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MatemaTuka
YOK 517.9, 519.216.2 DOI: 10.14529/mmph250301

CTABUITU3ALUA PELLEHWN ONSA CTOXACTUYECKON
ANHAMUWYECKOU CUCTEMbI BEHTUEJA B KPYTE
M HA EFO rPAHULIE

H.C. NoH4yapoes,O.I". Kumaesa, I'.A. Ceupudrok
KOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUgepcumem, 2. HensabuHck, Poccutickass ®edepauusi
E-mail: goncharovns@susu.ru

AnHoTanus. PaccmaTpuBaeTcs pemieHue 3agayu cTa0WJIM3alMU pelIeHUH
AeTePMHHUPOBAHHONH M CTOXAaCTHYeCKOHM cucTreMbl ypaBHeHuil BeHTunesas, omu-
ChIBAIOIIMX (PMIIBTPALHMIO KUAKOCTH B Kpyre H Ha rpanune. CHayana pemaercs
BONPOC 00 IKCIMOHEHIUATBLHOH YCTOHYMBOCTH U HEYCTOHYMBOCTH pelIeHUI Je-
TePMHHHPOBAHHOIl cHCTeMbl ypaBHeHMII BeHTHe/s1 Py pa3IMYHBIX 3HAKAX Na-
PaMeTpoB, ONHMCHIBAIOIINX CPEAY H CBOIiCcTBA KUAKOCTH. B ciryyae HeycToiiunBO-
CTH pellleHUil pemiaercs 3aJaya cTa0WIM3alMi HA OCHOBe KOHTypa o0OpaTHOM
cBA3U. 3aTeM NOJIyYeHHbIe Pe3yJbTaThl PACHPOCTPAHAIOTCA HA CTOXACTHYECKYIO
cucteMy ypaBHeHuii BenTuens. 3nech B kKauecTBe NPOM3BOJHOM paccMaTpuBaeT-
csa npousBoaHasi Heabcona—Inkiunxa, a pemieHueM sIBJISIETCS CTOXACTHYECKUM
npouecc.

Kniouesvie cnosa: cmoxacmuueckas ounamuyeckas cucmema ypasuenuii Benm-
yensa; ypasuenue bapenonamma—Kenmosa—Kouunoti;, npouszeoonas Henvcona—
Tuknuxa, Heycmotiuugoe peutenue, cmadbUuIU3ayus peuteHus.

Beenenue
Iycrs Q={(r,0):r€[0,R),0<[0,27)} — xpyr B R? ¢ rpannueii T ={(0):0<[0,27)}. Ha xom-
nakre QUT paccMOTpPUM CHUCTEMY U3 IBYX ypaBHEHHH, OMMCHIBAIOLIMX Mpoliece GpuibTparmu Biaru [1]
(/1 —Arﬁ’(p)ut =ah, U+ Buu=(t,r,0),(t,r,0)eRxQ, (1)
(A=Agp Ve =789 NV +0RU+6V,V =(t,0),(t,0) e RxT, )
rae
0 ). o 2
Are=(r—R)_((R—r)_j+ 2'A6*:—8215R22 - )
' or or) 00 00 or|_r
K naHHO# crcTeMe MPUCOBOKYIUM YCIIOBUE COTJIACOBAHHS, YTO TapaHTUPYET €AUHCTBEHHOCTD I10-
JY49EHHOTO PEeIICHHUS:
tru=v aa RxT, (4)
Y cHa0/IMM ee HavyaJIbHBIMU YCIIOBUSIMHU
(0,r,8)=uy(r,0),v(0,0) =V, (). (5)
HazoBem pemenne 3amaun (1)—(5) oemepmunuposannviv peuwienuem JNHAMUYECKOH CHCTEMBI
Benruens. Eciu Mbl 3aMeHuM U UV, 3agaHHble HA Q U [T COOTBETCTBEHHO, HA CTOXaCTHYECKHUE TIPO-
ueccsl £=¢(t) u y=yx(t), onpenenennsie va nurepsane (0,7), HOTYYNM CTOXACTHYECKYIO AMHAMH-

4eCKyI0 CHCTeMy BeHTiens, /e IpOM3BOHAs OT CTOXACTHYeCKHX npoweccoB ¢(t), x(t) monnmaercs

KaK npoussoxHasi Henbcona—Timkinxa [2] ot croxactiueckoro npouecca &=¢(1) u x = x(t) coot-
BETCTBEHHO.

[TockonbKy coOCTBEHHBIE BEKTOPHI onepaTopa Jlamraca B MoJsIpHOi cucTeMe KOOpJAMHAT CoeprKaT
crienuaibHble QYHKIMH, 3]1€Ch CUMBOJIOM A, 4 B (3) 0003HaueH MoauduumposanHbli oneparop Jlan-
naca B Q, a B (3) cumBoioM A, 0003HaueH MoAuHULIUPOBaHHbINA onepaTop Jlammaca—bensrpamu Ha
I'. CumBonoM Or 0003Ha4YeHa BHELIHAA 110 OTHOIIEHHIO K Q HopMmainsb. [lapamerpsl .y, 4, 5,0 € R
XapaKTepu3yIOT Cpey.
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MaTtemaTtuka

B pa60Te [3] HUCCICAYCTCA PAa3pCIIUMOCTL CTOXAaCTUYCCKOTO JIMHCHHOIO YpaBHCHUA Cc000JIEBCKOr0
THIIA

Lr=Mp
NpH ycII0BHUH, 4TO oneparop M sBisiercs (L, p)-OrpaHHYeHHBIM, T¢ P MOXET OBbITh HyJIeM WM Ha-
TypanbHBIM uKciIoM. BrociencTuu B pabotax [4, 5] 3T0 ypaBHEHHE OBLIO U3yUeHO IS CIydaes, KOraa
omeparop M oGmanaer cpoiictBamu (L, p)-cexropuansroct i (L, p)-pammansroct. Bo Beex oTix

uccienoBanusax [3-5] paccmarpuBanuch Kak kiaccuueckas 3anada Komm, Tak u 3amaua Illoyonrepa—
CumopoBa. Croutr oTMeTuTh paboTy [6], B KOTOpOW paccMaTpwBarOTCS Oojee oOmue HadalbHO-
KOHEYHBIE YCITIOBUS I CTOXaCTHYECKUX ypaBHEHUH coboseBckoro tuma. B [6] 3agaun Komwu u loy-
ontepa—CuaopoBa GOpMyIHPYIOTCS M UCCIAEAYIOTCS AJsl YpaBHEHHH COOOJIEBCKOTO THMa Oojiee BBICO-
KOro nopsaka. B [3] nomydeHHbIe TEOPETHUECKUE PE3yIbTaThl IPUMEHSIOTCA K U3YUCHUIO Pa3peIuMo-
ctu 3aga4 Komm u llloyonrepa—CumopoBa uisi cToXacTUdeckoro ypaBHeHHs bapenOmarra—XKenroBa—
Kouwnnoii. B [7] pemaercs 3amaya crabmin3anuu Jis 3TOro ke ypaBHeHUs. B [8] uccneayercs cucrema
Bentuens ans croxactuyeckoro ypasHenus bapenomarra—XenroBa—KounHoit B kpyre u Ha ero rpaHu-
LIe U JOKa3bIBaeTCs CyllecTBoBaHME perieHuil. Hacrosmas pabota nmocssiieHa U3y4eHHIO YCTOHYMBO-
CTU PELICHUM CTOXAaCTUYECKON AMHAMUYECKOM CUCTEMBI YpaBHEHUIN BeHTIeNs B Kpyre U Ha €ro rpaHu-
e, a TAKXKE PEIICHUIO 33/1a4H CTa0MIU3AIMHY JJIsl HEYCTOWYMBBIX PEIICHUI 3TOW CHCTEMBI.

Pabora moMuMO BBEICHHS W CIIMCKA JUTEPATypPhl COCTOUT M3 YETHIpEeX yacTel. B mepBoi dacTu
paccMaTpuBacTCA CYIIECTBOBAaHHE M €AWHCTBEHHOCTh NETEPMUHUPOBAHHON JUHAMHYECKOW CHCTEMBI
Bentuens B kpyre 1 Ha ee rpanuiie. Bropas 4acTb COAEPKUAT yCTONYUBOCTD MMOJIYYEHHOTO PEILEHUS IS
JIETepPMUHUPOBAHHON JMHAMUYECKOW cUcTeMbl Bentmens. TpeTbs 4acTh CONEPIKUT CTAOMIH3AINIO pe-
LICHUS AJ1s IETEPMUHUPOBAHHON AMHAMHUYEeCKOo cucteMbl BenTuensa. UeTrBepTas yacTh CONEPXKUT CTa-
OMJIM3ALIMIO PELICHUS ISl CTOXaCTHYECKOM TUHAMHYCCKOW CUCTEMbI BeHTiens.

AHaJIUTHYECKOE pelleHNe 1eTePMUHUPOBAHHOM cucTeMbl BeHTuens
[t mosrydeHnsl aHAITMTUYECKOTO PELICHUS] IE€TEPMUHUPOBAHHON JUHAMUYECKOM cucTeMbl BeHTie-
151 (1)—~(5) paccMOTpuUM CASAYIONIUN PSI:
) 2 k 0 2
—ak® |(R-r . —ak
u=> exp £ ( k) (a, cosk@+by sinkd) + D exp tﬂ/ﬂ—

(¢, cosk@+d, sinké), (6)

= A+k? ) 2R = k2
riae
R2x k R2x k
(R=r) (R=n)" .
a, = Uy (r,8)————coskepd@rdr, b, =| | uy(r,8)———=—sinkepd@rdr
K gg o(r.0) SR 4 k M o(r.0) SR ?
2 2
C = J'vo(é?)cosk(pdﬁ,dk = _fvo(e)sin ked6.
0 0

HetpyaHo 3aMeTHTh, YTO TOCTPOSHHBIN BBIIIE PsiJ| ABJISETCA (HOPMATBHBIM PEIICHUEM YpPaBHEHHUSI
(1). IIpuaem ecnu psapl B (6) paBHOMEPHO CXOASTCA, TO Tmepen Hamu pemeHue 3amaun (1), (5), rme
OgU =0. YuuTteiBas 5T0, MOKHO ITIOCTPOUTH PEIIEHHE 3a1a4H (2), (5)

0 _ 2

v=>Yexp t% (c, coskd+d, sinkd), (7)

k=1 A+k

rjae B ciiydae a =y, =0 pemenus 3anaun (1)—(5) OyayT yIOBICTBOPATH YCIOBHUIO coriacoBanus (4).
Bampikanne spar{(R¥)(R—r)* coske, (RX) H(R—=r)¥sinkep: k e N\{1},r € (0,R), 0 €[0,27)}, 1o-

POXACHHOC CKAJIAPHBIM IMTPOU3BCICHUCM
2z R

P oy = [ [o(r.0)y (r.0)rdrde,
00

oGosnaunm cumsorom A(Q). Janee 3ambikanne span{coske ,sinke,8€[0,27)} mo Hopme, HOpOXK-

,I[eHHOﬁ CKaJIIPHBIM IPOU3BECACHUECM
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ornyapoe H.C., Kumaeea O.I"., Cmab6unusauus peweHull 05151 cmoxacmu4eckoli OuHamu4veckol
Ceupudrok I'A. cucmembl Benmuerssi 8 kpyze u Ha e20 2paHuuye

2

(v ary = [ 2(0)w(6)do,
0

0003HaYNM CHMBOJIOM A(F ) Takum 006pa3omM, ToKa3zaHa CIeAyIomas Teopema.
Teopema 1. /[na ar06bix Uy € A(Q) u Ve A(F), MAaKux, 4mo GblNOJHEHO YCA08Ue CO2NACOBAHUS,

u ona koaghpuyuenmos «, f,y,0,4 € R, maxux, umo evinonneno ciedyoujee yciosue o=y, =0, a

é # kz,ﬂ #k? ,20e ke N, cywecmeyem eouncmeennoe peurenue (u,v) eC”® (R; A(Q) @ A(F)) OuHa-

a
Mmuueckoll cucmemvl Benmuyens, cocmosiweit uz ypasuenuti bapenbramma—XKenmosa—Kouunoi (1)—(2).

YcToHYNBOCTS pelieHni JeTepPMUHUPOBAHHOM cucTeMbl BenTness

Iycrs U =A(Q)® A(T). Hopma ||-[ly= ||-||A(Q) +||-||A(1_) , TIIE ||-||A(Q) u ”'”A(r) HOPOKIAKOTCS
ckanspueivMi nipomssenennsivi B A(Q) u A(T).

Onpenenenne 1. Pemenue U=u (t) cucremsl (1)—(5) axcnonenyuanvro ycmoiuueo, eciu CymecT-
BytoT Takue koucrautel N >0 u v>0, uro npu Beex te R, n moGbix Uy € A(Q), vy e A(T") peme-

HHE U=U (t) cuctemsl (1)—(5) ynoBiaeTBopsieT SKCIIOHEHITHAIEHOM OIICHKE
1u(t) hy < Ne™ (1Ug llyay +11Vo llary) -
Onpenenenue 2. Pemenue U= u(t) cuctemsl (1)—(5) Ha3bIBaeTCSA HEycmouuuebim, €CIU CYIECT-
ByeT & >0 npu HEKOTOPBIX Uy € A(Q) y Vg € A(F) u t >0 BBINOTHEHO
lTu(t) =g ll gy +llu(t) =Vo ll o= &

B2

Teopema 2. [lycms a=y, f=7, —A=k?, £ ,a,fpeR, . Ecu o>, A>-1, moeoa npu
a

n0owIx Uy € A(Q) , Vo € A(F ) peutenue cucmemsl (1)—(5) s3KkcnoHenyUaIbLHO YCMOUYUBO.

L2 L2
JlelicTBUTEIBHO, % <0 mpu a>p, A>-1. Obo3Hauum —v; =max {ﬂl—akl;’ keN } Torna
+
IB — ak2 —nt
CHpaBeAIMBa OLCHKA EXP Wt <e 1,1y, >0. s pewenuss U= u(t) cuctems! (1)—(5) BoImod-
+
HEHO
£ . 2 Kk
u=> exp £ ak2 (R E) (a, coskd +by sinkd) +
k2 A+k 2R AQ)
- B akz . -t -t
+ Zexp(tm (¢, coskd +d, sinkd) <Ce 1 ||u0||A(Q)+C2e 1 ||v0||A(r).

Teopema 3. Ilycmos aa=y, =0, —/I;tkz, ﬁ;tkz, a,feR, . Ecwu a>f, A<-1, mozoa npu
a

7106bIX Uy € A(Q) y Vo € A(T) peuwenue cucmemul (1)—(5) neycmouiuuso.

2 2
%<0 mpu A>—k% u %

>0 npu A <—k? . O603naunm
A+ A+

Ilycte o> f, A<-1.Torna

ﬂ—akz 2 . ﬂ—akz 2 . 2
Vv =Mmaxi ————,A>-K:, v, =mind Y——, A<k}, 1,1, >0, u m=max{k: A <-k}.
! {ﬂ,+k2 2 A+k? b2 { }

Toraa pewenue U=uU (t) cucteMsl (1)—(5) MOXKHO IIpeACTaBUTH B BUAE U =U; +U, , e
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3 p-ak® | (R-n)" ke S exo| t B _
U (t)= exp| t a, cosk@+h, sinkd)+ > exp|t ¢, cosk@+d, sinkd), (9
1 (1) k:zm:ﬂ p( A+k? | 2RX (@ K ) k;n P Lk (C k ). (9)

2 K
k2 A+k R ]
CripaBeUTHBBI CJIEAYIONIUE OLEHKH:
1t
Iluy (t) lu<Cse 't

m 2 _r\k m-1 2
uz(t)=2exp[t’8 ak ](R2 r (akCosk49+bksink9)+Zexp[t%J(ckcosk0+dksink0), (10)

-t
||u0||A(Q)+C4e E "VOHA(r) ' (11)

—vot —vot
llu, (t)lly<Cse | +Cee 2| (12)

Ouesnzro, pemenne U =U(t) cucremst (1)~(5) Heycroiiumso.

|u0"A(Q) |V0||A(r) ’

Cradunu3zanus peuieHH JeTepMUHHPOBAHHON cucTeMbl BenTuens
[Tyctb ko3 dunmentsr x =y, f=7, —A#k?, ﬁ;t k?, a,feR,, a>p, A<-1.Torna B cu-
a

7y Teopemsl 3 perieHue U= u(t) cuctemsl (1)—(5) Heycroiumupo. [TocTaBuM ciaenyrolnyro 3ajady cra-

Omnmsanuu. TpeOyeTcs HaiiTh Takoe ynpasieHue B obnactu f, u nHa rpanune obmactu f,, uro pere-
HUsSI CUCTEMbI

(A=A g)u =ah, pu+pu+fu=u(tr,0),(t,r,0)eRxQ, (13)
(A=Ap)V; =pAN+0Ogu+ v+ f,,v=V(t,0),(t,0) e RxT, (14)
tru=v na Rx T[] (15)

OyIyT SKCIIOHEHIHAIbHO ycToiumBbl. Ynpasnenne f, u f, Oyzem mckaTh ¢ HOMOIIBIO KOHTypa 00-
paTHoOM cBsI3U
f,=Bu, f, =By, (16)
rae B — nuneiHbIi onepaTop.
OO6o03HauuM 4epe3 N HOMEep MAaKCHMAJIbHOTO 3HAYCHUS

2
{ﬂﬂ_oll(kz ,/1<—k2}.
+

Onepatop B MOXHO mpencTaBUTh B BUIIE
0,4 >-k?;
B= @an
(e=B+an)l,A<—k>2.

Torma pemenue cuctemsl (1)—(5), 3aMKHYTOI KOHTYpOM 00paTHO# cBszu (17), numeeT BUL

W 6+0m—0{k2\(R—
u(t)=u,(t exp|t
(1) 1()+k§ p( a+k? ) 2R

r)k .
— (ay coskd+by sinkd)

m-1 _ 2
+> exp tw (¢, cosk@+d, sinko) (18)
k=1 A+k

u B cuiy (11) skcnoHeHIManbHO ycToitunBo. CrpaBeainBa

Teopema 4. [lycms a=y, f=05, -A#k?, ﬁikz, a,feR, . Ecwm a>pf, A<-1, mozoa npu
a

noowix Uy € A(Q), Vo € A(F) pewenue cucmemvl (13)—(15), 3amxnymoe obpamnoii céaszvio (16), 20e
onepamop B umeem 6uo (17), axcnonenyuaioHo ycmouuuso.

Cradunu3anus penleHuil cToxXacTu4eckoii cucreMsl BenTuesst
Iycrs U ={ueW; (Q) DW, (M):0gu=0}, F=L,(Q)®L,(T). Cmenys [9] mocrpoum mpo-

crpancTBa cayuaiinelx K -eenuyun. Cnyuaiinvie K -senuuunot ¢, y €Uy L, umeror Bujg
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£=S hétor=> Aawi (19)
k=1 k=1

rae {¢ } — cemeiicTBO coOCTBeHHBIX (yHKIMII MoanduIpoBaHHOTrO oneparopa Jlamnaca—bensTpamu

A g€ L(U;F) OpToHOPMHPOBAHHBIX B CMbICIE CKamspHOro npomssenerns (-) m3 L, (Q); {y} -

CeMeNCTBO CcOOCTBeHHBIX (yHKIMH MoaudummpoBaHHoro omnepatopa Jlammaca — bempTpamu
Ay e L(U;F) opTOHOPMHPOBAHHBIX B CMBIC/IE CKasspHOro mpomssenenns (-) u3 L,(I"). Hopmy B

UL, 3agagum dhopmymnoit

o1, *1 1, = S AD5 + 3 R0
PaccmotpuM cToxacTuuecKkyro cuctemy BeHnrtuens:
(A=A, 5)c(t)=an, y& (1) + BE() 1 e(0,7),E €, (20)

(/1 —AQ)X('[) = }/Ag;((t)+0R§(t)+5;((t),t € (0, T),;( el. (21)
K manHoO# cucTeMe MPHUCOBOKYITUM YCIIOBHE COTJIACOBAHHMS, YTO FapaHTHPYET ¢IUHCTBEHHOCTD 10~
JIYYEHHOTO PEIICHHUS

tré(t)= x(t), (22)

n CH36)Z[I/IM €€ Ha4YaJIbHBIMHU YCIIOBUSIMU

£(0)=¢,2(0) = xo- (23)

PaccmoTpum cnepyrommii psia:

e B—ak? J(R—r)* . e B —ak? .
t)= > exp|t a, cosk@+b, sinkd) + > exp|t ¢, coskd+d, sinkd), (24
Cf() k;z p( /1+k2J oRK (& k ) kZ:‘I p K (ck k ), (24)

rae

(R—r)¥ R2T (R-n)* .
coskepd@rdr, b, = sinked@rdr
SRF @ k Hﬁo SRK @

ak:

O —=3

27
[&
0

2z 2z
C = I;(Ocoskwde, d, = Igosin kpdé.
0 0

HerpyaHo 3aMeTUTh, YTO MOCTPOCHHBIN BBIIIE PSJI SBISIETCS (DOPMAIILHBIM pEIICHHEM YpaBHEHHUS
(20). IIpuuem ecu psiapl B (24) paBHOMEPHO CXOJIATCS, TO Tiepe Hamu pernerne 3anaqn (20), (23), roe
OgU =0. YuureiBas 5170, MOXKHO IIOCTPOUTH pelIeHue 3an1a4u (21), (23)

0 2
Z(t)zZexp(t5_7k2 J(ck coskd +d, sink@), (25)
k=1 A+k
r7e B cnydae o=y, =0 pemenus 3agaun (20)—(23) OyayT yaOBIETBOPATH YCIOBUIO COTJIACOBAHUS
(22).

Teopema 5. /[na nobvix &y eU L, (Q) u yoeUyl, (F) u koapguyuenmos o, f,y, 0, LeR,

makux, ymo a=y, =06, a 1# k?, s k%, 20e keN, cywecmeyem eOuHCmEeHHOe peuleHue
a

£eC”(R,;UkL,) cmoxacmuueckoii cucmemvt Benmyens (20)—(23).
Onpenenenne 3. Pemenne & = §(t) cuctemsl (20)—(23) sxcnonenyuanvro ycmotiuugo, eciv cyuie-
cTByoT Takue KoHCTaHTel N >0 u v >0, uro mpu Bcex teR, u mobeix & eUgL, (Q) u

Xo<€UkL, (F ) pewenue &=¢ (t) cucremsl (20)—(23) yaoBieTBOpseT SKCIIOHEHIINATILHOHN OIICHKE

16 (t) e, < Ne™ (1 o lluy L, +11 20 luyer,) (26)
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Onpenenenue 4. Pemmenne &=¢& (t) cuctemsl (20)—~(23) Ha3BIBaeTCS HEYCTOWYMBHIM, CCIIH CYIIIC-
crByer & >0 npu HekoTophix & €Uy L, (Q) u gy €Uy, (T) u t>0 Bemomseno
1£(t)~% llu, L, +I 2(t)- 10 oL, &
B2

Teopema 6. [lycmv =y, =0, —/"L;tkz, = , a,feR, . Ecu a>f, A>-1, moeoa npu
a

moobix &y eUy Ly (Q) u yy €Uy L, (T) pewenue cucmemor (20)~(23) sxcnonenyuansio yemotiwugo.

Teopema 7. I[lycmv =y, =0, —/"L;tkz, Eikz, a,feR, . Ecwm a>pf, A<-1, mozoa npu
a

moobix &y eUy Ly (Q) u yo UL, (T) pewenue cucmemor (20)~(23) neycmoiiuuso.
B

[lyctp k03 pummentsr =y, f=0, —/I;tkz, —;tkz, a,peR, , a>p, A<-1. Torna B cu-
a

Iy Teopembl 3 perieHue U =u(t) cuctemsl (20)—(23) meycrorumBo. [loctaBuMm crenyronryro 3amaqy
crabmnmmsanuu. TpeOyercst HaliTH TaKoe YIpaBIICHHE B OONACTH 7 W HA IPaHHLE OOIACTH 7], , YTO pe-

HICHUS CUCTEMBI
(A=A g)e(t)=an, o (1) + B5(
(A=Arg)e(t) =ah, p& (1) + BE(t) + 2t e(07),E €, (28)
tré(e)=x(¢) (29)

OyAyT SKCHOHEHLUAIBHO YCTOHYMBBL. YIPABICHHE 7; U 1], OyAeM HCKAThb C IOMOLIBIO KOHTYpa 00-

t)+7:te(0,7),5eQ, (27)

paTHOM cBsI3U
n:=B&n, =By, (30)
rae B — nuHeWHSBIA oniepaTop.
Teopema 8. [Tycms a=y, f=6, —A#k?, ﬂ/a;tkz , a,feR, . Ecu ak?®> B, 2<-1, mozoa
npu mobeix & €Uy Ly (Q) u gy €Uy, (T) pewenue cucmemv (27)—(29), samkrnymoe obpamnoti ces-

3b10 (30), 20e onepamop B umeem 6uo (17), sxcnonenyuanvHo ycmoudueo.

Bce paccyxieHus U OIICHKU MPH JI0KA3aTeIbCTBE TEOPEM 5—8 aHAIOTHYHBI ICTCPMHUHUPOBAHHOMY
CJIy4aro ¥ MO3TOMY He MPUBOJIATCA.

Uccneoosanue evinonneno 3a cwem epanma Poccuiickoeo nayunozo ¢gonoa 25-21-20017,
https://rscf.ru/project/25-21-20017/.
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STABILIZATION OF SOLUTIONS FOR THE WENTZELL STOCHASTIC
DYNAMICAL SYSTEM IN A CIRCLE AND ON ITS BOUNDARY

N.S. Goncharov, O.G. Kitaeva, G.A. Sviridyuk
South Ural State University, Chelyabinsk, Russian Federation
E-mail: goncharovns@susu.ru

Abstract. The paper considers the problem of stabilizing the solutions of the deterministic and sto-
chastic Wenzel equations, which describe the filtration of a liquid in a circle and on its boundary. The
authors address the issue of exponential stability and instability of the deterministic Wenzell equations
solutions. They consider different signs of the parameters that describe the medium and the properties of
the liquid. The instability gives rise to solving the problem of stabilization using a feedback loop. The
obtained results are used in the stochastic Wenzell equations. The Nelson-Gleich derivative is consid-
ered, and a stochastic process is a solution.

Keywords: stochastic dynamic system of Wentzell equations; the Barenblatt—Zheltov—Kochina
equation; the Nelson—Gleich derivative; instable solution; solution stabilization.
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GENERALIZED SOLVABILITY OF INITIAL-BOUNDARY VALUE
PROBLEMS FOR QUASIHYDRODYNAMIC SYSTEM OF EQUATIONS
IN WEIGHTED SOBOLEV SPACES

F.A. Evseev'?
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2V.1. Shpilman Research and Analytical Center for the Rational Use of the Subsoil, Khanty-Mansiysk,
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Abstract. The paper considers the analog of the first initial boundary value
problem for a quasihydrodynamic system of equations in the case of a weakly
compressible fluid in weighted Sobolev spaces. The system is an elliptic-parabolic
system: its first part is an elliptic equation for the pressure gradient, and its se-
cond part is a parabolic system for the velocity vector. The unknown variables of
the pressure gradient and velocity vector belong to the principal parts of the ellip-
tic equation and the parabolic system. The fixed part of the system is not uni-
formly elliptic, thus complicating the study of the problem. T.G. Elizarova and
B.N. Chetverushkin introduce the system by averaging the known kinetic model.
The first versions of the system are the system of quasi-gasodynamic equations.
Later, Y.V. Sheretov, based on a more general equation of state, obtains another
model, which is called quasihydrodynamic system of equations, and thoroughly
analyses its properties. However, the issues of generalized solvability of initial
boundary value problems for such systems have not been studied in detail yet.
There are only some partial results. The paper aims to fill this gap. We prove
generalized solvability of the system in some weight classes characterizing the be-
havior of solutions at t—co according to the Galerkin method and the obtained
prior estimates. The decreasing (growing) behavior of the solution depends on the
decreasing (growing) right-hand side of the system. The decrease (growth) at
t—oo of the used weight functions can be both exponential and power.

Keywords: Initial-boundary value problem; quasihydrodynamic system; prior es-
timates; weight functions; existence theorem.

Introduction. We consider a quasihydrodynamic system of equations in the case of a weakly com-
pressible fluid:

divu =divw, W= r[(U,V)U+1Vp—?J,(t,x)eQ =(0,0)xG,G c R?,
g ®

%“+(U—W,V)G+EVp=?+yAU+w(u)+(u,v)W+Wdivu,y=¢7/p.

Yol
where G is bounded domain with boundary T eC?2, z=n/ p is kinematic viscosity coefficient. Densi-
ty p, dynamic viscosity u and characteristic relaxation time z are positive constants. Vector field

f= 7(x,t) determines the mass density of external forces. The system (1) is closed with respect to the
unknown functions, i. e. the velocity vector U=Uu(x,t) and the pressure p= p(xt). Symbols div and

V denote the divergence and gradient, respectively.
We look for a solution to the system (1) satisfying the following initial and boundary conditions and
the normalization condition:

0l = 0,w-v|,. =0, =Uo(x), [ p(t,x)dx =0, @)
G

where v is the unit vector of the outward normal to 7.

The system (1) in a more general form was derived in [1, 2] by averaging the known kinetic model.
The first variants of the system are called the system of quasigasodynamic equations. The derivation of
the system and some results can be found in the monographs [3, 4]. Later, using a more general equation
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of state, another model known as quasihydrodynamic system of equations was developed in [5, 6]. In
particular, a detailed analysis of the properties of this model is presented in the monograph [7]. Here, for
a quasihydrodynamic system of equations in the case of a weakly compressible fluid (i.e., for system
(1)), dissipative properties are investigated and a theorem of uniqueness of the classical solution to the
main initial-boundary value problem is proven. Zlotnik A.A. in [8] constructed a system with a general
regularizing velocity on the basis of a linearized (on a constant solution) quasihydrodynamic system of
equations and established the degeneration of the parabolicity property of the original system. Later, for
the first time, he constructed a quasigasodynamic type regularization of the heterogeneous model (in the
quasihomogeneous form), for which the difference scheme an explicit two-layer in time and symmetric
three-point in space in the 1D case was constructed [9]. In [10], a model based on quasigasodynamic and
quasihydrodynamic equations in multiscale media is investigated, which can be used in applications to
porous media theory. A computational multiscale method based on the idea of bond energy minimiza-
tion was proposed to solve quasigasodynamics problems and improve the accuracy of simulations. Re-
cently, regularized hydrodynamic equations of quasihydrodynamic type have been used in the numerical
solution of a number of practical problems. Relevant results are exposed in [11-14]. Note that the sys-
tem (1) is an elliptic-parabolic system and both equations, elliptic and parabolic, contain the senior de-
rivatives of the unknown pressures p and the velocity vector u . Such systems often arise in applica-

tions. In [15], to solve the problem of two-phase non-isothermal filtration, the authors consider a system
consisting of one elliptic and two parabolic equations with known boundary conditions. The authors in
[16], using the technique of Fourier multipliers, proved an a priori estimate for strong solutions to ellip-
tic-parabolic equations of mixed type in Sobolev space. In [17], a family of models for the flow and
transport of multiscale single-phase fluid in inhomogeneous porous media based on an elliptic-parabolic
system consisting of an elliptic equation for steady-state flow and a parabolic equation for transient ad-
vection-diffusion is described. The existence and uniqueness theorems of generalized and regular solu-
tions of an analog of the first initial boundary value problem for the system (1) are presented in [18, 19],
respectively. The proof of the existence of generalized solution in [18] is based on the Galerkin method
and a priori estimates. In [19], under certain conditions on the data, it is shown that there exists a unique
regular solution of the initial-boundary value problem locally in time. The existence and uniqueness the-
orems for generalized and regular solutions to an initial-boundary value problems for a
quasihydrodynamic system in the linearized case are presented in [20]. In the case of a regular solution,
there are some restrictions on the norms of the data. The obtained results provide appropriate stability
estimates for solutions to the original nonlinear problem.

In this paper we study the solvability of initial-boundary value problems for the system (1) in some
weight classes characterizing the behavior of generalized solutions as t — .

Preliminaries
Let t,p be a sufficiently smooth solution to the problem (1), (2). We say that te Ly, (0,0 E)

(E is a Banach space), if tie L, (0,T;E) forany T <co. Let y(¢) be a non-negative function such that
,u({t : y/(t) =O}) =0. Here u is the Lebesgue measure. By L, , (O,oo; E), we mean the space of meas-
urable functions G(t) such that wleL,(0,o0;E). Let us multiply the first and second equation of the

system by the functions ¢ and w respectively such that ¢e LZ(O,oo;WZl(G)), .[go(x)dx=0,
G

vel, (O,oo;Wzl(G)), :p|s =0, ¢@andy have bounded supports. Integrating the results over G, we

arrive at the equalities:

[ U-Vpdx = [ W- v pix =r((U,V)J,V(p)Jr%(Vp,Vgo)—T( f.Vo),

E R PN (P

p(ii, divi ) +((i, V), )+ (wdivid, 7 ),
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where the point - means the scalar product in R® and (u,v)=_[uvdx for scalar functions and

(U,V): jU-de for vector functions. Integrating by parts, we have
G

((d@,V)wy7) = [ (U, V)W-ydG = [ diviw- dG — [ (1, V) - WdG. ()
G G
Using this equality in (3), we obtain the equations

(u‘,v(p)=(w,v(p),(%,zpj—((u—v‘v,v)y7,u’)+%(vp,,,;)+

#(VU,V )+ p(divi,dive) +((0,V)g,w)=(f.p7), (5)
valid for almost all t. Equalities (5) can serve as a basis for defining a generalized solution to the prob-
lem. Let pye[13/2], q,=2py/(4py—3), p,=5/4. Then qye[L2]. Functions

U € Lyjoc (0.09W5 (G)) M Lo (0,905, (G)) U e L,y loc (0,25 (G)), peLy, (0,5W;, (G)) such

that @+(U,V)Ue Ly joc (0,90, L, (G)), satisfying (2) are called generalized solutions of the problem
o,

1), @) if

j(u,w)dt:j(w,v j[(a—“,lp) (U —W, V), u+—(Vp w) +
0 0 0

w(VU,Vy )+ pu(divi,divg ) +((4,V)y, w)dt =

O'—;g

(f, y/)dt

for all functions peL, (O,oo;WZ( ) with I (t,x)dx=0,p € LS(O ( )) and z/7|S =0, having a
bounded supportin t. Let

a(ﬁ,&):(%ﬁy]—((u W,V)y,u)+ ;(Vp,¢)+y(vu,v./7)+ﬂ(a,div¢)+((u,v).p,w).

The main results
Let's introduce an auxiliary weight function. We consider several different cases. In the former case

B(t)= et (7 #0,y <ul268,), where &, isthe constant &, from Poincaré's inequality
2
[l dx< s, [Ividx,
G G

valid for all G €W, (G), such that U[.=0. In the second case S(t)=(M +t)” (y#0), where M >0 is
some constant, which will be chosen below.
Theorem. Let f{/8eL,(Q), UyeL,(G). Then there exists a generalized solution of the problem

(D, @ such that JBuel,(00W5(G)), Buel,(0xiL,(G)), B(uV)uel(Q),
\/ﬁ(@Jr(g,v)ﬂ eL,(Q), B(u,Viue Loy (O,oo; Lo (G)) for any Po €[1,3/2],

P
Vpp* e Lo, (0,00; Lo (G)) upB% e Lo, (O,oo;Wgol(G)) for any p, €[1,3/2] and for all « such that

a<y2 if p=¢" (y>0) and a<%_2|ﬂ?0 if p=@+M)"7,B3<0; the case of a:% is possible
o
when q, =2; a>l+ﬂ and e 21if B=(t+M)7,B>0; a=1if g=¢" (y<0).
2 2|Blag
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Proof. First, we derive the first a priori estimate with weight g for smooth solutions to the prob-
lem. Take ¢ = pg, w= pu inthe definition of a generalized solution. We obtain the equalities

r((u,V)a,ﬂVp)+1(Vp,mp)—r(?,ﬁVp)—(a,ﬂVp)=
(5U G'Bj ((u WV)u u,B) p(Vp JUB)+ u(Vu,vupg)+ u(divi,divig)+ (6)
((G,V)Uﬂ,(r(a,v)m%w—T?D=(?,Uﬁ).

Dividing the first equality in (6) by p and adding it to the second equality and using the equality
((U—W,V)G,U):O, we obtain that

o ol i |2 o .
aj'w'zﬁdX_Ilu|2ﬁtdx+,u(Vu,Vuﬂ)+,u(leU,dIVUﬁ)+%(Vp,ﬁvp)‘i‘

(@, v)a, ﬂVp)——(f ,BVp)——(u AVP)+=(Vp,uB)+7((U,V)u,(u,v)ipg)+ 7)

iy
P
;(Vp,(u,v)up’)—r((U,V)U'?ﬂ):(

Transforming this equality, we conclude that

Yol
?,uﬂ).

.12 .

%({ (u |2 ﬂ)dx_(J; (u |2 P+ (Vi Vi) + p(dlivii diviig) +

£ GBI E (G0
5(F.908)~<((@v)as.p)=(/.8).

J' ’Bd J'|4| ’Btdx+ﬂ(Vu Vip)+ pu(diva, divip ) +
g

r[ﬁ(%ﬂﬂ,v)ﬁj,[%+(U,V)UB:r[?,7ﬂ+(ﬁ,v)ﬁﬂj+(?,ﬁﬁ). 9)

Estimate the right-hand side using the Cauchy inequality

e 2 1 9
ab|<=-a“+—b", 0). 10
|ab| S o (£>0) (10)
We have that
|fF B

ST.[G ; X +— I| + (@, V)i |* Bdx (11)

F o E (112 £ 2
f.up)|<=1|u dx f dx—. 12
( ﬁ)i2£||ﬂ+£llﬂzg (12)

Using these inequalities in (9), we obtain
12
f [0l By, flu |2 By + (v, V) + pu(dive, divig) +
G

2 gl Y2 vya || Y24 (u,v)a j|f|ﬂdx+—j|f|ﬂdx+g50j|w| Bdx.  (13)
2[ (p Mp D

Let's take &= u/5,. We conclude that

16 Bulletin of the South Ural State University
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u| ﬁdx Il i Py & 2(Vu Vig)+ u(divi,divig)+
— 2
( j [Vp (U,V)a D fIf] ﬁdx(hi} (14)
p 5 2 2u
Consider the foIIowmg two cases: a) S, <0, b) S, >0. Let

J :%(VU,VGﬁ)+y(divU,divUﬁ)+%[ﬂ(@+(U,V)UJ,(@+(U,V)UD. Integrating (14) from 0 to
P

Salo)

N

Y2,
t, in case a) we obtain

luP B ¢ t ug

T2 0 _
({Tdmgiadxdtsclw f ,dedt+z|;?/5’(0)dx—M. (15)
In the case b), we can rewrite the inequality (14) in the form

flul ﬂ(t)dX+I|U| (ﬂﬂ ﬁt]+JdX<I|f|ﬁdx[f ;szj (16)

Let B(t)=¢" (7>O). Since y<ul/28,, (16) implies that the inequality (15) holds. Let

B=t+M)7 (7 < 0). In this case, choosing a sufficiently large number of M (L+l >0), we ob-
0

tain the inequality % —% >0 which validates the inequality (15). The inequality (15) yields
0

max, (G2 Bdx <M, [1d 2 (t,x)dx < 20—, (17)
‘i i T
5 (V0.V0p) + u(diva)’ ﬁ+%(ﬂ(v—§+ (U,V)U),(V—F:JJr (@ V)i) <M. (18)

Q
As a consequence, we obtain the following a priori estimates for solutions:

547 om0 | 20107
where C,(M) is some constant depending on M, 7,
“G\/EHLOO(O,OO; L, (G)) <G (M). (20)

Next, we evaluate all summands included in the definition of a generalized solution. Demonstrate
that

<C, (M), (19
L(Q)

18UV (000 L (G) <C,po€[13/2], (21)
qo( T TRo )
where the constant C has the same properties as the constant C, . The Holder inequality yields
S 32 i g¥2
a9y, =clvar?] o Jos, @)

where ¢ = 5 - Next, we use the embedding Wy (G) = Ly, ,(G) for pya=r= 3—625 , in this case
Po _ 3 _ o= 3(po-1)
2-pp 3-2s Po

The necessary inequality s<1 is equivalent to the inequality p, <3/2. From (22) it follows that

,v)a <C,|vup¥? 0gY? : 23

|8(a,v) ||Lp0(G) Cl” B HLZ(G) H P s ) (23)
We estimate the last multiplier using the interpolation inequality [21]
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oAl

HU ’B \WS(G) (24)

where s =6 . From (23) we obtain the estimate

pa.9)l,_ oy <C A

3(G)

o WPl @)

L(G)'

Using (20), we obtain

. (1 )
AV 6.0, 0 =il (I | <Cy(m), (26)
where we choose
Uo(1+5)=2,i.e.0y=2py/(4py—3). 27)
By definition, g, >1. The estimate (19) yields
H@\/ﬁ+\/ﬁ(u,v)u <C(M). (28)
P L(Q)
Vp .
Let g =(—+(U,V)u). Next, we infer
P
a Vp < a a .
— < + u . 29
g L Hqu (0,0;Lpy (G)) Hﬂ gHLQO (0.1 (G)) Hﬂ ( HLQO (0.205Lpy (G)) %)
Let 4 >0 and let o <1. In this case
5 (a,v)aHqu 0y ) S ||ﬂ(G,V)U||LqO oty @y SC(M): (30)
If 5 <0 and « 21 then similarly we have that
s (U,V)U”qu Ot ) ||ﬂ(u,v)a||LqO 0ty SCOD) (31)
Next, we derive that
a i P %/Po gado gt)/d
|2 QHL ot £(£|g| " ch)®/ P geogit) Vb (32)
where
(J‘l g [P dx)Qo/Po < (J'| g |2 dX)qO/ZCO, Co= #(G)%(J/Po*l/Z)1 (33)
G G

with x is the Lebesgue measure. In this case, we infer
1 o 2q0 1 qO

|| q(f(j|g| ) f2 B 2dt)q0<q(jﬂj|g| dxdt)z(jﬂz 2y ™ (3a)

qu (Ovoovao (G))
Let S=e’", »>0. In this case, for convergence of the last integral, it is necessary that o <1/2. If
B=@+M)7,y<0, then it is necessary that
2—
1 (2-99)

2 2|yldy
Note that the inequality «>0 is satisfied under the condition that 2/(1+|y[)<q,<2. Let

(35)

B=e"",y<0. For convergence of the integral, it is necessary that & >1/2. If f=(t+M)7,y>0,itis
necessary that

a>(2_q°)+1. (36)
2|ylqy 2
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QO)
2|y 1d,
gualities (29), (30) imply the estimate

[o°|

Note that the inequality (

+=2>1 is fulfilled whenever if 2 > (. If B, >0, then the ine-
2 1+ 7|

<c(M), (37)

Lag (0ciL g (G))

where a<1/2 if p=¢" (7>0) and a<%—22| |q° if p=(@+M)7,y>0.The case a:% iS pos-
%
sible when q,=2. If S <0, the inequalities (29), (31) yield

<C(M), (38)

qu (O,DO, Lpo (G))

where o> =+ 2%  and g1, If —2 >, then the inequality 1, 27% 51 poigs.
2|74 I+ 7] 2 |7|QO
We have obtained the estimate
@ U U <
Z VpHquw'w;Lpo(G)f”ﬂ (V) 09 < Co (M), (39)
As a consequence, if p,=p, =5/4 (py =0, in this case) then we conclude that
”'B pHL (Q)+||ﬂ U V u"L (Q) _C4(M)' (40)
Since
W=T(@+(u,v)a—?j, (41)
o)

we have the following inequality for the norm of E

£ (G,V)a f <Cs(M). 42
IV G sCl) I V) &

Let us estimate the summands from the definition of a generalized solution. We have that
((U—w,V)w,0) '[Z W, )y . (43)

Gij
Consider the functional I(y) . The Holder inequality yields

| =jwiy/jxiujdx, 1< wiy; | 1/ py+1/ ph =1. (44)
G

Lpy (©)

Jvs
Lp, (©) P

Further, we obtain (see (20)) that

1
[f 1w 1P (u;)Pax]™ <|w I, ‘“”JHLZ,JO Oenleg (@)
G 2-py

Cs (45)

Z(G) ”Lz(G) ”UJ“\NZ(G) H JHLZ(G) Iy,
where s=3(p, —1)/p, . We can conclude that

" I1ﬂ”(ﬂgo(0,oo) < .([ﬂqo ||Wi|qLZ(G) Hui ‘Wg(e) “ui Hl(_lz_(ZjO d< C.[H\/_W HL (G) H\/_

where C = H\/zu J “ . Applying the Holder inequality with q = 3, we infer
Lo (0,0;L2(G)) 0

||/3|1||L (Ooo) H \FHL (e)) [J.H

2 . L . .
Note that 23& = 2. In this case the previous inequality can be rewritten as
— 0o
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”ﬁllnqu 0 SCs(M). (48)
The expression
1) = [ Wy e = (W, V)7, 1) (49)
ijG

is a linear continuous functional over Vovlpé(G) . It follows from (44), (47) that

e 20 gL =iy Bl Bl
where py = po/( Py —1). Using (48), we obtain that
"I B ”qu (0.20W, (G)) <Cp(M). (51)
Denote
(VP.y7)=h(¥),Vp €Ly (0,0 L, (G)). (52)

This expression has a sense for functions Lo (0,00; Lo (G)) with a bounded support. Then we
have

L(y) < "Vp"LpO ©G) '"'/7"% ©F (53)
In view of the estimates (37), (38), we derive
”Il(l’/;)’g HLqO (O,w;W[;()l(G)) g”ﬁ vp Lgo (0:01L, (G)) SC“(M ) (54)

For integrals of the form

L) =((4,V)y,u) =Zjui.,7jxiujdxdt,|3(y7) =((u,V)w,w),
ijG
we have the estimates (as in the proof of the estimate (53))

MBI, o.esw 2oy <Cra(M),i=23 (55)

Let {p} — be a basis for the subspace of the space W, (G), consisting of functions ¢, satisfying the

condition j(pdx =0. As vector functions {y; }, we choose the eigenfunctions of the problem
G

—AG =2y, ¥l =0, ¥ =(y1,¥2,3) eW; (G) MW 3(G). (56)
They form an orthonormalized basis for L,(G) (after normalization) and an orthogonal basis for the

space V =W, (G) "W 5(G) if we take the expression (G,V), =(AU,AV) as a new inner product. Let
Py is orthoprojection in L,(G) on the subspace Vy =Lin{yy,¥,,...,wn}. It's obvious that
Py e L(V,V) and, in view of duality and selfadjointness, it allows an extension to a bounded operator

of the class L(V',V') , where V' — dual space constructed by L,(G) and V as a completion of L,(G)

with respect to the norm |uf - =sup|{u,v)y, |/|V], . In particular, we have that (u,Pyv)=(Pyu,v) for all
veV

veV,ueV . Note that W22 (G)m\;vlz(G) c VOVE(G) and the embedding is dense. This is a consequence

of the embedding theorems. Since V Wé(G) we have that W, (G)cV' . Let 4 be the correspond-

ing eigenvalues.
We look for an approximate solution to the problem in the form

Uy = %Ci (t)wi (x), py :%:ozi (t) e (x).
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where ¢;(t) and ¢ () are solutions to the system:

(uy —wN,vgoj):o,a(uN,y;j):(?,y;j), 6 (0)=(Up, %), j=L1..,N. (57)
The first equation of the system can be rewritten as
(GN _ VP —z(UyV)Uy + fr,qu,JzO. (58)
2
We have that
™Vpy r
Vo =;Zaj (t)(V(/)j,V(p,),det(Vgoj,ng}l)7&0. (59)
j=1

The last determinant is the Gram determinant and it does not vanish. Indeed, the following estimate
holds:

”vp”L2 (G) Z CO || p”'—z (G) Vp EWZ:L(G) . .[ de = O
G

This inequality guarantees that an equivalent inner product <u,v>=(Vu,Vv) can be introduced in
the required subspace of functions ¢, which guarantees the claim. Let A be a matrix with elements

a; =(V¢;, Vo, ). In this case the system (58) is rewritten in the form

P (Uy —7(Uy,V)ly +7f.02) | ©0)
T (UN —T(UN,V)UNJrTf,goN)
Substituting a into the second system, we obtain a nonlinear system of ordinary differential equa-
tions for functions c; (t) The a priori estimate below guarantees that the Cauchy problem for this sys-
tem has a solution on the entire interval (0,0).

Further, we obtain a priori estimates for approximate solutions. Multiply the first and the second
equation of the system (57) by ¢; and c; , respectively, and summarize the equalities over i. Then we
obtain that

We have the above-proven estimates (19), (20) and, thus,

Bl o v P 72+ )i N

yo,
where C,(M) is some constant depending on M, z,7,
“GN ﬁHLw(O,oo;LZ(G)) = Cl(M ) (63)

The estimate has the same form because ||PNf||L2(G)s||f||L2(G), ||PNu0||L2(G)s||u0||L2(G),

<C ( M ) (62)
L(Q)

Uy (0,X)=PyU, . Take py =0, =5/4 and fix the parameter o =« , satisfying the conditions from the
statement of the theorem. As a consequence of (26), (28), (40), (42), we infer

[ \/EHLZ(Q)+HVpNﬂ ao“g/4(o)+||(UN’v)UNﬂ g

Obtain an estimate for the derivative with respect to time of a solution. To this end, we rewrite the
second equation of the system in the form

(%ﬁ}((% iy, V)i )-%(VpN W)+

w(Viiy, V) - u(diviiy divig)—((ty, V)iz,wn )+ F.07) = Lo), (65)
where y €V, . It is easy to see that the expression L,(y) is a linear continuous functional over the

<C4(M). (64)

space VOV%,(G) in view of the estimates (53), (54), (55) (where the U is used instead of Gy ) and thereby
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also over the space V . Hence, there is gy (t)eV' such that Lo(w)=(gy.w) for all y V. The esti-
mates (34), (53), (54), (55), (61)—(64) ensure that

gn A" <| <Cpp(M), (66)
H N Ls/4(0,00V") Ls/4(0,20W5/4(G)) 2( )

where C;, —some constant depending on M and independent of N . The equality (65) can be rewritten
in the form

Nt = PuOn-
The previous estimates and boundedness of the operator Py in V' imply that
U B0 <C,, (M), (67)
H N g 4 0oy Ciz (M)
The sequence Uy is bounded in space endowed with the norm
i =fas] . +as (69
Ly (0,50,W5(G)) Lg/4(0,50V)

and the estimates (62)-(64) are valid. Hence, there exists a subsequence UNk and function
Uel, 50.2W;(G)) such that Uy f —>if in L0=W,(G) weakly, Uy, x5 =iy B
weakly in L,(Q), Uy,t =, weakly in Ls,4(0,00V ), divGNkﬁadivﬁ\/ﬁ weakly in L,(Q),
WNK\/,E%U\/E weakly in L,(Q), ka,B“O — pp“0 weakly in Ls;4(Q), B*Vpy, — SOVp and
Bl V)i, — By weakly in Ls;4(Q), [Biiy, —[Bii weakly in L, (0,%L,(G)) . Demonstrate
that

VD o o o

W=—-+(U,V)u-f, 4, =(u,V)d, (69)

o)
Construct an increasing sequence T, — o at k —oo. In view of the estimate (68), the subsequence

Un, is bounded in the space endowed with the norm

R R . O
o, =16l vsion 18y o

Next, we will use the compactness theorem (Theorem 5.1 of Chap. 1 in [22]). Note that the embed-
ding W 12(6) cL,(G) is compact. By the compactness theorem, there exists a sequence Uy, such that
UlNk — U strongly in LZ(QTl), QTl =(0,T;)xG and almost everywhere in QTl . Again using the com-
pactness theorem, from the subsequence U,l\,k we can select a subsequence Uy, such that G,ﬁk—m
strongly LZ(QTZ) and almost everywhere in Qr, - Repeating the arguments, we construct the family of
subsequences U,'\, such that U,i\, — U strongly LZ(QT) and almost everywhere in Qr. - Now, define the

subsequence V —uN , Which converges in LZ(QT) to U for all i and almost everywhere in Q . Fix i
and take the function y € L (Q) such that suppl//cQTi . We have

[ B((4. V)V, ~(0.9)0)-57dQ = [ B(((V —u).V ¥y + (U, V) (0~ ))- Q.
Q Q
The first integral is estimated as follows:

_[ﬂ V)V - dQI< cyg vy - u||L(QT)H\/_V “ QT_)—)Oatk—mo.

Moreover, we have that
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[(6,v)(U -V, )-7dQ >0 at k >c,
Q
due to weak convergence of AVv, to AVi in L,(Q). Since the convergence takes place for all i and

the set of functions with a bounded support of the class L, (Q) is dense in L, 4(0,0;L,(G)), we can
conclude that u; =(G,V)u and thereby W=@+(U,V)U—?. A subsequence V, coincides with some
P

subsequence uy, for a suitable choice of the sequence N, . Fix T >0 and take the set of functions
;(1),¢;(t) eC([0,0)), such that supe;,supc; = [0,T], multiply the corresponding equalities (57) with
N =N, by these functions, sum the result on i from1to n (n<N, ) and integrate the obtained equa-
tions on t. As a result, we have

I(ka — iy, ,V(p)dt -0, ja(aNk ,y?)dt = [(f.v)at, (72)
0 0 0
n n
where y :Zciy/i and (/)=Zai(p| . Let us consider successively all summands. First, we can pass to
i=1 i=1
the limit in the first equality and obtain that
j(u—w,vq))dt=0,W=r[(u,v)U+EVp—?} (72)
Yo
0

In the second equality, we consider only the nonlinear summands, since in the linear part the pas-
sage to the limit is realized due to the weak convergence. Consider the summand

Iy, =j((UNk iy, V)70, )dt.
0
Demonstrate that Jy, —J = j((ﬁ—v”v,V)y?,U)dt as k — oo Consider the difference
0

Iy, =3 :I(HNK Vi, .V )7, Uy, —Udt+I((UNk Vi, ,V)l/?),ﬁdt.

The second integral tends to zero due to weak convergence, and the first integral is estimated as fol-
lows:

I((uNk Vi,V )7,y —U)dt <cluy, _UHLZ(QT) —>0ask — oo,

Similarly, we can show that T((UNk ,V)y?,WNk )dt —>T((U,V) *,W)dt at k —oo. Passing the limit
as k — oo, we can conclude that 0 0
T(%,lﬁj—((ﬁ—W,V)W,U)+%(Vp,z/7)— #(VU,V )+ p(divi,divig) +((d, V), w)dt =T(?,V7)dt.
: In view of the choice the basis, we obtain that G is a generalized solution to the probleom. Proof of
the last statement of the theorem, e, inclusions Vp,(u,Vu)ue qu (0, 00; Lpo (GQ)),

uB% e Lo, (O,oo;Wp’0 L(G)) for any Po e[1,3/2] and the corresponding parameters o was carried out in
the first half of the proof.
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OBOBLUEHHASA PASPELLMMOCTb HAYAIIbHO-KPAEBbLIX 3A[1AY
anda KBASUrnapPOAMHAMUYECKOU CUCTEMbl YPABHEHUN
B BECOBbIX MPOCTPAHCTBAX COBOJIEBA

®.A. Escees™”

! H0zopckuti 2ocydapemeeHHbiii yHugepcumem, 2. XaHmbi-MaHcutick, Poccutickasi ®edepayusi
2 AY «HALl PH um. B.W. Lnunbmaray, 2. XaHmeli-MaHcutick, Pocculickast ®edepauyus

E-mail: fedor_evseev@rambler.ru

AnHotanus. B pabote paccMaTpuBaeTcsi aHAIIOT MEPBOM HAYabHO-KPASBOW 3aJ1auu JUIsi KBa3UTHI-
POOMHAMHUYECKON CHCTEMbI ypaBHEHHUH B Cilyyae CIa00CKHMAaeMOM KHMIKOCTH B BECOBBIX IPOCTPAHCT-
Bax CoOoneBa. Cucrema sIBISIETCS IIMITUKO-NApaboInuecKoi CHCTEMOM: MepBasi €e 4acTb MpeCTaB-
JseT coOOM 3IUINNTHYECKOE YpaBHEHHE OTHOCHTENIBHO T'PaJUEHTa JaBJIEHUS, a BTOpas MpEeACTaBISET
co00# mapaboNNIecKyr0 CHCTEMY OTHOCHTEIILHO BEKTOpa CKOPOCTH. Henm3BecTHBIE TpajiMeHT AaBIICHUS
1 BEKTOP CKOPOCTH BXOJST B IVIABHBIC YAaCTH 3JUTMITUYECKOrO YPAaBHEHHS U NapaboIn4ecKOi CHCTEMBI.
CranuoHapHas 4acTh CHCTEMBI HE SBIISETCS PABHOMEPHO 3JUIUNTHYECKOH, YTO CO3/aeT JIOTOIHUTENb-
HbI€ TPYAHOCTH IpH HcchenoBaHuy 3anaun. Cuctema Obuta BeiBeneHa T.1°. Enuzaposoit u b.H. Yetse-
PYLIKMHBIM IyTEM OCPEIHEHMs M3BECTHOW KMHETHUeCKOoW Mozenu. IlepBrie BapHaHThI CCTEMBI Ha3bl-
BalOTCA CHUCTEMOI KBa3urazoinHamuyeckux ypaBHenwid. [lozmaee F0.B. lllepetoBeiM Ha ocHOBe Ooee
00IIIEero ypaBHEHHUsI COCTOSHHS ObLIa IMOJTyYeHa ellle OJHA MOJIENb, KOTopas MoJy4niia Ha3BaHHE «KBa-
3UTHIPOAMHAMHUYECKasl CUCTeMa ypaBHEHHH». MM ke Obul mpoBeleH AeTalbHBIN aHAU3 CBOICTB 3TOM
cucrembl. OHAKO paHee Jake B JUHEHHOM cilydae MoJpOoOHO HE MCCIEAOBAINCH BOIPOCH 0000IICH-
HOM pa3peimnMoCcTy HaualbHO-KPAeBbIX 3aj1a4 Ui TAKUX CHCTEM, UMEIOTCS TOJIBKO HEKOTOPhIE YaCTHBIE
pe3ynbTaThl. B manHON crarthe OyneT mpeAnpuHsTa MOMBITKA BOCIIOIHUTH 3TOT mpoben. Jloka3siBaeTcs
000011IeHHAsT Pa3PEIIMMOCTh CUCTEMBI B HEKOTOPBIX BECOBBIX KJlaccaX, XapaKTEepU3YIOIIUX MOBEJCHHE
pemennii mpu t—oo. Jloka3aTenbCTBO OCHOBAaHO Ha MeToAe lanepkrHa M TOITy4aeMbIX ampHOPHBIX
oreHkax. Ommcano yObIBaHHE (POCT) pelIeHHs B 3aBUCUMOCTH OT YOBbIBaHUS (pOCTa) MPaBOi 4acTH CHC-
TeMbl. YObIBaHUE (POCT) MpH {—00 UCTIONB3YyEeMbIX BECOBBIX (DYHKIHMH MOXET OBITh KaK SKCHOHEHIIU-
aJIbHBIM, TaK U CTEIICHHBIM.

Kntouegvie cnosa: nauanvmo-xkpaesas 3adaua; Kea3ueUOpoOUHAMUYECKAS cUucmema; anpuopHvle
OYEHKU, 8eco8ble (DYHKYUU, Meopema Cyuecmeo8anusl.

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 25
2025, Tom 17, Ne 3, C. 13-27



MaTtemaTtuka

JlutepaTtypa

1. Enuzaposa, T.I'. O6 ogHOM BBIYMCIUTENHFHOM aJITOPUTME IS pacueTa ra3oJMHaMHUUECKUX Teue-
uwii / T.I'. Enuszaposa, b.H. Uersepymkun // Joxkn. AH CCCP. —1984. — T. 279, Ne 1. — C. 80-83.

2. Enmmzaposa, T.I'. Mcnonp3oBanne KHHETHYECKUX MOJEIIEH sl pacueTa Tra30IMHAMUYECKAX Tede-
uuii / T.I'. Enuzaposa, b.H. UerBepymkun // Marematnieckoe MOAETHMPOBAaHUE: MPOLIECCHl B HEJMHEH-
HBIX cpeaax. — 1986. — C. 261-278.

3. Elizarova, T.G. Quasi-Gas Dynamic Equations / T.G. Elizarova — Springer Science & Business
Media, Berlin, 2009. — 286 c.

4. YerBepywkuH, b.H. Kunernuecku-cornacoBanueie cxembl B razoBoil auHamuke / b.H. Uere-
pyukuH. — M.: U3a-so MI'Y, 1999. — 230 c.

5. leperos, KO.B. O6 oxHoli HOBOH MaTemaTtnieckoil Moaenu B ruapoaunamuke / FO.B. Illeperos
// TlpuMeHeHne QyHKIHMOHATLHOTO aHaIn3a B TeOpun NpubImKkennii — TBepb: TBepckoii TocyaapcTBeH-
HBIH yHUBepcuTeT, — 1996. — C. 124-134.

6. lleperos, H0.B. KBasuruapoanaaMudeckiue ypaBHEHHS KaK MOJEIb TCUSHHH C)KUMAeMOW BA3-
Kol Termonposoanoit cpensl / FO.B. Llepetos // [IpuMmeHeHne (QyHKIMOHAIBHOTO aHAIM3a B TEOPHUU
npubnmkenuii / TBepb: TBepckoii TocyaapcTBEHHBIH yHUBEpcuTeT, 1997. — C. 127-155.

7. leperos, F0.B. PerymsapusoBannsie ypaBHeHus ruapoamHamuku / FO.B. lleperos. — Tseps:
PUNY Taepckoro rocyaapcTBeHHOro yHuBepcurera, 2016. — 222 c.

8. Zlotnik, A.A. On Properties of Aggregated Regularized Systems of Equations for a Homogene-
ous Multicomponent Gas Mixture / A.A. Zlotnik, A.S. Fedchenko // Mathematical Methods in the Ap-
plied Sciences. — 2022. — Vol. 4, no. 15. — P. 8906-8927.

9. Zlotnik, A.A. Regularized Equations for Dynamics of the Heterogeneous Binary Mixtures of the
Noble-Abel Stiffened-Gases and Their Application / A.A. Zlotnik, T.A. Lomonosov // Dokl. Math. —
2023. —Vol. 108. — P. 443-449.

10. Computational Multiscale Methods for Quasi-Gas Dynamic Equations / B. Chetverushkin,
E. Chung, Y. Efendiev et al. // Journal of Computational Physics. — 2021. — Vol. 440. — P. 110352.

11. banamos, B.A. Perynsapu3oBannas Moeh THIa (ha30BOTO OIS JJIsl OMMUCAHUS CHCTEMBI <OKUJI-
KOCThb—TBEPJIOC TEJIO» C y4eTOM XuMHueckux peakiuii / B.A. bamamos, E.b. Casenkos // [IpenpunThbI
UIIM um. M.B. Kengpimia. — 2021. — IIpenpunt Ne 82. — C. 1-20.

12. Kraposhin, M.V. Numerical Algorithm based on Regularized Equations for Incompressible
Flow Modeling and its Implementation in OpenFOAM / M.V. Kraposhin, D.A. Ryazanov,
T.G. Elizarova // Computer Physics Communications. — 2022. — Vol. 271, no. 1. — 108216.

13. Chetverushkin, B.N. Numerical Solution of High-Temperature Gas Dynamics Problems on
High-Performance Computing Systems / B.N. Chetverushkin, O.G. Olkhovskaya, |.P. Tsigvintsev //
Journal of Computational and Applied Mathematics. — 2021. — Vol. 390. — p. 113374.

14. Enmzaposa, T.I'. UncneHHoe MOAEIMPOBAHUE Ta30BBIX CMECEH B paMKaxX KBa3HTra3oJuHaMUUe-
CKOTO TI0JIX0/1a Ha TIpUMEpPE B3aUMO/ICHCTBHUS yIapPHOU BOJHEI C Imy3bIpbkoM Tasza / T.I'. Enuszaposa, E.B.
IHunsauko E.B. // JKypHan BBIYHCIUTEILHOW MaTeMaTHKU M MareMarudeckoi ¢usuku. — 2021. —
T.61, Ne 1. — C. 124-135.

15. ITnoxotHukos, C.I1. CpaBHATENBHBIN aHAIN3 IBYMEPHBIX U TPEXMEPHBIX YUCICHHBIX PELICHUN
JUTSL IBYXBEPOSITHOCTHBIX 3aKOHOB IIPH ABYX(a3HOW HEM3OTEPMHUUECKOHN (DMIBTpPAIK B CIOUCTHIX ILIa-
crax / C.II. ITnoxoruukos, O.U. boromosnosa, B.A. boromosnos u np. // Becrhuk KazaHckoro TexHoJ10-
rudeckoro yHuBepcurera. — 2015 — T. 18, Ne 20. — C. 210-214.

16. Denk, R. LP-Estimates for a Transmission Problem of Mixed Ellipticparabolic Type / R. Denk,
T. Seger // Boundary Value Problems. — 2014. — Article number: 22 (2014).

17. Peszynska, M. Multiscale Elliptic-Parabolic Systems for Flow and Transport / M. Peszynska,
R.E. Showalter // Electronic Journal of Differential Equations. — Vol. 2007 (2007). — no. 147. — P. 1-30.

18. EBceeB, ®.A. Pa3pemumocts HayanbHO-KPAEBBIX 3a/1ay AJs KBa3UTUAPOJIUHAMUYECKON CUCTe-
Mbl ypaBHEHHH B ciiydyae ciabockumaemoin sxuakoctu / @.A. Epcee // Bectauk FOropckoro rocynap-
cTBeHHoro yHuBepcurera. — 2024, — T. 20, Ne 2. — C. 97-106.

19. Pyatkov, S.P. Regular Solvability of the First Initial-Boundary Value Problem for the
Quasihydrodynamic System of Equations in the Case of a Weakly Compressible Fluid / S.P. Pyatkov,
F.A. Evseev // J. Math. Sci. — 2024. — Vol. 281. — P. 909-924.

26 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2025, vol. 17, no. 3, pp. 13-27



Evseev F.A. Generalized Solvability of Initial-Boundary Value Problems
for Quasihydrodynamic System of Equations in Weighted Sobolev Spaces

20. Evseev, F.A. On Some Properties of a Linearized Quasi-Hydrodynamical System of Equations /
F.A. Evseev, S.P. Pyatkov // Lobachevskii Journal of Mathematics. — 2023. — Vol. 44. — P. 3266-3276.

21. Tpubens, X. Teopuss uHTEPHONALNH, (YHKIMOHATBHBIE MPOCTPAaHCTBA, AuddepeHIranbHbIe
omnepatopsl / X. Tpubens. — Mocka: Mup, 1980. — 664 c.

22. JInonc, JXK.-JI. HekoTophie MeTOABI pelieHUs HEMWHEHHBIX KpaeBbiX 3amad / JK.-JI. JlmoHc. —
M.: Mup, 1972. — 588 c.

Ilocmynuna 6 pedaxyuio 11 anpena 2025 2.

Caenenusi 00 aBTOpe

EBceer ®denop AnekcaHApPOBHY — aclMpaHT, 3aBEAYIOUIUE jTabopaTopueil TOMOrpadU4ecKux |
3JIEKTPOHHO-MUKPOCKOIIMYECKUX HCcienoBanuid, KOropckuili rocyapcTBeHHBIA YHUBEPCUTET, T. XaH-
TeI-Mancwuiick, Poccmiickas @eneparust; AY «HAILL PH um. B.W. Illmuanemanay, . XaHTeI-MaHCHICK,
Poccuiickas ®@eneparust, e-mail: fedor_evseev@rambler.ru.

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 27
2025, Tom 17, Ne 3, C. 13-27



YOK 004.932 DOI: 10.14529/mmph250303

NOAroTOBKA U30BPAXEHWUN NPO3PAYHbIX OB BbEKTOB
CINOXHOU ®OPMbI NMPU OBHAPYXXEHUU AEPEKTOB
CUCTEMOU TEXHUYECKOI'O 3PEHUA
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AnHoranusi. CTaThs NMOCBSLEHA MpeIBapUTeJbLHOII 00padoTke M300paike-
HHIii, HCIOJIb3YyEeMBbIX CHCTEMOH TEXHMYECKOr0 3PCHHsA JJIf BBISIBJCHHS BO3MOK-
HBIX e)eKTOB B NMPO3PAYHBIX 00beKTAX CJI0KHOW (GopMBI N3 aMOP(HBIX MaTe-
puajos. IlosrydyeHune n300pazkeHHIl BICOKOI0 KAa4eCTBa ¢ 00JIbIIOH KOHTPACTHO-
CTBIO JUISl TAKHX 00BEKTOB He BcerJa BO3MOXKHO M3-32 MAJIOil pa3HOCTH IOKa3a-
TeJlell mpeIoMJIeHUSI MATepUAToB u3iesusd U Aedexra. Uccienosanue paHee pas-
PadoTaHHOTO MeTo/1a O0HApY:KeHN sl Ae()eKTOB HA OCHOBE COBPEMEeHHOIl apXHuTeK-
TYpbl HEHPOHHON CeTH NMO0KAa3aJI0, YTO Ka4YeCTBO M KOHTPACTHOCTh H300paxeHus
ABJIAIOTCH KPUTHYCCKUMH IOKa3aTeaaAMu st 3¢G(EeKTHBHOIO BbISIBJICHHA Jie-
¢exrToB. IloaTOoMy Al yBejMYeHHs] KOHTPACTHOCTH JedexkToB Ha (oHe ObLIa
NpYMMeHeHa CcHelUuAJbHAsi MeTOAUKA YAaCTOTHOH (uiabTpauuu u3o0paKeHus,
oka3zapmasics 3¢PeKTHBHEE CYNIECTBYIOIINX METOA0B YBeJIMYeHUS KOHTPACTHO-
CTH B M300paxkeHusAX. MeToAuKa OCHOBAHA HA pa3JejieHHU U300paKeHUs1 HA y3-
KHe I0JI0CHI, PAaCHOJI0KeHHbIe MePNeHANKYIAPHO IPagueHTY MHTEHCHBHOCTH
H300paxeHus 3JIeMEHTOB AeTajJu. JIsl KaxKI0il M0J0Chl MPUMEHSJIOCH OTHOMeEp-
Hoe npsMoe npeodpazopanue Myprbe, YacTOTHAsT GUILTPALMSA U o0paTHOe Ipe-
o0pa3zoBanue dypne. IlyreM 00padoTKH peajbLHOT0 H300paKeHUs] H30JSITOpA
IIC-70E noka3aHo, 4YTO NpUMeHeHUe TAKO YacTOTHOH (PuabLTpaluM mo3BoJisieT
YMEHbBIIHTh KOHTPACTHOCTHL B 00JIACTH M300paskeHUs! 3J1eMEHTOB J1eTAJIH U YBe-
JIMYUTH KOHTPACTHOCTH B 00/1aCTH M300pakeHus Ae()eKTa HA KOHTPACTHOM ¢o-
He. YKa3aHHOe CBOICTBO NO3BOJISIET BbISBJATH JAedeKThl MeHbLIEro pasMepa,
4YTO MOKeT ObITh I0JIC3HBIM NPH MCIO0Jb30BAHNH CHCTEM TEXHUYECKOI0 3peHHs B
YCJIOBHUSIX PeaJIbHOI0 NMPOU3BOJACTBA.

Kniouesgvie crosa: mexnuyeckoe spenue; 0opabomka uzoopajiceHuil; nogvluleHue
KOHMPACMHOCMU; YACMOMHASL PUILMPAYUSL, HEUPOHHbLE Cemu.

Beenenue

Uccnenoanus B 061acTu TeXHUYECKOTO 3peHUs [1, 2] TO3BOIMIN JOCTHYD B TIOCIEIHUE TOIBI CY-
IIECTBEHHOTO MPOTrpecca B MPaKTUIECKOM MTPUMEHEHUH €T0 B MEUIIMHE, TPOMBIIUIEHHOCTH, TPAHCIIOP-
Te, cepe oOIIecTBEeHHON Oe30macHOCTH U T. 1. Kiaccugukanus 3aiad, perraeMbiXx TEXHUYSCKUM 3pe-
HHUEM, TIO3BOJIMIIA BRIOMPATh ONTUMANBHBIE AITOPUTMEI U KaXI0H KOHKpEeTHOW mpobiembl. OgHAKO
TIPH TIPAKTHYECKOM pean3ali KOHKPETHBIX allTOPUTMOB BOSHHKAET BOIPOC O BHIOOpPE ONTHUMAIIbHBIX
napamMeTpoB aIrOPUTMOB | (WJIN) O IpeABAPUTENbHON 00paboTke n3obpaxenuit. [IpenBapurensHas 00-
paboTKa N300paKEHUI MTO3BOJIACT YIYUIIUTh 3P(HEKTUBHOCTL PAabOTHI AJITOPUTMOB, HO TOCIIEI0BATEIb-
HOCTh 00pabOTKH CYIIIECTBEHHO 3aBUCUT OT KOHKPETHOM paccMaTpuBaeMoii 3a1auu [3—6].

Pabora ¢ nm300paxeHUAMH TPO3PAYHBIX OOBEKTOB TAK)KE UMEET OIpeielieHHble 0coOeHHOCTH. Mc-
CJIEJIOBAHMS 110 OOHAPYKEHHIO JIEPEKTOB B MPO3PAUHBIX TEJNaX MOKA3bIBAIOT, YTO MPUHIMITHAIBHYIO
POIIb UTPAeT PACIIOIOKEHNE HCTOYHUKOB OCBeleHw s Ipy (pukcanmu nzodpaxenuii [7]. Ha ¢pororpadun
MPO3PAYHbIX TeJ MOTYT HMPUCYTCTBOBATH JOCTATOYHO OJNHM3KHE M300paKeHUs OOBEKTOB, HE SIBIISIOIINX-
csa nepexramu. B padote [8] mist Toro 4To0BI OTAMYATE M300pAKEHUS Karellb BOJBI HA MMOBEPXHOCTH
crekna ot nedeKTOB Ha TpaHWIle CTeKIa, Oblia MpUMeHeHa HelpoHHas ceTb SqueezeNet. [[ns m3o6pa-
JKEHUI MPO3pavHbIX OOBEKTOB CIIOKHOW (DOPMBI TaKKE BBISBIICHUE JNEPEKTOB BBHIMONHAETCS HA (OHE
M300pakeHNH KOHCTPYKTHUBHBIX JIETalei McClieAyeMoro oobekTa. M3-3a Majaoi pa3sHOCTH MOKazaTenen
NPEIOMIICHHS] BHYTPEHHETO Jie)eKTa U MaTepualia JIeTalll Ha U300paKeHUH KOHTPACTHOCTH JIEPEKTOB
[9] mana, 9TO JOMIOTHUTENILHO OCIOXKHSET UX OOHApYyKEHHUE.

Cy1ecTByeT psii METOJIOB MOBBIIICHUS KOHTPACTHOCTH PacTPOBBIX m300paxeHwuii [10]. OgauM u3
HanboJiee YacTO MCIOJIb3YEMbIX METOJIOB JUIsl YCHUIJICHHSI BU3YAIILHOTO BOCIPUSATHS PE3KOCTH SBISETCS
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MeTOA Hepe3koro MackupoBanus (Unsharp mask) [11]. Ograko ero HeKeIaTebHO UCIIONb30BaTh B CHC-
TeMax aHajn3a JIAHHBIX M3-3a YPEe3MEpPHOTO YCHIEHUs myMoB. Hambomee 9acTo MCIOIB3yeMbIM METO-
JIOM TOBBIIICHHUSI KOHTPACTHOCTH M300payKeHUI B TEXHUUECKUX CUCTEMax SIBJISIETCS aJalTUBHBIA METON
skBanu3aiuu rucrorpammel CLAHE (Contrast limited adaptive histogram equalization) [12] u ero pas-
mraasie Moaudukanun [13]. MeTon 3akifodaeTcs B BhIPaBHHBAHUH SIPKOCTH IO THCTOTpaMMe HE Ha
BCEM M300paKEHUH pa3oM, a B paMKaxX HEKOTOPOTO OKHa 3aJJaHHOTO pa3Mepa. ITO MO3BOJISET T0OUTHCS
BOCCTAaHOBJICHHUS] KOHTPACTHOCTH JayKe MEJKHX JleTaliell Ha N300paKeHNH.

YactoTHast pumpTpaiius TakkKe MMO3BOJIAET YBETHUNUTh KOHTPACTHOCTh. OAHOMMKCENbHAS BU3YaIIH-
3anus (SPI) mmeer mpenmMyIiecTBa MHUPOKON MOJIOCH MPOMYCKAHUS W BO3MOXKHOCTH OTOOpaXkaTh 00b-
eKTHI 32 TpeaenaMu mons 3penns. OqHaKo OCHOBHOM mpobiemoii SPI sBisieTcst 0oMbIIoe KOJINYECTBO
TpeOyembIx 1madioHoB ocBemieHus [14]. [lpu nByxmepHoM npeobpazoBannu Dypbe BKIA] B KKIYIO
KOMIUIEKCHYIO aMIUTATYTy MTPOCTPAHCTBEHHBIX TAPMOHHK OIPEEISIeTCS] BCEMH MMUKCEIISIMU FICXOTHOTO
n300paKeHUsl, YTO YCIOXKHSAET TMOUCK YHHBEPCANBHOIO BapHaHTa 4YacTOTHOH ¢uibTpanun Dypbe-
o6pazoB. B [15, 16] nnst obnapyxkenus aedexroB B matpunax LCD/TFT nmucmieeB mpuMeHEHO OIHO-
MepHoe npeobpazoBanne Dypre 1Mo OAHON U3 JEKAPTOBBIX KOOPAUHAT, BAOIH KOTOPOU paclojiarainch
M300pakKeHHs DIEMEHTOB KOHCTPYKIMU. B pabore [16] moka3aHO, 4yTO dacTOTHas (hMUIBTpAIusl OIHO-
MepHOro npeodpa3oBanus Dypbe MO3BONIICT YOpaTh U3 N300paKeHUs 3JIEMEHTHI (POHOBOIO 00BEKTa U
MTOBBICUTh KOHTPACTHOCTH A€(EKTOB.

Lenpto HAcTOSIIEH pabOTHI SBISETCA WCCIIENOBaHWE OCOOEHHOCTEH YacTOTHOW (MIBTpAIVH I
n300paKeHnH 00BEKTOB CIIOXKHOHN (POPMBI M BBISIBIICHUE YCIIOBHI, B KOTOPBIX PacCMaTpUBaeMblii METO/
HUMECT NPCUMYLICCTBA NEPCa APYIrUMU METOAaMU IMMOATOTOBKH I/I306pa)KCHI/II\/'I JJIA CUCTEM TEXHHUYCCKOI'O
3peHwusl.

Iosryuenne nzo0paxeHui

OKCcIIepUMEHTaNIbHAsl YCTAaHOBKA BKIIIOYAET B ce0s paBHOMEPHBIH MCTOYHHUK CBETA, MCCIIEAYEMBbIH
MIPO3PAYHBIN 00BEKT, KaMepy ISl PETUCTPAIH MPsIMOTO m300paxeHwst 1 DBM ¢ nmporpaMMHBIM 00ec-
NMEYCHUCM, TMO3BOJIAIONIUM COXpPaHATbH I/1306pa)KeHI/I$1. Ha puc. 1, a TI0Ka3aHa MpUHIOUIIMAJIbHadg CXeMa
YCTaHOBKH, Ha puc. 1, 6 — poTorpadus NpOTOTHIIA, UCIIOIB3YEMOTO JUIA allpOOAINH B YCIOBUAX TPOH3-
BozcTBa uzonstopos [IC-70E.

B kayecTBe paBHOMEPHOTO MCTOYHHUKA OCBEIECHHS MCIONB30BAJICA UCTOUHHMK Oenoro ceera (4000
K) pazmepom 300%300 MM co cBeTOBBIM TOTOKOM 2350 JIM, 4TO MO3BOJNMIIO MONYyYUTh HaOOp M300pa-
KEHUH CTEeKISTHHBIX netanedl nzomaropoB IIC-70E ¢ medexkramu. M3o00paskeHus: 00BEKTa PErHCTPHPO-
Bamch Ha IUdpoByro kamepy (SUFCO SU100-HB), nocie uero nepenaroTcss B KOMITBIOTED.

YcTaHOBKA MO3BOJISIET MOMYYHUTH TOJIBKO OJJHO H300pakeHUe JIeTaan BMecTo Habopa (oTorpaduii c
pasnuYHbIX pakypcoB. [IpuHIMNuanbHas cxeMa YCTaHOBKH (CM. puc. 1, @) BRIOpaHa MakCHMaJIbHO IIPO-
CTOH, 4TO MO3BOJIWJIO MCIIONB30BATh €€ I MPOTOTHUIIA CUCTEMbl MAIIMHHOTO 3PEHUs Ha POU3BOACTBE
(cM. puc. 1, 6). Habop usobpaxennit usossropos IIC-70E ¢ nedhexramu ObIT TONMyUEH Ha SKCIIEPUMEH-

PanmomepubIii
HCTOMHHK CBETA IBM c nporpaMMuBIM ofiecnienennem

Mpospaunstii 06LexT Kamepa

&

a) " 6)

Puc. 1. AkcnepuMeHTanbLHas yCTaHOBKa: a) NPpUMHUMNManbHas cxeMa, 6) potorpadms npotoTuna

Merton 00padoTKu M300paKeHU i

st aHanu3a n300pakeHUH 0OBEKTOB CIIOKHON (DOPMBI pas3aesiuM UCXOIHOE W300pakeHHE Ha Ha-
00p JIMHMI, POBEACHHBIX BAOJIb M300paXKEHUsI SJIEMEHTOB KOHCTPYKUHUH AeTand (NepHeHIUKYIIPHO
IPaJUeHTy UHTEHCUBHOCTH M300pakeHUs netanu 0e3 AedexTa). DT JIMHUM 3aMKHYThIE, U IS HA0opa
MTUKCEJIEH, pacroNaralonuxcs BAOJb JTUHAN, MOKHO NTPUMEHNUTh oJlHOMepHOe Dyphe-nipeodpa3zoBaHue.
[TockonbKy TUHAW PacIoNaratoTcsl BIOJIb M300paKEHHsSI JIEMEHTA KOHCTPYKIIMU, TO HHTEHCUBHOCTD B
MUKCeNsX OyleT OTIMYaThCsl He3HAUYMTEIbHO Ha BCEX y4acTKax, KpoMe MecTa nepeceyeHus ¢ edexra-
MU, YTO 3HAYUTENBHO obseryaet GUILTPAIIIO W300paKeHNsT KOHCTPYKIIMHU | BBISIBIICHUS 1e(DEKTOB.
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Jist hopMHUPOBaHHS OAHOMEPHBIX (QYHKIMH MOKHO IPUMEHUTH CIEIYIOUINHA anroputM. s TOUKH
1 u300paxeHus cieyromias Touka 2 BEIOUpaeTcs TaK, YTOOBI BEKTOP MepeMeleHus Obl MepreHIuKY-
JSIpeH IPaJiueHTy MHTEHCUBHOCTH B Touke 1. Ecnu mpoekuus mara Ha HampaBieHHUeE, NEpHIeHIUKYIIP-
HOE I'pafiueHTy, OyIeT MEeHee OJHOIO IMKCENsl, TOUKa 2 MPUHAIJICKUT paHee BHIOpPAaHHOM KpHBOM, U3
TOYKH 2 TpoleAypa BeIOOpa MOBTOPSiETCsl U HaXoAUuTCs Touka 3. PaccrosiHue Mexxay Toukamu 1 u 3 He
JOJDKHO npeBblnaTh 1 nukcens. [locie 3amMpIkaHUs KPUBOW Jles1aeTcs ar Ha OJUH IHMKCEIb B CTOPOHY
BHEILHEH I'PaHMIbl H300paKeHHsI ¥ HAaUMHAETCS] aHAJIOTMYHOE ITOCTPOCHUE CIEAYIOIeld KpUBO. AJro-
PUTM HauMHAETCS M3 LIEHTpa H300paskeHHs 00BEKTa U 3aKaHUMBACTCSl HA OJTHOM U3 ero KpaeB. B obmem
cilydae MoJ LUEHTPOM OOBEeKTa MOoApa3yMeBaeTCsl TOUKa MEPeceueHHs ABYX MEPIEeHANKYIISAPOB, Kax bl
13 KOTOPBIX NIEPECEKAeT BCE KOHTYPhI Ha H300pa’KeHUU.

Hnst u3o0paxkenus: crekisiHHoN neranu uzonstopa [1C-70E, obmanaromieil oceBoil cuMMeETpHeH,
NPUMEHEHUE OMHCAaHHOTO ajJrOpUTMa MO3BONMIO Pa3lelUTh H300paKeHWE Ha KOHIIEHTPUYECKHE OK-
PYKHOCTH C LIEHTPOM B cepeauHe u300paxeHus. B cuily TUCKpeTHOCTH M300pakeHus! peajbHble Kpu-
Bble HalJIeHBI KaK WX MPHOIIKEHN 10 anroputMmy bpecenxama [17]. Anroputm bpecerxama nmpumeneH
JUTSL YBEJIMYEHUS TPOU3BOJUTEIBHOCTH aIrOPUTMA MPU TEPEX0Jie C OJHOTO MUKCEN Ha APYroi B paM-
KaX OJHOM 3aMKHYTOH KPUBOM.

[Ipumennm mpeoOpazoBanre Dypbe K KOKIOW W3 MONYYEHHBIX AUCKpeTHBIX QyHKIuiA. B Dypbe-
o0pase npeo0yaaloT HU3KKWE TAPMOHUKH, COOTBETCTBYIOIINE N300PaKEHHIO SJIEMEHTOB JIETalll, U BbI-
COKHE TapMOHHUKH, COOTBETCTByMoIHe nedexty. Ilocie yacToTHOW (DUIBTpaluu BEpXHUX TapMOHHUK
BEITIOJTHAM 00paTHOE OmHOMepHoe mpeoOpazoBanue Dyppe. Ha mocrmegnem miare mpoBeneM cOOpPKY
JIBYMEPHOTO N300pakeHnss 00BbeKTa U3 Habopa OAHOMEPHBIX N300pakeHU .

Pe3yabTaTt 00padoTKH H300paKeHUI

[IponnmocTpupyem npuMEHEHHE OMMMCAHHOTO MOAXOA Ha MIpUMepe N300paKeHUs! CTEKIITHHON Je-
tanu u3onsitopa [IC-70E B orTeHkax ceporo ¢ paspemenuem 1024x1024 nukceneli. Yyactok nzoopa-
JKEHHs ¢ IBYMs JeeKTaMu (Iy3bIpH BO3AyXa AMAMETpoM | MM) MOKa3aH Ha pHC. 2, @ U pacIoioxkKe-
HUS 1e()eKTOB HAa MOHOTOHHOM M KOHTPAacTHOM (oHe. Pe3ynbTaT mpuMEHEHUs! ONMCAHHOTO BBIIIE ajro-
pUTMa TIOKa3aH Ha puc. 2, 6. Pacronoxkenune aeeKToB HOMOIHUTEIHHO IIOMEYEHO KPACHON paMKOi Ha

KaXIOM PUCYHKE.
. 150

100
r’—«ﬁ—v-.‘ﬁ 1, 1L 50
' N
a) 6) B)

Puc. 2. YyacTok nsobpaxeHus cteknsHHoun getanu usonstopa NC-70E c aecekTom: a) ucxogHoe nsobpaxeHue,
6) nsobpaxeHue nocrne 4YacToTHOM (hunbTPaLUm, B) NONUKCENbHAA Pa3HOCTbL U300paXeHUn

Hist oueHkH 3¢ (HEeKTUBHOCTH METO/A Ha pHC. 2, 6 IIOCTPOEHBI 3HAUEHHs Pa3sHOCTEH MOAYJIEH s
MUKCeIe HCXOIHOTO N300paXeHus (CM. pHC. 2, @) U COOTBETCTBYIONINX MHUKceIeld n300paXKeHns ocie
yacToTHOU (pumbTpanuu (cMm. puc. 2, 6) [5]. [lomoxurenbHble 3HAYEHUS PA3HOCTEH COOTBETCTBYIOT
YMEHBIICHUIO KOHTPACTHOCTU IO OTHOILICHHUIO K (JOHY Bcero 00bEKTa, OTpULATEIbHBIE — €€ YBeIude-
Huto. M3 mpenacTaBieHHBIX JAHHBIX MOXKHO 3aKIIOYHTh, YTO M300PAKEHHS 3JIEMEHTOB OOBEKTa IOA-
BEPIUIMCH OLIYTHMOMY YMEHbBIIIEHHIO KOHTPACTHOCTH, B TO BPeMsl KaK KOHTPACTHOCTh JeQEKTOB YBEITH-
YHJIaCh WK HE U3MEHMJIIACK.

W3 ananu3za puc. 2 MOKHO C/€aTh BBIBOA, YTO BU3YAJIbHO KOHTPACTHOCTh A€(DEKTOB YBEITUUMIIACE,
HO IIyM IocJie 00paTHOro npeodpasoanus Oypbe coxpanwmics (cM. puc. 2, 6). B pe3ynbrare He ObLIa
JOCTUTHYTa MoyiHas GunbTpauus nzodpaxenus aedekra. [loaromy Takke ObUTO MPOBEACHO HUCCIIEA0BA-
HHUE IPUMEHEHHsI AJITOPUTMa IIyMONOAaBIeHUs (MeIuaHHbli QuiabTp ¢ siupom 3) [18] u merexTop rpa-
Hur Canny [19] mocne mpeobpazoBanust Oypre. Pe3ynpTaTsl MOKa3aHbl HA PUC. 3 MOCHE MOCIEI0Ba-
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TEJLHOTO TPUMEHEHHs K MCXOAHOMY HM300pakenuto (puc. 3, a) mpeobpaszoBanus dypre (puc. 3, 6),
myMomnoAasieHus (puc. 3B), ooHapyxeHus rpanul] (puc. 3, 2). HactpanBaembie mapaMeTpbl JeTEKTOpa
Canny ans nedekra Ha KOHTpacTHOM (poHe: MakcMManbHBIN mopor paBeH 250, munumansHbI — 200.
s nedexra Ha 6eoM (POHE COOTBETCTBYIOIIHUE MapaMeTpsl paBHEI 50 u 0.

a) 6) B) r)
Puc. 3. YyacTok nsobpaxeHus cteknsaHHom petanu usonstopa NC-70E c gedekrom: a) ucxogHoro,
6) nocne YacToTHOW chunbTpauum, B) nocrne wWymMonopaBrieHus, r) nocne ob6HapyxXeHuUs rpaHuy,

CrnemyeT OTMETHTBH, YTO, TI0 CPABHEHHUIO C MCXOAHBIM M300pakeHneM (cM. puc. 3, a), g aedexra
Ha KOHTPAacTHOM (OHE pa3Mep B IHKCEIIX Ha KOHEYHOM H300pakeHHH (CM. pHC. 3, &) HECKOJBKO
YMEHBIINJICS, HO Ha pUC. 3, 2 BCE OCTAIbHBIC JIEMEHTHI U30JIITOPA YK€ OTCYTCTBYIOT. Jpyroil pesyinb-
TaT MOIYyYMIICA JUTsl 00beKTa Ha MOHOTOHHOM ¢oHe. [IpeodpazoBanne Dypre hakTHIeCKn HE H3IMEHUIIO
KOHTPAacTHOCTH Aedekra mo oTHOWEeHHIO K ¢oHy BOMM3M Aedekra. OnpeneneHue TpaHUl] MO3BOIHUIIO
BBISIBUTH 00a aedexta (cM. puc. 3, 2).

Jns oueHkn 3((EKTUBHOCTH KaXKJOTO M3 3TAIoOB Mpeodpa3oBaHus Oblia OlleHEHa MeIHaHHAs OC-
BEIICHHOCTH (CPEAHssl OCBEIICHHOCTh, BRIYMCICHHAS KaK MeJuaHa BCEeX SPKOCTEH M300pakeHUs) yda-
CTKOB M300paXkeHUsI: s 1e()eKTOB Ha KOHTpAacTHOM (y4acTok 1) u MOHOTOHHOM (hoHE (Y4acToK 2), AJis
yudacTKa ¢ JIeTallblo u30JsTopa (y4acTok 3), Ul yyacTka BHE JeTaiu usonsropa (ydactok 4). Pacnomno-
JKEHHE aHAIM3UPYEMBIX YYaCTKOB M300pakeHus (CM. pHc. 3, a) OJMHAKOBO M Ha pHUC. 3, 6-2. DKBHBa-
JICHTHYH0 KOHTPACTHOCTb OLICHMBAJIM KaK CyMMY MOJYJIEH Pa3HOCTH OCBEIICHHOCTEH y4acTKoB 3 u 4
[0 OTHOIICHHUIO K Y4acTKy | M A yyacTka 2 10 OTHOIICHUIO K YUacTKy 4. Pe3ynbTaTsl IpecTaBiIeHE! B
Tabm. 1.

Tabnuua 1
MeaunaHHasa ocBeLWEeHHOCTb U 3KBUBaneHTHas KOHTPACTHOCTb
Nzobpaxenne Puc. 3, a Puc. 3,6 Puc. 3, ¢

VYyacTtok 1 210 163 163

Yyactok 2 233 240 242

VYuacTok 3 146 238 226

VYuyactok 4 249 255 255
KonTtpactHocTh nedekra 1 103 167 155

Ha obmieM ¢oHe (yuacTok 4)
KonTpactHocTs nedekra 2 Ha poHe
16 15 13
M300pakeHus JAeTaan 00beKTa (y4acTok 3)

PadoTa HeiipoceTeBOro MeTo1a ¢ H300pasKeHUSIMH PA3JIHMYHOH KOHTPACTHOCTH

s onpenenenust 061acTé NPUMEHEHHUS PACCMOTPEHHOM BBIIIE METOAMKH 00pabOTKM M300paxe-
HUI OBUIO MPOBENIEHO MCCIICAOBAHNUE BIMSHHUA KOHTPACTHOCTU M300paskeHHs Ha 3(dekTuBHOCTH 00Ha-
pyxeHus nehekToB pa3paboTaHHBIM paHee HeMPOCETEBBIM METOIOM, KOTOpbIH Hcnonb3yeT CLAHE mis
npenodpadbotku nzoOpaxenuit [9]. OueHka cTeneH! BIUSHUS KOHTPACTHOCTH BBHIIIOJHEHA IMyTEM YHC-
JICHHBIX 3KCIIEPUMEHTOB HaJ M300paKeHUSIMH, NOITYYEHHBIMH METOJOM HU(poBOi 00paboTKH UCXO0-
Horo n3zoopaxkenus [20]. 3a 100 % KOHTPAaCTHOCTH B35TO M300pakeHUe ¢ ne)eKTaMu Pa3jIMyHOro pas-
Mepa CO CTaHJIapTHBIM ypoBHeM IryMa. HoBbie n3o0paxkenus ¢ ocnabieHHONH KOHTPACTHOCTBIO TeHEepH-
pyeTcst Ha OCHOBE CY)KEHHS TMCTOrpaMMBbl SIPKOCTEH K 3HaueHHIo 128 mo BceM TpeM KaHallaM IBEeTa
[21]. U3obpaxenns umenu ypoBeHb KoHTpacTHOCTH 80, 60, 40 1 20 MpPOLIEHTOB OTHOCUTEIHHO HCXOJI-
HOTO M300paxkeHus (puc. 4).

3aBUCUMOCTH pa3Mepa oOHapy>KUBaeMoro fedexra (MM) IpH pa3IMYHON KOHTPACTHOCTH M300pa-
KEHUS U Pa3IMYHOM KadecTBe M300pa)KeHUs MOKa3aHbl B TaOJ. 2 11 MOHOTOHHOTO (oHa (PAIoM ¢
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n3o0paxenueM aedexta HeT n300paKeHNH KOHCTPYKIMH JIeTalk) U B Taba. 3 — it KOHTpacTHOTrO (o-
Ha (u300paxkeHue nedexra Ha (oHe 37IeMEeHTa KOHCTPYKIUM IIPO3PAYHOM AeTalu, cM. puc. 3).

Ta6bnuua 2
MeﬂMaHHaﬂ OCBEeLWEeHHOCTb U IKBUBaNIeHTHasA KOHTPACTHOCTb
Konrpacraocts / Size 100 % 80 % 60 % 40 % 20 %
1024 (4 mkc/Mm) 1 1 15 2 2,5
2048 (8 mukc/mMm) 1 1 1 15 2
4096 (16 nukc/Mm) 0,5 0,5 1 1 15
Ta6bnuua 3
Pa3mep obHapyxuBaemoro gedekra Ans KOHTPacTHoro ooHa
Konrtpactaocts / Size 100 % 80 % 60 % 40 % 20 %
1024 (4 mkc/Mm) 2 2 3,5 45 45
2048 (8 mukc/mMm) 1,5 2,5 2,5 3,5 35
4096 (16 nukc/Mm) 1,5 2,5 3

' v

| |

100% 60% 40% 20%
Puc. 4. YyacTok n3ao6paxeHus ¢ pasnnmyHbiM YPOBHEM KOHTPACTHOCTU

AHanu3 TaHHBIX B Ta0. 2 ¥ 3 TIOKa3bIBaET, 4TO sl 00Jiee KOHTPACTHOTO H300payKEHUS HepoceTe-
BOIl METOJ] yBepeHHO OOHapYyXUBaeT Ae(eKThl MeHbIIero pasMepa. /s BceX pacCMOTPEHHBIX paspe-
mennit (1024x1024, 2048x2048 u 4096x4096) mossimenne korTpacTHOCTH ¢ 20 10 100 % mMO3BOIISIO
BBISBJIATH Ne(heKT ¢ pazMepamu B 2—2,5 pa3a MeHbIIIe. YIIy4IlIeHHE KaueCTBa H300paKCHHMSI, €CTECTBCH-
HO, TIO3BOJISIET BBIABIATH e(DEKThl MEHbIIETO pa3Mepa. [Ipu HemsaMeHHOM pa3mepe aedekTa, KOTOPhIH
JIOJDKEH OBITh BEISIBICH CHCTEMON TEXHHUYECKOTO 3pPEHHS, yBepeHHas pa0doTa HeHpoceTeBOro MeToja
JIOCTUTAETCS Ha MEHEE KaUeCTBEHHBIX H300paXKCHHSIX 00BEKTOB.

Oo6cy:kaeHne pe3yjbTaToB

[TpenBapuTenbHas 00paboTKa M300paKeHUH PU MCIOJIB30BAHUH PA3IMYHBIX aJTOPUTMOB BBISBIIC-
HUS Ie(DEKTOB MOXKET OBITh MPOW3BEACHA PA3IUYHBIMU criocobaMu. HyXHO oIpenenuTs oOmuii KpuTe-
pHii enecoo0pa3sHOCTH yKa3aHHbIX MPeoOpa30BaHUM.

Lludposoe n3o0paxkeHne 00BEKTa CIOKHON (HOPMBI MOKHO TPEJICTABUTH B BUJIE CyMMBI ITOJIMHO-
xecTBa nukceneir D, coorBercTByromux gAedexty, U noaMHokecTBa nukceiaed O, COOTBETCTBYHOIIMX
sneMeHTaM oObekrta. [locie mpoBeneHus npeoOpa3oBaHUi ISl TOBBIMICHNS KOHTPACTHOCTH 3HAYCHUS
3JIEMEHTOB COOTBETCTBYIOIIKX Tpymm Oyayr D' — mis medexra u O' — mis oowvekra. [IpeobpasoBanue
Oynet cuntatbes 3H(HEKTUBHBIM, €CITH BHITIOIHSIOTCS CIIEAYIONINE YCIOBHS:

0'-0<0 @
|D'-D|<|0"-0| ecnu D'~D >0
round(D') >m+3-o.

B (1) round(D’) — anemMeHTBI MaTpUIbl, OKPYTJICHHBIC 10 HEbIX; M U 0 — MATEMAaTHYECKOE 0XKHU 1a-

HHUE M JUCTIEPCUsT MaTPUIlbI peodpazoBaHHOro n3odpaxenus. [IpeodpazoBanue 3pHEKTUBHO, TOTBKO
€CIIM B aliTOPUTME HE KCIOJIb30BaNach anmpuopHas HHGOpMAIMK O TUIE, pa3Mepax M PaCIONIOKECHUN
nedekra.

JlaHHBIE Ha pUC. 2, 8 TIO3BOJISIOT TOBOPHUTH O TOM, YTO MPU MIPOBEIEHHOM PeoOpa3oBaHUM COOIIO-
JaroTCA 1epBoe 1 BTopoe ycsioBus B (1), a IMEHHO KOHTPAacTHOCTD JiedeKkTa ocnadisieTcsi CHiibHee KOH-
TpacTHOCTH 00beKTa Ha 001eM (oHe.

B xavecTBe mpumepa Uil OIICHKH COOTBETCTBUSI TPETHEMY YCIIOBHIO M3 M300paXKeHHsl ObLIO BbIjIE-
JIeHO OKHO B BuJe kBaapata 10%10 mukceneil, B HEHTpe KOTOPOTO PacIioiiokKeH UEHTP THKECTH IedeKTa
Ha KOHTpacTHOM ¢oHe. J{ns nanHoro okaa m+3-0 =8,19+3-19,67 =67,21. [Ipu sToM uamna3oH 3Ha-
yeHH nukceneit nedexra aexur B nmpenenax ot 80 qo 117,83, uyto mo3BoiiseT BbiACHATh AedekT Ha (o-
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He mryma. Takum obpaszoM, Bce Tpu ycioBus (1) BEIIOTHEHBI, 9YTO TOBOPHUT 00 3(h(PEKTUBHOCTH MPOBE-
JEHHOM 4aCTOTHOW (hMIbTpanuy sl 1e()eKTOB Ha KOHTpacTHOM (poHe.

B pesynbrare paccMoTpeHHOM B paboTte MoandUKaMyu Ha OCHOBE mpeoOpazoBanus Oypbe oOmas
KOHTPAacTHOCTh M300pakeHHs Je(eKTa Ha KOHTPACTHOM (DOHE cTasia BbIIIE O CPABHEHHUIO C DIIEMEHTOM
JeTalii U30JIATOpa U C MPOCTPAHCTBOM MEXAy Aetaismu (cM. Tabm. 1). OcHOBHO#M 3 deKT 3aKimodaeTcs
B TOM, YTO 3HAUEHMsI MUKCeNeH A AedeKTa cTand OTINYaThCs OT MUKCENeH Uil OCTalbHOro n3o0pa-
XKeHus (CM. puc. 3, g), UTO MO3BOJIMIIO CO3[aTh AITOPUTM OOHAPYKEHHS TPAHHIl U BBIACIHTH TOJBKO
nedekTsl (cM. puc. 3, 2). Takum 006pazoM, IMoCiIenoBaTeIbHOE TIPUMEHEHHE aJITOPUTMOB ITO3BOJIHIIO T10-
BBICUTh BEPOSITHOCTD BBIABICHUA 1E€(EKTOB HA KOHTPACTHOM (DOHE NPH ITOMOIIN aITOPUTMOB TEXHHUYE-
ckoro 3peHus. CienyeT OTMETHUTB, YTO 3TO OBUIO JOCTHTHYTO MOJOOPOM MapaMeTpOB alrOpUTMOB
¢uwIpTpay, HaIpUMeEp aJrOpUTMa ONpeneNeHus rpaHull. Ecin cHU3UTH mopor, To Ha H300paskeHUn
HOSIBATCS] OTHENIbHBIC MTUKCEH, He OTHOcsmuecs K Aedexkram. Ho naske B 3ToM ciydae nedexts! Oyaer
COCTOSITh U3 HECKOJIBKUX THKceneH (8 mukceneid Ha puc. 3, 2) 1 MOTYT OBITh BBISIBIICHBI [0 CBOEMY pa3-
Mepy.

Jnsa nedexra Ha MOHOTOHHOM (hOHE 3HAUEHHs MHKCEJIEH MPAaKTHYECKH HE M3MEHMIMCh. Tarke
MPAaKTUYECKH HE M3MEHWIACh U OTHOCUTENbHAs KOHTPACTHOCTh M300pakeHus nedekra. CienoBaTeib-
HO, 00paboTKa M300paKCHUH MOJDKHA OTIWYAThCS M CIydas MOHOTOHHOTO M KOHTPAacTHOTro (QoHa.
Hanpumep, mapameTpsl aJropuTMa BbIIEJIEHHUS TPAaHHUL MOTYT 3aBHCETh OT CpPEIHEH MHTCHCHUBHOCTH
(hoHA 1 MOTYT OIIpeNesIThCS Ha OCHOBE allPHOPHON WH(MOPMAITUHU O TIPO3PAYHOM OOBEKTE.

PaccMoTpeHHBIN METOJT 4aCTOTHOM (MIBTpalui 0HOMEPHBIX Dypbe 00pa3oB MOKHO PUMEHHUTH
K IpyTuM 00BbEKTaM CIIOKHOH (OPMEI, IOCKOJBKY OH HE HAKJIaAbIBACT KAKUX-THOO OTpaHnYeHUI Ha UX
reoMeTputo, TUIBI U Gopmy nedexro. s s¢dhekTuBHOTO MpUMEHEHHS METOoJIa HEOOXOAUMO, YTOOBI
pasmep nedekra Ha N300paKEHUU COCTABIISIT HECKOJIBKO MHKCENeH, YTOOBI OTIUYUTH AeEKT OT IIyMa.
JlonycTHMBIid ypOBEHb IIyMa B HCXOAHOM H300paskeHnH AJ1sl 9Q()EKTHBHOTO IPUMEHEHHS METO/AA SIBIIS-
eTcs IpeAMETOM JabHeHuX uccnenoBanuid. Heo6xonumo oneHuTs n3MeHeHne 3(p(HEeKTUBHOCTH pas3-
paboTtaHHOTO HelpoceTeBoro MeToza [9], koraa B KauyecTBe BXOAHON MHPOPMAIUK MTOCTYHAOT U300pa-
KEHUA, O6pa6OTaHHBIC OIMMCaHHBIM METOJOM.

Ecnmn m3o0pakeHue MmoiydeHo B CBETE, MPOIIEIIIeM 4epe3 OOBEKT, TO B pe3yibTare 00padOTKH
MOJKHO BBISIBIIATH BHYTPEHHHE U MOBEPXHOCTHBIE Ae(ekThl. [ m300pakeHHil B OTPaskeHHOM CBETE
MCTO/J MMO3BOJIACT BBIABIIATE TOJIBKO IMOBECPXHOCTHBIC I[C(I)GKTI)I. Taxxe HEeCI0KHO 0606HII/ITI) yKa3aHHbII71
METOJ Ha [IBETHBIE N300paXEHHUS 1 TPOBOJUTH aHAJIH3 TOJBKO AJISI OTAEIBHOTO IIBETOBOTO THAMa30Ha

Hanneie 06 3¢)hekTHBHOCTH PabOTHl HEMPOCETEBOr0 METOAA ¢ UMUTAMEH U3MEHEHHSI KOHTPACTHO-
ctr n3o0pakeHus (cM. Tabi. 2 1 3) MOKa3bIBAIOT, YTO MPEIIOKEHHBIN aaropuT™M 00paboTKH U300paxke-
HUI OyleT MMETh CBOIO COOCTBEHHYIO 00J1acTh 3(p(PeKTUBHOTO MpUMEHEHHs. BBIMTPHII MOXKET JOCTH-
raThCsl 3a CUeT BBIBICHUS Ae(DEKTOB MEHBIIEro pasMepa Hpu oOpaboTke Oosee KauyecTBEHHOTO H30-
OpaskeHHsL. BBIMIPBILI 110 UCHOIB3YEMBIM BBIYUCIUTENBHBIM PECYpcaM MOXKET JOCTUIaThCs 3a CUET BbI-
sBIeHUs ePeKToB He0OX0AMMOT0 pa3Mepa Mo U300paKeHUAM CPEHEro MM HU3KOTo KadecTBa. Kakoii
KpUTepHid OyJIeT ONpeAessiFoiM, 3aBUCUT OT KOHKPETHOI'O MCIIOIb30BAHMUS CHCTEMbI MAIIMHHOTO 3pe-
Hust. CormacHo naHHBIM [22], nomydeHHbIM U1 u3oistopos [1C-70E, BeisiBnenue neeKToB pazMepoM
MeHee | MM MOXKET OKa3aThCs HEOOXOJMMBIM, HO pa3pabOTaHHbIM HEHPOCETEBOI METO HE CIIPaBIIseTCs
C BBISIBJIGHHEM JTOTO JiepekTa 13-3a MaJloll KOHTPACTHOCTH M HU3KOTO pPa3pelleHus n300paKeHusl.

BoiBoabI

[pemoxeH aJropuT™ MpeIBapUTEIbHON 00paObOTKH W300paKEHUH IS BBIABICHHS J1e(DEKTOB CHUC-
TeMaMH TEXHUYECKOro 3pEHHsI, OCHOBAaHHbIM Ha pa30MeHUH IBYMEPHOro M300pakeHusI Ha HaOOp OJHO-
MEpHBIX u300paxeHuil. OCOOEHHOCTD aIropuT™Ma B TOM, YTO YacTOTHAs! GUIbTPALMA NPUMEHSIETCS JUIs
KaXJIOTO U3 OJIHOMEPHBIX M300paKCHUH. AJITOPUTM MOKET MPUMEHSTHCS Uil HIMPOKOTo KIlacca M30-
OpaskeHMi MPO3pavHbIX 00BEKTOB C Jie(heKTaMH, B KOTOPHIX KOHCTPYKTHUBHBIC JETAIH HAXOMSTCS I0-
OIM30CTH ¢ N300pakeHNeM 1e(hEeKTOB.

Ha npumepe nzobpaxenns nzomnsropa [1C-70E npoaeMoHCTpUpOBaHO, YTO MPUMEHEHHE alTOpUTMA
MO3BOJISIET YBEIUYUTh KOHTPACTHOCTh N300paxkeHus nedekra Ha GpoHe N300pakeHUs] KOHCTPYKTUBHBIX
3JIEMEHTOB H30JIATOPA, @ TAK)XKE U Ha BHELTHeM OenoM (oHe.

[loka3aHo, 4TO KOHTPACTHOCTH M pa3pelieHne NU300paKEeHUS SBIAIOTCS OJHUMHU U3 ONPEIeNIIOIIIX
(dakTopoB, BIUSIONIMX HA 3(PPEKTHBHOCTL PabOTHI HEHPOCETEBOTO MeToja OOHapyKeHUs JIe(eKTOB.
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IIpuMeHeHrE PACCMOTPEHHOTO METO/1a MOBBIIICHHSI KOHTPACTHOCTH MO3BOJIMT MO0 YBEIUYUTE dPPeK-
THBHOCTH PabOThI CUCTEMbI TEXHUYIECKOTO 3PEHHSI, TM00 YMEHBIINTL TPEOOBAHMUS K almapaTHOMy obec-
MCYCHHUIO, HEOOXOTUMOMY JIJISl IOCTPOCHHST CHCTEMBI.

Hccneoosanue 6binonineno npu gunancosoll noddepcke Munucmepcemea HayKu u 8vlcuie2o oopa-
306anusi Poccuiickoti @edepayuu (2ocyoapcmeentoe 3a0anue Ha 6bINOJHEHUe (YHOAMEHMAIbHBIX Ha-
yunwix uccredosanuit NeFENU-2023-0025 (2023025173)).
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PREPARING THE IMAGES OF COMPLEX SHAPE TRANSPARENT OBJECTS
TO DETECT DEFECTS BY THE COMPUTER VISION SYSTEM

A.V. Korzhov, V.A. Surin, P.V. Lonzinger, V.l. Safonov, Ya.V. Bushmelev, K.N. Belov
South Ural State University, Chelyabinsk, Russian Federation
E-mail: surinva@susu.ru

Abstract. The article deals with the preprocessing of images by the computer vision system to find
possible defects in transparent objects of complex shape made of amorphous materials. It is not always
possible to obtain high-quality images with high contrast for such objects due to the small difference in
the refractive indices of the product materials and the defect. The previously developed defect detection
method is based on a modern neural network architecture and shows that image quality and contrast are
critical indicators for effective defect detection. Therefore, the authors apply a special image frequency
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filtering technique to increase the contrast. The technique is based on dividing the image into narrow
bands located perpendicular to the intensity gradient of the detail components image. One-dimensional
forward Fourier transform, frequency filtering, and inverse Fourier transform are used for each band.
Processing of a real image of the PS-70E (U70) insulator shows that the use of such frequency filtering
reduces the contrast in the area of the components image and increases the contrast in the area of the
defect image against a contrasting background. This property enables either identifying smaller size de-
fects, or using images with resolutions up to and including 1024x1024 pixels, which can be useful when
implementing computer vision systems in real industrial conditions.

Keywords: computer vision; image processing; image contrast; frequency filtering; neural net-
works.
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ANIMOPUTM AHAJTU3A 3AWLWYMIIEHHBIX BUOEOOAHHbBIX
AnAa HABUrAumn ABTOHOMHbIX POBOTOB

A.A. Ky3Heuos
FOxHO- Ypanbckuli 2ocydapcmeeHHbIl yHusepcumem, 2. YenssibuHck, Pocculickast ®edepayust
E-mail: kuznetsovaa@susu.ru

AHHOTAUMA. ABTOHOMHBIE POOOTHI IIUPOKO HUCNOJIb3YIOTCS 1JIsl PA3JIMYHBIX
HeJseil, BKJI0OYasi MOHUTOPUHT, HCC/IeI0BAHNSA, Ype3BblYaliHble CUTYalUH U T. 1.
I'naBHBIMH NpenMyIeCTBAMH ABTOHOMHBIX POOOTOB SIBJSIIOTCS MOOHJIBHOCTD,
NpOCTOTAa pa3BepThiBaHUSA M IPPEKTUBHOCTH B peabHbIX CLEHAPUSX. AKTYyaJlb-
HOIi ABJIsIeTCH 32242 HABUTAllMH ABTOHOMHBIX POOOTOB HA OCHOBE AAHHBIX, MO-
JIyYeHHBIX U3 BHAeokaHana. [lenblo ucciieNoBaHUs SIBJISIETCS peajiM3alus ajaro-
PHTMa aHAJIM3a 3alIYMJIEHHBIX BHAEOJAHHBIX /UISI JeTeKIHH KJIOYEBBIX TOYEK
HABHTAIIMOHHBIX 00beKTOB. TpaauuOHHBIE MOAX0AbI AeTEeKIHH KJIOYeBbIX TO-
YeK HABUTAIMOHHBIX O00BEKTOB HCHOJB3YIOT HTEPAlMOHHBIE AJITOPHTMBI, 0e3
NpuMeHeHHs1 HeillpoHHBIX cereil. IIpemsaraercsi McHOJb30BATh HEHPOCETEBYIO
Moaens YOLOV11 past peumrenns 3a1aun. B kauecTBe BXOAHBIX TaHHBIX Helipoce-
™1 0yayT Beictynats RGB-u3o6paxkenns. Pe3yabrarom padorsl 0yayT Koopam-
HATBI KJII0YEBBIX TOYEK HABHTAIMOHHBIX 00beKTOB. [IpuBe/IeHbI JaHHBIE TECTOB
AJITOPMTMA HA JAHHBIX JaTaceTa M JAHHBIX, MOJYYEHHBIX C UCNBITAHUI JeMOH-
CTPaToOpa ABUIaTe/IbHON YCTAHOBKH € HeHTPAJbHbIM TesioM. McnoJib3yercst MeT-
puxa OKS (Object Keypoint Similarity). Pe3yabraTom ucciieioBaHus siBJsieTcst
HelipOHHAs1 ceThb, pa3padoTaHHasi U 00y4YeHHAs [JIsl IeTeKUHH HABUTALMOHHBIX
00bEKTOB U MX KJII0YeBbIX ToUeK. Onpeelissi KIYeBble TOUKH 00beKTOB, MOK-
HO KOPPEKTHPOBATh HMHePHUAJTbHbICE HABHUIAlMOHHBbIe cHcTeMbl. IlosrydeHHas
HeHpPOHHAA ceTh YCTOHYMBA K Pa3JIMYHbLIM MOMeXaM M IIyMaM, B TOM 4HcJe Ie-
PEeKPLITHSIM.

Kmioueswie crnosa: nasueayus; neuponusie cemu; YOLOV1L; asmonomuvie pobo-
mol.

Beenenne

Hapwuranus aBTOHOMHOTO poO0Ta MOXKET OCYIIECTBIISIETCS Yepe3 aHaIu3 BUJICOKaHANIA C HCTIOIb30-
BaHHEM TEXHOJIOTHH KOMIBIOTEPHOTO 3peHus. B [1] mpuBoauTcst 0630p COBPEMEHHBIX METOJI0B KOMIIhb-
IOTEPHOTO 3pEHUS [Tl aBTOHOMHBIX TPAHCHOPTHBIX cpencTB. [y obecriedyeHns: HaBUraluK ¢ UCIIOIb30-
BaHHEM KOMITBIOTEPHOTO 3pEHUS] OCHOBHOH 3a/1auell siBisieTcs 00Hapy)eHre Ha N300pakeHUH 00BEKTOB
[1], Ha ocHOBaHMY MOJOKEHUS U THIA KOTOPBIX MOKHO CTPOUTH MapIIPYTHI CICAOBAHHUS aBTOHOMHOTO
pobota. Mcnone3yroTest Takiue METO/Ibl, KaK KIaCCHYECKHI KOHBEHep OOHApYyKEHUs, TaK M UCIIOIb30Ba-
HUE TITyOOKOTO 00yUYeHHS.

Tem He MeHee BHJICOKaHATl MOXKET COIEPKaTh Pa3InHbIC IIYMbI. DTO MOTYT OBITh HU(PPOBOH IIyM,
CHIKEHHBIH KOHTPACT, Pa3MBITHE, IEPEKPHITHE OOBEKTOB APYTHMMH 00BEKTaMH H T. JI.

Ludposoii mrym [2] — 3T0 HEXeNaTeNbHbIE NCKAKSHUS WM TIOMEXHU B IU(GPOBOM H300paKEeHUH HITH
BUJICO0, KOTOPbIC BO3HUKAIOT W3-32 Pa3IM4YHBIX ()aKTOPOB, TAKUX KaK OrPaHUYEHUs 000pyIOBaHUs, yC-
JIOBUSI CheMKHU WM 00paboTKa cHrHaia. BusyalbHBIMU TPOSIBICHUSMHU TAKOTO IIyMa sIBISIETCS 3€pHU-
CTOCTB, IIBETOBBIE apTedakTsl, moTeps neraneil. [IpuanHamMu Moryt ObITh BeICOKOE 3HaueHue 1SO, cia-
0oe ocBellIeHue, OTPaHNYEHUS CEHCopa, CKATHE JAHHBIX U T. JI. YXYJIIaeT Ka4eCTBO U300paKeHHS ITy-
TEM CHW)KEHUSI PE3KOCTH, YXYAIICHHS I[BETOIEPEIaud H TIOTEPH JIeTaJICH.

CHIKEHHBII KOHTpAcT U pa3MmbITHe [3, 4] — 3TO /Ba pacmpoCTpaHEHHBIX JedeKkTa U300paKeHus,
KOTOpbIE MOTYT BO3HHMKATh 10 Pa3HbIM npuurHaMm. OHU yXy[AIIal0T KauecTBO M300paKeHMs, JeNiasi ero
MeHee YeTKUM W BbIpa3uTeNbHbIM. CHIDKEHHBIH KOHTPACT XapakTepu3yeTcs HU3KOH pa3HUIled MEXITy
CBETJIBIMH M TEMHBIMH O0JIaCTAMH, MOTEpPEr aeTanell B TEHSIX U 1BeTax. [[puamHaMB MOTYT CIyXHUTh
IUIOXO€ OCBELICHUE, aTMOC(EPHBIE YCIOBUS, OTPaHUYEHUs TMHAMUYECKOro auana3oHa. PazMeiTue xa-
pakTepu3yeTcs NoTepeil Pe3KOCTH, CMa3bIBAHHEM T'paHHIl 00bEeKTOB. [IpUYrHAME MOTYT CIIYKUTh JIBU-
’KCHHE KaMepbl WiIH 00beKTa, HenpaBWibHas (OKYCUpOBKa, TU(PaKIHs U T. JI.
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IIpu mepexpeITHH OTCIE)KUBAEMBIX 00BEKTOB JPYTUMH O0BEKTaMH MOXKET TepAThCS MH(popmanus,
Ha OCHOBAaHHU KOTOPOH aBTOHOMHOMY pOOOTY HY>KHO CTPOWUTH MapHIpyT. Tak, mepeKkpeITHe HaBHUTAIH-
OHHBIX O0OBEKTOB MOXKET BBI3BATh OIIMOKH B pacueTe MOJ0KEHUS aBTOHOMHOTO po00Ta, YTO MOBJICUET
3a c00O0W HEKOPPEKTHO paccUMTaHHBIN MapmpyT. HaBurannonHasi cuctemMa JOJKHA OBITH YCTOMUNBA KO
BCEM THIIAM IIYMOB B BHIEOIIOTOKE, YTOOBI OOBEKTHI, IT0 KOTOPBIM CTPOUTCA MapIIPyT, BCETrIa ompese-
nsunchk. Ha ceromHsIHui eHb CYIIECTBYIOT pa3iMyHble HABUTALIMOHHBIE CHCTEMBI AJIi aBTOHOMHBIX
pobotoB. B [5] onuceiBaectcss ORB-SLAM2. D10 monHast cucrema SLAM (ogHOBpeMEHHAs JTOKaIN3a-
[IAS ¥ TIOCTPOCHUE KapThl) IJIsT MOHOKYIIIPHBIX, cTepeo- 1 RGB-D-kamep. Crucrema paboTaeTr B pexxume
peaTbHOTO BPEMEHH Ha CTaHJAPTHBIX MPOIECCOPax B CaMBIX Pa3HBIX YCIOBHUIX: OT HEOONBIINX PYIHBIX
MOCJIEeI0BAaTEIFHOCTEW B MOMEIIEHHSIX IO IPOHOB, JETAIOIINX B MPOMBIIIICHHBIX YCIOBUSIX, U aBTOMO-
Omrel, emqymux 1mo ropoxay. M3 HemMOCTaTKOB MOKHO OTMETHTH BBHICOKHE TPEOOBAHMS K BBIYUCIUTENb-
HBIM pecypcaM OOpPTOBOTO BBIYHCIUTENS, 3aBUCUMOCTh OT 3alllyMJICHHS U OTCYTCTBHE CEMAaHTUYECKON
nngpopmaruu. ORB-SLAM2 paGoTaeT TONBKO Ha YpOBHE I€OMETPUYECKUX OCOOSHHOCTEH, HE pacIio-
3HaBas 00beKkThl. B [6] onmckiBaercs ¢unbTp KanmaHa ¢ orpaHMYeHrEM MO HECKOJIBKHM COCTOSHUSIM.
OunpTp Kammana ¢ orpaHngeHneM M0 HECKOJIBKUM COCTOSTHUSIM — 3TO PACIIMPEHHBIA BapHaHT (PHiIbTpa
Kanmmana, paspaboTaHHBIN cHenuanbHO ISl BU3yallbHO-HHepuuadbHOW HaBuranuu. OH 3(PQeKTHBHO
KOMOWHHMpYET AaHHBIE OT KaMepbl M HHEPLUUAIBLHOTO MU3MEPUTEIBHOTO OJI0Ka, MO3BOJIsisl poboTaM U
JpOHaM OIIEHWBATh CBOE TOJIOKeHHNe 0e3 HakomieHus omuook (apeticda). Ilockonpky Gumptp Kanmana
C OTPaHUYEHHEM I10 HECKOJIBKHM COCTOSIHUSIM HE CTPOUT TI00ANBHYIO KapTy, CO BpeMEHEM HaKaIlIhBa-
eTcs apeti (0coOEHHO B MOHOTOHHOM OKpYyeHuH). OTCYTCTBUE paclo3HaBaHUs OOBEKTOB OTPaHUYU-
BaeT UCIOJIb30BaHNE METO/IA.

AJITOPUTM aHAJIN3a 3alIyMJIEHHOT0 BHIEONOTOKA HA OCHOBE HEi{POHHBIX ceTel

[MpeanaraeMplii anroOpuT™M aHaM3a 3alIyMIICHHOTO BHCOMOTOKA HMCIOJIB3YET sl OOHApY:KEHUs
HaBUTAIIMOHHBIX OOBEKTOB M WX KIIFOUEBHIX TOUeK HerponHyto cetb YOLOV11 [7]. OTa HelipoHHAas ceTh
HCTIONB3YET OIHONPOXOAHBINA MOAX0, HCIOB3YIOLUINNA BCE H300paKEHHUS B KAUE€CTBE BXOJHBIX JAHHBIX,
JUTSI IPOTHO3UPOBAHUS OTPAHUYMBAIOIINX PAMOK M BeposTHOCTEH kinaccoB. YOLOv11 ontumusupoBana
Ut GanaHca Mexay TouHOCThI0 (mAP) 1 ckopoctsio (FPS). [lanayio HEHpOHHYIO CETh MPeAIoNaraeTcs
WCTIONB30BaTh HA aBTOHOMHBIX POOOTax, CJIe0BAaTEIbHO, OHA TOJDKHA [TOKa3bIBaTh XOPOLIYIO IPOU3BO-
JUTENBHOCTh Ha OJTHOTUIATHBIX KOMIbIoTepax, Hanpumep, Ha NVIDIA Jetson Orin NX wiun Orange Pi 5.
B kaudecTBe HaBUTaIMOHHBIX OOBEKTOB OYAYT HCIONIB30BaThCs Mapkepbl ArUco [8]. OHu mpencTaBisioT
co0oii yepHo-0emble KBaJpaTHbIE N300paKEHUsI C YHUKAJIbHBIM WACHTH(HUKATOPOM M BHYTPEHHUM KO-
JIOM, KOTOPBIH JIETKO pacro3HaeTcsi aroputMaMu. Ha TaHHBI MOMEHT HeHpOoHHas ceTh o0y4anach 00-
HapyXuBaTh Tpu Mapkepa Aruco (puc. 1).

Puc. 1. Mapkepbi ArUco

[MosyurB KiIOYEBbIE TOUKH MapKepa, MOKHO pemath 3amady Perspective-n-Point (PnP) [9]. PnP —
3TO KJIACCHYECKasl 33/1a4a KOMITBIOTEPHOTO 3pEHUsI, KOTOPAs 3aKJII0YACTCS B ONPENEIICHUH MOJIO0KEHUS U
OpHEHTAlMU Kamepsl (ee Mo3bl, T. €. 3D-N0I0KeHusl U BpalleHUs1) OTHOCUTENIFHO CLIEHBI IO N U3BECT-
HbIM 3D-Toukam u ux 2D-npoekuusaM Ha u3oOpakeHuu. B nanHoii pabore 3amaua (PnP) Oyner pemats-
cst metosioM Direct Least-Squares (DLS) [10].

[TonyuenHast uHQOpMaUKs O MOJOKEHHUH KamMepbl B MPOCTPAHCTBE MOXKET HMCIOIb30BATHCS LIS
KOPPEKIIMH MHEPUMATBHBIX JTaTYUKOB, KOTOpPbIE MPH ABOMHOM HHTETPHUPOBAHHMHM MOTYT HAaKaljUBaTh
3HaunTeNbHbIe orpemHocTy [11]. Tak kak B JaHHON paboTe B KaueCTBE TAKMX OOBEKTOB UCTIOIB3YIOT-
csi mapkepbl ArUco, cieloBaTellbHO, HABUTAIIHOHHBIM OOBEKTOM OyJIIeT IO Tpex 3apaHee 3aJlaHHBIX
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MaTtemaTtuka

MapKEPOB U YTIJIbl MAapKEpa B KAYECTBE KIIOUCBBIX TOYCK. Ha puc. 2 IIPUBCACH MPUMEP TAKOI'0 MapkKepa
C BBIACIICHHBIMM KJIFOYCBBIMHM TOUYKAMHU:. KJIHOUCBBIC TOYKH BBIJICIICHBI PA3HBIMU BETAMH, TaK KaK HEH-
PpOHHasA CETh NOJDKHA TAKXKE OIPCACIIATH, KaKasd KOHKPETHO KIIIO4YE€Basg TOUYKAa HAXOJAUTCA B JAaHHBIX KO-
opAuHaTax.

Count: |[1]] FPS: fps = 162 | 61 ms]

01} [-0.15!, '+0.45, '+1.65]

Angles: -89, -0, '+1]
quotrios [ 180 11434 <1733 73]
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@Bré:
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Puc. 2. Mapkep Ha MCNbITaTeNbHOI NowaaKe
Co3pmanne oOyuaromeii BBIOOPKH MIPOXOAMIIO B [Ba mara. Ha nepBom mare Obljia peaan3oBaHa IIpo-
rpamMa [12] Ha s3bike C++ /17151 TeHepalMi CHHTETHYSCKUX MaHHBIX. C TOMOIIBIO peai30BaHHON TPO-
rpammbl Obuto creHepupoBaHo 4 000 m3oOpaxenuil. [IpuMep Takoro CHHTETHYECKOTOo H300pa’keHUS
npeacrasieH Ha puc. 3. Ha BropoM mare codupanuch peajbHble JaHHBIE. PeanbHble JaHHBIE TOTyda-
JMCH MyTEM 3aIucu Bujeo B saboparopuu. IlomyuenHoe Busieo 3aTeM pa3duBaoch Ha Kajapsl (puc. 4).

HonyquHHe KaJpbl 3aTEM pa3MEeyainuCh B q)opMaTe, IIOHATHOM IJIA HeﬁpOHHOﬁ CCTU.
LA BT R o / = " g

P;1c. 3. npumep creHepMpbBaHHéro Puc. 4. NMpumep nzobpaxeHus,
CUHTETUYECKOro M3o6paxeHus nosny4eHHoro B na6opartopumu

YucjieHHbIE IKCTIEPUMEHTBI

Jlnst mpriMepa paOOThl HEHPOHHOW CETH MOXHO HCIIOJIb30BaTh M300paKeHHe 0e3 MIYMOB U C 00JIb-
M MapkepoMm. Kak n300paxeHo Ha puc. 5, cTaHIapTHBIC aITOPUTMbI U HEWPOHHAS CETh CIPABUIIUCH C
3amaueii. TeM He MeHee eclid Ha MapKep HauWHaeT MaJiaTh TCHb, KaK HA PUC. 6, CTAHAPTHHIC AITOPUT-
MbI HE MOTYT OOHAPYXUTh MapKep.

Jnist TecTUpoBaHKs PabOThI C 3alTyMJICHHBIME U300POKCHUSIMU Ha HE3allyMJICHHOe H300pakeHne
OyayT HaKITaIBIBATHCS PA3MUUHBIC IyMbl. Ha prc. 7 MOKa3aHO MCXOMHOE U300paKEHHE W €ro 3allyM-
JeHHas Bepcus. Jis 3amymiieHus u300pakeHHs MPUMEHSUICS aUIMTHBHBIA rayccoBCKuii mym. K uc-
XOJIHBIM MTHKCEJISIM U300paKeHUs J00ABISUINCh HE3aBUCUMbIC 3HAYCHUS, KaX/10€ U3 KOTOPBIX SIBISICTCS
ClydaifHOM BETHUMHOMN, UMEIOIIEH HOPMAIbHOE paclpe/e/icHHe ¢ HYJIEBBIM CPSIHUM U CTaHIapTHBIM
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otksoneHreM 800. DToT 1rym — «Oelnblit» (HEKOPPEIMPOBAHHBIA BO BPEMEHH/TIPOCTPAHCTBE) U OJIMHA-
KOBO BO3/ICHCTBYeT Ha Bce M300pakeHus. 1 TeCTOB Oy/leT MCIONB30BaThCs (pparMeHT BUIEO pa3Me-
pom B 240 xaapoB, HOJYUYEHHOTO C UCTIBITAHUH.

Puc. 5. NMpumep paboTbl HEMPOHHON ceTu (cneBa) U anropuTMoB, peanu3oBaHHbIX B OpenCV (cnpaBa)
LLLLLEE R LULLLLL L LD

mmeutii. ; . e zinm. \

Puc. 6. Mpumep paboTbl Heﬁpom:mu cé-ru (cneBa) n anropuTmoB,
peanusoBaHHbIX B OpenCV (cnpaBa), Ha u3o6paxeH1u c 3allyMneHuem

B kauecTBe METpPHMKH Ul KIIFOUEBOW TOUKH | Oyaer mcmonb3oBaThess Object Keypoint Similarity

(oks)

i
25%k? )

rae d; — eBKIMAOBO PACCTOSHHE MEXIY NPEACKA3aHHOW M HACTOAIICH KIIOYEeBOM TOYKOH, S — IUIO-

OKS; =exp| — 1)

manp oobekra, ki =0,5 ma Bcex i. MeTprka TOYHOCTH A7 BCEro 00beKTa OyJeT cpeHUM 3Ha4eHUEM

TOYHOCTH BCEX KIIOUeBbIX Touek. OKS — 3T0 cranmapTHas MeTpHuKa JJis OIIEHKH KadecTBa MoJelneit
KOMITBIOTEPHOI'O 3peHHS, PabOTAIONMUX ¢ KIIOYEBBIMH TOYKaMU OOBEKTOB (Hampumep, OOHApyKeHHE
MO3bI YENIOBEKA, TPEKHHT KMBOTHBIX, aHaIu3 *xecToB). OHa IMPOKO HCMOJL3YeTCsl B TaKUX Habopax
nmarnbix, kak COCO (Common Objects in Context) u MPIL. OKS u3mepsieT CXOJACTBO MEKIY MPeaCcKa-
3aHHBIMHU KJIFOUEBBIMHA TOYKAMH W JTAJOHHBIMHM TOYKAMH, YUMTHIBasS MaciTad o0beKTa W CI0XKHOCTH
pacno3HaBanus kKaxnoi Toukn. OKS obecrieunBaeT cOalaHCUPOBAHHYIO OICHKY, YYUTHIBAIOIIYIO HIO-
aHCBHI JIOKAJM3alMU KIFOYEBBIX TOYCK, YTO jenaeT e€ 30JI0ThIM CTaHIapTOM B 3aJa4ax OOHApPYKEHHS
KIIFOUEBBIX TOYEK 00BEKTA.

[
et

(5
Puc. 7. UcxopnHoe nsobpaxeHue (cnesa) u 3allymreHHoe usobpaxeHue (cnpaea)
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Ha puc. 8 (cneBa) mokazaHa TOYHOCTb ONpeEIeHUs KIIOUEBBIX TOUYEK NpH ypoBHe mryma 150. Ilo-
Ka3aHO, YTO KJIACCHUECKHME METOAbI CHPABIIAIOTCA C 3aJaueil TouHee B OosbIIMHCTBE ciyuyaeB. Ha pu-
cyHKe 8 (cIIpaBa) IoKa3aHa TOYHOCTH OTpeAeIeHIs KIFOUeBBIX ToUeK npu ypoBHe mryma 800. [Tokazano,
YTO TOYHOCTh HEMPOHHOM CeTH CHU3MIAch He Ooinee yeM Ha 7 %. Kiaccuueckue MeTopl He OOHAPYKU-
JU MapKep.

Wym raycca(yposeHb wyma 150) LLlym raycca(yposeHb lwyma 800)

Tounocts 8%

0 50 100 150 200 0 50

Homep xagpa

etogss  ———HedponHan cerb

Puc. 8. TouyHOCTb paboTbl cTaHAAPTHbLIX aNroOpUTMOB U HEMPOHHOWN CeTU B 3aBUCMMOCTU OT YPOBHSA LUyMa
B Tabn. 1 yka3aHo cpenHee 3HAUYCHHWE TOYHOCTH OOHAPYKEHHs KIIFOUEBBIX TOYCK Ha BHJICO JUIS
KJIACCUYECKUX METOJ0B U HEUPOHHOM CETH.

Ta6bnuua 1
Cpe.qHMe 3Ha4YeHUsd TOYHOCTU ANnsA wyma Faycca Aansa Knaccn4yeckux metToaoBs n HeﬁpOHHOﬁ cetun
Knaccuueckue metosl Heiiponnas cethb Heliponnas cetb
(ypoens mryma 150) (yposens mryma 150) (yposens mryma 800)
99,77129962 99,51717543 93,73195243

Ha puc. 9 npeacrasien npumep He3alyMICHHOTO H300paXXeHUS U 3TOTO K€ U300paKEeHUs C HaJIO-
JKEHHBIM MEJMaHHBIM Pa3MbITHEM C pa3MepoM siapa 14. Jlist TecTupoBaHus pabOThl ¢ MEMAaHHBIM pa3-
MBITHEM Ha He3allyMIICHHOE H300pakeHHe OyAeT HaKJIaJAbIBaTECSl MEIUAHHOE PA3MBITHE C Pa3IUYHBIMH
sapamu (pazmepamu oT 1 mo 14). [l TecToB OyneT Mconbp30BaThes pparMeHT Bujieo pasmepom B 240
KaJIpOB, MOJYYCHHOTO C UcHbITaHuil. B kauecTBe MeTprku OyzaeT ucnonbizoBatbest OKS (1).

Puc. 9. NMpumep u6pame|-wm 6e3 wyma (cnesa) 1 ¢ LLyMOM B BUAE pa3mbITvs (cnpasa)

Ha puc. 10 (cneBa) moka3aHa TOYHOCTH Pa0OThI ONMPEACICHUS KIIIOYEBBIX TOUEK KIACCUYCCKUMHU
METOJaMHU ¥ HEHPOHHOW ceThio Ipu pasMmepe sapa 3. [lokazaHo, YTO KIaccHYeCKHe METOJIbI CIIpaBIIs-
I0TCSl € 33j1a4ell TOUHee HEHPOHHOW CeTH IpU MajoM pasMmepe saapa (B ganHoM ciydae 3). Ha puc. 10
(cmipaBa) MoKa3aHO, YTO MPU BBICOKMX 3HAYEHUSIX siipa (B TaHHOM ciiydae 14) HelpoHHAsl CeTh MOKa3bl-
BaeT CHIDKEHHE TOUHOCTHU B cpefiHeM Ha 5 %. Kitaccuueckne MeTo/Ibl He OOHAPYKUBAIOT MapKep.

MeaunaHHoe pasmbitue(pasmMep agpa 3) MeauanHoe pasmbiTne(pasmep sapa 14)

= A R

Homep kaapa Hosmep xaapa

Puc. 10. TouHOoCTb paboTbl CTaHAAPTHLIX aNrOPUTMOB U HEMPOCETU B 3aBMCMMOCTU OT YPOBHSA LIyMa
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Tabnuua 2
Cpe.cu-me 3HA4Y€eHUA TOYHOCTU ANA MeanaHHOro pasmbITUA AnsA Knaccu4ecKkux Metogos u HeﬁpOHHOﬁ ceTn
Krnaccnueckne metost Heiliponnas cetsb Heiliponnas cetsb
(pa3mep sipa 3) (pa3mep sypa 3) (pasmep spa 14)
99,84641667 99,44591667 94,51533333

B Tabn. 2 ykazaHo cpenHee 3Ha4€HHE TOYHOCTH OOHApPYKEHHs KIIOUEBBIX TOYCK Ha BUIEO IS
KJIACCUYECKHX METOJIOB U HEHPOHHOU CETH.

Hapuranmonnsie 00bEKTHI MOTYT NEPEKpPHIBAThCS APYIHUMH OOBekTaMu. HaBuramuonHas cucrema
JaKe B TAKHX CITydasxX JOJDKHA YMETh ONPEeIIsTh KII0YeBbIe TOYKH HaBUTAIMOHHOTO 00BbeKTa. Tak Kak
B JaHHOU paboTe ucmonb3yroTcs Mapkepbl ArUco B KadecTBE HaBUTAIMOHHBIX OOBEKTOB, TO B Cydae
UX TIEPEKPBITUS WM HEPEKPBITHS UX KIIOYEBBIX TOUEK (YIJIOB Mapkepa) He0OOXOIMMO BCE PaBHO OIpe-
nenuth ux yriusl. Ha puc. 11 n 12 noka3zansl H300paxeHus ¢ EpeKphITHIM MapkepoM. HelipoHHas ceTh
ONpEeJIeIIsSieT YITIbl MapKepa ¢ TOYHOCTHI0 90 % B cpepHeM.

s

Puc. 11. Npumep paboTbl HENPOHHOW CETU HA N30BPaXKEHUSIX C NePEKPbITLIM MapKepom
Ha puc. 13 nokazaHo u300pa)keHHE C MEPEKPHITHIM MapKepoM B KIIHOYEBOW TOuKe. B maHHOM city-
gac, XO0Thb HeﬁpOHHaﬂ CCTh U onpeaciiniia KOPPEKTHO MAPKEP U €ro KIKYCBLIC TOYKHU, TOUYHOCTbL COCTa-

Buna 80 % B cpemHeM.

Puc. 13. Mpumep paboTbl HEMPOHHOM CETU Ha M306pPaKEeHUAX C NePeKPLITLIM MapKepom
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Heiiponnas cetb MokeT paboTaTh M ¢ APYTMMH HaBUTAlMOHHBIMH OoOBbekTamu. Hampumep, pac-
cMoTpuM ¢unyrnuapHsie Mapkepsl reacTIVision [13]. Tak xe, kak u mapkepsl ArUc0, naHHbIe MapKepbl
MOJKHO HCIOJB30BaTh JJISI ONPEJCNICHHs TTOJIOKEHHUST aBTOHOMHOTO po0oTa. Bee uTo HY»KHO cienaTh,
3TO TMEepeoO0yINTh HEHPOHHYIO CETh A paboThI ¢ ATIMH Mapkepamu. [Ipu oOydeHNH TaKkke MOKHO HC-
MOJIb30BaTh MCXOAHBIN AataceT. Ha puc. 15 mokasan mpumep, rae Ha MECTO MCXOJHOTO MapKepa MoJ-
CTaBJieH HOBBIN. Tak Kak KOOPJAWHATHI UCXOJHBIX MapKepOB U3BECTHBI, TO JIAHHBINA MPOIECC MOXKHO aB-
TOMATH3UPOBATh.

Puc. 14. Npumep mapkepos reacTIVision

Puc. 15. UcxogHoe nsobpaxeHue (cnesa) u MsobpaxeHue ¢ HarnoXeHHbIM HOBbIM MapKepom

3akiroueHue

B pamxkax nccienoBanus ObUIO pa3paboTaHO M MCHBITAHO MPOrpaMMHOE oOecredeHue aisi o0pa-
OOTKHM JaHHBIX ¢ OOPTOBBIX KaMep Ha OCHOBE CBEPTOUHBIX HEMPOHHBIX CeTel, ONTHMU3UPOBAHHOE IS
BBITIOJIHEHNSI Ha OOPTOBBIX BBIYUCIHUTENSIX. PazpaboTaHHOe mporpaMMHOE OOECIIEYeHHE HCIIOJIB3YET
COBPEMEHHYIO apXWUTEKTYpy HEHpPOHHBIX CETeH, YTO IMO3BOJISIET O0ecleYnBaTh MPUEMIIEMBIH YPOBEHb
TOYHOCTH OOHApPY>KEHHSI U OTCIICKHBAaHUS OOBEKTOB MHTEpECca HA OTPaHHMYCHHBIX pecypcax OOpPTOBBIX
BbIUMCIINTENEH, ycTaHOBIEeHHBIX Ha bJIA. Peann3oBaHHble anropuT™Mbl YCTOWYHMBBI K TTOMEXaM Ha U30-
OpakeHHH, TaKUM Kak HU(POBON LIyM, HU3Kass KOHTPACTHOCTb M300pa’ke€HUs, MEPEKPBITHE OOBEKTOB
MHTEpeca APYIMMHU O0beKTaMH. JeTeKuus HaBUrallMOHHBIX OOBEKTOB MO3BOJIIET BBLACIATH KIIOUEBBIE
TOYKH JUIsi KOpPpeKIMH cucTeM HaBuranuu BJIA B orcyrcTBHEe MH(DOpMAIMH O MECTOTONOXKEHHH C
BHEIIHUX MCTOYHHMKOB, TAKUX KaK CITyTHHUKOBas CBsI3b. BBIJIO MOKa3aHO, YTO MPH HAJIOKEHUU IIyMa Ha
n300pakeHne, TOUHOCTh OOHApYKEHUsI OObEKTOB MHTEpECa M MX KIIFOUEBBIX TOUYEK Majaia He Ooiee yeM
Ha 7 %. [Ipu nepekprITHI 00HEKTOB HHTEPECA TOYHOCTh cocTaisuia 80 %.
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ALGORITHM FOR ANALYZING NOISY VIDEO DATA
FOR AUTONOMOUS ROBOTS NAVIGATION

A.A. Kuznetsov
South Ural State University, Chelyabinsk, Russian Federation
E-mail: kuznetsovaa@susu.ru

Abstract. Autonomous robots are widely used for various purposes, including monitoring, research,
defense, emergency situations, etc. The main advantages of autonomous robots are mobility, ease of de-
ployment and real efficiency. The problem of autonomous robot navigation based on data obtained from
a video channel is relevant. The study aims to implement an algorithm for analyzing noisy video data to
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detect key points of navigation objects. Traditional approaches to detecting key points of navigation ob-
jects apply iterative algorithms without the use of neural networks. YOLOvV11 neural network model and
RGB images as input data can solve the problem. The work results in finding the coordinates for the key
points of navigation objects. The algorithm test data on the dataset and data obtained from testing the
demonstrator of an engine with a central body are provided. The OKS (Object Keypoint Similarity) met-
ric is used. The study results in developing a neural network, trained to detect navigation objects and
their key points. Defining the key points of objects enables to correct inertial navigation systems. The
obtained neural network is resistant to various noises, including overlaps.
Keywords: navigation; neural networks; YOLOv11; autonomous robots.
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Abstract. In this paper, within the framework of density functional theory
for the disordered phase A2 of Fe-Me alloys (Me = Al, Ga, Ge) the magnetic ex-
change constants J;; are calculated and the Curie temperatures T are estimated
in dependence of the concentration of Me = Al, Ga, Ge (in the range of
0<x<1l1l4at.%) and the crystal lattice parameter (in the range of
2,7 < a < 3,0 A). The J; distribution obtained in the paper demonstrates non-
linear behavior. The highest ferromagnetic interaction in the first coordination
sphere is =23 meV. In the third coordination sphere, antiferromagnetic exchange
interaction is observed, which reaches a value of = —2,5 meV. Magnetic transition
temperatures calculated using the mean field approximation based on the exper-
imental values and the ag parameters calculated within the density functional
theory show the presence of a concentration range of 4 < x < 8 at. % in which T¢
increases. The cross-section of the calculated Curie temperature distribution
shows that for all studied Fe-Me alloys with the lattice parameter a, = 2,94 A, it is
possible to construct a dependence T¢(X) that is in quality agreement with the ex-
perimental one.

Keywords: Fe-based alloys; ab initio calculations; magnetic exchange interac-
tion; Curie temperature.

Introduction

The scientific community's interest in the research and development of multifunctional iron-based
materials is constantly growing. The demand for environmentally friendly materials makes these alloys
especially attractive. The unique combination of mechanical, magnetic, and electrical characteristics of
Fe-Me alloys (Me = Al, Ga, Ge) with high magnetostriction values in low magnetic fields [1, 2] is of
particular interest for researchers and makes such alloys promising for the creation of sensors and actua-
tors and other magnetomechanical devices. The ability to convert magnetic energy into mechanical en-
ergy and vice versa allows these alloys to be used in industry, power engineering, automotive engineer-
ing, and other areas. Thus, studies of Fe-Me alloys (Me = Al, Ga, and Ge) remain relevant both from the
point of view of fundamental science and practical application. This is confirmed by the constant growth
in the number of publications in this field.

Experimental studies show that addition of nonmagnetic elements such as aluminum, gallium, or
germanium into a-Fe with a body-centered cubic (bcc) lattice allows for a significant increase in the
magnitude of tetragonal magnetostriction in the resulting alloys compared to pure iron [2]. The phase
diagrams of the Feiq0.xMey systems (Me = Al, Ga, Ge) in the concentration range from 0 to 10 at. % re-
veal the presence of a disordered bcc structure A2 (symmetry group no. 229, Im-3m, with a-Fe as proto-
type). In this case, similar behavior of parameters such as tetragonal magnetostriction and the Curie
temperature is observed. In the single-phase A2 region, a gradual decrease in Curie temperature T¢ is
observed, which becomes sharper during the formation of the D03 structure. This is accompanied by the
appearance of a two-phase region, which affects the magnetic characteristics of the material [3].

The theoretical calculation of the transition temperature from ferromagnetic (FM) to paramagnetic
(PM) state, presented in [4—7], showed an interesting feature of the obtained results. A complex ap-
proach using ab initio calculations and Monte Carlo modeling reveals a decreasing behavior of the T¢(x)
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curve dependences in the FeygxAly, Feip0xGax, and FeigoxGey alloys only in the concentration range of
X > 12 at. %. However, in the region of lower concentrations, the behavior of the curve cannot be repro-
duced, since studies show the opposite trend: the Curie temperature increases with a change in the con-
centration of Me = Al, Ga, Ge from zero to 12 at. %. The authors explain this behavior by an increase in
the exchange interaction J; between iron atoms, as well as an increase in the magnetic moment of Fe
atoms ue. It is important to note the observed correlation between the values of J;; and pe and the lattice
parameter: the larger the lattice parameter, the stronger the exchange interaction and the greater the
magnetic moment per iron atom [5, 6]. Thus, the obtained results indicate a complex relationship be-
tween the structure, composition, and magnetic properties of Feiq.xMey alloys (Me = Al, Ga, Ge), which
opens up new prospects for basic research into the mechanisms of forming magnetic properties in these
materials.

In this paper, we analyze the influence of the crystal lattice parameter and the concentration of
nonmagnetic atoms of Me = Al, Ga, Ge on the exchange interaction, as well as the Curie temperature of
the A2 structure of Fejgo.xMey alloys (0 < x < 14 at. %) using ab initio simulation.

1. Calculation details

To simulate the magnetic properties in the FegoMe, (Me = Al, Ga, Ge, 0 <x <14 at. %) system,
we used the Korringa—Kohn—Rostoker Green's function method implemented in the SPRKKR software
package (a Spin Polarized Relativistic Korringa—Kohn—Rostoker code) [8]. The fully disordered struc-
ture A2 was investigated in the work. For this phase, Fe and Me atoms are randomly distributed in the
Wyckoff position 2a(0, 0, 0). To create non-stoichiometric compositions, we used the single-site coher-
ent potential approximation (CPA). The use of CPA allows us to construct an averaged potential for a
lattice site occupied by several types of atoms [8]. Note that this approximation successfully describes
the properties of many compositionally disordered (non-stoichiometric) alloys. The crystal lattice pa-
rameter in the calculations was varied in the range of 2,7<a<3,0 A.

In the first stage, we performed calculations of the Heisenberg magnetic exchange constants Jj; in
the formulation of A. Lichtenstein et al. [9]. The calculations included the use of the spin-polarized sca-
lar-relativistic Dirac Hamiltonian with |y = 3. To perform both self-consistent and J; calculations,
4 495 k-points were generated by a 57x57x57 k-grid. For the exchange-correlation potential, the gener-
alized gradient approximation in the Perdew—Burke-Ernzerhof (PBE) formulation was used [10]. Ob-
tained exchange coupling constants were used to estimate the Curie temperature T¢ in the mean field
approximation [11]. J; parameters in Curie, temperature estimation were taken into account up to the
49th coordination sphere and were limited to a value multiple of 6 lattice parameters.

2. Results and discussion
At the first stage, the magnetic exchange interaction parameters were calculated for the A2 struc-
ture of the FeqgsGa, alloy with the experimental lattice value a, = 2,87 A [12]. Fig. 1 shows the values of
Jij between Fe atoms depending on the distance between the atoms (in units of the crystal lattice
parameter). The exchange interaction between pairs of Ga-Ga and Fe-Ga atoms does not exceed
0,1 meV and is excluded from consideration. In Fig. 1, J _
exhibit oscillating damped behavior. The largest FM a0r

1.5

interaction is observed in the first coordination sphere of Fe "y FenG:
atoms and is = 22 meV. Let us consider how the values of J; _ ol g \M 1

change depending on the crystal lattice parameter and the E’m = ooof .«.H""h“\.“-.*--
concentration of Me = Al, Ga, and Ge atoms. = R T B

Fig. 2 shows the distribution of the magnetic exchange st L
interaction constants for the FejgAly alloy series depending .
on the value of the crystal lattice and the concentration of Al _-./\"f‘"“--"""*"'-—
atoms for the first three coordination spheres (Fig. 2(a) — at a | 2 3 4 5 6

distance of +/3/2a, Fig.2(b) — at a distance of a, and , _ da _
Fig. 1. Magnetic exchange interaction con-

Fig. 2(c) — at a distance of +2a). The J; distribution has a stants J; as a function of the distance (d/a)

non-linear behavior. Between the nearest Fe atoms (Fig. 2(a)), bew;/g‘ig rtft]ﬁep:)l(r;e?if i ;r]ltt; ] If;tt?i?es,vgﬁljzulat-

depending on the Al concentration, the change is no more (a = 2,87 A) [11] in the A2 structure of the

than 5 meV, from =19 meV for pure Fe to ~ 24 meV in the FesGa; alloy
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case of FegsAly,. Note that such an increase corresponds to the region of lattice parameters a = 2,85-
2,86 A, which is close to the experimental value. In the range of values a<2,76 A, Jij demonstrate a
weak dependence on the Al concentration, changing by 1 meV (=20,5—= 21,5 meV), while in the range
of a>2,92 A, the change in Jij is greater than 3 meV (=20 —~23,5 meV).

In the second coordination sphere (at a distance of a, Fig. 2(b)) the distribution of exchange parame-
ters is different, and two regions can be distinguished in the distribution depending on the lattice pa-
rameter. In the first region with small values of the lattice parameters (a < 2,82 A), the J;; parameters
change slightly with increasing Al concentration, increasing almost linearly with an increase in the lat-
tice parameter at a fixed Al concentration in the alloy. In this region, the parameter values change from
~4,5 to =10,5 meV. The second region in Fig. 2(b) is characterized by a decrease in magnetic exchange
with an increase in the Al concentration at constant values of a and a fixed Al concentration in the alloy.
In this region, the change in the parameters of the magnetic exchange interaction is observed from ~8,0
to =14,0 meV.

In the case of interaction between Fe atoms located at a distance of /2 (Fig. 2(c), the third coordi-
nation sphere), a region of antiferromagnetic interaction is observed in the distribution. This region is
observed for lattice parameters of 2,8 <a<3,0 A and in the concentration range of 0 < x < 8 at. %. In
general, a weak (no more than 4 meV) change in the constants of magnetic exchange interaction in the
third coordination sphere can be noted.

(a) 14

J'U (meV)

18.50
19.05
19.60
20.15
20.70
21.25
21.80
22.35
22.90

Al concentration (at.%)

Al concentration (at.%)
Al concentration (at.%)

!
27 .2.8 29 3.0 2. 28 29 3.0 2, 28 29 3.0
Lattice parameter (A) Lattice parameter (A) Lattice parameter (A)

Fig. 2. Distribution of the magnetic exchange interaction constant of Feip<Alx alloys between Fe atoms depending
on the crystal lattice parameter a and the Al concentration x in (a) the first, (b) second, and (c) third coordination spheres

In Fe-Ga and Fe-Ge alloys, the behavior of the magnetic exchange interaction constants is similar.
The difference lies in the magnitude of the parameters associated with the presence of Me = Al, Ga, Ge
atoms in the alloys, which was shown earlier in our works [5-7, 13-17].

In [5-7, 13-17], the authors showed that when modeling using the Monte Carlo method, the calcu-
lated Curie temperature values depend significantly on Ji's value. Taking this fact into account, in the
present work, we analyzed the influence of the value of the crystal lattice parameter and the concentra-
tion of nonmagnetic atoms in the Fejgo,Aly, FeioxGax and FejgGey alloys on the Curie temperature.
The values of T, shown in Fig. 3 as a function of the crystal lattice parameter and the concentration of
Me = Al, Ga, Ge atoms were obtained in the mean field approximation, which, as shown by the results
of [4, 15], gives overestimated values compared to experimental values, but allows for a qualitative
repetition of the experimentally observed trends [4, 18, 19].

Fig. 3 demonstrates that for all three systems: Fe-Al, Fe-Ga, and Fe-Ge, the T distributions are sim-
ilar, and the main difference is observed in the range of lattice parameters from 2,9 to 3,0 A. Up to lat-
tice parameter values of a > 2,94 A, Curie temperatures have a maximum in the range of Me = Al, Ga,
Ge atomic concentrations from 0 to 2 at. %. This behavior does not coincide with the observed experi-
mental concentration dependence of the Curie temperature, according to which the behavior of the T¢(x)
curve has a descending behavior when Me = Al, Ga, Ge atoms are added to pure iron [12, 20-22]. Note
that in the case of the Fe-Ge alloy, a concentration of = 4,5 at.% can be distinguished, where the second
maximum is observed at a = 2,9 A.

Fig. 3 shows the T¢(X) cross-sections corresponding to the experimental values of the crystal lattice
parameter [12, 20, 21] and the crystal lattice parameters obtained by ab initio geometric optimization of
the crystal structure [6, 7, 23]. For visual clarity, Fig. 4 shows the Curie temperatures as functions of the
concentrations of Me = Al, Ga, Ge atoms along the experimental and theoretical dependences of the lat-
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tice parameters estimated for all the alloys under consideration (Fig. 3). It can be seen that considering
both the experimental and theoretical values of a, when calculating the T does not allow us to obtain a
dependence corresponding to the experimental T¢(x).

(a) 14 - Y (b) 14

A (c) 14
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Fig. 3. Distribution of the Curie temperature for alloys: (a) FeioxAly, (b) FeioxGax, and (c) FeinoxGex, depending
on the crystal lattice parameter a and the Me = Al, Ga, Ge concentration x. Solid (open) circles are experimental (obtained

from geometric optimization using the VASP software package) dependences of the crystal lattice parameters;

AA'’ is the distribution cross-section

The figure shows that maximum Curie temperature corresponds to the concentration range of
4 <x <8at. %. The Curie temperature increases below this range and decreases above it. Nevertheless,
such a cross-section (AA’) can be found in these distributions (Fig. 3), along which the Curie tempera-
ture dependence changes from higher to lower with increasing concentration of the alloying element and
is qualitatively in agreement with the experimental dependence. This cross-section can be constructed
for the parameter a > 2,94 A for all alloys. As can be seen from Fig. 4, for this value of the crystal lattice
parameter, the Curie temperature de-

(@) 1650 —— ‘ — (b) 1650 —— ———— (€) 1650
creases with increasing concentration of e, FlwdAL “a., Pl G, :
Me = A|, Ga, Ge. 1600 |- q“-... . 1600 4 1600
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ysis of the Curie temperature distribu- 1550 | 1 isso : 1 1ss0
tion is the absence of a direct correlation 2 z / 3 z
between the distribution of the largest w1500 1 71500 1 =1s00
interactions (between the nearest neigh-
boring Fe atoms) and the distribution of M50 —s—expa, Ny | WSO —e—expa, 34 MsOf] —e—exp.q,
the Curie temperature. From this, we o A o At o AA e
conclude that the value of the Curie 1400 ) —— ———1> T 1400 ——
temperature iS in a Complex nonlinear Al concentration (at.%) Ga concentration (at.%) Ge concentration (at.%)

; Fig. 4. Calculated Curie temperature values for alloys: (a) FeioxAlyx,
dependence on the magnetic exchange (b) FeiooxGay, and (¢) FeyoxGey, obtained with experimental, theoreti-

interaction parameers. T o o croes o A s o
Conclusion

In this work, for Feigo.xMey alloys (Me = Al, Ga, Ge, 0 < x < 14 at. %), the constants of magnetic ex-
change interaction J;; are calculated within the density functional theory and the Curie temperatures Tc
are estimated within the mean field approximation for the disordered phase A2 in the crystal lattice pa-
rameter range of 2,7 < a < 3,0 A. The distribution of constants J;; obtained in the work has a nonlinear
behavior. The strongest interaction observed between the nearby Fe atoms is ferromagnetic and is
~23 meV. In the second coordination sphere, the ferromagnetic interaction between Fe atoms is pre-
served and varies within 4-14 meV. In the third coordination sphere, antiferromagnetic exchange inter-
action is observed, which reaches a value of = —2,5 meV. Estimation of the Curie temperature using the
mean field approximation yields overestimated values compared to the experimental results. The Curie
temperatures obtained with the experimental parameters of the crystal lattice have concentration de-
pendences different from those observed experimentally, namely, they have a maximum Curie tempera-
ture in the concentration range of 4 < x < 8 at. %. On the obtained distributions of the Curie temperature
depending on the lattice constant and the content of Me = Al, Ga, Ge in Feio xMe, alloys, it is possible
to obtain concentration dependences that qualitatively describe the decreasing behavior of T(x) ob-
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served experimentally. The study shows that the Curie temperature value is in a complex nonlinear de-
pendence on both the crystal structure constant and the parameters of the magnetic exchange interaction.

This study was supported by the Russian Science Foundation, project no. 24-22-20086,
https://rscf.ru/project/24-22-20086/.
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Awnnoranus. s crutaBos Fe-Me (Me = Al, Ga, Ge) B pamkax Teopur (yHKIIHOHANA TUIOTHOCTH
PacCYUTAHBI IOCTOSIHHBIE MATHUTHOTO OOMEHHOTO B3aUMOJEHCTBUS Jjj U IPOBE/IeHa OLIEHKA TeMIlepa-
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typel Kropu Tc mms Heymopsmodennoi ¢asel A2 B mHTepBanme KoumeHtpamuii Me = Al, Ga, Ge
0<x<14ar. % u Auana3oHe MapaMeTpoB KpHcTamIndeckoii pemerkn 2,7 < a < 3,0 A. INonyuennoe B
pabote pacnpezeneHue Jij I1eMOHCTpHpYET HelMHelHoe moBejneHue. Hanbonbluee ¢eppomarHuTHoe
B3aMMO/ICCTBUE B TIEPBOM KOOPIUHALMOHHOHN cdepe cocTaBisieT =~ 23 MdB. B TpeTbeil koopauHauoH-
HOH chepe HabMIOMaeTCs aHTH(EPPOMAarHUTHOE OOMEHHOE B3aMMOJICHCTBHE, KOTOPOE JTOCTHUTAET 3Ha-
yeHust =~ —2,5 maB. TemmepaTypbl MarHUTHOTO MEPEX0/a, PaCCUMTaHHBIE C MCIOIB30BAHHEM MPUOIHU-
KEHHUSI MOJICKYJISIPHOTO TI0JI HA OCHOBAHMM SKCIIEPUMEHTANBHBIX 3HAYCHUN U MapaMeTpoB 8y, Paccuu-
TaHHBIX B PaMKax TeOpWH (DYHKIIMOHATA TUIOTHOCTH, MOKa3bIBAIOT HAMYKE KOHIIEHTPAITMOHHOTO WH-
tepBasa 4 < X < 8 at. %, B koTopoMm T Bozpactaer. CedeHne pacupeelieHus] pacCCUNTaHHbBIX 3HAUYEeHUI
TemmepaTypsl Kropu mokassiBaer, 4to Ajs Bcex uccienayeMsix ciuaBoB Fe-Me (Me = Al, Ga, Ge) npu
napaMeTpe permeTky ay = 2,94 A BO3MOKHO OCTPOUTE 3aBUCHMOCTE T¢(X), yIOBIETBOPSIONLYIO IKCIIE-
PUMEHTAILHOM.

Kniouesvie cnosa: cnnasvi na ocunose Fe; nepgonpunyunuvie pacuemovl; macHumuoe oOMeHHOe
83aumodeticmeue, memnepamypa Kiopu.
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O BbIBOPE ONTUMAJIbHbIX MAPAMETPOB ANA UBMEPEHUA
BPEMEHU 3AOEPXXKW HA OCHOBE 3®®EKTA
XOHIrA-OYy-MAHAENA

A.A. Kyu', M.C. Modoweedoe’, A.I. Boponuoe', C.I1. Kynuk'?,

C.A. lModoweedos"
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AnHoTanusi. B padore paccMaTpuBaercsl OlleHKA OIIMOKH HM3MepeHHUs Bpe-
MEHH 3a/IeP:KKH Mesk1y NPUOBLITHUSAMH HAa CBeTOJeIUTeNb ABYX MAYIIMX MO pa3-
HBIM KaHaJaM (OTOHOB B ONTHYECKOH cHCcTeMe, IOCTPOEHHOH Ha 6a3e UHTep(e-
pomerpa XoHra-Oy-Mangeass (XOM). UcToYHUKOM ABYX()OTOHHOIO CBeTa BbI-
CcTynaeT M3jy4YeHHe CIHOHTAHHOrO mapamerpudeckoro paccesuuss (CIIP) csera
BTOpPOro tuma. 3asep:kka ¢oToHa B OJHOM U3 KaHA10B XOM-unrtepdepomerpa
MOXKeT BBOAMTCS NMyTeM H3MEHEHHMs] ONTHYECKOro IyTH BCJIeACTBHe AeiicTBUS
pa3aM4HbIX (GaKTOPOB: MeXaHUYeCKMii CABUI YacTell HHTepdepoMeTpa, H3MeHe-
HHe MoKAa3aTessl NMpeJOMJIEeHHs] CPeibl PU M3MeHeHUH TeMIlepaTyphbl, 3JIeKTpPH-
YecKOro moJjs U T. N. BhIXoJHbIe MOPTHI CBETOAEJMTEI B paccMaTpHBaeMoii
cxeMe MOJK/II0YEHbI K 0THO(OTOHHBIEM 1eTeKTOPaM, KOTOPbIe IPH perucTpauuu
(oTOHOB OTHPABJISAIOT CUTHAJBI HA CYETYUK coBHajeHuil. OLeHka BpeMeHHU 3a-
AEPKKHM NPOUCXOJUT HA OCHOBE JAaHHBIX C JaT4YUKA coBnajgeHuii. Beimuuna ao-
COJIIOTHOM MOTPEeLIHOCTH OLEHKH BpPeMeHH 3aJepPKKHM B IaHHOH padoTe BbIpaKe-
HA 4Yepe3 MIMPUHY ceKTpa 0MGOTOHOB, BEJIMYHHY BHAHOCTH, KOTOPasg paccyu-
THIBAeTCSl HA OCHOBE MAaKCHMAJILHOIN0 M MMHUMAJbHOIO 3HAYeHHUS € JAaTYHKA
COBIA/ICHUI, a TAKHKe BeJHMYHHY OLCHMBAEMOro BpemeHu 3aaep:xku. Ha ocnose
pa3paGoTaHHOI0 MeTOo/Aa MOJIyYeHbl YHCJICHHbIC 3HAYeHNs OLleHKH OIIUOKHU Bpe-
MEHHOI 3a1ep:KKH. Bbli10 00HApPYKeHO, YTO NPH PUKCUPOBAHHOI UpHHe Oudo-
TOHOr0 MOJSA COOTBETCTBYIOIlee MHHHUMAJLHOMY 3HAYEHHI0 a0COJTIOTHON IoO-
TPELIHOCTH BpeMs 3a/1ep:KKHU ¢ YMeHbIIeHHEeM BHIHOCTH NPUOIUkKaeTcsl K TOUKe
neperuda KpMBONH 3aBHCHMOCTH YHCJA COBNAJeHUIH OT BpeMeHH 3aiep:KKH. ITO
cjeayeT YYUTHIBATh NPH NPOEKTUPOBAHUM U3MEPHUTEIbLHBIX YCTPOHCTB Ha OCHO-
Be uHTepdepomerpa Xonra-Oy-Manpens.

Knrouesvie cnosa: sgpgpexm Xomea-Oy-Manodens;, unmepgpepomemp Xownea-Oy-
Mawnoens; cnonmannoe napamempuyeckoe paccesnue céema; OyewKa napamempad,
gopmyna pacnpocmparnerusi OuUOKuU.

Beenenue

O dexr Xonra-Oy-Mangenss — oquH u3 6a30BbIX 3((HEKTOB KBAHTOBOW ONTHKHU — 3aKJIIOYAETCS B
TOM, YTO €CIIM Ha CBETOJICNIUTEIh M0 Pa3HbIM BXOJHBIM KaHajlaM OJHOBPEMEHHO MOCTYIAaeT MO OJHOMY
($oToHY, KOTOpEIE HE OyIyT pa3inyaThCs [0 YacTOTE, BpEMEHH MPUX0/1a U HAIIPABJICHUIO MOJISPU3AIIH,
TO Ha BBIXOZE M3 CBETOAENHTENs (POTOHBI CTPYNIUPYIOTCA: ABa (OoTOHA OyAyT HaOMIONATHCSA TOJIBKO
1100 B OJJHOM, TUOO B APYrOM U3 BBIXOJIOB [1] DTOT 3 deKT Takke MOTyqniT Ha3BaHUE «aHTUKOPPEIsi-
s GOTOHOBY, U NaHHBIN dPPEKT 00bIACHsIeTCS HHTephepeHIel TBYX(QOTOHHOTO U3Iy4YeHHUs YeTBEp-
TOro 1o noJo mopsaka’. Ecim ke nmapamerps! (JOTOHOB PasIMUarOTCs CYIMIECTBEHHO (II0 CPABHEHHMIO C
00paTHOHM LIMPHHOM CHEKTpa), TO CUTHAJI, BHI3BAHHBIM pPerucTpanieidl 0OJUHOYHBIX (OTOHOB, OyAeT Ha-
OmofaThCs Takke W B 000MX BBIXOJaxX OJHOBpeMeHHo. Ha puc. 1, a npuBeneHa TUNIMYHAS CXeMa HMH-
tepdpepomerpa Xonra-Oy-Manpaens (XOM): napsl HOTOHOB (CUTHAIBHBIN M XOJIOCTOH), 00pa3yromuecs
B XOJI¢ CIIOHTAHHOTO Mapamerpuyeckoro paccesiHus csera (CIIP) Ha HenMHEHHOM KpuUCTaiie, Harpas-
JISIIOTCS HAa Pa3HbIe BXOJIBI CBETOJICIIUTENS, a 3aTEM — B OJHOPOTOHHBIE JIETEKTOPHI, C KOTOPHIX B CHET-

! O6pamaem BanManKE, YTO HBPEKT AHTHKOPPEIALMH HMEET U KIACCHUECKYIO HHTEPIPETAIHIO B TEPMUHAX KOPPEIALUOHHBIX (GyHKImiA. Of-
HaKo, B OTJINYHE OT OIHCAHMS C IIOMOIIBIO ()OKOBCKHX COCTOSIHUM, BUIHOCTB B KJIACCHYECKOM ciydae He mpesbimaeT 50 % (Kubmko JI.H.
KBaHTOBas ONTHKA: KBAHTOBBIE, KJIaccHueckue 1 Meradusnueckue acrektl. YOH, 1994, T.164, soin.11, C. 1187-1214.)

BecTtHuk OYplY. Cepusa «MatemaTtuka. MexaHuka. Pusuka» 55
2025, Tom 17, Ne 3, C. 55-60




dusumka

YUK COBIIAJICHUI HAIPaBISIFOTCS CUTHANBI O perucTpaunil GoToHOB. THIMYHBIN BUI CUTHANA C JaTYMKa
coBnanenuit Ry(r) npuenen Ha puc. 1, 6: B cnydae 7 = 0 HaOnrogaeTcss MUHHUMYM [ 1], BbI3BaHHBIH 3¢)-
dexrom anTHKOppENANNN GOTOHOB. 3aBUCUMOCTh R:(7) XapaKTepU3yIOT C IOMOIIBIO BETHYNHBI BUIHO-
cru o = (R™ - R.™ / (R,™ + R.™"). B cmyuae monHoi Hepa3IMuuMOCTH (OTOHOB B XOJIOCTOM M CHT-
HaJILHOM KaHajie BUAHOCTD 0. paBHa 1.

o
w

_:\I‘_‘l
9

CyeTuymk RC (t)

COBMageHun

Ry (®)

3 0 T

Puc. 1. a) Ontnyeckasa cxema XOM uHTepchepomeTpa: w, — 4actora poToHa Hakauku; HK — HenuHeHbIn kpuctann; 3 —
3epKasno; wj, Ws — YaCTOTbl XONIOCTOro U cUrHanbHoro hOTOHOB; T — BpeMeHHas 3agepxkka; C[l — ceetogenutens; A1, 02
— peTtekTopbl; RC(T) — curHan ¢ gatumka coBnageHui; 6) TUNMYHBLIA BUA 3aBUCUMOCTU CUrHaNa ¢ AaTyMKa CoBNaAeHnin ot
BEJIUYNHbI BPEeMEeHU 3adepPXKN T

V3MeHeHne BENWYMHBI T BCJICICTBHE JEHCTBHS KaKUX-THOO (PaKTOPOB MPUBOIUT K M3MEHEHUIO
CHUTHaJIa C JaTYMKa COBHAACHUN: JTaHHOE 0OCTOATENLCTBO MOKHO HCIOJIb30BaTh B METPOJIOTUHU IS T10-
CTPOCHUS U3MEPHUTEIBHBIX IPUOOPOB, OCHOBAHHBIX Ha OIICHKE BEIMYHMHBI T HA OCHOBE JJAHHBIX C JIaTUH-
Ka COBIaJieHHH [2].

OTMmeTnM, 4TO NaHHBIA TOJXOA 00JafaeT pSaoM MPEenMyIecTB. B oTimune oT Kiraccu4ecKoi WH-
teppepomerpun, XOM-unTepdepeHns He 3aBHUCHT OT H3MEHEHHA onTuieckord ¢a3er: XOM-
UHTEPPEPOMETP COXpaHsIET CBOIO CIIOCOOHOCTh U3MEPSATH BPEMEHHBIE 3a[IePKKH, Jaxke Koraa QiuyKrya-
LU PAa3HOCTH XOJa COCTABJISIOT MOPSIIKA JJIMHBI BOJHBI U Oojee. TunuuHble (azo3aBUCUMBIE METObI
YYBCTBHUTENbHBI K (a30BbIM uUIyKTyauusm, Toraa kak XOM-uHrepdepoMeTpusi HEBOCIPUUMYHBA K U3-
MEHEHHUSIM OTHOCUTENBHOH (hazbl Mexxay aByMsi GpotoHamu. Jlatumk Ha ocHoBe XOM-3ddekra He Tpe-
OyeT MOTEeHIHAaTbHO HENPAKTHYHBIX W/UITU CIOXKHBIX CHCTEM CTaOMIIM3aINH, KaK 3TO 0OBIYHO TpedyeTcst
B KJlaccH4yeckoi mHTephepomeTpuu. Ot ocodbeHHOCTH XOM-3(ddexTa MpuBenr K MPenIoKeHISIM IS
JTATYMKOB 33JIEPKKU BPEMEHHU CO CBEPXBBICOKHM BPEMEHHBIM pa3perieHueM [3].

JHanHas paboTa MOCBAIICHA U3YYEHUIO a0COIOTHON MOTPENTHOCTH M3MEPEHHUSI BPEMEHH 3aIePIKKU
Ha ocHOBe XOM-uHTephepomerpa ¢ BXOAHBIM OM(OTOHHBIM COCTOSIHHEM CBETA. YUET KOPpPEIUpOBaH-
HBIX WICHOB C OOJNBIIMM YHMCIOM (POTOHOB [4] MOXKET BHECTH JONOJIHHUTEIIbHBIE H3MEHEHHS B OLICHKY
MIOTPELIHOCTH BPEMEHHOM 3a/IepKKU. Takke Ha TOUHOCTh OLICHKH BPEMEHHOM 33JIEP>KKH MOXKET OKa3bl-
BaTh BIIMSHHE BO3MOXKHAsI 3allyTaHHOCTh 'eHEPUPYEMbIX (POTOHOB ¢ (OoTOHAMHU HakadykH [5] B ciydae
JOCTaTOYHO OOJIBIION BXOJHON HHTEHCUBHOCTH CBETA.

OueHKa TOYHOCTH BPEMEHHO# 3a/1ep:KKH

budoTtoHHOE COCTOSIHUE HEKOJUTMHEAPHOTO HEBBIPOMKICHHOTO MO0 YacTOTE CBETOBOTO MOJIS B (UK-
CUPOBAHHBIX IMOJIIPU3AIIMOHHO-TIPOCTPAHCTBEHHBIX MOJIaX CHUHXpOHHM3MOM THMa |l B yacToTHOM TIpe/-
CTaBJICHUH OIMCBIBACTCS CIIEAYIOIICH BOITHOBOM (DyHKIUEH [6]:

') = [[dexda f (@, )3 ()a3 ()] 00) , (1)
rJIc HWKHHE WHJCKChI OTBEYAIOT 33 CHTHAIBHYIO (S) M X0J0cTyio (i) KOMIIOHEHTBI, BBIPaKECHHS
3 (w;) m a; (@) ONMCHIBAIOT JAEHCTBHE ONEPATOPOB POXKIECHUS HA COOTBETCTBYIOLIMX YaCTOTAX Ha
BakyyMHOe coctosiHue. OTMETHM, 4TO CreKTpaibHas ammmnryna f(w,, @) sBisercs HOpMHUPOBaHHON
(bYHKITHEH, TO €CTh MOTYMHACTCS YCIOBUIO HOPMUPOBKH H| f (o5, @) 12 dodwm, =1.

XosocToii (POTOH UCTIBITHIBACT BPEMEHHYIO 3a/IEPXKKY 7 , YTO B CIIEKTPAILHOM Pa3iOKEHUH MPUBO-
INT K TOSBJICHUIO (ha30BOro MHOXKUTENS eXP(im,7) B BOTHOBOH QyHKIMU OnpoToHa. B naHHOM cirydae

BPEMEHHas 3a/Iep)KKa T OTCUMTHIBACTCS OT MUHUMYMa (YHKIIMH, TIOKa3aHHOH Ha puc. 1, 6 (7 = 0 coot-
BETCTBYEeT MUHUMYMY). JlanbpHelias sBoIonHsa OU(OTOHA CBsI3aHa CO CMEIeHHEeM (POTOHOB Ha PaBHO-
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BECHOM CBETOJICIIMTEIIC, YTO BEJET K MOSBJICHUIO COCTOSHUS, YK€ HampsMyko cBs3aHHoro ¢ XOM-
s dexrom

|%(2)) =1 [[doydar (o, @) expliorn) (& ()8 (@) —a (@) (@) )1 00), 2)
KOTOPOC MOKET 6I>ITI> MEeperrucatHo B SKBHBaHeHTHOP'I, HO 60nee KOMIAKTHOM! (bopMe
|P() =1 [[dodar (T (e, @) explimr) — T (e, 0, exp(ions))af (4)as () [00).  (3)
B JaHHOM U3MCPCHUU UM CJIO COBIIAJAI0OIINX (1)0T O0TCUCTOB
S=[[dmdm, |@)| @)@ (@], (4)

SIBIISIETCS] HAOIIOTaeMOM BETTMUMHON, cpeHee 3HaueHne (S) KOTOpo# 3aBUCHT OT 7 . M3mepeHue ore-

paropa coBmaaeHui (4) MO3BOJISET OLEHUTH 3HAUCHHE MEPEeMEHHOW 7. TOYHOCTH 3TOTO M3MEpPEHHS
MO>KHO OLIEHHTH C TOMOIIBIO (pOpMYJIBI pacpocTpaHeHus OMIUOKH [7]:

AS
or = ) 5)
dr

rze YhuciauTenb AS = «/(82) —(S)? — cpenHeKBaAPATHYHOE OTKIOHEHNE B COBIAICHMSX (JOTOOTCUCTOB,
a 3HaMEHaTeNlb — BEJIMYMHA, OIPEIEAIoIasi YyBCTBUTEILHOCTh CPEIHET0 3HAUCHUS omeparopa S 1o
OTHOILIEHUIO K TIEPEMEHHOH 7 .

B peanbHOM 5KCIIEpUMEHTE NPUCYTCTBYIOT (haKTOPbI, KOTOPBIE MOTYT YXYIIINTh BUAHOCTH UHTEP-
(bepeHIIMOHHON KapTHHBI. B HalleM pacCMOTPEHHMH BKJIAJ] HECOBEPIICHCTBA HACTPOMKH ONTHYECKOMH
CXEMBl MOXKET OBITh POMOIYJIMPOBAH IIOCPEACTBOM PACCMOTPEHHUS YK€ HeCOaTaHCHPOBAHHOIO CBETO-
JeTTUTENs], HA KOTOPOM CMEIIUBAIOTCS (POTOHBI, YTO MO3BOJISIET PACCUNTAThH CPEAHEe 3HAUCHHE OIepaTo-
pa (4) xax

(8)=3(1-a[[dadw, | f(@,e,)F COS((wl_a)Z)T))’ (6)
rZe & — BUAHOCTh UHTEPPEPEHLIMOHHON KAPTHHBI, U 3/1€Ch MBI TAK)KE NMPHUHSIIA BO BHUMAaHUE CHMMET-
PUYHOCTH aMIUTUTYAbl OM(OTOHa K MEPEeCTaHOBKE YaCTOT, TO €CTh BBHIMOJHEHHE YCIOBHS

f(o,®,) = f(®,,) . Ecnn annpokcuMupoBaTh CHEKTPaIbHYIO aMIUIUTYAy OM(OTOHHOTO mouist Oura-
YCCOBCKOH (yHKIHEH

2 (0)1_0)2)2 (501"“02—500)2
f(w,®,)=,]——exp| -——=— |exp| -——=——— 7
2=\ ne ™| ™ 2002 1T 2000 ")
TO CpejiHee 3HaUYeHue oneparopa (6) npeodpaszyeTcs B QUHAIBHOE BRIPAKESHUE
2.2
(8)= 7| 1-exp| LA ©®)

rie A@ — mmpuHa crekTpa OM(OTOHHOrO MOJIsA, O — IIUPHHA YCIIOBHOIO YaCTOTHOIO pacrpejerie-
HMs, CBA3aHHAs C LIMPUHOM CHEKTPa HAKA4YKH, HECYIas 4acTOTa KOTOpoi @, . Eciu Mbl Bocnosnb3yemcst

coorromenneM (S%) =(S)*, T0 1O ¢dopmyie pacnpocTpaHeHHs OMHMOKKA B ypaBHEHHH (5) MOIy4nuM
OLIEHKY OIMOKH HEeN3BECTHOM BpEMEHHOM 3a/IEPIKKU

l_azexp _M
5, SA=S) _, 2 ©)
déS) ) (Aa))ZTZ !
z a(Aw) Texp -

ITonyuennas 3aBucuMocCThb (9) B JaHHON paboTe SBISETCS OCHOBOW JUISI TOA00pa 3HAYCHUH BEITH-
4YMH 0, Aw TIpU peanu3almu B 3kcriepuMenTe. Ha puc. 2 npuBeneHsl pe3ynbTaTbl YUCICHHBIX PacYeTOB
oTpeaesieHUs BpeMeH 3aJIepKKH, COOTBETCTBYIOIINX MUHUMAJIBHBIM 3HAaUYCHUAM aOCOJIOTHOM MOrper-
HOCTH TIPH 33/IaHHBIX BEJIWYHMHAX IUPUHBI CIIeKTpa OM(OTOHA, BUIHOCTH. M3 MpUBEIEHHBIX Ha pHC. 2
3aBUCUMOCTEH MOXKHO BHUJIETh, YTO TPU BUAHOCTU Ooibime 0,5 TOYKa, COOTBETCTBYIOIIAS MHHUMYMY
a0COJIIOTHOH MOTPELTHOCTH BPEMEHH 33/ICPIKKH, JISKUT HIDKE TOYKH neperunda pynkimu (S(7)).
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Puc. 2. Kpusas (S(7r)) npu pasnuyHbIX 3Ha4YeHUsIX BUAHOCTU. Kpyr COOTBETCTBYET BEfMYMHE T C MUHUMArb-
HbIM 3HaYeHueM a6CconoTHOM norpelwHocTU. TpeyronbHUK — Touka nepern6a dpyHkuum (S(7))

BuiBoabI

B ciygae CIIP BTOpOro THITa MOTPENIHOCTH 07 OMpEACNICHUS BPEMEHU 3aJICPKKH MEXIYy MPUObI-
TusiMH (POTOHOB Ha cBeToaenuTens B XOM-unrepdepomerpe Obuia BeIpaKEHA Yepe3 BEJIMUUHY LIMPH-
HBI clieKTpa OudoToHa Aw, BUAHOCTD ¢, @ TAKKE BPeMsl 3aJICPIKKKH Mex 1y (GoToHaMH 7. BeipakeHue s
BENUYUHBI 07(0,, Aw, T) OBLIO MOIYYEHO HA OCHOBE (HOPMYJIBI PacpOCTpaHeHus OmuOKu. J{is pasmnd-
HBIX 3HA4eHUH Ao U o ObUIM ONpEeAEsICHbl TAKHE BPEMEHA 3aEPKKH MEXIY (POTOHAMHU Trin, [ KOTO-
PBIX peaM3yIOTCsl HAMMEHBIIHE a0COOTHBIE MOTPEUTHOCTH O7 IPH (GUKCHUPOBAHHBIX Aw U a. Bbiio 00-
Hapy>KEHO, 4TO TPU (QUKCHPOBAHHOM 3HAYEHUH A BEIWYMHA Tmjn NP YMEHBIIEHHUH BUIHOCTH TPH-
OnmKkaeTcs K TOUKe repernda 3aBUCUMOCTH YHCIIa COBNAACHUN OT BPEMEHH 3aJepXKKHU 7. ITO 00CTOS-
TEJIbCTBO HYXXHO YYHTBIBAaTh MPH MPOEKTHPOBaHUM paboraromux Ha ocHoBe XOM-uHTephepomerpa
U3MEPUTENBHBIX CPEJICTB.
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ON SELECTING OPTIMAL PARAMETERS FOR DELAY TIME MEASUREMENT
USING THE HONG-OU-MANDEL EFFECT

D.A. Kuts', M.S. Podoshvedov®, A.G. Vorontsov', S.P. Kulik'?, S.A. Podoshvedov®
! South Ural State University, Chelyabinsk, Russian Federation

% Lomonosov Moscow State University, Moscow, Russian Federation

E-mail: kutcda@susu.ru

Abstract. The paper deals with the measurement error of the delay time between the arrivals at the
beam splitter of two photons traveling through different channels in an optical system based on a Hong-
Ou-Mandel (HOM) interferometer. We consider the source of two-photon light to be the radiation of
spontaneous parametric scattering (SPS) of light of the second type. The photon delay in one of the
HOM interferometer channels can be induced by a change in the optical path length due to various fac-
tors: mechanical displacement of interferometer parts, changes in the refractive index of the medium
caused by temperature variations, electric fields, etc. In the scheme, the outputs of the beam splitter are
connected to single-photon detectors, which send signals to a coincidence counter upon photon detec-
tion. The coincidence counter data determine the delay time. The authors determine the absolute error in
estimating the delay time in terms of the biphoton spectral width, the visibility, calculated from the max-
imum and minimum values of the coincidence counter signal, and the estimated delay time value itself.
The derived expression facilitates finding the estimated delay time value. The study reveals that for a
fixed biphoton field width, the delay time corresponding to the minimum absolute error value approach-
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es the inflection point of the coincidence-time curve with decreasing visibility. This should be taken into
account when designing measuring devices based on the Hong-Ou-Mandel interferometer.

Keywords: Hong-Ou-Mandel effect; Hong-Ou-Mandel interferometer; spontaneous parametric
down-conversion; parameter estimation; error propagation formula.
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POJIb MPUMECHbLIX MOHOB B POPMUPOBAHUN !-IEHMHEIZHOFO
ANIANEKTPUHECKOIO OTKIIMKA HEMATUYECKOU
XUOKOKPUCTAJINIMMECKOU AYEUKU

®.B. ModzopHos®, A.M. Maepunsik*, M.B. Maspunsik->

! HOxHO-Ypanbckuli e2ocyl@apcmeeHHbil yHugepcumem, 2. YensbuHck, Poccutickass ®edepayus
2 UHecmumym anekmpocgpusuku YpO PAH, 2. EkamepuHbype, Pocculickass ®edepauusi
E-mail: gavrilyak.maksim@yandex.ru

AHHOTAIUSA. DKCIEPUMEHTAIIBHO HMCCJIeJOBAH HEJIMHEHHbINH IUIJIEeKTpHYe-
CKMI OTKJIMK HeMaTHuyeckoro xuakoro kpucrauia (HKK). Iloka3zano Hainuue
HEYETHBIX TAPMOHUK B JANIJIEKTPHYECKOM OTKJHKe B HH3KOYACTOTHOM 00J1acTH
cnexkrpa (or 0,5 MI'my 1o 600 I'u). BuisiBiieHbI ABa peslakCAMOHHBIX 3(pdeKTa,
BbI3BAHHBIX NMEPEHOCOM NMPHMECHBIX HOHOB — MOJISIPH3ALMSA MPOCTPAHCTBEHHOI0
3apsiga 1 o0pa3oBaHMe IBOMHBIX JIEKTPUYECKHUX CJIOEB.

Knrouesvie crosa: nemamuueckue scuoKue Kpucmaiisl, NpUMecHsle UOHbL, NOJis-
pusayus NPOCMPAnCmMEEeHH020 3apsaod; OBOUHOU IAEKMPU4eCcKull Ciol; HeluHelHas
OUdIeKMpU4ecKas CneKmpoCKOnusL.

Beenenue

Knaccuuecknmu obmactsamu mpuMeHeHus xunkux kpucramioB (JKK) sBisrotes onTmdeckue mpo-
CTpaHCTBEHHBIC MOAYJATOPHI cBeTa [1, 2], aucruten [3, 4], nudpakuroHHbIe 3JeMEHTHI [5, 6] u npyrue
ANEKTPOONITHUECKUE yCcTporcTBa [7, 8]. OmHako B mocjenHee BpeMs BO3HUKAIOT HOBBIC 00JacTH IPH-
MEHEHUS )KUIKAX KPUCTAIIIOB, TAKHE KaK BEICOKOUYBCTBUTENbHBIC THOKHE TATINKHA TEMIIEpaTyps [9] u
nasienus [10], Ouocencopsr [11], kBarToBas kpunrorpadust [12] u ap. [13].

HecMoTps Ha BbICOKHE TpeOOBaHUS K YUCTOTE KHUIKOKPUCTATUTMUECKUX MaTepPHaIoB, HOHHbBIE TIPHU-
MecHu MOTYyT Bo3HUKaTh B 00heme JKK kak B mporiecce ux cunresa [14], Tak u B mporecce coopku [15] n
paboTtsr yctpoiicTs [16]. Takum oOpa3oM, HEMMHEITHOE TTOBEIEHIE HOHHBIX PUMECEH B KUIAKOKPUCTAII-
JIMYECKUX YCTPOMCTBAxX ABIAETCS aKTyaJbHOW TeMOI MCClIeIOBaHNs, TIOCKOJIbKY HOHHbIE MTPUMECH, I10-
nazgatomme B o0beM KK, HeraTUBHO BIUSIOT HA pabOTy YCTPOWCTB, BHI3BIBAS 3JIMIIAHKE M MEpLIaHHE
n3o0pakeHus B nucruresx [17, 18], a Taxke CHIDKEHUE YYBCTBUTEIIEHOCTH U JIOXKHBIE CpabaTHIBaHUS B
KUJKOKpUCTAIUTMUECKUX ceHcopax [19]. MoHHble npumecH MoJi JeHCTBHEM BHEIIHETO 3JIEKTPUYECKOrO
TIOJISI TIPUBOJIAT K M3MEHEHHUIO DJICKTPOONTHYECKOTO OTKJIMKA B MOAyJsiTopax ceeta [20] B pe3ynpTaTe
n3MeHeHus quanekTpuyeckux cBorcTB KK [21, 22] u skpaHUpOBaHUs BHELIHETO AIEKTPUUECKOrO MO
[23, 24]. B cepuu pabor [25, 26] Obuta IpeUIoKeHA MOJIENb JUHAMUYECKOTO JIETUTEIS HAPSHKEHHMS,
YUHTHIBAIOIIAsA IepepacipeaesieHe 3JIeKTPUIECKOro MOJii BHYTPH >KUAKOKPHCTANTNYECKON SYSHKH
mexay KK u opuentupyromum cioem. CoriiacHO TaHHOW Mojend, popMa U aMIDIUTY/Aa HaPSKEHIS,
MAJAroIIero Ha CJIO€ KUAKOTO KPHUCTAJIA, 3aBUCST OT 3JEKTPHUUECKUX COMPOTHUBICHHUN KOMIIOHEHTOB
KK-sraetikm, Takux Kak opueHTUpyromue ciou, o KK u qBoiHON neKTprudeckuii cioit [27].

Cpenu pa3ianyHBIX METOAOB MCCIIEOBAHNS NOHHBIX MPOIECCOB B KUAKUX KPUCTAIUIAX (HAIIp. 3JIeK-
TpoonTrueckuit [28, 29], nuknudeckas Bonbrammnepomerpus [30] u mp. [31]) MOKHO BBIIETUTH UMITE-
JIAHCHYIO CTIEKTPOCKOINIO. JIaHHBIA METOJ] MO3BOJISET UACHTU(PHUIINPOBATh OCHOBHBIC HOHHBIE TIpOIIEC-
CBI, IPOTEKAIOIIHE MTPEUMYIIIECTBEHHO TP HM3KUX dacTtoTax [32, 33]. B craTthe [34] paccMOTpeH MeTON
oTIpe/ieNIeHus TTOIBMXHOCTH MOHHOHM mpuMecn B JKK-sueiike mmmenaHcHbIM MeTonioM.  [IpemmoxkeHo
TEOPETUIECKOE OMHCAHWE TMOBEACHHUS KOMIUIEKCHOTO AmdjekTpudeckoro crekrtpa KK, momyuennoe c
MOMOIIIBIO pellicHus ypaBHeHus quddys3un [35, 36]. B npemnosaoxkeHnn OTCYyTCTBYS IEpEeHOCca 3apsijia U
a/IcOpOLIMU Ha DIIEKTPOJIaX MPOJEMOHCTPUPOBAHO BIHsiHUE NU(P(PY3MOHHON YacTH JIBOMHOTO 3JIEKTPH-
YECKOTO CJIOSl HA CIIEKTPhI KOMIIEKCHOTO MMITEIJaHCa B HMU3KOYACTOTHOM oOnactu [37, 38]. Pacmmpen-
Hasl MOJIETb MPBDKKOBON MOHHOM MPOBOJUMOCTH JUAIEKTPUUECKUX MJICHOK TTO3BOJISIET MONIYYHUTh YpaB-
HEHUSI YaCTOTHOU JUCIEPCUU KOMIUIEKCHOM AUAJIEKTPUUYECKONW MPOHUIIAEMOCTH U AJIEKTPUUYECKOU Mpo-
BOJUMOCTH VISl KUJIKOKPUCTAUIMYECKON STYEHKHU C YU4ETOM BIUSHUS OPUEHTUPYIOIIUX cioeB [39].

Brlmeonucannble Uccaea0BaHUS IPOBOAMUIINCH B NMPEAIIONOKEHUN TMHEHHOCTH JTUAIEKTPUUECKOTO
OTKJIMKAa CHUCTEMBI NMPH MaJbIX aMIUIUTYAaX OCIIIIMPYIOIMIEro HampshKeHHs (MEHbIE TEIJIOBOro Ha-
npsokennss U <KT /ze, rne K — moctossuuas bonbsiimana, T — TemmepaTtypa, Z — BaJCHTHOCTh HO-
HOB, € — 3JeMEeHTapHbIN 3apsaa). OJHAKO B CYNIECTBYIONIUX YCTPOIMCTBAX K KUIKOMY KPUCTAILTY MPH-
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KJIQJBIBACTCS YIPABJISIOIMINHN AICKTPUICCKHI CUTHAI, aMIUIHTY1a KOTOPOTO TIPEBHIIIACT BETHUHNHY TETI-
JIOBOTO HAMPSHKEHUS, YTO JODKHO MPUBOIUTE K HETMHEHHOCTH AMAJIEKTpUYIecKoro oTkinka [40—43].

Lensto manHOW pabOTHI SBIAETCS HIACHTU(OHUKAINS (U3NUSCKUX TIPOIECCOB, OTBETCTBEHHBIX 3a
BO3HMKHOBEHHE HHU3KOYACTOTHOTO HEIMHEHHOTO IUAJICKTPHUECKOTO OTKIMKA HEMATHYCCKHX KUIKUX
KpHUCTaJIOB.

MeToauka 3KCriepUMeHTa
B nmanHO# pabote uccieqoBaiach HEMaTHYECKas KUIKOKPUCTAIUTMYECKas cMech E7, sBistomasics

TEPMOTPOIHBIM HEMAaTHKOM C TeMIlepaTypoii (hazoBoro mepexoaa B M30TponHyo kuakocts T ~ 330 K
U TIOJIOKHUTEIBHON JHANEKTpUUecKoil aHm3oTponuedl (Ag~12). Jlng wu3MepeHHs HEIMHEHHBIX
JTUBJIEKTPUUECKUX CIIEKTPOB M3rOTOBIIEHA KHUJIKOKPUCTAJUINYECKAs s4YeiKa ¢ IUIaHapHON OpUeHTalueH.
Takast siuelika mpencTaBisieT cOOOH JBe MapaiieibHbIC CTEKISHHBIC TUIACTHHBI, MOKPHITHIE MPOBO/IS-
IIMM CJIOEM M3 OKCHJa MHIHUS-0JI0BA, C HAHECEHHBIM Ha HETO CJIOEM MOJIMUMUA HeilnoH 6. Jlist 3ananus
IIJIJaHAPHOM OPUEHTALUU INOJIMMEPHBIN CJIIOM HAaTUPAJICS MATKOW BOPCUCTOM TKAaHbHO. ToJIMHA SYEUKU
U3MepsIach CHEKTPAIbHBIM METOIOM U cocTaBuaa Uy =14 MKM.

JlnsrekTprudyecKie n3MepeHus POBEICHBI ¢ MOMOIIBI0 UMITEITAaHCHOTO criekTpomerpa Novocontrol
Beta System B wactotHOM muamazoe ot 0,5 mI'm mo 1 MI'm. AMImIUTYyIa OCHIJUTHPYIOMIAM HaIpshKe-

Hus BeiOupanack U, =5 MB u 3 B 115 nuHelHOro ¥ HEJIMHEHHOIo pPeKMMOB COOTBETCTBEHHO. TeM-

neparypa JKK-siueek KOHTpoMpoBaiachk ¢ momoribio Tepmoctonnka Linkam HFS600E-PB4. [{ns mpo-
BEACHUS HEJTMHEHHBIX AUIIEKTPUIECKUX U3MEPEHUH BRIOpaHs! ciienytomue remneparypel: T =298 Ku
T =353 K a1 HeMaTU4ecKOi U H30TPOIHOM (ha3bl COOTBETCTBEHHO.

Pe3yabTarbl 1 00cyxI1eHHe

Henunetinas auanekrpudeckas crekrpockonus (HJC) mpencrapiser co0oii pacuIMpeHHY Bep-
CHIO KJIACCHUYECKOM AM3jIeKTpuieckoi criektpockonuu. B pamkax HJIC Ha oOpasen nogaéres nepemMeH-
HOE AJIEKTPUIECKOE HAPsDKEHHE ¢ OONbIIEH aMILTUTYAO0H IO CPABHEHHUIO C TETUIOBBIM HaIpsDKeHHEM. B
TaKOM CJIydae PETrHCTPUPYEMbIH TOKOBBIH OTKJIHMK IMEpPecTaér OBITh CTPOr0 CHHYCOMJIAIbHBIM U
BKJIIOYAeT B ceOs BKJIAJ BBICHIMX FapMOHUK. Bricune rapMoHuky Toka |, (@) paccyuThIBAIOTCS C IO-

MOIIbIO KOMIUIEKCHOTO MpeoOpa3oBanusi Pypbe U3 3JeKTpHUecKoro Toka i(t) :
2 nr . .
| (0)=— j i(Hel"dt (1)
nT 5

ri€ N — HOMEpP rapMOHHKH, j — MHHMasg ¢IWHUILd, ( — NUKINYCCKAad 4aCTOTa OCHUIUIMPYIOMICIO Ha-

NPSKEHUS], T — BpEMs IEpUOJIa.
I'apMoHMYECKHE COCTABIAIOIME HEMMHENHOIO KOMIUIEKCHOIO CIIEKTPAa MUMIIEAAHCA OIPENEIISIOTCS
10 QHAJIOTUM C KJIACCUYECKOW UMIEJAHCHON CIIEKTPOCKOTIUEN:

Zn(w) = TJ((Z]))) ;

rac U ((0) — KOMIUICKCHAsl aMIUIUTyda MMPUIJIOKCHHOTI'O OCHUJITIMPYIOHUICTO SJICKTPHUYCCKOI'O HAIIPSKCHUA.

)

Ucnonb3ys napamerpsl KK-sueliku U U3MEPEHHBIN CIEKTP UMIIEAAHCA, MOKHO PACCUUTATh KOM-
IUIEKCHBIE  CHEKTPbl  HEIMHEHHOM  JMIJIEKTPUYECKOM  IIPOHHULIAEMOCTH  BBICHIMX  TapMOHHUK

&n(w) = &n (@) - J&p (@) :

' — Zr,;(a))dcell 3
(@) a)g()S(Z,'](a))2 +Zr’1’(a))2) ’ ©
" — Zrll(a))dcell 4
#n(@) a)£OS(Z,'1(a))2 +Zr’1’(a))2) ’ “

e Z(w) n Z](®w) — N-e rapMOHUKU JEHCTBUTENBHOI M MHUMOM YacTH MMIIEJaHca, S — IUIONIab

MEPCKPBITUSA DJICKTPOAOB )KK-SILICI;’IKI/I, &y — DJICKTpHYCCKas IMOCTOSAHHAA.

TakuM 006pa3oM, ¢ TOMOIIBIO HEMMHEHHOW KOMIUIEKCHOW AMAIEKTPUYECKONW CIEKTPOCKOIINH MOXK-
HO HWCCIIEJIOBAaTh HEIWHEHHYI0 3aBUCHMOCTH TUAJIEKTPHUECKOil penakcanuu. CIeKTpsl OCHOBHOW rap-
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MOHUKH JEUCTBUTEIbHON U MHUMOW 4YacTed IUANEKTPUYECKON MPOHMIIAEMOCTH HEMATHUYECKOIO JKHII-
KOTO KpHCTallla B TUTAHApHOU sueiike mpu temmneparypax 1 =298 K u T =353 K mpencraBnensr Ha
puc. 1. Ha manubIxX Tpadmkax BHIHO, YTO B TUDIIEKTPHUECKUX CIIEKTPaX MPUCYTCTBYIOT TPH pelIaKCcaIln-
OHHBIX Tporiecca. IlepBerit mporecc B 00sacTy BeicokuxX YacToT oT 100 ['11 1 BeIlie CBsI3aH ¢ BpallleHUEM
MOJICKYJT )HUJKOTO KPUCTAIa. B 3KCIIEpUMEHTANIBHBIX JTAHHBIX HAOJIOJIACTCSl IIOCKHA yYacTOK, 3aBU-
CSIIMNA OT TIPIIIO’KEHHOTO HANIPSKEHUS U TeMIlepaTypsl. Eciii npuiiokeHHoe HanpsHKeHHe MEHbIIEe, 9eM
Hanpsokenue Ppenepukca (U <Uy, ), HabmromaeMoe IIaTo COOTBETCTBYET IUAICKTPUYECKON MPOHH-
1aeMocTu IaHapHo# opuentanuu JKK, koTopas coctaBnser &) = 5,3. B mpoTHBOMONOXKHOM Ciydae,
korma U >U,, , mpoucxomut nepeopueHtanms aupekropa HJKK Bo BHEITHEM 2JIEKTPHYECKOM IIOJIE, A
JUDIICKTPUYCCKas IPOHUIACMOCTh Oy/eT paBHA YCPCIAHCHHOMY 3HAYCHHIO &) M & COCTABIISIOLINX
nponunaemoct HKK. Benuunna nelcTBUTENHbHOM YacTH MPOHMIIAEMOCTH MPU MPUIOKEHHOM Tepe-
MEHHOM D3JIEKTpUYECKOM HampspkeHuu ¢ ammuintynod U =3 B Ha wactore v = 10 kI’ cocraBmia
g =143.

B m3otponHo# ¢daze nmpu T =353 K BBHIY pa3opHeHTHPOBAHHOCTH MOJIEKYN KHAKOTO KpHCTaa
TUDJIEKTPAYECKas MPOHUIIAEMOCTh OCTAETCs TOCTOSIHHOM M HE 3aBUCHUT OT HampspkeHus. Jnamekrpude-

ckas nporunaemocts XKK B nszorponHoii pase paBHa &g, =9,4 Ha yactore v =10 kI'm.

+ V=5mV; T=25°C
. V=3V;T=25°C
= V=5mV; T=80°C
V=3V, T=80°C

3 « V=smV; T=25°C
3 b . =25°C
10° {5, 3 J.
i, Voo i a0 1047
R, T V=3 V; T=80 °C

10%{
w 101,

10°4
101_

syl 1D.1 i "
10210210 10° 10" 102 10* 10* 105 10° 10210210 10° 10" 102 10* 10* 105 10°
YacTtoTta, Ny 6) YacroTa, Ny

Puc. 1 a) pencrBuTenbHas u 6) MHMMas 4acTu cnekTpa AU3NEKTPUYECKOM NPOHULLaeMOCTH
B 3aBUCUMOCTU OT HaNpsXKeHUsl U TemnepaTypbl

a)

Bropoli penakcalimoHHBIH porece B 001aCTH HU3KUX YacTOT CBsI3aH C MOJISIPU3allUeH TPOCTPAHCT-
BEHHOT'0 3apsA/a, T. €. C ABWKXECHUEM IPOTHUBOIOIOKHO 3apsSHKEHHBIX IPUMECHBIX HOHOB B 00beme KK u
HAKOIUIEHHEM WX Ha TPAHHLE C 3IEKTPOAOM. DTOT MPOLECC MPOSBIAETCS B PE3KOM BO3pPACTAHUH IU-
AIEKTPUUECKON MpoHUIIaeMocTH Ha yacTtoTrax v <100 I'm, moka He JOCTUTHET MaKCUMyMa U HE BBIHICT
Ha TUIATO B BHJY pa3J/eleHus 3apsijia 1 00pa30oBaHus AUMOIHLHOTO MOMEHTA, OTPAHUYCHHOTO TOJIIUHON
3a3opa KK-sueliku. C MOBBIIIEHUEM TEeMIIEPaTYPhl PEIAKCAIIMOHHBIN MPOIECC CMEIaeTcsi B 001acTh
OoJiee BBICOKMX YacTOT M3-3a yMeHblIeHHs1 knHematuueckoi Bsazkoctn HXKK. B aTom ciyuae nosiBnsieT-
CSl TPETUI HU3KOYACTOTHBIN pPeaKCaI[MOHHBINA MPOIECC, MPEIITOIOKUTENFHO CBSI3aHHBIHN C perakcanuen
JIBOWHOT'O AJIEKTPHYIECKOTO clost, oopasyromierocs B KK-sueiike. OnHaKo cIOXHOCTh aHAIN3a JAHHOTO
s¢dexTa cBi3aHa ¢ OOJIBIIMM BPEMEHEM pellakCallid U OrpaHUYeHHuEM paboThl M3MEPUTENILHOIO IpH-
oopa.

YacToTHas 3aBUCUMOCTb JEHCTBUTEIBHOW M MHUMOM 4acTedl IUANEKTPUYECKON IPOHULAEMOCTH,
OIHCHIBAIOIAs MPOLECC MOMAPU3ALMH TPOCTPAHCTBEHHOTO 3apsi/ia, BhIpakaeTcs Kak [44]

, ne?D | 1+2exp(A)sin(A)—exp(2A)

- , 5
¢ wekTA )| 1+ 2exp(A)cos(A)+exp(2A) ©)

ne’D 1-2exp(A)sin(A)-exp(2A)
1+
wegkT A(L+2exp(A)cos(A)+exp(2A))

"

(6)

e N — KOHIEHTpanus IPUMECHBIX HOHOB, D — koaddurment muddysun, A=d )+ fa)/ 2D.

Pe3ysbraThl anmpokcuManuu ypasHeHusiMu (5), (6) mpeacTaBieHbl B BUJIE CIUIOMIHBIX JTHHUHA (CM.
puc. 1). IIpu au3kux gactorax v <10 ml 11 HabIr0MaeTCS OTKIIOHEHHE aIPOKCUMAIIMOHHBIX KPUBBIX OT
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OKCIICPUMCHTAJIIBHBIX NAaHHBIX. I[aHHOG OTKJIOHEHHE MOET OBITH CBS3aHHO C BKJIIOYECHHEM HH3KO0YaC-
TOTHOT'O peIaKCAllTMOHHOT'O IMpo1ecca, a UMCHHO peIaKCallun JBOMHBIX QJICKTPUYCCKUX CIIOEB.

B Tabnmue mpencTaBieHs! KOH- MapamMeTpbl NPOCTPaHCTBEHHOW Nonsipusauum

HeHTparus u KOd(PPUIHESHTH Iud- Ne T,K U.B n.m> D, m%c
¢y3un TNpUMECHBIX HMOHOB, IMONY- 1 208 0605 1 121_1020 110-10 &
YCHHBIE 10 pe3yNbTaTaM allpOKCH- 5 208 '3 1118-1020 1,26'10’11
Manuu. AHanu3 annpoKCUMHUPOBAaH- TR RS
HBIX IIapaMETPOB IOKA3bIBAET, YTO C 3 353 0,005 1,45 1020 2,52 10710
MOBBIIIIEHUEM TEMIIEPATyphl MPOHC- 4 353 3 1,46-10 327'10

XOJIUT yBEIWYCHHWE KOHIEHTPAIINU
MPUMECHBIX MOHOB, B TO BPEeMs KaK NMPH YBEIMUYCHUM HANPSHKCHUS UX KOHIICHTPAIUS OCTaéTCs HEW3-
MeHHOM. Taxke HaOmogaeTcsi 3aBUCUMOCTh OJBIKHOCTH HOHOB OT HAINpsbKEHHs U TeMnepaTypsl. [Ipu
TIOBBIIIICHUN HampspKkeHus B HemaTtmdeckor daze (T =298 K) xoaddumment nuddysnn yBennarmBaercs
BBUY MEPEOPUCHTAMH MOJICKYJ XHUIKOTO KPHCTallla, YTO CBS3aHO C SIBJICHHWEM aHU30TPONHHU TOJ-
BmxHOCTH HOHOB B JKK. C poctom Temmieparypsl koddhdurmerT quddy3un yBETHIUBACTCS Ha TOPSIOK.
OTO CBS3aHHO C YBEIUYEHHEM IOJBM)XHOCTH MOHOB M3-332 YMEHBIIECHHUS] KUHEMATHYECKOH BS3KOCTH
JKUJIKOTO KpucTaimia B uzorponHoi ¢aze (T =353 K). VpenuueHue NOABMKHOCTH HOHOB B U30TPOII-
HOU (ha3e MpH MOBHIIICHUH HANPSDKEHUSI MOKET OBITh CBA3aHO C HEMTMHEWHBIM 3JEKTPO(HOPETUIECKIM
JIBIKEHHEM pUMeCHBIX HOHOB B JKK-saetike [45].

-+ Us3V;T=25°C 100

8 + U3V T=E0C
6 804"
z ! &
w? H
- -4
0 w LU [ T [ [
2 20 4 Yacrora, My
-4 -
- T - - - L T Ly T TTIPTey
10° 10% 10" 10° 10" 10° ¥ ¥ T o = ¥
YacToTa rl-l 10° 102 10" 10° 10" 107
a) g 0) YacToTa, My

Puc. 2. a) perictBUTEenbHasa u 6) MHUMas YacTu AU3NeKTPUYECKon NpoHULLaeMocTu TpeTben rapmoHukn HXXK
npu Temnepatypax 298 K n 353 K

OKcnepuMeHTalIbHOe HCCileoBaHNue ITaHapHOW Hematndeckor JKK-sueiiku B yacTOTHOM Juamna-
30He oT 0,5 MI'1 mo 600 I'i mokazano HanM4KMe TPeThel TApMOHUKH B CIIEKTpaxX KOMIUIEKCHON TUAJIEK-
Tpuueckoil mpoHuraemoctd (puc. 2). Kak BUgHO U3 TpaduKOB, KpUBBIE NEHCTBUTEIHHOW M MHHUMOWN
yacTell IM3IeKTPUIECKONW MPOHULIAEMOCTH Ha TPEThel rapMOHHUKE UMEIOT HECKOJIBKO TOYEK neperuda u
MOTYT MIPUHUMATh KaK MOJIOKUTENbHbIE, TAK U OTPUIATEIbHBIE 3HAYECHUSI.

Kak Obuto moka3aHo B paHHUX HccileNoBaHUSX [46], mpouecc Moispu3anuu MPOCTPAHCTBEHHOTO
3apsiia MPUMECHBIX HOHOB SBJISIETCS] HEIMHEWHBIM BBUY HACBILICHHUS AUIIOJLHOIO MOMEHTA U XapakTe-
pu3yercs HATMYMEM TPeThell TapMOHHUKHU TUAIEKTPHUYECKOTO OTKIIMKA, YTO TAKXKE MOATBEPIKIAETCs pe-
3yJbTaTaMHU 3KCIIEpUMEHTa B yacToTHOM auamazone ot 0,1 mo 600 I'my, 4To cOOTBETCTBYET POCTY IU-
3NIEKTPUIECKON MPOHUIIAEMOCTH HAa OCHOBHOM rapmoHuke. CTOUT OTMETHTD, YTO HETMHEHHOCTD JaHHO-
ro mpoiiecca B HeMaTu4eckol (asze sipisieTcs 0oJiee BRIPAXKECHHOMN MO CPaBHEHUIO ¢ M30TPOITHON (a30id.
OnHako ajst BTOporo 6oisiee HU3K0o4acToTHOTO ddderta (v <0,1 ') aMmumTyaa Tpetbeil TapMOHHUKA
KOMITJIEKCHOHM JTUAJIEKTPUYECKOW MPOHHUIIAEMOCTH Ha TOPSJOK OOJbIlle B M30TPOITHOHN (aze. ITo moj-
TBEPXKAAeT TOT (PaKT, 4TO HENIMHEWHOCTh, BOZMOXKHO CBSI3aHHAS C pesakcalell ABOMHOTO 3JeKTpHhye-
CKOTO CJIOsI, Ipeo0IaiaeT B CPAaBHEHHUH C pelaKcaluueil NoJsipu3aiy IpOCTPAHCTBEHHOTO 3apsia.

BriBoabI

B nannoli ctaThe HccneA0BaHbl MEXaHU3MbBl BOSHUKHOBEHUS HETMHEHHOCTH JUAIEKTPUYECKOTO OT-
KJIMKA B IUIAHAPHOW sUeiKe, 3a0JTHEHHOW HEMAaTHYECKON KUJIKOKPUCTAIIIMYECKO cMechio E7.

AHaJIM3 MOJIYYEHHBIX JaHHBIX BBIABUJ HAJIHUKE IBYX PEJaKCAIMOHHBIX 3()(EKTOB, MPOSBISIOMINX
HEJIMHEITHOE TOBEICHUE U BO3HUKHOBEHHE TPEThEH TapMOHUKHU KOMIUIEKCHOM AMAIEKTPUUYECKOU MpOo-
HUI[AEMOCTH B HM3KOYaCTOTHOW obOyacTu criekTpa. [lepBhlit addekT cBs3aH ¢ monspu3anuell mpocTpaH-
CTBEHHOTO 3apsija, BOSHUKAIOMIEH M3-32 MIPOCTPAHCTBEHHOTO pa3/IeliCHUsT IPUMECHBIX HOHOB B 00BEME
JKUAKOTO KPUCTAIIa BO BHEIIHEM JJIEKTPHUYECKOM rosie. J{aHHbiid 3 ekt mposBiseTcs B Pe3KOM BO3-
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pacTaHuy EHCTBUTEIHHON YaCTH AUAIEKTPUIECKON MPOHUIIAEMOCTH TIPU TMOHIKEHUH 9acTOTHI OCIIHII-
JTUPYIOMIETO AneKTpudeckoro Hampspkerus ot 100 mo 0,1 I'n B Hematndeckoii ¢aze 1 ot 5 k[ o 5 ' B
M30TpONHOH (aze. Takoii CABUT B XapaKTEPHBIX YaCTOTaX OOYCIIOBICH YMCHBIICHUEM KHHEMATHUSCKOM
Bsiskocty HXKK mpu Bospactanwm temmnepatypsl. Hammuue BTOpOro 3didexra, MpOSIBISIOMIETOCS B
JabHEHIIeM TOBBIIIICHNN JEUCTBUTENIEHON YacTH AMAJIEKTPHUYECKOW MPOHUIIAEMOCTH, MOXET OBITh
00BsICHEHO 00pa30oBaHUEM ABOMHBIX deKTpuueckux cioéB B JXKK-suetike.
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Abstract. The study considers the nonlinear dielectric response of a nematic liquid crystal (NLC).
Odd harmonics are found in the dielectric response in the low-frequency region of the spectrum from 0.5
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mHz to 600 Hz. The transporting of impurity ions causes two relaxation effects: space charge polariza-
tion and the formation of electric double layers.

Keywords: nematic liquid crystals; impurity ions; space charge polarization; double electric layers;
nonlinear dielectric spectroscopy.
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OCOBEHHOCTU chsoBoV[ CTABUNNTbBHOCTU U 3NTIEKTPOHHOM
CTPYKTYPbI CMJIABOB FrEUCINEPA TI,VZ (Z = Al, As, Ga, Ge, In, P,
Sb, Si, Sn)

A.A. Paes, K.P. Epazep, B.B. Cokonoeckuu, B.[]. By4enbHukoe
YenssbuHckul eocydapcmeeHHbill yHugepcumem, e. YensbuHck, Poccutickass ®edepauusi
E-mail: raiev.a@mail.ru

AHHoTanus. UccienoBanbl XuMHYeCKasl cTa0WJIBHOCTD, CTPYKTYPHbIE, Mar-
HUTHbIE U YJIEKTPOHHBIE cBoiicTBa ciiasos Ti,VZ (Z = Al, As, Ga, Ge, In, P, Sb,
Si, Sn) ¢ ucnob30BaHHEM METO/I0B TeOPHHU (PYHKIHMOHAIA MJIOTHOCTH. Y CTAHOB-
JIEHO, YTO BCe COEeJMHEHHs TePMOAMHAMHMYECKH CTa0WIbHBI, IPHYeM UX YCTOii-
YHBOCTh KOPPEJHPYET ¢ KOHIEHTpPAUWeil BaJIEHTHBIX JJIEKTPOHOB (€/a) m
yMeHbIIaeTcsl 15 0osiee Ts:KeJbIX 3j1eMeHTOB. MarHuTHble CBOWCTBA 3aBUCAT
0T COCTAaBAa H CTENEHH TeTPArOHAJILHOCTH: B KyOn4eckoii pa3e pocT e/a cHUKaer
HAMarHU4YeHHOCTh, TOTAA Kak Aedopmanusi pemieTku ee ycuwiamusaer. Iloayme-
Tajgandeckoe nopeaenue ¢ 100 % cnuHOBOI MoJspu3anueil ooHapyKeHo Npu e/a
=4 u 4,25, a s Ti,VSb (e/a = 4,5) BbIsiBJI€HO MOJIYNPOBOIHUKOBOE COCTOSIHHE C
y3koii measio (~0,1 3B). PesyabTarhl corsiacyloTcsi ¢ pacyeTaMH Ha OCHOBE
¢ynkuunonana PBE u nemoncrpupyior npeumyiiectsa SCAN-pyHKIHMoHaIa 15
TOYHOTO OMHMCAHHUS CJIOKHBIX CIUIABOB.

Kniouegvie cnosa: cnnasvr TioVZ; nonymemannuueckoe nogedenue; CRUHO8As No-
JAPUZAYUS; MEMPALOHATbHbIE UCKANICEHUS, INEKMPOHHASL CMPYKIMYPA; MAHUMHbIE
ceoticmsa; gpyuxyuonanr SCAN.

Beenenue

B nmocneqaue roasr nonymetammnaeckue (I1IM) peppomarautasie (PM) coennHEHHs TPUBICKAIOT
Bce OoJblliee BHUMAHUE M3-3a UX OOJIBLIOrO MOTEHIMANa B 00JaCTH MPUMEHEHUs yCTPOICTB CIIMHTPO-
uukd [1, 2]. Konnernmus ITM ¢peppoMarueTikoB Obliia IEpBOHAYATIBHO MPEIOKEeHA e I’ pooToM U JIp.
Ha OCHOBe pacueToB moiyciuiaBa [eficiiepa NiMnSb B 1983 romy, KoTopslii Bes cebst Kak MeTasll JJist
OJHOTO HAIPABJICHUS CIIMHA M KaK MOJYNPOBOAHUK WJIM M30JIATOP VIS MPOTHUBOIIOJIOKHOIO HAaIlpaBiie-
Hus cnuHa [3]. I[IM noBenenue npuBoaut k 100 % cUHOBOM MONSPU3AIMKA B OJTHOM U3 CITMHOBBIX Ka-
Hanax Ha ypoBHe ®epmu Er. Ha ceropssinuil 1eHh MHOTOYMCIIEHHOE CEMENCTBO CIUTaBoB [ 'eifcnepa
paccMaTpuBaercsi B kauecTBe nepcnektuBHbIX (IIM) marepuanoB. OaHako OOJBLIMHCTBO M3 HUX CO-
Jep>KaT TOPOrOCTOSIINE 3JEMEHTHI, THU00 CIIaBbl, MPEJIOKEHHbIE TEOPETUUECKH, SBIISIFOTCS HEYCTOM-
yuBbIMU. B cBsi3u ¢ 3TuM nouck ycroituuBbix [IM craBoB I'eliciiepa, COCTOSIIIMX U3 PacIpOCTPaHEH-
HBIX 3JIEMEHTOB, IPEACTABISACTCS aKTyalIbHOM 3a7aueil A1l COBPEMEHHOr0 MaTepraioBeaeHus [4].

Hanpumep, B padorte S. Galehgirian u np. [5] npencrasnensl uccienoBanus cruiaBos [ eiiciepa
Ti,VZ (Z = Al, Ga u In). B kyOuueckoii ctpykrype Thna L2; ucciemayeMbie coCTaBbl MoKa3ain ce0s Kak
0OBIYHBIC (DeppUMAarHETUKH, OJIHAKO B MHBEPCUOHHOH CTPYKType XA KaxJI0e U3 COCTUHEHUH JIEMOHCT-
pupyet [IM-xapakTeprCTHKH C COOTBETCTBYIOIICH IMMPHUHOH 3arpenieHHon 30H6I 0,52, 0,51 u 0,59 3B.
B pabore Santao Qi u mp. [6] paccMmotpens! crtaBsl [eticnepa TiVZ (Z = Si, Ge, Sn). Pe3ynbrarsl pac-
4eToB IMoKasanu, uro cmiaaBbl Ti,VSi u Ti,VGe otaocstes k [IM-coenuuenusm ¢ npeanbaon 100 %
CIMHOBOH monspu3aureil Ha ypoBHe Ep, B To Bpems kak cmiaB Ti,VSn siBisieTcst GpeppuMarHeTUKOM.
Kpome Toro, mosHOCThIO KOMIIEHCUPOBAHHBIM (epprMarHeTH3M M MOIYHIPOBOANMOCTH JOBOJIBHO YC-
TOWYMBEI B ITUPOKOM JTHANIA30HE COKATHS U PACIIUPEHHS PEIIETKH.

B npezncraBneHHoOl paboTe MBI PACCMOTPENH IIMPOKUIA CHEKTp coequHeHHni Ha ocHoBe Ti,VZ (Z =
Al, As, Ga, Ge, In, P, Sb, Si, Sn) ¢ neip0 yCTaHOBJICHUST B3aUMOCBSI3M MEX]Ty JIEKTPOHHBIMH, CTPYK-
TYpPHBIMH, MATHUTHBIMU CBOMCTBAMH U KOHIIEHTPALIMEH BATEHTHBIX 3JIEKTPOHOB.

JdeTasim 1 MeTO10JI0THS BbIMHUCIEHUI

PacueTsI CBOMCTB OCHOBHOTO cocTostHus cruiaBoB Ti,VZ (Z = Al, As, Ga, Ge, In, P, Sb, Si, Sn) BbI-
MOJIHEHBI B PaMKaX TCOPUM (PYHKIIMOHAJIA IUIOTHOCTH, PEajM30BaHHON B MporpaMMHOM makere VASP
[7, 8], ¢ ucnons3oBanueM MpUOIMKEHUST 0OMEeHHO-KOppensaiuonHoro gynkiuonana SCAN [9] (mera-
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00001IeHHOEe TpasueHTHOE MpuOIkeHue). MccneayeMple KpUCTANIMYECKUE CTPYKTYPBl OBLIM CTEHE-
prpoBaHbl Ha 6a3e 16-aTOMHOHN dIeMeHTapHON KyOnmueckol stueiiku (mp. rpynmna Ne 216, F43m) ¢ M-
YHOPSIOYeHNEM MarHUTHBIX MOMeHTOB (puc. 1) [10]. OGmenpunsiTOe Ha3BaHUE JAaHHON CTPYKTYPHI —
WHBEPCHOHHAS CTPYKTypa XA reiiciepoBckoro Tuma, mpororun Hg,CuTi. Ctpykrypa XA mnpumeda-
TeJbHA TeM, YTO 32 CYET PACIIOOKEHUSI aTOMOB B HEOKBHBAJICHTHBIX MO3UIHMSIX BO3MOXKEH MOJTyMeTal-
JTUYeCKUI XapaKTep 30HHOW CTPYKTYpHI Ha ypoBHE Er B oTiIM4me OT peryisipHoii reiiciepoBCKoil CTpyK-
typer L21, mpototun Cu,MnAl. Kpome Toro, corimacHo sMOMpUYIECKOMY IMpaBIITy CIUIaBbI | eiicimepa
XoYZ MOryT KpUCTaUIM30BaThCS B CTPYKTYPY XA MHpH yCIOBHH, €CIIU aTOMHBI HOMEp HJIU BaJICHT-
HOCTh Y 3JIEMEHTa BbIIE, yeM y X u3 Toro xe nepuosa [10]. ns coenunenuii Ti,VZ BeimonHseTcs pac-
CMOTPEHHOE YCJIOBHE, KPOME TOTO0, pa3HUIla MEXIy SHEPTrusiMu cTpyKTyp XA u L2; Becpma manasi.

Puc. 1. Kpuctannuyeckas ctpyktypa Tuna XA coeguHenun Ti,VZ

I'eomeTpryeckas onTUMH3anKA IPOBOANIACH B PAMKaxX MOHHOM pellakCcalii ¢ U3MEHEHHEM IO3H-
1y aToMOB, popMbl U 00beMa sueliku. MuTerpupoBanue mo K Toukam 30HbI BpHiuTio3Ha IPOBOIMIOCH
Ha [-nientpupoBanHoit k-cetke (7x7%7) ¢ mioTHOCTBIO ~5500 TOuek Ha aroM OOpPATHOW PEHIETKH.
DHeprus 06pe3aHns IOCKHX BOIH cocTapisma 470 5B, a mapamerp CXOZMMOCTH cocTaBmsa 1077
sB/atom.

3HaueHUs CIIMHOBOW MOJIIPU3ALMK B PACYETAX IUIOTHOCTH IEKTPOHHBIX COCTOSIHHN OLIEHUBAJINChH
o opmye

E-)- E
P(%)z pT( F) p»J,( F) %100, (1)
Py (Er)+pd(Er)
rac pT’ pl — INIOTHOCTB 3JICKTPOHHBIX COCTOSIHUI Ha YPOBHE EF CO CIIMHOM BBE€PX U BHHU3 COOTBCTCTBCH-
HO.
Dueprus GOPMUPOBAHUSI CILIABA PACCUUTHIBANIACK 110 (HOpMYyJie

Es :Etot_ZEi’ 2

rae Ey — monmHas sHeprust cruiaBa, NPUXO/SIIASCS Ha OIUH aToM, a Ej — SHepruu aToMoB 4MCTHIX dlie-
MEHTOB, KOTOpPBIE PACCUHTHIBAINCH C HcIoNb3oBaHueM ¢yHknnoHana SCAN ¢ y4eToM paBHOBECHBIX
CTPYKTYD, B3SIThIX U3 0a3bl IaHHBIX AIEKTPOHHOTO pecypca Materials project [11].

Pe3yabTaThl BHIYHCIEHUH U UX 00CYKIEHHE

JIJ1st OTIEHKH XMMHUYeCKOM cTabmmsHoCcTH cruaBoB Ti,VZ (Z = Al As, Ga, Ge, In, P, Sb, Si, Sn), T. e.
UX YCTOHYMBOCTH K CErperaiyy Ha COCTABISIOIINE DJIEMEHTBI, ObllIa pacCuUTaHa dHEePrusi HopMUpoBa-
Hus E; ctpykTypel XA ¢ ucnonb3oBanueM (2). Ecou Ef nmpuamMaer orpuiiatenbHOe 3HAYCHHE, CIIAB
CUYMTAETCS CTAOWJIBHBIM; B IMPOTHUBHOM CjIydae MPOMCXOIUT €ro paciaja Ha COCTABJISIONIME JICMEHTHI.
Ha puc. 2 npuBeneHa 3aBucuMOCTb Ef 0T Z 3memenTa.

3HaueHus E; st Bcex paccMOTPEHHBIX COSIMHEHUH PACIOIOXKEHBI B OTPHUIIATEIHHOM JHAITa30HE,
YTO TOBOPUT 00 UX XUMHUYECKOW CTaOMIIBHOCTH TI0 OTHOIICHHIO K paclaay Ha COCTABIISAIOLINE dJIEMEH-
ThI. MOYKHO cIIeJIaTh BBIBOJI, YTO C POCTOM KOHIIEHTPAIIMH BaJI€HTHBIX 3JIEKTPOHOB €/a, MPUXOMSIIHXCSI
Ha atoM, coequHenus Ti,VVZ craHoBsSTCS Oojiee CTaOWIBHBIME, TOT/Ia KaK yBeIMYeHUE nepuoaa Z de-
MEHTa TPH (PUKCHPOBAHHOM 3HAYEHHWH €/a CIIOCOOCTBYET MOHIKEHHUIO XUMHUECKOH YCTONUHBOCTH CO-
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enunenus. Tak, anementsl Il rpymmer (Al, Ga, In) GpopMHPYIOT COCIMHEHHUS ¢ CaMO¥M HauMEHbINEH
sHepruei popmupoBanus; sneMeHTs [V rpymmer (Si, Ge) HaxonsaTcsl B OTpe3Ke MPOMEKYTOYHOM cTa-
OounbpHOCTH; a 3neMenTsl V rpynnsl (P, As u Sb) npuBoAsT kK HanOOIbIIeH CTAOMIBHOCTH KyOHUECKON
¢asbl.

ela=4.5

Y77
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Puc. 2. SHeprus copmmupoBaHus cnnaeos Ti,VZ ¢ Kyonyeckomn cTpyktypon XA
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Puc. 3. (a) KOHTYp M3meHeHusi aHeprum B M3aB/aTom, HOpMUpPOBaHHbLIN Ha Kybuyeckyro a3y, ans cnnaeoB Ti,VZ B
3aBWCMMOCTM OT CTENEHU ee TeTparoHanbHOro UckaxeHus c/a; (6) noctosHHas XA pewéTkn a, BAONb NUHUK c/a = 1;
OTKPbITbIMM CUMBONaMU Noka3saHbl 3Ha4eHus a0, nony4YyeHHble ¢ nomollblo yHkumoHana PBE B [5, 6, 12];

(B) 3aBucumoctb AE(c/a) pna Ti,VAs

C 1enbio MPOBEPKH YCTOMYMBOCTH KyOmueckor (a3bl XA K BO3MOKHBIM HCKKEHHSIM TPOBEIICHEI
pacuetsl m3MeHeHus: dHepruu (A E) coeauHeHnid B 3aBUCHMOCTH OT CTEIICHH €€ TeTParoHajIbHOTO HC-
kaxenust (c/a). Ha puc. 3, a u3obpaxeHa KoHTypHast kapta pactpenenenus A E B 3aBucumMoctu ot €/a u
cogepxxanust Z snemeHTa B Ti,VZ. 3nauenne AE paccunTaHO OTHOCUTEIBHO DHEPTHH CTPYKTYphl XA
(c/a=1). U3 puc. 3 BUIHO, YTO yBETHUECHHE €/a, MPUBOIUT K BOSHUKHOBEHHUIO TJI00ATLHOI0 MUHUMYMa
SHEPrHU NPHU CTETNEHH TETPAroHaJbHOrO MCKaxeHus c/a B untepsajie ot 1,4 mo 1,6. [lanHas ocoOeH-
HOCTh MposiBisieTcs: Haubomnee spko anst Ti, VP, Ti;VAs u Ti,VSb. 310 00bsSCHSIETCS TeM, YTO JaHHBIC
XMMUYECKHE DIIEMEHTBI HaXOJTCSI B V TPYIIE NMEPUOIUIECKON CUCTEMBI U UMEIOT OOJIbIlIe CBOOOIHBIX
AJIEKTPOHOB Ha BHENIHEH OpOWTAalM, COCOOCTBYIOIINX HECTHHTY TIOBEPXHOCTH Er Ha rpaHuWmax 30HBI
Bpunmtosna.

Ha puc. 3, 6 u ¢ nmokazansl cpe3bl KOHTYPHOH KapThl BAOJb HApaBJICHUH, OTMEUEHHBIX MyHKTUP-
HOM TUHMEH Ha puc. 3, a. MOXXHO BHIETH, YTO PABHOBECHBIN MapaMeTp KyOW4ecKOW PemeTKH 8y AeMOH-
CTPHPYET MOHOTOHHO MOBTOPSIOIIECECS MOBEACHHE: TPH (HUKCHUPOBAHHON KOHIIEHTPAILUK €/a yBennye-
HHUE TOPSIKOBOrO HOMepa Z 3JeMEHTa CIIOCOOCTBYET YBEIMUYEHHIO 8y 32 CUET YBEIMYEHHS aTOMHOTO
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paaunyca Z snemenTta. CTOUT OTMETHTh XOPOIIIEEe COIIaCUe 3HAYCHHI 8, TIOTYYCHHBIX B JIAHHOW paboTe
¢ nomotpio GpyHnknuoHana SCAN, U 3HaUeHUH 8y, BRIYUCICHHBIX ¢ ToMoItkto pyHkimonana PBE [5, 6,
12], B 0cobeHHOCTH IS CIUIABOB ¢ e/a = 4,

Ha puc. 4 nzo0pakeHa KOHTYpHAs KapTa paclpeaeieHns MOJTHOTO MarHUTHOTO MOMEHTa B 3aBUCH-
MOCTH OT C/a u copepxkanust Z ainementa B TiVZ, a Taxke cpe3sl KOHTYPHOM KapThl BAOJb HaIllpaBiie-
HUIA, OTMEUCHHBIX MYHKTHPHOHU uHMel. [llupoknii tnamna3on 3HayeHnit HamaranaeHHoctr ot —0,2 1o 4
Ue/d.ea. yKazpIBaeT Ha YyBCTBUTEIHHOCTh MAarHUTHOTO YIIOPSIIOYECHUSI M MATHUTHBIX CBOWCTB K TeTpa-
TOHAJIBHOU JehopMaIuy 1 JICTUPOBAHUIO Z 3JICMEHTA.

C 0ofHOH CTOPOHBI, JUIS KaXJOT0 M3 COSAMHCHUN TETparoHAIBHOE MCKaKEHUE (CKATHE, pacTsiKe-
HHUE) CIIOCOOCTBYET YBETMYECHHI0O MAaTHUTHOTO MOMEHTA 3a CYET M3MEHEHHWS PAcCTOSHHN OJrpKanIiero
okpyxeHnus atomoB Ti u V. C npyroit cTopoHsbl, B cilydae Kyoudeckoii (a3l (C/a = 1) yBennueHue KOH-
[EHTPALUHU €/a IPUBOIUT K CHIKEHHUIO M, B KOHEYHOM CU€Te, MMOAaBICHNI0 HAMarHHUeHHOCTH (puc. 4,
0). Takum obpazom, ans rpynnsl coequnernid Ti,V(Al, Ga, In) xapaktepHo cpenHee 3HaUE€HHE HaMar-
HudeHHoctn M~ 1,85 pg/d.en., mis TipV(Si, Ge, Sn) — 0,83 pg/d.en. u mis Tip,V(P, As, Sb) — 0 ug/d.en.

(6) e/a=4 e/a=4.25 e/a=4.5
(a) ea=4 e/a=4.25 ela=4.5 T T i T T T T T T
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Puc. 4. a) KOHTYp NONMHOro MarHUTHOro MomeHTa Ans cnnasoB Ti,VZ B 3aBUCUMOCTU OT CTeMNeHN TeTparoHanbHOro
UCKaXeHUs c/a Kyouveckon cTpyktypbl XA; 6) HamarHnuyeHHocTb XA peléTku BAONb JIMHUU c¢/a = 1; OTKPbITbIMU
CMMBOIaMM NoKa3aHbl 3Ha4eHUs1 M, norny4eHHble ¢ NomMoLlbio yHKkumnoHana PBE B [5, 6, 12];
B) 3aBMcuMocTb m(c/a) ana Ti;VAs

Cxoxue 3HaYeHHs M ObLIM MOJy4YeHBI paHee B paborax [5, 6, 12], rae ucnons3oBaiu B pacuerax
¢ynkunonan PBE. UaTepecHo ormeruts, uro g crnaBoB Ti,V(P, As, Sb) nedhopmanus xkyOuueckoi
CTPYKTYPBI COMPOBOXK/IAETCS CMEHOW MarHUTHOTO YIOPSJOYEHUS] U CKaYKOOOpa3HBIM N3MEHEHUEM Ha-
mMarauueHHocTH ¢ 0 10 2 pg/d.en. a1s ¢as co creneHpro TerparoHanbHocTd ¢/a =1 n1,5 cooTBeTCTBEHHO.

B npunimne, 3aadenust M 1t XA CTpYyKTYpBl COTJIACYFOTCSI CO 3HAYEHHUSIMHU, TTOJy4eHHBIMH C T10-
Momipto mipaBwiia Crelirepa—[lonnHra: nobaBieHHe deMEHTa B METAUTMUECKHH CIJIaB MPUBOJIUT K
YMEHBIICHUIO HAMAarHUYE€HHOCTH HACKIIEHUs CTIIaBa M Ha BEJIMYHHY, TPONOPLIUOHANBHYIO KOJINYECTBY
BaJICHTHBIX J1EKTPOHOB Ngy, M = N, — 18. Takum obpaszom, s Ti,V(Al, Ga, In) Ne, 1 M cocrasisitor
16 u -2 pp/d.en., mis Ti,V(Si, Ge, Sn) — 17 u—1 pg/d.ex. u Ti,V(P, As, Sb) — 18 u 0 pp/d.ea. cooTBeT-
cTBeHHO. OTpUIIATENbHBIA 3HAK M KOCBEHHO yKa3bIBAaeT HA HAMYWE JHEPreTHYECKOW IIETH B «CIUH
BBEpX» KaHaJe.

JIst mpOBEpKM BO3MOKHOW MOIYMETAJUIMYHOCTH MCCIIETYEMBIX COSTUHEHHI JOMOIHUTENBHO TPO-
BEJICH aHAJU3 IUIOTHOCTEH 37eKTpoHHBIX cocTosHui ([IDC) u 30HHOM CTPYKTYPHI B «CIHH BBEPX»- U
«CTUH BHU3»-KaHaitaXx. OTMETHM ClieyIolie 0COOCHHOCTH. B coeiMHEeHNsX ¢ KOHIEHTpaluei e/a = 4
u 4,25 30HHasA CTPYKTypa «CIIMH BHM3»-KaHaja IEMOHCTPUPYET METANTMYECKOE IOBEACHUE BBUIY
MHOXECTBEHHBIX TiepecedeHuil ypoBHs Er. HampoTuB, aiisi «CiMH BHU3» KaHaJla XapaKTEPHO HAIWYHE
SHEPreTUYECKON 11eJIM MEXIY BAJIEHTHOW 30HON M 30HOM MpoBOAMMOCTH. IIpu 3TOM 11 COeIMHEHUI
Ti;V(AIl, Ga) (e/a =4) u Ti,V(Si, Ge) (e/a = 4,25) ypoBenb Er pacnonoxen 1ocTato4no 01M3K0 K Ba-
JICHTHO 30He, Toraa Kak wis Ti,VIn (e/a =4) u Ti,VSn (e/a = 4,25) ypoBenb Er HaxoauTcst mpakTiye-
CKH TIOCpEN 3ampelneHHoi 3051 [locaenyromiee yBenueHne KOHIEHTpanuu e/a 10 4,5 IpuBOIUT K
METAJUIMYECKOMY M MOJIYIPOBOAHUKOBOMY XapakTepam 30HHOM cTpykTypbl st Ti,V(P, As) u Ti,VSb
COOTBETCTBEHHO. PacueThl MOKa3bIBAIOT, YTO YBEIUYEHHE MOPSIKOBOrO HoMepa Z 3ieMeHTa Ipu (QHK-
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CHPOBaHHOM COOTHOIICHWUH €/a = 4,5 crocoOCTBYET PacKphITHIO 3alpeIleHHoN 30HbI (AEg,, = 0,1 3B)
Ha E|:.

s nmpumepa, Ha puc. 5 puBeneHb! 30HHBIN criekTp U [19C mis «cuH BBEpX» KaHala COeTUHEHUS
Ti,VSn. BeTBu 30H JEMOHCTPHUPYIOT CHIIbHYO TUCIICPCHIO BIIOJb BEIOPAHHBIX MyTei B K-mpocTpaHCTBe.
B manHOM ciiydae mMakcmManabHOE 3HaUE€HHE DHEPTHH MMOTOJKA BaJeHTHOH 30HBI (BHoib mytn K-I') m
IHa 30HBI TpoBoAuMOcTH (Touka X) coctaBisioT —0,08 u 0,17 3B cooTBeTcTBEHHO, a X pa3HUIlA 0Opa-
3yeT mupokyro menb B 0,26 3B Ha ypoBHe Ef. [Tuku [19C Huxke Er COOTBETCTBYIOT THOPUAM3UPOBAH-
ueiM d-coctostamsam Ti u V, Torma kak muku II9C B 30HE MPOBOIUMOCTH OTBEYAIOT 3a THOpHAM3aImio d-
opburaneit V u sp opbutaneii Sn. B menom, peskue nmuku [19C yka3pBaroT Ha JOKaJIM30BaHHEBIE CO-
CTOSIHUSI DJICKTPOHOB B OKPECTHOCTsIX ypoBHs Ep. Takum o6pazom, 100 % 3acenenHocTs d-opOurtaineit
JJIEKTPOHAMH B «CIHH BBEPX»-COCTOSHHUHM M OTCYTCTBHE «CIIMH BHU3»-3JIEKTPOHOB Ha Ep mpuBomuT K
100 % criuHOBO# MONSIPU3AITUHL.

NI = ‘ ' ‘ ’_J_|
\ J\ g{ /-’d Total 1 T (UD)

ADY [ Total 4| [ NP4 RNV
/ v Tt 7NN
/ \ N T L ' e \
\ V1 g | \ / :\“ /
N o VL W W
\ i w7 Sn T )
T\ o Sn L | 02658
Il
i
/
\ <
\|/ / ]
\/ WA Ay Y N AT
_1.00—L | / Y/l . . . 7 - ) ) —
T X WK r L uw LKIU X -20 =10 0 10 20 301 X WK r L uw LKU X

MyTb B k-NpocTpaHcTBe MyTb B k-npocTpaHcTBe
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Puc. 5. 3oHHasA CTPyKTypa 1 NNOTHOCTL 3NEKTPOHHbIX COCTOSAHMI Ana cnnasa Ti,VSn
B «CMH BBEpPX»- U «CNUH BHU3»-KaHanax

B kauectBe 0000111€HNS PE3yNbTATOB PAacue€TOB 30HHON CTPYKTYPHI Ha pUC. 6 MpeACTaBICHa 3aBU-
CHUMOCTH IIUPWHBI 3allpelICHHONW 30HBI B coeuHeHHAX Ti,VZ ¢ pasHBIM COJAEpKaHHEM BaJCHTHBIX
aneKkTpoHoB. Habmonaercs yetkas koppensauus Mexay noseieHneM AEg,, 1 HaMarHn4eHHOCThIO (M) B
3aBHCHMOCTH OT €/a. JIyisi coeAMHEeH i ¢ HU3KUM COJIepyKaHHEM e/a U BBICOKOH M xapakTepHa HanOOIb-
1asi UPHHA 3allpelICHHON 30HbBI B KaHAJIE «CNIMH BBepX». [IpHn 3TOM yBENnHUYEeHNE TOPAIKOBOrO HOMEpa
s1eMeHTa Z npH GUKCHPOBAaHHOM €/a = 4 TIPUBOIUT K YMEHbIIEHHIO AEg,,, 4TO CBHIETENBCTBYET O CY-
LIECTBEHHBIX PA3JIMYUSX B JIEKTPOHHOU CTPYKTYpE UCCIIEyEMBIX MAaTEPHUAIIOB.

cla=4 e/la=4.25 ela=4.5

1.00 T T T T T T T T
i n ]
m 075 .
o i o :
= 050 o \o ]
z 025 " .| 9 9 a o
L [ ] o ]
0.00 - o " ]
E | | | | | | | | | E|

Al  Ga In Si Ge Sn P As Sb

Puc. 6. LLinpnHa 3anpeLieHHOM 30HbI B 3aBUCMMOCTU OT XMMUYECKOro anemMmeHTa Z B cnnaeax Ti,VZ (Z = Al, Si, P, Ga, Ge,
As, In, Sn, Sb). OTKpLITLIMM CUMBONAaMK NOKa3aHbl 3HaYeHus AE,,, nony4yeHHble ¢ noMoulbio hyHkumoHana PBE
B [5, 6, 12]

B coenunenusix ¢ e/a = 4,25 nabmonarorcst 6xm3kue 3HaueHUst AEg,,, 4T0 00yCIIOBIEHO CXOICTBOM
WX DIJIEKTPOHHOM CTPYKTYpPHI M, KaK CIIEJICTBHE, MPAKTHUYECKH OJMHAKOBOH HaMarHWYEHHOCTHIO. J[is
TpeThe IpynIsl coequHenHui (e/a = 4,5) xapakTepeH MeTaJUIMUECKUH THIT 30HHOH CTPYKTYpPBI (AEg,, =
0, m = 0), 3a ucximouenuem cocrasa Ti,VSh. B aTom ciyyae yBennueHue paanyca opouTaneil U CHIKe-
HUE DHEPTUM CBS3W MPUBOJSAT K OOpA30BAHUIO 3aIlPElIeHHON 30HBI U IMOJYIIPOBOJHUKOBOMY TOBEJIe-
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HHIO. B 11€710M, MOKHO 3aMETUTBH, YTO 3HaYeHUs AEyy,, MOTyYeHHbIE C MOMOIIBIO PacYeTOB (PyHKIMOHA-
oM SCAN, KauecTBEHHO BOCIIPOU3BOAAT pe3ynbTarhl st pyHkuuonana PBE [5, 6, 12]. CornacHo uc-
cnenoBanmsiM [13], dyakmmonan SCAN 3apexomeHoBain cebs ydmmmM o0pazom B cpaBHeHnH ¢ PBE B
IUTaHE IPEeACKa3aHusl [UPUHBI 3aIPEIIEHHON 30HbI B IOIYIPOBOAHUKAX H MOJIyMETAJUINIECKUX (eppo-
U eppuMarHeTuKax.

3axinroyeHue

[TpoBeneHHbIC pacuyeThl XMMUYECKOW CTaOMIBHOCTH, CTPYKTYPHBIX M MATHUTHBIX CBOWCTB, a TAKXKE
3MEKTPOHHON CTPYKTYpHI ciiaBoB Ti,VZ (Z = Al, As, Ga, Ge, In, P, Sb, Si, Sn) mo3BojiIu BBITBUTD
KITFOYEBbIC 3aKOHOMEPHOCTH MX TIOBEJICHUS B 3aBHCUMOCTH OT COCTaBa. YCTaHOBJICHO, YTO BCE HCCie-
JlyeMble COEJMHECHUS TSPMOJMHAMHYECKH CTAOMIIBHBI, IPUYEM MX YCTOWYMBOCTH BO3PACTACT C YBEIU-
YEHHEM KOHLICHTPAIIMM BAJICHTHBIX 3JIEKTPOHOB (€/a) M CHIKACTCS MPHU IMepexoie K Ooiee THKETbIM
3IIEMEHTaM B TIpeJieNnax TPYMmbl. TeTparoHaNbHbIE MCKaXKCHUS CTPYKTYPhl MPUBOIAT K TOSBICHUIO
9HEPreTHYCCKUX MUHUMYMOB 1ipu c/a = 1,4-1,6, ocoberno Beipaxkenubix aast Ti, VP, Ti,VAs u Ti,VSh,
YTO CBSI3aHO C MIECKTPOHHBIMU OCOOCHHOCTSIMH 3JIEMEHTOB V TPYIIIIBI.

MarsuTHbIe CBOMCTBA CIUIABOB JIEMOHCTPUPYIOT CHIIbHYIO 3aBUCHMOCTB OT COCTaBa M CTCTICHU TET-
paroHaJbHOCTH: B KyOuMuecKoi (hase yBeaudeHue €/a momaBisieT HAMarHMYEHHOCTh, TOTaa Kak aedop-
MaIusl pelieTKH Croco0CTByeT ee pocty. [lonmymeramumyeckoe nmoseaenue co 100 % CriMHOBOM MOJIAPH-
3a1Meil HabroIaeTest Uisl CoeNMHeH i ¢ e/a = 4 u 4,25, rjie B «CuH BBepX»-KaHaie (GOopMUpYeTCs IIn-
poKas 3ampelieHHasi 30Ha, & B «CIHUH BHU3»-KAaHAJIE COXPAHICTCS METAIMUYSCKHH XapakTep MPOBOJIU-
moctu. s Ti,VSb (e/a = 4,5) o6HapyskeHO MOTYyIPOBOIHUKOBOE COCTOSIHUE C Y3KO# 1menbio (~0,1 3B),
YTO TOAYEPKUBACT POJIb ATOMHOTO Pajilyca W THOPUAN3AIMHU NIEKTPOHHBIX COCTOSHHUN B (hopMHpOBa-
HUH DIICKTPOHHOU CTPYKTYPBHI.

[MonydyeHHbIe pe3yabTaThl COTIACYIOTCS C MPEABITYIIMMU HCCICAOBAHUSIMH, BBIMTOJTHEHHBIMU C HC-
nonb3oBanueM ¢(yHkuuoHana PBE, u moaTBep)kAalOT MEpPCIEKTHBHOCTh TMPHUMEHEHHs (yHKIMOHAIA
SCAN 1 TOYHOTO ONHCaHUSI CIIOKHBIX CIIIABOB. BhIsSBICHHBIE 3aKOHOMEPHOCTH MOTYT OBITH MOJIE3HBI
JUTS TIeTICHANIPABIICHHOTO JM3aliHa MaTepHaioB ¢ 3aJaHHBIMH MAarHUTHBIMH U TPAHCTIOPTHBIMU CBOMCT-
BaMH, B YaCTHOCTH, ISl Pa3pabOTKH CIUHOBBIX (DMIBTPOB U TEPMOIICKTPHUCCKHX YCTPOMCTB. Jlab-
HEWIINE MCCIICOBAHUS MOTYT OBITh COCPEIOTOYCHBI HA AKCIICPUMEHTAIBbHON BepU(PUKAIMU MpPEICKa-
3aHHBIX CBOICTB, a TAK)KE HA M3YUYCHUH BIHSHUS BHEITHUX (PAKTOPOB (TEMIEPATYpPhI, TABJICHH) Ha CTa-
OUITHLHOCTD U (PYHKIIMOHAIBHBIC XapaKTEPUCTUKU STUX COCTUHCHUH.

Paboma evinoanena npu gunancosou noodepacku PH® ¢ pamrax npoexma Ne 24-12-20016 (pac-
yemvl 9AEKMPOHHBIX CEOUCMS) U 20CyOapcmeenHozo 3adanus Munucmepemaa HayKu u gvicuieco oopa-
306anus Poccutickoti @edepayuu (mema Ne 075-00186-25-00 (pacuemsr cmpykmypHoix u MASHUMHBIX
ceoticms)).
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PHASE STABILITY AND ELECTRONIC STRUCTURE OF HEUSLER ALLOYS Tl,VZ
(Z=Al, As, Ga, Ge, In, P, Sb, Si, Sn)
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Abstract. The article deals with the chemical stability, structural, magnetic, and electronic properties
of Ti2VZ (Z = Al, As, Ga, Ge, In, P, Sb, Si, Sn) alloys using density functional theory methods. All
compounds are found thermodynamically stable, and their stability correlates with the valence electron
concentration (e/a) and decreases for heavier elements. The magnetic properties depend on composition
and the degree of tetragonality: in the cubic phase, an increase in e/a reduces magnetization intensity,
whereas lattice distortion increases it. Half-metallic behavior with 100 % spin polarization appears at e/a
=4 and 4,25, while Ti2VSb (e/a = 4,5) acquires a semiconducting state with a narrow gap ~0,1 eV. The
results agree with PBE functional calculations and demonstrate the advantages of the SCAN functional
for accurate description of complex alloys.

Keywords: Heusler alloys Ti-VZ; half-metallic behavior; spin polarization; tetragonal distortion;
electronic structure; magnetic properties; SCAN functional.
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NMepcoHanuu

3 ampens 2025 r. ucnomHwiock 70 neT AOKTOPY (HU3UKO-
MaTeMaTHYEeCKHX HayK, mpogeccopy, 3aciyKCHHOMY pabOTHUKY
BbIcHIEH IKOJBI Bacunuio JMutpueBudy byuenbHUKOBY.

B.J. By4enpHMKOB — BbLAAIOLIMICS (U3UK-TEOPETHK, BHEC-
UMM CYIIECTBEHHBIA BKJIAJl B COBPEMEHHYIO TEOPUIO MarHETU3Ma.
IIpu ero HemocpeACTBEHHOM YYacTHU ObUIM CO3/aHBI U Pa3BUTHI
TEOpHUsl AIEKTPOMAarHUTHO-aKyCTHYECKOTO MpeoOpa3oBaHUs B
MarHMTOYMOPSAJOYEHHBIX BEIIECTBAX, & TAK)KE TEOPHsI CBSI3aHHBIX
3JIEKTPOMAarHUTHBIX, CIIMHOBBIX, YIPYTHX M PEIaKCAlMOHHBIX KO-
ne0aHui B MarHeTUKax B OOJIACTM MarHUTHBIX U OPHUEHTALMOH-
HBIX (a30BBIX MepexooB. bojbiioe KomuuecTBo Mccie 0BaTeNb-
CKMX paboT MOCBSILEHO MarHUTHBIM U CTPYKTYPHBIM IpeBpalie-
HUAM B cIuiaBax ['elicnepa.

Brimyckauk ¢usnyeckoro dakyiaprera MI'Y nm. M.B. Jlo-
MOHOCOBa, y4Y€HMK MIKoJbl akagemuka JI.JI. Jlangay, Bacunmii
JmutpreBud OocHOBal B YenssOMHCKOM TOCYIapCTBEHHOM YHHU-
BEpPCUTETE HAy4YHYI0 IIKONy «®DU3UKAa MAarHUTHBIX SIBICHHI».
[Tpu3HaHHBIN Meaaror, OH YCIEIIHO COYETAaeT HAYYHYI0 padoTy ¢
MMperoJaBaHuCM, IOJIL3YACh YBaXXCHUEM KOJIJICT U CTY/ICHTOB.

IIon pyxoBoactBom Bacunus JmurpueBnya ¢ 1993 rona 3amumens! 7 JOKTOPCKUX U 16 kaHauaaT-
CKUX )Z[I/ICCCpTa[II/II\/'I, YTO 3HAYUTCIIbHO MPOABUHYJIO Pa3BUTHE HOBBIX HaHpaBHCHI/II‘/'I B TCOpHUU KOHACHCHU-
POBAHHOTO COCTOSIHUSI.

Bacunmuem [ImMutpueBHdeM B COABTOPCTBE OMyOIWKOBaHO CBhIme 350 HayYHBIX padoT, BKIOYas 3
MOHOTpaduH, TTIaBbl B 3apyOeKHBIX M3MaHUAX U 4 0030pa B «Ycmexax GU3NIECKUX HAYK», U3 HUX 00-
see 100 paGoT ormyOIMKOBAHO 3a MOCICIHUE 5 JIET.

Bacunuii JImutprueBny byyenbHUKOB MONB3yeETCsl 3aCy>KEHHBIM aBTOPUTETOM B HAYYHOU Cpele He
TOJIBKO B HaIlle# cTpaHe, HO U 3a pyoesxom! Komnern u npy3ps cepaedno mo3apapisior Bacumms JImuT-
pHUEBHUYA C FOOMIICEM U HKEJIAIOT €My 3J0POBbS M JIOJITOJCTHS, TATBHEHIIINX YCIIEXOB M HOBBIX JTIOCTHIKE-
HUH Ha MOTPUIIE HAYKH U TperoiaBaHus !
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TPEBOBAHUA K NYBJIMKALUN CTATbU

1. ITyGnuKyroTcss OpUTHHAIBbHBIE PaOOTHI, CO/lepIKaIlie CYIECTBEHHbIE HaydHbIe Pe3yJbTaThl, He OITy0-
JUKOBaHHEIC B IPYTUX M3IAHMAX, IPOIIEAIINE dTAll HAYIHOW SKCIEPTH3HI 1 COOTBETCTBYIOMINE TPEOOBAHUIM
K IMOATOTOBKE PYKOIHUCEH.

2. B peakoiuteruo npeaocraBisiercs ajaektponnas (mokyment MS Word 2003) Bepcust paboThl 00beMOM
He Oonee 6 CTpaHUII, SKCIIEPTHOE 3aKIIIOYCHUE O BO3MOXHOCTH OITyOJIMKOBAaHHUS paOOThl B OTKPHITOH IeYaTH,
ceemenust 00 aBTopax (D.M.0., mecto paboThl, 3BaHHE U JOUKHOCTH JJIsI BCEX aBTOPOB PabOTHI), KOHTAKTHAS
nH(OpMAII OTBETCTBEHHOTO 33 TIOATOTOBKY PYKOITHCH.

3. Ctpykrypa crateu: Y JIK, Ha3Banue (He Oonee 12—15 cnoB), crircok aBTopoB, anHoTanus (150-250 cioB),
CIHCOK KJIFOUEBHIX CIIOB, TEKCT pabOTHI, TUTeparypa (B MOPSAKE IUTHPOBAHMS, B CKOOKAX, €CIIA ATO BO3MOXKHO,
JIaeTCsl CChUIKA Ha OPUTHHAJ INEPEeBOJHON KHHUIHM WM CTaTbH U3 KypHAJIa, ITEPEeBOJILIErocs Ha aHTIMHCKUNA
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHue, pacimupenHas aHaotanus (pedepar crarten) oobemom 10 1800
3HAKOB C IPOOETaMH, CIIFICOK KITFOUEBBIX CJIOB M CBEICHHS 00 aBTOpax Ha aHTJIMHCKOM S3bIKE.

4. ITapametpsl HaOopa. Ilomst: 3epkanbHble, BepxHee — 23, HUxKHee — 23, BHYTpH — 22, CHapyKU — 25 MM.
OIpudT — Times New Roman 11 pt, maciuta6 100 %, untepBan — oObIYHBIH, Oe3 cMelieHus 1 anuManun. OT-
cTyI KpacHo# ctpoku 0,7 cM, HHTEpBall MeXay ad3anamu 0 T, MEKCTPOYHBIH HHTEPBAI — OUHAPHBIMH.

5. ®opmynsl. Ctrnbs MaTemaTiHueckuid (1UGpeI, GYHKIUU U TEKCT — MpIMOU MIPpUPT, IepeMeHHbIE — Kyp-
cuB), ocHOBHO# mpu¢T — Times New Roman 11 pt, mokaszarenu crenenu 71 % u 58 %. BrikimoueHHsle ¢op-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 IIEHTPY.

6. Pucynku Bce gepHo-0enbie. XKenarenbHO IpeIoCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (DaiiiioB.

7. Anpec penakiMoOHHOHN Koiieruu xypHaia «Bectauk IOYpl'Y» cepun «Matematuka. Mexanuka. Ou-
3HUKay:

Poccus 454080, r. Yensounck, np. um. B.M. Jlenuna, 76, KOxxHO-YpaibCcKuil TOCYIapCTBEHHBIH YHUBEP-
curteT, IHCTUTYT €CTeCTBEHHBIX M TOYHBIX HayK, Kadeapa MaTeMaTHYecKoro ¥ KOMITBIOTEPHOTO MOJIEIIHPOBa-
HUSI, TJIaBHOMY pemaktopy mpodeccopy 3arpebmnoit Codbe Anexcammposse. [Prof. Zagrebina Sophiya
Aleksandrovna, Mathematical and Computer Modeling Department, SUSU, 76, Lenin prospekt, Chelyabinsk,
Russia, 454080].

8. Azpec »IeKTpOHHO# mouThl: MMPh@susu.ru
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CBEOEHUA O XXYPHAIE

Kypnan ocaoBan B 2009 roxy. CeunerenscTBo 0 peructparun [11 Ne @C77-57362 Beigano 24 mapta 2014 1.
DenepanpHOil ciy)00i TT0 HAI30PY B chepe CBA3M, HHOOPMAIIOHHBIX TEXHOJIOTHIA U MaCCOBBIX KOMMYHHKAIIHH.

Yupeaurens — DepepanbHoe TOCy1apCTBEHHOE aBTOHOMHOE 00pa30BaTebHOE YUPEXKICHUE BBICILIEr0 00pa3o-
BaHus «HOxHO-Ypanbckuil rocy1apcTBEHHBIN YHUBEPCUTET» (HAIMOHANBHBIA UCCIIeI0BATEIbCKUIA YHUBEPCUTET).

I'maBHbIH penakTop xypHaia — 1.¢.-M.H., mpod. C.A. 3arpeOuna.

Pemennem [pesuamyma Bricmeit arrecTaiionHoi koMuccn MuHHCTEpCTBa 00pa3oBaHus 1 Hayku Poccuiickoit
Oeneparmu KypHai BKItoueH B «llepedeHp BemylmmX perieH3NpyeMbIX HayYHbIX >KYPHAJIOB M W3aHHH, B KOTOPBIX
JIOJDKHBI OBITH OITyOJIMKOBAHBI OCHOBHBIE HAYYHBIE PE3YJITAThI UCCEPTALNI Ha COUCKAHNE YUSHBIX CTETICHEeH JOKTO-
pa ¥ KaHIWZaTa HayK» IO CIEAYIOMNM HAayYHBIM CHEIUATGHOCTSM M COOTBETCTBYIOIIMM MM OTPACisiM HayKH:
1.1.1. BemecTBeHHBIH, KOMIUIEKCHBIA M (PYHKIIMOHANBHBIN aHamm3 ((pu3nko-MateMatnieckue Haykn); 1.1.2. JTud-
(epeHIMaATBHBIE ypaBHEHHS U MaTeMaTH4eckas pu3nka (pusnko-maremMaruueckue Hayku); 1.1.6. BeranciurenpHas
MaTemaTuka ((pu3nko-MaTemMarnieckue Haykm); 1.1.7. Teoperudeckas MexaHWKa, THHAMHKA MAIIUH (TEXHUYECKUE
" pu3nKo-MaTeMaTudeckre Haykn); 1.1.9. MexaHHKa JKUAKOCTH, Ta3a M mIa3Mbl ((PU3UKO-MaTeMaTHUECKUE HAYKH);
1.2.2. MaTtemaTindeckoe MOJEINPOBAHHIE, YHCICHHBIE METOABI U KOMIUIEKCH IPOTpaMM ((pH3UKO-MaTeMaTHIECKUE
Hayku); 1.3.6. Onruka (pusuko-maTeMaTuueckue Hayku); 1.3.8. ®@usnka KOHACHCHPOBAHHOTO COCTOSHHS ((HU3UKO-
MaTeMatuueckue Hayku); 2.3.1. CHCTeMHBIN aHaIu3, YIIpaBicHUEe U 00paboTka HH(pOpMaIiK, cTaTUCTHKA ((HU3UKO-
MaTeMaTHYeCKUE HAyKH).

Pemennem [Ipesunuyma Beiciieit aTrectanionHoi koMuccun MuHHCTEpCTBa 00pa3oBaHus U Hayku Poccuid-
ckoil Penepannu KypHai BKIOUeH B «PerieH3npyeMble HayqHble U3AaHHs, BXOISIINE B MEXyHapOJHbIe pedepa-
TUBHBIE 0a3bl JAHHBIX U CUCTEMBI IIUTHPOBAHMS U BKJIIOUCHHBIE B [lepeueHp peneH3upyeMbIX HayYHBIX M3/1aHHUH, B
KOTOPBIX JOJDKHBI OBITH OITyOJIMKOBAHBI OCHOBHBIC HayYHBIE PE3YJIbTATHl JUCCEPTALUIA Ha CONCKAHHE YYEHBIX CTe-
NeHeH TOKTOpa U KaHJuaaTa HayK» 10 CIEAYIOLUINM OTpaciiaM U rpynmnam cnenuansHocteit: 01.01.00 — Maremaru-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uszuka, 05.13.00 — MaQOpMaTHKa, BEIYUCIUTEIHHAS TEXHUKA U YIIPABICHHE.

XKypnaun BrmoueH B Pedeparunslii sxypHan u bazsr nanasrx BUHUTU. Ceenenus o xypHaie eXeroaHo myo-
JUKYIOTCS B MEXIYHapOJHBIX CIPABOYHBIX CHCTEMaxX II0 MEPHOAWYECKAM M IPOJOIDKAIOUIMMCS H3IaHHAM
«Ulrich’s Periodicals Directory», «Zentralblatt MATH», «Russian Science Citation Index on Web of Science».

Honmucuoit naaexc 29211 B obwvemunenHom kartamore «IIpecca Poccmm», E29211 B MHTepHeT-Katanore
arentctBa «Kuaura-CepBucy.

[epuoan4yHocTh BBIX0Ja — 4 HOMEpa B TO/I.

Anpec penakuuu: 454080, r. Uensounck, yin. C. Kpusoit, 79, U3narensckuii ientp OYpI'Y, kab. 2.

Anpec uznarens: 454080, r. UensaOuHCk, npocnekT Jlenuna, 76.
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