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METOAOUKA OLUEHMBAHUA AOEKBATHOCTU CTATUCTUYECKUX
MMUTALUNOHHbLIX MOAEJIEUN

P.M. Busyapb®, A.N. Mmywkun', 6.B. Cokonoe®

! BoeHHo-kocmuyeckast akademusi umeru A.®. Moxatickozo, . CaHkm-lNemepbype, Pocculickas
Qedepauus

2 ®edepanbHoe eocydapcmeeHHoe brodxemHoe yupexoeHue Hayku « CaHkm-llemepbypackul
®edeparnbHbili uccnedosamenbckul ueHmp Pocculickol akademuu Hayk», 2. CaHkm-llemepbype,
Poccutickass ®edepauusi

E-mail: sokolov_boris@inbox.ru; vka@mil.ru

AnHoTtanusi. O0beKTOM HCCJIeJOBAHUSI B JaHHOW padoTe SABJIASJIMCH CTATHU-
CTHYeCKHe MMHUTANMOHHBIC MOJEeIH CIOKHBIX TEXHHYECKHX CHCTEM, XapaKTepH-
3yeMbIX HECKOJbKHUMHU NMOKa3aTeasIMu 3(PPeKTUBHOCTH UX (PYHKIHOHMPOBAHMS.
OT kayecTBa Ha3BaHHBIX MojeJieil 3aBHCUT 3(PPeKTUBHOCTH Mpouecca Mmojay4e-
HMS 3HAaHUH 00 ucciegyeMbIx cucteMax. OJHHUM U3 OCHOBHBIX CBOMCTB, Xapakre-
PH3YIOIIMX KAYeCTBO JI000i MOJe/H, IBJISICTC €€ aleKBATHOCTh — KOMILIEKCHOE
CBOICTBO MOJE/JH, XapaKTepH3yIollee CTeNeHb COOTBETCTBHUS 3HAYECHHMIl BbI-
XO/IHBIX NIAPAMETPOB MO/IeJIM H 00beKTa ¢ TpedyeMoii TOYHOCTHIO IPH TpedyeMoii
aocropepHocTH. IlpuMeHsieMble B HacTosiiee BpeMsi IOAXOAbI K OLCHUBAHUIO
aJeKBATHOCTH TAKHX MOJeJiell OCHOBAaHbI HAa MCHOJb30BAHMHM PA3HOOOPA3HBIX
cy0OBeKTHBHBIX CBEPTOK NoOKa3aTesell J0CTOBEPHOCTH pe3y/bTAaTOB MCCJIEA0BA-
HMil K HekoeMy 00001IeHHOMY IOKAa3aTeNl0, CYIIHOCTh KOTOPOro, KaK NMpaBuJIo,
He uHTepnperupyercs. IIpeacraBiaennass B craTbe METOAUKA OLICHHBAHHUA AJCK-
BATHOCTH CTATHCTHYECKHX MMHTALMOHHBIX MOJEJell CJI0MKHBIX TEXHHYECKHX
CHCTEM, XAPaKTePH3yeMbIX HECKOJbKHMH NOKa3aTeJasMH 3(GeKTHBHOCTH HX
(GyHKIMOHNPOBAHUS, OTJIMYACTCH OT HU3BECTHBIX METOAUK HCHOJIb30BAHMEM B
Ka4ecTBe 0000IEHHOr0 MOKa3aTe/ls afeKBATHOCTH — BEPOSTHOCTH JOCTHKCHUSA
BbINIOJIHEHHUS ¢ TPedyeMOil JOCTOBEPHOCTbIO BCeX TpPeOOBAHMI 110 TOYHOCTH OI-
peaeieHusi KaxI0ro U3 paccMaTpuBaeMbIX nokaszareiei 3¢ dekTuBHOCTH. DTOT
NMOKa3aTeJb SABJASETCH eCTeCTBEHHbIM OJHO3HAYHO MHTepPNpeTHpPYyeMbIM (Bepo-
SITHOCTH BBINOJHEHHS] TPeOOBAHUN K aJeKBATHOCTH MoJeau) 00beKTHBHBIM
00001IeHHBIM TOKAa3aTeleM aAeKBATHOCTH HMccjelyeMoli MMHUTALMOHHON Moje-
Ju. JI1s ero BhIYMCJIEeHHA NPeJBapUTEIbHO C HCNOAb30BaHueM MeToaa Ilap3ena—
Po3en0aTTa mosay4yaercsi NMJIOTHOCTH BePOSTHOCTH PACCTOSIHMII MeKAY pealib-
HBIMH M MOJeJbHBIMHU NMOKa3aTeasIMU 3 (PeKTUBHOCTH UCC/IeyeMOii CHCTeMbl, a
3aTeM TpedyeMmblil pe3yJbTAT MOJY4YaeTcsi ¢ MOMOIIbIO IPEIJIOKEHHOIO aJro-
PHUTMA KPATHOT0 MHTErPUPOBAHMSA JTOH IUIOTHOCTH ¢ HCIOJIb30BAHHEM MeETO0a
Mounre-Kapio. /lanbl peKOMeHIALUM M0 peaau3aluM NMpelycCMOTPEeHHbIX MeTO-
AUKOH BBIYMCJIUTEJIbHBIX mpoueayp. IIppuMenenne MeTogUKH HILIIOCTPHPYeETCH
ONHUCaHNeM BBIYHMCINTEIbHOI0 IKCIIepUMeHTA.

Kniouegvie crosa: umumayuonroe Mooeauposanue; moyHoCchy; 00CMo6epHOCMb;,
a0eKeamHoCms MOOeNU; CIONHCHAS MEXHUYECKAs CUCIEMA.

Beenenue

OnHMM M3 OCHOBHBIX CITOCOOOB TOJTYYESHHS 3HAHUH O CIOXKHBIX TexHndeckux cuctemax (CTC) sB-
JIIETCS MOJISTMPOBAHUE Tpoliecca nx (QYHKIIMOHUPOBaHMs. Pa3HOPOIHOCTH cocTaBHEIX 3ieMeHToB CTC
Y pa3HooOpasue CBA3CH MEXKIy HUMU, HEIMHEHHOCTh PA3JIMYHBIX CBOWCTB ATHX DJIEMEHTOB O0YCIIOBIH-
BaIOT 11€JIECO00PA3HOCTh IPUMEHEHHS IS HCCISIOBAHMS TAKUX CUCTEM UMHUTAIMOHHOTO MOJICIHPOBa-
Hus (MUM), BEIXOOHBIMH pe3yJbTaTaMH KOTOPOTO SIBIIIOTCS N1Ba M 0OoJiee IOKa3aTesei, OTpaKarolux
3TH CBOMCTBA.

OddexTuBHOCT Mporiecca nmonydeHust 3HaHuil 00 uccnenyemoit CTC 3aBucutr ot kadectBa 1M,
0] KOTOPHIM TTOHMMAETCSI COBOKYITHOCTH CBOMCTB, XapaKTEPU3YIONIUX HX CIOCOOHOCTH BBITOTHSTH
3amannbie Gpyakmun. OTHIM U3 OCHOBHBIX CBOMCTB MOJIEITH, KOTOPOE XapaKTepHu3yeT BO3MOKHOCTE I10-

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 5
2023, Tom 15, Ne 3, C. 5-14



MaTtemaTtuka

Jy4eHHsI C €€ MOMOIIBI0 JOCTOBEPHBIX W TOYHBIX JaHHBIX 00 mcciexyemoit CTC, sBiseTcss ajaekBart-
HOCTb. AZieKBaTHOCTh VUM — 3TO KOMILJIEKCHOE CBOWCTBO MOJIEIH, XapaKTePU3YIOIIEE CTEIIEHh COOTBET-
CTBHSI 3HAYCHUI BBIXOJHBIX MapaMeTPOB MOJICITH U 00BEKTa C TPeOyeMON TOYHOCTBIO TPHU TpeOyeMoi
nmocToBepHOCTH [1].

Ecnu monxo/p! kK onpeAesicHHI0 KOJTUYeCTBEHHOW OIICHKH aJiekBaTHOCTU MM ¢ oTHUM moKkasareinem
s¢dexTnBHOCTH NX (HYHKIIMOHUPOBAHUS XOPOIIO M3BECTHHI [1-3], TO MOAXOABI K OIEHUBAHHIO aJICK-
BaTHOCTH VIM ¢ OONBIINM KOJTUYECTBOM TAKHX TOKa3aTelel Mo-peKHeMy TPEOYIOT OMOTHUTEIEHOTO
MCCIIEIOBAHUS 3TOTO BOIIPOCA.

AHaIU3 MOAX0/I0B K OIEHUBAHUIO a/IEKBATHOCTH MMHTAIIMOHHBIX Mo/ ejeii

OpauM U3 HanOoJee PacIPOCTPAHCHHBIX IMOAXOJ0B K OIICHUBAaHUIO ajiekBaTHOCTH MM sBisiercs
TOJIXOJI, TIPEICTABICHHBINA B [1, 2] ¥ 3aKIFOYAONINIICS B OIIEHWBAHUU MEPHI OJIM30CTH I PE3yNbTaTOB,
MOTyYeHHBIX MIPH MojaenupoBannu (M), W pe3ynbTaToB, MOTYyYEHHBIX HA OCHOBE 00pabOTKM CTATHUCTH-
YEeCKHX JAHHBIX, B KOTOPBIX COJEPMKATCSA CBEACHUS 00 nuccieayeMom oonekte (Ob):

I’k(Ob,M)Z‘WEb—Wll(\A‘,kzl,_K, (1)

rie WE b _ spavenme mokazatens K-ro coiicTBa CTC, mony4eHHOE U3 CTATUCTUYCCKUX JAHHBIX; le(w —
3HaueHue mokaszareins K-ro ceoiictea CTC, monyuenHoe B pesyibrare UM ee GpyHKmonupoBanus; K —
KOJIMYECTBO CBOMCTB, Xapaktepusytomux CTC.
B kauecTBe MEPHBI aICKBATHOCTHU I/IMI/ITaHI/IOHHOI‘/’I MOZCIIN B 3TOM CJIy4ac BI)I6I/IpaeTCH BCPOATHOCTH
P[r (Ob,M)<¢]>1-5, )
re & — TOJIOKHUTENbHAS BEIMYMHA, XapaKTepU3yomas TOYHOCTh Mojeny; (1—oJ) — momoxurenbHas

BEJIMYHMHA, XapaKTEePHU3yoIasi JOCTOBEPHOCTh MOJIEIH, KOTOPYIO OyIeM Ha3blBaTh JOBEPUTEIBHOM Be-
POSITHOCTBIO U 0003Ha4aTh ee uepe3 f=(1-70).

B cayuae eciiu CTC xapakrepusyeTcsi TOIBKO OAHUM CBOHMCTBOM, TO TAKOM MOAXOJ SIBJISIETCS Hau-
Oonee mpusnekarenbHbIM. OHaKo eciim CTC xapakTepusyercs AByMs U OoJjiee CBOMCTBAMH WIIH KaKoe-
1160 CBOMCTBO XapaKTepU3yeTcs HECKOIBKIUMU ITOKa3aTeNsIMU, TO UCIIOJIb30BaHUE YKA3aHHOTO IOIX0/1a
00yCJI0BIMBaET HEOOXOOUMOCTD AJISI PELICHMS 3a/Ja4d OLECHHWBAHUS AJEKBATHOCTH €€ WMHUTALMOHHOMN
MOJIEJIH TIONYYEeHHS CBEPTKH BeposiTHOCTe#H (2) mst kaxmoro cBoiictBa CTC mim st KaXKA0TO IMOKasa-
TeJIsl, XapaKTePU3YIOIEro Kakoe-1100 CBOMCTBO.

Eime ogue noaxo[ K peleHnIo 3aauy OLeHUBaHuA ajiekBaTHOCTH VIM cBsi3aH C NCTIONB30BaHUEM B
KadyecTBE Mepbl OJIM30CTH HE paccTosiHKA (1), a pacCTOSHUS MEXIY BEKTOPaMH, JJIEMEHTAMH KOTOPBIX

SIBJISFOTCS 3HAYCHUS IOKAa3aTelIell CBOMCTB CTC, IMOJIYUYCHHBIC U3 CTATUCTUYCCKUX NAaHHBIX WOb " 1npu

MOJIEJTUPOBAHUN wM

Jl1s BBIYHCTICHHSI pACCTOSIHUS MEXK]Ty 3TUMH BEKTOPAMHU MOTYT OBITH MPUMEHEHBI PA3TUYHbIE BHUIbI
METpUK, TaKhe Kak MeTpuku EBKiinma, KocuHycHOe paccrosiuue, UeObimesa, Xaommunra, Ju u ap [4],
YTO TaKXKe MPUBHOCHUT 3JIEMEHT CyOhEKTUBU3MA.

Kakx BuamM, o0a pacCMOTPEHHBIX TOJXOAa XapaKTEPHU3YIOTCS BBICOKOH NI0OJIeH CyObEKTHBH3MA B
mpoiiecce orneHuBaHus anexkBatHoctu M. IlpuBenéHubie 00CTOSITENHCTBA 00YCIOBINBAIOT HEOOXOIH-
MOCTb COBEPIICHCTBOBaHMS HAyYHO-METOMUECKOI0 anmnapara OlleHHBaHus ajiekBatHoct IM.

Llenpro maHHON CTAaThU SBIACTCS MPEICTABICHUE METOJUKH OOBEKTHBHOTO OIICHWUBAHUS aJIeKBaT-
HocTH croxactuueckux UM CTC.

Onucanue MeTOAUKH OLICHHBAHUS aJeKBATHOCTH CTATHCTHYECKHX HMUTAMOHHBIX MOJeJIei

B ocHOBe JaHHON METOAMKHM JIEKUT MPEACTABICHUE BBIXOAHBIX MOKa3aTeaell MOAEIN B BUJE CHUC-
Tembl cirydaiiabix BenmunH (CB). Torna B kauecTBe Mepbl afiekBaTHOCTH UM MOXKeT OBITh UCTIONB30Ba-
Ha BEPOSITHOCTh

& éK
P[rl(wf’b,vv{”)Sgl,...,rk(wl?b,wljy)Sgk,...,rK(wgb,Wf? SgK]z.[...f f(r,0,..f)dr..dr,  (3)
0 0

TIE &,Ep,...,Ek — NMOJOKUTEIBHBIE BEJIMYMHBI, XapaKTEPHU3YIOIIHE TOYHOCTh MOJIEIIH 110 KaKIOMY I0-
kazaremo; f(n,r,,..Ik) — IUIOTHOCTh BEPOATHOCTH DPACCTOSHUM MEX]y 3HAUCHUSIMH IOKa3aTesel
cBoiictB CTC, momyuyeHHBIMHU U3 CTATUCTHYECKUX JAHHBIX U B PE3YJIbTAaTe MOJACIUPOBAHUSI.
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ITpu 5TOM MOzENb OYAET CUMTATLCSA aJEKBATHOM, €CIIU OYIET BBINOIHATHECS yCIOBUE
Ob Ob Ob
P[rl(w1 WY < g b (WP W) <y T (WP W < ] >f. (4)

[Ipennaraemoe aBTOpaMu CTaThbU KCIOJIL30BAaHUE B Ka4eCTBE MEphl afekBaTHOCTH MM BeposiTHO-
ctH (3), XapakTepu3yromeil BepOsITHOCTh JOCTIKEHHUS TPpeOOBaHUH MO TOYHOCTH Ka)KAOTO U3 paccMaT-
pUBaEMBIX TIOKa3aTesei, KoTopas, 0 CyTH, SBISETCS OJHO3HAYHO WHTEPIPETUPYEMBIM OOBEKTHBHBIM
00001IIeHHBIM TTOKa3aTeeM afekBaTHOCTH MM, mo3BoisieT n30aBUTHCS OT CYOBEKTHBHA3MA TIPH pere-
HUY MOAO0OHBIX 3aj1a4 OLICHUBAHMSI, @ TAKKE COXPAHUTh OOIICTIPUHSITHIN (DU3UUECKUN CMBICI TICPEMEH-
HBIX &, 3.

O0600meHHas CTPYKTypHasi cXeMa METOIWKH, BKITIOYAOIIeil B ceOsi ceMb OCHOBHBIX 3TaIlOB, TIPE/I-

CTaBJIeHa Ha puc. 1.
Ha4yano

f MmMuTaumorHaa mogens CTC J,£=
v

\DAHaan CTATUCTHUECKUX OaHHBIX W HOPMUpOBaHUE
Ga3bl HAYANbLHBIX XAPAKTEPUCTMK Npouecca
yHEUMOHUpOoBaHNA CTC ¢ COOTBETCTEYIOWNMK MM
3HAYEHWAMKM NokasaTensi ahheKTUBHOCTH

[ n = 0 |
j_“,ab} : — ¥
Wen Sy | n = n + 1 e
h pJr
\2.) HMHTaLLHOHHOE ModenvpoeaHie npouecca
thYHKLMOHWpOBaHUA CTC

[T }
W
4 Vil
:3) HaxoxneHve HawGonee BEPOATHLIX 3HAYSHUIA
BbIXOAHBIX NApaMETROB MOOENH

S we g -
wy, "k =LK
¥
=
\4) HaxomoeHus paccTOAHMA NO KKOOMY KPUTEPHIO
e PR
[ -] I

Oa
@Haxomeu We NNOTHOCTH BEPOATHOCTH PACCTORHWA
S L)

Het

- @opp&nqnﬂ MEXOQHOW MOGENH

TEHMBaHHe aaeKBaTHOCTH
Plh<e...1.Se.]2p

| Mogens ageksatHa |

KOoHel,

Puc. 1. CTpyKkTypHasi cxema MeTOAUKMN OLeHMBaHUA agekBaTtHoctu UM

B xadyecTBe HCXOIHBIX JaHHBIX AJIS IPEACTABICHHON METOAMKH MCIONB3YIOTCSA JaHHBIE, HA OCHOBE
KOTOpbIX cuHTe3upoBana UM uccrneyemoil cucteMsl, o aJiexallas OleHUBaHUIO.

PaccmoTpum Gosiee moapoOHO colepikaHue mpeaiaracMoi Metoauku. Ha nepeom amane neobxo-
JUMO OCYLIECTBUTH PETPOCIIEKTUBHBIN aHanu3 mporecca GpyHkuuoHuposanus peanbHoit CTC, Mozensb
(YHKIIMOHUPOBAHHUS KOTOPOU TIOJJIEKUT OIICHUBAHMIO C TIO3UIINH €€ aJIeKBaTHOCTH. B pe3ynbraTe Tako-
ro aHaimza Gopmupyercst 6a3a JaHHBIX, COJEpIKAINAs CBEJCHUS O HaYAIBHBIX IMapaMeTpax Ipolecca
¢ynkunonupoBanuss CTC u HaOmogaeMbIx (M3MEPEHHBIX) 3HAYCHUSX IMOKazarenei 3()(eKTUBHOCTH
nuccnegyemoro mporecca. Comepxanue Takoi 0a3pl JAHHBIX MOKET OBITH IIPEICTABICHO B BUE Ta0m. 1.
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Tabnuua 1
Pe3ynbTaThl peTPOCNEKTUBHOrO aHanusa npouecca PyHKLUMOHUpPOBaHusA peanbHon CTC
No HabrO/1C- MHOXeCTBO HaYaIbHBIX TIAPaMETPOB [TokazaTenmn 3¢ (peKTUBHOCTH TIporiecca
HUS (MCXOMHBIX TaHHBIX) MIporecca GpyHK- ¢ysaxmuonupoBanus CTC
nronupoBanmst CTC
1 Vi WP k =1,K
n Vi woP, K= LK
N Vi W kLK

Havansubie napameTpsl nponecca Gynkunonuposanus CTC, 3agannbie BektopoM VY, , OyayT B 1o-

CJIETyFOIIIEM HCIIOJIB30BaThCSl B KauecTBe BXOAHBIX mapamerpoB MM storo mpomecca. Ilockomsky Ha
IATOM 3Talle METOAMKH MPEIINOoaraeTcsi pacyeT IUIOTHOCTU BEPOATHOCTH PACCTOSHHUM [, , TOYHOCTb
oTpezeNieHus] KOTOPOi 3aBUCUT OT 00beMa BBIOOPKH 3THUX PACCTOSHUH, TO Ieeco00pa3HO HA MIEPBOM
JTare MoIyYUTh KaK MOXHO OOJIbIliee KOJTUIecTBO HabmoaeHwid N.

Bmopoi, mpemuit u uemeepmotit 3manst METOJUKH CBS3aHbI C IPOBEACHUEM cepuu u3 | BeIumC-
JIMTCJIIBHBIX 3KCIICPUMCEHTOB C UM c COOTBCTCTBYIOIIMMHU 3HAYCHUSAMU BXOJHBIX IMapaMCTPOB Vn , HaXO0-

JKACGHUEM M0 pe3yibTaTaM MOJCIUPOBAHUS Haubosee BEPOSTHBIX 3HAUYCHHH BCEX PAacCMaTPHBAEMbIX

nokazareneit 3QPeKTUBHOCTH QYHKIHOHHUPOBAHUSI Wl'(vI " k=1K u nomxyuenuem N BBIGOPOK paccrosi-

Huit {r,}.

KonnuectBo mporoHos M B kaxJIoM SKCHEpUMEHTE HEOOXOAUMO ONpPENeNATh, UCXOISI U3 Tpe-
OyeMoro 3Ha4eHuUsI JOBEPHTEILHON BEPOSTHOCTH K Pe3yIbTaTaM MOASIHPOBAHUS [S].

Heob6XoauMOCTh HCTIONB30BaHMS UL ONPENEICHUS PACCTOSHHI [, HanOoiee BEPOSTHBIX 3HaYe-

HUI TIOKa3aTenei, MOJyYeHHBIX B pe3yibTaTe MOJCIHPOBAHMS, OOYCIOBJIEHA TEM, YTO PAaCCUUTAThH
CpelHMEe 3HaueHHs Mokaszarened 3ddexkTuBHOCTH nponecca QyHkumoHupoBaHus peaidbHoit CTC ams
KOHKPETHOTO BapHaHTa HavyaJIbHBIX TAPAMETPOB ATOTO TpoIiecca B OONBIINHCTBE CIydaeB HE IPEICTaB-
JSIeTCST BO3MOYKHBIM BCIIEICTBUE MAJIOTO KOJIMYECTBA HAOIIOACHUI ¢ OJHUMU M TEMH K€ Ha4aJbHBIMH
napamerpamu nporecca. IToaToMy, Ha HalI B3Iy, LeJecooOpa3HO MCHOIb30BaTh B KauecTse I, pac-
CTOSTHHE MEXJIy CIIyYailHBIMH 3HauYeHHSAMH IMokazareneld 3(h(HeKTUBHOCTH (YHKIHMOHUPOBAHUS pealb-

Hoit CTC n Hamnbosiee BEPOSITHBIMU MX 3HAYCHUSIMH, MOJyYeHHBIMH B pe3ynbTare UM npu ogHuX U Tex
’K€ UCXOJIHBIX TaHHBIX !

fi =Wy —wig | k=1 K. )
Jlns onpeneneHus W|'<VI " HeobxoauMo 1o pe3yibraTaM MM Mojy4uTh IUIOTHOCTH BEPOSTHOCTH

fin (WL\::) . 3Ha4eHus Wkn , COOTBETCTBYIOIIME MAKCUMAaJIbHBIM 3HAYEHUSIM IUIOTHOCTH BEPOSTHOCTH, U
ecTh Hauboliee BEpOATHBIE 3HAYCHHSI KaXJIOTO paccMaTphUBaeMoro mnokazarens dQQeKTHBHOCTH (YHK-
muoHuposanusi CTC. ns mosyyeHHs IUIOTHOCTH BEPOATHOCTH MOKHO HCIIOJIB30BATh JIIOOOH METO.
BOCCTaHOBJICHUS! IUNIOTHOCTH BEPOSITHOCTH IO BHIOOPOYHBIM JAaHHBIM, HallPUMEpP, METO SIAEPHOI OLIeH-
KH.

[TocnenoBarenbHOE BBIMTOJHEHHE OCHOBHBIX 3TAllOB MpeajiaraéMoil METOIMKH (C TEepBOTO MO YeT-
BEPTBHII 3TAIlbl) O3BOJIUT HOIYYUTh BEIOOPKY paccTossHuil {I,}y » IpeacTaBisIoNnIyto coboit cucremy K
CIIy4alHBIX BEJMYMH, IMOJydYeHHYI0 B pe3yibTare mpoBeneHuss N skcnepumMeHToB. [laHHas BeIOOpKa
HPE/ICTABIIET COO0M MCXOMHBIE NAHHBIEC 0714 MAMO20 IMANA MEMOOUKU, TIETBI0 KOTOPOTO SIBIISIETCS
TOJIy4€HHE IUNIOTHOCTH BEPOSITHOCTH CHCTEMBI ClTydaifHbIX BeauuuH f (1, 1, ..., I ) .

B ciydae HesaBucumocTH oTnensHbiXx CB Iy, BXogamux B paccMaTpuBaemyto cucteMy CB, mior-
HOCTb BEPOSTHOCTH MOXET OBITh TIOJy4YeHa KaK

K
f(r i) =T f (o) - (6)
k=1
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OpnnHaxo MCTIONb30BaHKE BhIpayKEeHUs (6) BOZMOKHO TOJIBKO ITOCIIE OITBEPKACHUS TUIIOTE-
3bl O HE3aBUCUMOCTH OTAEJIbHBIX CIYy4alHBIX BEIUYMH, YTO B ciiydae K >2 CBA3aHO C CyILEeCT-
BEHHBIMH BBIYUCIIUTEIBHBIMU CIOKHOCTSIMH [6]. TloaTOMy 11enmecoo0pa3Ho onpeneisaTh MIoT-
HOCTb BepoaTHOCTH f (I, T,,..., k) 0€3 IpenBapuTEeIbHOTO OIpeAeieHus (pakTa 3aBUCUMOCTH

WJIM HE3aBUCUMOCTH CITyYailHBIX BETHUYHH. DTO MOXKET OBITh CACIAHO C TIOMOIIBIO METO/Ia BOC-
CTaHOBJICHHUS ITUIOTHOCTH BepossTHOCTH Ilap3ena—PosenOmarra [7—10]. Ilpu ucnosas3oBaHuU
3TOr0 METOJla B JaHHOM MCCJIEIOBAHUU IUIOTHOCTh BEpPOSATHOCTH f(r,T,, ..., k) OIpenensiach

cornacHo [11] mo dhopmyne

F (1o o o T ) = ZH—Y( rk") )

nlkl k

rae I, — peanusamusa K-To paccTosHMs B N-M ombITe; h, — IIMpUHA NPOIyCKaHUS K-TO PacCTOSHUSA;
1T y2

Y( — i )= ie 2" I —TI'ayccoBa saepHast GyHKIUS.
he " er

B pa6ote [7] Beipaxkenue (7) NpeaCcTaBICHO B HECKOJIBKO APYroM BUE, a UMeHHO 1o K BBITIOJHS-
eTcsd CyMMHUPOBAaHHUE, a HE IIEPEMHOKEHHE, KaK B JaHHOM ciydae. OJHAKO, KaK I0Ka3ano JaHHOE HC-
CJIeZIOBaHME, TAKOE BBIPAKEHUE MOXKET OBITh UCIIOIB30BaHO TOJBKO AJs ciaydas K <2.

Ha wecmom 3mane tnipeyiaraeMoii METOAMKH HE00Xoaumo myteM K-KpaTHOTO MHTETPUPOBAHUS
MOJTy4E€HHO! TUTOTHOCTH OI[CHUTH BEPOSATHOCTS (3) M MIPOBEPUTH BHIIOITHEHNE YCIOBUA (4).

[ BBIUMCIICHHS KPAaTHBIX HHTEIPAJIOB MCIIOIB3YIOTCS pa3inuHble crocoOsl. Tak, Hanpumep, B [7]
OOHO- U JIBYKPATHOC MHTCTPHUPOBAHUEC OCYHICCTBIIAACTCA C IOMOINBIO BCTPOCHHLBIX B IMMAKCT IMPUKIIAAHBIX
mporpamm MATHLAB criermanusupoBaHbix (yHKIWN, a MHTETPUPOBaHHE OOJiee BBICOKOTO IOPSIIKA
KPaTHOCTH IPEUIOKEHO MPOBOIUTH C MOMOIIBIO BJIOKEHHBIX MHTErpasioB. OIHAKO MCIIOIB30BAHUE Ta-
KOoro cnoco6a AJI CJIOKHBIX IMOABIHTETPAaIbHBIX Q)YHKIII/II‘/'I COIPSXKCHO CO 3HAYUTCIIBHBIMU BbIYHCIIN-
TENBbHBIMU 3aTPaTaMU U XapaKTEPH3YyeTCs HEBBICOKOW TOYHOCTBIO, OCOOEHHO AJIsi OOJIBIINX TOPSIKOB
KpPaTHOCTH.

[TpoBeneHHbIE UCCIENOBAHUS MTOKA3aJIM, YTO JUIS ONpeesicHus BEpOsITHOCTH (3) B JaHHOMW paboTe
1eJ1eco00pa3HO MCIIONB30BaTh METOA YHCICHHOTO MHTETPUPOBAHMS HAa OCHOBE NPHUMEHEHHS METOAA
MomnTe-Kapio.

CymIHOCTh METO/Ia UHTETPUPOBAHUS HA OCHOBE MpUMEHEHH MeToaa MonTe-Kapio 3akimogaeTcs B
TOM, YTO B CIIy4aiiHO BBIOPaHHBIX TOYKaX |-MEpHOTO MPOCTPAHCTBA BBIYUCISIOTCA 3HAUYEHHS HOIBIHTE-
rpaibHON (DYHKLMH, HA OCHOBE KOTOPBIX ONpeeisieTcs ee cpelHee 3HaueHue. 3HaueHue HHTerpaita npu
3TOM PaBHO MPOM3BENICHHUIO CPEHEr0 3HaUYeHHs (PYHKIMK Ha 00BEM Tela, ONPEAEICHHOTO YHCIIOM 3THX
Touek [12].

PaccmoTpum cxeMy ucnonb3oBanus Metosna Monre-Kapo 1 onpenenenus BeposTHOCTH (3).

Ilae 1. OnpenenieHre KOJIMYSCTBA IKCIEPUMEHTOB Q M KOJMYECTBA TOYEK J, IO KOTOPHIM Oyjer
BBIYUCIISITHCA MHTETpajl B KaXIoM 3KcrepuMente. YeM Gombiie OyAeT KOJUYECTBO SKCIEPUMEHTOB U
KOJINYECTBO TOYEK B KAKJIOM 3KCIIEPUMEHTE, TeM TOYHee OyAeT pe3yibTaT ONpeAeCHUs] BEPOSITHOCTH
(3). OnHako OoMNBIIOE KOJIHMYECTBO IKCIIEPHUMEHTOB U TOYEK B HUX MOJYKET MPUBECTH K CYIIECTBEHHOMY
YBEJIUYEHHIO HEOOXOANMBIX BEIYUCIUTEIbHBIX pecypcoB. [losToMy npu onpeneneHny 3TuX napaMmeTpoB
Heo0XoIuMo obecnieunTs Tpedyemble 3HaYeHMs TOKaszaTeneil TouHOCTH BeryuciaeHus. Hanpumep, mpo-
BEJICHHBIC MCCJICIOBAHMS TOKA3aJIM, YTO JIJIs BBIYMCICHHS BepostHocTu (3) mns ciaydas K = 3 ¢ mo-
rpemHocThi0 A =10,003 HeoOxoaumo nposeneHne 10 3KCIIEPUMEHTOB C KOJIMYECTBOM TOYEK B Kax-
oM J =10 000.

Llae 2. ]Jlns KaXaoro SKCIEPUMEHTa IPOBOAMTCA TeHepanuss J TOUeK C KOOpIUHATAMH

(x jrXojreees XKj), npuHaIeKamux K-MepHOMY TapaJIeIenuIeny, OrpaHnIeHHOMY TIpeIeiaMy HHTET-
pupoBanus. KoopiMHATHI TOUEK PAaCCYMTHIBAIOTCS COTTIACHO BhIpaXkeHUto (8) [12]

Xg =n + (6 =&, 8)
rae n',r¢ — HIDKHSSL M BEPXHssl FPaHMIA MHTETPUPOBAHMS [O [} PACCTOSHUIO COOTBETCTBEHHO; & —
CIIy4ailHO€ YUCIIO, paclpeAesieHHOE 10 PABHOMEPHOMY 3aKOHY B uHTepBaie [0;1].
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Tax kak ' =0,r =&, , popmyna (8) mpeobpasyercs B
Xig = &S - 9

Llae 3. Beruncnenne 3HaueHns GyHKOuA (7) B KaXI0H TOUKE M OMpeeNieHNe ee CPeIHEero 3Hade-
HUS

J
fev =(Z£f(xlqj,..., X oo XEN1 I (10)
]:

Illaz 4. HaxoxieHue 3HaYCHUsI MHTErpajia B KOKIAOM (-M SKCIICPUMEHTE M BBIUYUCIICHUE 3HAUYCHUS
BeposTHOCTH (3) 1o popmye [12]

Q K
P=Q (f" TT(& —xM/Q, (11)
g=1 k=1
KoTopast ¢ yuetoM I’ =0,K’ =g, Tpancdopmupyercs B
Q K
P=Q (f" [ Ta))/Q- (12)
g=1 k=1

Hcnonp3oBanue U3JI0KEHHOTO METO/1a TIO3BOJIUT C BHICOKOH TOUHOCTBIO OIEHUTH MEPY aJIeKBATHO-
ctr 1100b1x IM 3a cueT BO3MOKHOCTH BBIYUCIICHUSI MHTETpajia Jr000i CTeleH! KPaTHOCTH.

3aKIIIOYUTENBHON ONEpaluel wecmozo smana memoOuKu SIBISICTCS. CPABHEHUE MTOJIYYEHHOTO 3Ha-
YeHHS BepOATHOCTH (3) ¢ TpeOOBaHUEM 1O JOCTOBEPHOCTH [ . B ciyuae, ecnu ycioBue (4) BBIIOTHSCT-

¢, TO pa3paboraHHas MOJEb o0ecreunBaeT TpeOyeMyto cTerneHb aaekBaTHocTd. Eciu ycnosue (4) He
BBITIONHSIETCS, TO ucxoaHas UM moanesxxut koppekuuu (aman 7 memoouxu) M TIPOIIECC OIICHUBAHUS €
a/IeKBaTHOCTH MTOBTOPSIETCS, HAYMHAS C TIEPBOTO ATarla.

HpCILCTaBJICHHaSI METOAHUKAa OLCHUBAHUA aJACKBATHOCTH UM otnuyaeTrcs OT HM3BECTHBIX METOAHUK
UCIIOJI30BaHUEM B KadecTBe 0OOOIIEHHOrO MOKa3aTeNs aJeKBaTHOCTH — BEPOSATHOCTH JOCTIKCHHS BbI-
MOJIHEHUS BCeX TpeOOBaHMN MO TOYHOCTH OMPEAEICHHUS KAXKIOr0 paccMaTpHUBaeMOro mokasaTesst 3¢-
¢dextuBnoctu CTC.

Takum 00pazom, B paMKax pa3paO0TaHHON METOAMKHU IIpEUIaraeTcsi pacCMaTpyUBaTh aJeKBaTHOCTD
MMHTALMOHHON MOJENH, KaKk KOMIUIEKCHOE CBOMCTBO, XapaKTepU3YIOILIee TOYHOCTh U OCTOBEPHOCTH
UCCIIEIyeMO MOJIENH, U TO3BOJIsIoNIee N30aBUTHCSI OT CYOBEKTUBH3MA MPH PEIICHHU 3a7aqyd MHOTO-
KpUTEPUAIBHOTO BEIOOpA TP CPAaBHEHUH PA3JIMYHBIX BapraHTOB Mozenei 3agannoit CTC.

BeruucanTeabHbIH IKCIIEPUMEHT

Jiist HarmsqHOM WILTIOCTpAIMK TPEACTaBICHHON METOMUKU paccMOTpuM UM QyHKIIMOHHPOBaHUS
cucremsl skciutyatanuu (CJ) pakerHo-KocMuueckoro kommiekca (PKK) nmpu npoBenenun nByx mocie-
JIOBATENbHBIX IIyCKOB PAKET-HOCUTEJIEH U OLICHUM €€ aJ€KBATHOCTb.

BrIXOIHBIMU ITapaMeTpaMU MOJEIU SBISIOTCS: MPOJOJKUTEIBHOCTD MOJAIOTOBKH K IIYCKY IEPBOM

2 . CTOMMOCTB (YHKIIMOHUPOBAHUS

PH - tfm ; IPOJIOJDKUTENBHOCTE IIOJTOTOBKY K IIyCKy BTopoi PH -t ;

COPKK- C.

BxogusiMu mapaMeTpamu SBISIOTCS TapaMeTPhl CHCTEMBI KCIUTyaTalllH, 3aJaHHbIE MHOKECTBOM
V.

TpeOoBaHMs K TOYHOCTH U IOCTOBEPHOCTH BBIXOIHBIX TAHHBIX MOJIEIN CIIEAYIOIIHE:

& =&, =1 4. — TpebOBaHUA K TOYHOCTH ONPEAEICHUS 3HAYECHUH TPOJOKUTEIbHOCTU OATOTOBKU
K IIyCKy niepBoi 1 BTopoii PH coOTBETCTBEHHO;

&3 =20000 y.e. — TpebOBaHUSA K TOUHOCTH OINPEAEICHHs 3HAUE€HHUsl CTOMMOCTH (DyHKIIHOHUPOBAHUS
CD PKK;

£ =0,95 — TpeboBanms K TOCTOBEPHOCTH BBIXOHBIX ITAPAMETPOB MOJICIIH.

Ha nepBom 3Tane MeTOIWKH TIPEIIIONaraeTcs, YTo B Pe3yJIbTaTe PETPOCICKTHBHOTO aHAU3a Mpo-
necca pynkuuonupoBanus peanbHor THoBoM CO PKK B Teuenue 20 neT Oblia mony4eHa 0a3a TaHHBIX,
cojep Kaniasi CBeJICHUSI 0 HAaYaJIbHBIX 3HAYCHUSIX €€ TTapaMeTPOB U HAOIIOJAaEMBIX B TIOCIIEACTBUH MTOKa-
3areneit 3p(heKTUBHOCTH Tporiecca ee QyHKIIMOHUpOBaHUs (Tad. 2).
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Ta6nuua 2
Pe3ynbTaThbl peTpOoCneKTUBHOrO aHanu3a npouecca pyHKuMoHupoBaHus Tunosoun CO PKK
Ne HaOFOHEHMS MHuoxecTBO mapameTpoB C3 PKK ITokazatenn 3(hpeKTHBHOCTH mpoIiecca
¢ynkumnonuposanusi CO PKK
tin , 4. t,fn , 4. C,ye.
1 A 51,3 52 8760274
20 Voo 49 61 8730288

Ha BrOopoM M TpeTbeM 3Tamax Ui Kakaoro Habopa BXOJHBIX napameTpos V,,n=1,20 Obuia npo-
BemeHa cepus n3 1000 BEIMHCIUTENHHBIX DKCIICPUMEHTOB C pa3pabOTaHHOW MMHTAIIMOHHOW MOJIENbIO,
00paboTKa pe3yNbTaTOB KOTOPHIX MO3BOJIAJIA TMOJIYYHTh JUISl KAXKIOTr0 N TPOWKY HAuOOJIee BEPOSITHBIX
MOJIEIBHBIX 3HAaYECHNN nokasarenen s3gdextusaoctr pynknuonnposanns CO PKK (puc. 2).

: ISR P A (&)
3
4 Jff(fm) T f’m 3 A |
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Ha yeTBepToM 3Tane ObLIN MONyYeHbl BBIOOPKH paccTostHUi {I,}oq , TPaduueckas HHTEpHpeTaIus

KOTOpPBIX MpeACTaBIeHa Ha puc. 3.
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Puc. 3. Npacdhmyeckoe onmcaHne MHOXeCTB 3Ha4YeHU Noka3saTtenen 3¢pPeKTMBHOCTU (PYHKLIMOHMPOBaHUs peanbHON TU-
nosow C3 PKK, nonyyeHHbIX B pe3ynbTaTe peTPOCNEKTUBHOIO aHanu3a v BbIYUCIIUTENTBHOIO 3KCNepuMeHTa
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Jlanee Ha MSITOM 3Tare METOAUKH ¢ TIOMOIIIbI0 MeToaa [Tap3ena—Po3enbnarra u Gpopmyisl (7) Gbuia
paccuuTaHa IIOTHOCTH BeposTHocTH f (I, 1y, 13):
20 3
(5 ) = [ [y (), (12)
n=1k=1 "k Kk
B pe3ysbTaTe TPEXKPaTHOTO WHTETPHPOBAHHUS KOTOPOii M0 Metoxy Monte-Kapino momydeHo 3HaueHue
BEPOSTHOCTH yJOBICTBOPEHHSI TPeOOBAHUI K TOYHOCTH BBIMOJHEHUS BCEX 3a/1ad, CTOSIIUX TEPea MO-
JENUPOBAHHEM

[Nockoneky 3HaueHue BepoarHoctu P >0,95, To MOXXHO chenaTh BBIBOA, 4TO pa3zpaboranHas MM
¢ynkumonuposanusi CO PKK anexBaTHa peanbHOH.

3akuouenne

[IpoBeneHHbIe Hccae10BaHMs TO3BOJIAIOT CAEIATH CIEYIOIINE BEIBOIBI.

1. JIng Bcex mpUMEHSEMbIX B HACTOsIEE BPEMsI METOJUK KOJMYECTBEHHOI'O OLIEHUBAHUS a/IeKBaT-
HocTH MIM XapakTepeH CyIIECTBEHHBIN DJIEMEHT CyObEKTUBH3MA, CJIIEACTBUEM KOTOPOTO SBIISETCS CO-
XpaHeHHe HeOoNpeAeIEHHOCTH OLIEHKH.

2. llpennoxeHHasi B paboTe METOAMKA OLEHWBaHU aaekBaTHOCTH M obecrieunBaeT moiaydeHue
KOMIUIEKCHON OOBEKTHUBHOM OIICHKH €€ aJIeKBaTHOCTH, OTBEUaroliel Ha Bompoc: «C Kakod BEpOsSTHO-
CTBIO OyJieT o0ecrieueHa TOYHOCTh BHITTOJIHEHHS BCEX 3a/1a4, CTOSIIUX Tepe]l MOACTHPOBAHHEM.

3. Ilpenmnaraemas B [7] hopmyna (5) I MOCTPOCHUS IFIOTHOCTH PACIIPEICIICHAS CITyYailHBIX 3HA-
4yeHuil mokazareneil kauectsa QyHkroHupoBaHusi CTC MoxkeT ObITh MPUMEHEHA TOJIBKO, €CIIH UX KO-
nryecTBO He Ooubiie ABYX. [Ipu OoiblieM KONMYECTBE pacCMaTpHUBAEMBIX IMMOKa3aTeieid HeoOXO0IUMO
noJe30BaThes Gpopmyoit (12), pekomermoBanaoi B [11].

4. Jlns BBIOJHEHUS MPOLEAYP KPaTHOTO WHTETPUPOBAHMUS, IPUMEHSEMBIX B MPEIOKEHHON Me-
TOJIUKE JJISl BBIYMCIICHUSI BEPOSTHOCTU BBHIMIOJHEHUSI BCEX TPEOOBAaHUM K 00ECTICUEHUIO a/JIeKBaTHOCTH
HM, nenecoobpa3HO HCHOIB30BaTh MPOLEAYPHl HHTETPUPOBAHUS, OCHOBAHHBIE HA UCIOJIb30BAHUH Me-
Toaa Moute-Kapio.

Uccneoosanue svinoaneno 3a cuem epanma Poccuiickoeo nayunoeo ¢ponoa (npoexm No 22-19-
00767, https://rscf.ru/project/22-19-00767)
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METHODOLOGY FOR ASSESSING THE ADEQUACY OF STATISTICAL
SIMULATION MODELS
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Abstract. Statistical simulation models of complex technical systems characterized by several indi-
cators of operational efficiency were studied in this paper. The efficiency of obtaining knowledge on the
examined systems depends on the quality of the models used. One of the basic properties describing the
quality of a model is its adequacy — the complex property characterizing the degree of conformity of the
values of the output parameters of the model with the object with the required accuracy and reliability.
Current approaches to evaluating the adequacy of models are based on various subjective convolutions
of confidence factors from research results to a generalized indicator the essence of which, as a rule, is
not interpreted. The presented method of assessing the adequacy of statistical simulation models of
complex technical systems with several performance indicators differs from existing methods by using a
generalized indicator of adequacy, which is the probability of achieving the required confidence of all
the accuracy requirements to determine each of the considered performance indicators. This indicator is
a natural, unambiguously interpreted (the probability of satisfying the requirements for model adequacy)
objective and generalized indicator of adequacy of the simulation model. For preliminary calculations
we use the Parzen—Rosenblatt method and obtain the probability density function of distances between
real and model indicators of effectiveness of the examined system. The required result is then obtained
by the suggested algorithm of multiple integration of the density function using the Monte-Carlo meth-
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od. Recommendations on the realization of the computational procedures foreseen by the method are
given. The application of the method is illustrated by a description of a computational experiment.
Keywords: simulation modeling; accuracy; reliability; model adequacy; complex technical system.
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ANALYSIS OF THE STOCHASTIC WENTZELL SYSTEM OF FLUID
FILTRATION EQUATIONS IN A CIRCLE AND ON ITS BOUNDARY

N.S. Goncharov, G.A. Sviridyuk
South Ural State University, Chelyabinsk, Russian Federation
E-mail: goncharovns@susu.ru, sviridyuk@susu.ru

Abstract. Wentzell boundary condition problems for linear elliptic equations
of second order have been studied by various methods. Over time, the condition
has come to be understood as a description of a process occurring on the bounda-
ry of a domain and affected by processes inside the domain. Since Wentzell
boundary conditions in the mathematical literature have been considered from
two points of view (in the classical and neoclassical cases), the aim of this paper is
to analyse the stochastic Wentzell system of filtration equations in a circle and on
its boundary in the space of differentiable K-“noise”. In particular, we prove the
existence and unigueness of the solution that determines quantitative predictions
of changes in the geochemical regime of groundwater in the case of non-pressure
filtration at the boundary of two media (in the region and on its boundary).

Keywords: Wentzell system; filtration equation; Nelson—Glicklich derivative;
Wentzell boundary conditions.

Introduction
Liquid filtration as well as its flow, diffusion, falling, etc. is one of the moisture transfer processes.
The study of these processes begins with the study of their mathematical models. Let us consider one of

the mathematical models of filtration. Let Qe R", n>2 be a connected bounded region with boundary

I of classC™ . The system of Barenblatt-Zheltov—Kochina equations [1], modelling the process of fluid
filtration is defined on the compact QuUT

(A=A)u =cAu+ pu,u=u(t,x),(xt)e RxQ, @

(ﬂ—A)vt=yAv+2—u+5v,v=v(t,x),(x,t)eRxF, 1)
14

tru=vonRxTI. 3)

Here the symbol 4 in (1) denotes the Laplace operator in the region ©, and in (2) the same symbol
denotes the Laplace — Beltrami operator on the smooth Riemannian manifold 7. The symbol
v=v(t,x),(t,x)eRxI", denotes the normal to RxQ external to RxI. The parameters

A, B,7,6 € R characterise the medium.

Previously [2], following the tradition of [3—7], we called the condition of the form (2), in which the
order of derivatives on spatial variables is not lower than the order on the same ones in (1), the Wentzell
boundary condition. However, intending in the future to consider different cases of Q and I' (for in-
stance, Q is a bounded connected Riemannian manifold with edge I') we consider it necessary to call
(1), (2) a system of equations, albeit defined on sets of different geometric dimension. This is supported
by the fact that equations (1), (2) describe the same physical process of fluid filtration. The term
“boundary conditions” should be reserved for the equations defined on the boundary (edge) of a region
(manifold) and having a lower order of derivatives on spatial variables (see the classical treatise [8]).
The name of the system of Wentzell equations emphasises the merits of the discoverer [9] of a new sec-
tion of mathematical physics.

We will study the solvability of the system (1), (2) in the simplest case:

Q= {(r 0):re[0,R),0¢[0, 27r)} isacircle,and I'={#:0 <[0,27)} is a circumference. In this case (1),
(2) is transformed to the form

(ﬂ—Ar’@)ut =aA, gu+ puu=u(tr,0),(t,r,0)eRxQ, 4)
(A—=Ag)Vy = AV +OgU+6V,V=V(t,0),(t,0) e RxT, (5)
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in which
d o) @& 0 Kkl
A ,=(r-R)—|(R-r)— |[+—,Ay=—,0
o= )ar(( )arj 00? " 0? R arl g
To the system (4), (5) we add the matching condition (3) and provide it with initial conditions
u(0,r,0)=uy(r,0),v(0,0)=v,(6). (6)

The solution of the problem (3)-(6) we denote as a deterministic solution. It should be noted that
transforming the operator (4) to Cartesian coordinates we obtain

Ay = (x +2y )sz (y + 2X );yzz

We transfer the consideration of the standard situation to our future research.

Resorting to the stochastic interpretation of partial derivative equations, in this paper we are going
to touch upon the studies of nondeterministic problems in the interpretation necessary for us, the distin-
guishing feature of which is a different notion of “white noise” in the sense of the Nelson—Glicklich de-
rivative of the Wiener process. The term Nelson—Glicklich derivative was originally introduced in the
monograph [10], where the first derivative of a random process was found. This paradigm not only justi-
fied the consistency with the Einstein—~Smoluchowski theory, which allows us to understand by Browni-
an motion the sought stochastic process, and by the derivative from this process — “white noise”, but
also prompted the emergence of a new direction of study of stochastic equations of the Sobolev type.
This is reflected in the studies of: dichotomies of a stochastic equation defined on a manifold [11]; ap-
plication of the phase space method in the case of (L, p)-bounded operator M in [12]; stochastic equa-
tions of Sobolev type of high order in [12].

The paper consists of two parts. In the first part the existence and uniqueness of the system of
Wentzell equations in a circle and on its boundary are considered. The second part contains abstract rea-
soning consisting in the construction of space and proof of existence and uniqueness of the stochastic
system of Wentzell equations in a circle and on its boundary.

Deterministic case
Since it is not difficult to notice,

) 2 _ k 2
u:Zexp(tﬂ_ak J(R ") (a, coskd +by sinx0) + Zexp( kk J(ckcosk0+dksmw) )

= A+k? ) 2RX
in which
R2x r)k
=I J' uo —coskederdr,
00 2R"
R27z k
i
“'uo sink@d@rdr,
00
2 2
C = _[vo (6)coskedo,d, = Ivo(e)sin kode,
0 0

is the formal solution of equation (4). If the series in (7) converge uniformly, then we have a solution of
the problem (4), (6), with ogu =0. Taking this into account, we can construct the solution of problem

(). (6)

00 5—]/k2
v= ) exp|t
Zﬁ p( A+k?
and in the case a =1y, =0 the solutions of the problem (4)—(6) will satisfy the matching condition (3).
Further, the closure of the linear

span {(ZR" )_1(R —r)¢ coskH,(ZRk)_l(R— r)“sink@:k e N\{1},r €(0,R),0€[0,27)

J(ck coské+d, sin k), (8)
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by the norm generated by the scalar product of
27 R

(6w)= If(p(r,ﬁ)l//(r,e)rdrde,

we denote by the symbol A(Q). Closure of the linear span {cos ké,sinkd:k e N,6 [0, 27z)} by the

norm generated by the scalar product of
2r

(pw)= [ 0(0)w(6)d6,

we denote by the symbol A(T').

Theorem 2.1 For any u, € A(Q) and v, e A(T")such that (3) is satisfied, and any «,f,7,5,4€R,
such that a=y,=6, and A=k?, in which keN, there exists a singular solution
(u,v)eC™(R; A(Q)+ A(T')) of problem (3)-(5).

The existence of the solution is proved by formulas (7)—(8), the proof of the singularity of the solu-
tion is trivial.

Stochastic case
Let QE(Q, A P) be a complete probability space with probability measure P associated to the o -

algebra A of subsets of the set 2, and let R be the set of real numbers endowed with a Borel o -
algebra. A measurable mapping &£:Q — R is called a random variable. The set of random variables

whose expectation E is zero and variance D is finite forms a Hilbert space L, ={&:E&=0,D& < +oo}
with scalar product (&,&,)=E&&, and anorm ||£]f, = Dé.

Let us take the set T — R and consider two mappings: f :T — L, , which maps a random variable
fel, to teT,and g:L,xQ—R, which maps a point £(w)eR to each pair (£w). The mapping
n:TxQ—>R, which has the form 1 =17(s0)=g(f(¢).e), we will call a (one-dimensional) stochastic
process. Considering T <R an interval, we call a stochastic process #= n(t), teT, continuous if a.b.

(almost probably) all its trajectories are continuous (i.e., if a.a. (almost all) we 4 trajectories 5(-,w)
are continuous functions). The set of continuous stochastic processes forms a Banach space, which we
denote by the symbol C(T;L,) withanorm

[y, =sup(® n(t,)"? .
te

Let us consider the properties of the Nelson—Glicklich derivative » of a stochastic process n at the
point teT (for a detailed description, see for example in monograph [9]). If the Nelson—Glicklich de-

rivatives 5%(t,-) of a stochastic process #(z,-) exist at all (or almost all) points of an interval T, then we

refer to the existence of a Nelson—Glicklich derivative Z(t,-) on T (almost probably on T ). The set of
stochastic processes, whose trajectories are Nelson—Glicklich differentiable on | up to order
I e{0}U N inclusively form a Banach space c' (T; L,), leN with anorm

I o(k) 1/2
e~ 301" )|
tel \ k=0

Here we will consider the zero-order Nelson—Glicklich derivative as the initial random process, i.e.
-(0) .
1 =p. Let us also note that the spaces C'(T;L,), I e{0}UN , will be called “noise” spaces for sim-

plicity. (see, example, [3-7]).
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Let us proceed to the construction of the space of random K -values. We consider H a real separa-
ble Hilbert space with orthonormalised basis {¢ }, a monotone sequence K ={4 }cR, such that

D A<+, and a sequence {&}=¢ (w)<L, of random variables such that | <C, for some
constant C e R, and for all k e N . Let us constructa H -valued K -value

:(w)=§a§k (@)

Completion of the linear envelope of the set {4 & ¢, } by the norm

o 1/2
Mmg{éﬁmq

is called the space of (H -valued) random K -values and is denoted by the symbol H,L, . As we can
clearly observe, the space HyL, is Hilbertian, and the above constructed random K -value

é=¢(w)eHgL, Similarly, the Banach space of (H -valued) K -“noises” C'(T;HL,),
le {0} U N, let us define it as an enlargement of the linear envelope of the set {4, 7, ¢} by the norm

2y m)?
et =sp| S 2230 |
2 ek ma
where the sequence of “noises” {7} C' (T;L,), 1 € {0} UN. As we can clearly see, the vector

n(t,w>=§zknk (t.o)o

lies in the space C' (T;HkL,), if the sequence of vectors {7} c! (T;L,) and all their Nelson—
Glicklich derivatives up to and including order 1 {0} N are uniformly bounded by the norm ||-||C.L2 :

Now let A (F) be a real separable Hilbert space with orthonormalised basis {¢ } ({w,}). Let us

introduce a monotone sequence K ={4 }<{0}UR such that Zleﬂf< +o0. By the symbol U,L,

(F« L, ) we denote the Hilbert space which is a replenishment of the linear envelope of random K -
values

E= Abpié € Lz1(§=2ﬂk§ka1§k € sz
k=1 k=1

by the norm

o0

Inlfy= 3 220z, (nwni =zyfogkj.
k=1

k=1
It should be noted that in different spaces (UxL, u F¢L, ) the sequence K can be different (K ={4,}
in UgL, and K={y} in FL,), but all sequences marked by K must be monotone and summable
with square. All results will, in general, be true for different sequences {4, } u {4}, but for simplicity's
sake we will restrict ourselves to the case 4, =z .
Let A: A— F be a linear operator. By the formula

AE=S A b P, ©)
k=1

we define a linear operator A:U, L, - F¢L, , and if the series in the right-hand side of (9) converges
(in the metric F¢L,) then &edomA, and if it diverges, then& ¢ dom A. Traditionally, the spaces of
linear continuous operators L(UyL,;F«L,) and linear closed densely defined operators are defined.
The following is valid
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Lemma 3.1 (i) An operator AeL(A;F) exactly and only if AeL(UyLy;FcL,)
As it can be easily observed,

|AZ]. <> 22D | Agc |l <constY" A7D&, = const ]|,
k=1 k=1

(ii) the operator AeCI(A;F) exactly and only if AeCl(UyL,;FcL,).

Lemma 3.2 The operator M e CI(A;F)is p -limited with respect to the operator L e L(A;F) ex-
actly and only if M eCl(UyL,;FcL,) is p-limited with respect to the operator L eL(UyL,;FcL,).
Moreover, the relative spectrum is the same in both cases.

For simplicity sake, let A={u €W, (Q)+W; (T):0qu=0}, F=L,(Q)+L,(T). Next, following
the prescriptions above, we construct the spaces of random K -values UL, u F¢L,. Random K -
value £ eU,L, hasaform

E= A&
k=1
In which {g,} is the family of eigenfunctions of the Laplace operator A, ,: A— F orthonormalised in

the sense of the scalar product (-,-) from L, (€2). Consider the linear stochastic Wentzel system of the
fluid filtration equation in a circle and at its boundary. In this case (1), (2) is transformed to the form

(A=A g)m =aA gn+pr.neC” (10)
(A—2Ap)1 =y +08r1 + 61,1 €C” (12)
in which
o oY) & 0° 0
A, =(r=R)—=|(R=r)= |+ == A, =—— 05 =—| .
r,0 ( )6r(( )arj 692 4 692 R arr:R

To the system (10), (11) we add the initial condition

17(0) =1 (12)
The solution of the problem (11)—(12) we will call a stochastic solution.
Theorem 3.1 For any 7, eUyL,(Q2) and any o, B,7,6,A€R, suchthat a=y,8=6,a A+ k?,

in which k e N, there exists a single solution 7 C* (R ;U,L,) of problem (10)—(12).

The existence and singleness of the solution are proved by analogy with the deterministic case by
virtue of Lemmas 3.1 and 3.2.

The research was funded by the Russian Science Foundation (project No. 23-21-10056).

References

1. Barenblatt, G.I., Zheltov, Iu.P., Kochina, I.N. Basic Concepts in the Theory of Seepage of Ho-
mogeneous Liquids in Fissured Rocks [Strata]. Journal of Applied Mathematics and Mechanics, 1960,
Vol. 24, Iss. 5, pp. 1286-1303. DOI: 10.1016/0021-8928(60)90107-6

2. Goncharov N.S., Zagrebina S.A., Sviridyuk G.A. Non-Uniqueness of Solutions to Boundary Val-
ue Problems with Wentzell Condition. Bulletin of the South Ural State University. Series:
Mathematimathcal Modeling, Programming and Computer Software, 2021, Vol. 14, Iss. 4, pp. 102-105.
DOI: 10.14529/mmp210408

3. Favini A., Sviridyuk G.A., Manakova N.A. Linear Sobolev Type Equations with Relatively P-
Sectorial Operators in Space of “Noises”. Abstract and Applied Analysis, 2015, vol. 2015, no. 697410.
DOI: 10.1155/2015/697410

4. Favini A., Sviridyuk G.A., Zamyshlyaeva A.A. One Class of Sobolev Type Equations of Higher
Order with Additive “White Noise”. Communications on Pure and Applied Analysis, 2016, Vol. 15,
no. 1, pp. 185-196. DOI: 10.3934/cpaa.2016.15.185

5. Favini A., Sviridiuk G.A., Sagadeeva M.A. Linear Sobolev Type Equations with Relatively p-
Radial Operators in Space of “Noises”. Mediterranean Journal of Mathematics, 2016, Vol. 13, no. 6,
pp. 4607-4621. DOI: 10.1007/s00009-016-0765-x

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 19
2023, Tom 15, Ne 3, C. 15-22




MaTtemaTtuka

6. Favini A., Zagrebina S.A., Sviridiuk G.A. Multipoint Initial-Final VValue Problems for Dynamical
Sobolev-Type Equations in the Space of Noises. Electronic Journal of Differential Equations, 2018,
Vol. 2018, p. 128.

7. Favini A., Zagrebina S.A., Sviridiuk G.A. The Multipoint Initial — Final VValue Condition for the
Hoff Equations on Geometrical Graph in Spaces of K-“noises”. Mediterranean Journal of Mathematics,
2022, Vol. 19, Article no. 53. DOI: 10.1007/s00009-021-01940-0

8. Lions J.-L., Magenes E. Problémes aux Limites non Homogénes et Applications. Vol. 1, Travaux
et Recherches Mathématiques, no. 17. Dunod, Paris; 1968, 372 p.

9. Wentzell A.D. On Boundary Conditions For Multidimensional Diffusion Processes. Theory of
Probability and its Applications, 1959, Vol. 4, Iss. 2, pp. 164-177. DOI: 10.1137/1104014

10. Gliklikh Yu.E. Global and Stochastic Analysis with Applications to Mathematical Physics.
Springer, London, Dordrecht, Heidelberg, N.-Y., 2011, 436 p. DOI: 10.1007/978-0-85729-163-9

11. Kitaeva O.G., Shafranov D.E., Sviridiuk G.A. Exponential Dichotomies in the Barenblatt—
Zheltov—Kochina Model in Spaces of Differential Forms with “Noise”. Bulletin of the South Ural State
University. Ser. Mathematical Modelling, Programming and Computer Software (Bulletin SUSU
MMCS), 2019, Vol. 2, no. 12, pp. 47-57. DOI: 10.14529/mmp190204

12. Goncharov N.S. Stochastic Barenblatt—Zheltov—Kochina Model on the Interval with Wentzell
Boundary Conditions. Global and Stochastic Analysis, 2020, Vol. 7, Iss. 1, pp. 11-23.

13. Sviridyuk G.A., Zamyshlyaeva A.A., Zagrebina S.A. Multipoint Initial-Final Problem for one
Class of Sobolev Type Models of Higher Order with Additive “White Noise”. Bulletin of the South Ural
State University. Series: Mathematical Modelling, Programming and Computer Software, 2018,
Vol. 11, no. 3, pp. 103-117. DOI: 10.14529/mmp180308

Received July 20, 2023

Information about the authors
Goncharov Nikita Sergeevich is Post-graduate Student, Equations of Mathematical Physics De-
partment, South Ural State University, Chelyabinsk, Russian Federation, e-mail: goncharovns@susu.ru.
Sviridyuk Georgiy Anatol'evich is Professor, Dr. Sc. (Physics and Mathematics), Head of Mathe-
matical Physics Non-Classical Equations Research Laboratory, South Ural State University, Chelya-
binsk, Russian Federation, e-mail: sviridiukga@susu.ru, ORCID iD: https://orcid.org/0000-0003-0795-
22717.

20 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2023, vol. 15, no. 3, pp. 15-22



Goncharov N.S., Analysis of the Stochastic Wentzell System of Fluid Filtration Equations
Sviridyuk G.A. in a Circle and on its Boundary

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2023, vol. 15, no. 3, pp. 15-22

YOK 517.9, 519.216.2 DOI: 10.14529/mmph230302

AHAJIIN3 CTOXACTUYECKON CUCTEMbI BEHTLENA YPABHEHUN
OUNbTPALUU XKNOKOCTU B KPYTE U HA ET'O rPAHULIE

H. C. Nony4apos, I'. A. Ceupudrok
KOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUgepcumem, 2. YensbuHck, Poccutickasi ®edepauyusi
E-mail: goncharovns@susu.ru, sviridyuk@susu.ru

AHHOTanus. 3a1a4u ¢ TPAaHUYHBIM YCJIOBUEM BeHTLeNs A IMHEHHBIX SJUTMITUYECKUX YpaBHEHUH
BTOPOI'O IOPSAKA M3YHaIHCh PasInYHbIMU MeTogaMu. Co BpEMEHEM YCJIOBUE CTajO0 ITIOHUMATbCs Kak
OIMCaHue Tpolecca, MPOUCXOIAIIETO Ha TpaHHUIe 00IaCTH M Ha KOTOPBIH BIHUSIOT MPOLECCH BHYTPH
obnactu. [lockonbky B MaTeMaTHUECKOH JUTEpaType rpaHUuHbIE YCIOBUs BeHTIes paccMaTpruBaInCh
C IBYX TOYEK 3peHus (B KJIACCHYECKOM M HEOKJIACCHYECKOM CIIy4asx), LEJIbI0 JaHHON padOThI ABISETCS
aHaJIM3 CTOXaCTHYECKOl cucTtemMbl BeHTuens ypaBHeHU (GUIbTpaluy B KpyTre U Ha €ro rpaHulle B Ipo-
cTpancTBe nuddepeHnupyemMbix K-«urymoB». B 4acTHOCTH, J0Ka3aHO CYIIECTBOBAHHME U CIIUHCTBCH-
HOCTB PELICHUs, KOTOPOE ONpeAeisieT KOJNUECTBEHHbIC IPOrHO3HBIE U3MEHEHUSI TEOXUMUYECKOro pe-
YKUMa TPYHTOBBIX BOJI IIpH Oe3HATIOPHOHN (UIIbTPAINH, POTEKAOIIEH Ha TpaHuIle IBYX cpel (B obmactu
Y Ha €€ TPaHUIIEL).

Kniouesvie cnoea: cucmema Bewmyens, ypasuenue @uiompayuu; npouzsoonas Henvcona—
T nuxnuxa; kpaesovie yciogus Benmyens.
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ON SOME CLASSES OF INVERSE PARABOLIC PROBLEMS
OF RECOVERING THE THERMOPHYSICAL PARAMETERS
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Abstract. In the article we examine the question of regular solvability in
Sobolev spaces of parabolic inverse coefficient problems. A solution is sought in
the class of regular solutions that has all derivatives occurring in the equation
summable to some power. The overdetermination conditions are the values of a
solution at some collection of points lying inside the domain. The proof is based
on a priori estimates and the fixed point theorem.

Keywords: parabolic equation, inverse problem, initial-boundary value problem,
existence, uniqueness.

Introduction
We consider the well-posedness questions of inverse parabolic problems. Let G be a domain in

R" with boundary I e C2 . The parabolic equation is of the form
c(t,x)u, +A(t,x,D)u= f (t,x), (t,x)eQ=(0,T)xG, €N
where the functions f,c and the elliptic operator A are as follows:

—A(t,x,D)= Ay (t,x,Dy) Zq. A(tx,Dy), f Zf (t,%)q; (t

i= =R+l

A= Zak,tx +Zaktxa +ag,C=Co(t,X)— thxq,

k,1=1 i=r+1
The equation (1) is furnished with the initial and boundary conditions
U—o =g, BUlg =g(t,x),S =(0,T)xT, )
where Bu=u or Bu_—N+o-u Z gjjuy vj +ou (v=(v.v5...., ) is the outward unit normal to "
i,j=1
and the overdetermination conditions
u(t.b;)=w;(t).b; €G,j=12,...s. (3)

The unknowns in (1)—(3) are a solution u and the functions o (t) (i=12,...,s). The problem (1)-

(3) arise in describing the heat and mass transfer, diffusion, and filtration processes, ecology, and many
other fields. The problem of determining thermophysical and mass transfer characteristics with the use
of inverse modelling is studied in [1], where the results are used for describing the temperature regimes
of the soils of the northern territories. We can refer to the monograph [2] devoted to inverse parabolic
probems and to [3-6], where the main statements of inverse problems and some applications can be
found. The number of theoretical results devoted to the problems (1)—(3) is sufficiently small. We
should refer to the articles [7—10], where in the case of n=1 the thermal conductivity depending on time
is defined and existence and uniqueness theorems are established with the additional data being the val-
ues of a solution at some points lying in the domain or on its boundary. The thermal conductivity inde-
pendent of one of the spacial variable and some other coefficients are identified in [11, 12] with the use
of the Cauchy data on the lateral boundary of the cylinder and integral data. Existence of a solution is
proven and stability estimates are exposed. The monograph [3] (see also the results in [13]) contains the
existence theory for inverse problems of recovering the coefficients in the leading part of the equation
independent of some part of variables with the overdetermination data given on sections of the spacial
domain by planes. In view of the method, all coefficients also are independent of some spacial variables.
More complete results for the problems (1)—(3) can be found in [14-17], where the well-posedness of

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 23
2023, Tom 15, Ne 3, C. 23-33



MaTtemaTtuka

the inverse problems in question is established for the case of the additional data are the values of a solu-
tion on some spacial manifolds or at some collection of points. However, in these articles c(t,x) =1 ex-

cept for the article [15], where c(t,x)=c(t) in the case of the pointwise ovedetermination. The exist-
ence and uniqueness theorems in the case of the unknown heat capacity and the integral
overdetermination data are exposed in [18-20], where c(t,x)=c(t) or c(t,x)=const . Note that inverse

problems with pointwise data have been studied by A.l. Prilepko and his followers and a number of
classical results is presented in [2]. Similar results under different conditions on the data and in some
other spaces can be found in [21, 22]. Our results are close to those in [23]. In contrast to this article, the
heat capacity here is unknown. The main results of the article are exposed in Sect. 2.

Prelimiraries

The definition of the Sobolev spaces W, (G;E), W, (Q;E) (E is a Banach space) can be found in
[24]. If E=R or E=R" then we omit the notation E and write W, (Q). The definitions of the Holder
spaces C*# (6),C“’ﬁ (§) can be found in [25]. By the norm of a vector, we mean the sum of the norms
of its coordinates. Given the interval J=(0,T), put W;"(Q)=W, (J; L, (G))m L, (J;Wpr (G))
W' (S)=W, (J; Lp(F))mLp (JWpr (F)) All function spaces as well as the coefficients of the equa-

tion (1) are assumed to be real. In what follows, we suppose that p >n+ 2. The definition of the bound-
ary of class C*, s>1, can be found in Ch. 1 in [25]. Denote by Bé(b) the ball of radius ¢ centered at

b. Fix a parameter &5>0 such that B;(b)nBs(b;)=@ for i=j and B;(b)nI=a,

i,j=12,..,s. Denote Q" =(0,r)xG and G;=u;B;(b). Construct nonnegative functions

S
p; C”(R") suchthat ¢; =1 in By, (b;), ¢(x)=0 and ¢; =0 for x¢ Bysy4(b;). Let 9= p;(x).
=1

The consistency and smoothness conditions can be written as
U (x) eWs /P (G*),B(0,%,D)ug|,. =9(0,x).9 ew'o 2o (), 4)
where ky =s; =1-1/2p for Bu=u and k, =s, =1/2-1/2p otherwise;

o (X)W, * (G),ak € L. (0,T;W5(Gs)).af e L, (0.T;W5(Gy)), (5)
where i, j=12,...,n,1=0,1,..,nk=0.1,...,r;
f eC(Q)NL(0T:WE(Gs)).0fy €Ly (0.T:W;(G)), fy Ly (Q), (6)

where j=r+1...,n u I=0, r+1...,s. We use the inclusions of the form f eL, (O,T;W;(G(S)) or
similar, where the set G; consists of several connectedness components (in this case B (bj)). By defi-
nition, this means that f|85(bj) el, (O,T;W;(Bg (bj ))) for all j. This space is endowed with the norm

equal the sum of the norms over the corresponding connectedness components We assume that
al ec(é),a,k eL,(Q),0.af . W2 (S), )
where the last inclusion is required only if Bu=u,
v €CH([0.T]).w; (0)=uo(b; )& (t.b; ). f (t.b; ) eC([0,T]), (8)
where j=1,...,s,m=0,r+1...,51=01...,nk=01...,r. In view of (5), (8), the traces
fn (t.0p ). a1 (t.b;) are  defined  and fn (.05 ). a8 (t.b;) €Ly (O,T); moreover,
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f (t,%),8f (t,X) € C(G_g; L, (O,T)) (after a possible change on a set of zero measure 0) (see [26], Sect.

2,3,4, the relations (3.1)—(3.9), the corollary 4.3).
Consider the matrix B, of dimension sxs with rows

A (0.5;,D)ug (b5 ), A (0,6, D)ug (b; ), fra (0.0 )97 (0, frwj (0), Fia (005 ), £ (0b; ).
and assume that
det B, = 0. 9)
Consider the system

Boao = 601 (10)
o = (G (0,53 (0) — Ay (0, by, D)ug — (0, 1), .., G (0,b5 )y (0) — Ay (0, b, D)ug — F(0,b5)) T

ro
In view of (9) the system (10) has a unique solution gy = (..., dg ) - Denote a, =a% + > ay,gy;
i=1

and below we suppose that

n
Lo(&)= D ay (t,X)E,8 28 [EF VEeR", V(t,x)€Q.
p,I=1
C=¢y— Z Qoi fi 5 Y(t,x)€Q,
i=r+1
where ¢, is a positive constant. The operator ~A° = t X, D Z%. t X, D is elliptic and we

can consider the problem
C(t,X)u +A°(t,x, D, )u=f,ul_, =uy(x),Bulg =g. (11)
Theorem 1. Assume that the conditions (4), (7) hold and f eL, (Q). Then there exists a unique so-
lution u erg’2 (Q) to the problem (11). If g =0 then it satisfies the estimate

bhgeer) =< Foh-25(0) Il o) | a2
where the constant ¢ is independent of uy, f,z<(0,T]. If additionally the condition (5) holds and
pf €Ly (0T;Wy(Gy)) then pue L, (0,T;W(G)), pu, €L, (0.T;W;(G)) andif g =0 then

”u”\N%’Z(Qf) +||¢u||Lp(0,r;Wg(G)) +||¢ut||Lp(O,r;WF1, @) = C[”Uo”vvg—z/p(Qr) +

+||(/’Uo”\,\,g—2/p(g) + ” f ”Lp(Qf) + ”¢’f ”Lp(o,f;wg(e))]’ (13)

where c is independent of uy, f,z<(0,T].

Proof. The first claim results from Theorem 2.1 in [24]. The estimate (12) results from the conven-
tional arguments (see, for instance, Theorem 2 in [22], Theorem 1 in [21]). Additional smoothness of a
solution is established as in Theorem 1 in [27] (see also the proof of theorem 4, subsect. 3, sect. 2, Ch. 4
in [23]). The claim is also contained in Theorem 1 in [28] which can be applied here.

Denote the left-hand side of (13) by |u[,,. and the quantity ||f||Lp(QT) +||¢;f||Lp(0’r;Wé(G» by ||, -

The corresponding Banach spaces are denoted by H® and W' , respectively. The space H® comprises
the functions ueW,*(Q") such that pue L, (0,T;WJ(G)), ou, €L, (0,T;W,(G)), u satisfies the ho-
mogeneous initial-boundary conditions in (11).
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Main results
Theorem 2. Let the conditions (4)—(9) hold. Then there exists a number 7, €(0,T] such that on

(0, ro) there exists a unique solution (u,ql,qz,...,qs) to the problem (1)—(3) such that u eWé’z(Q’O) ,
puel,(0,73W3(G)), ou, €L, (0,7:W,(G)), 0; €C([0,75]), j=12....5.

Proof. Let qz(ql,...,qs)T. Find a solution @ to the problem (11), where we take

s
f=f,+ > fi(t.x)dy and the functions g,u, are our data in (11). By Theorem 1, there exists a solu-
i:r1+1

tion to the problem (11) such that ® eW,*(Q), ¢® <L, (0,T;W;(G)), ¢, L, (O,T;W; (G)) Make

the change u=v+®. We obtain the problem
s

Lv=c(t,X)v, +S (v =(A" = A)d+(~c(t,x) + C (X)) + > F(t,X) 4 (t), (14)

i=r+1

where  (z1)=—(A° + A(1)), A(ﬁ)=iﬂi(t)Ai(t,x,Dx), c=C-c’(st,x), c°(ﬁ,t,x)=rifiyi,
i=1

i=r+1
1 () =ai ()= qoi A=, )
Vio =0,Bvs =0,v(tb; ) =y (t) - D(t,b; ) =7}, j=1.....5. (15)
In view of the properties of the function @, D“pdeW>?(Q) for all j and |a|<1. The embed-
ding theorems yield D%g®, (t,x)eCl_(”+2)’2p‘2_("+2)/p(@) (see Sect. 6.3 and Theorem 1 (the Sect.
Remarks p. 424) in [29]) and thereby D“(D(t,bj)eC([O,T]). In this case the function
aj (t,bj)D)f‘QJ(t,bj), af (t,bj)ij‘q)(t,bj) belong to C([0,T]). Hence, A°<I>(t,bj)ec([0,T]) (after a
possible change on a set of zero measure). Similarly, C(t,bj ) eC([O,T]). Consider the right-hand side
in the equation for ®. We have that f, (t,bj)eC([O,T]) (in view of (6), (8)). From the equation we

infer @, (t,bj)ec([O,T]) for all j. Thus, we have reduced the problem (1)—(3) to a simpler problem

R n
(14)-(15). Let Bg :{ﬁEC([O’T]):”[‘”c([o,T]) <R,}. Consider the expression L(§)=Zéij§i§j ,
ij=1
r
&; = > au, and find the quantity R, such that
k=1

n
z 4 i

i=r+l

L)< 12 vEeR" [c—C|= <8,/2,9(t,x)€Q,Vzie By .

In this case the operator S(ﬁ) is elliptic and Theorem 1 holds with S(ﬁ) rather than A° . Given a
vector ue Bg, + find a solution v to the problem (1)-(2) on (0,7) such that ve L, (0,7;W;(G)),
oV, € L, (0,7;W,(G)) . Study the properties of this map x — v(x) . Theorem 1 yields

r n S
V=L =Y AR X)+ D g fi®+ Y i (tX). (16)
i=1 i=r+1 i=n+1

We have the estimate
My =], <l e a7)

26 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2023, vol. 15, no. 3, pp. 23-33



Pyatkov S.G., On Some Classes of Inverse Parabolic Problems
Soldatov O.A. of Recovering the Thermophysical Parameters

The conditions on the coefficients imply the estimate
[Tk <elio. (18)

where the constant ¢, depends on the quantities | f ||WT ( i>n+1),

1%l e epy (F+1si<n),

|®],,- (we can replace z with T in these norms and thus we can take c, independent of 7). Take

1 € Br, (i=1,2) and consider the corresponding solutions v;, v, to the problem (14)—(15). Let

M = (,u1i s Moi s« Mg ),i =1,2. Subtracting the latter equation (1) from the former, we obtain that the dif-

ference w=v, —v;, v =v(ﬁi) meets the equation

(¢ ‘;Cz)a,t +S£/‘1 2#2] Zr:(#Jz(t)—yjl(t))Aj (t,x,D) (v, +V,)/2+

j=1
l

> (“JZ(t)_/“‘jl(t)) fj (8 %) (v +V2t)/2+zr:(ﬂj2 (t)_lujl(t))Aj (t,x,D)®

j=r+1 j=1
S
+ Z (2452(0) = 1a (O) F50c+ 3 5 (60) (4112 (1) - pa (1)) = - (19)
j=r+l j=n+1

We have that (,ul + yz)/z € BRO and, thus, the following estimate (see (17)) holds:

ol <] @)

The estimates (18), (20) ensure that
ol < CZCH:UZ ﬂl” c(o.s))’ (21)
where c, depends on the norms (v +v,)/ 2. , [fil,,« (i=R+1), |f; I 0wty (F+15i<n),

|®f,- - Let v= v( ) be a solution to the problem (14)—(15). Taking x=b; in (1) and taking into ac-

count that v, (t,b- ): y; » we obtain the system

c(t,b;)i7; +S(aV(t,b;) = Zﬂ, i (t.b;,D)@(t,b;) + Zy,f(l)( )+i fi(t,bj)yj(t). (22)

i=r+1 i=r+1

The right-hand side can be written as B(t)ﬁ , Where the rows of the matrix B(t) are as follows:

A (t.by, D)D(t,b;),..., A (t.b;, D) (t,by ), frpa®y (tiby )., f D (t by ), Fra (1.0 ). f5 (Eby )

The matrix B(0) agrees with B, from (9) and thereby detB(0)=0. The functions
f. (t,bj),af(, (t,bj), aj (t,bj) are continuous for all values of the indices. Moreover,
D“(pCD(t,x)eC((_g) for |ar|<2. Thus, the entries of B are continuous in t and there exists 7, <T and
a constant 65 >0 such that

|det B(t)|>&; >0Vt e[0,7,]. (23)
In this case the system (22) is written in the form
4(0)=8 1 (4)(1) =R (1)1 (1) -
(e(t, o)y +S(AV(Eb),Clt. D)7, +S(AV(ED,).....ct by +S(AVED)  (24)
The right-hand side here contains an operator taking the vector x into the vector with the components
C(t,bj)lﬁj' —co(ﬁ,t,bj):pj' +S(/7)v(t,bj) (j=12,...,s), where v is a solution to the problem (14),
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(15). The properties of the map /7—>v(/7) we have already studied. Demonstrate that there exists
7, <1, such that the operator R( ) B‘lH( )() R:C([0,7]) >C([0.71]) takes the ball B into

itself and is a contraction. Consider the quantity v ( ) By construction,

C(0.b; )75 (0)=C(0.b; )(w; (0)— @ (0.b;)) =C(0.b; )y (0)+ A(0,b;, D)ug (b ) -
fo — i fi(0.b;)doi =0,j=1....5,

i=r1+l

since the numbers q; are defined from (10). Let
w=(C(0,b )y, C(0,b, )75 ,.... (0,55 )75 )" .
In this case weC([07]) (r<7,) and w(0)=0. There exists a number r; <7, such that

“B_l(t)a”c([o,rl]) <R,/2. Note that R(0)=B*(t)y(t). Next, we obtain estimates assuming that

pe B, and z <7 In this case weC([0,7]) (r<7y)and y(0)=0. There exists a number 7, <z,

such that HB‘l (t):fz”c([oq]) <Ry/2. Note that R(0)=B"(t)y(t). Next, we obtain estimates assuming

that 4 eBg and 7<z; . We have

— — S
HR(M) - R(#z )HC([OJ])S 22 |t = 2221 i 1.0y )7 HC([O,r]) "

j=li=r+1

Z;”onl (t’ bi ) - AOVZ (t’ bi )”C([O,r]) + Zlkz_‘i”:u’lk Akvl (tv bi ) — Hok AkVZ (t! bi )”C([O,r]) ' (25)

Next, we employ the conditions on the data and the embedding Wpa (G) c C(@) for 6>n/p (see
Theorems 4.6.1,4.6.2 in [30]). Take & (n/ p,1—2/ p). Consider the last summand. We have

| e AV (8.51) = 2221 AV (1. ” (0]) —H Hae = Hai ) (A (65) + Av (t.;) H (o, ]

<

c(o.z])
":ufl.k — Hok ”C([O,r]) Cy z H D* (V]_ (t, bj )+ ) (t o]
|x|<2

4 M(Ak(vl(t b)—v,(t,b))

] ))HC([O,r]) i

||,L11k + Loy "C([O,r]) CS|O%“ZHDQV1 (t, b; )— DV, (t,bj )” (o) <
"/ulk +/u2k||C([0,z']) Cr H(P(Vl (t’ ) t X H [0.] w§+9(G)) (26)

where the constant ¢; are independent of 7. Let veH®. In this case ¢gvel, (O,r;Wp3(G)),
oV, €L, (0,7;W2(G)) and thereby goVeC([O, r];WS"Z’p(G)) (see Theorem 111 4.10.2 in [29] and [30]).
The inequality

lo¥lc(fo 2o ) = [M(/)VIILp(o,T;wg(G)) + v IILp(o,r;w;(e))]' 27)

is valid, where the constant cg is independent of ze<(0,7]. Indeed, consider the function
w(t,x)=v(t,x) for t<z, w(tx)=v(2r—rx) for te(r,2z) and w(t,x)=0 for t>2z. We use the
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fact that v(0,x)=0. Next, we write out (27) on [0,T] for the function w, the constant in this inequality

is independent of . Next, we estimate the right-hand side of the inequality obtained from above with
the use of the definition of w and obtain that the constant cg in (27) is independent of 7. Let

6,(3—-2/p)=2+6. We have that 6, (0,1). Denote w=v, —v; . Next, we use the interpolation prop-
erties of the Sobolev spaces [30] and (27). We infer

& -6
Ioelletorpugee(@) =10l g0 ) Py p)
1_
o Joar 4 lolk, <ot pele 7 =(1-1/ p)(1-4,), 28)

Lo(0.7: L, (G))
where we employ the obvious inequality
"V”C([O,f];'-p(G)) S ”LP(O’T;LP(G)) v(0)=0.
The inequality (28) yields
"(p“’||c([o,r];w§+9 ©) <ct” | pa,z (29)
where the constant ¢ is independent of 7. Aranoru4Ho momyanm
(v v, )”c([o,f];wgw ©) <cor” (v Vo)
In view of the inequalities (17), (18) (written for the functions v, ), (21), (26), and (29), we conclude
that
||ﬂ1k AN (81;) = 1 AV, (L by )"C([O,r]) < Cia7” || ay — 12 ||C([o‘,]) ) (30)

where ¢, is independent of z <7z, (it depends on R ). Similar estimate holds for the second summand
in (25). The first summand is estimated by

;ﬂi;lu(uﬂ — 1157) i (t.; )7} Hc([o,,]) S ”C([O'T]){EHV; i, ([O'T])J . 31)

The final estimate is of the form (see (25))

HR(%) - R(Z’Z)Hq[o,f]) <l —n 2""C([Qf]) 015(Ty * EH‘/;J “C([O,r])J' (32)

S
Choosing 7, <7; such that cﬂ{ry +ZHV7] Hc([o DJS% for <z,, we have proven that R is a con-
= ’

traction and takes the ball Br, into itself for z <z, . The fixed point theorem implies the existence of a

solution to the system (24). Let v=v(ﬁ). Show that this function satisfies the overdetemination condi-
tions in (15). Take x="b; in (14). We obtain the system

(L, (1) + AV(L0y) =S4 (10, D)0+ 3 i (105)+ 3 15 (ty ) 1) 69

i=r+l j=h+
Subtracting these equalities from (21), we infer v, (t, b; )— 1//J-' =0 for all j and thereby these condi-

tions are fulfilled. Uniqueness of a solution follows form the estimates exhibited above.

Remark 2. The corresponding stability estimate for solutions also holds.

The research was carried out within the state assignment of Ministry of Science and Higher Educa-
tion of the Russian Federation (theme No. FENG-2023-0004, “Analytical and numerical study of in-
verse problems on recovering parameters of atmosphere or water pollution sources and (or) parameters
of media ™).
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O HEKOTOPbIX KITACCAX OBPATHbIX NAPABOJIMMECKUX 3A0AY
BOCCTAHOBJIEHUA TEPMO®U3NYECKUX MAPAMETPOB

C.I. Mamkos, O.A. Condamos
KOzopckutli eocydapcmeeHHbIl yHusepcumem, 2. XaHmbl-MaHcutick, Poccutickasi ®edepayusi
E-mail: s_pyatkov@ugrasu.ru

AnHoTanus. B pabore Mbl paccMaTpuBaeM BOMPOCHI PETYISPHON Pa3penImMOCTH B COOOJEBCKUX
MPOCTPAHCTBAX OOPATHBIX KOA(PPHUIIMEHTHBIX NTapaOdOoIMUECKUX 3a1a4. PellieHne uiercst B Kjiacce pery-
JIIPHBIX PELICHH, KOTOPhIE UMEIOT BCE MPOU3BOJIHBIC, BXOASIIUE B ypaBHEHUE CYMMHUPYEMbIC C HEKO-
TOpOil cTerneHbl0. B KkadecTBe ycinoBUs IepeonpeneneHusi OepyTcsl 3HAUSHHUS PEIIeHUs B HEKOTOPOM
Ha0ope TOUYEK, JISKAIMX BHYTpU 001acTh. J0ka3areabCTBO OCHOBAHO Ha allPUOPHBIX OIICHKAX U Teope-
M€ O HETIOJBHKHOM TOYKE.

Knrouegvle crosa: napaboauueckoe ypagnenue, 0opamuas 3a0aia; HAYaibHO-Kpaesas 3a0aud; cy-
wecmeosamue, eOUHCMEEHHOCHIb.
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TEYEHUE TAPTMAHA B CJIOE XXUOKOCTW 5
C NPOCTPAHCTBEHHO HEOAHOPOAHBbIMU CBOUCTBAMMU
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Poccutickas ®edepauusi

E-mail: okatev.r@icmm.ru

AnHoTanusa. PaccMoTpena 3a1a4ya 0 Te4eHHH NPOCTPAHCTBEHHO HEOJHOPO/I-
HOIl 2JIEKTPONPOBOJHOI KMIKOCTH MEKAY NapajlleJIbHbIMH INIOCKOCTAMH, Iep-
NEeHAUKYJISIPHO KOTOPBIM HAJIOKEHO MATHUTHOe MoJie. PacnpenejeHus 3J1eKTpo-
NPOBOAHOCTH M BSA3KOCTH KUAKOCTH 3aJal0TCS JMHEHHBLIMH MO TOJIIUHE CJI0s
pynkuusavMu. YrioBoii ko3dgpuuueHT pacnpeaeeHMil XapakTepu3yeT MaKCH-
MaJIbHOe OTKJIOHEHHEe CBOWCTB ’KMIKOCTH OT COOTBETCTBYIOIIMX CPEJIHHX 3Haye-
Huii. [loka3aHo, YTO0 HAJM4YUe HEOJHOPOJHOCTH CBOMCTB KUAKOCTH NPUBOIUT K
HCKaskeHHI0 npopuieil ckopoctu. IlosyyeHHble npoduim XapakTepusyroTcs
acMMMeTpHeill U HaJluuMeM Touyek neperuda. B kadyecTBe KoJIM4YeCTBEHHOH Mepbl
acHMMeTpPHH BBe/leHA BeJWYHMHA, PABHAsi OTHOLIGHHMIO PACXOJ0B B BepxXHel M
HMZKHeH MoJIOBHHAX ¢J10s1. OnpesiesieHa 3aBHCHMOCTh 3TOMH BeJIMYUHBI OT CPeIHe-
ro yncjaa I'aprmMana u mapamMeTpoB pacrpefie/ileHHii HEOAHOPOAHOCTH CBOICTB.
Iloka3zaHo, 4YTO HAYMHASA ¢ HEKOTOPOI0 OTHOCUTEJbLHO He0OJbLIIOr0 3HAYeHMs
cpeaHero yuciaa 'aprMana Touku nepernéa B NpouiIsiX CKOPOCTH NMOSABJISAIOTCSH
NpH JI00BIX 3HAYEHMAX NMapaMeTpoB pacnpeneieHuii. [IpuBeaeHbl OLEHKH Xa-
PaKTepHBIX MepenajgoB TeMIepaTyp M KOHIEHTPauuii HempoBojsiiell MpuMecH
A5 KUJIKOT0 HATPUSI, MPH KOTOPBIX NPOSIBJAIOTCSA oNucaHHbIe 3G deKThI.

Kniouegvie cnosa: macnumnas cudpoounamuxa, mevenue Iapmmana; neoono-
POOHbBIE CBOUCMEBA; NEKMPONPOBOOHOCHID.

BBenenue

MarsuTHO€ T0JIe OKa3bIBAET CYIIECTBEHHOE BO3JICUCTBHE HA TEUEHHUS MpoBOAmmX cpel. Kimaccu-
YECKUM MPUMEPOM U3MEHEHHS MPOQUISE CKOPOCTH TIOTOKA MO IEHCTBHEM MAarHUTHOTO TIOJISI SIBIISIETCSI
3aJgayda FapTMaHa O TCUCHUU HpOBOI[SIH.[Gﬁ KUOAKOCTHU Me>1<z[y HapaJ]JIeJ'ILHLIMI/I TINIOCKOCTSIMH, HepHeH-
JUKYJISIPHO KOTOPBIM HAJIOKEHO MaruuTHoe mojie [1]. BaxkHo, 4TO MarHUTHOE 1OJIe HE TOJNBKO YIUIOIa-
eT Mpo(UIIh CKOPOCTH, KOHIIEHTPUPYS BSI3KHE HAIMPSDKEHUS B TIOTPAHUYHBIX CIIOSIX, KOTOPHIE CTAHOBSIT-
cs BCE YK€ [0 MEPE POCTa MarHUTHOTO MOJISl, HO U CYLIECTBEHHO CABUIaeT MOPOT YCTOWYUBOCTH, YTO
OBLJIO OOHApPY)KEHO B MEPBOM K€ IKCICPUMEHTAIHLHOM HCCJICIOBAHUM TEUYCHHUS PTYTU B TONEPEUYHOM
MarHuTHOM Tioie [2]. CucremMaTHyeckrue MCCIe0BaHUs 3aBUCHMOCTH TPAHUIIBI YCTOHYMBOCTH IPU Te-
YEHUHU PTYTU B KaHaJIaX MPSIMOYTOJbHOIO CEYEHUS B MONEPEUHOM MAarHUTHOM I0JI€ MOKa3ajiu, YTO KpHU-

o *
trdeckoe uncio Peitnonbiaca Re (Re=Uh/v, roe U — cpeansis ckopocTh moToka, h — momymiprHa
Closl, a V — KMHEMaTHuyecKas BS3KOCTh XHIKOCTH) pacTeT JIMHEHMHO c pocTtoM uucia [aptmana

(Ha= Bh«/cs/ N, rae B — uHAyKIus HalOXXEHHOTO MarHUTHOTO MOJIS, G — DJEKTPHUYEcKas MPOBOAU-
MOCTb, 1| — JMHAMHUYECKasi BA3KOCTh XKHUAKOCTH), TO ecTh Re/Ha=C , u xoncranta C mpu yBennde-

HUHM OTHOIICHHS pa3Mepa KaHalla MOIMEepeK Moyl K pa3Mepy BIOJIb MOJS (TO €CTh MpU HMPUOIMKEHUN K
ciry4aro HeorpanundeHHoro cios) C =215 [3]. OrmeTnmM, uto ynciio PeliHombaca, OTHECEHHOE K YHCITY
l'aptmaHa, siBISIETCSI, TIO CYTH, YUCIOM PelfHoNbaca, B KOTOPOM B KadecTBE MaciiTaba MCIOJIb30BaHA
TOJIIIMHA FAPTMaHOBCKOT'O MOTPaHUYHOTO c10sl. TakuM 00pa3oM, MOTy4UeHHBIH pe3yIbTaT 03HAYaeT, YTO
YCTOHYHMBOCTH BCETO TEUECHUS ONPENEISAETCA YCTONUNBOCTHIO MOTPAHUYHOTO CIIOSI.

JlanbHelmye 3KCIIEpUMEHTHI C Pa3NMYHBIMU METaJIaMi ¥ KaHaJlaMH, BBIITOJIHEHHBIE B PA3IMYHBIX
Juana3oHax 3HAYeHWH WHAYKIWW MarHUTHOTO TOJIS, TIO3BOJIIIA MPHUHSATH, YTO JUIS IIMPOKOTO Kiacca
teuennit 1 Ha > 20 moxHO nonb3oBathbes oueHkoit 200 <C <400 [4, 5]. DTa oneHka yka3blBaeT Ha To,
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YTO B CUJIBHBIX MarHUTHBIX IOJIAX TCUCHUA METaJlJyla MOT'YT OCTaBaThCA JIaMUHAPHBIMHA JaXXE IIPU OUCHDb
OOJIBIIMX 3HAYCHMSAX YHUCa Petinomnpaca. TaK, B MPOCKTHPYEMBIX XHUAKOMETAIIMYCCKUX DBJICMCHTAX
OXJIAXKICHUS TOKaAMaKOB OXXHWJAaCMbIC YHCJia FapTMaHa JOCTUTAI0T 104, YTO CABUTACT I'paHULlY yCTOfI‘lI/I-

Boctr 10 Re~10° u Bhime. OQHAKO MMEHHO HCCIEIOBAHUS TEUCHHIT XKUIKOTO METAlIa B KOHTEKCTE
BO3MOXHOCTH WX HCIOJB30BAaHHUA B OXJIKAAIOUINX CHCTEMaX TEPMOSICPHBIX YCTAHOBOK IMOKA3aJIH, YTO
BJIMSIHUE MAarHUTHOTO TIOJISl HE CTOJIb OJJHO3HAYHO U B TEUEHHSX ¢ OONBLIMMH MEePenagaMu TeMIEepaTypsl
BO3HHUKAIOT IyJIbCAIIMN TEMIEPATypPhl (M CKOPOCTH), 3HAUUTEIBHO MTPEBOCXOIAIINE JTaKe T€, YTO MOTIIN
ObI OBITH B OTCYTCTBHE MarHUTHOro moJjs [6, 7]. Tak, B ciydae OIyCKHOTrO TEUYEHHUsS] PTYTH B TOJOTPE-
BaE€MOM C OJTHOH CTOPOHBI BEPTHKAJILHOM KaHaie KojieOaHHs TeMIepaTyphl MPH CHILHOM HarpeBe Io-
JaBJISIIOTCSI ToJIbKO pu Ha > Re/10 [8], To ecTh a5 TaMuHaApHU3aIMy TIOTOKA MATHUTHOE TTOJI€ TOJKHO
OBITH HA TIOPAJOK CUIIbHEE, YeM B OTCYTCTBHE HarpeBa. DTH MyJbCALMU TEMIEpaTyphl MOIYYHIN HAa3Ba-
HHE MarHUTOKOHBEKTHBHBIX, M X BO3HHKHOBEHHE OBUIO OOBSICHEHO TEM, UTO B pe3yjbTaTe ACHCTBU
ANEKTPOMATrHUTHBIX CHJI M CHJI TUIABYYECTH MPOMCXOMUT TpaHchopMays Ipoduisi CKOPOCTH, B KOTO-
POM MOSBJISIOTCS TOUKHU Tepernda, CiocoOCTBYIOIINE Pa3BUTHIO HEYCTOHYHBOCTH (cM. 0030p [5]).

Llens nanHOW pabOTHI COCTOMT B TOM, YTOOBI BBIACHHUTH, HACKOJBKO HEOTHOPOJHOCTH CBOWCTB
’KHUIKOTO METaJlIa B CJI0€ MOTYT MCKa3UTh FAPTMaHOBCKUH MPOQHIb CKOPOCTH U MOTYT JIM 3TH HCKaXe-
HUA COIMMPOBOXKAATHCS IMOABJICHUEM TOUCK neperHGa. Touku neperH6a HE ABJIAIOTCSA JOCTATOYHBIM YCJIO-
BHEM BO3HHKHOBEHHS HEYCTOMYMBOCTH, HO MOTYT CIIOCOOCTBOBATh eil. Hmke Oyaer paccMoTpeHa cTaH-
napTHas 3am1a4a ['apTMaHa o Te4eHHH JKUIKOCTH B MONEPEYHOM MarHUTHOM I10JI€ C Y4€TOM BO3MOXKHBIX
BapHanuii MPOBOIUMOCTH U BSI3KOCTH JKUIKOCTH MOMIEPEK CIIOS.

HeoaHopoIHOCTh CBOMCTB JKUAKOCTH MOXKET OBITh BBI3BaHA, K MPUMEPY, BapHallsIMU TeMIlepaTy-
pBI WIIM HaTM4ueM npumMeceil. B nanHoi pa6oTe BOmpoc 0 MpUYMHAX BO3HUKHOBEHHS HEOIHOPOAHOCTH
He 00CyK/IaeTcsi U He paccMaTpuBaroTCs SQQEKTH, CBI3aHHbIE C U3MEHEHNUEM ITIOTHOCTH | TIOSIBJICHH-
€M CHJI TUIaBY4YECTU. DTO CISJIaHO CO3HATEIIBHO, UTOOBI pa3o0parbes ¢ 30MpoBaHHbIM 3 dexTom. On-
HaKO CTOUT OTMECTHUTD, YTO MOTHBaHHCﬁ IJ1d U3y4YCHUSA 3TOMU 3aaa4u MOCIIY KU pa3p360TKI/1 Pa3iInYHbIX
cucrem MI'J[-nepemermmBanus [9, 10] u MI'/l-cemapanun metamioB ¢ npuMmecsmu [11, 12], B KoTopbix
BO3HUKAIOT TOTPEOHOCTH KaK B MHTEHCU(UKAIINU ITEPEeMENTHBaHI MTOTOKAa B MAarHUTHOM T101€ (TypOy-
JIM3allM1 MMOTOKAa B PEXKXUMaAxX, KOrjga OH OCTAa€TCAd JIJaMUHAPHBIM IO/ ILGI\/'ICTBI/ICM HOJ'ISI), TakK ", HaO60pOT,
B IT0/IaBJICHUY HHTEHCHBHOTO MEPEMEIINBAHUS IPUMECH.

3agaya 'apTmMana

PaccMaTtpuBaeTcss 0THOMEpPHOE TEUEHHE KUAKOCTH V = {V (2),0, 0} B IIJIOCKOM CJIO€, OTPAHHYEHHOM
JBYMS TIapaJUIeTIbHBIMH TUIOCKOCTSIMH, HaXOJSIIUMHKCS Ha PaccTOSTHUU 2h Jpyr oT Apyra B moneped-
HOM MarutHoM none B=Be, (puc. 1). /IBmwkeHHe KHUAKOCTH BBI3BAaHO IEPENaJoM JABICHUS, HMEIO-
LIUM 3aJlaHHBINA TPaJueHT VP .

B orcyTcTBHE BHEUIHETO 3JIEKTPUUECKOTO MO BBIPAXKEHUE AJISl SJIEKTPOMATHUTHOW CUJIbI HPUHU-
MaeT BUJ

Fo" = jxB=0B?(vxe, )xe,, (1)
YTO TIO3BOJISIET 3amucath Oe3pazmepHble ypaBHeHus: HaBre—CToOKca Il HEC)KUMAEMOM JKUIKOCTH B BU-
ae
2
Q+V-Vv=Pex+iAv+H—a(v><eZ)><ez, V-v=0. 2
ot Re Re
B kadecTBe eaMHHIl U3MEPEHUs UIMHBI, CKOPOCTH, BPEMEHH, JaBJICHHUS U MHIYKIMA MAarHUTHOTO
OJIs1 BBIOpaHbI COOTBETCTBEHHO BenumHel h, U, h/U | pU2 u B, rae U — cpennsisi ckopocTh Teue-
HUS, p — IJIOTHOCTH XHJKOCTH. B ypaBHeHUs BXOAAT Oe3pa3MepHbIil MPHIOKEHHBIN I'PaJIUeHT JaBiie-
Hust P u nBa Oe3pasmepHbIX mapameTrpa — unciio ['aprmana
Ha =Bh,/o/n, (3)

KBaApaT KOTOPOTO OHNpCACIIACT OTHOIICHUC SJICKTPOMAIHUTHBIX CHUJI K CHJIaM BA3KOCTH U YUCIIO Peii-
HOJIbACA

Uh
Re=—F (4)
n
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Puc. 1. 3agava NapTmaHa ¢ xapakTepHbIM npodunem CKOpoCcTU Ans OAHOPOAHON cpeabl
B cranmonapaom ciydae 3amada (2) cBOAMTCS K OOBIKHOBEHHOMY au(bepeHIaibHOMy ypaBHE-
HHUIO

V"=—ReP+Ha? . (5)
31ech MTPUXOM CBepXy 0003HAUEHA MPOM3BOAHAS MO KOOpAMHATE Z. PelleHHe 3TOro ypaBHEHHS C
yueroM rpanndHbix ycnosui V (—1)=V (1)=0 6suto nonyueno [aprmarom [1] u umeer Bij

_ReP(, ch(Haz)

V(z 6
(2) Ha? ch(Ha) ©)
I/IHTerpI/IpOBaHI/Ie 3TOI'0 pCIHeHI/IH C y‘leTOM HOpMI/IpOBKI/I pacxona
1
1
E{V(z)dz:l (7)
II03BOJIACT I/I36aBI/ITBCH oT FpaI[I/ICHTa OaBJICHUA U JacT OKOH‘IHTGJ'ILHBII\/’I HpO(I)I/IJ'IL CKOpOCTI/I B BUIC
Ha ch(Haz
(Haz) ) )

V()= shma) |t ()

OTKy/Ia CIIe/IyeT, uTo uncio PeliHonb/ca He BIUsIEeT Ha IPOQHIIb CKOPOCTH.

HeognopoaHoe pacnpeaesnenne CBOMCTB sKHMIKOCTH

HeonHnoponHoCTh CBOMCTB MKUAKOCTH (KOHKPETHO, BSI3KOCTH U MPOBOJMMOCTH) MOMEPEK €O MO-
JKCT CYHICCTBCHHO BJIMATHL Ha HpO(I)I/IJII) CKOpPOCTHU TCUCHUA. HeOI[HOpO)IHOCTI) MOJKET OBITH BbI3BaHa, K
npuMepy, BapHalusIMH TEMIEpaTyphl WM HaludueM npuMmeceil. B nanHoi pabore Bompoc o mpu4nHax
BO3HHKHOBEHHSI HEOJHOPOIHOCTH HE 00CYXKAaeTcs, HO paccMaTpUBAIOTCS 3PQEKTHI, KOTOPHIE TaKas
HEOJTHOPOJTHOCTh MOYKET BHI3BATh.

B ciydae npocTpaHCTBEHHO HEOAHOPOAHBIX BS3KOCTH M MPOBOAMMOCTH ypaBHeHne HaBbe—Crokca

(2) nepenumiercst B BHIE
1 1 Ha,?
Q+v-Vv=PeX+—§Av+—VEJ-Vv+¢ % (vxe,)xe,. 9
ot Re, Re, Re,
3nece E=n(r)/mg u ¢=0(r)/c, — GespasmepHbic BI3KOCTH M MPOBOAMMOCTH COOTBETCTBEHHO, a

HWKHUIN HHIekc y uncen ['aptmana u PeliHonbAca 03Ha4aeT, YTO OHU ONPENEINAIOTCS 10 CpEHEN TIpo-
BOJMMOCTH G U CPEIHEN BA3KOCTH T\, .

VYpaBHeHHE Ui ONpPECTICHUs] CTAIIMOHAPHOTO PO CKOPOCTH B 3a1ade ['apTMaHa ¢ ydeToMm
HEOIHOPOIHBIX CBOWCTB JKHJIKOCTH 3aIMIIECTCS B BUJIC

V"=—Re0P+Ha§(9j _ding,,. (10)
& & dz

Jnst pemennst ypaBaenus (10) HeoOXoauMO 3a1aTh BHI PACHpEISICHNI CBONCTB XKHUIKOCTH IOTIe-

pek notoka &(z) u ¢(z). Onrum U3 Haubolee IPOCTBIX BAPHAHTOB HEOAHOPOJHOIO PACIPECICHHSI

CBOICTB B MOTOKE SIBISIETCS JIMHEHHAs 3aBUCUMOCTH ITPOBOAMMOCTH U BSI3KOCTH OT NMONEPEYHON KOOP-
JTUHATBL. BbiOepeM 3Ty 3aBUCHMMOCTH B TaKOM Buje, 4To mpu Z =0 3Ha4eHUs 00euX XapaKTEepUCTHK
COBIAJAIOT CO CPEAHUMU 3HAYCHUSAMU

0(z)=1+ksz, (11)
&(z)=1+k,z. (12)
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HapaMeprI kc n I(n XapaKTCpU3yIOT CTCIICHb OTKJIIOHCHUS COOTBCTCTBYIOH_Ieﬁ BCJIIMYMUHBI OT €€ CPCUa-

nero sHayenus. K npumepy, npu K, =0,1 BsskocTs BO/NM3M BepxHel cTeHkn Kanana Oyzer na 10 %

0oJIbIIIe CpeHero 3HaYeHHs, a BOMM3M HIDKHEH creHkr — Ha 10 % MeHsbIe.
ITpu moacranoske (11) u (12) B (10) moyuum

Re, P 1+k k
S LI iy VL ERVA) (13)
1+knz 1+knz 1+knz

n

B cuity cummerpun (ypaBHEHHE MHBApUAHTHO K MPEoOpa30BaHHIO {Z — -2,k = —Ks. K, _)_kn})

JIOCTaTOYHO PACCMOTPETH JIUIIH MOJOKUTEIILHBIC 3HAUYCHUST OJIHOTO M3 TapaMEeTPOB, a MPO(UIN CKOPO-
CTH /ISl OTPHUIIATEIHHBIX 3HAUEHUI 3TOTO TapaMeTpa MOXKHO IOYIUTh OTPAKEHUEM OTHOCHTEIHHO OCH
z=0.

Ha puc. 2 npuBenensl mpouiax CKOPOCTH IS 3HAYEHHUM cpeaHero umciaa ['aptmana 5 u 25. [pu
OTCYTCTBHH HEOIHOPOIHOCTH MPOBOJIUMOCTH JKUIKOCTH (CIIy4aid a) OTKIIOHEHUE OT OOBIYHOTO TapTMa-
HOBCKOTO TPOQWIS ONPECNIICTCS HEOJHOPOTHOCTHIO BA3KOCTH. C JIOKAIbHBIM YBEIMYCHHEM YHUCIIA
l'apTmana TpaleHTHI CKOPOCTH B SIAPE TEUCHHUS YMEHBIIAIOTCS, B CBSI3W C YEM yYMEHBINAETCS BIHSHHC
HEOJTHOPOJTHOCTH BSI3KOCTH Ha MPO(HITE CKOPOCTH, U MTOITOMY OTKJIOHEHHSI OT MPOMUIIS TEUSHUS OTHO-
pOZ[HOﬁ JKUJKOCTH OKAa3bIBAIOTCA 3aMETHBIMU JIMIIb B MOTPAHUYHBIX CIIOAX.

1.0 L0 —
-k, =—0.05 =
fy = =05
0.5 1 051 — k=00
— ky=-095 - k=05
) ky = =05 ) — k=095
2 004 = ky=00 Z 0.0
- k=05
— k=095
—0.5 0.5
~1.04 1.0 . ; %
000 025 050 075 100 125 0.0 02 04 06 08 10
1% i
a)
1.0 1.0 —
-~
— oy = =095
fy = —05
0.5 - 0.5 — k=00
ky = —0.95 — k=05
ky = —0.5 — oy = 0.95
Z 0.0 ky = 0.0 * 004
kp = 0.5
ky = 0.95

—-1.0 - —-1.0
0.0 0.5 L0 L5 0.0 0.5 10 L5 2.0
1% v
b)
1.0 1.0 -
— k,=—095 — k, =—095
ke = —0.5 by = —0.5
0.5 — ky =00 0.5 1 — ky =00
- k=05 - by =05
— ky, =0.95 — k, =095
0.0+ Z 0.0
05 —0.5
1.0 —1.0 4=
0 1 2 3 0
v !
c)

Puc. 2. NMpochunu ckopoctn npu Ha =5 (cneea) u Ha =25 (cnpaBa); a) k, =0, b) k, =0,5, c) k, =0,95 ; kpacHo#

NYHKTUPHOW NUHUe 0603HavYeH Npodunb CKOPOCTU ANs TeuyeHusi FapTMaHa B cnyyae XXMAKOCTU
C OQHOPOAHBLIMM CBOUCTBaMM

HpeHCTaBHeHHBIe HpO(i)I/UII/I WITIOCTPUPYIOT IMOABJICHUE HECUMMETPUM TCEUYCHUA OTHOCHUTCIBHO
[CHTpa KaHaJa. B kxauecTBe KOIMYCCTBEHHOM XapPaKTCPUCTHUKU OTKIIOHCHHUA OT CUMMETPUU MOXKHO BbI-
6paTI> OTHOLICHUEC PaCXO0d0B B BCpXHCﬁ ¥ HIOKHEH ITOJIOBHHAX KaHaja
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1
[V(2)dz
Q= 0

0 , (14)
[V(2)dz
-1

pacrpezienieHre KOTOporo Ha IIockoctn napamerpos (K, K, ) s pasnmanbix sHaueHuit 1ucna I'apr-

MaHa TPEeJICTaBIIeHO Ha puc. 3. benas TUHMUS Ha 3TUX PaCHPENEICHUIX COOTBETCTBYET CUMMETPHUH TIPO-
(U CKOPOCTH OTHOCUTEIIBHO IIeHTpa KaHana. [loka3zaTeIbHBIMHU SIBIISFOTCS JBa MPEACIbHBIX cliydas. B
OTCYTCTBHE BHEIIIHETO IOJII HEOTHOPOAHOCTh MTPOBOJANMOCTH, OYEBHIHO, HIKAK HE BIMSACT HA TEUCHHE
KUAKOCTH U UCKaKEHHE TMPOQUIIS CKOPOCTH OTIPENEIsIeTCs UMb HEOHOPOAHOCTRIO BA3kocTh. Hampo-
TUB, MPU TEYCHUU B CUIHLHOM MArHUTHOM IOJI€ 3JIEKTPOMATrHUTHBIE CHJIBI CYIIECTBEHHO MPEBOCXOJST
BA3KHE CHIJIBI U HECHUMMETPHUS MPO(UIS OMpeAemnsieTcss HEOTHOPOTHOCTHIO 3JIEKTPOTPOBOIHOCTH M
MPAKTHYECKH HE 3aBUCHT OT BA3KOCTH.

Hup =0 Hao =5 Hao = 10 Hag = 50
0.7 0.7 fx
ko 0.0 0.0 1
1017 0.7 i
i (}J{.() 0.7 0.7 (]):() 0.7 0.7 (;:() 0.7 0.7 (/:0 0.7 0

Puc. 3. PacnpepeneHue oTHocuTenbHoro pacxoga Q Ha NfockocTM napameTpoB HEOQHOPOAHOCTU CBOWCTB XXMAKOCTU
( kU , k,] ) NpM pa3nuyHbIX 3HaYeHUAX cpeaHero yucna MapTmaHa. LiBeToBas wkana npeacraBneHa B norapudpmmyeckom
MacwTabe

Baxnoil 0c0O€HHOCTBIO TONTYyUEHHBIX NMPO(UIEH SBISIETCS MOSIBICHUE TOUEK Ieperun0a, HauuHas C
HEKOTOPBIX 3HAYCHHH MapameTpoB, XapaKTepU3YIOINX HEOJHOPOIHOCTh CBOMCTB. Ha puc. 4 mokaszan
IpuMep 1T HeOGOIBIIOro 3HAYSHHI MarHUTHOTO nous ( Hay =5), mpu KOTOpOM TOYKH nepernda BO3HU-

KaloT TOJIBKO IIPH 3HAYUTENILHOM HEOAHOPOJAHOCTH NPoBOIUMOCTH cpeabl. Ilpu maneix Ha, cymectsy-
€T AMana3oH 3Ha4eHnH nmapameTpos K, 1 K, , B paMKax KOTOPOro TOUKH nepernda B npoQuiie CKOpocTH

He nosaByATcd. C yBenuueHnueM Hag 5TOT anana3oH CylnIeCTBEHHO CHMKaeTcs v npu Hag ~10 Touku
nepernda MosIBISIOTCS MPH JIIOOBIX 3HAYCHUSAX MapaMeTpoB. Puc. 5 mmrocTpupyeT poct BTOPO pou3-
BOJHOM C pOCTOM MapaMeTpa HEOJTHOPOJHOCTH kn (y1eBast maHesnp), CpaBa MpeACTaBIEHbl TPAHUIIBI MO~

SIBJICHHS! TOUEK Nepernba Ha miockoctn mapametpos (K, k).

1.0

0.00 025 050 075 1.00 1.25
v

Puc. 4. NMpochmnu ckopocTM Npu pasnuuHbIX 3Ha4YeHUsX NapameTpa HeoAHopoaHocTH BAskocTU, Hay, =5, k, =0,4:

CUHUM LiBETOM NoKa3aH npocunb 6e3 Touek nepernba,
opaHXeBbli Npocdunb MMeeT ABe TOYKN nepernba (Ha npocdune o603Ha4YeHbI YePHBIMU TOYKaMK)

Od4eBUIHO, YTO CYIIECTBYIOT paclpeeicHIs] HEOJHOPOTHOCTH CBOMCTB JKHIKOCTH, MPU KOTOPHIX
TOYKHM Ieperuba MoyydaroTcsi MPpU CKOJb yroJHO MajbiX Ha, M JII00BIX HEHYNEBBIX 3HAYEHMSX Iapa-

METPOB pacmpesenceHus. Takue HeOTHOPOTHOCTH BO3HUKAIOT MPH JOKATHHOM M3MEHEHUH CBOWCTB BO
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BHYTpEHHEH Touke moToka. Ha mpakTuke Takas cuTyanus HanOosee HHTEpPeCHa, TaK KaKk BOZHHUKAET IpH
BIIPBICKE MPUMECH FUTH JIOKaJIbHOM HarpeBe *KUAKOCTH. [Ipocreiinielr Moenpbio JOKaIbHOTO H3MEHEHHUS
CBOMCTB MOXET OBITh F'ayCCOBO BO3MYIIICHHE BUA

0(z) =1+k, exp{—Szz}, g(2)=1+k, exp{—Szz}, (15)

r7e & XapakTepu3yeT IMINPHHY JOKAIH3AIHA HEOJHOPOIHOCTH. [Ipoduin cKkopocTH, COOTBETCTBYIOIIHE
TAKOMY pacrpe/Ie/ICHHI0, BCETAa UMEIOT TOUKH repernoa (puc. 6).

0.1
— k=04 -
ky = 0.5 0.8
0.05 — by =06
- = ky =07 0.6 -
]
= Lk
= 00— e e N e e "
s 0.4 -
h — Hag=5
-0.05 1 i Hay =7
0.2 — Hag — 10
- 1['&(1 =12
_(].1 T T T T T ()n T T T T
—03 —02 —01 00 01 02 03 0.1 0.2 0.3 0.4 0.5

z ko
Puc. 5. Bropas npousBoaHas npodursi CKOPOCTU NpuW pasfiMyHbIX 3Ha4YEeHMAX NapaMeTpa HEOAHOPOAHOCTU BA3KOCTHN
ana Ha, =5 un k. =0,4 (cnesa) n HeliTpankHbIe KPUBLIE, XapaKTepusylolwme nosiBfieHne Tovek nepern6a B npocune

CKOPOCTU, Ha NNIOCKOCTU NapameTpoB ( k ) (cnpaga)

O"kﬂ

1.0

o

wt
|
ral

=
9 9

q

q

Puc. 6. Mpodmnu ckopocTu ¢ rayccosbIM pacnpepenelnem HeoaHopoaHocTu ceonets, k, =0,1, Ha, =10

O0cy:xneHne 1 BbIBOABI

PaccmoTpeHo BiMsiHHE HEOTHOPOAHOCTH CBOMCTB NMPOBOJSINEH >KUAKOCTH IONEPEK ciosi Ha (op-
MUPYIOIIUICS B MATHUTHOM TI0JIe IPOo(HiIb CKOPOCTH Hec)KMMaeMon skuakocTd. [TokazaHo, 4to paxke
HeOOoJIbIINEe HEOTHOPOTHOCTH DJIEKTPOIPOBOAHOCTH M BSI3KOCTH MOTYT TPWUBOJUTH K CYIIECTBEHHOU
TpaHc(hOpMaLUU TaPTMAHOBCKOT'O MPOQHIIS CKOPOCTH, MPUYEM, AaXe MpocTeiliee JUHEHHOoe pacrpe-
JIeTICHHE XapaKTePUCTUK JKUAKOCTH TIOTIEPEK CII0S MOXKET MPHUBOAUTH K (POPMHUPOBAHUIO TIPOQHIIS CKO-
pocTH ¢ Toukamu reperuba. [ THMHEHHON 3aBUCHMOCTH BSI3KOCTH M 3JIEKTPOMPOBOAHOCTH OT TIOTIe-
peYHON KOOPAMHATHI MOCTPOEHA TPaHUIA MOSIBICHHUA TOYEK neperuda Ha IIOCKOCTH MapaMeTpoB, OIl-
peneNsonX MaKCUMaIbHOE OTKIIOHEHHE 00€UX BEJIMUMH OT CPEJHEr0 3HAUCHHS.

[Mpencrapiser UHTEpEC OlEHKA, HACKOJIBLKO 3HAYUMBI JIOJIKHBI ObITh BapHAIlH CBOMCTB KHJIKOCTH,
9T100Bl 00CyX)maemble 3((EeKTh CTaau 3aMeTHBI. sl ONpeneneHHOCTH PacCMOTPUM IOTOK JKHIKOTO
HaTpus npu cpeanerd temneparype 200 °C. Ilpu Takoi TeMmeparype MpOBOANMOCTD JKUAKOTO HaTpHs
cocrtasigeT 7,81 MCwm/M, a nuHAMHAYECKasT BI3KOCTD 4,52~1041 kr/m-c. [Ipumem 1jist onpeaeneHHOCTH,
YTO MIUPYHA KaHaja, IO KOTOPOMY TE€YeT >KHIKOCTh, cocTaBiuseT 10 cM, U OIIEHNM Tepernajibl TeMIepa-
TYpHI MIONEPEK CIIOS, KOTOPbIE MOTYT MPHUBECTH K IMOSBICHUIO B MPOQHIE CKOPOCTH TOYEK Meperuoa.
Jj1 3TOTO BOCTIONB3yeMCsl PHC. S U TMPOBEAEM OIICHKH JUIsI COOTBETCTBYIOIIMX 3HaYeHUH uucna ['apT-
MaHa. Pe3ynbpTaThl OlIeHOK TOKa3aHbl B TAaONUIlE, B KOTOPOI MpeACTaBIeHbl 3HAYEHNS WHAYKIUW Mar-
HUTHOTO TI0JIs, 00ECIIeUunBalOIIMe B TAKOM IOTOKE COOTBETCTBYIOIIME uMcia ['aprMaHa, 3HaYeHUs Ba-
pHanuy MPOBOJMMOCTH, 00ECIIeYHBAIOLINE TOSBICHHE TOUEK Ieperuba W 3HaYeHHsl TeMIepaTypbl Ha
TpaHuIax Cios, KOTOPhIe MPHUBEIYT K COOTBETCTBYIONIEH Bapuanuu npoBoauMoctu. 1o puc. 5 BuaHo,
YTO BIMSHUE BapHalWi BS3KOCTH B 3TOM ciliydae ciaadoe W ero MOXXHO He YUYMThIBaTh. BuaHo, uTo B
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CHUJIbBHBIX MAIrHUTHBIX ITOJISAX 3(1)(1)CKT JOCTUTaCTCsA HpI/I J0CTATOYHO CKpOMHBIX Hepenaﬂax TeMHepaTprI
(mpu none opsiaka 2 MTin Touku mepern®a BOSHUKAIOT NP PA3HOCTH Temreparypsl mopsiaka 20 °C).
IMocnennsss KOJOHKA B TaONMIE JAET 3HAYCHHE OOBEMHOM JIOIM HENPOBOIAILEH MPUMECH, KOTOpas
o0ecrieunBaeT HEOOXOANMYIO BapHALUIO MPOBOAUMOCTH. JIJIsl TOCIENHEH OIEHKH HCIIOIb30BaHA MO-
nens 171st 3GGEKTUBHON MPOBOJUMOCTH CPEJIBI C HEMPOBOAAIIMMHE YacTuramu [13]
_2%, (16)
2+0
rae ¢ — oObeMHast JI0JIsk HENPOBOMSAIINX YacTUIl. [IpUBeIeHHbBIE OIEHKH MMOKA3BIBAIOT, YTO MPH HOJIAX

Ge

nopgaaka 2MmTn JJI TIOSABJICHHA TOYCK nepem6a JOCTAaTOYHO 00BEMHOIT A0JIKM IPUMECHU OKOJIO 2 %.

OLeHKM XapaKTepHbIX 3HAa4YeHU NapamMeTPOB AJs XXUAKOro HaTpus
Hao B,MT_]] kcs T_,OC T+,OC (p*
7 1,0 0,22 130140 | 290-+300 0,158
10 15 0,07 180+190 | 230-+240 0,048
12 1,8 0,025 190 210 0,017

Takxum oOpa3zom, Touky neperuda B mpouiie CKOPOCTH MOT'YT BOSHHKHYTH IIPH OTHOCUTEIHHO HE-
OOJIBIINX BapUalMAX CBOWCTB MPOBOISAMICH KHUIKOCTH Ja)Ke MPH JTUHEHHOM paclpeAesieHUH TMOoMepeK
104, a JIOKaJM30BaHHbIE HEOAHOPOAHOCTH (HaIpUMep T'ayCcCOBBI) BCET/Ia JAIOT TOYKHU nepernda. OqHa-
KO OCTaeTCs OTKPBITHIM Ba)KHBIH BOIPOC O JAOCTATOYHOM YCJIOBHUHM HEYCTOWYHMBOCTH, TO €CTh BOIIPOC O
peabHOM TpaHHIle YCTOMYMBOCTH TakuX TedeHWH. OTBET Ha Hero TpedyeT MPsSMOTro YHMCICHHOTO pelle-
HUS TIOJTHON CHCTEMBI ypaBHEHUH JTMOO0 JJAOOPATOPHBIX 3KCIIEPUMEHTOB.

Hccneoosanue svinonneno 3a cuem epanma Poccutickozo nayunozo ¢onoa u Ilepmckozo kpas Ne
22-19-20106, https://rscf.ru/project/22-19-20106/.
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HARTMANN FLOW IN A FLUID LAYER WITH SPATIALLY INHOMOGENEOQOUS
PROPERTIES
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Abstract. In this study we consider the flow of a spatially-inhomogeneous electrically conductive
fluid between parallel planes in a transverse magnetic field. The distributions of electrical conductivity
and viscosity of the fluid are given by linear functions. The slopes of these distributions characterize the
maximum deviation of the fluid properties from their mean values. We show that inhomogeneity of the
fluid properties leads to distortion of the velocity profiles. The resulting profiles are asymmetric and
have inflection points. We use a quantity equal to the ratio of flow rates in the upper and lower halves of
the layer as a quantitative measure of asymmetry. We determine the relationship between this quantity,
the average Hartmann number, and the parameters of the distributions of inhomogeneous properties. We
show that starting from a relatively small mean Hartmann number, the inflection points in the velocity
profiles appear for any values of the distribution parameters. We provide estimates of characteristic
temperatures and concentrations of non-conducting impurity for liquid sodium, at which the described
effects appear.

Keywords: magnetohydrodynamics; Hartmann flow; inhomogeneous properties; electric conductiv-

ity.
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PACYETHO-3KCMNEPUMEHTAJIbHOE UCCNEOOBAHUE CXATUSA
NMOCIE YOAPA (CAI-TECT) TKAHEBOI'O KOMIMO3UTA
CO CKBO3HbIM OEDPEKTOM

C.Bb. CanoxHukoe, O.C. bycnaeea
tOxHO-Ypanbsckuli 2ocydapcmeeHHbIl yHUsepcumem, 2. HenabuHck, Pocculickas ®edepayus
E-mail: sapozhnikovsb@susu.ru

AHHoTanus. PaccMoTpeH HOBBIN MOAX0X K PAcyéTHON OLlCHKe HArpy3KH
pa3pyweHus npu cxkatum (compression after impact — CAl) TkaHeBOro KomMmno-
3UTa €O CKBO3HBIM JedexToM — oTBepcTHeM. IIpu Monen1upoBaHMM YyuTeHa BO3-
MOKHOCTb Heynpyroro negopMupoOBaHMs NOJIHMMepa U pa3pylleHHe BOJIOKOH. B
pacuérax ucnoab3oBaH naker ANSYS WB u cranaapTHble Moe/n MaTepUajIoB
U3 ero OMOJHMOTEKH: OPTOTPONHAS U M30TPOIHAsl YNPYromiacTuyeckasi cpeibl.
Marepuaibl, COCTaB/IAIOIINE KOMIO3NUT, 3aKpelIeHbl Ha 00IIUX y3/1aX CeTKH KO-
HEYHBIX 3JICMEHTOB, YeM 00ecleYnBaeTCsl COBMECTHAA padoTa U CJI0KHBIC CBOIi-
CTBa, He MpUCYIIWEe CTAHAAPTHBIM MojeassM MmatepuaisoB (MFEA-moxxox). B
IKCIEPUMEHTAX MCIOJb30BAH NMPOMBILLJICHHBIH cTekiaomIacTuk CTI® Tonamu-
HOWi 4 MM Ha ocHOBe BOJIOKOH Tuna E u 3moxcudgenonbHoi cMobl. ledeKkTsl OoT
HHM3KOCKOPOCTHOI'0 yAapa 3aMeHeHbl B pac4érax cKBO3HbIM oTBepcTHeM. Kpu-
Bble HEJUHEIHOro ne)opMUPOBAHMS U pa3pylLlieHMs, NMOJyYeHHbIe B pacuyérax,
YIOBJIETBOPUTEJIbHO COIJIACYIOTCSl € IKCHEPUMEHTAJbHBIMHM BILIOTH 10 pa3py-
HIeHHs.

Knrouesvie cnosa: mraneswiii komnosum; CAl-mecm; mooenruposanue; nenuneti-
Hocmb; MFEA-nooxo0; yoapnutii 0eghexm; sxcnepumenm.

Beenenue

Kommo3utHbele MaTepuaibl, apMUPOBAHHBIC BOJIOKHAMH, HAXOJAT Bce OoJiee MUPOKOE IPUMEHEHHE
B aBHACTPOCHWH, B MEPBYIO OYepedb M3-3a WX BHICOKOH yNENbHON MPOYHOCTH W YKECTKOCTH, a TaKXKe
yCTajgoCTHOU MpoyHOCTH. OTHAKO CIOUCTHIE KOMIIO3UTHI C TOJIMMEPHONW MaTpHLel HMEIOT CBOM HEJl0C-
tatku. Hanpumep, cinabas TpaHcBepcaabHasl MPOYHOCTH ACJIACT MX BOCIPUUMYUBLIMH K YIapHBIM IO~
BpexxneHusM [1, 2]. bonee Toro, cnabpie MOBpeXXIEHUS MOTYT OBITH HE3aMETHBI, HO, TEM HE MEHEEe, MO-
TYT 3HAYATEIHHO CHU3UTH OCTATOYHYIO MPOYHOCTh KOMITO3UTa Ha cxkarme. CiemoBarenbHO, Ooiee ae-
TaJbHOE NTOHMMAaHUE TOBEACHHUA KOMITO3UTOB IOCIE yaapa MpH CKUMAIOIIEH Harpy3ke MMeeT Ba)KHOe
3HAYEHHUE [T IPOEKTHPOBAHUS KOMITO3UTHBIX KOHCTPYKITHI [3—6].

[Ipu mpoeKkTHpOBaHWN aBUAIMOHHBIX KOHCTPYKIUI OCTATOYHYIO MPOYHOCTH OOBIYHO HCCIEIYIOT
MyTeM NPOBEACHUS UCIBITAHUNA Ha CYKATHE MOBPEXKICHHBIX 00pPa3IloOB, MMOJABEPTHYTHIX yJapy ¢ Pa3HbIM
ypoBHeM 3Hepruu [7, 8]. HecMoTpst Ha TO, 4TO OBLI MPHUHAT PSJi «BHYTPEHHUX» M CTAHIAPTHU3UPOBAH-
HBIX TeCTOB (Hampumep, [9, 10]), KaKaplii U3 HUX UCIIONB3YET OJMH M TOT e 0a30BbIN MOIXO: UCXO-
HbIe 00pa3I(bl NCIIBITHIBAOT HA yJap MaJarollliM T'Py30M, 4TOOBI BBI3BATH ONPEACICHHYIO CTEIeHb I0-
BPEKIACHUS; OBPEXKICHHBIE 00pa3Ilbl 3aTEM 3aKPETUISIOT B OTIOPHOM MPUCIIOCOOJICHUN W HATPYKAIOT Ha
c)KaThe /sl OTPEeJIeNIeHNs] OCTATOYHON MPOYHOCTH.

CoOoTHOIIEHHs MEX/y SHEPTHEH yapa U MPOYHOCTHIO Ha CKaTHe mociie yaapa (compression after
impact — CAI) KOMIOO3UTHBIX CIIOMCTBIX MaTepUaioB ObLIH U3y4eHbl B padorax [11-14]. Coobianock o
3HAYUTEIHHBIX KCIICPUMEHTAIBHBIX M BBIYUCIUTEIBHBIX 3aTpaTax 1Mo OMPECICHUIO U TPOTHO3HPOBA-
Huto CAl-npounocty komno3utos [15-20]. C menpio ynpoieHns 3KCIEPUMEHTAIBHBIX HCCIIEIOBaHUN
B [21] npoBenu UCTIBITAHUS HA CXKATHUE KOMIIO3UTHBIX MMaHENIeH CO BCTPOCHHBIMU MCKYCCTBEHHBIMH JI€-
(hekTaMu — pacCIOEHUSIMH, YTO MPUBENIO K 0TKa3y OT HEOOXOAMMOCTH HCTIBITaHUN Ha yaap. CpaBHeHHe
PE3yIbTaTOB, MOJIYYEHHBIX TIPH YAAPHOM M UCKYCCTBEHHOM PAaCCIIOCHHAX 00pa3IoB, MMOKa3alo, 4To 00a
Trna 00pa3IoB pa3pymarTcs U3-3a pocta paccioeHus. OcTaToYHas MPOYHOCTh B 00OUX CiTydasx ObLia
OJIMHAKOBOW, HO 00pa3Ilbl ¢ UCKYCCTBEHHBIM PACCIOCHHEM TOKa3ajiu 0oJiee BBICOKYIO JKECTKOCTh, YeM
o0pa3isl mociie yaapa. C 1eNbl0 KOCBEHHOTO yu€Ta BHYTPUCIONHBIX JEe(EKTOB, BBI3BIBAIOIINX CHUKE-
HUE KECTKOCTU 00pa3IoB, B psijie paboT MPEUIOKEHO yIAPHBIH JeeKT 3aMEHATh CKBO3HBIM OTBEPCTH-
em [22-25].

DKCIIEPUMEHTHI, KOTOpble 0OBIYHO TPEOYIOT OOJBIIOr0 KOJMYecTBa 00pasloB, SBISIFOTCS JOPOTo-
CTOSAIIMMH U TPYAOEMKUMHU. DTO MOOYINIO0 a3POKOCMUYECKYIO MPOMBIIIIIICHHOCTh, B YACTHOCTH, UCKATh
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SKOHOMUYECKU I(PPEKTUBHBIC CPEJCTBA O 3aMEHE WCHBITAHUH KOHCTPYKIIUN MoOJeIupoBaHueM [26,
27]. B [14] u [28] pa3paboTaHbl YHCICHHBIC MOJCIH /151 TPOTHO3UPOBAHUS YIAPHOTO TIOBPEKIACHHUS U
CAIl-nipoYHOCTH KOMITO3UTOB, QpMUPOBAHHBIX YIIIEPOJIHBIMU BOJOKHAMH. DBOJIONHUS MOBPEXKICHUN BO
BpeMsI NCTIIBITAHUI Ha HU3KOCKOpocTHOU yaap u CAl-ucnbiranuii Oblsia OIleHEHa OJHOW M TOM K€ Ipo-
THOCTHYECKOH MOJenblo. JleTann3npoBanHas TpexMepHas MOl MOBPEKACHHUS ObLIa MPeCTaBICHA B
[12], uTobBI Tpencka3aTh Kak HA3KOCKOPOCTHOE yaapHoe moBpexaeHue, Tak 1 CAl-mpounocts ciou-
CTHIX KOMITO3UTOB. DTa JOCTATOYHO CIIOKHAS MOJENb OblIa peadn3oBaHa kak moanporpamma VUMAT
B KoMMepueckoM makere Abaqus/Explicit, u moiay4ueHHass OcTaTOYHAs IPOYHOCTH XOPOILO COTJIACOBHI-
BaJach C IKCICPUMEHTAILHBIMU PE3yJIbTaTaMU.

B nannol paboTe mpemiokeH HOBBIH IMOIXO0] C UCITOJIb30BAaHINEM THITOBBIX MOZENeH MEXaHUIeCKO-
ro moBeneHus MarepuanoB B kommepueckoM MKO-nakere ANSY'S, uto He TpeOyeT co3naHus MOIb30-
BaTeNbCKUX Mojeneh. [Ipu 3ToM KOMOMHAIMS TIPOCTHIX MOJEICH MOBEJACHHUS B OJHOM KOHCYHOM 3JIc-
MEHTE IMO3BOJISIET IMOJYYUTh CIOKHBIA OTKIMK Me(eKTHOW KOHCTPYKIMH TpU CXKATHH IMOCTE yAapa ¢
MOTEpEH YCTOMYMBOCTH, MUMHUTHUPYSI HAKOIUJICHUE BHYTPHUCIONHBIX MHKPOIIOBPEXKICHUH B TKAHEBOM
KOMITO3UTE 3a CUET BBEACHUS SIBHOH MIIACTHYHOCTH.

MarepuaJibl

st vccrenoBaHus HU3KOCKOPOCTHOTO YIAPHOTO BO3JICHCTBUSI U OCTATOYHOMN MPOYHOCTH OBUT BBI-
Opan xomMmepueckuii creknomiactTuk CTI® (mpouzBonactBo AO «DIEKTPOHU30IUT») TONIIHMHON 4 MM
(4,1 +0,1 MM) Ha OCHOBE 3MOKCHU(EHOIBHOTO CBA3YIOIIETO TOPSAYEro OTBEPKACHHS. B KauecTBe apMu-
PYIOILIET0 HANOJHMUTENS B KOMIIO3UTE Hcnoib3yeTcs 20 cioeB crekinoTkaHu (E-ctekio) momoTHsHOTO
neperierenus. [LmoTHocTh kKommno3urta Obuta 1,77—-1,79 r/em®. O6beMHast 10711 BOJIOKOH ObLIa omnpeze-
JIeHa METOAOM BbDKHraHus U coctaBuia 42 %. OOpa3wbl Uil UCIIBITAHUNA UMENH pa3Mepbl B INIOCKOCTH
150x100 MM (OCHOBaXyTOK).

Monymu ynpyroctu CTO® 1o ocHOBe U yTKy cocTaBisioT £, = E, = 24 + 2 I'lla, npezen npo4Ho-
CTH TIPH PACTSHKEHUU 10 OCHOBE M YTKY X, = Y, = 400 + 20 MIla, npenen npoYHOCTH Ha CKaTHE IO OC-
HOBe U YTKy X, = Y. = 440 + 20 MIla, moxynp ympyroctu o HopMmamu £, = 9,5+ 0,4 I'lla, npenen
MPOYHOCTH Ha cxkatue mo Hopmanu Z, = 480 + 15 Mlla. CumBon «+» 0003HauaeT cpeTHEKBaIpaTHie-
CKOE 3Ha4YeHHe, ONPEICIICHHOE [0 CEPHU HCTIbITaHmi [25].

HcnbiTaHusi HA HU3KOCKOPOCTHOM yaap
HcnbiTannsi Ha HU3KOCKOPOCTHOW yIap OBUIM NMPOBEACHHI Ha BEPTHUKAIBLHOM OallleHHOM KOTIpe
INSTRON CEAST 9350 Ha o0Opa3iax ¢ pazmepamu B miockoctu 150x100 MM, KOTOphIE BBIpE3asid U3
JHCTa CTEKJIOIIacTUKa. B KauecTBe omopsl OBIJIO MCIOIB30BAHO CTAJIBHOE KOJBIO C BHYTPEHHUM JMa-
MeTpom 72 mm (puc. 1).
Bo Bcex ucmplTaHusAX Ha ynap ucrnoib3oBaics KoHycHbIH yaapHuk INSTRON 7529.841 ¢ paany-
com 12,7 MM. Macca ynapHuKa BO BCEX CIIydasiX COCTaBIISI-
s na 5,095 kr. Bo BpeMs HcHbITaHUN 3HEPTUU ynapa Bapbu-
poBanuchk B nmuamazone 2...25 J[x. Dueprust ymapa Obuta
nogoOpaHa TakuM 00pa3oM, YTOOBI AJIMHA TPELIMH B yTOY-
HOM HAIIpaBJICHWU HE MPEBbIIIANA IIOJIOBHHBI MIMPHUHBI 00-
. ¥ . pasua.
= ‘ = B pesynbrare HU3KOCKOPOCTHOTO ynapa B o0Opasue
T BO3HMKAIOT Je(EeKThl THUIA PACCIOCHUHA U Pa3pbIBOB BOJIO-
"\ Kosuesan ondpa KOH Ha TBHUILHOH CTOpOHE pHC. 2.
B 3aBucuMocTH OT 3HEpruM yaapa Iiomaab 306l pas-
UL Z pyleHus OpuTa pas3iuaHou (puc. 2).
PUc. 1. CXeMa NCNbITaHWi HA HU3KOCKOPOCT- B pesynbrare ncnbiTaHui OBUIO 3aMEYEHO, YTO, HAuH-
Hol yaap. MyHKTUMP — u3orHyTas ocb o6pasua Has C OHNPCACIICHHOW JSHEPIUM YyJapa, pPa3sBUTUC ILIOIIAIU
nedexrta 3aMeuIseTcsa. JDTO CBA3aHO C HAYaJOM paspyIie-
HUS BOJIOKOH Ha TBUIBHOM CTOPOHE, O YEM CBUAETEIbCTBY-
FOT 3aBUCUMOCTH JUTMHBI TPEIIUHBI B YTOYHOM HAINpaBJIeHWH (pa3pylIeHne HUTEH OCHOBHI) OT YHEPTHU
ymapa. Dueprust 10 Ik COOTBETCTBYIOT Hadaly pa3pylICHUs BOJIOKOH M MOSIBICHUS TPEIINH B 00pa3iax
Ha TBUIBHOH CTOpPOHE.

T
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Puc. 2. 3aBucumocTb nnowanun paccrioeHnus U AnuHbl TpewnHbl OT 3Heprun ygapa

OmnpeaesieHue 0CTATOYHOM NPOYHOCTH MPH CKATHHA

HcnpiTanus Ha ckaTHe mocie yaapa ObUIM MpoBe-
JIEHbl Ha YHHBEPCAJIbHOW MCIBITATEILHOM MallnuHE
INSTRON 5900R ¢ ucnonp3oBaHueM clielMaIbHON Oc-
HAaCTKH C¢ OOKOBO#l MOAMEpX)KOil obpaslia B mporecce
HarpyeHnus (puc. 3). CKOpoCcTb HarpyXeHHUsI COCTaBIIsI-
Ja 2 MM/MHUH B COOTBETCTBHH C peKoMeHaarmsmu [29].

Pe3ynpraThl UCHOBITAHUA MO ONPEAETICHUIO OCTa-
TOYHOW MPOYHOCTHU TPEACTABIICHBI HA pUC. 4.

MoxeT mokasaThCsl, UTO CHW)KEHHE MPOYHOCTH Ha
c)KaTue Mocie yAapa He CIUIIKOM CYLIECTBEHHOE, OJi-
HAKO CPaBHEHHE C MPEAEIOM MPOYHOCTU IPHU CKATHU X¢
MOKAa3bIBAET, 4TO Jake Oe3nedeKTHhId o0pasel; UMeeT
BIBOE MEHBIIYIO MPOYHOCTH 3a CUYET MOTEPHU YCTOHUU-
BOCTU C BBIIYYMBAaHHEM B HaNpaBICHUH HOPMaIH K
IJIOCKOCTH KOMITO3HUTA.

Puc. 3. O6paseL c aeceKToM, yCTaHOBNEHHbIN
B CAl-ocHacTKy

YucjieHHOE MOAeTHPOBAHME CARATUSA MOCJIE yAapa

B mpoBeneHHBIX JKCIEpUMEHTaX OOKOBBIC KPOMKH ILjia-
CTUHBI YACPKMBAIOTCS 3a0CTPCHHBIMH OIOpaMu (IIApHUPHOE
OTIMpaHME), & HWKHSSI U BEPXHSSA YaCTH 3aKpEIUICHBI TaK, 4TO-
ObI IPEMATCTBOBATH U3rHOY (3a/1€I1Ka).

B 3aBucumocTH OT HaNpsDKEHHH IOTEPS YCTOWYMBOCTH
MOJXKET HPOUCXOIUTh MPHU YIPYTrux aedopMaiusax Win 3a mpe-
nenamu ynpyroctd. K coxkaneHuro, Ajii KOMIIO3UTHBIX Mate-
pHaJIOB yKa3aTh TEOPETUYECKU TPAHUILy TaKOTO Iepexona 3a-
TPYAHUTEIbHO. M mpobiieMa JOMOJIHUTEIILHO YCIOKHASTCS
HanngueM jaedexTa oT yJapHOTO BO3AEeHCTBUA. B cBsI3M ¢ 3TUM
MNPEAJIOKEHO UCHOIb30BaTh YMCICHHBIA MOAX0J, OCHOBAHHBIN
Ha METOE€ KOHCYHBIX JICMCHTOB. Puc. 4. 3aBUCUMOCTb OCTaTOYHOM

UncneHHoe MoJenupoBaHue AeQOpPMHPOBaHHUS U Pa3py- NPOYHOCTM OT 3HEprUM yaapa

LmIeHusl TacTuHbl U3 crexnomtactuka CTO® ¢ yaapHeM ne-
(exToM OBITO TpoBemeHO B KomMmepueckoM makere ANSYS (Explicit Dynamics). TTockosbky paccmat-
prBaeMasl 3aada CUMMETPHYHAsS, TO JUISI COKPAIIECHUS MPOIECCOPHOTO BPEMEHH TPU MOJCITHPOBAHUN
ObLTa paccMoTpeHa 1/4 4acTh TUTACTHHBI CO CKBO3HBIM KPYTJIBIM OTBEPCTHEM, TIOJTHOCTHIO BKITIOYAROIIICH
peaybHbIi JedeKT (KOHCEPBATUBHBIM MOAX0/). BO3MOKHOCTL HMCIIOJIb30BAaHUS TAKOT'O IMOAXOZa Oblia
NOATBEpXk/IeHa B paboTax [22-25].
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[ockonbky neopMupoBaHUE CTEKIOIIIACTUKA MEpe]] Pa3pyLIeHUEM SBISCTCS HEYIIPYTUM, TO TIPU
YHUCICHHOM MOJICTUPOBAHUH CKATHUS TUIACTUHBI C OTBEPCTHEM A0 pa3pyIlIeHHsI HEOOXOAUMO 3TO YUeCTb.
B pa6ore [30] mpu omeHKe IPOYHOCTH KOMIIO3UTA C OTBEPCTHEM IIPH pacTsHKeHHH B pamkax MKD 6rina
IPEIJIOKEHAa CXeMa 3aMEHbl TKAaHEBOI'O CTEKJIOIJIACTHMKA COBOKYITHOCTBEO HECKOJIBKHX MAaTepHajoB
(M30TPOMHBIX WM OPTOTPOIHBIX) HA OHOW CETKE KOHEUHBIX deMeHToB (MFEA-monxoxn).

B nannoit pabote Ha npumepe miacTuHbl U3 CTO® ¢ pazmepamu 150x100x4 MM pazpaborana Mo-
JIeNlb, COCTOAIIAsl M3 ABYX BIJIOKEHHBIX MaTepuanoB. OauH u3 3Tux marepuanos (Ne 1) mmurupyer
CYXYyI0 CTEKJIOTKaHb, a BTopoi (Ne 2) — monumepHyro Marpuily. CTEKIOTKaHb MOACIHPYETCS YIIPYTUM
OPTOTPOIHBIM MaTepPHaIOM C HyJIeBbIM Kodduuuentom [lyaccona, a MaTpua — U30TPOITHBIM YIIPYTo-
IJIACTHYECKUM MaTeprajaoM (OMIHHEHHAS cxeMa).

Uro0Obl MEXaHUYECKHUE CBOWCTBA TAaKOTO COCTABHOTO MaTephalla COOTBETCTBOBAIM CBOWMCTBAM O/I-
HopoaHoro creknomiactuka CTO®D, pazpadorana nporpamma B cpeae MathCAD, kotopasi mo3Bonuia
Ha OCHOBE KJIACCHUECKOM TEOpPHH CIOUCTHIX IacTHH [31] mpeicka3siBaTh MaKpOCKOIINYECKHE YIIPYTHE
CBOIMCTBa OPTOTPOIHOM Cpelbl M0 CBOKMCTBAM BJIOKEHHBIX MAaTEPHAJIOB. YIPYrue CBOMCTBA, KOTOPHIE
ObUT IPUMEHEHBI B pacyeTax CleAyIomIne:

Matepuan Ne 1: mopynu ynpyroctu E, = 16 I'Tla, E, = 15 I'Tla, E, = 5 I'lla, ko3¢ duuents: Ilyac-
coHa fuy =0, 1y, = 1, = 0,05, moxynu casura Gy= Gy, = G,, =4500 MI1a.

Martepuan Ne 2: moaynas ynpyroctd E = 8000 MIla, ko dunuent Ilyaccona u = 0,35, npenen Te-
kyuectu o, = 150 Mlla, mogynp ynpouneHus (OMIIMHEHHAs armmpoKCHMAIUs AUAarpaMMBbl AeQOpPMHPO-
Banus) E° = 5000 MITa.

[TockonbKy BiIO’KEHHBIE MaTepHallbl B KOHEUHOM 3JIEMEHTE UMEIOT O0IIMe Y37Ibl, UX YIPYTrue CBOM-
CTBa CYMMHPYIOTCS, YTOOBI MOny4nTh cBoiicTBa CTO®D. B cBs3M ¢ 3TUM MOIydYeHHBIE NaHHBIC MPEA-
CTaBJISFOT CO00M HEKOTOpbIe «3(h(HeKTHBHBIC» CBOMCTBa MaTtepraioB Ne 1 u Ne 2, He CBOJIMMEIC K CBO¥-
CTBaM BOJIOKOH MJIM SIIOKCHIHON CMOJIBI.

[TapameTpsl ynpyromiacTu4eckoi Moaenn MaTpuibl (IIpees TeKy4eCTH M MOLYJb YIPOUHEHHS),
OTB€YHaroiue B Ilel\/'ICTBI/ITCHI)HOCTI/I 3a SABJICHUA MPOCKAIb3bIBAHUA OTCIIOUBIIMXCA BOJIOKOH IO MAaTpHUIIC
B KOMIIO3UTE, BapbUPOBAJIH, tITO6I:.I IMOJIYy4YUTh aJ€KBATHOC IIPOTHO3UPOBAHUE HEJIMHEHHOT 0 y4aCTKa Ha
muarpammax cxatus o0pasnoB 3 CTOD 6e3 degpexmos (kammOpPOBKa YIPYTOIUIACTUIECKOW MOJIEIH).
Pazpymenne B CAl-TecTax mpouCXOIUIIO OT CKATUS BAOJb BOJIOKOH (edopMaiiy paBHOMEPHOTO CxKa-
THS CKJIQJBIBAIMCH C JedopMaimsMu cxaTusi oT u3ruba). Jedopmanuu paspyiieHus MIaCTHYSCKON
MaTpHIbl HE OKa3bIBAJIM BIIMSHUS HA HArpy3Ky pa3pyLIeHHs, TaK KaK OPTOTPOIHBIE CIOH Pa3pyLIaIHCh
pasblIe.

CeTka KOHEUHBIX DJIEMEHTOB MOJIEH TI0Ka3aHa Ha puc. 5. OOIIHOCTH y3JI0B BO BIOXKEHHBIX Mare-
puanax rmojy4eHa ¢ ucnosib3oBanueM omiuu Share topology B moamporpamme SpaceClaim B pamkax
naketa ANSYS.

OO6mue y31bl HEOOXOMMBI, C OJHOW CTOPOHBIL, JUISI CHHUXKEHUSI pa3MEPHOCTH 33Ja4yH, a C JIPyrou
CTOPOHBI — JUIsl UCKJIIOYCHHUST HEKENATeNBbHBIX MOJ| pa3pylleHust (pacclioeHue), KOTopbie MoTpedoBain
OBl BBeICHUS MPOYHOCTHBIX XapaKTEPUCTHK MeXcIoiHoro unrepdeiica. Konnuectso snemenTos (cpen-
HUHM pa3Mep KOHEYHOI'O 3JIEMEHTa B MOJEIHM COCTaBMJI 3 MM) OBUIO JOCTaTOYHBIM U KOPPEKTHOI'O
oToOpaXkeHUs BBITyYHBAHUS 110 NEPBOH (popMe moTepu yCTOWINBOCTH (C OJJHUM MaKCHUMYMOM).

B makere ANSYS Workbench (v.2020R2) ncnonbs3oBan siBHEIHM pemarens (explicit dynamics), mo-
3BOJIIOLIMM paccMaTpUBaTh Kak OONbLINE NepeMeLeHus (3TO BaXKHO JUIS TOTEPU YCTOHYHUBOCTH), TaK U
paspyllieHHe ¢ yAaJeHHeM KOHEYHBIX 3JEeMEHTOB M3 CETKH, (GopMupys «MakpoTpemuHy». Cremyer
Takxke 100aBUTh, YTO MpUEMIIeMOe BpeMs pacuéra (M NpaBaonofoOHoe aedOopMHUPOBAHKE MO TIEPBOU
¢dopme ¢ OHON HOITYBOJIHON CHHYCOMIBI) MIMEET MECTO JIMLIb NMPH BpeMeHax mporecca Oonee 20 mc.
IIpu Bpemenu HarpyxeHus MeHee 20 MC B pEeIIEHUH MOSBIISIIOTCS JBE MOITYBOJHBI CHHYCOH/IBI, YTO HE
COOTBETCTBYCT OKCIICPUMCHTAJIbHBIM HaGHIOJIeHI/IHM.
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CanoxHukoe C.b., Pac4émHo-akcrnepumeHmarnbHoe ucciedoeaHue cxamusi
Bycnaesa O.C. nocne ydapa (CAl-mecm) mkaHeeo20 KOMIO3UumMa co CK803HbIM OegheKmom

[] Fabric [] Palyrmer

y ¥
0,00 20,00 (rrn) f
0,00 20,00 (i) }/I [ — > T
_:Im n S 10,00
a)
[] Fabric
D Palyrner
¥
0,00 20,00 (rrem) P/I\ ¥
] %
10,00 0,00 20,00 (rrn) (I\
[ | - ¥

10,00 6)

Puc. 5. CeTku K3 pnsa nnactuHbl 6e3 otBepcTus (a) u c otBepctmem (6)

I'pannuHble ycIOBUS B MOAEIM IOJHOCTBIO COOTBETCTBOBaIM cxeme Harpyxkenus B CAl-tecte
(puc. 6).

3nech Harpy3Ky TNPUKIAAbIBAIA KHHeMatudecku (rmoBepxHocTs C) B HampaBieHWH ocu Y
(0...3 mm); muaus A (orpanmueHus mo nepemernenus U, = 0) cooTBeTCTBOBaAIA 3a0CTPEHHBIM OOKOBBIM
LIAPHUPHBIM OnopaM; noBepxHocTH B u D — 310 ocu cummerpun. B onope B BeIBomMIN peakuuio B BU-
JI€ 3aBUCUMOCTH YCUJIMS OT BPEMEHH.

O06pastpl ¢ nedekramu — oTBepCTUsAME auameTpoM 6, 13, 17 u 22 MM, 4TO COOTBETCTBYET dHEPTH-
aM ynapa B ucnbiTanusax 10, 15, 20 u 25 J[x cooTBETCTBEHHO — ObUIH HarpyeHsl mmo cxeme CAI ¢ yué-
TOM cuMMeTpuH (puc. 7).
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MexaHuka

A:d=0 50-3500 Explicit Dynamics A: d=0 50-3500 Explicit Dynamics
Explicit Dynarmics Directional Deformation

Tirme: 0,15 Type: Directional Deformation(Z Axis)
02.05.2023 15:52 Unit: rarm

Global Coordinate Systern
Tirne: 2,05e-002
Cycle Murnber: 56213
hax: 0,26

Min: -0,016
02.05.2023 15:52

[A] Load
Displacement

Displacement 2
@ Displacement 3

026
023
02
017
014
on
0,077
0,046
0,015
-0,016

a)

Puc.6. Cxema HarpyxeHus (a) u xapaktep BbinyunBaHus (6)

C:d=20 Explicit Dynamics
Explicit Dynarmics

Time: 0,13

23.04.2023 15:54

C:d=20 Explicit Dynamics
Directional Deformation

Type: Directional Deformation(Z Axis)
Unit: rarn

E Load Global Coordinate Systern

Time: 2,4e-002
Displacernent Cycle Mumber: 181872
Displacement 2 M 2,7
@ Displacerment 3 tin: -0,014
23042023 15:53

Puc. 7. O6pasel c oTBepcTUeM AnameTpom 20 MM, cxema HarpyxeHus (a) U kKapTuHa
nepemelyeHuit U, Ha aTane Heynpyroro aecgopmupoBaHus (6)

B pesynbrarte pacuera ObUIH MOTyYEHBI KPUBBIE «HANpPsDKEHUE — AedopMaris» s Bcex 00pas3inoB
(puc. 8). 3nech CIJIOMIHOM JIMHUEH MOKa3aHbl SKCIEPUMEHTANIbHBIE JaHHBIE, TyHKTUPHOW — pacueTHbIE
JaHHble. JIMHUM CIBUHYTBI OTHOCHUTEIBHO JAPYT Apyra i HarisigHoctu. Ha puc. 8 mokasansl: 1 — Ge3
oTBepcTHsl 00pasel, 2 — OTBEPCTHE TUaMeTpoM 6 MM, 3 — oTBepcTHe auameTpoM 13 mm, 4 — oTBepcTHE
quameTpoMm 17 MM, 5 — oTBepcTHE IuUaMETpoM 22 MM, YTO COOTBETCTBYET 3HeprusM ynaapa 0 JIx,
10 JIx, 15 JIx, 20 JIx 1 25 JI>K, COOTBETCTBEHHO.
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CanoxHukoe C.b5., PacyémHo-akcnepumeHmansHoe uccsedosaHue cxamus
Bycnaeea O.C. nocne ydapa (CAl-mecm) mkaHee0o20 KOMMoO3uma co CK803HbIM deghekmom

200

150

100

Hanpssenne, MIla

30

(2]

Jedopmaniis, %o

Puc. 8. KpuBble “HanpsikeHue — nedopmaums» B PyHKLUN AnameTpa
pedoekra/aHeprum yaapa

PacuérHpie 3HaueHUS HANPSDKCHHM MOTEPU YCTOWYMBOCTH (pa3pyIleHHs) UCCIEIOBAHHBIX 00pas-
1oB ¢ aedekramu 0 MM, 6 MM, 13 MM, 17 MM 1 22 MM paBabl 213 MIla (morpemHoCcTh ¢ IKCIepUMEH-
TaJIbHBIMU JTAHHBIMHU cocTaBmiia 3 %), 201 MIla (morpemHocts 1 %), 186 (morpernocts 4 %), 177 (mmo-
rpemHocTh 4 %) n 169 MIla (norpemrHocts coctaBuia 6 %), COOTBETCTBEHHO.

[Mony4eHHbIE 3HAYEHUS] XOPOILIO COTIACYIOTCS C KCIICPUMEHTANBHBIMU JaHHBIMU. OTKIIOHEHUS He
npeBbimaroT 10 %, 4To uisd 3aa4 MOTEpU YCTOWYMBOCTH 32 TMPEACTaMHU YIPYTOCTH KOMIIO3UTOB MOKET
CUHTATHCS CEPhE3HBIM JOCTHKCHUEM, TIO3BOJISIONIMM PEKOMEHI0BATh MPEATONKECHHBINA MOIXO JUIS HC-
MOJIb30BaHUsI B TIPOSKTHOM MPAKTHKE.

BriBoabI

OCHOBHBIMH MeXaHM3MaMH pazpymieHus crexiomiactuka CTOd npu HU3KOCKOPOCTHOM yIapHOM
BozneticTBuH (110 25 [[K) ABIAIOTCS pacCIOCHUS M pa3phiB BOJIOKOH YTKa Ha THUIBHON CTOPOHE 00pasiia.

IoBpexeHus, BO3HUKAIONINE B TuTacTHHE pH ynape 1o 10 JIx, 9To COOTBETCTBYET JUIMHE TPEIH-
HBI Ha THUTLHOM CTOPOHE MOPSIAKA 5 MM, IPAKTHYECKH HE BBI3BIBAIOT CHMKEHUS OCTATOYHON MMPOYHOCTH
TIPU COKATHH.

JedopmupoBanme W paspylieHHe TUIACTHUHBI MPU CKATHH MPOMCXOIUT MHOTOCTAIUITHO: BHadYase
MMEET MECTO YIpPYToe, 3aTeM YIpPYyTOIUIaCTHIeCKOoe NeOopMHUpOBaHKE, J1ajee HauuHAeTCS TOTeps yc-
ToMuMBOCTH (00JIeru€HHAs YIPYromIacTHUECKUM J1e(hOPMUPOBAHUEM MATPHIIbI) M, HAKOHEII, pa3pyIie-
HUE Ha CXKATON CTOpOHE IIACTUHBI, TJIe CYMMUPYIOTCS ehopMaIiii paBHOMEPHOTO CKaTHs U H3TH0A.

PaccMoTpeHa MeToauka pacd€THOW OIEHKH HArpy30K MOTEPU YCTOWYMBOCTH H Pa3pyIICHUS MPH
CKaTHH 32 TIpeJIeIaMy YIPYTOCTH CIIOMCTOTO KOMIIO3UTA C YUETOM Jie(eKTa OT yIapHOTO BO3ACHCTBHS B
BHJIC DKBHUBAJIEHTHOTO OTBEPCTHs. MeTOoIuKa OpHEHTHPOBAHA HA HCIIONB30BAHHUE METOJa KOHEUHBIX
AJIEMEHTOB B SIBHOW MOCTAHOBKE M 3aMEHY MHOTOCJIOWHOTO TKaHEBOTO KOMITO3UTa COBOKYITHOCTBIO Op-
TOTPOIIHBIX U U30TPONHBIX (yrpyromiactudeckux) ¢as. [Ipemioxken anroputM noncka mapamMmeTpoB Mo-
JIeJIe OPTOTPOITHOTO W M30TPOITHOTO TEJ B JAHHOU CXEME 3aMeIIeHUs. Pe3ynbTaThl UCIIBITAaHUN Oe3/e-
(extHOM TacTHB B CAl-OCHAaCTKE WCIOJIB30BaHbI JIJIsl KATMOPOBKU YIPYTOILIACTHYECKUX TapaMeT-
POB H30TPOIHOM (ha3bl.

Junis Gonee TOYHOTO TMpeJcKa3zaHus Xapakrepa Je@OpMHUPOBAHUS U, BO3MOXHO, Harpy30K MOTEpU
YCTOWYHMBOCTH (M pa3pylIeHus1) B OmmkaiieM Oy IymieM IUTaHuPyeTCsl OMUCaTh MTOBEIEHNE N30TPOITHOM
(ha3bpl ¢ TOMOIIBIO TOJTMITMHEHHON CXeMbl B PACCMOTPETh Pa3BUTHE PACCIOSHUN NIpU yIape BBEICHUEM
MEXCIIOMHOI0 HHTEpdeiica.

Hccnedosanue evinonneno npu gunancoeoi noooepiicke PODU ¢ pamkax nayunozo npoexma Ne
19-29-13007
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NUMERICAL AND EXPERIMENTAL STUDY OF COMPRESSION AFTER IMPACT
(CAI-TEST) OF A FABRIC COMPOSITE WITH OPEN HOLE DEFECTS

S.B. Sapozhnikov, O.S. Buslaeva
South Ural State University, Chelyabinsk, Russian Federation
E-mail: sapozhnikovsb@susu.ru

Abstract. We examine a new approach to the computational assessment of the compressive fracture
load (compression after impact, CAIl) of a fabric composite with an open hole defect. The simulation
takes into account the possibility of inelastic deformation of the polymer and the failure of fibers. Nu-
merical calculations were conducted in ANSYS WB using standard material models from its library:
orthotropic and isotropic elastic-plastic media. The materials used are fixed on common nodes of the
finite element mesh, which ensures joint work and complex properties that are not inherent in standard
material models (mFEA approach). In the experiments, STEF industrial GFRP 4 mm thick based on
type E-type fibers and epoxyphenolic resin was used. Defects from a low-speed impact are replaced in
the calculations by an open hole defect. The curves of nonlinear deformation and fracture obtained in the
calculations are in good agreement with the experimental ones up to fracture.

Keywords: fabric composite; CAl-test; modelling; nonlinearity; mFEA approach; impact defect;
experiment.
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WCCNEAOBAHUE 3AKPUTUYECKUNX HECDVOPMALI,I/IVI Nnonorunx
CPEPUYECKUX NAHENEN NOCTOAHHOW TOJILLMUHDbI

B.B. YynuH, [].E. YepHo2yb6o0e
Ypanbckuti gpedeparnbHbil yHUsepcumem, 2. Ekamepurbype, Poccutickas ®edepayusi
E-mail: v.v.chupin@urfu.ru, d.e.chernogubov@urfu.ru

AnHoranus. Pa3paGoraH  ajnropurM  HCCIEJOBAHHS  HAINPSKEHHO-
AeOpMUPOBAHHOIO COCTOSIHUSI YINPYTHX TOHKOCTEHHBIX 000JI0YEYHBIX CHCTEM,
COCTOSAIIMX U3 000/104ek BpameHus. /[Jisi pelieHus1 HeJIMHEHHOM 3a1a4U CHJIbHO-
ro u3rufda TOHKOH U30TPONHOI 000/10YKH BpalleHNsl, B KOTOPOil He HAKJIA/IbIBa-
eTcs HUKAKMX OrPpaHMYeHMIl Ha BeJHYMHBbI YIJOB MOBOPOTA HOPMAJH K MCXO0]-
HOH KOOPIMHATHOMH IOBEPXHOCTH, 2 OTHOCUTE/IbLHAS JIMHelHas AedopManus Ma-
Jia 110 CPAaBHEHHMIO C eJMHHUIel, ucnouabn3oBajcs Merol Hoorona—Kanroposuua,
CBOASAIINI HeJIMHEHHYI0 KPaeBYI0 3aa4y K UTePANMOHHON MOC/1e10BATEIbHOCTH
JIMHEHHBIX KpaeBbIX 3aaay. IIpu pemieHnn JHMHEHHBIX KpaeBbIX 3aJa4 NpHMe-
HSJICS METO/ CBe/IeHNs X K psaxy 3aaa4y Komm, koTopble HHTerpupoBaJuch YHC-
JieHHo, MeToaoM PyHre—Kyrra. /lyisi o6ecrnieyeHus1 yCTOHYMBOCTH peLieHHs KeCT-
Kkux 3agay  Komm npuMeHeH MeTod  AMCKPETHOH  OPTOroHAJM3alMH
C.K. I'ogynoBa. Ha ocHOBe JaHHOI0 aJITOPUTMAa HANMCaHA nporpamma s JBM,
NMO3BOJIAIOIIAS ONpeIe/ATh MapaMeTPbl HaNPSKeHHO-1e()OPMHUPOBAHHOIO CO-
CTOSIHMSI 000JI0YeK B IIMPOKOM /MAMNa30He U3MEHEHHsI reoMeTpH4ecKux, Gpusu-
YeCKHX, CHJIOBBIX NIAPaMeTPOB M IPAHHYHBIX ycaoBuii. McciieoBaHO HaNpsiKeH-
HO-1e)OpPMHUPOBAHHOE COCTOSIHME IMOJOTrHX cepuYecKMX NaHesell MOCTOSIHHOM
TOJIIIMHBI C 3alleMJIeHHEeM HA BHEIIHEM KOHTYpe MoJ JeliCTBHeM PABHOMEPHOI0
BHelIHero AasjeHusi. UcciegqoBan nmpounecc (oopMHPOBAHMSA IeTeJb HA KPHBOW
Ae(OPMUPOBAHMSI B 3aBHMCHMMOCTH OT BBICOTHI 000J104KkH. MI3MeHeHHe BBICOTHI
000J10YKM NPU HEH3MEHHOM pajHuyce ONOPHOI0 KOHTYpa MOJeJHMpPYeT HAYAJIb-
HYI0 HeIIPABMJIBHOCTH B ee H3r0TOBJICHUH.

Knioueswvie cnosa: obonouka; degpopmayusi; cunvhviil useuo.

Beenenue

ToHKocTeHHBIE 000IOYEYHbIE KOHCTPYKIIUH MPUMEHSIOTCS B Pa3IMYHBIX 00JACTAX COBPEMEHHOM
TEXHUKHU. B TakuxX KOHCTPYKIMAX MOA ACMCTBHEM HAarpy30K MOTYT BO3HHKATh IepeMEIIeHus, He yKia-
JBIBAIOIINECS B PAMKH JINHEHHOW TEOPHH, YTO MPUBOAUT K HEOOXOIUMOCTH yueTa FeOMETPHUUECKON He-
nmuHeHocTH [1-3]. HMcmonmb3oBaHWE HEIWMHEWHOW TEOPHH IMO3BOJISET OMPENENATh HaNpsHKEHHO-
nepopmupoanHoe cocrostaue (HJIC) pa3inyHoro Buaa 000I04€K KakK B CIy4ae MajbIX, TaK U OOJIBIINX
nporn6oB. OJHAKO ¢ TIOMOIIBIO ATHX YpaBHEHUH 3HAYCHUS] KPUTHUECKUX HArPy30K OKa3bIBAIOTCS 3HAa-
YUTEIBHO OOJIbIIE 3HAYCHHH, OJyYaeMBIX B pe3yJbTaTe SKCIepuMeHToB. Tak, s cepuueckux 06o-
JIOYEK TEOPETUYECKH MOJMYUYCHHbIE 3HAYCHUS! KpUTHUYECKUX HArpy30K NMo4TH B 4 pasa OoJblle dKCIepu-
MeHTaJbHBIX [4, 5]. [IpuurH Takoro HECOBMAJCHHUS PE3YIbTATOB HECKOJIBKO. DTO HAMYUE Y 0O0IOUKH
HayYalbHBIX HENPaBUJIbHOCTEH, HAYAJIbHBIX HAIIPSDKEHUH, OTIMYME YCIOBHH HArpyXeHHUs W 3aKperuie-
HUSl OT YYHUTBHIBAEMBIX B MAaTEeMaTHUECKOHW MOJENH, HEOAHOPOIHOCTh CBOWCTB Marepuana, HEeCHMMET-
pu4HOCTH nedopmupoBanus U T. 11. [4, 6]. [[ppuMeHeHHe COBPEMEHHBIX TAKETOB MPHUKJIATHBIX IPOTPAMM,
OCHOBaHHBIX Ha METOJIe KOHEYHbIX AyieMeHTOB [6], mo3Bossier ompenenste HIIC u npoBoauTh cpaBHe-
HHE C TIOJYYCHHBIMH PEIICHUsMH [7], HO pelieHHe 3a1a4 ¢ BBICOKOW HEIMHEHHOCTBIO Ja)Xe MPH HC-
MOJIb30BaHUH TaKUX MPOTPaMM BbI3BIBAET OMpPE/EIEHHBIE TPYIHOCTH MIPH MOMYYEHHH pemieHus. Takum
00pa3oM, pa3BUTHE METOJIOB pacueTa 000I0YEK M yUeT MX HAYaIbHBIX HECOBEPIICHCTB SIBISCTCS aKTy-
JIBHBIM M UMEET BaKHOE TPUKIIAHOE 3HAYCHHE.

3agaya uccjief0BaHUS CWJIBLHOTO M3ruda ynpyroi 00607104KH BpalleHUs

PaccmarpuBaeTcs reoMeTprUUecKy HEJIMHEWHas 3aada CHIIBHOTO M3ru0a TOHKOH M30TPOIHON 000-
JIOUKH BPALIEHMsI, B KOTOPOH HE HAKJIAJbIBAETCS HUKAKUX OMPaHWYEHUN Ha BEIMYMHBI YIJIOB IIOBOPOTA
HOpPMaJIM K MCXOJHON KOOPJMHATHON IMOBEPXHOCTH, & OTHOCUTEIbHAS IMHEeWHas jaedopmalius Maia 1o
cpaBHEHUIO ¢ equHUICH. Harpyska, neicTByromas Ha 000JI09KY, OCECUMMETPUIHAS.

s 0607109KH, UCTIBITHIBAIOLIEH OCECUMMETPUYHYIO e(OpMaLunio, YpaBHEHHsI PaBHOBECHS B KO-
opauHaTax 1ehOpMHUPOBAHHOI MOBEPXHOCTH UMEIOT BU [8]
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d(iNg) - 5
( ~S)—Necos(p+F%+f~S=0,
ds R,
d(rQ i N
Q) (8 o) 0 n
ds R, Rg
d(rMm - x
(df)— M, cosd— FQ, —m, =0.
S

3nmeck Ns, Qs, Ms — IpooIIbHBIE, TOMEPEYHBIC CHIBI M H3THOAIOIINE MOMEHTHI B MEPHINOHAILHOM Ha-
npasneHud, Ng, Mg — ycuimus B OKpy>KHOM HampasiieHUH, Rs, Ry — pagnychl ri1aBHBIX KPUBU3H B MEPH-
JIMOHATILHOM U OKPYXKHOM HAITPaBJICHUSX, I — paauyc MapajuieIbHOrO Kpyra, S — JUIMHA IyTH MepHIna-
Ha, (s — KacaTenbHas U (| — HOpMalbHasl COCTAaBIIOIINE PACIPENCICHHBIX HArpy30K, My — BHEITHUH
pacrpenencHHbI MOMEHT. THiIbIaMU CBEPXY OTMEUEHBI BEJIIMYHMHBI, OTHOCSIIUECS K AeQOpPMHUpPOBaH-
HOMY COCTOSIHHIO 000JIOUEYHOTO JJIEMEHTA.

I'eoMeTprYecKHe COOTHOLICHHS I 000JIOUKH B IIPEIIIOI0KEHHH OCECHMMETPHYHON aedopmanun

Uy

=€, COS( + COS P — COS ®;

da, . . _ . _
—L=g,sin@+sing—sing;

ds
%:‘;—f_‘i—@:(ugs)xsf—z; (2)

31ech &, €, As, o — OTHOCHTEIBHBIC eOPMaK YUIMHEHUSI U U3MECHEHUsI KPUBU3HBI CPEANHHON T10-
BEPXHOCTH 000JOYKH B MEPUINOHAIBHOM U OKPY>KHOM HaIlpaBJICHHUSX.

COOTHOIIEHHSI YIIPYTOCTH, CBSI3BIBAIOIINE YCHUIINS 1 MOMEHTBI ¢ KOMIIOHEHTaMH MOJTHON Jedopma-
UM C YYETOM TUTIOTE3BI HeJIeOPMUPYEMBIX HOpMael, UMEIOT BU/;

Ng =Cp1&s +Cro8g + Kigs + KiaXo:  Ng =Coi&s +Cppg + Koyits + Kopite;
S =Cegeso +2KegeXso: Mg = Kyi€s + Kyp€g + Digis + DioXe; (3)
Mg = Kgi&s + Koo + Dogs + DoXos  H = Kgg€sp + DesXso-
3neck Ng, Ng, S — memOpannsie ycunus, Mg, Mg, H — n3rubaromue u KpyTSIIuii MOMEHTEHI, € — OTHOCH-
TeJbHas Ae(opManus CIBUTa, Ysp — KPYICHHE KOOPAMHATHON MOBEPXHOCTH, Crp, Kmp, Dmp (M, p =1, 2) —

K03 PUIIUEHTHI yIIPYyTroCTH.
Jst I30TPOIHBIX 000JI0UEK

Eh Eh Eh®

Ci=Coo=——: C,=vCy;;, Cop=———: D=Dypy=—r-——:
1=t2=""73 12 11 66 20+v) 11 =Dy 12(1—1/2)
Eh®
Dy, =vDyy;  Des ZM; Kip = Kyp =Ky =Kgs =0,

rae E — momxyss ynpyrocta, v — koaddunment Ilyaccona, h — Tosmmaa 060109k,

Jia momydenust pa3pemaromeid cucteMsl ypaBHeHHH ypaBHeHus (1)—(3) HeoOXoanMo JOMOTHUTH
TPAaHUYHBIMH YCIIOBUSMHU.

Hanpumep, 1151 5xeCTKO 3aIeMJIEHHOTO JIEBOT'O Kpasi U CBOOOJHOTO [IPAaBOro
,=0,=0, mpus=s,

a S
NX=N2=MS=O, pH S = Sy.
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Yynun B.B., HUccnedosaHue 3akpumuveckux deghopmayuli
YepHozy6oe [.E. rnosioaux cghepudeckux naHesiell MOCMOSTHHOU MOTWUHbI

Jnsa pemenus 3agaud ucnoiab3oBasicss Metod HeroToHa—KaHTOpoBHYA, CBOJAIIMNA HEIMHEHHYIO
KpaeByIo 3a/1ady K UTEPAlMOHHOHN IOCIIEI0BATEIHPHOCTH JIMHEHHBIX KpaeBbIx 3aaa4. [Ipu pemennn iu-
HEWHBIX KPaeBbIX 3a/lay MPUMEHSJICS METOJI CBEACHUS UX K psiay 3agad Ko, KoTopble HHTErpUpOBa-
JIUCh 4HCIeHHO MeTonoM Pynre—Kyrra. Jlns oGecrieueHrss YCTOWYMBOCTH PEIICHUS KECTKHX 3alad
Komm mpumenen metox muckpetHoit oproronanusanun C.K. ['ogyHoBa.

OcHoOBHBIE Pe3yabTaThI

HccnenoBano HanpspKeHHO-Ie(OPMUPOBAHHOE COCTOSHHE TOJIOTHX CEepUIecKUX MaHelel mocTo-
SIHHOH TOJIIIMHEI C 3allleMJICHHEM Ha BHEUIHEM KOHTYpE IT0JI AeHCTBHEM PaBHOMEPHOTO BHEIITHETO JaB-
nenust (puc. 1).

z z
I L I T ==
2 o

B } e ==
\k% = . T f ety )
x, = Vs X,

™ 0 ™
(&
|
Puc. 1. PacyeTHas cxeMa 060Mo4ku Puc. 2. Cxembl cchepuryeckmx o6onouek

O6oouku (puc. 2) UMEIOT XapaKTepUCTUKU: Moaynb ynpyroctu E =200 I'Tla, koadduuuent Ily-
accona v = 0,3, tomumaa h =1 MM, paguyc omopuoro koutypa € =100 mm. O6pasyrorine 00010ueK
OYEpUYCHBI MO0 OKPY)KHOCTSIM, HX MapaMeTphbl IiprBeeHbI B Ta0i. 1. [Tapamerp monoroctu [1] Beraucsii-

cs1 1o popmyre b = {12(1—v?) _c .

JRh

Ta6bnuua 1
MapameTpbl uccnegyembix 0605104ek
No R, MM A, MM Hapawerp
moJioroctu b
1 516,5 0 8,00
2 543,84 -0,5 7,80
3 574,32 -1,0 7,59
4 608,51 -1,5 7,37
5 647,14 -2,0 7,15
6 491,85 0,5 8,20
7 469,51 1,0 8,39
8 449,17 15 8,58
9 430,59 2,0 8,76

Ha puc. 3 u 4 npuBeieHs! KpuBble eOpMHUpOBaHHS 000JI0YEK B KOOPAWHATAX: BHEIIHEE JaBIICHUE
— mporu6 nosoca npu pasubix Beicotax (H + A), rme A =-2...2 mm. HoMepa KpHBBIX COOTBETCTBYIOT
cTpokam B Tabu. 1.

Ilpy yMeHBbIIEHHH BBICOTHI OOOJIOUKH MPOMCXOAMUT CHIDKEHHE BHEIIHEH Harpy3Kd B NPEIeNIbHBIX
TOUYKaX, a MPH YBEIWYCHUU BHICOTHI 00OJIOYKH 3HAYCHHE BHEIIHETO JaBJICHUS B MEPBOI NpeaebHOM
TOYKE CYIIECTBEHHO HE H3MEHSETCS.

KpuBas 6 umeer netiu, a Ha KpUBBIX 7, 8, 9 ey NpornasaoT U OCTAeTCs OJHA IpeAesIbHas TOUKA.

JJis OThICKaHUSI MOMEHTa MCUE3HOBEHHsI METJIM MOJTY4eHBI JIBE KPUBbIE, IPUBEICHHBIE HA PHC. O.
[TapameTpsl 000109€K, COOTBETCTBYIOIINE ITUM KPUBBIM, IPUBEICHEI B Ta0. 2.

Tabnuua 2
MapameTpbl oGono4ek
Ne R, Mmm A, MM Hapaverp
IOJIOTOCTH D
1 501,41 0,3 8,12
2 496,58 0,4 8,16
3 480,41 0,75 8,29
4 479,97 0,76 8,30
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Buemnee narienue g, Mlla

0 5 10 15 20
ITpornG nomoca w,, Mm

Puc. 3. KpuBble aecopmmnpoBaHusa obonouek

Buemnee nasnenue g, MIla

[Tporud nosmoca wy, MM

Puc. 4. Kpusble pedopmupoBaHusi obonouvek

Buemuee naenenue g, Mlla
Bnemnee napnenue g. Mlla

Iporud nomoca w,, Mm TIporuG nomoca w,, MM

Puc. 5. KpuBbie aechopmmpoBaHus o6onouek Puc. 6. Kpueble aechopMupoBaHmus oBonodek
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[Tporud w, mm

0 10 20 30 40 50 60 70 80 90 100
Koopaunara x, MM

Puc. 7. KpuBbie nporuos

Ha puc. 7 npuBeneHs! kpuBbie TporuboB 000I0ueK 1ist To4eK a, 6 (puc. 5). [Ipu nepexoxae ot Tou-
KH @ K O IPOMCXOANT «IPOLICIKUBAHIE» YEThIPEX KOJBIIEBbIX MOSCOB BAOJIb 00pa3yromeil 000JI04KH.

s onpenenennss MOMEHTA HCYE3HOBEHUS BCEX IETENb U MEPeX0Ja K KPUBOU ¢ OHOU MpeAeIbHOM
TOUYKOH IMONYYEHBI JBE KpHUBBIC, MpHUBEJCHHBIE Ha puc. 6. [lapameTpsl 000104€K, COOTBETCTBYIOIIUE
STHM KPHBBIM, IPUBEICHBI B TA0M. 2.

B okpecTtHOCTH IEepBOIl MpeAEIbHON TOYKH MPOUCXOUT CMBbIKAHUE JIBYX BETBEU METH, B PE3YJib-
TaTe NOJIy4aeTcs IIaiKas KpUBas ¢ OAHOM MpeneIbHOW TOUKOH.

Bce pacueTsbl BBHINONHEHHBI 0 pa3paboTaHHON aBTOpaMy MpOrpamMme, YTO IMOATBEPKAAeT dPdek-
TUBHOCTH UCIOJIb30BAHHBIX AJITOPUTMOB.
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STUDYING THE COSTCRITICAL DEFORMATIONS OF SHUTTER SPHERICAL
PANELS OF CONSTANT THICKNESS

V.V. Chupin, D.E. Chernogubov
Ural Federal University, Ekaterinburg, Russian Federation
E-mail: v.v.chupin@urfu.ru, d.e.chernogubov@urfu.ru

Abstract. An algorithm for studying the stress-strain state of elastic thin-walled shell systems con-
sisting of shells of revolution has been developed. To solve the nonlinear problem of strong bending of a
thin isotropic shell of revolution, in which no restrictions are imposed on the angles of rotation of the
normal to the original coordinate surface and the relative linear deformation is small compared to unity,
we used the Newton-Kantorovich, which reduces the nonlinear boundary value problem to an iterative
sequence of linear boundary value problems. A method was applied to reduce the linear boundary prob-
lems to several Cauchy problems, which were integrated numerically using the Runge-Kutta method. To
ensure the stability of the solution of stiff Cauchy problems, S.K. Godunov’s method of discrete
orthogonalization was applied. Based on this algorithm, a computer program was written to determine
the parameters of the stress-strain state of shells with a wide range of changes in geometric, physical,
and force parameters and boundary conditions. The stress-strain state of sloping spherical panels of con-
stant thickness with pinching on the outer contour under uniform external pressure has been studied. The
process of the formation of loops on the deformation curve depending on the height of the shell has been
investigated. Changes in the height of the shell with a constant support contour radius simulates the ini-
tial irregularity in its manufacture.

Keywords: shell; deformation; strong bending.
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EFFECTS OF BASIS SET SUPERPOSITION ERROR ON DFT MODEL
OF C,N/GRAPHENE BILAYER

D.V. Babailova, K.V. Alantev, M.V. Kaplun, E.V. Anikina, T.Yu. Nikonova
South Ural State University, Chelyabinsk, Russian Federation
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Abstract. We investigated the structural and energetic properties of the
C,N/graphene bilayer using the electron density functional theory. We compared
two approaches for wave function decomposition: plane waves (PW) and local-
ized pseudoatomic orbitals (PAOs). We showed that for the weakly bonded bi-
layer, it is essential to consider correction to the basis set superposition error in
binding energy calculations and geometry optimization. Otherwise, the interlayer
binding energy and layer separation could be overestimated by 45-90 % and un-
derestimated by 4-12 %, respectively. Also, to have the quantitative agreement
between PAOs and PW results, the atomic-like basis set should be optimized.
Overall, calculated with dispersion corrections, the interlayer binding energy
(0,17-0,22 J/m?) is of the van der Waals nature.

Keywords: C,N/graphene bilayer; density functional theory; local pseudoatomic
orbitals (PAOs), plane waves (PW), basis set superposition error (BSSE).

Introduction

Due to its structural and electronic properties, graphene is a thoroughly investigated material in the
field of nanoelectronics [1]. However, its usage in electronic devices is limited because of its zero band
gap [2]. There are several approaches to opening the graphene band gap, one of them, which do not
drastically affect the monolayer geometry, is the usage of a substrate with the needed characteristics [3].
Already successfully synthesized C,N monolayer [4] has an atomic structure similar to graphene (except
for the nitrogen pores), so it could become an appropriate substrate which will not induce considerable
strains of graphene. To check this hypothesis, we can start the investigation with numerical simulations
of the C,N/graphene bilayer structure. Therefore, we aim to obtain the physically sound model of the
C,N/graphene bilayer using the density functional theory (DFT).

Since the monolayers in the bilayer structure could be arranged differently, it could lead to a quite
large simulation cell [5], which will result in time-consuming and heavy calculations with the plane
waves (PW). This approach to wave function decomposition does not depend on the amount and type of
atoms in the cell but could be cumbersome for modeling systems with large vacuum volumes. Alterna-
tively, a basis set of localized pseudoatomic orbitals (PAOs) could give fast and less resource-
consuming results. However, the localized nature of PAOs gives rise to the basis set superposition error
(BSSE) [6]. This error leads to an artificial attraction between the investigated subsystems [7]. Moreo-
ver, it could be especially significant for cases where subsystems are similar in size. Therefore, to check
how strongly this BSSE could influence the calculated properties of the C,N/graphene bilayer, we simu-
lated this structure using both PW and PAO basis sets.

Models and simulation details

Calculations with the localized pseudo-atomic orbitals were performed via the SIESTA software
package [8]. For plane-wave simulations, we used the VASP code [9]. In both packages, the periodic
boundary conditions were implemented. Pseudopotentials for the SIESTA calculations were taken from
the FHI database [10]. For VASP modeling we utilized the 2012 version of pseudopotentials. 2s*2p?
electrons for C and 2s22p3 electrons for N were considered valence. Since the interaction between C,N
and graphene layers is mostly weak (via van der Waals force), we used the generalized gradients ap-
proximation, GGA (Perdew—Burke—Ernzerhof functional, PBE [11]), with the Grimme semi-empirical
dispersion corrections, DFT-D2 [12], and the vdW exchange-correlation functional of Dion et al. [13]
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with exchange modified by Berland and Hyldgaard [14]. After test calculations, we excluded spin polar-
ization from consideration not to waste computational resources since the difference between spin-
polarized and not spin-polarized bilayer total energy was less than 1 meV.

Ao o
}—Xo o‘/o—( ;\-

Fig. 1.Simulated stfa‘ctUre of thehctzN/graphen{é biléyer: top vie\;/\s from a) CZT\I and b) graawene siJe; c) side view. Carbon
and nitrogen atoms are represented as grey and blue balls, respectively. Cell boundary is noted by a black dashed line

The hexagonal simulation cell contained 1 unit cell of C,N (12 carbon and 6 nitrogen atoms) and 12
graphene unit cells (24 carbon atoms), see Fig. 1. The optimized translational parameter was 8,47 A and
8,48-8,49 A for VASP and SIESTA calculations, respectively. In this work we considered the bilayer
system without any tension, so the translation parameter optimization was performed by finding I, which
corresponds to the minimum of the bilayer total energy E(l). The resulting parameter is ~0,9% smaller
than that for a free isolated graphene monolayer (8,55-8,57 A) and ~1,9% larger than that for a free
isolated C,N monolayer (8,31-8,33 A), calculated within the same approximations. Selected simulation
parameters presented in Table 1 allowed us to obtain the interlayer binding energy with a precision of
less than 0,25 meV/atom. More details about calculation parameters optimization can be found in [15].
The plane wave basis energy cutoff was 600 eV, for pseudo-atomic orbitals we used optimal parameters
for C,N monolayer from [16] and for graphene from [17].

Table 1
Simulation parameters
DFT package SIESTA VASP
XC approximations EEE\;R\Z/ PBE+D?2
k-points 19x19x1 15%15x%1
Space partitioning (mesh detailing in the real space):
MeshCutoff (SIESTA) / PREC (VASP) 360 Ry Accurate
Total energy convergence criterion 10 eV
105
Force convergence criterion 5( zllo 3 236//\3%? 10° eV/A
Vacuum layer, A 35
Interlayer binding energy was calculated as:

Ebind = Ebilayer - EC2N - Egraphene - ECP' (1)

where Epjjaer » Econ and Eg onene are the total energy of the bilayer, an isolated C,N monolayer, and

an isolated graphene, respectively; E-p is the Boys—Bernardi correction to the basis set superposition
error [18]. For PW calculations this correction equals zero.

Geometry optimization with BSSE correction

Since BSSE for the basis of atomic-like orbitals results in the artificial attraction between layers, if
we allow the system to relax without any constrictions, we will obtain too small layer separation. There-
fore, to investigate the influence of BSSE on the bilayer geometry, we performed a series of calculations
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with the fixed interlayer distance for each considered basis set (optimized and default) and XC approxi-
mation. The distance was changed manually with 0,05 A step (0,01 A near the total energy minimum to
determine the precision). The resulting dependencies of the bilayer total energy before and after taking
into account Boys—Bernardi correction to BSSE on the layer separation are presented in Fig. 2.

PBE+D2 BH-vdW
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Fig. 2. Dependencies of the bilayer total energy on the interlayer distance for default and optimized PAOs in two XC
approximations before and after BSSE corrections

Fig. 2 shows that, predictably, in all considered cases, BSSE corrections lead to the increased layer
separations. Basis optimization allows us to obtain larger interlayer distances even before taking into
account Boys—Bernardi correction to BSSE. Table 2 proves that basis optimization gives much closer to
BSSE-corrected geometries (the layer separation difference between BSSE-corrected and not-corrected
cases is two times smaller for optimized PAOs). However, BSSE correction diminishes the geometrical
difference between structures obtained with optimal and default bases: BSSE-corrected layer separations
are almost equal for each basis set. Moreover, this correction can be substantial, especially for default
basis (BSSE-corrected interlayer distances are up to 12 % larger).

Table 2
Interlayer distance before (d) and after (dssse) taking into account
Boys-Bernardi correction to BSSE

XC approximation| Basis |dgsse —d, A| (dgge —d)/d, %
default 0,27 9,0
PBE+D2 -
optimal 0,13 4,2
default 0,35 11,9
BH-vdW -
optimal 0,16 51
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So, when subsystems are similar in size, unsurprisingly, BSSE correction considerably changes the
weak-bonded system geometry (interlayer distance, in particular). Next, we will check the scale of this
influence on the energetic properties and compare results with the BSSE-free plane-wave calculations.

BSSE influence on the C,N/graphene bilayer binding

The plane-wave calculations gave the following results: interlayer distance d =318 A;
—Eying =646 meV (which is 26,9 meV per atom of graphene or 0,17 JIm?). Firstly, we compare them to
the SIESTA results obtained with the same XC approximation (PBE+D2). The precision of interlayer
distance calculations Ad ~0,02 A. In Table 3 we calculated AE and ¢ as:

d-d
AE = Eypq —Eping - €= d—VASP )
VASP

where E,,, and Eyy~ are binding energies calculated in SIESTA and VASP, respectively; the

interlayer distances are similarly denoted.

Table 3
Binding energy and layer separation of the C,N/graphene bilayer before and after BSSE correction in geometry
(calculations in PBE+D2 XC approximation)

not BSSE-corrected geometry BSSE-corrected geometry
. -E. —E.
Basis bind > |ECP| AE bind » |E | AE
meV/atom ’ ' |d,Ale, %|meviatom| ' PV ' dLAle, %
meV/atom| ~° meV/atom| ~ °’
o/md) meV/atom @/md) meV/atom
11,6 19,1
default (0,07) 94,6 -153 |2,94|-7,6 (0,12) 93,6 -7,8 3,21] 0,8
. 26,8 28,4
optimal (0,16) 32,2 -0,1 3,08|-3,1 (0,17) 28,3 15 3,21] 0,8

Table 3 shows that BSSE correction in geometry gave close to plane wave interlayer distances even
for default basis (relative deviation & drops from almost 8 % to less than 1 %, and the resulting layer
separations are equal for optimal and default bases). However, basis optimization is critical if the correct
interlayer binding energy is needed. The Boys—Bernardi correction could amount to almost 90 % of raw
binding energy before BSSE correction (for default basis set before taking into account BSSE in
geometry). For optimal basis, |ECP| drastically diminishes (by 3 times in comparison to default basis)

and now is about the value of binding energy. Therefore, if atomic orbitals are used for simulations of
weakly bonded systems it is critical to consider BSSE correction to the binding energy, otherwise, the
binding could be significantly overestimated. Overall, E;,q; calculated with the optimized basis set are
close to the VASP values, the difference is only ~1 meV per graphene atom. So, sound results could be
obtained with the optimal basis set even before the BSSE correction in geometry.

Table 4
Binding energy and layer separation of C,N/graphene bilayer before and after BSSE correction in geometry
(calculations in PBE+D2 XC approximation)

not BSSE-corrected geometry BSSE-corrected geometry
Basis —Eping » |Ecpl, 4. A —Eping » |Ece|, d A
meV/atom (J/m?) | meV/atom |~ | meV/atom (J/m?) | meV/atom |
default 13,6 (0,08) 110,6 2,94 22,4 (0,14) 92,5 3,29
optimal 32,8 (0,20) 34,2 3,11 35,1 (0,22) 28,9 3,27

In the next step, we investigated how the choice of XC approximation will affect the BSSE value.
The calculated results for the van der Waals functional are presented in Table 4. Similarly to the semi-
empirical Grimme corrections, BSSE plays a huge role in the case of the default basis set. While BSSE-
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corrected geometries in both basis sets had similar layer separations, the default basis predicted
considerably weaker binding. The optimized basis set gave closer values of binding energy to the plane-
wave calculations with a similar XC functional [19]. Overall, the interlayer binding energy calculated
with both XC functionals suggests a weak interaction. Obtained values are close to the binding energies
of graphite layers [20].

Conclusion

Here, we obtained the optimized model of the C,N/graphene bilayer. We investigated its structure
and interlayer binding using the electron density functional method implemented in codes with two ap-
proaches to wave function decomposition (VASP and SIESTA packages). We considered the influence
of PAOs optimization and BSSE correction on the results of interlayer binding energy and distance cal-
culations.

We showed that to obtain the correct energetic and structural properties of the bilayer it is necessary
to optimize the atomic-like basis set and use the counter-poise correction to BSSE during the calculation
of both interlayer binding energy and layer separation. BSSE-corrected results calculated in optimized
pseudoatomic orbitals are in agreement with plane wave simulations. For PAOs, we showed that for a
weakly bonded system with almost equal sub-systems, it is essential to take into account BSSE correc-
tion, otherwise, the binding energies will be highly overestimated (by 45-90 %). Overall, both XC ap-
proximation predicted similar interlayer binding energies, which lie in the range of van der Waals bond-
ing.

The reported study utilized the supercomputer resources of South Ural State University [21].
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BJIIMAHUE OLLUMUBKU CYNEPMNMO3NLINN BASUCHOIO HABOPA
HA DFT MOAEJb BUCIOA CoN/TPADEH

A.B. ba6aunoea, K.B. Ananmbee, M.B. KannyH, E.B. AHukuHa, T.FO. HukoHoea
tOxHo-Ypanbckuli 2ocydapcmeeHHbIl yHusepcumem, 2. YensbuHck, Poccutickass ®edepayus
E-mail: anikinaev@susu.ru

Amnnoranusi. B pabote OpumH MCCIIEIOBaHBI CTPYKTYPHBIE H DHEPTETUIECKHIE XapaKTePUCTHKU OHC-
nost CoN/rpaden ¢ momompio MeTona GyHKIIMOHATA 3IEKTPOHHOMN TUIOTHOCTH. CpaBHUBAIUCH JIBa MO/~
X0Ja K IPe/ICTaBICHUIO BOTHOBOM ()YHKIIMU CHCTEMBI: TIockue BonHBI (makeT VASP) u aromHOmomo0-
Hble opouTtanu (maket SIESTA). Briio mokazaHno, 4to 1j1st ciaboCBsSI3aHHOTO OUCIIOST HEOOXOAMMO YUH-
TBHIBaTh IOINIPABKy K OIMIMOKE CyNEepHo3UIMU 0a3uCHOro Habopa Kak MPH BBIYMCICHUH SHEPTHH CBS3U
CIIOEB, TaK ¥ NPH ONTUMH3AIMN T€OMETpHH. VHade OIeHKHM BEIMYMHBI SHEPTUH CBS3U CIIOEB OYIyT 3a-
BhIeHbl Ha 45-90 %, MeXKCIOWHOE pacCTOSIHUE — 3aHWKEeHO Ha 4—12 %. JIns KOJIMYeCTBEHHOTO corjla-
CHSL PacyeToB C aTOMHOIIOZOOHBIMH OPOUTAISIMU M TFIOCKMMH BOJTHAMH HEOOXOJMMO TAKXKE ONTUMHU3H-
poBaTh aTOMHOIIOJOOHBIN Oa3uCHBIN HaOOp. B WTOre BHIUMCICHHBIE ¢ AMCIEPCHOHHBIMU MONPaBKaMHU
suepruu ces3u cioes (0,17-0,22 Jix/m?) ykassiaioT Ha Ban nep BaanbcoBy cBsizb Mexy rpadeHOM H
monocaoem C,N.

Kurouesvie cnosa: oucnoii CoN/epaghen; meopusa ¢pynxyuonania 31ekmponHoU nNiOMHOCHU, AMOM-
HONOOOOHbIE OpOUMANU, NIOCKUE BOJIHbL, OUWUOKA CYNnepnos3uyuu 6asuchozo Habopa.
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OMNPEAENEHUE NAPAMETPOB YPABHEHUA COCTOAHUA
MOJIEKYNAPHBLIX KPUCTANNOB HA OCHOBE
ANDOPAKTOMETPUYECKUX UCCIIEAOBAHUM

M.A. Buprokosa'?, F0.M. Kosanes', [].B. Tlempoe?, A.B. CmaHkeauy’,

M.A. llecmakos®

! FOxHO-Ypanbckuli eocydapcmeeHHbIl yHugepcumem, 2. YensbuHck, Poccutickasi @edepauyusi
2 Poccutickui ®edeparnbHbil S0epHbil LieHmp — Becepocculickuli Hay4YHO-uccriedogamerbCKuli
UHcmumym mexHudeckol ¢ousuku um. akademuka E./. 3ababaxuHa, 2. CHEXUHCK,
Poccutickas ®edepauusi

E-mail: bma_vniitft@mail.ru

AnHoranusa. IlpencraBiieHbl pe3yabTaThl ONpeAeJeHHs KPHCTALNINYECKOMH
CTPYKTYpHI o0pa3unoB TOHa, rekcoreHa M OKTOreHA MeTOAOM PEHTTEHOBCKOH
AudpakToOMeTPpUH, NPHBEJAEHBI pacyeTbl NMAPaAMeTPOB JJIeMEHTAPHON sA4Yeiiku
MOJICKYJISIPHBIX KPHCTAJLIOB, CBSI3aHHBIE ¢ 00pa0oTKOI pPe3yJIbTATOB PEHTICHOB-
cKoil Tu¢paKkTOMeTPUH, U IKCIEPUMEHTAIbHbIC 3aBUCUMOCTH 00beMOB 3J1eMeH-
TAPHOH SYeKH MOJIEKYJISIPHBIX KPHUCTAJIOB OT Temmneparypsl. IlosyuyeHHble
JKCHepPHMeHTA/IbLHbIE TaHHbIE M0 H300apUYeCKOMY CKATHIO M PACIIMPEHMIO HC-
CJ1eJOBAHHBIX MOJIEKYJISIPHBIX KPHCTAJJIOB MO3BOJUJIM YTOUYHUTH TEIJIOBYIO CO-
CTABJISIONIYI0 YPABHEHUH COCTOSIHHS MOJIEKYJISIPHBIX KPHCTAIOB M MOJYYHTH
BbIPa:KeHHe VI H300apu4eckoro ko3¢ (puuueHTa Temi0BOro paclimpeHus, cBs-
3aHHOE C MATEeMATHYEeCKOH MO/e/bI0 TEIJIOBOH cOCTABIAIONIEH ypaBHeHHUI co-
CTOSIHUSL MOJIEKYJSIPHBIX KpHCTa/JI0B. IlosiydeHHasi aHa/JMTH4YecKas 3aBUCH-
MOCTh H300apu4ecKoro ko3¢ @uuueHTa TeNJI0BOI0 pacliipeHusl 0T TeMIepary-
PbI PACCMOTPEHHBIX 00pa3L0B MO3BOJIsIET MPABMJIBHO ONMCHLIBATH MpeaebHbIi
nepexoJ K HU3KHM TeMIepaTypam.

IIpeano:keH MeTOA ANNMPOKCHMMAINH, MOJYYEHHBIX IKCIEePUMEHTAJIbLHBIX 3a-
BUCHMOCTeH 00beMa 3J1eMeHTAPHOM fA4eliKH, ccieyeMbIX BellecTB, IPU H300a-
PHUYECKOM C:KATHH — PAaCHIMPEHHH OT TeMIepaTypbl, OCHOBAHHBIN HAa MaTeMaTH-
YecKol MoOJeNH IOJYySMINHPUYECKHX YPABHEHHH COCTOSHHS MOJIEKYJISPHBIX
KpPUCTALUIOB. JIaHHBIH MOAX0A MO3BOJUJI MOJIYYHTh AHAJUTHYECKYI0 3aBHCH-
MOCTh 00beMa 3J1eMEeHTAPHOI AYeHKU KPUCTALIIA 0T TEMIIEPATYPbl, C TOYHOCTHIO
A0 3 % ONMCHIBAIOIYIO NPEICTABJICHHbIC Pe3y/JbTAaThl PEHTIeHOBCKON audpak-
TOMETPHHU, PACCMOTPEHHBIX B padoTe 00pa3L0B MOJIeKYJISPHbIX KPUCTAJIOB.

Kniouegvie cnoea: ypasnenue cocmosnus, MOAEKYIAPHLIL KPUCMA;, u3obapa;
ougpaxmomempust, npubaudicenue /ledas.

BBenenue

HeobOxomumocTh pacdera TepMOIWHAMHYECKAX XapaKTEPUCTUK PAa3IMYHBIX BEIIECTB BO3HHKACT
BCEr/Ia MPHU PEIICHUH Pa3IMYHbIX 33]a4 MaTeMatnieckor (usuku. [1oaTroMy mocTpoeHust MaTeMaTude-
CKHX MOJIelell ypaBHEHHI COCTOSHHUS BCEr/la MPUBIEKAIO MOBBIIMICHHOE BHUMAaHHE HCCIIEIOBATENCH
CaMbIX Pa3lM4YHbIX criequanbHocTel [1, 2]. HecMoTpst Ha 3HAYUTENbHbBIE YCIIEXU B PA3BUTUN BBIUUCIIHU-
TEJIbHOW TEXHUKH, MOCJIEA0BATEIbHBINA TEOPETUUECKUN pacUeT YPaBHEHUM COCTOSIHUS MAaTepUaJIOB Me-
TOJIaMHU CTATHCTUYECKON (DU3UKU CTANKUBACTCS C TPYAHOCTSIMH, CYTh KOTOPBIX 3aKIIIOYACTCSI B TOM, YTO
TIOSIBIIIETCS. HEOOXOAMMOCTh KOPPEKTHOTO yueTa MeKYaCTUIHOTO B3auMoecTBus. [loaToMy akTuBHOE
Pa3BUTHE MOIYUYWIH MaTEMaTUYECKUE MOJAETU MOCTPOCHHUS MONTYIMIMPUUECKUX YPABHEHUM COCTOSIHUS
[3, 4]. Jnst TOCTpOEHMS TTONYIMITHPHUUECKUX YPABHEHUH COCTOSIHUS HEOOXOAMMO OTPEIEIUTHCS C BBI-
0OpOM TEPMOIMHAMUYECKOTO MOTEHIIHANA, B 3aBUCUMOCTH OT arperaTHOTO COCTOSIHUS BemecTBa. Ha-
TpuMep, JUIsl TBEPAOTO Tesia Haubosiee yIMOOHBIM TEPMOJUHAMHYECKUM TOTEHIIMATIOM SIBIISIETCS (PYHK-
s ['enpmromneia. [lamee u3 TeopeTndecknx cooOpakeHH BBIOMpPAETCs MaTeMaTHYecKas MOJIeNb, MO-
3BOJISIFOIIAST ONPEACTUTh POopMy (BYHKIIMOHAIBHOW 3aBHCUMOCTH TEPMOIAMHAMUYECKOIO IOTEHI[MANIA, a
KOA(UITUESHTHI, BXOIAIINE B BRIOPAHHBIA TEPMOJAMHAMUYECKHH MOTSHIIUAN, OTIPEACIIAThH HA OCHOBAHUU
PE3YIBTaTOB TEPMOIUHAMUYECKHUX IKCIIEPHUMEHTOB.

B nanHO# paboTe peaanu30BaH MOAXOJ] K ONPEACICHUI0 TePMOIUHAMUYCCKUX MMapaMeTPOB HCCe-
JlyeMOTO Marepualla Ha OCHOBE NPEIU3MOHHBIX IU(PPAKTOMETPUYECKUX HCCICIOBAHUA B IIMPOKOM
JHarna3oHe TeMIepaTyp C LEIbI0 YTOUHEHHS BUJIa COCTABISAIOIIUX MOITYIMIUPUUECKOTO0 YPaBHEHUS CO-
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Buprokoea M.A., Koeanee IO.M., [Tlempoe [].B., OnpedeneHue napamempoe ypaeHeHUss COCMOSIHUS
CmaHkeesu4 A.B., Lllecmakoe M.A. MoJIeKyISIPHbLIX KpUCMarnisos...

CTOSIHUSL MOJIEKYJISIPHOTO KpucTaiwia [5, 6] ¥ MOCTPOEHUS YPaBHEHHS, MO3BOJISIIOMIETO aHATUTHIECKU
OIHCHIBATh 3aBUCHMOCTh 00bEMa AIIEMEHTapHOW SYeiKU OT TemmepaTypsl. llodydeHnble s3KkcniepuMeH-
TaJbHBIC JaHHBIC MO3BOJAT BEPU(PHUIIMPOBATH TEIUIOBYIO YaCcTh YPABHCHUN COCTOSHUS MOJICKYJISPHBIX
KpUCTAJIIOB.

MartemaTu4yeckoe MojAeMpPOBaHNe TOBeIEHUS 00beMa IJIeMEHTAPHOI siYeliKH MOJEeKYJISPHOro
KPHUCTAJLJIA IPU N300apUYECKOM PaCIIMPEHUN U CKATHH

IIpuBenennsie B paborax [7—10] skcrieprMeHTaNbHBIE JaHHBIE TOKA3BIBAIOT, YTO B YCIOBUAX KBa-
3UM300apUIECKOT0 TEMIIEPATYPHOTO BO3ACHCTBUA N3MEHEHHE 00bhEMa AIIEMEHTAPHOUW SYEHKH MOJIEKY-
JIIPHOTO KPUCTAJIJIa UMEET HEJIMHEHHYIO0 3aBUCUMOCTh, KoTopas Ha npumepe TATB npencrasiena (cm.
pucyHok) [11] 1 xapakTepusyercsi aHM30TPONHUEH CHIOBBIX MapaMeTPOB MEKMOJICKYISIPHOTO B3aUMO-
JEHCTBUSL.

Bce monbiTKM anmpoKCcUMAaIK SKCIICPUMEHTATb-
HBIX JaHHBIX Ha OTJCIIBHBIX y4YacCTKaX JSKCIICPHUMCH-
TaJbHON KPUBOH (CM. PUCYHOK) anTeOpandecKuMH BbI-

470

465

pakeHHAMHU Oe3 ydeTra CHeru(UKHA ypaBHEHHI COCTOs- 4601
HUS MOJICKYJISIPHOTO KPHUCTaJIa MPUBOJIAT K HEYTCIIIH- o
TENBHBIM PE3yJIbTaTaM IO OMPEACICHUIO 3aBUCUMOCTH > i)

Kkoa(uImerTa 00bEeMHOTO PACIIUPEHUsT OT TeMIlepa-
Typsl. [loaTOMy B nmaHHOH paboTe ObLT TpPEATIOKECH
MOJXO0/, TIO3BOJSIIONIMK TIONYYUTh aHAIUTHYECKYIO
3aBUCHMOCTh 00BheMa IIIEMEHTAPHOU SYEHKH MOJEKY- 435+
JSIPHOTO KpHCTaUla OT TEMIICPaTypbl M BBIPaKCHHUE 100 200 300 400 500 600
JUIsL OTPEIENICHUs] TEMIEPATYPHONM 3aBUCUMOCTH KO- L TK L
3aBUCMMOCTb 0OBbEMA IrIeMEHTapHON AYENKU
a¢duimeHTa 00beMHOTO pPACIIMPEHUS Ha OCHOBAaHUHU TATE oT TemnepaTypbi
YPaBHEHHUSI COCTOSHUS MOJIEKYJISIPHBIX KPHCTAIIJIOB.

Jns ompezneneHust 3aBUCUMOCTH 00beMa 3JEMEHTAPHOHM SYEHKHM MOJIEKYISIPHOTO KpHCTaia OT
TeMIepaTypsl Ipu H300apUIECKOM CKAaTUM U PaclIMpPeHHuH OyJeM HCIIOJIb30BaTh MOAXOM, pa3paboTaH-
HEII B pabote [12], B mpuOimKeHn:n BEICOKAX TEMIIEpaTyp.

Mo onpenenennto ko3pPUIEHT 0OBEMHOTO paclIupeHnst o UMeeT cieayromui uf [ 13]:

1(oV
=il %, ?

a CBSI3b MEXIy TEPMOJNHAMUYECKAMH KOAPPHUIMEHTAMU OIPEesIeTCs TEPMOAMHAMUYECKIM PABEHCT-
BOM (aHaJor ypaBHeHus [ proHaiizeHa Ui MOJIEKYJISIPHBIX KPHCTAIIOB), OTy4YeHHBIM B paboTax [6, 12]

445

440 -

aCTZ =1(V)Gp. 2)
Y 3aBUCUMOCTBIO Koadduimenra ['pronaiizena [ 14, 15] B npubiimxkeHnn cinadoro cxaTus
ol V
= — . 3
b =7D Vo 3

3nece C;  — M30TEpMHYECKAst CKOPOCTh 3BYKa, y% — 3HaueHune koadduinuenrta ['pronaiizena npu Ha-
qaJIbHOM TeMIepaType MPOBEICHHs IKCIIEPUMEHTOB, Cyp — COCTaBISIOMIAs TEIIIOEMKOCTH HPH IOCTO-

STHHOM 00b&Me, 3aBHUCSIIas OT AeQOpMAIMOHHBIX (HU3KOYAaCTOTHBIX) KOJeOaHW! MOJIEKYJBl M Omlpee-
nsiemas B mpubmmkennn Jebas [16, 17]:

Cp = MR| 4D () ~—— 2 |~ MRDg (xp) , Xp = 22

exp(xp)-1 T
R — yHmBepcaibHas ra3oBasi IOCTOSHHAs, MOAENIEHHAs Ha MOJIEKYJSIPHYIO Maccy BemectBa u; M —
YHCI0 HU3KOYACTOTHBIX (deghopmayuonnvix) xoneOaHuid, mpuxonsmuxca Ha oaHy moiekyny TATB;
0p — xapaktepucTnyeckas rtemmneparypa Jlebas; T — Temneparypa Tena; D(X) — ¢yukuus Jlebas,
KOTOpasi ONpeaeNsieTCsl BRIpakeHneM Buma [16]:
3t d&
2’y exp($)-1
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Dc (x) — (yuknms TeroeMKocTH [lebas, onpenenseMas ciaeayonuM odbpazom [16]:

exp(£)ds
(exp(¢)~D)?

[Tocne moacranoBku BeIpaxkeHwit (2) u (3) B paBeHCcTBO (1) mpouHTErpHUpyeM morydeHHoe audde-

PEHIMATILHOE YpaBHEHHE IO TeMIepaType oT 3HaueHus 1o = 293 K g0 Tekymiero 3HaueHus T mpu mo-

CTOSTHHOM M30TEpPMUUYCCKON CKOPOCTHU 3BYKA, B pe3yibTaTe MOJYyYUM PABEHCTBO, MTO3BOJISIONIEE OMpee-
JUTH 3aBUCHMOCTh 00BEMa dJIIEMEHTAPHOMH siueiiku V OoT TeMIepaTyphl:

V =V, /(1- K, (TD(xp) —ToD(x}))), K, =MR(y3/C}), (4)

rae Vo — 06béM meMenTapHoit stueitkn mpu To = 293 K, X =63 /T, . AHanornumbIii MOaX0M 1is onpe-

Do ()=~ [&°
X0

JieNIeHHsI 3aBUCHMOCTH TUIOTHOCTH p OT TEMIIepaTyphl MpUMeEHsUICs B padote [12] mis cinydast BBICOKO-
TeMIIepaTypHOro pasioxkeHus Gpynkuuu Jebas, u Obl1a moryyeHa 3aBUCMOCTD CIIAYIOIIETO BUA:
p=2-ul(NV), 5)
rae N, —umcio ABoraapo, Z — KOJIMYeCTBO MOJIEKYJI B 3JIEMEHTAapHOH sueiike.
Bocmonb3oBarbest 3aBUCUMOCTBIO (4) 7Sl anmpoKCUMAIIUK TTOJyYeHHBIX B JaHHOW paboTe JKcrie-
PUMEHTAJIbHBIX JaHHBIX, BO3MOKHO B TOM Cllydae, €CJId yJaeTcsl ONpeleNuTh 3HaueHHe KodpPunueHTa
K, . [lokaxeM, 4TO SKCIIEPUMEHTAIBHBIX JAaHHBIX, IPUBEACHHBIX B Ta0n. 1-4, 1ocTaTo4HO AJIs onpene-

nenus koddunuenta K, . C 9Toi 111610 BOCIONB3yeMCsl paBeHCTBOM (2), KOTOpOe 1ocjie IPOBEJeHHs
HPOCTHIX MPeoOpa30BaHU MOKHO IPEICTABUTH CIEAYIOIIIM 00pa3oM:
0 /-2 0
Ko =MR(yp /Cr) =g/ Dc (Xp)
rie ag — 3HaueHue Kod(duumenTa 00beMHOro0 pacmmpenns npu remneparype To = 293 K. Ioacrasnss

MOJY4YeHHOE BBIpa)KEHUE B PaBEHCTBO (3), ONpeAenM ypaBHEHHE JJIsl OMHCAaHMs 3aBUCUMOCTH 00beMa
AIIEMEHTAPHOH STYEHKHU OT TEMIIEPATYPHI B BUJIE

V =V /(1 K, (TD(xp) ~ToD(xp))) =Vo /(L - 0 (TD(xp) ~ToD(¥p))/ De (Xp)) (6)
3Hast 3aBHCHUMOCTh 00beMa AIIEeMEHTAPHOH SYEHKH OT TeMiepatypsl (5), TeTKO MOIYYHTh 3aBUCHMOCTD
ko duimenta 00beMHOTO paciupeHust oT Temmeparypsl. [logcraBus BeipaskeHue (5) B paBeHCTBO (2),
MOJTyYUM:

a = (D¢ (Xp)/ De (%)) /(L — a5 (TD(Xp) ~ToD(xp))/ D (Xp)) (7)
B mpenensHOM ciydae mipu temnieparype T = 0 K paBeHCTBO (6) IEpeX0UT B CIIEAYIOIIEE BRIpaXe-
HHUC

Vo =Vo /(L+aToD(xp))/ Dc (p))

rae Vox — 3HaueHue oobema aementapHoi sueiiku npu T = 0 K, koropoe s TATB paeHo 432,185 A3
[12]. Haiinennoe 3Hauenue Voy MO3BOISIET OMPEISTHTh MII0THOCTH Kprctauia TATB pu T = 0 K, koro-
past ompefessiercst paBeHCTBOM (5) U paBHA py = 1986 xr/m°. JUist cpaBHeHHs, 3HAYEHHE [UIOTHOCTH
TATB pu T = 0 K, paccuntanHoe kBaHTOBO-xuMHu4YeckuM Metogom DFT [18], mpuBenenHoe B pabote
[19], poc= 1982,7 kr/m°.

Bce HeoOxomumBbIe 1S IPOBEACHUS BRIYHCIeHHH 0 popmymnam (6) u (7) naHHBIE BBIOpaHKI U3 pa-
6ot [12, 20] u mpuBeneHs! B Tad. 1.

Tabnuua 1
Tapamerphi Hazsanue BB
reKCcoreH TOH TATBH OKTOI'€H
M 12 16 12 12
‘98 K 157,83 134,44 137,30 160,15
ao 107 K1 1,01 2,32 1,119 1,625

3RC]’[epI/lMeHTaJIBHLIe HcCJIeA0BaHUA 11O I/l3063pﬂ‘{eCKOMy HarpeBy U OXJIQKACHU IO

B nanHOil paboTe 3KClepUMEHTANBHBIE HCCIEOBaHU HM300apHUYECKOTO paciIupeHHs (CXKaTHs)

YYHO-UCCIIEA0BATEIILCKOI'O

KOMIIJICKCa

(MHUK)

ARL XTRA ¢

MMpoOBOAWIMCH METOJAOM HOpOIHKOBOﬁ TepMOpCHTFCHOI‘pa(I)I/II/I C IMIOMOIIBKO MHOI' O(I)YHK]_[I/IOHaIIBHOI‘ O Ha-
HCIIOJIb30BAHUECM HH3KO-
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BbICOKOTEeMIIepaTypHoi mprctaBku AntonPaar TTK450, TOHKOMIEHOYHOrO KOJIMMaTopa M mapadosinye-
CKOTO 3epKaa.

B of0mem cinyyae mMeToauKa NpPOBEACHUS aHAIM3a CTPYKTYPhI MOJICKYJISPHBIX KPHCTAUIOB M €
YTOYHEHHUE JUIsl OHO(A3HBIX MAaTEPUAJIOB 110 JJAHHBIM MOPOIIKOBOI TEPMOPEHTICHOTrpaduu MprBeIecHa
B paborax [7-10]. PacuéTHble OIepaIiii BHIMOIHAIOTCS B COOTBETCTBUM C (DM3HUECKIMH 3aKOHOMEPHOCTSI-
MU KJIACCHYECKOU 3ICKTPOTMHAMHUKY ¥ KBAHTOBOI TEOPUEH CTPOCHUSI BEIIECTBA.

Pe3ynbTaThl IPOBEICHHBIX PKCIIEPUMEHTAIBHBIX UCCIICAOBAHUN N300apUYEeCKOro paciiupeHus (cxka-
THsI) DIIEMEHTAPHBIX SYEEK JJIs TeKCoreHa, okroreHa u TOHa, nmpuBeneHsl B Ta01. 2—4 COOTBETCTBEHHO.
[Mony4yeHHbIE TaHHBIE M0 KPUCTATUTMIECCKONW CTPYKTYpE YKa3aHHBIX MaTePHAIOB IIPH HOPMATBHBIX YCIIO-
BUSIX XOPOIIO COTJIACYIOTCS ¢ M3BECTHBIMU JKCIEPHUMEHTAIBHBIMH JaHHBIMH JpYrux aBTopoB [20]. B
Ta0y1. 2—4 MpUBEIECHBI Tak)Ke 3HAYCHIS PACCUMTAHHBIX 00BEMOB JIEMEHTAPHBIX SUCCK IS BRIOPAHHBIX
MOJIEKYJISIpHBIX KpucTaioB TOHa, rekcorena, OKTOreHa MpH pa3InvHbIX TEMIIEpaTypax cOOTBETCTBEH-
HO.

Tabnuua 2
T, K Vey, A3 Ve, A® T, K Vey, A Ve, A®
153 579,796 575,420 273 591,186 591,191
163 580,339 576,683 283 591,441 592,558
173 581,393 577,958 293 593,932 593,932
183 582,120 579,242 303 595,720 595,314
193 579,344 580,536 313 597,134 596,703
203 580,609 581,839 323 598,206 598,099
213 583,386 583,151 333 599,793 599,502
223 582,963 584,471 343 601,170 600,913
233 583,639 585,800 353 602,541 602,331
243 585,801 587,136 363 603,423 603,757
253 586,735 588,480 373 605,155 605,190
263 588,175 589,832
Tabnuua 3

T, K Vey, A3 Ve, A® T, K Vey, A3 Ve, A®
153 1607,932 1598,830 313 1644,653 1647,326
163 1611,374 1601,708 323 1648,119 1650,497
173 1614,187 1604,613 333 1652,242 1653,683
183 1616,058 1607,542 343 1656,162 1656,884
193 1617,559 1610,495 353 1660,121 1660,098
203 1620,933 1613,468 363 1659,709 1663,328
213 1623,047 1616,460 373 1663,574 1666,571
223 1624,442 1619,472 383 1664,780 1669,829
233 1626,790 1622,502 393 1669,763 1673,101
243 1627,498 1625,549 403 1672,316 1676,387
253 1630,192 1628,613 413 1675,445 1679,687
263 1633,372 1631,693 423 1678,106 1683,002
273 1635,652 1634,789 433 1681,234 1686,331
283 1640,582 1637,900 443 1684,898 1689,673
293 1641,027 1641,027 453 1690,062 1693,031
303 1643,731 1644,169

Jannasie Tabn. 2—4 mMOKa3bIBalOT, YTO PACCUMTAHHBIE M JKCIIEPUMEHTAJIbHBIE 3HAUYEHUS 00BEMOB
3JIEMEHTAPHBIX siueek kpuctaioB TOHa, rekcoreHa n okrorena pasnuuarorcs He Oojiee 2—-3 % BO BceM
JMara3oHe U3MEHEHMSI TEMIIEPATYp.

B Tabn. 5 Ha ocHOBaHMY BhIpaxeHwus (7) MpUBeAeHbI Oe3pa3MepHble 3HaYeHUsT Kod(uirenTa o0b-
eMHOT0 pacmupeHus o /oy IS MOJNEKYISpHBIX KpuctamioB TOHa, rekcoreHa M OKTOreHa B 3aBHCH-

MOCTH OT TEMIICPATYPHI.
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Tabnuua 4
T, K Vey, A3 Ve, A® T, K Vey, A3 Ve, A®
153 510,913 507,414 273 517,226 517,124
163 511,880 508,193 283 518,103 517,962
173 512,049 508,979 293 518,803 518,803
183 512,638 509,771 313 520,171 520,496
193 512,785 510,570 333 521,635 522,203
203 513,935 511,373 353 523,204 523,924
213 514,095 512,182 373 525,076 525,658
223 514,414 512,995 393 525,916 527,406
233 515,279 513,812 413 527,850 529,166
243 515,563 514,634 433 528,857 530,940
253 516,084 515,460 453 530,443 532,727
263 516,788 516,290
Tabnuua 5
T,K ala,
TOH I'excoren OxToreH
153 0,9423 0,9378 0,9404
163 0,9486 0,9453 0,9479
173 0,9543 0,9520 0,9544
183 0,9595 0,9579 0,9602
193 0,9642 0,9632 0,9653
203 0,9686 0,9680 0,9700
213 0,9727 0,9725 0,9743
223 0,9766 0,9766 0,9782
233 0,9803 0,9805 0,9819
243 0,9839 0,9841 0,9853
253 0,9873 0,9876 0,9885
263 0,9906 0,9909 0,9916
273 0,9938 0,9940 0,9945
283 0,9969 0,9971 0,9973
293 1,0000 1,0000 1,0000
303 1,0030 1,0029 1,0026
313 1,0060 1,0056 1,0051
323 1,0089 1,0083 1,0076
333 1,0118 1,0110 1,0099
343 1,0146 1,0136 1,0123
353 1,0175 1,0162 1,0145
363 1,0203 1,0187 1,0168
373 1,0231 1,0212 1,0190
383 1,0258 1,0237 1,0212
393 1,0286 1,0261 1,0233
403 1,0314 1,0285 1,0254
413 1,0341 1,0309 1,0275
423 1,0368 1,0333 1,0296
433 1,0396 1,0357 1,0317
443 1,0423 1,0380 1,0337
453 1,0451 1,0404 1,0358

[IpencraBienHble B AaHHON paboTe pe3ysbTaThl IOKA3bIBAIOT, YTO TEIUIOBAs YacTh YPaBHEHHH CO-
CTOSIHMS [6] MPaBUIBLHO ONMCHIBAET TEMIEPATYPHYIO 3aBUCHMOCTh 00beMa MOJIEKYJISIPHOTO KpHCTaJlIa
U MOJKET IIPUMEHSTHCS C BBICOKOH TOYHOCTBIO (MeHee 2 %) [yl allpoOKCUMALUK IKCIIEPUMEHTAIbHbBIX
JAHHBIX, CBA3aHHBIX C ONpe/eIeHueM n300apuieckoro ko3ddunrenta 00beMHOTO PaCIIUPEHusI.
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Abstract. The paper presents the results of determining the crystal structure of PETN, hexogen, and
HMX samples by X-ray diffractometry and calculations of the unit cell parameters of molecular crystals
associated with the processing of X-ray diffractometry results, and experimental relationships between
the unit cell volumes of molecular crystals on temperature. The obtained experimental data on the iso-
baric compression and expansion of the studied molecular crystals allowed us to specify the thermal
component of the equations of the state of molecular crystals and obtain an expression for the isobaric
thermal expansion coefficient associated with the mathematical model of the thermal component of the
equations of state of molecular crystals. The obtained analytical dependence of the isobaric coefficient
of thermal expansion on the temperature of the considered samples correctly describes the limiting tran-
sition to low temperatures.

We propose a method of approximation for the obtained experimental relationships between tem-
perature and the unit cell volume of the studied substances under isobaric compression/expansion based
on a mathematical model of the semi-empirical equations of state of molecular crystals. This approach
allowed us to obtain analytical relationships between the crystal unit cell volume and temperature, which
describes the results of X-ray diffractometry of the molecular crystal samples considered in the work
with an accuracy of up to 3 %.
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MOOENMMPOBAHUE BO3BYXOEHUA NOBEPXHOCTHbIX
MMA3SMOH-NOJIAPUTOHOB B NMPAMOYIOJIbHOM
HAHOPE3OHATOPE HA OCHOBE 30J10TA

U.B. bbiukoes, O.A. KyabmuH, M.A. 3acpebuHa
HensbuHckul eocydapcmeeHHbil yHugepcumem, 2. YensabuHck, Pocculickas ®edepayusi
e-mail: m.zagrebina@list.ru

AnHoTanus. M3yvaercss  BO30ys;kIeHHMe  INOBEPXHOCTHBIX  ILIa3MOH-
NOJSPUTOHOB B OTPAHNYCHHON HAHOCTPYKTYpe Ha OCHOBe JMCKPETHON MojaesH
ABYMepHoOi 00JacTH, B3auMojeiicTBylomeii ¢ ocumaasitopom. HaHoeTrpykrypa
npeacrasiisieT co00il NPSAMOYIroJIbHUK, Bbl/IeJICHHbIH HA NOBEPXHOCTH MeTaJlla
Ha IpaHHule pa3jesia cpel 30JI0TO—OKCH/A KpeMHHs, MOBEPXHOCTHbIE MNJIA3MOH-
NOJIIPUTOHBI BO30Y:KAAIOTCA TOYEYHBIM HCTOYHHKOM 3J1€KTPOMATHHTHOIO W3-
JIy4eHHsI, PacHoJIOKeHHbIM Ha/l MOBEPXHOCTHIO MeTal1a. /IHHAMHKa TOYe4YHOI o
HCTOYHHKA M3JIyYeHHUs] ONMHMChIBAeTCsl JUCKPETHBIM BapHMAaHTOM ypaBHeHusi Ban
aep Iouas nmpu MaJioli HelMHEHHOCTH MapamMeTpoB McToYHMKA. U3 nucnepcuoH-
HOT0 COOTHOLIECHMS JJISl MOBEPXHOCTHBIX MJa3MOH-NOJIAPUTOHOB HA OJMHOYHOM
TpaHuLe pa3fesia cpel MeTALI—IUIJIEKTPUK B cTaThe OyAyT NOJIy4eHbI mapa-
MeTpPBI CTPYKTYPBbI 30J10TO—0KCH KpeMHHs ((pa30Basi CKOPOCTHh BOJHbI, YaCTOTA
HCTOYHHMKA M3JIy4YeHHs, XapaKTepHoe BpeMsl B CHCTeMe M ApP.) U NPOaHATU3HPO-
BaHbI pacnpe/ej]eHUs] BOJTHOBOIO IOJIS B CTPYKTYpe NPH Pa3IuYHbIX M0JI0KEHH-
X TOYEYHOI'0 OCHUJIJISITOPAa W PAa3JIMYHBIX KO3 (PUIMEHTAX CBS3H BOJHOBOIO
MOJIsl ¢ OCHUJIIATOPAMH. Mo10BBIii COCTAB PE30HAHCHOIO MOJISI B HAHOPE30HATO-
pe NMpH Pa3JIUYHBIX MOJI0KEHUAX UCTOYHHKA U3JIy4YeHUusl U KodpduunenTax cps-
3M BBISIBJIEH ¢ IOMOIIBIO Npeobpa3oBanusi @ypbe BOJTHOBOIO MO MO0 MPOCTPAH-
CTBEHHBIM KOOPAHMHATAM, a TaK:Ke NPOAHAJIM3NPOBAHA BPEeMEHHAs IBOJIOLUS
AMILTUTY/ BO30Y:K1aeMbIX MO/ BOJHOBOIO MOJISI M NMPHBeJeHbI IPAHULBI TPUMe-
HUMOCTH paccMaTpPHBaeMOil Mo e/ ISl HCCJIeI0BaHNA BO30Y K/IeHUs OBEPXHO-
CTHBIX INIA3MOH-TIOJIIPUTOHOB B OTPAHUYEHHON HAHOCTPYKTYpe.

Kniouegvie cnoea: naazmonuka;, nogepxHocmHule nia3mMoH-RONAPUMOHbL; HAHOPe-
30HamMopbi.

Beenenue

IHoepxuocTHbIe 1azMoH-TIoNspuToHb! (I1I111) — snexTpoMarHuTHBIE BO3OYKICHHUS B ONTHYECKOM
JMara3oHe YacToT, PacHpOCTPAHSIONINECS B TOHKOM CJIO€ Ha TpaHULE pasjena MeTaI—IUdIEKTPHK.
[IIIIT npencTaBisitoT COOOW CBsI3aHHBIC KOJIEOAHHS 3JICKTPOMArHUTHOTO TIOJS B JUAJICKTPUKE U DJICK-
TPOHHOW TIJ1a3MbI METAJLIA C OTPHUIIATENBHOM IEHCTBUTEIHLHON YaCcThIO AMAJIEKTpUIecKor ¢pyHkmu [1].

[TepBoe mMaremMaTH4ecKoe ONKCaHUE TTOBEPXHOCTHBIX BOJH OBUIO TpeicTaBlicHO A. 3omMmepdens-
noM B 1899 r. [2], a mepBBId 3KCIEPUMEHT, B KOTOPOM HAOJIONAJICS MMOBEPXHOCTHBIA IJIa3MOH-
nosipuToH, nposen P. Byn B 1902 r. [3]. Pemenus ypaBaennit Makcsenna, Halinennbie B 1907-1909
rr. JIx. Lennekom u A. 3ommepdensaom [4, 5] npu paccMOTPEHUH 3a/1a4H O PaCPOCTPAHEHUH PAAHO-
BOJIH BJIOJIb NMOBEPXHOCTH METajlsla C KOHEUHOW MPOBOANMOCTHIO, TIOJTHOCTHIO IPUMEHUMBI JIJIsI OTHCa-
uus [I1I1 Ha rpaHunEe pa3gena mpoBOIHUK—AMIIEKTPUK. Bo BTopoit momosuae XX Beka P. Putum npo-
Ben neranbHoe uccinenoBanue [T B Tonkux Metamnueckux mieHkax [6], a B 1968 r. Kpeuman u Pa-
Tep MpeACTaBUIIN 00IIee OITMCAHNE BO3MYIICHUS IIOBEPXHOCTHBIX BOJIH BUJIUMBIM CBETOM [7].

Cunbnas nokanuzanust [T mo3BosseT paccMaTpuBaTh MPOIECCH HA HaHOMAacIITadax (JIEKTPo-
MarHUTHOE M3JIyYeHHE MaJI0 POHUKAET B METAJLI, OKa3bIBAsICh «3allepThIM» B 00JIaCTH, pa3Mepbl KOTO-
pOii B HECKOJIBKO pa3 MEHBIIIE JJIMHBI BOJHBI U3TYUYCHHS), B HACTOSIIEE BPeMsl aKTUBHO M3y4aeTcs BO3-
MOYKHOCTh HCIIOJIb30BaHUs CTPYKTYp, noaepkuparoniux [I1I1. [Tna3zmMoHHbIE BOJIHOBOABI MOTYT OBITH
MPUMEHEHBI 7151 YMEHBILIEHHUS pa3MEPOB MHTETPAIBHBIX CXEM U YBEJTUUEHHsI CKOPOCTH MX paboThl, O1-
HAKO METaJUIMYEeCKHE HAHOCTPYKTYpPbI 00Ja1al0T OMHUYECKUMH MOTEPSMHU, KOTOPble HEOOX0IUMO KOM-
MIEHCUPOBATh Ul yBelndeHus aiuHbl npodera [III1 B crpykrype [8]. CTpYKTYpBI, MOAACPKUBAIOIINE
pacnpoctpanenue 11, MoryT ObITh MCHOIB30BAHBI AJISi CO3/AHHS HOBBIX THUIIOB YCTPOMCTB B HaHO-
3JIEKTpOHMKE. Tak, CEHCOpBI, UCHOJb3YIOMME (PaKT YyBCTBUTEIBHOCTH MOBEPXHOCTHBIX IJIA3MOHOB K
W3MEHEHUIO JIMAIEKTPHYECKUX CBONCTB CpeJbl BOJIM3U TIOBEPXHOCTH pa3JieNia, MOTYT OBITh UCIIONIb30Ba-
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dusumka

HBI B OMOJIOTMH M XHUMHUH JUTS aHamu3a OeNKOB M KOoHIeHTpanuii Bemects. Crazeps! (Surface Plasmon
Amplification by Stimulated Emission of Radiation — ycuienrie moBepXHOCTHBIX IJIa3MOHOB TIOCPEICT-
BOM BBIHYXJICHHOTO HM3ITydeHU ), TOBEPXHOCTHBIE TIa3MOH-TIOJISIPUTOHBI B KOTOPBIX UTPAIOT PoIb ¢o-
TOHOB B J1a3epax. Crazepsl COCTOAT U3 KBAHTOBOW TOYKH, PACIIONOKEHHOW BOJIM3M METAITMYECKOM Ha-
HOYACTHIIBI, U CO3/IAI0T OJIMDKHEE IMOJIe BMECTO U3IYYCHUS NalbHUX IMOJIeH, Kak B ja3epe. Crasepbl Mo-
TyT OBITh UCTIOIB30BAHBI B CIIEKTPOCKOIHHU: YCTPONCTBO COCTOUT M3 METAJUIMIECKON HTJIbI, TOAIePKH-
Batomeit cymectsoBanue [II1I1. Cnazep cozmaer HHTEHCHBHOE TIOJIE B CYOBOJTHOBOI 00JIAaCTH POCTpaH-
CTBa, BCIICJCTBHE Yero odecrneunuBacTcs Boicokas 3ddexTuBHOCTh B3aumonercteus [1I1I1 ¢ uccnenye-
MbIM 00pa3IoM, IOJYYSHHBIN CHTHAI TIOJIaeTCs Ha aHanu3aTop crekrpa [10].

Uccnenosanne Bo30yxxaenns I1I111 B orpanndeHHO HAHOCTPYKTYpe paszelia 30JI0TO—OKCH]I KpeM-
HUs 00JIaJIaCT MOTCHIIMATIOM JIJISl PAa3BUTHS HAYKU M TEXHHUKH: B ONTUYECKOM JIMANa30He 30J10TO 00Jaia-
€T HaUMEHBIIIMMUA OMUYCCKUMH MOTEPSMH B CPABHCHUU C PYTMMU METAJUTaMHU, OKCUJ] KpEMHUs 00ec-
MEYNBACT JIOKATH3AIHIO 3JIEKTPOMArHUTHOTO TIOJIS B IIOTIEPEYHOM HaIpaBICHUU.

JluckpeTHass MOJeIb BOJHOBOTO MOJISA B MPSAMOYI0JIbHOH HAHOCTPYKTYpe

Paccmotpum Bo30yxkaenue II1I1 B orpanndeHHON MPSIMOYTOJIILHONH HAHOCTPYKTYpE — HAaHOPE30Ha-
Tope. HanocTpykTypa mpezacraiseT co0O IpaHULy pas3zena MEXIY JUIIEKTPHUKOM M METajoM, 3a-
MOJTHSAIOUIMMH MOJYTIPOCTpaHcTBa. Hal MOBEpXHOCTHIO MeTajula PaclojioKeH MCTOYHHUK 3JIEKTpoMar-
HUTHOTO W3Iy4deHus, Bo30yxxaarommii [1I111. Ha moBepxHOCTH MeTaia BBIIEIEH MPSMOYTOJIBHUK pa3-
mepamu L, Ly, B KOTOpOM paccMaTpHUBaeTCsi BOIHOBOE MOJIE.

JuckpeTHas MOJEIb BOJHOBOIO IMOJISL B IPAMOYTOJIHOM 00JIACTH — ABYMEpHasl peleTKa CBsI3aH-
HBIX IH(POBBIX AUCKPETHBIX QuiubTpoB [11]. Takas momens 3apekoMeHgoBana ceOs U HEOAHOKPATHO
NPUMEHSJIAch ISl OMUCAHUS BO30YXIEHHUsI JBYMEPHOTO BOJHOBOTO MOJIsI aHCaMOJIEM OCLHJUIATOPOB B
PasIMYHBIX CTPYKTYpax: Kpyrjaoid MeMOpaHe; AIByMEpHOI 001acTH B BHIE KPYTOBOTO KOJbIa C Todpu-
poBaHHOI1 rpanuueii [12, 13].

UtepanronHass AMHAMKKA BOJIHOBOTO TIOJISL, BO30YKIA€MOTO OCHWIIISATOPAaMH B MPSIMOYTOJIBHOM
oOmacTu:

u(x,y,t+1)=au(x,y,t)—au(xy,t—1)+bW (t,x£1y 1)+ gF (x,y,t), (1)
rae W (t,x£Ly+1)=u(x-Ly,t)+u(x+Lyt)+u(x,y-1Lt)+u(x,y+1t).

®ynkuust U(X,Y,t) onuchIBaeT COCTOSHUE BOJTHOBOTO MOJIS B TOYKE C KOOPIAUHATAMH X, Y B MOMEHT
BpeMmeHH t; BpeMs t n3MeHsAeTCs AUCKPETHO, X, Y TaKKe N3MEHAIOTCS JUCKPETHO C AMHUYHBIM IIaroM, g
— K03()(pUIIMEHT CBS3U BOJIHOBOIO MOJs ¢ ocumiuiaTopaMu. Cesa3p koddduumentos Mozxenu ¢ 6e3pas-
MEpPHBIMH MapaMeTpamMu — (Pa30BOM CKOPOCTBIO BOJIHBI V U IEKPEMEHTOM 3aTyXaHUs

a1:2(2v2 —1)e‘7, a,=e%, b=v%e. (2)

Jnst ycroitumBOCTH pereHuit ypapaeHus (1) 6e3pazMepHas CKOpOCTh V B MOJICNIM HE JIOJDKHA TTpe-

BOCXOJ/IUTH 1/\/5 .

[TpocTpancTBeHHBIE KOOPAMHATHI IpHHUMarOT 3HaueHus 0 <X <L,, 0 <y <L,. Ilo xoopaunare X
OBLIIM IPUHSTHI CIEAYIOIINE TPAHUYHBIE YCIOBHS

u(0;y;t)=u(Ly;t); )
u(Lyit)=u(L -Lyst). 4)
I'paHnuHBIE yCIOBUS O IIPOJOJIBHON KOOpAUHATE Y
u(x;0;t)=u(xLt); (5)
u(x; Ly;t):u(x; L, —1;t). (6)

elicTBuEe TOUEUHBIX OCHWILIATOPOB Ha I0JIE

F(x,y,t)zgﬁ(x—x(n))5(y—Y(”))Z(n’t)' )

Hnst monenupoBanust Bo30yxaerus [1I1I1 TodeyHpIM UCTOUHMKOM, pa3MEIIeHHBIM BOJIU3U OBEPX-
HOCTH MeTajuia, Oy/leM CUMTaTh, 4YTO JUHAMHKA HUCTOYHHUKA YAOBJIETBOPUTEIHHO OIMCHIBAETCS ypaBHE-
Huem Ban nep llons B nuckpeTHOM ciydae MpW MajblX IapaMeTpax HEJIWHEHHOCTH MCTo4yHHKa [14].
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JluHaMHMKa OCLWIIATOpPA, B3aUMOJEHCTBYIOLIETO C BOJIHOBBIM IIOJIEM, OIPEAEISIETCS HEeIMHEHHBIM
ypaBHEHHEM

z(nt+1)=d,(z)z(nt)—d,(z)z(nt-1)+gAu(x(n),y(n)t), (8)

rae Au(x(n),y(n),t)=u(x(n),y(n),t)-u(x(n),y(n),t-1).

KoaddutmenTs! ypaBHEHHS 3aBUCAT OT COCTOSIHUS OCIHIUIATOPA CIIEAYIONTAM 00pa3oMm:
d, = 2exp(g(1— az? (n,t)))cos(ﬁ), d, = exp(Zg(l— az? (nt))) (10)

/i f — 9acToTa OCIILIATOPA, @, & — €T0 HEeJTMHEHHBIC TapaMeTPEHI.

Pacuyer mapameTpoB 1151 HAHOCTPYKTYpbI AU-SiO,

N3 nucnepcuonnoro coorHomenus ais IIIIT Ha oguHOYHOM TpaHuUlE pa3/iena MeTalia ¢ JUAJIeK-
tpuueckor pynkuueit ¢; (Re(e(w)) < 0) u AudIEKTpUKa C AMAICKTPHYESCKON MPOHUIIAEMOCTBIO &; T10-
Jy9daeTcsl BeIpakeHUe Jist a30BOM CKOPOCTH

w c €1+€2. (10)

V =
ph
kspp 8187
[Tocne mpeoOpa3oBaHUil TOTYIHM

c

Von =m\/|51 [* +&2(Re(s) ~i-Im(ey)). (11)

0O603HaUNM
Von =c-7=(Re(7)+ilm(7))-c. (12)
YacToTa BO3ACHCTBUSA 3a/1a€TCS BEIPAKEHUEM
w=ck=cz—f. (13)

Jusnexktpuueckas NPOHUIIAEMOCTh KBaplEBOTO CTEKNa & = 4, TUIa3MeHHas 4YacToTa 30I10Ta
wp= 1,39'1016 I'u. Ilpu pmuHEe BONHBI W3ITydeHUs A = 1,5-10’6 M YacTOTa BO3JIEHUCTBUS w~10% I'o,
audiekTpuueckas  GyHkuus 3omota g =-190+19i; | g |=191. Takum oOpa3oM, 3HaucHUE
v=0,5+107"%.

JeiicTBUTeNnbHAs YacTh BeIpakeHus (12) oTBeuaeT 3a (pa3oByr0 CKOPOCTh BOJHBI M IMEET BH/]
Ar
Re(v 0 )=V, (14)
P At
rze V — 0e3pa3MepHasi CKOpPOCTh BOJIHBI B MoJienH. M3 ycioBHs yCTOMYMBOCTH perieHui ypaBHeHus (1),
napamerp V <1/N2. CpaBHuBas mojy4eHHOe 3HaueHne kod(duimenta V u Beipaxenue (14), MoxeM

Ar .
MNPUHATH OTHOIICHHC E paBHBIM CKOpPOCTU CB€TA, T.K. JACUCTBUTCIIbLHAA 4YacCTb KOS(i)(l)I/IHI/IeHTa

Re(v) = 0,5<]/ J2. Munmas gacts BbIpaxkeHHs (12) oTBewaer 3a JEeKPEeMEHT 3aTyXaHHs dJeKTpomar-

HUTHOU BOJIHBL.

Bynem cuutatk, 4To mar cetku Ar nupoBbIX QHUILTPOB, SBISIONICHCS JUCKPETHONW MOJIEINBIO ABY-
MEpHOT'0 BOJIHOBOTO TOJIA B MIPSIMOYTOJIBHOM PE30HATOPE, 10 MOPAAKY BeTWIHHbI cocTaBusgeT 1 HM. To-
IJ1a XapaKTepHoe BpeMs At 110 mopsiaKy BenuunHbl coctaBaser 10° ¢ = 1 ac.

BespasmepHas yacToTa OCIIUIATOPA CBA3aHA C XapaKTEPHBIM BPEMEHEM Kak

() C
P=—At=—At (15)
2r A
Torza pu 4 = 1,5-10 ° uactora ocumnsTopa coctasiuser f ~ 6107,
Pacnpenesiennsi BOJIHOBOTO MOJIsI B HAHOCTPYKTYpe NMPHU Pa3JMYHBIX MOJ0KEHUAX OCHULIATOPA U
Pa3JIMYHBIX KO3(GUIMEHTAX CBA3H BOJHOBOI0 MOJA ¢ OCHUIATOPAMHA

PaccMoTpuM pacnipeneneHns pe30HaHCHOTO BOJIHOBOTO TOJISI, paCCYMTAHHBIE HA OCHOBAHUMU JHC-
kpetHoi mozenu (1)—(9) B ctpykrype ¢ pasmepamu Ly= 32 um, Ly = 32 HM 110 NPOIIECTBUH JUIUTENBHO-
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ro Bpemenu. Yactorta ociuuiaropa £ npuHuMaetcs paBHod 0,0006; xo3¢hUIMEHT CBSI3UM BOJHOBOTO
MoJIs ¢ oCIIIIATOpOM g mpuHuMaetcs paBHeM 0,1; 0,25 u 0,5. Ha puc. 1 cranimoHapHoe BOJTHOBOE M0JIe
paccurTaHo TpU pa3MeNIeHnd ocIIuIATopa B Touke (1;16) naHHOW CTPYKTYpHI, HA PHUC. 2 — TIPU CMe-
HIEHUH OCHWJIIATOPA B LIEHTP pacCMaTpUBACMOI CTPYKTYPHI.

32 0,474
0,426
0379
0,331
0,284
0,236
0,188
0,141
0,0932
0,0456
-0,00200

8 24 32

1,27x107
1,08x107
8,92x10°
7.03x10°
5,14x10°
3,25x10°
1,36x10°
-5,30x10°
-2,42x10°
-4,31x10°
-6,20x10°

B)

Puc. 1. BonHoBOe none B CTpyKType ¢ pa3mepamu L, = 32 Hm,

M

)

32 1,25
1,02
0,780
0,545
0310
0,0750
0,160
0,395
0,630
-0,865
L -1,10

o

24

32

Ly= 32 HM, ocuunnaTop B Touke (1;16), yactoTa ocunnns-

Topa f8 = 0,0006, ko3chchMLMeEHT CBSA3M BONHOBOrO Nons ¢ ocuunnsitopom a) g = 0,1; 6) g = 0,25; B8) g =0,5

32

32 m 0,00 0,644
-0,0418 0,573
- -0,0836 _ 0,502
& -0,125 & 0,432
= --0,167 = 0.361
i 16 ° 0209 716 e 0,290
~ 0251 N 0,219
- .0,293 0,148
8 0,334 8 0,0776
20,376 0,00680
0,418 -0,0640
8 16 24 32 8 16 24 32
L, M L, am
a) 0)
32 2,70x10°
2,26x10*
4
24 l,saleo4
13810
= 9,40%10%
= 16 5,00x10°
~3 ' 6,00x10?
-3,80%10°
8 -8,20x10°
-1,26x10*
1 . | -1,70x10*
8 16 24 32
L, um
B)

Puc. 2 BonHoBoe none B CTpyKType ¢ pa3mepamu L, = 32 HM, L, = 32 Hm, ocumnnsaTop B Touke (16;16), yactota ocumnns-
Topa f8 = 0,0006, ko3cdpchbMLUMEHT CBA3M BONHOBOrO Nons ¢ ocuunnsatopom a) g = 0,1; 6) g = 0,25; B) g =0,5
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Ha puc. 1 u 2 BuaHO, 4TO NMpH MaJbIX 3HaUCHHUAX KOd(dHUIMeHTa CBA3M BOJHOBOTO TOJSI C OCIIUII-
nsTopamMu ( mpeoOiiagaeT paBHOMEpHas cocTaBistromas nois. [lpu yBenmndeHnn AaHHOTO mapamerpa
3HAYUTEJILHO MEHSIETCS MOJIOBBIM COCTaB, a TAKXKE CYIIECTBEHHO YBEIIMYMBAETCSA aMILIUTY/Aa Pe30HAHC-
HOTO BOJHOBOTO ToJisi. Koraa ocmuuisiTop pacrnosiaraeTrcst y Kpas HaHOpPEe30HATOpa, MOYKHO OTMETHUTh,
YTO yBeNMYeHHE KOd(PQUIMEeHTa CBSI3W BIHMSIET HA M3MEHEHHE MOJIOBOTO COCTaBa CHIIbHEE, YeM IpHu
PacHOIOKEHUH OCIUIUIATOPA B LIEHTPE CTPYKTYPHI.

st BBIABIIEHHUS MOJIOBOTO COCTaBa BOJHOBOTO TOJISI B HAHOPE30HATOPE BBIUUCINM €ro Mpeodpazo-
BaHre Dyphe MO0 MPOCTPAHCTBEHHBIM KOOPAMHATAM, TIOTYIHM Ha00p KO3 (HUITUEHTOB — aMILTATY] MOJT
PE30HAHCHOTO BOJIHOBOTO IOJIA

Lty 27 f 2rf, ) R 27t 2t
u(fi, f)=> > uyexp| —i ka exp| —i L”n =3 ucos I‘k+L—”
k=0 n=0 X y k=0 n=0 X y
Lty 27t 2rf
Y Y g sin| kg 4+ Z g | (16)
k=0 n=0 X I-y

rae K — 9ucito 1yiH BOJTH (MAaKCHMYMOB), YKJIaIBIBAIOIIMXCS Ha CTOPOHE Ly, N — YnCIIO ATHH BOJIH (MakK-
CHMYMOB), yKJIaJbIBaloIuXcs Ha cTopoHe L. IlpoctpancTBeHHOE mpeoOpasoBanue Pypbe MO3BOIUT
TaKXKe MPOaHATH3UPOBATH IBOJIOIMIO MOJJOBOTO COCTaBa BOJIHOBOTO IOJISl C TEUCHHEM BPEMEHHU.

Ha puc. 3 npuBeneHs! npocTpaHCTBEHHBIE IpeoOpazoBanus Dypbe BOIHOBOTO MO B CTPYKTYpE C
pasmepamu L, = 32 M, Ly = 32 HM npH pa3aHyHbIX 3HAYEHUSIX IapaMeTpa CBA3U BOJIHOBOIO MOJIS C OC-
uIsITOpamMu g, ocruiuisitop ¢ yactotoit f = 0,0006 momernen B touky (1;16). Ha puc. 4 mokaszaHbl
MPOCTPAHCTBEHHBIE TpeoOpa3oBaHusi Oypbe BOIHOBOTO MOJS B paCCMaTPUBAEMOM CTPYKTYpE C OCLHUJI-
JSITOPOM, TIOMEIIIEHHBIM B TOuKy (16;16).

e NN

B
T
o»—tl\)w'b'u‘

1,6x10°

Puc. 3 AMnnutyael Bo3byxaaembix Moa ¢ uHaekcamum (K; n) BONMHOBOro nons B CTPYKType Ly = 32 HM, Ly = 32 Hm, ocumn-
NATOP NnomellueH B Touky (1;16), yacTtoTa ocumnnsaTopa B = 0,0006, koadpcpULMEHT CBA3U BONTHOBOIO NOJsSi C OCLUMNNATO-
pamu a) g =0,1; 6) g =0,25; B) g = 0,5
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4,0%10° tlr“ ‘ |
3,5x|oﬂ~,—.l€;;1 i ‘ |
3,0x10° B (1 ‘
2,5%10°) |
A 2,0410° ‘I
1,5x10% [
1,0x10° i
5,0x10° |

0,0, [

0

Puc. 4 AMnnuTtyabl Bo36yxaaeMbix Mog ¢ uHaekcamu (k; n) BonHoBOro nons B cTpyktype Ly = 32 HM, Ly = 32 Hm, ocuun-
nATop NoMmelleH B Touky (16;16), yactota ocunnnsatopa S = 0,0006, koacppULMEHT CBA3M BONMHOBOro NOnsi C OCLUNMATO-
pammu a)g =0,1; 6) g =0,25; B)g =0,5

BunHo, 9uTo B paccMaTpruBaeMoil CTPYKTYpe HaHOOIBIIYIO aMIDTUTYAYy UMEIOT MOJBI PE30HAHCHOTO
BOJTHOBOTO ToJIs HU3mmX nopsakos: (0;0), (1;0) u (0;1). Korma ko dunmeHT cBA3M BOIHOBOTO TOJS C
ocumuistopamu g = 0,1, npeobiamaer mona (0;0). [Ipu yBenndyeHHM NaHHOTO MapaMerpa aMIUIUTYIa
mox (1;0) u (0;1) 3HAaUMTENBHO BO3pacTaeT, HAMHOTO MpeBhImas aMIuuTyay Moss (0;0).

Takxe MOXHO OTMETHTbh, YTO B CITydae PaCIOJIOKEHHs OCIMIIIATOPA y Kpas HAaHOPE30HATOpa aM-
TUTMTY1a BO30YKIA€MbIX MOJ IPEBOCXOAUT aMILUIUTY/Iy MOJI BOJHOBOI'O TOJISl B CTPYKTYPE C OCIMJLIS-
TOPOM, PAacCIOJIOKEHHBIM B IIeHTpe. M3 3TOro MOXHO clienath BBIBOJ, YTO PACIOJIOKEHHE UCTOYHHKA
Kosie0aHuil y Kpast HaHOpe30oHaTopa OoJiee A3 GEKTUBHO JIJIsi BO30YKACHUS PE30HATOPA B OJHOMOJIOBOM

pexume.

sl —oe M —©00)
[ B R (HO) " “vrvseesevasmsspnswen] — = (150)
8 3000
'
I
= 6 D !
~ < 200:
4 £
PN | P—
2 L
0 L I 1 L 0 ! L L L
0 10 20 30 40 50 0 10 20 30 40 50
{, hc 1, dc
a) 0)

Puc. 5 BpeMmeHHas 3Bontouust amnnutyg mog (K; n) pe3oHaHCHOro BONTHOBOTO MOJIsi B CTPYKType ¢ pa3mepamu Ly = 32 Hm,
Ly = 32 HMm, ocuunnaTop B Touke (1;16), yactota ocunnnsatopa B = 0,0006, koadhcpnumeHT cBA3NM BONHOBOIO Nons ¢ oc-
umnnaTopamu a) g =0,1; 6) g = 0,25
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PaccMoTpuM m3MeHeHre Oru0aroninX aMIUTATY/] BO30YXKTIaeMbIX MOJI BOTHOBOTO IOJISt B CTPYKTYpE
C TeueHHWeM BpeMeHW. Ha puc. 5 nmpuBeneHa BpeMeHHas SBOJIONUS aMIUIUTY MOJ BOJHOBOTO IOJIST B
HaHope3oHartope ¢ pasmepamu Ly = 32 um, Ly = 32 HM npu 3HaueHUAX K03 (PHUIEHTa CBA3U BOJIHOBOIO
oyt ¢ ocmwuisitopamu g = 0,1 u 0,25. Ocmmsatop ¢ gacrotoi S = 0,0006 pacmonoxxer B Touke (1;
16).

[Tpu 3nauenun g = 0,1 Ha puc. 5, ¢ orubaromas aMIUIUTY IPEKPAILAET CBOM POCT NPUOIU3UTEIHHO
nocje HacTyruieHust BpeMenH t = 2 ¢, orubaromas amminty sl Moabl (0;0) mpeBOCXOAUT OrnOaromyto
(1;0). T.x. TMHAMHKA WCTOYHHKA 3JIEKTPOMArHUTHOW BOJIHBI ONMHCHIBaeTca ypaBHeHHeM Ban nep Iloms
MpU MaNoil HETMHEHHOCTH MapaMeTPOB, B CUCTEME yCTaHABIMBAETCS PABHOBECHE MEXIY dHEPrHeH, Te-
psieMoil B pe30HaTope 3a CYeT OMHUUECKHUX MOTEPh, U SHEPTHH, TOCTYMAIOMICH OT OCHMIIISTOPA.

IIpu 3navennn g = 0,25 Ha puc. 5, 6 orubaromas amrmutyaa Moasl (1;0) mocturaer MakcuMmyma
npubm3uTensHO npu t = 4 (e u npeBocxoauT orudaromryto (0;0) 6onee, yeM B Tpu paza, IpHUEM, C Te-
YeHHueM BpeMeHH aMmIuntyaa Mozsl (1;0) Meanenno cHmxaercs, npubiau3utensHo npu t = 35 ¢c BbIXO-
JIMT Ha CTAIlHOHAPHYIO aMIUIUTYy. B mpoMeskyTke BpeMenu 1o t = 10 ¢c orubaromasi aMrminTy sl MO-
161 (0;0) mpoxoauT "epe3 pAfl JTOKaIbHBIX MAKCIMyMOB I MHHUMYMOB, a Tiocie Bpemenu t = 30 ¢c oru-
OarolIast UCTIBITHIBAET BBIXOJ B CTALIIOHAPHBIN PEKUM.

PaccMoTpuM 3BOITIOLIMIO aMITIMTY]T MOJI BOJIHOBOTO TOJISI B HAHOpPE30HATOpE ¢ pazMepamu L,=32
HM, Ly, =32 HM ¢ Teyennem Bpemenu. Ocuumsarop ¢ yactoroi = 0,0006 pacnonoxeH B Touke (1; 16)
KO3 QHILIMEHT CBSI3M BOJIHOBOTO Mo ¢ ocimnsitopamu g = 0,5

) 9
2,0x10 —(0:0)
| o= (0
1,5%10° J:I
1
< 1,0x10° ;
<100
g ;
5,0x108
0.0 L ki
0 5 10 15 20
t, dc

Puc. 6 BpemeHHas aBontouus amnnutya mog (k; n) pesoHaHCHOro BONMHOBOIO NMOMNSA B CTPYKTYpe ¢ paamepamu L, = 32 HM,
Ly = 32 HM, ocuunnaTop nNomelleH B TouKy (1;16), yactota ocumnnaropa B = 0,0006, koachpuLMeHT cBA3N BONHOBOIO
nons ¢ ocuunnartopamu g = 0,5

Ha pucysnke 6 Buano, uyto nipu ¢ = 0,5 amIuinTya Bo30yK1aeMbIX MOJ] HEOTpaHHYEHHO BO3PACTaeT,
npudeM, ammuiutyaa Moasl (1;0) pu t = 20 ¢c npesbrmaer ammmuryny Mogsl (0;0) Gonee, yem B jiBa
pasza. OTo CBHIETEILCTBYET O TOM, UTO MPU OOJIBIIMX 3HAYEHUSX KO3(Q(UIMEeHTa § MOJENb IepecTaeT
OBITh YCTOWYHMBOIM W HE MOXET OBITh MPUMEHEHA JUII KOPPEKTHOT'O MOJIEIHPOBAaHUs BO30YKICHHUS T10-
BEPXHOCTHBIX TJIA3MOH-TIOJIIPUTOHOB B OTPaHUUEHHON HAHOCTPYKTYpE.

Takum o6pa3omM, B JaHHOH CTaThbe HA OCHOBE JUCKPETHOM MOJIENIN BOJHOBOTO TOJIS, BO30YXKIaeMO-
ro OCHWUIATOpaMM, OBUIO TEOPETUUECKU MCCIIEIOBAHO BO30YXKAEHUE I1OBEPXHOCTHBIX IIIa3MOH-
MOJISIPUTOHOB B OTPAaHUYCHHOU MPSAMOYTOJILHONW HAHOCTPYKTYpE, COCTOSIIEH M3 30JI0Ta U KBapIIEBOTO
CTEKJIa: JUIsI MOJEIHUPOBAaHUS BO30Y)KIEHHSI MOBEPXHOCTHBIX IUIA3MOH-TIOJSIPUTOHOB B METAJTUUECKON
CTPYKType OBLIM paccyUTaHbl 3HAUEHUs (pa30BOH CKOPOCTH, YACTOTHl MCTOYHMKA H3IYUEHHS, a TaKKe
3HAYEHUS] XapaKTEpPHOI'O BPEMEHH B CHCTEME, IMOJYYEHBI paclpe/ielieHHs] BOITHOBOIO MOJsI B MPSIMO-
YroJBHON 00JIaCTH M MpOBEAEHO npeodpa3oBaHre Pypbe Pe30HAHCHOTO IMOJIS MO MPOCTPAHCTBEHHBIM
KOOpAMHATAaM M NPOaHAIN3UPOBAHA BPEMEHHAs SBOJIIOLUS aMIUIMTY[ BO30Y>KAa€MBIX MO BOJHOBOTO
MOJISL TIPY Pa3NIMYHBIX KOA(PPHUIMEHTAX CBSI3M BOJIHOBOTO TMOJIS C OCIMJUIATOPAMHU U TIPU PA3IUYHBIX T10-
JI0)KEHHUAX OCHMWIUIATOPA. YBenndeHne K03 (GHUIHEHTa CBA3U BOJIHOBOTO MO € OCIIIUIATOpAaMH ( TIPH-
BOJUT K POCTY aMIUIUTY]l BO30YKJaeMbIX pe30HaHCOB. OCOOCHHO CHIIBHO BO3PACTAOT aMILIUTY bl MOJ
(1;0) u (0;1). Ipu Benmuuue g > 0,5 aMIuIMTya BOJIHOBOTO MOJISI HEOTPAHMYCHHO BO3PACTAET, KaK U
aMIUTATy/1a KoJeOaHui OCIMIUIATOPA, YTO TOBOPUT O HEYCTOMYMBOCTH MOJIENIM B TAKOM JHAra3oHe Ia-
pamerpoB. Tak, noxy4eHHbIE PEe3yIbTaThl MOTYT OBITH MOJIE3HBI AJIsl CO3AaHMS 33JaHHOTO pacrpesesne-
HUSI HTHTEHCUBHOCTH MOBEPXHOCTHBIX IJIA3MOH-TIOJIIPUTOHOB B HAHOCTPYKTYypax.

Paboma evinoanena ¢ pamkax zocydapcmeennozo 3adanus Munucmepcmea HayKu u gvlcuieco 00-
pazosanusi Poccutickoti @edepayuu (Ne 075-01493-23-00).
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THE MODELING OF SURFACE PLASMON POLARITONS EXCITATION
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Abstract. This paper considers the modeling of surface plasmon polaritons excitation in a limited
nanostructure on the basis of a two-dimensional area discrete model, the area interacts with the oscilla-
tor. The nanostructure is a rectangle defined on the metal surface at the interface of the gold-silicon ox-
ide, the surface plasmon-polaritons are excited by an electromagnetic radiation point source located
above the metal surface. The dynamics of radiation point source is described by a discrete version of the
Van der Pol equation with a small nonlinearity of the source parameters. The parameters of the gold-
silicon oxide structure (the wave phase speed, the radiation source frequency, the characteristic time in
the system, etc.) will be received from the dispersion relation for surface plasmon—polaritons at a single
metal—dielectric interface. The distributions of the wave field in the structure will be analyzed at differ-
ent positions of the point oscillator and different coupling coefficients of the wave field with the oscilla-
tors. The resonant wave field mode composition at different positions of the point oscillator and differ-
ent coupling coefficients will be found using the two-dimensional Fourier transform of the wave field,
the time evolution of excited modes of the wave field amplitudes will be also analyzed. In conclusion,
the paper gives applicability limits of the considered model for studying the surface plasmon polaritons
excitation in a limited nanostructure.

Keywords: plasmonics; surface plasmon polaritons; nanocavities.
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W3MEPEHME YOENbHOW TEMNJIOEMKOCTW CTEKOJ1 HA OCHOBE B,0;+Bi,03
B LULWPOKOM UHTEPBAJIE TEMIMNEPATYP

A.C. Kyyakwoees, A.l. )xabapos, A. Xosnoe

Qusuko-mexHudeckuli uHcmumym um. C.Y. Ymapoea HauuoHanbHoU akademuu Hayk TadxukucmaHa,
LywaHbe, Pecnybrniuka TadxukucmaH

E-mail: k.davlat@mail.ru

AHHoTanusi. B naHHOHl padore MeTOAOM OXJIAKIEHHMS IKCIEPUMEHTAJIBHO
HCCJIeJ0BAHA TeMIIepATYPHASl 3aBHCUMOCTb YAEJIbHON TeIIOEMKOCTH CTEKOJI,
MOJIy4YeHHBIX Ha ocHOBe coenuneHus 2B,0;+Bi,0; (2:1) ¢ no6aBaenuem k 1 Moro
sroro coemuHenusi 0,01, 0,02, 0,04, 0,08, 0,12, 0,5 moxeii NaOH. Dxcnepumen-
TaJbHO NMOKA3aHO, YTO C POCTOM colep:xkanua Na B MCXOTHOI cMecH TeMmepa-
TypHBI€ 3aBHCHMOCTH yAeJIbHON TEMI0EMKOCTH CTEKOJI OT TEMIIEPATYP paciiaBa
10 TeMmeparyp, OJH3KHX K KOMHATHBIM, HMeeT CJIO:KHBIH xapakrtep. [Jana mx
(usnyeckas MHTepHpeTaUs HA OCHOBE OCOOEHHOCTEH MOJIEKYJISPHOI TOIBHIK-
HOCTH B 00JIaCTH TeMIEPATYP 10 U BbIIIE TEMIEPATYPHI CTEKJIOBAHHUSI.

Knrouesvie cnosa: yoenvnas mennoémkocms;, cmekio, memnepamypa; cKOpochms
OXNAJICOCHUSL.

HuTepec k M3ydeHNIO KPUCTAIUIOB U CTEKOJ Ha OCHOBE OKCHIHBIX COCIUHEHHN 00Opa U BHCMYTa HE
ociabeBaeT, MOCKOJIbKY Ha MX OCHOBE CO3JAIOTCS MaTepHajbl, HCIOJIb3yeMble B Pa3IHMYHBIX 001acTsIX
HayKW U TEXHUKH, B YACTHOCTH B HEJIMHEWHOW OMTHKE JJISI CO3JaHMs TBEPIOTEIHHBIX YIbTpaduoIeTo-
BBIX JIa3€POB, JIA3epHOM M ONTOBOJIOKOHHOH TexHuKe [1—4]. bopaTsl BUCMyTa MOTYT MCIIOIB30BaTHCS B
KadyecTBe npeodpazoBarenell YacTOThI JIA3ePHOTO U3YYEHHUSI HA OCHOBE BBIHY)KJICHHOTO KOMOHMHAIIMOH-
Horo paccesHus [1]. CTékia Ha OCHOBE OKCHJIa BUCMYTa, 001 al0l1e BEICOKUMHU 3HAYCHUSIMHE T10Ka3a-
TeJs IPENOMIIEHHS U MIUPOKON 00IACTHIO0 MPO3PavyHOCTH B BuaNMOM u MK-nnanazone, sSBISIOTCS Tiep-
CIEKTUBHBIMU MaTepuanaMy JUIsl paKkTHYecKoro npumeneHus |5, 6]. [locne oOHapy)eHUs: HEMTUHEWHO-
OINITHYECKUX U IMbE30NEKTPHUECKIX CBOWCTB y KpucTauioB BiB3;Og mosiBuiICS MOBBIICHHBIA WHTEpEC
WccienoBareyel K m3ydeHuro O0opatoB BucMmyTa [7—12]. b oOHapykeHBI 4eThipe MoaupuKamuu
kpuctamia BiB3Og: a, B, yu 6 [10, 11].

OKCIIEpUMEHTANBHO YCTAHOBJICHO BIMSHUE COCTOSIHUSI paciuiaBa Ha (POPMHPOBAHHE METACTAOMIb-
HBIX cocTosiHuM B cucteMe BiO3 — B,O3. B 310i1 cucteme o0HapykeHO MATh KPUCTAUTU3YIOMIUXCS CO-
enuHenuii: BiyB,039, BisB,0g, BisBsO1y, BiB3;Ogs u BiBgOys [13], aBa u3 koropsix 5Bi03:3B,0; u
1Bi,05:1B,0; 06pa3yrorcst B MeTacTabMIBHOM coctostau [14, 15].

HNmeercst MHOTO paboT, TIOCBSIIEHHBIX MOTYYEHUIO, H3YYEHHIO CTPYKTYPHI, ONPEICICHHUIO dIIEKTPH-
YEeCKUX, ONITUYECKUX CBOMCTB coennHeHmi cucrteMbl Bi,O3 — B,03. OHAKO CYIIECTBYIOT U OTPaHU-
YEHHBIE CBEJICHUS 10 MX TEIUIOPU3NIECKUM U TEPMOAMHAMUYECKHM cBoicTBaM [16-20]. CBenenuii o
BiusiHuK Na Ha cBoricTBa cuctembl Bi;O3 — B,O3 B muTepaTypHBIX HCTOYHHKAX HAMH HE OOHAPYKEHO.

Ipu usyuennu JITA [19] Gunapuoro coeauHenust Na,B,0;+Bi,O; HamMu ObuTO TMOKa3aHO, YTO B
IIUPOKOM JTMala30He KOHIIEHTpAIMK MONy4YaroTCs MHOTO(a3HbIE COEIMHEHHUS Pa3IMYHOTO COCTaBa,
BKJIFOUAIONIET0 KaK KpUCTA/IMYecKue, Tak U amopdubie da3nl [20]. OgHAKO Cpeau pa3audHbIX MO CO-
CTaBY M CTPYKTypE€ KOMIIOHEHT KPHCTAIUIMYECKOH (a3bl He 00HApYKEHBI TPOWHBIE COCAMHEHHUS, COJIEP-
xane B, Bi u Na. Tem He MeHee B HHTepBalie MOJIbHBIX KOHIIeHTparwmii Bi,O3 menee 0,3 (3aech u jia-
Jiee UCIOB3YETCS MOJIbHASI KOHIICHTPAITHsI) TIOMyUeHbl KaueCTBEeHHBIC MTpo3paynbie cTékia [21], omHo-
POJHBIE 110 COCTAaBY M CTPYKTYpE, ONTHYECKHE U DIIEKTPUUECKUE CBOHCTBA KOTOPBIX 3aBUCAT OT COCTaBa
u TexHonorndeckux (akrtopoB. llomydeHpl TemreparypHble 3aBUCUMOCTH YIEIBHOW TEIIOEMKOCTH
Na,B,O;+Bi,03 [22], koTopble MMENN XapaKTEPHBII MaKCUMyM HPH TEMIIEPaType, COOTBETCTBYIOLICH
TEeMIIepaType CTEKJIOBaHMs. YBeJIWYeHUe KOHIeHTpanuu Bi,O; MpUBOIMIO K CMENICHUI0 MaKCHMyMa
yACTHHON TETUIOEMKOCTH B 00JacTh HU3KHX TEMIIepaTyp, a €ro BelWYMHa yMeHbInanach (3ddext
Oonpmx Macc B coryiacuu ¢ [22]). Bo Bcex oOpasuax ¢ pazHoii konueHrpauueit Bi,O; coornomenne Na
10 OTHOIIEHUIO K B ObUI0 HEM3MEHHBIM M COCTaBIISLIIO Y2. B CBsI3M ¢ 3THM B JaHHOM paboTe OBLIO WHTE-
pecHo mpocienuTh BiusHre Na Ha TeMIepaTypHYIO 3aBUCHMOCTH VACIBHON TEIIOEMKOCTH Oopara

BUCMYTOBOI'O CTCKIJIA. Z[J'ISI peuCHuA 3TOH 3aga4du ObLIH TOJIy4YCHBIL 06p3.3HBI CTCKJIa COCTaBa 2B203 -
BizOg.
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OGpas3ips! s u3ydenus Biusiaus Na Ha coiictBa crékon 2B,03+Bi,05 (0pyrTo dopmyna Bi,B,Oo)
MOJTyYajIH CIEeAYIOIMM 00pa3oM: CHadaa C Hejblo yIalneHus] cOpOMpOBaHHON BOABI HCXOAHbIC BEIIECT-
Ba (Bi,B4O¢ 1 NaOH) mpokanuBanu Ha Bo3ayxe B My(eIbHOM MMeYd B TEYCHUE BYX YaCOB MPH TEMIIE-
parype 573 K. Hanee £ moneit NaOH noGaBinsiin kK 0AHOMY MOJIIO TOPOLIKA MPeIBAPUTENHHO MOTy4eH-
Horo ctekia Bi,B,4Og. ITonyueHHy0 CMeCh pa3MalibiBalId B IIAPOBOM MEIbHUIIEC B TCUCHUE Yaca C IEIbI0
TOMOTEHHU3AIMK COCTaBa. 3aTeM cMmech maBwin npu 1050 K B muiaTHHOBOM THUIJIE, BBIACPKUBATIH pac-
TUIaB B TEYCHUE 7 4acOB, OBICTPO OXJIAXKIAIN pacIyiaB B KepaMuiueckoM Turie [20].

CopgepxaHue Kpuctannuyeckom u amopdHomn ¢as B obpasuax Bi,B,Oy u Bi,B,Os+B-NaOH Taonaa 1
NaOH, moib KoMmnoHeHThI Kpucrannmmaeckas ¢asza, % | Amopduas daza, %
0 Bi,B,0q 16,58 83,42
0 Bi,B,Oq 1,68 98,32
0,01 Bi,B,0Oq 1,53 98,47
0,02 Bi,B,0q 1,43 98,57
0,04 Bi,B40Oq 1,24 98,76
0,08 Bi,B,Oq 1,40 98,60
0,12 Bi,B,Oq 1,52 98,48
0,50 Bi,B,0q 151 98,49

HN3BectHO, uto coctaB BiyB,0g x0pormo kpuctammsyercst ¢ 00pazoBaHueM 00bEMHOTO KpHCTAJLIa
Bi,B,0y [13-15], HO make mpu OBICTPOM OXJIAXKICHUH, KaK 3TO BHIHO U3 pHC.1, 00pa3yroTcs Kak KpH-
CTaJTMYECKUE, Tak 1 aMopdHbIie ¢a3pl. CuMmMeTpuuHbii coctaB BiB4Og 1 00pasiibl ¢ 100OBIMHU KOHIICH-
tparmsivu NaOH mipu OBICTpOM OXITaXKIEHUH 00pas3yIoT OJHOPOTHBIC, MPO3payHble CTEKIA. DTO OBLIO
MOJTBEPKICHO peHTIeHO(a30BbIM aHamn30M (cM. puc. 1). [To peHTreHOBCKHM AudpakTorpaMMam ObLIO
OIpEIeIIEHO COIEPXKaHUE KPUCTAIUTHUYECKOM 1 amopdHoii a3 B obpasuax BiyB,0Og u Bi,B,Oq+-NaOH.
PacmmmdpoBka audpakrorpaMm mo onpeAesIeHUI0 cocTaBa KPUCTAIUINYECKOH (a3bl 00pas3ioB MpoBOIH-
Jacek TpH mojuepxke nporpammsl Search-Match-DEMO, a s onpeneneHust copepxanusi aMopdHoi
¢azer ucnonpzoBanu nporpammy OriginPro 17 [23]. Pesymprarer pacuéroB comepikaHusi aMOppHON U
KpHCTa/LUTHYeCcKOi (a3 mmst cocraBa 2Bi03-B,03 u Bi,O3-2B,03+4-NaOH npusenensr B tTabnuie u
NpOWJUTIOCTpUpOBanbl Ha puc. 2. Kak BUOHO W3 TaOiMLbl, OO KPUCTAJUIMYECKOW (ha3bl B COCTaBe
Bi,B,0q namuoro 6ombiiie, yem B coctaBe Bi,03—2B,0;. C moseiiennem konreHTpanud Na mgo 0,04
conepkanue amopdHoit gassl pactét, a mpu 0,08 u 0,12 — ymeHbIIaeTcs.
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Puc. 1. PeHTreHoBCcKMe AndpakTorpaMmmMbl CTEKON Puc. 2. CopepxaHue Kpuctannuyeckon gasbli
Bi.B4Oy +BNaOH u Bi,B,0, (aanbHAA kKpuBas) B o6pasuax Bi,03—2B,0;+5-NaOH

OT KOHUeHTpaumn NaOH B ucxogHow cMmecu

Oco0eHHOCTH TeMIIepaTypPHOH 3aBUCUMOCTH YACIHFHOU TEIUIOEMKOCTH CTEKOJ, TTOJTYIEHHBIX HAa OC-
HoBe Bi,03+2B,0; ¢ mobaskoii £ moneit NaOH (B pacuére Ha oaun Monb BiyB4Og), nzyuanuce Ha ycTa-
HOBKE, OTIMCAaHHOU B [22], KOTOpas MO3BOJISIa KOMITBIOTEPHYIO PETUCTPAIINIO TEMIIEpaTyphl 00pasia u
JTaJIOHA MPH HEMPEPHIBHOM CBOOOIHOM OXJIAXKIACHHUU PACIUIaBa B OKPY)KAMOIIYIO CPeay 10 KOMHATHOM
TeMIepaTypsl. B kauecTBe 3TajJOHa MCIIOIB30BAJICS IyCTOH IJIATHHOBBIA THTENb ¢ KpbIkoi. CHavana

OTIPEISIISUTH YENBHYIO TEIIOEMKOCTh TUTJIS ¢ 00pa3ioM C,, T0 U3BECTHOU (opmyIie

P,X
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Kyyakwoee [.C., Qxxa6apoe A.I"., U3mepeHue ydenbHOU mensioéMKocmu cmékos
Xosoe A. Ha ocHoge B,03+Bi,03; 8 wupoKkoM uHmepeasie memrnepamyp

(%)

‘\dt ),

Pt g7
m -
X(dtjx

MOJTydeHHOW Ha OCHOBe ypaBHeHHs HrprotoHa—Puxmana (3meck: m, (dT/ dt)t , Cpt — Macca, CKOPOCTb

OXITK/ICHHS U YIENbHAs TEMIOEMKOCTb MyCTOr0 IIATHHOBOTO THITIS; My, (dT/ dt)X » Cpx — Macca, CKo-

POCTh OXJIAXKJACHUA U YACIIbHas TEINTOEMKOCTB INTATHHOBOT'O THUTJISA C 06pa3u0M COOTBCTCTBGHHO). 3aTeM

Cpx *My —Cpy - My

no popmyne Cpq = pacCUUTHIBAIM YIEIbHYIO TEIMIOEMKOCTh 00pasna Cps, IIe M —

Mg

Macca oOpasna [20]. Pe3ynbTaThl pacu€TOB MpeEACTABICHBI HAa PHC. 3.
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Puc. 3. TeMnepaTtypHasi 3aBMCUMOCTb yAeINbHOW TENITIOEMKOCTH (CrieBa) M OTHOCUTESNTbHOW yAerNbHON TENNOEMKOCTH
(cnpaBa) cTtékon cocTtaBa Bi,B,Oy+B-NaOH. Yncna B nereHpax — monbHble gonu (f) NaOH B pacuyéte Ha 1 monb Bi,B4Oq
B o6pa3uax, Nony4yeHHbIX ANUTENbHON BblAEPXKKOM pacnnasa U 6bICTPOro oxnaxaeHus

U3 puc. 3, Ha KOTOPOM MPEACTABICHBI TEMIEPaTypHblE 3aBUCMOCTH YIENbHON TETITIOEMKOCTH 00-
pasnos Bi,B,Og ¢ pasmuunbiM conepsxanreM NaOH B ncxonHoii cMecu, BUIHO, 4TO Bee C,(T) cTékon
Bi,B;Oq+/:NaOH npoxoasT yepe3 MakCHMyM, COOTBETCTBYIOIINI TeMIiepaType crekiioBanus. J[is 3to-
T'0 BHJa CTEKOJI OTHOILEHHUE YAEeTbHON TEIUIOEMKOCTH MpU TemrepaType paciuiasa Bomm3u 980 K k mak-
CHMAIIBHOH yAENIbHON TEIUIOEMKOCTH PABHO Cp o080/ Cpsmax ~ 0,8, a s obpasua 4 ouo pasxo 0,94.

Pacuérnas TtemnmoéMkocTh paciuiaBa npu Temmepatype 980 K 3HaunTebHO MpEBbIMIAeT yIeNbHYIO Tel-
M0EMKOCTh Tipu HU3KoH Temmeparype (350 K). 3nauenne ynensHON TEIIIOEMKOCTH CTEKOI B MAKCUMY-
Me U €ro IMOJIOKEeHHE cJ1abo 3aBUCHT OT MOJIbHOTO coaepkanust Na B oOpasie. Tak, yenbHas Termoém-
KOCTh B MakcuMyme o0pastoB 1 u 6 paBaa ~775 JIx/kr-K, a o6paszuos 2-5 ~747 [Ix/kr-K. Temneparypa
MaKcHUMyMa MeHsieTcs B peenax 685 + 12 K. B Gonbieii crenenn Biusare Na cka3piBaeTcs Ha Xapak-
Tepe TeMIepaTypHOH 3aBUCUMOCTHU YIEIbHON TEINIOEMKOCTH B 00JIaCTH TEMIIEPATYp BHILIE TEMIEpaTy-
poI creknoBanus. Jlobasnenue 0,01 momst NaOH B ucxogHyro cMech MPUBOAUT K YMEHBIIICHUIO YAEITb-
Hol Teroémkoctu npu temneparype 980 K ¢ 626 no 575 Jix/kr-K. Yeenmuuenne NaOH no 0,02 ne-
CKOJIBKO YBEIMUYMBAET 3HAYCHHE YAENbHOU TeroéMKocTH A0 595 JLx/kr-K. EmE Gonpiee yBenndyenne
YAENbHOU TemmoéMKOCcTH HaOmogaercss npu yBenuueHun conepxanusi NaOH no 0,04 (mamMensbiuee
3Ha4YeHHe Ha HMHTepBaje OT TemmepaTypsl crekioBanus 1o 1050 K cocraBmser 0,94cpsmax = 705
Jbx/xr-K). danpueiimee yBenuuenue koHuentpamuun NaOH o 0,08 u 0,12 nmpuBoAXUT K yMEHBIICHHIO
YACIBHON TEIIOEMKOCTH Cp g5, Cpsg S Cp g1 (605 1 616 JHk/KrK COOTBETCTBEHHO). AHAIOTHYHBIE H3-
MEHEHHUS! pacu€THOM yJelbHON TEIUIOEMKOCTH HaOJIIOAAI0TCS U IPU JPYTUX TeMIepaTypax BbIIIE TEM-

MepaTypbl CTEKIJIOBAaHMUS, KOTOPbIE MIPEACTABIEHBI Ha pHUC. 4 B BUE€ KOHIICHTPAIIMOHHBIX 3aBUCHMOCTEH
IIpY pa3HbIX TEMIEPATYPAX.
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p,s
copepxaHua monbHon gonu NaOH B ctekne Bi,B,Og npu
pa3HbIX Temnepatypax B uHTepBane 680-1005 K

(1-a)B,0Os+aNa,O oT KOHUeHTpauum a [Inpu pasHbIX TeM-
nepatypax. KpuBble paccuntaHbl N0 AaHHbIM KPUBbIX KOH-
LieHTPaLUOHHbIX 3aBUCMMOCTel TemnepaTyp paBHOW BA3-

kocTu ctékon (1-a)B,0s+aNa,O, npuBeaéHHbIX B paboTte

Hemunoga C.B. (Nemilov S.V. p. 12, Fig.11) [24]

W3 puc. 4 BUIHO, 4TO BOJIM3M MakCHMyMa yAEIbHON TermoémMkoctu crekia BiB,Ogqt/-NaOH, to
€CTh IPHU TeMIIEpaTypax, OJM3KKUX K TeMrepaType crekioBanus (684 K), e€ 3HaueHUS Majio U3MEHSIOTCS
B 3aBUCHMOCTH oT coaepkanus Na. [lo mepe ymanenus B 06macTsh 60s1ee BHICOKHX TEMIIEpaTyp HaOIFo-
JTAETCSI POCT YJAENBHOUN TETNTOEMKOCTH C SIPKO BBIPAKEHHON aHOMAJMEH ero yCHaeHHs Ipu 100aBIeHUH
B ctekio nopsiaka 0,04—0,05 monst NaOH. BusyanbHble HaOmoeHNsT TEUCHHUS PAcIUiaBa MONTYy4aeMbIX
00pa3IoB CBUAETEILCTBYIOT, uTO pacmiaB BiB;Oy ¢ nobasnennem 0,04 mons NaOH ob6magaer Hau-
MEHBIIIEH BSI3KOCThIO cpeau paciuiaBoB Bi,B4Og ¢ apyrumu mospbiMu 100aBkamu NaOH. B cBsizu ¢
OTCYTCTBHEM TEXHHUYECKUX U OPTaHU3AIMOHHBIX BO3MOXXHOCTEH MPOBECTH HEMOCPEICTBEHHBIC JKCIIE-
pPUMEHTAJIbHBIE MCCIICOBAHUS BS3KOCTH M3Y4YaeMBIX OOBEKTOB BOCIIONB3YEMCSl pe3yibTaTaMU JIPYTUX
aBTopoB. B pa6ore C.B. Hemuiiosa [24] npuBenenst (p. 12, Fig. 11) KOHIIEHTpaMOHHbBIE 3aBUCUMOCTH
TeMIIepaTyp paBHBIX BsiskocTed mist cucteMbl (1-a) B,0; +a-Na,O. Huwxke Ha puc. 5 mpencraBieHsl
KOHIICHTPAIIMOHHbIE 3aBUCUMOCTH Jorapudma Bsizkoctu ctékon (1-a)-B,0; +a-Na,O npu pa3HbIx Tem-
neparypax, pacCYMTaHHBIE TI0 YIIOMSHYTHIM 3aBUCHMOCTSIM U3 paboTsl Hemuiona.

W3 puc. 5 BuaHO, uTo B oOmactu koHIeHTpanuii Na,O, omuskux k 5 %, HabmogaeTcs MHHIMYM
Bs3KOCTU pactuiaBa B,Os. IIpu GonpImx KOHIEHTPAIMIX BS3KOCTh PACTET, a IPU COJEPKAHUH OKCHIIA
Hatpusi 25-30 % HauuHaercs €€ yMmeHbllIeHHe. Takoe TOBEJICHHE KOHIICHTPAIMOHHON 3aBHCHMOCTH
BSI3KOCTH OOBSICHSIETCS BO3MOXKHOCTBIO 00pa3oBaHMs cOeAnHEeHM B B 4eTBepHOW KOOpIUHAILIUK B pe-
3yJbTaTe B3AUMOJIEHCTBYS MOJIEKYIISIPHBIX CTPYKTYP, 00pa30BaHHBIX OKCHIOM 0Opa ¢ OKCHIOM HaTPHs
[24]. ObpazoBanue Oopa B 4eTBEpHONH KOOPIMHALMU MMEET KOHLUEHTPALMOHHYIO 3aBUCHMOCTh C MakK-
CHMYMOM TIpH KOHIIEHTparuu okcuaa Hatpus ~30 % [25]. O6pazoBanue 60pa B YETBEPHOU KOOPIUHA-
UM MOXKET CIIOCOOCTBOBATH OOPa30BaHUIO CBSI3EH COCENHUX MOIIEKYISAPHBIX CIOEB (cmimBKa). Takas
BO3MOXKHOCTh PAacTET C yBEIIMYCHHEM KOHIIEHTpAalUW OKcHja HaTpus. [Ipwm Manbix KOHIEHTpaIwsix
Na,O cmuBaromuii a3 dext Ma, Ha000POT, MPeodIIaTacT pa3pyIIaAoUi (pa3phIXisoiuii) 3G dekT.

W3 nabnromaemoro 3ddexra Manbix kounenrparuii Na,O Ha puc. 5 u NaOH na puc. 2 u puc. 4
ciemyer, 94To B ocHoBe BimsHUSA Na Ha (opMUpoBaHUE CTPYKTYpHI, HA TEMIEpPaTypPHBIE 3aBHCHMOCTHU
BSI3KOCTH Y Ha 0COOEHHOCTH TEMITEPaTyPHOH 3aBUCUMOCTH yJIeIbHON TETIIOEMKOCTH MTPH HETPEPHIBHOM
OBICTPOM OXJIaXKIeHHHU paciuiaBa B cTéknax (1-a)-B,0; +a-Na,0 u Bi03-2B,03+4-NaOH nexar onxu
U Te )K€ MOJICKYJISIpHbIE MEXaHU3MBI, CBSI3aHHbIE C 00pa3oBaHueM aTOMOB B B 4eTBepHOI KOOpIUHAIINY.
Hcnonp3oBaHue 3KCIIEPUMEHTAIBHBIX PE3YJILTATOB 10 BIUSHHIO Ha BSI3KOCTHBIE CBOWCTBA OOpaTHOTO
CTEKJIa ONpaBJaHO TEM, 4TO Hcmoyib3yemas Hamu meEnoub NaOH, kak mokazan e€ peHTreHO(a30BbIi
aHaNW3 JI0 W Tociie OTXKura, comepxkana 6omnee 40 % oxcuma Hatpus [20]. Hanmuaue B ncmonszyemMoM
moaupukarope NaOH u Na,O nemaeT BO3MOXKHBIM NMPOTEKaHWE B PacIUIaBe OKCHaa Oopa M OKCHIa
BUCMYTa peakuuii ¢ o0pazoBaHneM 0opa B TPETheH U YeTBEPHON KOOPAMHAIIMYU C JOOABIECHUEM PEaKIin
npucoeaunenns OH u Na' 1o MecTy paspbiBa CBA3M HEMOCTMKOBOTO KHMCIOPOJIA, YTO YCUJIMBAET Pas3-
pyLIarolee JeHCTBUE HATPHUSL.
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Takum 0Opa3oM, UccieoBaiach TeMIepaTypHas 3aBUCUMOCTh YJEbHON TEINIOEMKOCTH B yCIOBH-
SIX HETIPEPBIBHOTO OBICTPOro oxyaxaeHus (oT Teicsta K/muH mo gecsatkoB K/mun). OT HavapHOU cTa-
mn oxnaxaeHus (~2000 K/MuH) 10 TOCTHOKEHUS MaKCUMAIbHBIX 3HAUCHHU YIENBbHON TETUIOEMKOCTH
MpoIecC MPOTEKAET B YCIOBUAX THHAMUYECKOTO PAa3MOPAKUBAHUS KIACTEPHOW MOIECKYJSPHOW TOJ-
BHKHOCTH paciutaBa CTékos. I[Ipu mpuOImKeHHH K TeMIepaType MakCHMyMa WHTEHCHBHOCTH 3TOTO
mpoliecca CyIIECTBEHHO 3aMEISIeTCs, a MPH JAIbHEHIIEeM YMEHBIIICHUH TEMIIEpaTyphl U CKOPOCTH e
W3MEHCHHUST HAUMHACTCSI MPOIECC CTPYKTYPHOTO CTEKJIOBAaHUS (KJIACTEpPHAs MOJIBUKHOCTH BHIMOPaYKUBA-
eTCs), KOTOPBIH MPOI0IKACTCS BIUIOTh J0 JOCTHYKEHHUS TEMITEpaTyp, OJIM3KUX K KOMHATHBIM.

JIuteparypa

1. Becker, P. Thermal and Optical Properties of Glasses of the System Bi,05-B,O3 / P. Becker //
Cryst. Res. Technol. — 2003. — Vol. 38, Iss. 1. — P. 74-82.

2. Kyspmuuesa, I'M. CrpykrypHble 0cOOeHHOCTH OopaToB BucMyTa B cucteme nBiO3-mB,0; /
I''M. Ky3spmuueBa, T.U. MensaukoBa // XXypnan neopranndeckoir xumun. — 2009. — T. 54, Ne 1. —
C. 74-81.

3. IOxuH, FO.M. Xumus BUCMYTOBBIX coeanHeHuid u Marepuanos / KO.M. IOxuH, F0.. Muxaiinos.
— HoBocubupck: Hayka, 2001. — 359 c.

4. BucmyTconepikaliue CHCTEMBI: CTpoeHHe W (hu3uKo-xuMudeckune corictBa / B.M. [lenwucos,
H.B. benoycoga, I'".K. Moucees u ap. — Exarepundypr: YpO PAH, 2000. — 525 c.

5. EropeimeBa, A.B. CrexnooOpasoBanue B cucreme Bi,03-B,03-BaO / A.B. Eropsimesa,
B.J. Bonoaun, B.M. Cxopukos // Heopran. marepuaisl. — 2008. — T. 44. Ne 11. — C. 1397-1401.

6. BeicokoTemnepaTypHas TeIII0OeMKOCTh cTekoi OopaToB BucmyTa / JI.A. UpTtioro, B.M. Jlenucos,
B.I1. XKepe6 u ap. // Kypuan Cubupckoro peaepanpaoro yausepcurera. Cepusi: xumust. — 2011, — T. 4,
Ne 4. — C. 344-349.

7. Monoclinic Bismuth Triborate BiB3;Og — a New Efficient x(2)+y(3) — Nonlinear Crystal Multiple
Stimulated Raman Scattering and Selfsum — Frequency Lasting Effects / A.A. Kaminskii, P. Becker,
L. Bohaty et al. // Optic Commun. — 2002. — Vol. 206, Iss. 1-3. — P. 179-191.

8. Egorysheva, A.V. Efficient Nonlinear Optical Material BiB306 (BiBO) / A.V. Egorysheva,
V.M. Skorikov // Inorganic Materials. — 2009. — Vol. 45, no. 13. — P. 1461-1476.

9. Phenomenon of Metastable Liquation during BiB3Og Crystallization / F.Yu. Zavartsev,
S.A. Koutovoia, V.V. Voronov et al. // Journal of Crystal Growth. — 2005. — Vol. 275, Iss. 1-2. —
P. e637—e641.

10. 3aiines, A.M. ®azoobpa3oBanre B MpOIECCe KPHCTANIM3AIUK CTEKON coctaBa BiB3Og /
AW. 3aiines, A.Jl. Bacunbes // @a30Bbie epexopl, YIOPSI0UYEHHBIE COCTOSIHUS M HOBbIE MaTEPUAIBL.
—2007.-C. 1-4.

11. Phase Transitions Among Four BiB3;Og Polymorphs: a Detailed Investigation / R. Cong, J. Zhu,
Y. Wang et al. // CrystEngComm. — 2009. — Vol. 11. — P. 1971.

12. Observation of the Sixth Polymorph of BiB3Os: In Situ High-Pressure Raman Spectroscopy and
Synchrotron Xray Diffraction Studies on the B-Polymorph / R. Cong, T. Yang, J. Sun et al. // Inorganic
Chemistry. — 2013. — Vol. 52, no. 13. — P. 7460-7466.

13. Levin, E.M. The System Bi,0;-B,0; / E.M. Levin, C.L. McDaniel // Journal of the American
Ceramic Society. — 1962. — Vol. 45, no. 8. — P. 355-360.

14. XKepe6, B.II. MeracTaOuibHbIE COCTOSHHUS B OKCHJIHBIX BHCMYTCOACpIKAIIUX CHUCTeMax /
B.I1. Kepeb. — M.: MAKC mpecc, 2003. — 163 c.

15. Kaprun, H0.®. dasoBas auarpamMma MeTacTaOMJIBHBIX COCTOSHHN cucTeMbl Bi,03-B,0; /
10.®. Kaprun, B.I1. XKepeb, A.B. Eropeimesa // XKypnan neopranndeckoit xumun. — 2002. — T. 47,
Ne 8. — C. 1357-1364.

16. Crystal Growth, Thermal and Optical Performance of BiB3;Os / B. Teng, J. Wang, Z. Wang et al.
/1 J. Cryst. Growth. — 2001. — Vol. 233, Iss. 1-2. — P. 282-286.

17. Growth of Sillenite-Structure Single Crystals / V.M. Skorikov, Yu.F. Kargin, A.V. Egorysheva
et al. // Inorganic Materials. — 2005. — Vol. 41, Suppl. 1. — P. S24-S46.

18. CrekiioobpasoBanue B cucreme Bi,0;—B,0;. Tepmudueckne yCTOWYHBOCTh U CTPYKTYpPa CTEKOI
/ B.IL. XKepe6, H.A. babunkuii, T.B. bepmerues u ap. // Kypnan Cubupckoro ¢enepaibHOro yHUBEpCHU-
tera. Xumus. — 2014. —T. 7, Ne 3. — C. 371-382.

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 93
2023, Tom 15, Ne 3, C. 89-96




dusumka

19. Kyuakmoes, J.C. JduddepenunansHo-repmudeckuil ananu3 OuHapHoW cuctembl BiO; +
Na,B,0O; / [.C. Kyuakmoes, A.I". [[xxabapos // loknaasl Akagemun Hayk PeciyOonuku Tamkukuctas. —
2015. - T. 58, Ne 12. — C. 1096-1099.

20. Kyuakiioes, /I.C. Biusiaune NaOH Ha ynenbHy 0 TeuioéMKocTh cTékon cuctembl B,03-2Bi,0;3
B 3aBucuMocTH oT Temmepatypsl / [I.C. Kyuakmoes // [Tonutexundeckuii BecTHUK. Cepust: IHTEIIEKT.
Wunopanwms. Muasectunnu. — 2022. — Ne 3(59). — C. 32-35.

21. Kyuakmoes, JI.C. CpoiicTBa cTékon Ha ocHOBe coequnenuit Bi,O3 u Na,B,0; / J1.C. Kyuakmio-
eB, A.I'. Jl)xabapos, A. Xonos // [loknaasl Akanemun Hayk PecyOnuku Tamxukucran. — 2020. — T. 63,
Ne 7-8. — C. 488-493.

22. Kyuaxkmioes, JI.C. Onpenenenne yaelnbHOW TEIIOEMKOCTH CTEKOJ Ha OCHOBE O0paToOB BHCMYTA /
J.C. Kyuakmoes, A.I". Jlxabapos, A. Xomnos // 3Bectust HanmonansHol akagemun Hayk TamKukucTa-
Ha. Otaenenne GU3NKO-MaTeMaTHICCKUX, XUMUUECKUX, TEOJIOTHYSCKUX M TEXHHYECKUX Hayk. — 2022, —
Ne 4. - C. 77-83.

23. Kyuakmoes JI.C., xabapos A.T'., XosoB A. PerrreHoda3ossrii ananu3s ctékoin (2Bi,03;-B,03)
u (Bi;05-2B,03) ¢ paznuunoii konnentpanueir NaOH B ¢popmoBouHoit cmecu. — Jloknaasl AxageMun
Hayk Pecriyonuku Tamxkukucran, — 2022. — T. 65, Ne 1-2. — C. 69-74.

24. Nemilov, S.V. Viscosity of Borate Glass-forming Melts: Spesific Fetures of the BO4 Tetrahe-
dron as a Kinetic Unit / S.V. Nemilov // Glass Physics and Chemistry. — 1997. — Vol. 23, no. 1. - P. 1-
26.

25. Griscom, D.L. Borate Glass Structure / D.L. Griscom // Borate Glasses. Structure, Properties,
Applications. Springer Science+Business Media New York, 1978. — P. 11-138.

Ilocmynuna ¢ pedaxyuro 10 okmaops 2022 2.

Ceepnenus 00 aBTopax

Kyuakmoes /laBnatHazap ConOHa3apoBUY — CTapIIMK HAYYHBIH COTPYIHUK, Taboparopus «Du3u-
Ka KpUCTaJUIoB», ®u3nko-Trexuuueckuid HHCTUTYT uM. C.Y. YmapoBa HaunonanpHONW AkageMu Hayk
Tamxukucrana, Jlyman6e, Peciyonuka Tamkukucran, e-mail: k.davlat@mail.ru.

J>xabapoB Anekcanp ['ynsamMoBrY — KaHAMIAT PU3UKO-MATEMATHYECKUX HAYK, BEAYIIHA HAYIHBIH
COTPYAHUK, CEKTOp TeopeTndeckoil ¢pusuku, dusnko-rexunueckuii mHCTUTYT M. C.Y. Ymaposa Ha-
HOHANBHONW Axamemun Hayk Tamkukucrada, Jlymanbe, Pecmy6muka Tamkukucrtan, e-mail:
jabarovag@rambler.ru.

XonoB AnnMaxmaja — KaHAMJAT XMMHUYECKUX HayK, 3aBelyrouuil jgaboparopuein «DU3UKU Kpu-
ctaioy, Ousuko-TexHudeckuit HCTUTYT UM. C.Y. ¥YMmapoBa HarmonansHoit Axkagemun Hayk Tamxu-
kucrana, Jlymanbe, Pecriyonuka Tampkukuctan, e-mail: alikholov@mail.ru.

94 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2023, vol. 15, no. 3, pp. 89-96



Kyyakwoee [.C., Qxxa6apoe A.I"., U3mepeHue ydenbHOU mensioéMKocmu cmékos
Xosoe A. Ha ocHoge B,03+Bi,03; 8 wupoKkoM uHmepeasie memrnepamyp

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2023, vol. 15, no. 3, pp. 89-96

DOI: 10.14529/mmph230310

MEASURING THE SPECIFIC HEAT CAPACITY OF GLASS
BASED ON 2B,03+Bi,03 IN A WIDE TEMPERATURE INTERVAL
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Republic of Tajikistan

E-mail: k.davlat@mail.ru

Abstract. In this work, we used cooling to experimentally determine the temperature dependence of
the specific heat capacity of glass made with the compound 2B,0; + Bi,O3 (2:1) with the addition of
0,01, 0,02, 0,04, 0,08, 0,12, and 0,5 mol NaOH to 1 mol of the initial mixture. It has been experimental-
ly determined that with an increase in the Na content in the initial mixture, the temperature dependences
of the specific heat capacity of glasses from the melt to close to room temperature are complex. Their
physical interpretation is given based on the features of molecular mobility in the temperature range up
to and above the glass transition temperatures.

Keywords: specific heat capacity; glass; temperature; cooling rate.
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TPEBOBAHUA K NYBJIMKALUN CTATbU

1. ITyGnuKyroTcss OpUTHHAIBbHBIE PaOOTHI, CO/lepIKaIlie CYIECTBEHHbIE HaydHbIe Pe3yJbTaThl, He OITy0-
JUKOBaHHEIC B IPYTUX M3IAHMAX, IPOIIEAIINE dTAll HAYIHOW SKCIEPTH3HI 1 COOTBETCTBYIOMINE TPEOOBAHUIM
K IMOATOTOBKE PYKOIHUCEH.

2. B peakoiuteruo npeaocraBisiercs ajaektponnas (mokyment MS Word 2003) Bepcust paboThl 00beMOM
He Oonee 6 CTpaHUII, SKCIIEPTHOE 3aKIIIOYCHUE O BO3MOXHOCTH OITyOJIMKOBAaHHUS paOOThl B OTKPHITOH IeYaTH,
ceemenust 00 aBTopax (D.M.0., mecto paboThl, 3BaHHE U JOUKHOCTH JJIsI BCEX aBTOPOB PabOTHI), KOHTAKTHAS
nH(OpMAII OTBETCTBEHHOTO 33 TIOATOTOBKY PYKOITHCH.

3. Ctpykrypa crateu: Y JIK, Ha3Banue (He Oonee 12—15 cnoB), crircok aBTopoB, anHoTanus (150-250 cioB),
CIHCOK KJIFOUEBHIX CIIOB, TEKCT pabOTHI, TUTeparypa (B MOPSAKE IUTHPOBAHMS, B CKOOKAX, €CIIA ATO BO3MOXKHO,
JIaeTCsl CChUIKA Ha OPUTHHAJ INEPEeBOJHON KHHUIHM WM CTaTbH U3 KypHAJIa, ITEPEeBOJILIErocs Ha aHTIMHCKUNA
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHue, pacimupenHas aHaotanus (pedepar crarten) oobemom 10 1800
3HAKOB C IPOOETaMH, CIIFICOK KITFOUEBBIX CJIOB M CBEICHHS 00 aBTOpax Ha aHTJIMHCKOM S3bIKE.

4. ITapametpsl HaOopa. Ilomst: 3epkanbHble, BepxHee — 23, HUxKHee — 23, BHYTpH — 22, CHapyKU — 25 MM.
OIpudT — Times New Roman 11 pt, maciuta6 100 %, untepBan — oObIYHBIH, Oe3 cMelieHus 1 anuManun. OT-
cTyI KpacHo# ctpoku 0,7 cM, HHTEpBall MeXay ad3anamu 0 T, MEKCTPOYHBIH HHTEPBAI — OUHAPHBIMH.

5. ®opmynsl. Ctrnbs MaTemaTiHueckuid (1UGpeI, GYHKIUU U TEKCT — MpIMOU MIPpUPT, IepeMeHHbIE — Kyp-
cuB), ocHOBHO# mpu¢T — Times New Roman 11 pt, mokaszarenu crenenu 71 % u 58 %. BrikimoueHHsle ¢op-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 IIEHTPY.

6. Pucynku Bce gepHo-0enbie. XKenarenbHO IpeIoCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (DaiiiioB.

7. Anpec penakiMoOHHOHN Koiieruu xypHaia «Bectauk IOYpl'Y» cepun «Matematuka. Mexanuka. Ou-
3HUKay:

Poccus 454080, r. Yensounck, np. um. B.M. Jlenuna, 76, KOxxHO-YpaibCcKuil TOCYIapCTBEHHBIH YHUBEP-
curteT, IHCTUTYT €CTeCTBEHHBIX M TOYHBIX HayK, Kadeapa MaTeMaTHYecKoro ¥ KOMITBIOTEPHOTO MOJIEIIHPOBa-
HUSI, TJIaBHOMY pemaktopy mpodeccopy 3arpebmnoit Codbe Anexcammposse. [Prof. Zagrebina Sophiya
Aleksandrovna, Mathematical and Computer Modeling Department, SUSU, 76, Lenin prospekt, Chelyabinsk,
Russia, 454080].

8. Azpec »IeKTpOHHO# mouThl: MMPh@susu.ru

9. NoxHyr0 BepcHIo MPaBIII IMOATOTOBKH PYKOMICEH U IpuMep o(GOpMIICHHS MOXHO 3arpy3uTh C caiita
xypHaia: cM. http://vestnik.susu.ru/mmph.

10. Xypuan pacmpocTpaHsercss MO TMOANKMCKE. ONEKTpOHHAas Bepcws: oM. www.elibrary.ru,
http://vestnik.susu.ru/mmph, http://sectaux.roypry.pd/mmph.

11. IInara ¢ acnupaHTOB 3a MyOIUKAIUIO HE B3UMAETCSI.



CBEAEHUA O XYPHAIJE
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VYupenurens — GenepansHoe rocyIapCTBEHHOS aBTOHOMHOE 00pa30BaTeNIbHOE YUPEIKICHUE BBICIIEr0 00pa3o-
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Pemmennem IIpesnamyma Bricmieit aTTecTaninoHHOM koMuccn MuHHCTEpCcTBa 00pa3oBanus 1 Hayku Poccuiickoit
®eneparmn KypHa BKIIOUCH B «[lepedeHb BeOyIIMX PELICH3UPYEMBIX HayYHBIX XKypPHAJIOB U M3IaHUH, B KOTOPBIX
JIOJDKHBI OBITh OMYONHKOBAaHBI OCHOBHBIC HAaYYHBIC PE3yJIbTaThl TUCCEPTALMIl HA COMCKAHKE YUCHBIX CTENEeHEei JOKTO-
pa U KaHAWIATa HAYK» M0 CIEAYIOIMM HAYYHBIM CIIEMUATLHOCTSM U COOTBETCTBYIOIIMM UM oTpacism Hayku: 1.1.1.
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