
0 HIercs K Hell o HopMai rpaHuie OECKOHEYHON TOIOCH.

Puc. 1. PacuyeTtHas cxema
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ITocmanoska 3ad0auu. PaccmaTpuBaeTcs OeCKOHEUHAs TOPU3OHTaNbHAs IOJIOCAa BBICOTOH h, u3
OJTHOPOJIHOTO MaTepHalia ¢ M30TPOIMTHONW TeMIIepaTypOIpoOBOTHOCTRI0 d. Hawamo xoopawHat pacroro-
’KEHO Ha HWKHEH nokosieiicsa rpanuie (puc. 1), mogaep:xupaeMoit mpu tremneparype t, . B HadanbHbli
MOMEHT BpEMEHH (TeMIIEPATypa IO BBICOTE MOJIOCHI IOCTOSIHHA U TAKKE paBHA ;) HAYMHAET ABUTATHCS
BEPXHsA TPAHULA, UMEIOLIAs OCTOSHHYIO TEMIEpaTypy 1, 10 HOpMaIK B HANPABICHUH HETOBUKHON

TPaHUIBI CO CKOPOCTHIO L =CONSt. B BEIOpaHHOI CUCTEME KOOPIMHAT MaTeMaTHuecKast (hOpMyTUPOBKa
3aJla4uM TaKOBa:

6t(X,7:) 3 th(x,r) _

o ad .
t(x,0)=t,; 2
t(0,7)=ty; 3
t{h(z),z]=1; 4)
(I71s1 OIpeIeNIeHHOCTH MyCTh t) > 1)
h(z’)zho—ur, 5)

rjie 7 — Bpems; X — KOOpAUHATa; t(X, r) — JIOKaJIbHas TeMmrepaTypa B nojoce. [locne BBeneHus 6e3pas-
MEPHBIX 3aBUCUMBIX W HE3aBUCHMBIX IEPEMEHHBIX
0=ra/tg, X =x/hy, T(X,0)=[t(x1)—1, /(4 —15), H(8)=h(z)/hy =1-a0, A=vhy/a
cucrema (1)—(5) mpumet BUI
aT(X,0) 0°T(X,6)

00 X2 ©
T(X,0)=0; ()
T(0,0)=0; ©)

T[H(0).0]=1; ©
H(0)=1-A9. (10)

Pewenue. Cyienan nepexo oT cucteMsl koopzuHar ( X,60) K HOBOIi aBTOMOJEIBHOI CHCTEME KO-
opauHar (&,7) 10 IpaBmIiy
E=1-A9, n=0. (11)
3TOT mepexo]i B3aMMOOTHO3HAYEH BBUJY HEPABEHCTBA HYIIO SlkoOuaHa, mpuyeM 3aBUCHMAsi UCKOMAs
¢dbyHKIIS Oy et

Q&n)=T[X(&m).0(¢m)], (12)

OTHOCHTEIHLHO KOTOpo# cuctema (6)—(10) 3amumiercs ciieyomnmm oopazom:

2 0Q(S.1) Q&) 9°Q(Sm)
(1= ) = A (1 ) = 2 = S (13)
Q(£,0)=0; (14)
Q(0,7)=0; (15)
Q(l,n) =1. (16)
[IpencraBuM (GYHKIIHIO B BUJIE MPOU3BEACHUS ABYX (DYHKIIHUH
Q(&m)=a(&mW (&.7). (7)
ITocne noncranosku (17) B (13) umeem
2
o PEDEHEI ) iz, oo
rue
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2 aa(&.m)
M (&,7) = —AE(1- 19
(&) =—As (= An)+ s o (19)
1 oq(&m) d%a(&m) oq(&.m)
N(&,nm)= —AL(1- —(1- — . 20
&) Q(é,n){ MUA) e e UM )
Bribepem q(§,77) Tak, 4To061 M (§ ,77) =0. DToMy ycIOBHUIO YAOBIETBOPSET QYyHKIUS
a(&n)= C(n)eXpEAéz (1—A77)} , (21)
rae C (77) — HeusBecTHas (PyHKIUs, KoTopas onpezaeneHa u3 (20) takum oO6pazom, 4todsr N (5,77) =0,
TOTaa
C(n)=Y1-4n. (22)
Takum obpazom, u3 (17) u (21), (22) cnenyer
_W (5,77) 1,20, }
Q(i,n)——\/l_:AneXpL Az (- ) |,
otkyaa nocie noacranoBkn Q(&,7) B (13)~(16) ona panchopmupyercs B cucremy wist W (£,77)
_ 2 oW (5’17) _ 62W(§,77) . 23
R @)
W(rf,O):O; (24)
W (0,7)=0; (25)
W (Ly)=I=A7 Anexp{—%A(l— An)} . (26)
Hanee BBeZieM BCIIOMOTaTeNbHYIO (DYHKINIO
V(&n)=W(&n)-U(&n), (27)
YTO TIO3BOJISIET MPEACTABUTH (23) Kak
e[ v(En) aU(En)] oV (&n) dU(En)
(1= 4] { on  on | a2 | a2 (28)
a cTpyKTypa ycioBuii (24)—(26) onpenenser CBsi3b
U(&m)=EW (L), (29)
noaromy u3 (24)—(26) u (28), (29) cnenyer cucrema ans onpeeneHus V (éj , 77)
e V(En) V(&)
=My =5, == 2
1 2 1 A A .
_EgA(l—Aq) (— 7 +E 1—A77Jexp{—z(l—Ai7)] (30)
V(£,0)= —gexp(—ZAj ; (31)
V(0,7)=0; (32)
V(L7)=0. (33)

K cucreme (30)—(33) npumeneHno uHTerpasibHoe cunyc-Oypbe npeodpazosanue [10] mo nepemen-
HOH &
1

O(2.m)= [V (£.7)sin(4,E)dE,

0

46 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2022, vol. 14, no. 2, pp. 44-50



Psikckux A.B. TennonpoeodHocmb 8 0OHOPOOHOU MoJioce C IUHeUHbIM U3MeHeHUeM
MonuwuHbI NPU 2PaHUYHbIX yCI108USIX Nepeo2o poda

rae A, =zn, n =1,00, koTopoe cucremy (30)—(33) nmepeBout B 3agauy Kormmu:

d , 2
(ij’;" ’7)+(1_ﬂ“;\77)2c1>(1n,77)=l=(f7); (34)
Cos A,
®(4,,0)= 7 ex p(—zj (35)

TIe

F ()= Acosin{ 1 2 AnJexp{—ZA(l—An)}.

Pemrenne (34)—(35) ecth
o
O (/. 17) =eXp| ————— |

A(1- Ay)
cosk, [ A AT A2
1T exp( 7 2]+JF exp[—A(l_An)z}dn . (36)
Opurunain (36)
=2> ®(4,,17)sin(4,€). 37)
n=1

s (12), (17), (26), (27), (37) cneayer okon4atenbHoe pemerue 3aaaqn (6)—(10)

T(X,0) {ﬁw (L6)+ 22@(/1,1,9)x sin(iﬂigﬂ \/1_1=A6exp|:% A(li(—;)} . (38)

KOTOpOE KOppekTHO mpu & <1/A.

Ananus3. Pacuersl mokas3pBaloT, uto npu A=0 (rpaHuLa HE ABMXKETCS) U3MEHEHUE PO(UIS TeM-
nepaTypsl (puc. 2) COOTBETCTBYET U3BECTHHIM pe3ynbraram [11]. B cimygae A>0 (puc. 3) momyueHHbIE
pe3yIbTaThl OTPAKAIOT (U3NIECKYI0 KapTHHY Pa3IHYHBIX IMPOLECCOB [6], mpudeM TpH HU3MEHEHUH
CpeAHEUHTErpAIbHON TeMIIepaTyphl B IMOJI0ce HAOMI01aeTCsi MAaKCUMYM, KOTOPBIH C pocToM A cMeliaeT-
Csl K HETIOJIBIKHOM Tpanwuiie (puc. 4).

B mpenmonoxeHuM, 9TO TONIIMHA TIOJOCHI SBISIETCS MApaMeTpPOM, pelleHUe 3aJa4d B MCXOJHOU
(hOpMyJIMPOBKE C MOMOIIBI0 METO/Ia OJHOCTOPOHHETO peoOpa3opanus Jlarmiaca no € [12] npeacrasie-
Ha B BUJIE:

X 2
- T(X’Q)ZH(0)+H(0)X
S eel-4i0).

H(6)=1-A0; ,un—ﬁn/H(Q) n=10,
" X <H(0).

IIpaBoMepHOCTH Takoro npuema rnokaszana B [13].
3aknwyenue. CBeneHue 3aaud MEPEHOCA Tell-
JIOTHI TEIUIONPOBOIHOCTBHIO B OECKOHEUHOH IoJIoce ¢
nepeMeIeHHeM TI0 HOPMaJld OJIHOW W3 TPaHHMIl K Jpy-
TOH € MOCTOSIHHOW CKOPOCTBIO K 3a7iaye C HEeTOABHXK-
1 HBIMHU I'PaHHLIAMH C TOMOIIBIO aBTOMOJIEJIEHOTO TIpe-
0 ; , \ assassanll 00pa3oBaHMs KOOPAMHAT TIO3BOJISAET IOJIYYUTH e€e

0 02 0.4 0.6 0.8 1
X TOYHOC aHAIIMTHYCCKOC PCIICHUC B KBaApaTypax.

0.4+

Puc. 2. U3meHeHne nokanbHOM TemnepaTyphbl NO Bbl-
cote nonocki npu A=0 AnA pasnuuHbIx 6 :
1-10°2-0,2,3-0,4, 4-0,6;5-0,8
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0 01 02 03 04 03 06
8
Puc. 3. U3ameHeHMe npochuna Temnepatypbl No BbicoTe Puc. 4. U3ameHeHue cpegHenHTerpanbLHOW TemnepaTtypbl B
nonockl npu A=1 npu pasnuuneix 6 :1-10>;2-0,2; 3 - nonoce npu pasnuuibix A:1-0;2-0,5;3-1,0;4-1,5
0,4;,4-06;5-0,8
® — NpUbNMXKeHHoe NapameTpuyecKkoe pelieHue
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THERMAL CONDUCTIVITY IN A HOMOGENEOUS STRIP WITH A LINEAR
CHANGE IN THICKNESS UNDER BOUNDARY CONDITIONS OF THE FIRST KIND

A.V. Ryazhskikh
Voronezh State Technical University, Voronezh, Russian Federation
E-mail: ryazhskihav@bk.ru

Abstract. An accurate analytical solution has been obtained in quadratures of the initial boundary
value problem for one-dimensional unsteady-state heat-transfer equation with boundary conditions of
the first kind for an endless strip, while one of its boundaries is moving at a constant preset speed de-
creasing the strip thickness. Preliminarily, through the self-similar change of the spatial variable, the
initial system of equations has been reduced to a fixed boundary system, to which the method of parti-
tioning of dependent variables has been applied. The requirement that the coefficients before the first-
order derivative must be equal to zero for the self-similar derivative and separately included function in
a modified equation in partial derivative of parabolic type has allowed to determine the general structure
of the solution containing an unknown function. This function is presented as a superposition of two po-
tentials, which are proportionally connected using the self-similar derivative, what has made it possible
to simplify the modified equation and to apply the classical Fourier sine integral transformation for its
solution. The computation results has shown the dynamics of the local temperature profile along the
changing strip thickness at a constant speed, while the kinetics of the average integral temperature shows
(unlike with the case of absence of boundary movement) the presence of the maximum that shifts with
the growth of the ratio of the boundary movement speed to the heat transfer speed by the conductivity to
the fixed boundary. This is explained by the intensive heating up of the strip material in the conditions
of the decreasing of its thickness; meanwhile, with the increase in the boundary movement speed (or
with the use of material with reduced thermal conductivity), it approaches the fixed boundary. By as-
suming that the strip thickness is a parameter, the problem in the initial wording is solved using the
method of the one-sided Laplace integral time transformation. This solution, when using the linear de-
pendence of parameter on time, correlates with the obtained accurate solution, and therefore it can be
used for the preliminary evaluation of the required characteristics of a process under consideration.

Keywords: analytical solution; strip; parabolic equation; movable boundary; boundary conditions
of the first kind.
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3AOAYA HEAMAHA ONA HENOKAJIbHOIo
BUTAPMOHUYECKOI'O YPABHEHUA

B.X. Typmemoe®, B.B. Kapayuk®

! MexdyHapOoOHbIl KazaxcKo-mypeukul yHusepcumem umeHu A. Scasu, e. Typkecmar,

Pecnybnuka KazaxcmaH

E-mail: batirkhan.turmetov@ayu.edu.kz
2 FOxHO- Ypanbckuli 2ocydapcmeeHHbIl yHUsepcumem, 2. YensbuHck, Pocculickass ®edepauusi
E-mail: karachik@susu.ru

AnHoTanus. Mccaenyrores ycJOBHS pPa3spelIMMOCTH OJHOIO KJjacca Kpae-
BBIX 32124 /ISl HEJIOKAJTBHOT0 OUTAaPMOHHUYECKOI0 YPABHEHUS B ¢IMHUYHOM I a-
pe ¢ ycanosusamu Heiimana Ha rpanuue. HerokaJlbHOCTH YPaBHEHMS NOPOXKIAeT-
¢l HEKOTOpOii OpTOroHaJibHO Marpuueil. McciaenoBaHbl cyuiecTBOBaHUE U
C¢IMHCTBEHHOCTh pelleHus MocTaBieHHOl 3agauyn HeliMana ¥ moJiydYeHO MHTe-
rpajbHoOe NpeAcTaBIeHHe pelieHus Yepe3 pynkumio I'puna 3agauu Jupuxie 1is
OMrapMOHHMYECKOr0 YPAaBHCHHs B ¢JUHHMYHOM LIape.

CHayajia yCTaHABJIMBAKOTCH HEKOTOPbIE BCIIOMOraTeJbHbIC YTBEPHKICHHA:
npuBoauTcs ¢pynkuus I'puna 3anaun Jupuxie 118 OHrapMOHHYECKOIr0 YpaBHe-
HHMSl B €JUHMYHOM LIAape, BBINUCHIBAETCS NMpeACTaB/IeHHe pelleHus 3aaa4u {u-
puxie 4yepe3 3Ty pynknuio I'puHa, HaxXoaATCS 3HAYEHUsA MHTErPaIoB OT (pyHK-
1Mii, BO3MYIIIECHHBIX OPTOrOHAJLHOII MaTpuleii. 3aTeM J0Ka3bIBaeTcsl TeopeMa 0
NpeACTABJICHUH PellleHns BCIoMoraTeabHoil 3agaun Jupuxiie 1l HeJIOKAJIbHO-
ro OMrapMOHMYeCKOro ypaBHEHHMsl B eJIMHU4YHOM Iuape. PemeHue 3To¥ 3amaun
BbINMCBHIBAETCSl € HCNOJb30BaHueM ¢QyHkuum I'puna 3amaum Jdupuxie pas
00BLIYHOI0 OMrapMOHU4YeCKOro ypasHenusi. [IpuBoauTcsi npuMep pelieHust mMpo-
CTOM 32/1a4M ISl HeJIOKAJILHOI0 OMrapMoHMYeckoro ypapuenus. [lanee cpopmy-
JIMPOBAHA TeopeMa 0 HeOOXOAMMBIX M JOCTATOYHBIX YCIOBHAX Pa3pemIMMOCTH
3agaun HeilimaHa Jj18 HeJIOKAJIBLHOIO0 OUIapMOHMYeCKOro ypaBHeHusi. Jloka3za-
TeJIbCTBO OCHOBHOI TeOpeMbl ONMPAETCH HA JBE JEMMbI, C IOMOIILI0 KOTOPBIX
yaaercs npeo0pa3oBaTh ycJ0BHs pa3pemiuMocTH 3aaauu HelimaHna k 6osee nmpo-
cromy Buay. Pemenne 3agaun Heilimana npeacrasiasieTcsl yepe3 pelieHue BCIO-
MorareJbHoil 3aga4yu Jupuxiie.

Knouesvie cnosa: nernoxanvuwlii onepamop, 3adaya Heimana, dueapmonuuecxoe
ypasHeHue,; ycr08us paspewiumocmu; Gyukyua I puna.

BBenenue. KpaeBble 1 HawyanbHO-KpaeBble 3aJauyd ISl HEJOKAJIBHBIX aHAJIOTOB KJIACCHYECKUX
YpaBHEHHUH UCCIIEIOBATUCH B paboTax [1—6]. MHOro4YncIeHHbIE TPUIOKEHHSI HEIOKAIBHBIX YPaBHEHHIA
1 HEJIOKAJIbHBIX KPAeBBIX 3a]1a4 Ul SJUTMITHYECKUX YPAaBHEHUH K 3a1a4aM (U3UKH, TEXHUKU U JPYTHX
oTpacieil Hayku onmcansl B [7, 8]. KpaeBbie 3aaun Ajis SJUIMNITUYECKUX YPaBHEHUI BTOPOTO U YETBEP-
TOr0 MOPSJKA C MHBOJIOLMEN KAaK YacTHbIE CIy4yau HEJIOKaJbHBIX 3aJa4 paccMmaTpuBaroTcs B [9-13]. B
pabote [14] uccnenoBanack 3amada Jupuxie i MOIUTapMOHWYECKOro ypaBHeHUs. [laHHas pabota
MIPOJIOJDKAET 3TH UCCIIEAOBAHUS.

Hycte Q={xeR":|x|<1} — exunnunsii map B R", n>2,a 0Q={xeR":|x|=1} — exunnunas

o T o
chepa u S — neicTBUTENbHAS OPTOrOHANBHAS MaTpula SS° = E, as KOoTopoii cymiecTByeT HaTypaib-

noe umcno | e N Taxoe, uto S' =E.
Mpumep 1. I[Tycth kaka0My X € ) COOTBETCTBYET TOUKa SX =—X. B aToM cinywae S =—E. fcHo,

yro S-S =-E(-E)=E

5 SZZE.3Ha‘-II/IT, 1=2.

PaccmoTpuM HenokanbHBIH OUrapMoOHUYECKU T depeHInaNbHBINA OnepaTop

Lu(x) = leakAzu(Sk‘lx),
=)

rae a,8,...,8 — HeKoTopble nelcTBuTensHble yncna u | e N . Mcenenyem B Q cnenyromyto 3anady.

3apaua Heiimana. Haiitu pynxumo U(X) € C*(Q) N C2(Q), ya0BIeTBOPSIOLIYIO CIIEAYIOLIAM YC-

JIOBUSM:
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Lu(x)=f(x),xeQ 1)
u| 0,0, 82u(x)

oV |xn

=0,(x), 2

o0
IJIe V — BHEIIHASA eIUHIYHAsS HOPMaJb K O .

BcnomoraTebHble yTBepsKIeHUsl. J[J1s HCCIeI0BaHUs TOCTABICHHO BBIIIC 3aa4l HaM MOHA 10~
OsITCS HEKOTOPBIC BCIIOMOTATEIbHBIC YTBEPIKACHUS.

Hapsiny ¢ 3amaueti (1), (2) paccMoTpuM Takxke BcioMoraTenbHyro 3anaqy (1), (3)

a“‘x) — 6,9, ®3)
oQ

27 27k

[ycts 4 =€ ! — npumuTnBHSBIA KOpeHs | -if creneny u3 equHuubI U A =€ | = /11k . O6o3HauUM

|

-1

ﬂk—alﬂo +. +al/11 1_Zaq q—l_zaqﬂkq .
=)

()0, = 9o (),

IIycts
14 1
=) —5— 4)
T k:MkJ 1ﬂk
npu j=12,...,1. BBegem omeparops
| [ [
V() =D al V() =2 av(S %), I v(x) =2 V(s X). (5)
k=1 k=1 k=1
B pabote [15] Ob110 OmIpeeneHo aneMeHTapHoe pellieHne ONrapMOHIHYECKOTO YPaBHEHUS
;u—gr‘—”, n>4,n=3
2(n—2)(n—4)
1
E,(x,&) = —Zlnlx—él, n=4 : (6)
PR
%(Inlx—fl—l), n=2
Y JIOKa3aHo, 4TO ipy N >3 QyHKIUA BUIA
X X |2 1| £ |2 ~1_/x
Ga(x.8)=Ey(08) ~E4 (= 1x1€)-! E(1x1€) 7)

e E(x,&)=|x—&P™ /(n—2), sBusercs (byHKuI/Ieﬁ FpHHa 3a1a49u I[HpI/IXJIe JUT OUTapMOHUYECKOTO
YpaBHEHUS B €JMHAYHOM I1ape. 3aTteM B paboTax [16, 17] ycraHOBIEHO cieaytoliee YTBEpKIeHHe.

Teopema 1. Ilycts ¢ € C2*(08), Q€ c*¢(@S) u f eC(S), Torma pemenue 3axaun Jupuxie
TSt 6HrapM0HquCKoro ypaBHeHm{ npu N>4 i N =3 MOXHO MPEICTaBUTh B BUIC

U(X)—a)— go(f) A £Ga(x,8)ds; — a)_nJ.anl(éz)Ach4(x’§)ds§ +a)inJ.QG4(X’§)f(§)d§’

rae @, — IUo@aab eANHIYHON cephl B R".
Jlayiee HaM MOHAIOOUTCS €IIe CIICAYIOIIECe YTBEPIKICHHE.
Jlemma 1 [5]. ITycts pyrkmms ¢(X) menpepsiBaa Ha 0Q wiam Q. Torma ms moboro Kk e N

k _ k —
[ 96 Vds, =] _g(y)ds,, [ g(s*y)dy=]_ a(y)dy.
JlokaykeM BCTIOMOTaTeNbHYIO TEOPEMY CYIIECTBOBaHMA AJis pemenus 3anaun (1), (2).
Teopema 2. Ilycts ko3 duIKEHTHI {ak k=1..., I} omepatopa L Takue, uro g4 #0 npu
k=1...,1 u g, eC* (a0, 0, € Ct*(@Q) u f eCYQ). Torma pemenne 3axaun Jupuxie (1), (3)
CYIIECTBYET H €JIMHCTBEHHO U MOXKET OBITh MPEJICTABIICHO B BUJIC
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Typmemoe B.X., 3adaya HelimaHa Osist HesloKalbHO20 6U2apPMOHUYECKO20 ypaeHeHUs!
Kapa4duk B.B.

1 0
000 =] 00(O) 5 886, )05 -
P QIS CEEEE G PRI ®)

rae onepatop J, ompezeineH B (5).
Hokazamenvcmeo. O603na4unm V(X) = I, u(x) . B [14] noka3ano, uro u(x)=J, vV(X) . B cumy nemmsl

4 n3 [14] o koMMyTaTUBHOCTHU onepaTopoB |lg u A, | 1 A, yduTsIBas paBEHCTBO ;u lao=AU |30
1%
3agauy (1), (3) MOxHO TepenucaTh B BUAC
AN(X) = F(),XeQ V|og=1,00(s), AU =1, 0,(5).5 €02 . 9)

Slcro, uto gy € C?*(0Q) = 1,9, €C?*(6QY), g, €C**(6Q) = 1,9, €C*(6Q), u 3maunur, pe-

menne 3anaun dupuxie (9) cymecTByeT U eAMHCTBEHHO. B cuiy Teopemsl 1 3TO peleHue MOXKHO
MPEACTaBUTH B BUJC

1 1 1
vixX)=—1 | AAG,(X,E)ds. —| | AG,(X,E)ds. +— | G,(x,E) T (E)AE.
(%) wnjm L90(E)AAGy(x,&)ds; wnfm L91(£)A Gy (X, &) ds; wan NCSHGELE
IIpumensist onepatop J; K o0enM YacTsAM PaBEeHCTBA M yUHMTHIBas mpu 3ToM U(X) =J, V(X) , momy-

YUM

U0 =3, [ 1L (DAL Gy (x,£) o, -

1 1
gt [ 10 (E)AG,(x,H)ds, o [RACHGLEE (10)
B nonydeHHOM BBIpaXeHHH MpeoOpaszyeM cHadvana MocieAHuid uHTerpai. HetpyaHo BUAETh, YTO
|SkX—Sk§|=|Sk(X—§) |9 x—¢&|, a 3HAUUT, B COOTBETCTBHU C E4(SkX,Sk§)=E4(X,§) U, Clie/ioBa-
TeNbHO, yunThiBas (7), Haiinem G, (Skx, Skf) =G, (x,&) . Hanee B cuty neMmsl |
g [, Ga O F()dE = [ _Gy(S*x,SK F(S*)de = Gy(x DI f(£)dE

[Toaromy cornacHo dopmye (5)

|

1[G OO dE=Y s [ Ga(x O F (O dE=[ Gy(x. &I F(&)deE
k=1
AHaNOruyHo 1Mo JemMme 1 monyuanm
. 0 . 0
I 90(5)5%64()@5) ds; = aQJLgo(f)EAgGAX-ﬁ)ng
I G(OAG,(x,&)ds; = [ I G1(EAG,(x,)ds;.

Takum oOpazom, pemienue U(X) u3 (10) MOKHO mepenHcarts B BUIE

L A ACIXEENCOLES

I GOAG (e s [ Gy (1 DI, (D (12)

B cuny dopmya (5) u u(x) =J V(X) Bepusr pasenctea  §;(5) =1,;($), 9i(5)=J.6;(£), u3 xo-
Topsix ciexyet, uto J, 1, ;(£) =09;($) npu i=12 nna nponsBombHON QyHkimu g; (&) Ha 0Q . Ilo-
stomy (11) mpeobpazoBreiBaercs k (8). Teopema jpokaszaHa.

Caeacrsue. Ilycts Vy(X) u Vj(X) — rapmonndeckue B Q ¢yHKIuM Takue, 9o Vo(X)|;0=0, u

Vi (X) |;o= 9 , Torma pemenue 3axaun Jupuxie (1), (3) MOXKHO 3amucarh B BUIE
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2 W2
Ao 00+ [ 6,053, (e

[omyuenHas Gpopmyia cienyer U3 TeopeMbl 2 U U3 MPEJICTABICHUS pellieHus 3aiauu Jupuxie st
OTHOPOJHOTO OUTapPMOHUYECKOTO YPaBHEHHS

u(x) =vp (x) + =X

AU (X)=0,X QY U |pn= go(s) |aQ g,(s), s€dQ

B opme
_ L P L
U (X) = Vo (X) + Vo(X) vi(x),
nosyueHHou B [18].
Mpumep 2. [lycte S — cuMMeTpUYHas MaTpHUIla Takas, 4YTO S2=E u, 3naunr, | =2. 3anaua (D),
(2) mpumeT BUA
a,A2U(X) +3,A2U(SX) = F (X),XeQ; U= 90(5). |aQ g,(s), s € Q. (12)
Boromciyuae | =2, 4, =e" =—1, L, =e?" =1, yy=a —a,, y=a,+a, u
& & 2.2
A= , detA=yy-u, =a7 —a5.
( a, alj My =d —d

[lyctb al2 — a§ 0 a1 # +a2 ITo popmyne (4) Haiimem

1 1) 1 1 1 a,
- z —+—|== + ==
klﬂk/lk 2 M 2 q—a Ht+ta ) a —a

33t

1 1) 1 1 1 ~a,
P i + 2 .2

a, f () —a,f (SX)
2 2 :

a —a
B COOTBETCTBHUHU CO CICACTBUEM pe]l[eHI/Ie 3aa4u (12) MOXECT 6BITB 3aIlIMCaHO B BHUJIC

2
| IAVO(X)_ —[ X lvl(X)+—j G, (x g)alf(f) azf(sg)

1~ 2
CymecrBoBanue pemennsi 3a1aun Helimana. B aTom paszene uccienyem CymiecTBOBaHHE pellle-
Hus 3agaun Heiimana (1), (2). Ilycts G4 (X,y) — dynkmus I'puna (7) xnaccuueckoit 3agaun Jupuxie

M, 3HAYUT,

J f=c f(x)+c,f(Sx) =

u(x) =v0(x)+1_

JUTsE OUrapMOHUYECKOTO YPaBHEHUS B €IMHUYHOM IlIape. 3aMeTHM, YTO ABHBIN Bua QyHKImK ['puHa 3a-
nmaun Heiimana juist ypaBHeHus Jlamjaca B €IMHUYHOM IIape B ciiyuae N=2 W N=3 NPUBOJUTCH B
yueOHHKAX M0 YPaBHEHUSIM B YACTHBIX MPOM3BOHBIX, & B ClIyyae pa3MepHOCTH N >4 OHa MOCTpOeHA B
paborax [19, 20].

Teopema 3. [Ilyctp koddduimeHTs {ak k=1..., I} omeparopa L  Takme, dro
e =+ . +a A 20, mpu k=1...,1 u f eC3(Q), go(x) eC**(8Q), g,(x) eC**(6Q2), £>0.
Jns pazpemmmoctu 3amaqi (1), (3) He0OXOAMMO U TOCTATOYHO CIIEIYIOIIEe YCIOBUE

2 p—
.[aQ(QO(X)_g1(X))dSX +yijﬁl x|” -1
|

Ecim peuieHue 3aaa4u CyHCCTBYET, TO OHO €AUMHCTBCHHO C TOYHOCTBHIO O IMOCTOSIHHBIX U MOXKCT
OBITh mpeaACTaBJICHO B BUAC

f(x)dx =0. (13)

u(x) = J.;W(tx)$, (14)

rac
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WO = 90(O) 5 88 (), —

_a)inj.ag(go(f) +01(5))A:Gq (X, 5) ds; +a)inJ.QG4 (X)L (A+aTe)de, (3

u onepatop J, omperneneH B (5), a dynkimsa G, (X, &) B (7).
lloxazamenvcmeo. CHadanga gokasbIBaeTcs, 4To perieHue 3amaqu (1), (3) mpencrasmseTcs B BUAC
(14), (15) npu ycnoun, uto W(0) =0. 3arem, Ha ocHOBaHMH paboThI [20], yCTaHABIHUBAETCS, YTO

W) =W () + [ Gu (% (A, + 43, T(£)dE,
wn

rac
2
—1x]

2
W (%) =V (x) + ¥ Avy ) - X ),

2
a Vg(x) u v;(X) — rapMonrmdeckue B QO GyHKIuH Takue, 910 Vo(X) |;o=0o 1 V;(X) |,(n=0,+ 0, .

Jlemma 2. OGiee pemenue ypaBaenus (A +4)v(X) =0 umeer Bux
v(x) =C(In(xy / %),....In(x, / %)) %7+,
rae C(z,,...,7,) — npousBoibHas quddepeHnupyemas QpyHKIUSL.
Ha ocnHoBanmm ieMMsl 2 noka3siBaercs, 4ro ycnosue paspemumoctd W(0) =0 sBisiercst HeoOxo-

JTUMBIM B TOCTaTOYHBIM YCIIOBUEM pa3pemmmMocTy 3anaun Heiimana (1), (2).
Jlemma 3. [Ipu N >3 cnpaBeiuBO paBEHCTBO

: 1-¢P;
[e0am+af(@de=] = -f(&)de,

rae G,(x,&) — dynkuus I'puna 3agaun Aupuxiie i OMrapMOHUYECKOTo ypaBHEHus B mape (7).
C momornrpio JeMMbl 3 ycioBue paspemumoctd 3anadn Heiimana W(0) =0 mpuBoaurcst K BHIY

(13). Teopema nokazana.

Hccneoosanue 6binonneHo npu noooepicke epanmosoco gunancuposanus Komumema nayku Mu-
Hucmepcmea obpazoeanusi u Hayku Pecnybonuxu Kazaxcman 6 pamkax Hayumoz20 npoexma
Ne AP08855810 u punancosoii noodepocke Ilpasumenvcmea P® (Ilocmanosnenue Ne 211 om
16.03.2013 2.), coenawenue Ne 02.403.21.0011.
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The solvability conditions for a class of boundary value problems for a nonlocal biharmonic equa-
tion in the unit ball with the Neumann conditions on the boundary are studied. The nonlocality of the
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equation is generated by some orthogonal matrix. The presence and uniqueness of a solution to the pro-
posed Neumann boundary condition is examined, and an integral representation of the solution to the
Dirichlet problem in terms of the Green's function for the biharmonic equation in the unit ball is ob-
tained.

First, some auxiliary statements are established: the Green's function of the Dirichlet problem for
the biharmonic equation in the unit ball is given, the representation of the solution to the Dirichlet prob-
lem in terms of this Green's function is written, and the values of the integrals of the functions perturbed
by the orthogonal matrix are found. Then a theorem for the solution to the auxiliary Dirichlet problem
for a nonlocal biharmonic equation in the unit ball is proved. The solution to this problem is written us-
ing the Green's function of the Dirichlet problem for the regular biharmonic equation. An example of
solving a simple problem for a nonlocal biharmonic equation is given. Next, we formulate a theorem on
necessary and sufficient conditions for the solvability of the Neumann boundary condition for a nonlocal
biharmonic equation. The main theorem is proved based on two lemmas, with the help of which it is
possible to transform the solvability conditions of the Neumann boundary condition to a simpler form.
The solution to the Neumann boundary condition is presented through the solution to the auxiliary
Dirichlet problem.

Keywords: nonlocal operator; the Neumann boundary condition; biharmonic equation; solvability
conditions; Green's function.
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MOOENMPOBAHUE KI?I/IBOJ'II/IHEVIHbIX NMOBEPXHOCTEW
B SAJAYAX TA30BOU OUHAMUKU

A.4. 3apunoea, O.M. Koearnee
tOxHO-Ypanbsckuti 2ocydapcmeeHHbIl yHUsepcumem, 2. HenabuHck, Pocculickas ®edepayus
E-mail: kovalevym@susu.ru

Annoranus. IlpeacrasiieH cnocod 3ajaHus HAYAJIBHBIX YCJOBHI HA TPaHHU-
Iie Te1a NPOM3BOJILHOM (POPMBI HA MPSIMOYTOJILHOI ceTke. B kadyecTBe paccmaTt-
puBaeMoro tejia BeiOpan cepnyeckuii 00beM €KaTOro raza, 06pa3oBapmuiicsi B
pe3yJbTaTe B3pbIBA HA/l MOBePXHOCTHIO 3emin. Tak Kak siueli KM pacuyeTHOMH ceT-
KH NPSIMOYTOJIbHbIe, 2 KOHTYP KPHUBOJIMHEHHBIN, TO JJIA 3aaHHUA YCJIOBHH Ha
TpaHule UCNOAb3YIOTcs APOo0HbIe sueliku. JlaBiaeHHe U IMJIOTHOCTh BHYTPH ce-
PbI M3BECTHBI M pacnpeejieHbl pABHOMEPHO Mo BceMy 00bemy. Ilapamerpnl Ha
rpaHMIe TeJa MpeAaraercsi pacCYUThIBATh NMPONOPLHUOHAIBHO 00beMy, KOTO-
Pblii 3aHMMAaeT TeJIO B KaXKI0# siueiike, yepe3 KOTOPYIO NPOXOAUT KOHTYP. Takoi
00beM MOKeT ObITh Haii/leH HHTerPHPOBaHUEM M0 00JIACTH, 0TCeKaeMOii KPUBOM
OT NPSIMOYIOJIbHOH siveiiku ceTku. TecTupoBaHMe ajJropuTMa NpPOBOAMJIOCH HA
YHCIeHHOM PellleHHH 3aJa4Yd 0 pa3jere MIapa B YHCTOM ra3e MeTOA0OM KPYMHBIX
yactul. I'pannna mapa siBjasieTcsi KOHTAKTHBIM Pa3pbIBOM, I03TOMY /1JIsl A€MOH-
cTpanuu padoThl MeTOJa NpHBeAeHbI IPa(guKH M010KeHUs] W30JIUHMI TVIOTHO-
CTH B Npolecce pacliupeHun cepbl. Pe3y1bTaThl pacueToB Noka3ajiu, YTo ONH-
CAHHBII MeXaHH3M ofecreyHBaeT cOXpaHeHHe c(hepuueCcKoi rPaHHMIBI B IpoLec-
ce cyeTa: OTKJIOHEHHe OT 3HAYeHWH, YI0BJeTBOPSIOIMX YPABHEHHIO OKPYKHO-
cTH, cocTaBuI0 MeHee 1 %.

Kniouegvie cnosa: mamemamuueckoe moodenuposanue; 2a300UHAMUKA; SPAHUY-
Hble YCa08Usl; OpoOHble AYelKU.

Beenenue

B 3agauax razogMHaMHKH BaKHYIO POJIb UTPAET CHOCO0 3a/laHHs PacdeTHOW OOJIACTH, TaK KakK OT
3TOTO 3aBUCHUT CKOPOCTh U TOYHOCTH BBIYMCICHUH. PeabHbIe 3ajau 3a4acTyl0 CBA3aHBI ¢ OOTEKaHHEM
TeJ MPOU3BOJIBHON (POPMBI, UTO JeNaeT MpoLecc IMOCTPOSHHUs CeTKH HETPUBUAIBLHON 3aaadeil. B sTom
cilydae KPUBOJIMHEHWHBIH KOHTYp MEpPECeKaeT PacueTHYIO CETKY, HEe COBMajasi C TPaHULIAMH LIEJIbIX sSde-
€K, TIO3TOMY JUISI OIIMCAHUS HauyalbHBIX YCJIOBHI Ha TPaHUIIE BBOAATCS APOOHBIE STUESHUKH.

3agaHue rpaHUYHBIX YCIOBHH [UIS TEJ MPOU3BOJILHON (DOPMBI MPENCTABISET 3HAYUTENbHYIO CIIOXK-
HOCTb, IIOATOMY HCCIIEOBaHUS B JAHHOM HAaIpPaBJICHHH aKTyajJbHbl Ha CETOAHAIIHUM AeHb. Tak, Ha-
npuMep, B HEKOTOpBIX pabdorax [1, 2] mpuBomsTcs pacueTHble GopMymbl At APOOHBIX sYeeK, HO Oe3
MTOCTAaHOBKM T'PAaHUYHBIX YCIIOBHM, 32 MCKIIOUEHHEM IPOCTOrO Ciydas NPSAMOJIMHEHHOW rpaHuUIsl. B
npyrux pabortax [3, 4] BOMM3M KPUBOJIWHEHHON TpaHUIIBI Tela BBOJUTCS JIOKAIbHAS OPTOTOHAIBHAS
CHUCTEeMa KOOpJMHAT, HAPaBJIEHUE OCEW KOTOPOUM HE COBMAJAET C OCHOBHOM NMPAMOYTOJIbBHOW CUCTEMOM
KOOpJMHAT, — TaKas MpOLEAypa YCIOKHSAET allTOPUTM M BBI3BIBAET TPYIHOCTH JJISL TEJI CIOXHOW KOH-
¢urypanuu.

[Moaxon, ucnonb3yemblii B pabote [5], He TpeOyeT BBeJCHUS y TIOBEPXHOCTH TEla KaKou-Inbo Jo-
KaJIbHOM CHUCTEMBI KOOPJIMHAT, HO CBSI3aH C TEXHUYECKHUMH CIOXHOCTSAMHU MOCTPOSHHUS TPaHUYHBIX yC-
JIOBUH M3-3a 10OaBIECHUs CJI0sI (GPUKTUBHBIX SUEEK, MPUIIETAIONINX K JPOOHBIM SYeiKaM, a TaKkxKe MoTe-
pel TOUHOCTH NPH JIMHEMHON alpOKCUMALMK IPaHULbl TENA.

B nannoit pabote paccmarpuBaeTcs crocod 3aJjaHus HA4aIbHBIX YCIOBHI HA TPAHHUIIE 1apa, OCHO-
BaHHBIM HAa HAXOXKIEHWM IUIOLIAAM SUYEHKU MOJ KPUBOW NPH NMOMOIIM MHTErpupoBaHus. Tak Kak ais
Hallei 3a/1a4M B KaueCTBe KPUBOJIMHEIHON rpaHuIlbl BEIOpaHa OKPYKHOCTb, TO HE TPEACTABIISET CIOXK-
HOCTH PacCUUTaTh ILJIOIIA/lb, OTCEKAEMYIO 3TOM OKPY>KHOCTBIO B IIPSMOYTOJILHOM siueiike. B atom ciy-
Yyae CYIIECTBYET AHATUTHUYECKOE PEIIEHHE Ul MOIY4YEHHOIO MHTErpaja, YeéM JOCTUTaeTCsl BhICOKas
TOYHOCTH pacueToB. s Teraa mpou3BONbHONM (OPMBI TUIOIIAAb PACCUUTHIBAETCS] YMCICHHBIM HHTETPHU-
POBaHUEM C KyCOUHO-JIMHEHHON aNMnpoKCUManyeld KpUBOIMHENHON IPaHUIIBI KOHTYpa.
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Omnucanue anropurMa

PaccmoTpum pacueTHyro 001acTh, COAEpIKAIyI0 HEKOTOPHI cepudeckuil 00beM, Ha TpaHHLE KO-
TOpOTO TpedyeTcs 3a1aTh HaYaIbHbIe yciaoBus (puc. 1). 3amTpruxoBaHHbIE 00IACTH BIOJIb KPUBOJIMHEH-
HOTO KOHTYpa COOTBETCTBYIOT APOOHBIM stueiikaM. st HarmssqHOCTH OpPMYITbl IPUBEACHBI IS TIOC-
KOTO CTydasi.

Puc. 1. CxemaTtn4yHOe npeAcTaBneHne CeTKU ¢ APOOHbIMM AYeKamMmm
Taxum 00pazom, ecii I — pauyc OKpY>KHOCTH, TO HHTETpaJl MOXKET OBbITh 3alMCaH B BUJIE
SN N
fax [ dy, 1)
%i Yj

rA€ Xj — TOPU30HTaJbHAasl KOOpANHATA JIEBOM I'PAaHULIBI AUEUKH, JIJI1 KOTOPOM MPOUCXOAUT UHTErPUpPOBa-
HHUE B TAaHHBI MOMEHT, X~ MOXKET IPUHMMATh 3HAYEHUE JINOO KOOPAMHATH NPAaBOW I'PAaHMLBI TYEHKH,
MO0 TOYKH TIepeceyeH s OKPYKHOCTH C HPSIMOH Yj (BepTHKaIbHAsE KOOPANHATA CETKH); 311ECh U Jajee |
u j — UHACKCHI AYCCK, OTHOCAIINECA K HAIIPaBJICHUAM BOJIb Xn y COOTBECTCTBCHHO.

[Ipu nepexone kK HHTErpaly MO OJHON NEPEMEHHON UMEEM

Xoe
J"\/rz—xz—yjdx. (2)
%i

[Tocne psina mpeoOpa3oBaHUil MOTYYUM TOUYHOE pELICHUE 11 nHTerpaia (2).

r2 arcsin| =
Jr2 —x?
+

r
5 5 -y;x+C. (3)

KiroueBbIM MOMEHTOM TEXHHUUECKOW pealr3allii METOJIa SIBJISIETCS ONpe/ielicHHE MPe/elIOB HHTET-
pPHUpOBaHUS, TaK KaK BApPHAHTOB MIEPECEUCHUSI OKPYKHOCTH C STUCHKAMH CETKH MOXKET ObITh HECKOJIBKO —
HE00X0IMMO MPOpadoTaTh BCE BO3MOXKHBIE THIIBI IPOOHBIX SUEEK, KOTOPHIX B JJAaHHOM ClTy4ae HEMHOTO.
Hanee, moacTaBiisisi peiesibl HHTETPUPOBAHUS ISl KOKAOH APOOHOHN SUYCHKH, HAXOAUM 3HAYCHHUE TUIO-
maau mo gopmyie (3).

[TapameTpsl Ha rpaHHMIlE Tella PACCYUTHIBAIOTCS MPONOPIIHOHAIBHO 3aHATOH STUM TEJIOM O0JIacTH B
siaefike. CiieioBaTeNIbHO, HalIGHHOE 3HAYCHUE TUIONIAM KBUBAICHTHO HEKOTOPOH J0Jie a4, 3aHUMae-
MOM Ta30/MHAMHYECKHMH BeIMYMHAMHU Cephl B JTAHHOW sTYeliKe, COOTBETCTBEHHO, (1 — a;) mpuxomuTces
Ha 00J1aCTh, TPAHUYAIIYIO CO C(hepoii.

HWrak, ecnu MIIOTHOCTh M BHYTPEHHSS DHEPTHs B mIape p; U E;, Bo BHemHel cpene p; u E,, pesyins-
TUPYIOIIUE BETMYMHBI IAPAMETPOB B TAKOH SUYCHKe PaCCUNTHIBAIOTCS KaK

p=ap +(1-)p,,
E— ap B +Q-a)pE, (4)
ol

F(x)=2

P=1f(p,E).
[Tocne srama 3amaHus HAYalbHBIX YCIOBUH Ha TpaHUIE Tela pacueT BEIUYUH MPOU3BOTUTCS IO
(dhopMynam ISl TIETIBIX SiYeeK.

60 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2022, vol. 14, no. 2, pp. 59-63



3apunoea A4.4.,
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ModenupoeaHue kpueonuHelHbIX NogepxHocmeu
8 3adayax 2a3oeoli OUHaMuKu

OcHoBHBIE Pe3yJabTAaThl U BHIBOJbI

PaccMoTpuMm B KadecTBe mpuMepa 3amady O paslieTe mapa B 4ucToM rase. llycTs B pesynmbraTe
B3pBIBa HaJ| MMOBEPXHOCTHIO 3eMiu 00pa3oBaiicsi chepudeckuil 00beM CKAaTOro rasa, aBleHHEe BHYTPU
o0beMa mocTosiHHO. LlenTp oO0bema HaxoguTess Ha ocu cuMMeTpur OZ MMIMHAPUYECKOH CUCTEMBI KO-
opauHAT. B HauanbHBI MOMEHT BpEMEHH JaBleHHe BHYTPH mapa paBHo Py = 2500-10° I1a, B HeBO3MY-
mennoii cpene P, = 10° Ia, miotHoCTs p; = 1,21 kr/M°. PacueTsl MPOBOAMIMCH METOOM KPYITHBIX 4ac-
Tl [6] Ha ceTke pazmepom 330x 210 y3noB.

MopenupoBaH#e TPOBOAWIOCH ITyTEM YHUCIEHHOTO PEIIeHUs] HECTAITMOHAPHON CHCTEMBI ypaBHEHHHA
DOiinepa, 3alICaHHON B HWJIMHIPHYECKOW cucTeMe KoopAauHat. CucTemMa 3aKOHOB COXPaHEHHS W ypaB-
HEHUE COCTOSIHUSA B Oe3pa3MepHOl (popMe UMEIOT CIICAYIOUTUI BH/I:

opr N opur N opvr
ot or 0z
opur N opuur N opuvr N oPr _

:0,

0,
ot or 0z or
opVr N opvur N opwWr N oPr _o
ot or 0z 0z 5)
OpEr N OpUETr N OpVEr N oPur N oPvr o
ot or 0z or 0z
P
e=———,
p(r-1)
2
E=e+ W—,
2

rae U ¥V — COCTaBIISIOIINE CKOPOCTH W BIOJIb I U Z COOTBETCTBEHHO, € — BHYTPEHHSA DHEPIUs, y — I0-
Kasarenb axnadaThl.

Ilepeiinem k pesynbTaraMm pacueToB. [IpencraBieHHble Ha pHC. 2 U30JUHUH INIOTHOCTH JE€MOHCT-
PHUPYIOT coxpaHeHHe chepruieckoi GopMbl KOHTAKTHOTO pa3pbiBa ¢ TeUEHHEM BpeMeHH. s mpoBepku
ObUIO BEIOPAHO HECKOJIBKO TOYEK Ha KOHTAKTHOM pa3pbIBe, UX KOOPIUHATHI yIOBJICTBOPSIN YPAaBHEHUIO
OKPY’KHOCTH, OTKJIIOHEHHE cocTaBmiIo MeHee 1 %0.

T T : r : . ‘
) | -ZJ v
oy
74 40
ﬁ_,,/
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160 ¢
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Puc. 2. 3onMHUM nnoTHOCTU npuv pacuumMpeH1u wapa B YUCTOM rase.
Takum 0Opa3oM, BBeZICHHE APOOHBIX SYEEK MO3BOJIET 00ECIIEUnTh COXpaHeHUe cepruuecKol rpa-

HUIIBI B ITPOLECCE CUCTA.
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BriBoabI

PesynpTarel pacueToB pacrnpocTpaHeHus chepuyecKUX yIApHBIX BOJH, NPUBEICHHBIE HA PUC.H2
MTO3BOJISIIOT C/IETIATh CIIEIYIOIINE BBIBOIBI:

1. 3aganve HaYaIBHBIX YCIOBUI Ha KPUBOJIMHEWHOW IPaHHUIlE C TIOMOIIBIO IPOOHBIX siYeeK, B KOTO-
pBIX (u3nYecKkre BeTUYWHBI paclpelesieHbl TPONOPIHOHATIBHO 3aHATOMY TEJIOM O0BEMY, MO3BOJISET
HamboJIee TOYHO OMHCHIBATh PACUETHYIO 00IaCTh PH PEIICHUH 33729 Ta30JMHAMHAKH.

2. llpeumymiecTBaMu JaHHOTO METO/A SIBISAETCS €ro MPOCTOTa W BO3MOXKHOCTH HCTIOIB30BAHHSA
JpOOHBIX SYEEK TOJILKO MU 3aJaHUH HAYaJbHBIX YCIIOBHM, IPOBOIS JalbHEHIINE pacdeTsl Mo GopMy-
JIaM JJ1 LEJIBIX STYEeK.

3. JlaHHBIA MOAXO0 MOXET OBITh PacIpOCTpaHeH W HA MaTeMaTHYECKHe MOJIEIH Ta30B3BECH C XU-
MUYECKUMH MPEBPAIICHUsAMH [7].
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MODELING OF CURVED SURFACES IN GAS DYNAMICS PROBLEMS

D.D. Zaripova, Yu.M. Kovalev
South Ural State University, Chelyabinsk, Russian Federation
E-mail: kovalevym@susu.ru

Abstract. In this paper, a method for setting initial conditions on the boundary of an arbitrarily-
shaped body on a rectangular grid is presented. A spherical volume of compressed gas, formed as a re-
sult of an explosion above the Earth’s surface, is chosen as the body under consideration. Since the cells
of the computational grid are rectangular and the contour is curvilinear, fractional cells are used to set
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the conditions on the boundary. The pressure and density inside the sphere are known and distributed
uniformly throughout the volume. The parameters on the boundary are proposed to be calculated in pro-
portion to the volume that the body takes in each cell the contour crosses. Such a volume can be found
by integrating over the region cut off by the curve from a rectangular grid cell. The algorithm has been
tested on a numerical solution to the problem of the gas sphere expansion by the large-particle method.
Since the boundary of the sphere is a contact discontinuity, graphs of the position of density isolines in
the process of expansion of the sphere are presented. The calculation results have shown that the de-
scribed mechanism ensures the preservation of the spherical boundary during the calculation process:
the deviation from the values corresponding with the circle equation has equaled less than 1 %.
Keywords: mathematical modeling; gas dynamics; boundary conditions; fractional cells.
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Abstract. Using the electron density functional theory, numerical modelling
of bilayer graphene has been performed. The structure and binding energy of the
layers depending on the representation of the wave function of the system have
been studied: plane waves (VASP package) and atomic-like orbitals (SIESTA
package); and choice of approximation for the exchange-correlation (XC) func-
tional. It has been shown that being in the free form the system creates a stable
AB structure of bilayer graphene. The calculation of the layer binding energy has
shown that the results of modelling performed with different basis for the wave
function are consistent when using XC functionals corresponding to each other
and considering the correction to the basis set superposition error in the tight
binding method. As expected, the generalized gradient approximation (GGA) has
shown underestimated values of the interaction energy of graphene layers. Com-
parison with experimental data has shown that the energy and geometric charac-
teristics of bilayer graphene are best described by the local electron density ap-
proximation (LDA). The 2nd and 3rd generation semi-empirical Grimme correc-
tions for GGA have given estimates of the binding energy higher than LDA, but
also close to the experimental results.

Keywords: bilayer graphene; density functional theory; ab initio modelling; bind-
ing energy.

Introduction

Bilayer graphene (BLG) is an intermediate structure between graphene and graphite consisting of
only two graphene sheets. It has three configurations: a metastable AA structure obtained experimentally
[1-3], a stable and well-studied AB structure (Bernal configuration [4]), and twisted bilayer graphene
(tBLG), where two graphene layers are rotated by a small relative angle [5]. The latter structure has
promising properties and may be of interest for nanoelectronics [6, 7], though it is difficult to obtain ex-
perimentally, and its model is too demanding for computer simulation. The intermediate A(B) structure
(between AA and AB configurations), which has a bandgap of about 0,35 eV [3], also has possible appli-
cations in electronics and nanoelectronics, for example, as a channel for a field-effect transistor [1-3].
To investigate the BLG electronic properties, using the density functional theory, we needed the geomet-
rical models. Therefore, in this research, we obtained the models of different BLG configurations and
studied their structural properties and the interlayer binding energies.

Models and simulation details

For calculations, we utilized the SIESTA software package with an atomic-like basis set [8] and the
VASP code with a plane wave basis set [9]. In both packages, the periodic boundary conditions were
implemented. For exchange-correlation potential, we used local electron density approximation, LDA
(Ceperley-Alder functional, CA [10]), and generalized gradients approximation, GGA (Perdew-Burke-
Ernzerhof functional, PBE [11]). To take into account the van der Waals interactions, we utilized the
Grimme semi-empirical corrections, DFT-D2 [12] and DFT-D3 [13]. For the SIESTA calculations,
pseudopotentials were taken from the FHI database [14] and [15], for the VASP simulations, we used
the 2012 version of pseudopotentials, with 2s°2p? electrons for C as valence.

The simulation cell contained 64 carbon atoms (32 for each graphene layer). The optimized transla-
tional parameter was 9,86 A and 9,79 A for GGA (GGA+D) and LDA calculations, respectively. We
chose the partitioning density of the reciprocal space (k-points) and the real space (the MeshCutoff pa-
rameter in the SIESTA package and the Accurate tag in the VASP code) so that the precision of the
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structure's total energy was ~1 meV. For VASP, the cutoff energy of plane waves was taken as 600 eV.
Simulation parameters are presented in Table 1. For one graphene layer, we performed both spin-
polarized and not spin-polarized calculations. However, the difference between the resulting total ener-
gies was less than 1 meV. Therefore, the bilayer systems we modeled without spin polarization to save
computer resources. The resulting precision of the interlayer binding energy was about 0,3 meV/atom.

Table 1
Simulation parameters
DFT package SIESTA VASP
PBE-GGA, PBE-GGA,
XC approximations CA-LDA, CA-LDA,
PBE+D2 PBE+D2, PBE+D3
k-points 19x19x1 9x9x1
Space partitioning (mesh detailing in the real space): | GGA (+D2): 360 Ry; Accurate
MeshCutoff (SIESTA) / PREC (VASP) LDA: 230 Ry
Total energy convergence criterion 10°eV 10° eV
Force convergence criterion 10* Ry/Bohr 10 °eV/A
Vacuum layer in the direction perpendicular to at least 20 at least 20
graphene, A

Basis set optimization

We optimized the localized pseudoatomic orbitals of the carbon atom according to the procedure
described in [16]. To minimize the computational time, we simulated the graphene primitive unit cell,
which contains only 2 carbon atoms. The cell translation parameter was 2,47 A, the simulation parame-
ters were the same as in Table 1, except for k-points: in this case, we used a 32x32x1 set. Since the unit
cell is small, instead of the interatomic distance, we checked the system “pressure” which indicates how
far the translational parameter of the simulation cell, and hence the distances between carbon atoms, are
from optimal.
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Fig. 1. Optimization of C(2p) and C(2s) orbitals for SIESTA calculations (GGA-PBE). Dependences of the total
energy and pressure on the orbital cut-off radius of: (a) C(2s) and (b) C(2p) orbitals; dependence of the system
total energy on the parameter SplitNorm for: (c) C(2s) and (d) C(2p) orbital

Figure 1 shows the results of orbital optimization for graphene, simulated with GGA. The used
double- basis set could be characterized by two parameters: the orbital cut-off radius, r ,, and the

SplitNorm parameter, which specifies the radius of the modified orbital, r [8]. The optimal parameters

were chosen using the criterion of minimal total energy, while the pressure of the simulation cell was
additionally monitored. Fig. 1a indicates that both system total energy and pressure were at approxi-
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mately the same level after the C(2s) orbital cut-off radius reached ~7 Bohr. Since for a larger r,, more

ut
computer resources are needed, we chose r,, = 7,0 Bohr as optimal. The dependence of the total energy
on the SplitNorm parameter had a pronounced minimum at SplitNorm = 0,30, which was chosen as op-

timal. The optimal parameters of C(2p) orbital were determined similarly (see Fig. 1, b, d). Optimal ba-
sis-set parameters are presented in Table 2.

Table 2
Optimal basis set parameters for C(2p) and C(2s) orbitals, 1 Bohr = 0,529 A
XC approxima- GGA and GGA+D LDA
Orbital I, Bohr | SplitNorm r, Bohr r...Bohr | SplitNorm | r, Bohr
Pseudopotential from [14]
C(2s) 7,09 0,30 2,95 7,09 0,30 2,95
C(2p) 6,57 0,25 3,18 6,57 0,25 3,18
Pseudopotential from [15]
C(2s) 6,57 0,25 3,11 7,09 0,30 3,03
C(2p) 7,09 0,25 3,22 6,57 0,25 3,18

Table 2 shows that the optimal parameters in the case of different XC approximations (GGA and
LDA) practically coincide and are close for the chosen pseudopotentials.

Geometry optimization of different BLG configurations

After basis-set optimization, we investigated the structure of bilayer graphene using the SIESTA
package. We considered starting configurations with various relative displacements in three directions of
one graphene layer to another. The interlayer binding energy was calculated as:

Eyina = Es -2k, - Ece. (1)
where E, and E, are the total energies of the bilayer system and the isolated layer, respectively, and

E.r is the Boys—Bernardi correction to the basis set superposition error [17].

Firstly, we shifted the second layer only along the Z-axis (AA structure, Fig. 2a). We tested different
initial shifts (from 1 to 15 A). Though, at Az > 10 A (Az > 5 A for PBE-GGA calculations) the layers
did not interact: the interlayer distance, d , did not change after geometry optimization, and the interac-
tion energy E,, , = 0eV. All other initial structures moved to a stable state with a certain minimum in-

terlayer distance (this distance varied depending on the used XC approximation, see Table 3).

At the next stage, we added a shift along the X-axis. The initial interlayer distance was taken from
the stable AA configuration. We considered the initial shifts Ax in the range of 0,2-0,8 A (with a step of
0,2 A). After geometry optimization, we got either the A(B) configuration (Fig. 2, b) or AB (Fig. 2, ¢). In
the case of SIESTA DFT-D2 calculations, we observed only the AB. Finally, when a shift along the Y-
axis was added (we considered the same initial shifts Ay as Ax), all starting structures transferred to the
AB configuration. The obtained values of the interlayer distances and the interlayer binding energies for
SIESTA and VASP calculations are presented in Tables 3 and 4, respectively. The values in parentheses
(Table 3) show the results obtained with the pseudopotential from [15].

(a) (3]

Fig. 2. Atomic structure of the (a) AA system (shift along the Z-axis); (b) A(B) system (shifts along the X- and Z-
axes), and (c) AB system (shifts along the X-, Y- and Z-axes)
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Table 3 shows that the GGA calculations predict the weak interaction of the layers or even their re-
pulsion. In previous theoretical studies with various dispersion corrections (including quantum Monte
Carlo and DMC methods), the BLG interlayer binding energy for the AA-structure was in the range of
10,4-31,1 meV/atom; for the AB-structure — in the range of 17,8-70,0 meV/atom [18]. Experimental
values for the graphite interlayer binding energy are also very scattered: 0,21-0,37 J/m2 (indirect meas-
urements) and 0,19 J/m2 (direct measurements) [19].

Table 3
The interlayer binding energy, E;,q . and distance, d, calculated using the SIESTA package
Structure AA A(B) AB
. PBE+
XC functional | PBE CA |PBE+D2| PBE CA |PBE+D2| PBE CA D2
3,73 3,44 3,53 3,25 3,49 3,23
d,A (4,02) | (3,45) 3,38 (3,55) | (3,23) B (3.48) | (3,23) 3.7
0,18 0,11 0,14 0,12
d _d , A ] ’ _ _ _ ’ ’
[d=dup LA 047y | 010) | O 013) | (012) | 28
-E. ., _ _ _
bind 1,8 19,2 416 1,9 26,8 B 1,8 28,1 54.1
meV/atom (_5’7) (1911) (_213) (28’3) (_3’2) (28’3)
-0,01 0,12 -0,01 0,17 -0,01 0,17
_ E i , J/mz 1 1 H H _ ’ H
bind (-0,03) | (0,12) 0.25 (-0,01) | (0,18) (-0,02) | (0,17) 0.33

We chose the empirical graphite interlayer binding energy for comparison because the calculated in-
terlayer E,,, for graphite and BLG are close [20]. Experimentally obtained BLG interlayer distances

are 3,55 A and 3,35 A for AA and AB configurations, respectively [1]. Therefore, LDA predictions for
both the BLG interlayer binding energy and distance are closer to the experimental data than GGA val-
ues, although PBE-D2 binding energies are also close to previously obtained experimental and calculat-
ed values. Moreover, the difference in the calculation results obtained for considered pseudopotentials

was within the calculation error.
Table 4

The interlayer binding energy, E.;,q .and distance, d, calculated using the VASP package

Structure AA A(B) AB

XC functional | PBE | CA | D2 D3 | PBE | CA | D2 D3 | PBE | CA | D2 | D3

d,A 450 | 3,60 | 352 | 3,71 | 439 | 3,36 | 3,29 | 3,55 | 4,38 | 3,32 | 3,25 |3,53

|d—d,,|.A | 095 |005]|003]|016 | - - - — | 1,03 | 0,03 | 0,10 |0,18

- Ebind ’
meV/atom

11 | 149 | 387 | 391 | 13 | 229 | 488 | 435 | 13 | 245 | 50,6 (441

—Eying» J/M° | 0,01 | 0,09 | 0,24 | 0,24 | 0,01 | 0,14 | 0,30 | 0,26 | 0,01 | 0,15 | 0,31 |0,27

The VASP simulations (Table 4) also show that the optimal approximation for studying bilayer
graphene is LDA. DFT-D3 corrections tend to predict weaker interlayer binding and larger interlayer
distances than DFT-D2. The used simulation packages gave similar results: the difference in binding
energies while using the same XC approximations was only 3—4 meV/atom. We observed the smallest
difference in the interlayer distance predictions for LDA and DFT+D2 approximations (it did not exceed
0,16 A, which corresponds to ~4 % difference). The maximum distance variations were observed for
GGA-simulated AB configuration: the VASP results exceeded the SIESTA values by 0,9 A (which
corresponds to more than 25 % difference).
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Conclusion

In this work, we obtained the optimized model of bilayer graphene and studied its structural and en-
ergetic features using the electron density functional method implemented in the VASP and SIESTA
packages. For the SIESTA calculations, we optimized the parameters of localized pseudoatomic orbitals
for carbon. After the geometry optimization of BLG, we observed a stable Bernal structure (AB configu-
ration) with a minimum total energy and two metastable structures: AA and A(B) configurations.

The comparison of BLG interlayer binding energies and distances showed that the results obtained
by different packages (SIESTA and VASP) were consistent after the simulation parameters optimization
(including basis sets) and taking into account the basis set superposition error. Finally, the best agree-
ment with the available experimental data was obtained for the local electron density approximation.
Grimme corrections gave the interlayer binding energy close to some experimental results for graphite,
too, but its geometrical predictions for the most BLG configurations were less accurate than LDA val-
ues. GGA is not suitable for BLG simulation since its application resulted in non-interacting or repulsive
layers.

The reported study utilized the supercomputer resources of South Ural State University [21].
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Annotanus. C moMoIneio MeToa (QyHKIIMOHATA 3JIEKTPOHHON IUIOTHOCTH TPOBEJCHO YHCICHHOE
MOJIEJIMPOBAHKE JBYXCIOWHOTO rpadena. VccienoBanach CTpYKTypa U SHEPTHUs CBS3H CIIOEB B 3aBUCH-
MOCTH OT NPEJCTABICHUs] BOJHOBOW (YHKLIMHU CHUCTEMBI: IIocKkue BosiHBI (makeT VASP) u aromHomO-
noouble opbutanu (maker SIESTA) u BeiOOpa mpuOmMmkeHus s oOMeHHO-KoppesinuoHHoro (XC)
¢yHKIMOHANA. BBIIO TMOKa3aHO, YTO B CBOOOAHON (opMe cucTeMa NPUXOJAUT K YCTOHYMBOH AB-
CTPYKType ABYXCIOHHOTO rpadena. PacueT sHepruu cBs3u CIOEB MMOKa3all, YTO PE3yJIbTaThl MOAEIHPO-
BaHUsI, BBIIOJITHEHHOTO C Pa3HBIM 0a31COM sl BOJTHOBOW (DYHKIIMH, COTIIACYIOTCS MPH MCIOIb30BaHUN
COOTBETCTBYIOIIUX JpyT Apyry XC-GYyHKIMOHAIOB ¥ Y4eTe MONPaBKU K OIMUOKE CYNepIo3ulny 0a3uc-
HOro Habopa B MeToze CHIbHOU cBsizu. [Ipubimkenue o6o0meHHbIX TpagueHToB (GGA) oxugaeMo
Jao 3aHKEHHBIE 3HAUCHHS SHEPTUN B3aUMOACUCTBHS coeB rpadena. CpaBHEHHE C SKCIIEPUMEHTAIb-
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HBIMH JaHHBIMU II0Ka3aJI0, YTO JIy4lle BCEr0 SHEPreTHYECKHE M TeOMETPUUYECKHE XapaKTePUCTHKU
JBYXCIIOWHOTO rpad)eHa OMMCHIBACT NPUOIIKEHHE JTOKaIbHOHM anekTpoHHo# wiotHocTH (LDA). Tloiy-
sMIprydeckre nonpasku ['pumme 2-ro u 3-ro mokonenus a1t GGA nanu oneHKH SHEpPTriH CBS3U BbI-
me, yem LDA, HO Toxke OITM3KHE K SKCIIEPUMEHTAIBHBIM PE3yIbTaTaM.

Kniouegvie cnosa: ogyxciolinulii epagen; meopus GyHKYuoHana nioOmHOCMU; MOOEIUPOBAHUE U3
nepevix NPUHYUNOB, IHEPSUS CEA3U.
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MOOEJIMPOBAHUE PA3OIPEBA SQHEPTETUHMECKUX MATEPUAIIOB
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AHHOTAUMA. AHAJIN3 U3BECTHBIX NPUOJIHKEHUH 118 ONMCAHHUSA 3aBUCHMOCTH
TEMNJI0eMKOCTH NPH MOCTOSHHOM 00beMe IHEPreTHYEeCKHX MaTepHaioB (MOJIeKY-
JISIpPHBIC KPHCTAJLIBI) OT TEMIIEPATypbl KPHCTALIa MOKA3aJ], YTO CyLIeCTBYIOT
Ha/le’KHbIC ANNPOKCMMAIMH 3aBHCHMOCTH TEIIOEMKOCTH IPH MOCTOAHHOM 00b-
eMe, He TpeOylole NPOBEICHUA CJI0XKHBIX KBAHTOBO-MEXaHMYECKHX PacyeToB
JJIsl oMpeeIeHUs] YaCTOT HOPMAJIbHBIX K0JIe0aHNii KaK MeKMOJICKYIAPHBIX, TAK
U BHYTPHM MOJIeKyJIbl. JlJIsl MoTy4eHnsi 3aBHCHMOCTH TeIIOBO 4acTH BHYTPEH-
Hell YHePruu MOJIEKYJISIPHOT0 KPHCTAJLIA, KOTOpPasi 0TBeYaeT 32 pa3orpes mMare-
pHaja, 0T TeMIepaTyphbl TpedyeTcsi NPOMHTErPHPOBATH M0 TeMIlepaType BbIpa-
JKeHHe TeIUIOEMKOCTH IPH NMOCTOAHHOM o0beMe. B nannoii padore 0bLIM NpoBe-
JAEHBbI pacyeThbl 3aBUCHMOCTH TEILUIOBOH 4acTH BHYTPEHHEH JHEPIrUH MOJICKYJIAP-
HOI'0 KpHCTAJLIA JJIA CIy4Yas, KOT/Aa OHA BBIYMCIAETCH Yepe3 4acTOThl HOPMAJIb-
HBIX KOJICOaHUIl, M CJIy4asi, KOIJla OHA BBIYMCJIACTCH IIyTeM HHTeIPUPOBAHHS Te-
IIOEMKOCTH IPH MOCTOAHHOM 00beMe M0 TeMIepaType MpH MOMOIIH ANNPOKCH-
MaUMOHHBIX (opmyi. Ilpu pemieHMH CHEKTPAJBLHONH 3aJa4M 1O ONpele/eHHI0
YACTOT HOPMAJIBHBIX KOJIe0aHUH BHYTPH MOJIEKYJIbI ObLIN HCIOJIb30BAHBI KBaH-
ToBO-xuMu4eckne Meroasl PM-3 u DFT. B paGore npeacraBiaeHbl 3aBHCHMOCTH
TeNJI0BOI YacTH BHYTPEHHeil 3Hepruu MOJIEKY/JISPHBIX KPUCTAJIOB OT TeMIepa-
TYpbl, PACCYMTAHHBIE JIsl Pa3HBIX CIIOCO0OB ONpe/eJIeHNsl, U NPOBedeH CPABHM-
TeJbHBIH aHAJIN3, KOTOPBIii MOKa3aJ, YTO pa3inyue cocraBisieT Menee 1 %0.

Kniouegvie cnoea: ypasmnenue cocmosnus; MONEKYIAPHGIL KPUCMANL, IHEpPUs.
T'enomeonvya; nocmosunnas Inanka; nocmosnnas bonvymana; npubnusicenue [Jebas;
npubaudicenue JUHUWMENHA.

Beenenne

HecmoTpst Ha mporpecc B pa3BUTHH COBPEMEHHOH BBHIYUCIUTEIBHON TEXHHUKH, MPOOIeMa mocTpoe-
HUS YpaBHEHHUH COCTOSIHUS, 00JIaIal0INX BBICOKOH TOYHOCTBIO, /AJIsl OITMCAHUS IOBEACHUS DHEPreTHYe-
CKHMX MaTepHaloB MPH yJapHO-BOJHOBOM HArpy»XKEHHH MPOJOJDKACT OCTaBaThcsl akTyanbHoi [1, 2]. B
HacCTOsIIee BpeMs aKTUBHO Pa3BHBAIOTCS KBAHTOBO-MEXaHHYECKHE METOBl pacueTa ypaBHEHHUIl co-
crosHUS [3, 4], MONEKyIApHO-TUHAMUYECKOE MoJeTupoBaHue [5—8], MareMaTHuecKue MOJEIH II0-
CTPOEHHUS MOITYAIMIUPUUECKUX YpaBHEHUH cocTosiHUA [9].

Bce paspaboranHble MaTeMaTHYECKHWE MOJETH IMOCTPOCHHUS MOITYIMIMPHUYECKUX YpaBHEHHUH co-
CTOSIHUS, ONHUPAIOIIUECs Ha Pe3ybTaTbl JUHAMMYECKUX 3KCIIEPUMEHTOB, OCHOBAHBI Ha BO3MO>KHOCTHU
pa3fesieHus JaBJICHUS U BHYTPEHHEH SHEPTUM Ha «TEIUIOBBIE» M «XOJIOJHBIE» COCTABISIOLINE C MOCIe-
OYIOLUIMM BBeIeHHEM (PYHKIHOHAJIBHBIX 3aBHCHMOCTEH TEIJIOBBIX ()aKTOPOB OT YJENbHOro o0beMa U
TEMIIEpaTyphl, OCHOBAaHHBIX Ha TEOPETHUYECKUX IMpeACTaBIeHUAX. Kpurepuem I0CTOBEpPHOCTH MOCTPO-
€HHBIX TOJy3MIINPUYECKUX YPAaBHEHUI COCTOSHUS SIBIISETCS COBIAJCHUE TEOPETHYECKHX pPacdeToB U
pE3yIBTaTOB HKCIIEPUMEHTA.

[Iporeccsl, mpoTekaroye Npu BO3ACUCTBUU yIAPHBIX BOJIH HAa HEPreTHUECKUE MaTeprabl, Ipe-
CTaBISIOT OOJBIION KaK MPaKTHYECKHH, TaK U TEOPETUUECKUH MHTEPEC U SBISIOTCS OOBEKTOM MHOTO-
YUCIIEHHBIX HccnenoBanuii [10]. B maHHBIX MccnemoBaHUSIX OJHOM M3 aKTYaIbHBIX MPOOJIEM SBISETCS
mpobiieMa yIapHO-BOJHOBOTO pa3orpeBa IHEPreTHYEeCKOro marepuaia. B cuily Toro, 4ro KHMHETHKa
YIapHO-BOJITHOBOT'O WHUIIMMPOBAHMS I€TOHAIIMY KOHIEHCUPOBAHHBIX B3pPHIBUATHIX BemiecTB (BB) cymie-
CTBEHHBIM OOpa3oM 3aBUCHT OT TE€MIEpaTypbl, BOSHUKAIOIIEH IOCIE MPOXOXKICHUS YAAPHOH BOJIHBL,
pa3paboTKa MaTeMaTH4YeCKUX MOJIeJIeH YpaBHEHHH COCTOSHUS JAJIsl ONpEAeICHUsl TeMIIepaTyp yAapHO-
BOJTHOBOT'O C)KATHsl B 3aJ[a4aX MHUIIMHPOBAHMUS JICTOHAIIUHA CTAHOBHUTCS OCOOCHHO aKTYyaIbHOM.

Llenpro HACTOAIIETO MCCIIEOBAHUS SIBIAETCS MMOCTPOCHHE MATEMaTHYECKUX MOJIEIEH, TO3BOJISIO-
IIMX ONHUCHIBATH TETUIOBYIO YaCTh YPAaBHEHUM COCTOSHUS MOJIEKYJISIPHBIX KPHCTAIJIOB.
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YpaBHeHUS COCTOSTHUSI MOJIEKYJISIPHBIX KPUCTAJJIOB

TepMoarHaMUYECKHE CBOMCTBA BEIIECTBA MOTHOCTHIO OMPEIEIIAIOTCS, €CIIA U3BECTEH OJIUH U3 Tep-
MOJIMHAMUYECKHUX TOTeHIManoB. B padorax [11, 12] ObLI0 MOKa3aHO, YTO BEIpaXKEHHUE CBOOOIHOM 3HEP-
ruu ['eapMrospia No3BoJIET MONIYYUTh YPABHEHUS MOJICKYJISIPHBIX KPUCTAIIOB B BUJIE:

MRT 7 (V) oUs U, 3
) (D(xg))+ Py, Py == M S RT 0 (V)X IV 1
(D(xp))+Px., Px ~ ov '8 7o V)Xp 1)
X;
E=U-+U,, +E, + MRTD(X)+ RT _ 2
c+tUm +E (Xp) ,%:+1exp(x) 1 (2)
3N

Cy =Cyp +Cym =MR| 4D(xp) — (XD) -1 * i=M+1(eXp(Xi)—1)2

3nece R, M, N,3N-M, 6y, 6, — yHuBepcanbHas ra3oas IIOCTOSHHAs, MOJEJIECHHAs HA MOJEKY-

3)

JIPHYIO MacCy BCHICCTBA 4, YUCIO HHU3KOYACTOTHBIX KOHG6aHHI>i, YHCJIO aTOMOB B MOJICKYJIC, YHUCIIO

BBICOKOYACTOTHBIX KoJeOaHul, XapakTepucTHueckas Temmneparypa Jlebasi, XapakTeprcTUIECKUE TeMIIe-
paTypbl BBICOKOYACTOTHBIX KoneOanuid. U — MeXMOIeKyIsipHas (yrnpyras) SHEprus, KoTopas onpese-

JISIET SHEPTUI0 HEBAJICHTHBIX B3aMMOJICHCTBUI aTOMOB MEXAY MOJEKylaMu. Yrpyras sHeprus Ug 3a-

BUCHUT OT T€OMETPHU MOJIEKYJISIPHOTO KpHCTAJlIa, T. €. OT IPOCTPAHCTBEHHOT'O PACIIONOKEHHS MOJIEKYJI
U 00beMa dIeMeHTapHOH sueliku. BHyTpumonekynsapHas sneprus U,, sBiseTcs sHeprueil oopaszosa-

HHS MOJIEKYJIBI M 3aBUCUT HCKIIIOYHUTEIBHO OT €€ CTPYKTYPhl. Cyn — COCTaBIAIONIas TEINIOEMKOCTH TIPH

MOCTOSIHHOM 00BEME, 3aBUCSINAs OT HU3KOYACTOTHBIX KOJeOaHMH MOJIEKYJIbl U OIpenelseMas B MpH-
ommxennn Jlebas, a Cy,, — cocrapisdromas TENJIOEMKOCTH IPH MOCTOSHHOM 00BEME, 3aBHUCAIIAs OT

BHYTPUMOJIEKYJISIPHBIX (BBICOKOYACTOTHBIX) KoseOanuii. Yacts Temnoemkoctu C), Ha3bIBalOT BHYT-
pumonekysapHoit. Koaddunuent yp (V) — xorddunuent I'pronaiizena (Gruneisen), koTopslii onpene-
JsIeTCSI BBIpAKEHHEM BHIA
Ve d(Inép)
7o(V)=——775".
d(InVv)
Oyukuus D(X) — dynkims [lebast, iMerommas cieayronmi BUI:

_de
D(x) = 315 ()1

Oneprus HyneBbIX Konebanuii Ey onpenensercs cienyomumm BLIpaxceHMeM:

Zha) :—MReD + IR Z 6.
i=M+1

[MonpoOHoe M3NOKEHUE TOAXOJIOB K OMPEJEIICHHI0 KOJMYECTBa HU3KOYACTOTHBIX KoneOanuii M
npuBeeHo B pabdorax [11, 12].

B pabote [13] Obuin mpoBeAEHB! PACUYETHl 3aBUCUMOCTH TEIUIOEMKOCTU MPU MOCTOSHHOM 00beMe
IS psiAia KPUCTAJUIOB HUTpOcoennHeHuH o ¢opmyse (3) ¢ HadaabHBIMH JaHHBIMH, IPUBEACHHBIMU B
Tab61. 1. CuioBble IOCTOSTHHBIC JUIS pacyueTa CIIEKTPOB HOPMAaJIbHBIX KOJIEOAHUI BHYTPH MOJIEKYJIbI ObI-
JIM OIIpeJelICHbl C IOMOLIbIO KBAaHTOBO-XUMHUYECKHX MeTonoB PM-3 u DFT, monpoOHO onmucaHHBIX B
paborax [14, 15]. Jna oGecrieueHUs JOCTOBEPHOCTH IOJIYYa€MBIX B PAacueTax BHYTPUMOJEKYJISIPHBIX
KOJIEOATENBHBIX CIEKTPOB KOH(MOPMAILIMK MOJIEKYJ ONpPEACTSUINCh U3 JaHHBIX PEHTI€HOCTPYKTYPHOTO
aHaJlM3a COOTBETCTBYIOMIMX MOJEKYJSPHBIX KprucTamwioB. MK — crekTpsl 1 TeKcoreHa, TpoTHiIa, TeT-
puna, TATB u TOHa xopoiio coriacyloTcs ¢ U3BECTHBIMH 3KCIEPUMEHTAIbHBIMU AaHHBIMU [16] u
puBeneHs! B padote [13].

B pe3yinbTare MpOBEIECHHBIX PACYETOB TEIIOEMKOCTHU TP MOCTOSHHOM 00beMe B padotax [13, 17]
OBUIO MOKa3aHO, YTO 3aBHCUMOCTb TEIJIOEMKOCTH NPH MOCTOSHHOM 00BEME OT TEeMIIEpaTypbl MOXKET
OBITH ONKMCaHa aNMPOKCUMALMOHHBIM BBIPAKEHUEM THIIA:

Cy =Cum — (G —C Jexp[ (T -To )/ T |, @
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rae Te — mapameTp, KOTOPbI HaXOAMTCSA B JOCTaTOYHO Y3KOM JMana3zoHe 3HadeHuid 555-570 K (cm.

tabm. 1).
JI1si MaTeMaTHYeCKOr0 MOJICIMPOBaHHs TEIUIOBOW YaCTU YpPaBHEHHH COCTOSIHHS YHEPreTHYCCKHX

MaTepUaIOB BBIJIEINM Ty €ro 9acTh, KOTOpas OMpeeNsieT Pa3orpes:
3N
X:

Er, =E, + MRTD(Xy) + RT — 1 X =6IT, Xn =0, /T. 5
T1 0 ( D) i:§+1exp(xi)_l i 1 D D ( )
Tabnuua 1
TennosBble napameTpbl Ans ypaBHEeHUA COCTOAHUA Kpuctanna
Haspanue coequHeHus
[TapameTpsl I'excoren TOH TATB Tportun
U , KT/KMOJTb 222,13 316,50 258,18 227,13
Po » Kr/M° 1806,0 1778,0 1937,0 1653,0
Cyy » kmx/kr-K 2,3581 2,2880 2,3187 2,0866
C\(/) , Kok/kr-K 1,0533 1,0105 0,9995 1,1222
T, K 298,0 293,0 293,0 293,0
Te. K 555,0 565,0 560,0 570,0
o 1073 , K? 0,1927 0,2300 0,0995 0,0516
M 12 16 12 11
N 21 29 24 21

C npyroit CTOpOHBI BEIpayKEHHE JIJIsl TETIJIOBOM YaCcTH YpaBHEHUH COCTOSHUS SHEPIeTUYECKUX MaTe-
PHAJIOB MOXET OBITh MOJIYYEHO MyTEeM WHTETPUPOBAHHUS IO TEMIEPAType BBIPAXKEHMS AJIS TEIUIOEMKO-
CTH TIPY TIOCTOSTHHOM 00beMe (4). [IponHTerpupoBas o temneparype BbipaxkeHue (4), HoIyIum

0 0
Era =CuT +Tc.(Coy —Cy)exp(—(T —To)/Tc) + Er». (6)
Benuunna EY, onpenensiercs M3 yclIOBHs COBNAJCHHS 3HAYCHUIT TETUIOBOM YHEPrHH, BBIYHCICH-

HBIX 110 hopmynam (5) u (6), pu HAYATBHOW TeMIlepaType, onpeaeaeHHon Taout. 1.
B Tabn. 2-5 npuBeneHpl 3aBUCHMOCTH TEIIIOBOW SHEPTUH OT TeMIepaTyphl, BEIYHUCICHHBIC IO (Gop-
mynam (5) u (6), B quamazone 3aavuennit 293-993 K nis rexcorena, TATB, TOHa, tpotuina.

Ta6bnuua 2
3aBUCUMOCTb OT TeMnepaTtypbl TeNNMOBbIX COCTAaBNAOLWNX BHyTpeHHeﬁ JHeprun rekcoreHa
T En Er T En Er
298 1777,79 1423,59 658 2282,79 1927,52
318 1799,40 1445,18 678 2316,37 1961,29
338 1821,94 1467,67 698 2350,36 1995,54
358 1845,39 1491,04 718 2384,77 2030,24
378 1869,71 1515,24 738 2419,56 2065,39
398 1894,85 1540,26 758 2454,72 2100,95
418 1920,80 1566,06 778 2490,24 2136,92
438 194751 1592,61 798 2526,10 2173,30
458 1974,95 1619,89 818 2562,30 2210,05
478 2003,08 1647,88 838 2598,81 2247,17
498 2031,87 1676,54 858 2635,62 2284,64
518 2061,30 1705,86 878 2672,73 2322,46
538 2091,33 1735,80 898 2710,12 2360,60
558 2121,94 1766,35 918 2747,79 2399,06
578 2153,11 1797,49 938 2785,71 2437,83
598 2184,79 1829,20 958 2823,89 2476,90
618 2216,99 1861,45 978 2862,31 2516,25
638 2249,66 1894,23 998 2900,97 2555,87
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Ta6bnuua 3
3aBUCUMOCTb OT TeMNepaTypbl TENNOBbIX COCTaBAAOWMX BHYTpeHHen 3Hepruu TATB
T En Er T En Er

293 1722,46 1418,69 653 2220,21 1902,68

313 1742,97 1439,12 673 2253,71 1935,41

333 1764,54 1460,45 693 2287,64 1968,62

353 1787,15 1482,67 713 232197 2002,29

373 1810,73 1505,73 733 2356,68 2036,40

393 1835,24 1529,61 753 2391,76 2070,95

413 1860,64 1554,28 773 2427,18 2105,90

433 1886,89 1579,712 793 2462,93 2141,26

453 1913,94 1605,88 813 2499,00 2177,01

473 1941,75 1632,75 833 2535,37 2213,13

493 1970,28 1660,31 853 2572,04 2249,60

513 1999,49 1688,53 873 2608,98 2286,43

533 2029,34 1717,38 893 2646,18 2323,59

553 2059,81 1746,85 913 2683,64 2361,07

573 2090,85 1776,91 933 2721,35 2398,87

593 2122,44 1807,55 953 2759,30 2436,96

613 215454 1838,73 973 2797,47 2475,35

633 2187,14 1870,45 993 2835,85 2514,01

Tabnuua 4
3aBMCUMOCTbL OT TeMMepaTypbl TEMMOBLIX COCTaBASAIOLWMUX BHYTPeHHel aHeprun TOHa
T En Er T En Er

293 1728,34 1387,16 653 2217,23 1873,13
313 1749,19 1407,99 673 2249,85 1905,71
333 1770,93 1429,69 693 2282,88 1938,75
353 1793,53 1452,23 713 2316,31 1972,24
373 1816,98 1475,58 733 2350,12 2006,14
393 1841,25 1499,70 753 2384,29 2040,46
413 1866,30 1524,58 773 2418,81 2075,18
433 1892,10 1550,18 793 2453,66 2110,29
453 1918,63 1576,49 813 2488,83 2145,76
473 1945,85 1603,47 833 2524,30 2181,59
493 1973,73 1631,11 853 2560,07 2217,77
513 2002,25 1659,37 873 2596,12 2254,28
533 2031,36 1688,25 893 2632,44 2291,11
553 2061,05 1717,71 913 2669,026 2328,25
573 2091,29 174774 933 2705,86 2365,69
593 2122,05 1778,31 953 2742,93 2403,43
613 2153,31 1809,41 973 2780,24 2441,44
633 2185,04 1841,03 993 2817,77 2479,72

B pesynabTare NMpOBEACHHBIX PAacyeTOB ObUIM TOJIYYCHBI 3HAUEHHUS SHEPTUHU HYJIEBBIX KOJICOaHMI
s tpotuia, TOHa, TATB u rexcorena 1604,50; 1544,86; 1561,22; 1594,77 J/kr u 3Ha4eHUs E0T2 -
360,80, 344,10, 317,53, 355,27 JI/KT, COOTBETCTBEHHO.

B Tabn. 6 mpuBeIeHBI 3aBUCUMOCTH TEIUIOBOW COCTABIISIONICH BHYTPEHHEH SHEPIHH OT TeMIIepary-
PBL, pacCYUTaHHBIE TIO ypaBHEHHM (5) U (6).

AHanu3 pe3yNbTaTOB pacdera TEIUIOBOW COCTAaBIISIOIICH BHYTPEHHEW SHEPTHH, MPEICTABICHHBIX
SHEPreTHYECKUX MATEPHAJIOB TOKA3bIBAET, YTO MAKCUMAIBHOE PA3JIMYME PACUYETOB, BBHITOIHEHHBIX IO
BeIpakeHHsIM (5) u (6), cocTaBnser meHee 1%.
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Tabnuua 5
3aBUCMMOCTb OT TeMnepaTypbl TENNMOBbLIX COCTABNAILWWNX BHYTPEHHEN 3HEPrumn Tpotuna
T En Er, T En Er
293 1786,02 1421,21 653 226297 1902,17
313 1806,40 1441,61 673 2294,98 1934,61
333 1827,63 1462,91 693 2327,43 1967,53
353 1849,68 1485,06 713 2360,30 2000,90
373 1872,52 1508,04 733 2393,57 2034,71
393 1896,15 1531,81 753 2427,23 2068,95
413 1920,53 1556,36 773 2461,27 2103,59
433 1945,63 1581,64 793 2495,67 2138,63
453 1971,44 1607,65 813 2530,41 2174,06
473 1997,93 1634,35 833 2565,49 2209,85
493 2025,07 1661,72 853 2600,89 2245,99
513 2052,85 1689,74 873 2636,59 2282,49
533 2081,23 1718,37 893 2672,59 2319,31
553 2110,19 1747,62 913 2708,88 2356,45
573 2139,71 1777,44 933 2745,43 2393,91
593 2169,77 1807,83 953 2782,26 2431,66
613 2200,35 1838,76 973 2819,34 2469,70
633 2231,42 1870,21 993 2856,66 2508,02
Tabnuua 6
3aBUCUMOCTb TENNIOBOW COCTaBMAIOLWEN BHYTPEHHEN 3Heprum oT TemnepaTtypbl
I'excoren TOH TATB Tpotun
T Ers E+r, 1 2 1 2 1 2

293 777,79 | 1777,79 | 1728,34 | 1728,34 | 1722,46 | 1722,46 | 1786,02 | 1786,02
333 182194 | 1821,87 | 1770,92 | 1770,88 | 1764,54 | 1764,22 | 1827,62 | 1827,72
373 1869,70 | 1869,44 | 1816,98 | 1816,76 | 1810,72 | 1809,50 | 1872,52 | 1872,85
413 1920,80 | 1920,05 | 1866,29 | 1865,76 | 1860,64 | 1858,05 | 1920,52 | 1921,17
453 197494 | 1974,09 | 1918,63 | 1918,67 | 1913,94 | 1909,64 | 1971,44 | 1972,47
493 2031,87 | 2030,73 | 1973,73 | 1973,29 | 1970,28 | 1964,07 | 2025,07 | 2026,53
533 2091,33 | 2090,00 | 2031,36 | 2029,43 | 2029,34 | 2021,15 | 2081,22 | 2083,19
573 2153,10 | 2151,69 | 2091,28 | 2088,92 | 2090,84 | 2080,38 | 2139,71 | 21426
613 2216,98 | 2215,65 | 2153,30 | 2150,60 | 2154,54 | 214250 | 2200,34 | 2203,57
653 2282,79 | 2281,71 | 2217,22 | 2214,32 | 2220,20 | 2206,45 | 2262,97 | 2266,98
693 2350,36 | 2349,73 | 2282,88 | 2279,94 | 2287,64 | 2272,38 | 2327,42 | 2332,34
733 2419,55 | 2419,58 | 2350,12 | 2347,33 | 2356,68 | 2340,17 | 2393,57 | 2399,53
773 2490,23 | 2491,12 | 2418,80 | 2416,47 | 2427,17 | 2409,67 | 2461,27 | 2468,41
813 2562,29 | 2564,25 | 2488,82 | 2488,94 | 2499,00 | 2480,77 | 2530,41 | 2538,87
853 2635,62 | 2638,84 | 2560,07 | 2558,95 | 2572,03 | 2553,37 | 2600,88 | 2610,81
893 2710,12 | 2714,80 | 2632,44 | 2632,29 | 2646,18 | 2627,35 | 2672,59 | 2684,12
933 2785,71 | 2792,03 | 2705,85 | 2706,88 | 2721,35 | 2702,63 | 274543 | 2758,72
973 2862,31 | 2870,44 | 2780,23 | 2782,62 | 2797,46 | 2779,11 | 2819,33 | 2834,51
993 2900,96 | 2910,06 | 2817,77 | 2820,90 | 2835,85 | 2817,78 | 2856,66 | 2872,83
JaHHbIH QakT MO3BOJISET MPU HCCIESOBAHUH YIAPHO-BOJHOBBIX MPOIIECCOB B SHEPIeTUYECKUX
MaTepHajgax IPUMEHATH IJIs1 PacueTOB TEIUIOBON COCTABIISIONIEH BHYTPEHHEH SHEPIUU MPUOIMKEHHYIO
annpokcuMmanuio (6) 0e3 moTepu TOYHOCTH MPU pacyeTax TeMIIEPaTyphl YIApHOTO CXKAaTHs U KHHETUKU
($a30BBIX M XUMUYECKHX [TPEBPALCHUH.
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MODELING OF HEATING OF ENERGY MATERIALS
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Abstract. An analysis of the known approximations for describing the dependence of the heat capac-
ity at a constant volume of energetic materials (molecular crystals) on the crystal temperature has shown
that there are reliable approximations of the dependence of the heat capacity at a constant volume that
do not require complex quantum mechanical calculations to determine the frequencies of normal vibra-
tions, both intermolecular and inside the molecule. To obtain the dependence of the thermal part of the
internal energy of a molecular crystal, which is responsible for heating the material, it is required to in-
tegrate the heat capacity expression at constant volume over temperature. In this work, calculations have
been made for the dependence of the thermal part of the internal energy of a molecular crystal in case
when it is calculated through the frequencies of normal vibrations, and in case when it is calculated by
integrating the heat capacity at a constant volume with respect to temperature using approximation for-
mulas. When solving the spectral problem of determining the frequencies of normal vibrations within
the molecule, the PM3 and DFT quantum chemical methods have been used. The paper presents the de-
pendences of the thermal part of the internal energy of molecular crystals on temperature, calculated for
different methods of determination, and a comparative analysis, which has shown that the difference has
equaled less than 1 %.

Keywords: equation of state; molecular crystal; Helmholtz energy; Planck constant; Boltzmann
constant; Debye approximation; Einstein approximation.
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TPEBOBAHUA K NYBJIMKALUN CTATbU

1. ITyGnuKyroTcss OpUTHHAIBbHBIE PaOOTHI, CO/lepIKaIlie CYIECTBEHHbIE HaydHbIe Pe3yJbTaThl, He OITy0-
JUKOBaHHEIC B IPYTUX M3IAHMAX, IPOIIEAIINE dTAll HAYIHOW SKCIEPTH3HI 1 COOTBETCTBYIOMINE TPEOOBAHUIM
K IMOATOTOBKE PYKOIHUCEH.
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He Oonee 6 CTpaHUII, SKCIIEPTHOE 3aKIIIOYCHUE O BO3MOXHOCTH OITyOJIMKOBAaHHUS paOOThl B OTKPHITOH IeYaTH,
ceemenust 00 aBTopax (D.M.0., mecto paboThl, 3BaHHE U JOUKHOCTH JJIsI BCEX aBTOPOB PabOTHI), KOHTAKTHAS
nH(OpMAII OTBETCTBEHHOTO 33 TIOATOTOBKY PYKOITHCH.

3. Ctpykrypa crateu: Y JIK, Ha3Banue (He Oonee 12—15 cnoB), crircok aBTopoB, anHoTanus (150-250 cioB),
CIHCOK KJIFOUEBHIX CIIOB, TEKCT pabOTHI, TUTeparypa (B MOPSAKE IUTHPOBAHMS, B CKOOKAX, €CIIA ATO BO3MOXKHO,
JIaeTCsl CChUIKA Ha OPUTHHAJ INEPEeBOJHON KHHUIHM WM CTaTbH U3 KypHAJIa, ITEPEeBOJILIErocs Ha aHTIMHCKUNA
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHue, pacimupenHas aHaotanus (pedepar crarten) oobemom 10 1800
3HAKOB C IPOOETaMH, CIIFICOK KITFOUEBBIX CJIOB M CBEICHHS 00 aBTOpax Ha aHTJIMHCKOM S3bIKE.

4. ITapametpsl HaOopa. Ilomst: 3epkanbHble, BepxHee — 23, HUxKHee — 23, BHYTpH — 22, CHapyKU — 25 MM.
OIpudT — Times New Roman 11 pt, maciuta6 100 %, untepBan — oObIYHBIH, Oe3 cMelieHus 1 anuManun. OT-
cTyI KpacHo# ctpoku 0,7 cM, HHTEpBall MeXay ad3anamu 0 T, MEKCTPOYHBIH HHTEPBAI — OUHAPHBIMH.

5. ®opmynsl. Ctrnbs MaTemaTiHueckuid (1UGpeI, GYHKIUU U TEKCT — MpIMOU MIPpUPT, IepeMeHHbIE — Kyp-
cuB), ocHOBHO# mpu¢T — Times New Roman 11 pt, mokaszarenu crenenu 71 % u 58 %. BrikimoueHHsle ¢op-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 IIEHTPY.

6. Pucynku Bce gepHo-0enbie. XKenarenbHO IpeIoCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (DaiiiioB.
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