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MaTtemaTuka

YOK 517.642.8 DOI: 10.14529/mmph250401

ANrOPUTMbI BbIYUCINTIEHUA COBCTBEHHbIX 3HAYEHUA
HAYAJIbHO-KPAEBbIX 3A0AY, 3A0AHHbIX
HA CBA3HbLIX TPA®AX C USBMEHAKOLWLUMUCA PEBPAMU

C.U. KadyeHko

MazHumozopckuli eocydapcmeeHHbIl mexHudeckul yHusepcumem umeHu Y. Hocoea,
2. Maeznumozopck, Poccutlickas ®@edepayus

E-mail: sikadchenko@mail.ru

AnHoranus. Ilorpe6HOCTHL B pasBUTHMH MAaTeMATHYeCKHX MeTO/0B, MO3BO-
JIIIOIIUX BLIYUCIUTENBHO 3 (PeKTHBHO HAXOAUTH COOCTBEHHbIC 3HAYCHUS AU~
(epeHINAIBHBIX ONEPATOPOB B YACTHBLIX MPOM3BOIHBIX, 32JaHHBIX Ha rpadax c
H3MEHSIOIMMHUCS BO BpeMeHH reoMeTpHYecKHMH NapaMeTpaMu, CBI3aHa ¢ pa3-
BUTHEM HOBBIX TeXHOJIOTHH B Hayke M TexHuke. Ha mpumepe KaHOHHMYECKHX
auddepeHINANBHBIX YPABHEHMH B 4YacTHBIX NPOM3BOAHBIX NapadoJM4yecKoro
TUIIAa Pa3padoTaHbl AJTOPUTMbI BHIYHCJIEHUS] UX cOOCTBeHHbIX ynces. HaiineHnl
aHATUTHYeCKHe (POpPMYJIbI, MO3BOJISIONINE HAXOAUTH NMPHOJMKEHHbIe 3HAYEHUS
coO0CTBEHHBIX YHCeJ PaccCMaTPHBAaeMbIX ONEpPaTOPOB B HEOOXOIUMbIe MOMEHTHI
BpPeMeHH.

Kniouegvie crosa: nauansno-kpaesvie 3adauu; cesasmHwvie epaghuvl, coOCmMEeHHble
yucna u cobcmeennvlie QYHKYuU Onepamopos; OUCKpemHvle U NOTYOSPAHUYEHHble
onepamopul; memoo I anepkuna; mMemoo pe2yiApu306aHHbIX C1e008.

Beenenue

B nporniecce MopenpoBaHus MPUPOIHBIX SBICHUI BO3HUKAET HEOOXOIMMOCTh HAX0XKIEHUS COOCT-
BEHHBIX YHCEN JUCKPETHBIX TU(PQPEepeHINATBHBIX OMEPaTOPOB B YaCTHBIX MPOM3BOAHBIX, 3a/JaHHBIX Ha
CBSI3HBIX Ipadax, TeOMETPHsI KOTOPBIX U3MEHsIETCSl cO BpeMeHeM. [IJisi OCTpOeHUs] METOJJOB PELICHHUS
TaKWX 3aJ1a4 BOCIIOJIb3YEMCS METOJUKON YHCICHHOTO PEIIeHUs CHEKTPATbHBIX 3ajad, 33aJ[aHHBIX Ha
KBaHTOBBIX rpadax ¢ MOCTOSHHbIMU pedpamu [1-4].

B craTthsax [5—10] pa3paOoTaHbl aJirOPUTMbI HAXOXICHUS COOCTBEHHBIX YHCEJ HauaIbHO-KPAaCBBIX
3aj1a4, 33/IaHHBIX Ha rpadax THIa 3Be3/1a ¢ U3MEHSIOMUMECS pedpamu. VX rpaHHYHBIE YCIOBUS TTO3BO-
JISIOT HAWTH aHATUTHYECKUe (POPMYIIBI JUTsl BRIYUCICHUS COOCTBEHHBIX YHCEN ATHX 33a/a4 B HE0OXO -
MbIe MOMEHTHI BpeMeHH. B cityuae, korja rpadsl CBS3HbIC, PAaHUYHBIE YCIOBHS 3aTPyTHSIOT MOTyde-
HUE aHAIUTHYeCKUX Gopmyn. st 3TUX ciydaeB BO3SHHKaeT HEOOXOIUMOCTh MTOCTPOCHHUS allTOPUTMOB
peLIeHHs ATUX 3aad.

Hcrionb3ys pe3ynbTaThl CTaThH, MOKHO PAacIpOCTPAHUTh paHee MOJTYYCHHYIO METOJIUKY pPeIleHUS
00paTHBIX CHEKTPAIBHBIX 33724 Ha Tpadax ¢ HEMOABHXHBIMH peOpamMu Ha Tpadbl ¢ W3MEHSFOIMMHUCS
pebpamu [11].

s oncanus MaTeMaTHYECKOH MOJIENT pacCCMOTPHM KOHEUYHOE MHOKECTBO CBS3HOTO OPUEHTHPO-

BaHHOTO Tpada G,, umeromero j, pedep u I, Bepmun. Yepes E =(E1,E2,...,E io) 0003HaYMM MHO-

’KecTBO UX pebep, a uepes V =V (V; :0:1 — MHOecTBO BepwmnH. Y rpada G anmusbl peGep u muomanm
MOMIEPEYHOTO CEYCHUS U3MEHSFOTCS BO BPEMEHH T10 3aKOHAM:

Lj (t) =1L (), Dj(t)=d;D(t), i=LJo (1)
3nech L(t), D(t) — ABaxabl U depeHunpoBaHHble QYHKIMM, TaKHe, YTO BCe WIMHBI pebep Ej u

ILUIOIIA/U MOLIepeyHbIX ceueHuil D; rpada Bcerna oCTaroTCs MONOXKHUTEIbHBIME. B MOMEHT BpemeHH
_ 21 .
t=t, BBemem mpoctpancTBo L™7| G, | cymMMupyeMBIX ¢ KBagpaToM BeKTop-GyHKImil f (t) , 38/TaHHBIX

Ha rpade G; co CKaIAPHBIM NPOU3BEIACHUEM

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusmnka» 5
2025, Tom 17, Ne 4, C. 5-9
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te Lj(t)
1 Jo J
(f.w) o)L I_Z;D,- (6) [ 5 (xjthoy (), )t
<) N 0= 0
( (Xl t) " Jo (on’t>)’ Xj 6(0, Li (t))’ J:ﬂ
Korma L(t)=D(t)=1, reomerpus rpada G, co BpeMeHeM He H3MeHsercs. B aTom ciydae rpad

Oynem o6o3Havath G, . Jlanee paccMOTpUM CIEKTpajbHbIE 337a4M, 3aJaHHBIC HAa CBA3HBIX KBAHTOBBIX

rpadax G, ¢ u3MEHAUMMUCA pedpaMu sl OIepPaTOPOB NapaboIMIECKOro THIIA.

BerunciieHue co0CTBEHHbBIX YHCeT
Onumem METOAUKY BBIYHCICHUA HpI/I6J'II/I)KeHHLIX 3HAYCHUH COOCTBEHHBIX YHCEN OUCKPETHBIX

BeKTOp-orepaTtopoB F =(F1,F2,...,Fjo) napaboIMYecKOro THIIA, 3aJlaHHBIX HA CBSA3HBIX KBAHTOBBIX
rpagax G

oY  0°Y _ oY .
:E_¥+P1&+PO\P, Piz(pil(xl't)""’pijo(xio’t))’ 1=01, (2)

¥ =(a () (Xioot))s x= (10X (1), §=1T0

¢ obnactbio onpenenenus Dy = L2’1(Gt). UzBecTHO, 4TO COOCTBEHHBIE YHCa £ OmNepaTopoB F Haxo-
JATCS TIPY PEeIlIeHNN HavalbHO-KPAEBBIX 3a/ad, 3aJJaHHbIX Ha MOJBIDKHBIX peOpax rpada G,

oy Oy,
i 27 plj(
ot 6xJ

0
) al;[(/JJ +p01(xj1t):/““//j,

vi=y;(%.t), X =(0.L(t)), i=Llo,
5 d_kay/k(yk,t)l dp OV (Ym:t)

> = | 0, @)
EkEEa(VS) Ik ayk Ee I
E®

Yk =0 Ym :|m

encEo(Vy) 'm Y
E, E € E*(V;), En E, eE?V,), iknveN,
Vi (0.8) = (0.0) =W (L (1), 1) =w (L (0).1) 5 (%3,0) =€ (x5,

rae E“ (V) — MHOXKecTBO Ayr B E ¢ Havanom B BepumHax V , a E“’(VS) — MHOXeCTBO 1yr B E ¢ koH-

oM B BepmmHax V . OyHkmmn & (X) 1y j ddepeHImpyemMbie HCOOXOAMMOE YUCIIO pas.

Xj

L(1)

¥ nepeiizieM K COOTBETCTBYIOIUM 3ajauaM i rpada G, ¢ mocrosiHHbIMU peOpamu [7-9]. B pesynbra-

JU1st HaXOXKICHUSI PEIICHN HAa9aIbHO-KPACBhIX 3a1a4 (3) c/ieaeM 3aMeHy [EePEeMEHHbIX Y =

TEe NMpeoOpa3oBaHUN MOJIyYNUM CIEYIOLIMEe HadyallbHO-KpaeBble 3a1auu Ha rpade G, ¢ MOCTOSHHBIMH
peOpamu:

oy ;(y;j.t) 1 aZV/j(yj:t) 1 B dL(t) ov;(y;j.t)
+ 0o (V. D (Y. ) =y (1), yj € (0.|-),
S b, avxkagyk b~ v o, 8wn})§ym,) _o
EceE” (V) k =0 E EEw(V) m Ym=Im
E, Ece E“(V,), Epn E, e E?(V,), i,knveN, 4)

Vi (Oit)zl//k(O!t)zl/lm(lm’t)zvlv(lv't)' Wj(Yj10)=§(Yj)-
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KaduyeHko C.M. Anzopummsi eblyucsieHusi co6cmeeHHbIX 3Ha4eHull HaYanbHO-KpaeebIx 3adady,
3a0aHHbIX Ha CESI3HbIX 2paghax ¢ UusMeHsroWUMUcs pebpamu

B paborax [12, 13] pa3paboTan METO/ BBIUYUCICHHS COOCTBEHHBIX YHCEN TUCKPETHBIX TONIyOorpa-
HAYCHHBIX AUQGEepeHITHAIBHBIX ONEPaToOpOB, 3aIaHHBIX B THIIBOEPTOBOM IpocTpaHcTBe H . Bocmoms-
3yeMCsl UM JJI1 HaXOXKJICHUS COOCTBEHHBIX YHCEN CIICKTPAIBHBIX 33134 (4). s 3TOro mocTpouM Io-

) o
CJI€10BAaTCIBbHOCTD { Hn}n—l KOHCYHOMCPHBIX MPOCTPAaHCTB Hn [ H , KOTOpas 6YILCT nmojaHo B H .

n
Ecnu n3BecTHB OPTOHOPMHUPOBAHHBIE OA3UCHI { a)k}k_l IpOCTPaHCTB H,,, ylOBIETBOPAIONINE ITPAHUY-

HBIM YCIOBHSIM (4), TO UMEET MECTO TepeMa
Teopema 1. IIpubnuxeHHble COOCTBEHHBIE 3HAYEHMs [, CIEKTPalbHON 3a1auu (4) HaxoAATCs 1O

JTUHEWHBIM (opMyIam
in=(Uay,@,)+6,, lim [5,]=0, neN, )

nN—ao0
_nd
rue o, = Z[ y (n —1) — (n)] v My (n) — N-¢ npubamxeHue no ['alepkuHy K COOTBETCTBYIOIIMM 3Ha-
k=1
YeHUsIM L4 CHEKTpalbHOU 3anau (4).
Berunicnenne npuOIMKEHHBIX COOCTBEHHBIX 3HAYEHHUH /1, (t) omepartopa F , 3amanHOr0 Ha rpade
n
G, mo ¢opmynam (5), TpebyeT 3HAHHS OPTOHOPMHPOBAHHBIX CUCTEM (YHKIIHIT { o (y i ’t)}k=1’ KOTO-

pbl€ yJOBJIETBOPSAIOT I'PAHUYHBIM YCIOBHAM (4) U ABIAIOTCS O6azucamu npoctpancTs H,. B aTom ciy-

qae ¢popMyIibl (5) B MOMEHT BpeMeHH t =t npumyT Buz

1 dL(t) , 9@in (Y1)
a ) oy +L(t)[p”(yj’t)_yi it y,
+Poj (V1) @4 (vj.1) }a)jn(yj,t)dyjdt—kgn(t*). (6)

Hcnionb3ys popmyiist (6), MOKHO BBIYHCIHTH 3HAUYEHHSI COOCTBEHHBIX YHCENl BEKTOp-omneparopa F
3ajaHHOro Ha rpade G, ¢ M3MEHSIONIMMHCS BO BPEMEHH JUIMHAMM pebep, B HEOOXOIMMBIH MOMEHT

BPEMCHU U H606XO,Z[I/IMOFO rnopsaka.
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canonical parabolic partial differential equations to compute their eigenvalues. The analytical formulas
obtained from these algorithms can approximate the eigenvalues at specific time points.
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AHAITN3 UH®OPMALIUU O PETYJIAPHOM XAPAKTEPE
CTPYKTYPbl CHEXXHOU NNABUHbI HA OCHOBE BbIABJIEHUA
Nno4YTU NEPNOOOB

B.A. KpbiHeuykuu, A.B. Kanau4, A.A. lNlapamoHoe
MUP3A — Pocculickull mexHonoaudyeckuli yHusepcumem, e. Mockea, Pocculickasi ®edepayusi
e-mail: a_kalach@mail.ru

AnHoranusi. IlpuBeneHsl pe3yabTaTbhl HCCIAEJOBAHUS  PeryjasipHOro
XapakTepa NOYTH MNEPHOAOB B CTPYKType CHE:KHOH JIaBHHBI Ha MpHMepe
comenmeii 11 smBapsa 2025 roga B AJIBNHMIICKHX Tropax CHE:KHOH Macchl.
H3006paskenne JaBUHBI NOJABEPraeTcs JUHeAPU3aLMU HA OCHOBE NOJIMIOHAJbLHOM
TpaHcopManuu Ie1eBoil 00J1acTH Ui NPOBeJeHHs] MOYTH NEPUOANYECKOTro
aHa/JIM3a BHYTPHM TeJa cXo0Ja CHe:XKHOil Macchbl. IlojiyyeHHoe NPSIMOYTroJibHOE
MpeACTABJIEHHE TO3BOJISIET BBINOJHATH TOPU3OHTAJILHBIE M BePTHKAJbLHbBIE
cpe3bl, 0TpaKalouue NPoa0JbHbIe H MONepPeYHble COCTABJISIONINE KOMIOHEHTHI
NPOCTPAHCTBEHHOH  CTPYKTYPbl aHAJM3MPYEMOI0 ONACHOTO NPUPOTHOIO
sIBJICHHS.

Jns pemreHusi 3aga4M CTPYKTYPHOH CerMeHTAIIMH NPHMEHsSIETCS MOYTH
NMEePHOAMYECKHii AaHAJM3, ONpeNeA0lUil BeJMYUHBI UIMH HHTEPBAJIOB
€IHHO00Pa3HOT0 MoBeJeHUs]  JaHHBIX. AHAJH3  Pa3JIMYHBIX  Cpe30B
NMPOJAEMOHCTPHPOBAJI CHCTEMHBINi XapakTep psiia NMPOJOJIbHBIX H MONEPEeYHBIX
NOYTH TNEePHO0B, BbIpaxkawMil (yHIAMEHTAJbHBIA BKJIAaJ B ONHMCAHHE
CTPYKTYpPHI TejJa JaBuHbL. Takike oOHapyXKeHbI (yHIaMeHTAILHBIE
BBICOKOYACTOTHbIE TOYTH TEPHOAbI, HOCSAIIHE, BEPOSITHO, JIOKAJILHO
BbIPa:KeHHbIE XapPaAKTEPUCTUKHU 00J1aCTH.

I[MonyyeHHble pe3yabTaThl MO3BOJAIOT YCKOPATH HCCJeJ0BaHHe U
CerMeHTHPOBaHHEe HA OCHOBe COPMHPOBAHHBLIX ANPHOPHBIX NMpPeICTABIEHMIl 0
CyIIeCTBOBAHUM €ANHOOOPA3HBIX MOYTH NMEPUOI0B, MPOHU3BIBAIIUX CHCTEMY
siBJIeHUs] HA (pyHAAMEHTAJIbHOM YPOBHE. JTO MO3BOJIMT YJIYyYIINTH MOHHMAHHE
CTPYKTYP JIaBHH, YTO CIOCOOCTBYET COBEPIICHCTBOBAHHIO MeP MO 00eCIedeHN 0
0€30MaCHOCTH JIABUHOONACHBIX PETHOHOB.

Kniouesvie cnosa: noumu nepuoduueckuii aHanu3; NOAUSOHANbHAS TUHEAPU3AYUSL,
aHAIU3 OAHHBIX; 0OpAbOmMKaA U300PadNCeHUll; TAGUHbL, MEXHOCPEPHASE 6E30NACHOCTY;,
uUpe38bIYAIHASL CUMYAYUST; ONACHbLE NPUPOOHbLE SENEHUSL.

Beenenune

C pa3BUTHEM COBPEMEHHOIO0 TypH3Ma W TOpPHOW TPOMBIIIJIEHHOCTH BO3HUKAET BOIPOC
WCCJIEIOBAHNS OMACHBIX NPUPOIHBIX ABJICHUM Ha NMpPHUMEpE JIaBUH C LENbI0 NMPOTHO3ZUPOBAHUS 30H
yiep0a ¥ MPOTHUBOJACHCTBHS MX Pa3pyIIUTENbHON cuie. COrTacHO OMPENEeICHU0, CHEXKHBIC JTABHHBI
MIPEJICTABIISIOT OO0 Macchl CHera, MaJarolye WIK ABMKYIIUecs co ckopocThio 20-30 m/c. SBnenne
pacnpocTpaHeHo Kak Ha Teppuropun Poccuu [1, 2], Tak u 3a rpanuiei — Hanpumep, B Kazaxcrane [3-5]
u Typuun [6].

Jlis  ucclieZIoBaHUs TPUMEHSIOTCS pa3uYHble METOAB M MOAEIHM — Tak Mozaear RAMMS
JIEMOHCTPHUPYET yJIOBJIETBOPUTENBHBIE PE3YNIBTAThl JaK€ B YCIOBUSX HeJocTaTka AaHHBIX [7, 8]. Ilpu
3TOM CYIIECTBEHHYIO POJIb B aHAJIM3€E CHITPAIO 30HUPOBAHME 110 CTETICHSIM OMACHOCTH. TakuM o0pa3om,
BOTIPOC O CTPYKTYPHOH CETMEHTAIlMW JIABUHBI MOKA3bIBA€T CBOIO AKTYaJIbHOCTh B LEJSX YIy4YHICHHUS
KauecTBa MPOTHO3HBIX MOJIENIEH.

OnHUM U3 YHUBEPCAIBHBIX METOAOB aHAJIM3a JaHHBIX, 00Jaal0MIKX YHOPSIIOYSHHBIM apryMEHTOM
— OyAb TO MPOCTPAHCTBO WJIM BPEMS, — SIBISIETCS TIOYTH MTEPHOAMYECKUH aHaIu3 [9].

N3BecTHO, 4TO METO MPUMEHHUM ISl IPOCTPAHCTBEHHOIO CETMEHTHPOBAHMS ONACHBIX MPUPOAHBIX
apnennii [10, 11]. B pabGore mpemmaraercsi oleHKa CHCTEMHOIO XapakTepa CTPYKTYpHI JIaBUHBI Ha
OCHOBE [IOYTH IIEPUOANYECKUX XapaKTEPUCTUK SBICHUS.

Onucanue paHHbIX. lccienoBaHue MNPOBOAUTCS Ha TIpapUuecKoM H300pa’keHUM JIABUHBI,
comenanreit 11 suBaps 2025 roga B Anbnax Ha XpeOTe Mexay ¢paniry3ckoir kommyHol Jlapmr (Larche)
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Kpbineukuii B.A., Kanay A.B., AHanus uHghopmayuu o pea2yrisspHOM xapakmepe cmpyKkmypbli
lMapamonoe A.A. CHeXHoll JlagUHbl Ha OCHO@e 8bisI8J/IeHUsI Mo4YMmu nepuodos

U UTAJbSHCKMM HaceleHHbIM myHKToM Caperro (Saretto) B kommyne Auuenso (Acceglio), B3sTom ¢
OoTKpBITOrO MHTEpHET NcTouHMKa [12].

JlaBuHa comnua cnoeM TonumHoM B 15-30 cM 1Mo moBepXHOCTH TpyHTa. KpUTHUECKUX MOCIeNCTBUI
CXOJla JIaBUHBI, K CUACTBIO, HET — Ha IyTH CITyCKa HE HAXOIWJINCh OOBEKTHl MHPPACTPYKTYPHI WIH
TypucTH4ecKue rpynmsl. M3o0paxeHne npuBOAMTCS K 4epHO-Oenoil ramme, a Al JasbHEHIIEero
aHanmu3a oOpaOaTbiBaeTcsi B TPEACTaBICHHH B BHJE MATPULBI, 3JIEMEHTHl KOTOPOH OMHCBHIBAIOT
WHTEHCUBHOCTD OEJIOTO IIBETa B MUKCEJIE CTPOKU U CTOJIONA PUBEACHHOTO H300pasKeHHS.

Onucanue MeronoB. /[l NpoBeneHHs] CTPYKTYpPHOHW CETrMEHTAllMU JIaBUHBI B HCCIIEIOBAHUHU
npeiaraeTcs NPUMEHEHHE IOYTH IIEPUOJUYECKOro aHajiu3a B CTPYKType JaBuHBL [l 3TOTO
HEOO0XOIMMO TMPHUBECTU 00JaCTh M300paKEHHUS K CIIPAMIEHHOMY BUAY AJIsl IPEICTABICHUS CTPYKTYPHI
JIaBMHBI B BUie HA0OPOB AAHHBIX C YHOPSIOYCHHBIM apIyMEHTOM.

IIpeobpazoBanme IaHHBIX OCHOBBIBACTCS HA aJITOPUTME ITOJIMTOHAIBHON TpaHchopmaruu. B
MPOCTPAHCTBE MCXOIHOTO M300pakKeHUs! CO34aETCsi CeTh Y3JIOB IOJHMIOHOB, COMPSDKEHHBIX B (opme
OCIIOYKH, OHI/ICBIBaIOHleI\/'I O6JIaCTb HUCCICAYEMOI'0 ABJICHHA. BHYTpI/I IIOJIMTOHOB C 3aJaHHbIMU
9acTOTAaMH ONPENEIAIOTCS CETKU Y3J10B AUCKPETU3ALMK IPe0o0pa3oBaHHbIX JaHHbIX. {1 auHeapu3anun
BEIOpaHBI YaCTOTHI MPOAONBHON W momnepeuHor muckperm3anmud — 600 u 300 y370B COOTBETCTBEHHO.
CropsMieHHBIH Ha0Op JaHHBIX B BHUAE HaOOpa TOPH30HTAJIBHBIX W BEPTHKAIBHBIX CpPE30B —
MOCJIE0BATEIbHOCTEH YIOPAJOYCHHBIX IO AapryMEHTy 3HAuYeHMH SPKOCTH Y37a AWCKPETU3ALUU
MOJBEPrajay MOYTH NEPUOAMYECKOMY aHAJIU3y Ul ONpPEAETICHUS CYIIECTBOBAHUS M CHHXPOHHU3ALMU
CUCTCM PUTMHYHBIX TaKTOB B CpE€3ax, YTO IO3BOJUT IIPOBCCTH CTPYKTYPHYIO CCIMCHTAWIO
JMHEAPU30BaHHOTO Habopa M BOCIPOM3BECTH PAa3METKY CYIIECTBEHHBIX T'PaHHMIl B TeJlle HCCIEIyeMOM
JIaBUHBI.

[Moutn mepuoaUYECKUil aHANM3 ONpeAessieT 3HA4YeHUs, ONM3KHE IO ONpPEACTICHUIO K TEepPHOLY
($yHKIMY, HA OCHOBE 0000IIEHHON CABUTOBOM (PYHKIIMH — CHHTE3UPOBAHHON U3 CABUIOBOM (PYHKIMH U
aHaMop(03bl TaHHBIX, BBIICISAIONICH KOeOaTeNbHYI0 KOMIIOHEHTY U3 €AMHON C TPEHIOM CTPYKTYPBI.

HccnenoBaHue TMOYTH IEPHOAOB MO Pa3IMYHBIM Cpe3aM MO3BOJISIET CHUCTEMaTH3HPOBAThH
Ha6JHOI[eHI/I)1 1 BBISIBUTDH HaI/I6OJ'Iee CYIIECTBCHHBIC XapaKTCPUCTHUKHU, OIHCBIBAIOUNIUC IOaHHBIC. TaK,
paccMOTpeHHe PUTMHUYHBIX KOMIIOHEHT 110 IOTNIEPEYHOMY Cpe3y B CepearHe JTHMHEApU3aLH IPUBOAUT K
HCCIIEI0BAHMUIO JIOKAJIbHBIX MUHUMYMOB C€4eHHs 0000IIeHHON CIBUTOBOM (PYyHKIMH.

YcTaHOBNIEHO, YTO aHAIM3UpPYEeMasi CUCTEMa JIOKAIbHBIX MUHUMYMOB TPEACTABISIECT MPAKTHIECKU
HealbHYIO alreOpandeckyro MmocieI0BaTeIbHOCTh, YTO YKa3hIBaeT Ha UX (YHIaMEHTAIbHBIA XapaKkTep.
OTnenpHOrO YIIOMUHAHHUS 3aCiIy>KMBAaeT MOYTH NeproA B 87 y370B JUCKPETHU3AaLMH — OH UMEET caMoe
MaJioe 3HaueHue 0000IIeHHO! cIBUTOBOI (DYHKIIMK BO BCEH CHCTEME.
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NoKanbHbIX MUHUMYMOB nokanbHbIX MUHUMYMOB
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Jns mepBUYHON CHCTEMAaTHU3allM IMPOBEAEM IOYTH NEPHOAMYECKUN aHaIW3 Ui IMOMEPEYHOTO
ceuyeHus JIuHeapu30BaHHBIX AaHHBIX B 400-i1 Beprukanu. CucteMa MOYTH MEPUOJIOB HA JAHHOM Cpe3e
TaKke HOCHT PUTMHUYHBIA XapakTep anreOpandecKoi IMOCIeIOBATCILHOCTH C mIarom, Oam3kuMm k 30
y3maM guckpern3anud. OTOENbHO HEOOXOIWMO OTMETHUTh TO, YTO TOYTH Mepuoj B 87 y3J0B
JUCKPETH3allUU BCTPEUYAETCsl B 00EHX CUCTEMaX JOKAIbHBIX MUHUMYMOB, YTO CYIIECTBEHHO BBIACISET
€ro W HaJeNnseT y)Ke CHCTEMHBIM XapakTepoM. UmcToe BOCIpOM3BENEHHE MOYTH Iepruona B 87 y3i0B
JMUCKPETHU3alN BCTPEUAETCS M B CHCTEME JIOKATBHBIX MUHUMYMOB 115 250-T0 BEPTUKAIBFHOTO CEUCHHUS
JMHEAPU30BaHHBIX JTaHHBIX, IPUBEACHHON Ha puc. 1.

YcTaHOBNIEHO, YTO €CM MPOBECTH MOYTH MEPHUOAMYECCKUN aHAlM3 B CHCTEME IEPBOTO JAECSATKA
BEPTHKAIBHBIX CpPE30B, TO CHCTEMa CEYeHH OOOOIeHHON CIOBUTOBOW (YHKIIMH MOKAa3bIBAeT
eIMHo00pa3Hoe NoBeIeHue (puc. 2).

Puc. 2 yOeaurenbHO NEMOHCTPHpYET CYIIECTBOBAHME Mapbl MPAKTUYECKH KPAaTHBIX TIOYTH
neprosoB B 40 u 87 y3710B muckpeTm3anuu. Takke HaOIOaeTCs MOJ00He JIOKATBHOTO MUHIMYMa B
OKpeCTHOCTAX 185 y31MOB OUCKpeTH3alMHu U CYLIECTBEHHOTO JIOKaJbHOrO MuUHUMyMa mpu 250 y3max
JTUCKPETH3allii, OIHAaKO cliabas oO0ecCreueHHOCTh IaHHBIMH MO3BOJISIET MpeHeOperath MocienHen
YeTBEpThI0 cpe3a. TakuM o00pa3oM, B CTPYKType TIIOYTH MEPUOJOB IONEPEUHBIX CEeUCHHHN
TUHEApU30BaHHBIX JaHHBIX TAKTOBBIH WHTEpBAI B 87 VY3JI0B JAHUCKPETH3AIMH JIEMOHCTPUPYET
CHUCTEMAaTHYEeCKUH XapakTep, MPEeTeHysl Ha cTaTyc (pyHIaMEHTAIbHOW COCTaBISAIOUICH HCCIEoyeMOro
SIBJICHUS.

[IpoBeneHne TMMOYTH TEPUOAWYECKOTO aHANIM3a B CHCTEME TOPWU3OHTAIBHBIX  CEUCHHH
JTUHEapU30BaHHBIX JAaHHBIX MO3BOJIUT OIEHHUTH MPOIOJIbHBIE MOYTH MEPHOABI B CTpyKType. Tak, mis
CEPEIMHHOTO TMPOJIOJLHOTO CEUeHHUS Cpe3 OOOOIIEHHOW CHBUTOBOM (DYHKIIMU IMOKA3bIBACT, YTO
CYIIIECTBEHHBIE JIOKAJIbHBIE MUHUMYMBI TaK e, KaKk U B MCCIEAOBAaHUIX TOMIEPEUHBIX MTOYTH MTEPHOO0B
00pa3yroT MOCIeN0BaTENIEHOCTD, CXOXKYIO ¢ apudMeTndeckord mporpeccueid. [loMumo CymecTBeHHBIX
JIOKAJIbHBIX MUHUMYMOB CYHICCTBEHHO BBIACIIACTCA CUCTEMA PUTMUYHBIX BBICOKOYACTOTHBIX OBpAaros,
yKa3plBalollass Ha HEABHBIM (yHJAMEHTAJNbHBI MAaNblii IMOYTH IEepuoJi TpUMEepHO B 12 y3i0B
JIUCKPETHU3AINHY, OJJHAKO OTHOCHUTEIbHAS TTyOWHA COOTBETCTBYIOMIETO MPOruda HEBEIHKA.

[lpoBenenre TOYTH TEPHOAMYECKOTO aHalW3a JUIs JAPYroro TOPU3OHTAIBHOTO — cpesa
JIMHCAPU30BAHHBIX JAaHHBIX JlaéT CUCTEMY PUTMHYHLIX TAKTOB, B KOTOPBIX ABJICHUC MMOYTH II€pHUOJA B 12
y3JI0B JHUCKpETH3ali HOCHUT Ooyiee sBHBIA xapaktep. Ero MOXHO 3aUKCHUpOBaTH B BHUJE
MOCIIET0BATEILHOCTH JIOKAITbHBIX
MUHUMYMOB B 12, 24, 36 u 50 (6siu3ko k 48)
y31ax JUCKPETH3aIlH, a CYIIeCTBEHHBIC
JIOKAIbHBIE ~ MHHHMYMBI ~ COOTBETCTBYIOT
100, 155 u 235 y31aM TUCKpETH3ALINH.

OCOOEHHOCTH  TONYYEeHHBIX  CpPE30B
0000IIEHHON CIBUTOBOM (QYHKIMK st
TOPU30HTAJIbHBIX ceueHui JIMHEApH-
30BaHHBIX BbIPAXCHBI OOMIIMEM JIOKAJIBLHBIX
MHUHHMYMOB, OOpa3ylOLINX IOYTH CTPOTHE
anreOpanvyeckue IOCIeI0BaTEIIbHOCTH €
(hyHIaMEHTAbHBIM TOYTH MEPHOIOM B 12
V3JIOB  JMCKpETH3aluh. Takke MOXKHO
BBIJICJINTh ~ CYIIECTBEHHBIE ~ MHHHUMYMBI,
COOTBETCTBYIOIIME TPEHIOBOMY  YIJIyO-
neHuro rpaduka cpeza B 155 u 305 yzmax

JAUCKPCTU3allUuU.

Taxum 06p3.30M, I1o4Tu nepuo-
JOUYEeCKHH aHajiu3 TMoKa3all CHUCTEMHBIN I L I S
XapaKTEep HCKOTOPBIX TAKTOB pPAa3BUTUA
CTPYKTYphl JIaBUHBI B IPOJOJBHOM H Puc. 3. KomGuHauun KoMno3uLUn NPOAOIbLHbIX
TIOTIePEYHOM HAMPABICHHUSAX. M nonepeYHbIX NOYTU NEPUOAOB Ha UCXOAHbLIX AaHHbIX

Bo3Hukaer BO3MOXHOCTh BH3yalH3a-
LIUU CTPYKTYpHOM CETMEHTallM, OCHOBAH-
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HOM Ha ONpenesIEHHBIX PETYJIPHBIX MOYTH Nepuoaax. Jis 1eMOHCTpaluu Ha pUC. 3 pacCMaTpUBAIOTCS
KOMITO3HUIIMH MPOAOIBHBIX MOYTH MEepro0B B 155 1 305 y31m0B IUCKpEeTH3AH U MOMEPEYHBIX MOYTH
neprozoB B 40 u 87 y3710B AUCKPETU3ALUH.

PutMuuHBIe TpaHMIBI NPUBEAEHHOM CETKM Ha HMCXOAHBIX JaHHBIX BOCIPOM3BEACHBI HA pHC. 3.
Oemble JTMHUM ONPEAECISIIOT IONEpPEYHble IMOYTH NMEPUOIbI, a YEPHBIC — MPOAOJIBHBIC IOYTH MEPUOIBI
COOTBETCTBEHHO.

Ha puc. 3 BUgHO, 4TO B CTpOKax COXpaHsETCs BEJIWYMHA MOMEPEYHOro MOYTH Nepruosia — TaK, puc.
3, a ¥ 6 UIMEIOT IUPUHY cHHEH ceTkH B 40 y3710B JUCKPETU3AINH, a PHC. 3, 6 H 2 — IIUPHUHY CHHEH CeTKU
B 87 y3710B QucKpeTu3auuu. sl IIUPHUHBI NPOAOJIBHBIX IOYTH MEPUOJOB 3TO MPABHIO COXPAHEHO
BHYTpPHU CTOJNONOB — pHUC. 3, @ W 6 pa3MedeHbl KpPacHBIMH TpaHHMIAMH C ImaroM B 155 y3noB
THMCKPETH3aIHH, a puc. 3, 6 ¥ 2 — 305 y37I0B IUCKPETHU3AINU COOTBETCTBEHHO.

Ha puc. 3, 6 MOXHO OTMETHTh YyJAYHYI0 KOMIIO3HWIMIO MOYTH IEPHOIO0B, (HOPMHUPYIOUIIX
CTPYKTYpH3alMIO. OTIENbHbIE 00JaCTH pPa3srpaHUMYMBAIOTCS TMPAKTHYECKH MO WACANBHBIM IBETOBBIM
CerMEHTaM — TO €CTh BBICBETJICHHBIE 00JacTH «TypOYyJEHTHOTO» XapakTepa CTPOr0 OTCEKaIOTCs
IpaHULIAMH U TI0 IPOJOIBHBIM, M IO ONIEPEYHBIM I'PAHULAM.

Puc. 3 noka3bIBaeT, 4TO NONEPEUYHBIA MOYTH NMEPUOI B 87 y3JI0B AUCKPETH3ALUU ACIUT CHEXHYIO
JIJaBUHY Ha TPHU MNPOJAOJIBHBIC IIOJOCHBI — COOTBETCTBYIOHIUC YCJIIOBHBIM TpCM 30HaM CXOJia JIaBUHBI,
COIIEeAIIEH OT 2 MMHUHN, KOTOpPbIE O0BETUHIIINCEH B CEPEIUHE.

[IpononwHsit moutn nepuo B 305 y37I0B JUCKPETU3AIIMN OTAEISIET 00IacTh Hadalla U Pa3BUTHS CXOIa
JIaBUHBI OT 30HbBI TOPMOKCHUA

1 OKOHYaHUA ITYyTHU JIaBUHBI. ( Hauano ) ¥
Bb|60p uccrnegoBaHua noYTn ConocTasneHue
Ha pHC 4 HpeﬂCTaBHeHa »| NEPUOAOB B NPOAOMNBLHLIX UK HalileHHbIX 3HaYEHWit
norepeyHbIX cpesax 10T NEpHOrIOB Npu
06111351 cXema aJIropurMa Pa3nMUHbIX Cpeaax
N H
aHanuza  WHGOpMAIMH O v
Barpyska v l
- V|306pa)KeH|/|ﬂ ana
PETYIAPHOM XapakTepe CTpPYK i ) Onpegenerme
9 a HabopoBs noytn OTob6paxeHune
TyYpbl CHCXHOHU JIABUHBI Ha Nepuoaocs Ha nouth ’:Iepmgoa
OCHOBC BBbIABJIICHHBIX IIOYTH BLIGpaHHeIX cpesax Ha Tene nasuHbl
MIEPUOJIOB. :
[Ipennoxennas cxema Bemenenue rena 1
(bOpMpreT OCHOBy HHH Haﬂb- Heo6xoaumMo nu NnpoaomkuTL ( Koweu )

nuccnenosaHus apyroro
HanpasneHnsa cpe3oB

HEHIIero pasBUTUA HCCICO0-

BaHUH MIPOCTPAHCTBEHHBIX Y
n
CTPYKTYp JaBHH Ha OCHOBE Weapuauns ||
OYTH MIePUOIUIECKOTO
_— Puc. 4. Cxema anropuTma aHanusa uHcgopmaLmm o perynsipHOM xapakTtepe
' CTPYKTYpPbI CHEeXHOM NaBUHbI HA OCHOBE BbIABMEHHbIX MOYTU nepuoaos
BriBoabI

B pamkax mpoBeneHusi MCClieIOBaHHS M300pakeHHE CTPYKTYPbl CHEXKHOM JIaBHHBI IOJBEPraiach
CIPSMIICHHIO C HCIOJb30BAaHUEM IOJIUTOHAIBHOW TpaHchopManuu sl JajlbHEHIIEro TOYTH
MEPUOANYECKOTO aHAN3a CHEXHOTro MmoToka. [loutm mepmoauveckuii aHajan3 IMO3BOJIMI yCTAaHOBHTH
CYLIECTBOBAaHUE B CTPYKTYPE CHEXKHOH MAcChl NMONEPEYHBIX U NMPOJOJIBHBIX PUTMHYHBIX HMHTEPBAJIOB
pa3BUTHUSA JIaBUHBI. BhIABIECHHBIE OYTH NMEPHOJBI MMOKA3aIM CUCTEMHBIN XapakTep — TaK, MONEPEYHbII
MOYTH Teproj B 87 Y3JI0B NHCKPETH3AIlMH OBbUT YCTOWYMBO OOHApyXeH B OoibmioM Habope
Pa3pO3HEHHBIX CPe30B. DTO YKasblBaeT Ha €ro (yHAaMEHTANbHBIH XapakTep B BOIIPOCE OMHMCAHHSA
CTPYKTYpBl HccienyeMoll JaBuHbL. [loydeHHBIE pe3ynpTaThl IOKa3blBAIOT EIUHCTBO PHUTMOB
CTPYKTYPHI Pa3BHUTHS JIABUHBI, YTO YKa3bIBAaeT Ha CYNIECTBEHHBIE BO3ZMOXXHOCTH K NMPOCTPAHCTBEHHOU
CEeTMEHTAIINH SIBIIEHUS Ha OCHOBE MPUMEHSeMONW MeToauKy aHanm3a. [IpopaboTaHHBIN MOAXOM MOXET
OBITh MHTETPUPOBAH B CUCTEMBI 10 MOHUTOPUHTY ¥ IPOTHO3WPOBAHMIO JIABUHHOW aKTHMBHOCTH B LIEJAX
MOJUICP)KKA TIPUHSTHSL PEHICHUH 110 COBEpIICHCTBOBaHMWIO Mep obecriedeHus 0e30MmacHOCTH U
MPOPUIAKTHKY YPE3BBIYANHBIX CUTYAIIHH.
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ANALYSING THE INFORMATION ON THE REGULAR NATURE OF A SNOW
AVALANCHE STRUCTURE BASED ON NEAR-PERIODS IDENTIFICATION

B.A. Krynetsky, A.V. Kalach, A.A. Paramonov
MIREA - Russian Technological University, Moscow, Russian Federation
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Abstract. The paper presents the results of a study on the regularity of near-periods in the structure
of a snow avalanche, using the example of an avalanche that occurred on January 11, 2025 in the Alps.
A linearized image of the avalanche was created by transforming the target area into a polygon to con-
duct a near-period analysis within the body of the avalanche. This representation allowed for the crea-
tion of horizontal and vertical slices that reflected the longitudinal and transverse components of the spa-
tial structure of this hazardous natural phenomenon. To solve the problem of structural segmentation, a
near-periodic analysis is used. It determines the lengths of intervals with uniform data behavior. Analy-
sis of various slices reveals the systematic nature of longitudinal and transverse near-periods, which con-
tribute to the description of avalanche body structure. The paper also describes the discovered funda-
mental high-frequency periods, which likely have local characteristics in the region. These results speed
up research and segmentation based on an a priori understanding of uniform near-periods that permeate
the system at the fundamental level. This improves the understanding of avalanche structures and con-
tributes to safer measures in avalanche-prone areas.

Keywords: Near-periodic analysis; polygonal linearization; data analysis; image processing; ava-
lanches; technosphere safety; emergency situation; hazardous natural phenomena.
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NUMERICAL SIMULATION OF THE DEFLECTION
OF A RECTANGULAR PLATE ON AN ELASTIC BASE
WITH ITS RIGID EDGE FIXATION
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Abstract. The paper presents an algorithm for numerically modeling the de-
flection of a rectangular plate on an elastic foundation with rigid fixation at its
edges. The proposed algorithm is asymptotically optimal in terms of
computational effort and is based on the iterative expansion method and assumes
the use of marching methods. The asymptotic optimality of the algorithm has
been experimentally confirmed using computer simulations.

Keywords: numerical modeling; deflection of a rectangular plate.

Introduction

Numerical modeling of the deflection of a rectangular plate on an elastic foundation with its rigid
fixation at the edges presents practical problems [1]. In the best cases, logarithmically optimal algo-
rithms for solving such a problem are known, although the development of asymptotically optimal algo-
rithms is theoretically possible [2, 3]. In the present paper, an algorithm of this type is proposed based
on the use of the iterative extension method [4] and the proposed application of well-known marching
methods [5-8]. Computer calculations have been performed, experimentally confirming the asymptotic
optimality of the developed algorithm.

Practical task
In real three-dimensional space it is considered under transverse load, under pressure P, rectangular

plate with the stiffness coefficient of the elastic base K; >0, with rigidly fixed edges, length I;, width
by, thickness H, when 0<H <<b, <I; made of material with Young's modulus E; >0 and Poisson's
ratio oy €[0;1). Find the middle surface of the plate, equidistant, for example, from the lower and upper
surfaces of the plate, when the plate is located horizontally.

Regions
It is assumed that the first region is given and the second region is selected that does not intersect

with the first region. Q< R?, a)e{l, H}, and the union of the closures of these regions is the closure
of a square region T1. The boundaries of the regions consist of open arcs:
oy =5, 00y =5y, =T, Sy =Ty, Uy, ULy 5, Iy o NIy 3 # 2.
In this case, the intersection of the boundaries of the first and second regions is as follows
o NaQy,; =S, S=T NIy ;%D
We will consider such areas
= (y315) % (~by3b3). € =(0:1)x(0:ly), O<by <y,

The first region is an open rectangle, and the second region is an open and larger rectangle with the
closure of the first region punctured. The boundaries of the regions contain the following parts:

Ty = {Is ) (yib3) U hyilg)x s}, T = (-} x (~byibs) U(hyil) x { by .
[0 =10, I} x(0;b) U(0;1) = {0, b },
Tppa = {la > (-bysbs) U (5 k5) x {bs , Ty o = {15} x (=ba;b3) U (<53 hg) x {-b, },
[yp3=1{0, L }x(0;b)U(0;1))x{0, by },
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Solved and fictitious problems
In the first region, i. e. when @=1 the problem to be solved is set. In the second area, i. e. when

@ =1I then a fictitious homogeneous problem is introduced:
D,A%G, + Ky, = B in (0;1,)x(O;by), U = % =0on {0, L} x(0;by) U(0;1;)x{0, by }, (1)

where D1=E1H3/(12(1—o-12))>0 is cylindrical rigidity of the plate. If we assume that f, =R, /D,
a =K;/D; >0, then the problem is solvable

A%, +agu, = f, in (0;1)x (0;by), Uy =% =0on {0, I} x(0;b;) U(0;1) x {0, by }. )

ou I . . ' .
Here a—}— derivative with respect to the outward normal of a function u;, and G, function of dis-
n

placement of points of the midplane of the plate. The plate is considered under transverse pressure P,
determining the load f; and is located on an elastic foundation, with rigid fixation at the boundary. The
solved and fictitious problems are considered in variational form:

U,eH,: A,U,.V,)=F,V,) W,eH,, oc{l I} ©)
spaces of Sobolev functions.

> ) W
Hy =H (€)= {Vl eW; (Q): V1|F1.0 B

1 _
Am | To — 0}’

on

- - - 3 oV,
Hy = Hy (Qy) :{VII EWZZ(QH) 5 VH|rH,1 =0, 5rl]l ‘1"11 2 ZO}’

where the right-hand sides of the problems are functionals
F,(V,)=(f,.%,), (f,.%,)= [ f,v,dQ,, =0,
Q(U
and the left parts of the problems are bilinear forms
AU,V )= j UnyixVorsx + 2oy Vory + Uy Viryy + 8,0V, )dQ,,, &y > 8, > 0.
Q{z)
Each of these problems has a unique solution [9]. The solution to the fictitious problem is zero.

To jointly denote the solution, the right side of the original problem u;, f; and solutions, the right
side of the fictitious problem uy, f; =0 the following designations can be used accordingly u, f,
omitting the index w. So often, for convenience, a function and its continuation are designated the same
way.

Difference approximation
In the previously entered rectangular area

= (lp;lg) x (=by;bg), Ty ={l3} % (=hy;b3) U (=i k) x{bs }, Ty = {~15 } x (=by5b5) U (=3 5) x {~D, }
and on the encircling strip we will introduce a grid with nodes:
(%:¥;)=((-m=0,5h+6;(j—n-0,5)h), h=b /n,m= [L/h], & =(, —mh)/2, h<<b <I,,
i=0,..,3m, j=0,...,3n,3<m,n, m,neN.
We believe that
-1, =(%+%)/2=—mh+, =—1,+35,,0< 6, <h/2, I, =1, -34,,

l; = X3 =(2m—0,5)h+ 8, =2(l, —26,) —h/2+6, =21, -35, —h/2, 13 =2l, - 35, —h/2,

—b, = (Yo +y1)/2=nh=-by, b, =by, by=ys, =(2n-0,5)h=2b —1/2, b; =20, —h/2.
We will consider arrays with values of grid functions at the nodes of the previously introduced grid.

Vi j :v(xi;yj) eR,i=01..,3m, j=0,1...,3n.

Note that with discrete approximation —Au on IT without taking into account the boundary conditions,
it is replaced by systems of differences using the approximation method by parts [9]:
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AU j —Ui_gj —Uij —Uj ja—U
h2
After multiplying by h? in the difference scheme approximating —Ad, the result is the so-called cross
pattern with coefficients:

ij ij+l

,1<i<3m-11<j<3n-1.

-1 j+1
i—-1 -1
i -1 4 -1
i+1 -1

With discrete approximation already A2 on IT without taking into account the boundary conditions, if

in differences we multiply by h*, It turns out that the so-called big cross pattern is used with coeffi-
cients:

j-2 j-1 j j+1l j+2

i—2 1
i—-1 2 -8 2
[ 1 -8 20 -8 1

i+1 2 -8 2

i+2 1
We do not use, for example, the usual numbering of vector components
Vanayiay+j =Vi,j» 1=13m-1 j=13n-1 and first we number the components of the vectors at the
nodes inside the first region, except for the nodes closest to its boundary, i. e., when
m+2<i<2m-1, n+2< j<2n-1, secondly, we number the components of the vectors at the nodes
from the vicinity of the boundary of the first and second regions, i. e., when

m<i<2m+1, n< j<2n+1 with the exception of the components of the vectors numbered earlier, i. e.,
when m+2<i<2m-1,n+2<j<2n-1, and the third ones we will number the components of the
vectors at the nodes inside the third region, i. e., when 1<i<3m-1,1< j<3n-1 with the exception of
the components of the vectors numbered earlier, i. e., when m<i<2m+1, n< j<2n+1. Note that the

system of linear algebraic equations being solved, obtained by approximating the original and fictitious
problems, can then be written in matrix form

geRV:Bu="f, feRN, N=(Bm-1)3n-1),

All AlZ 0 LEL _ il
0 Ay Ag 0 0

A system for approximating the original problem
G eRM: ALl =T, FeRM, M =(m-2)(n-2), mn>3,
The system obtained by approximating the corresponding fictitious problem

A Agl|[T| |G| [T|_|O] [G2] [0

e I
When approximating a fictitious problem, we will use a change in the part of the domain of the co-
efficient a;; near part of the border a0, NoQYy,; =S, S =T 0 NI 3 # 3, so that when approximating

the term with this coefficient, a diagonal matrix is obtained with the same values on the diagonal always
equal ay.

Algorithmic implementation of the iterative extension method for modeling plate deflection
We consider the method of iterative extensions for solving a system with a matrix B:

ok eRN:Cc@ - Y =—, ,(BT* - T), 7, =7/ G L7, 1, =1, 0" =0eR",
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rt=go* -, wt=Cclr T, 7 =Br T ke N

Ay Ap O 0 O 0
C=A+M A =| Ay Ay O Ap=|0 Ay Ay |, 7=1
0 0 O 0 Az Ag

This iterative process is written as
TteRV:Cul=T;
0“ eRN 1 C@* —T" ) = AT, 1y = (F 57D/ G 75, ke N\ (1),
In an algorithm that implements an iterative process, the following is sequentially calculated:
I. The squared norm of the initial absolute error &, = (f, f)h?.
1 _oN.~=1_F
II. First approximation U €R" :CU"=T.
1. Discrepancy T¥ ' =Bu*™* - f = A", ke N\{1}.
k-1 —

IV. The squared norm of the absolute error &_; = (F*,F*)h?, k e N\ {1}.

V. Amendment W e RN :Cw*t=F*1 ke N\ {1}

VI. Equivalent discrepancy 7% = BW* ™ = AW !, k e N\ {1,
VII. lteration parameter 7, = (F*%,7%%)/(7* 7% %), ke N\ {1}.
VIII. Iterative approximation 0% =0 —7,_;w*™*, k e N\ {1}.

IX. Iteration termination condition. &_; < &%y, k e N\ {1}, & =0,001¢ (0; 1).
If the condition for stopping the iterations is not met, everything is repeated from point I11.

An algorithm for calculating the first approximation and correction in an algorithm implementing

the iterative extension method
Note that the system of linear algebraic equations being solved, obtained at each step of the previ-
ously applied iterative process, is written in matrix form

veRV:Cv=g,geRY, N=(EBm-1)(3n-2).
To solve this problem, an iterative process of the form is used
V' eRYIAWV V') =—7,,(CV'™"-7), 7,,>0,0°=0eR", leN.

Here is the matrix C coincides with the matrix up to a permutation of rows
(A—«xE)* +aE, x=+/a, where E identity matrix of dimension NxN, matrix A—xE determined
from the difference scheme:

AV; i —Vigj —Visaj ~ Vi j ~Vija
h2
Vo =y, i=12,..,3m-1v§ ; =V, j=12,..,3n-1,
Vi =0,i=12,..,3m-1, v =0, j=12,..,3n-1
a=a, if m+2<i<2m-1, n+2<j<2n-1 then a=a,.

To select the iteration parameter, the well-known method of minimum corrections [10] is used. The
algorithm calculates:

I. Initial approximation v° =0eR".

1. Discrepancy 7' *: 7' =Cv'? —g, | eN. More

Tt =(A-xEW' " leN, I =(A-xE)t' ' +av' " -g, leN.

I11. Amendment W' eR" : AW =r"? | eN.

IV. Square of the error norm E, , :HW'*HE,AJC = <F"1,v‘v"1>, | eN.

,1<i<3m-1,1<j<3n-1,
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V. Iteration termination condition E, , <E,&*, £€(0;1), 1 eN.
VI. Equivalent discrepancy 7' : 77" =CW™, I e N. More
PPt =(A-xE)W 1N, 777" =(A-xE)p' T +aw' !, leN.
VII. Equivalent correction &' e RV : A?2E* 1 =7'* 1eN.
VIII. lteration parameter
V—Vl—l’cv—vl—l V—vl—l’ﬁl—l
ha= <—|1 2 —?1 =<—|1—|1>’|€N'
<CW‘ yACWT > <77 = ET >
IX. Iterative solution V' =v'™* —¢,_ W', I eN.
Note that the relative error specified in the iterative process termination condition is:
£=0,001€(0;1).
In the iterative process, a problem of the form:
VeR":AV=3g,geR",

which is written as two problems:
GeR":AG=7,gecR", VeR":AV=0, geR".
When solving problems of the previous type, the well-known marching method can be used [5-8].

Calculation of the deflection of a shipbuilding plate

The following data were considered in the calculations:

l, =1m, by =1m, H =0,03m, K; =0TTa/m, E; =2-10" ITa, 6; = 0,3m/m, B, =80 0001Ta, &=0,001,
where D, =494505,5TTaxm®, a,=0m*, f, =0,162m 2. A table of the number of iterations in calcula-
tions on a computer with a given number of nodes was obtained.

Number of iterations depending on the number of nodes in the directions of the axes

m, n

41

71

101

131

161

K

7

5

5

4

4

The maximum approximate value of the slab deflection, i. e. the maximum value of the modulus of
the last iterative solution on the finest grid ui'fj ;

M= max [uf|=0,000205299 .
m+2<i<2m-11
n+2<j<2n-1

Conclusion

A detailed algorithm has been developed for the numerical modeling of the deflection of a rectangu-
lar plate under a transverse load, where the plate is located on an elastic foundation and rigidly fixed at
its edges. The proposed algorithm is asymptotically optimal in terms of computational effort, as it is
based on the iterative expansion method. The algorithm's operation is successfully demonstrated in the
computer calculation of a ship's plate.
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Amnnortanus. [IpuBeseH adropuT™M YHCIEHHOTO MOAETHPOBAHMS MPOTrHOa MPSIMOYTOJIBHON ILTacTH-
HbI HA YIPYIOM OCHOBaHHU IIPU €€ )KECTKOM 3aKpEIUIEHUU 110 KpasM. 1IpelsioKeHHbIi anroputM acuMm-
NTOTUYECKH ONTUMANIBHBIN 10 BBIYMCIUTENBHBIM 3aTpaTaM U OCHOBBIBAETCS HA METOJIE HTEPALMOHHBIX
pacIIMpeHrii U MpeAroaraeT UCIoJb30BaHNE MapIIEBBIX METOAOB. ACUMIITOTUYECKAs! ONITUMAIBHOCTb
aNropuTMa SKCIIEPHIMEHTAIBHO IMOATBEPIK/IeHa P pacdeTax Ha DBM.

Knioueswie cnosa: uuciennoe modenupoganue; npocud npamoy2oabHol niadcmuHbl.
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MATEMATUYECKOE OBECNEYEHUE OLEHUBAHUSA HAOQEXHOCTU
NMPOrPAMMHbIX CPEACTB BbIYUCIIUTEJIbHbIX KITACTEPOB
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AnHorauus. IlpeacraBiensl pe3yabTaTbl CHHTE3a MaTeMaTH4ecKOro odec-
NeYeHHUs] AIPHOPHOTO OLCHMBAHUS HAEKHOCTH MPOrPAMMHBIX CPEJACTB BbIYHC-
JINTEJIbHBIX KJIACTEPOB, YYHThIBaOIIero crnenu(pukKy HX NOCTPOEHMS: NapaJ-
JeJibHAs 00padoTka MH(pOPMALUM, BHICOKasi MPOU3BOAUTENBHOCTh, MACIITA0H-
PyeMoCThb, NOBbIIIEHHAs1 O0TKA30yCTOHYHBOCTh, 0AJIAHCHPOBKA HAIPY3KH, NMOA-
Jep;KKa rereporeHHbIXx KoHpurypaumii. Pazpadorannoe maremarudeckoe odec-
neyeHHe OCHOBAHO HA JIMHEAPH3aLMH HCXO0HOI'0 MOCIeJ0BATEIHLHOI0 AJIrOPUTMA
U Npeodpa30BaHUM ero U3 JUHeliHOH (popMBbI B mapajieibHylo. JluHeapusanus
HCXOJAHOMH CTPYKTYPbI MPOrPAMMHOIO CpPe/ICTBA MO3BOJISAET NMPEACTABUTDH peasiu-
3yeMblii UM aJIrOPUTM B BHJe 00beHMHEHHUs MOCJIeA0BATEIbHOCTEl 0NepaTopos,
HAYMHAIOIMXCA M 3aKAHYUBAIOLIUXCS B HEMCIOJHUMBIX onepaTopax. Ilpoueny-
pa JIMHeapHM3allMi BKJIIOYAeT 3TANbI NpeACTaBJICHHS AJTOPUTMAa, ONMCHIBalOLIe-
ro 1nocJje0BaTe/ibHyI0 00padoTKy AaHHBIX, B BH/Ae rpada; JuHeapusanuio rpadga
nyrem (popmupoBaHusi rpada peanusauuid ¢ NIOMOIIBI0 MATPUYHOI KOHKATEHa-
HHH MATPHMIBI €ro cMe:kHOCTH; (opMHpOBaHWe MApPA/LIeJbHONH CTPYKTYPbI M3
JIMHEAPU30BAHHOW MOJeJIM 3a cYeT pa3/ieJieHHs MOCIAeI0BATEJbHOCTH ONepaTo-
POB Ha (pparmMeHTHI, YNCJI0 KOTOPBIX PABHO YHCIY BRIYHCIUTEIbHBIX KJIACTEPOB.
Ioay4eHbl MaTeMaTHUYeCKHE 3aBHCUMOCTH pacyeTa OLlEHOK BEPOSITHOCTell NMosAB-
JIeHHsl TOCJe0BaTeIbHOCTEl 0mepaTopoB, He YAOBJETBOPSAIOIIUX HCXOIHBIM
TpeOOBaHUSM K AJITOPUTMY, HA OCHOBAHMM 3aKOHOB pacnpeleieHuii 00padaTbl-
BaeMbIX JAHHBIX W YCJOBHUI BeTBJICHHS BBIYMCJIMTEIbHOro mpouecca. PacemoT-
PeHbl MO/eJH OTKA30B, NPUYMHAMH KOTOPBIX SIBJSIOTCS OIIMOKH CHHXPOHH3a-
oMM 00pabdOTKM JAHHBIX B BBIYMCIHTEJIBLHBIX KiacTepax. [lonck U oneHuBaHue
BEPOSAAITHOCTEHl MOSIBJIEHHMS Ha JIMHEHHON W mapaJjJiejibHOH ¢opMe BeTBell, He
YIOBJIETBOPSIONINX TPe0OBAHUAM TEXHHYECKOIr0 3aJaHMsl HA TPOrpaMMHoe
CpelIcTBO, MO3BOJNJIO0 NMOCTPOMTH MOJedb IeHepaTopa OTKa30B NMPOrpaMMHBIX
cpelcTB, 00ecneYUBAIOIIero ANPUOPHOE OLlEHMBAHME BPeMeHU HAapaOoTKHU 10 OT-
Kka3a. MoaenaupyeMblii MOTOK OTKa30B paccMaTpPHUBAaeTcs KaK CTOXacTHYecKasi
CYMMa MyacCOHOBCKHMX MOTOKOB, (GopMUPYyeMbIX PH KPATHOM LMKJIHYECKOM 3a-
NMyCKe BBIYHMCJIUTEIbHOI0 KjaacTepa. Bpemsi HapaGoTkn NpOorpaMMHOIo0 CpeiacTBa
HAa 0TKAa3 PACCYMTBLIBAETCH HA OCHOBAHHUM ILNIOTHOCTH paclpefiesieHHs BPeMEHH
MEKAY OTKAa3aMM B ITyaCCOHOBCKOM NOTOKe. CHHTE3HPOBAHBI MaTeMaTHYeCKHe
MO/IeJIH TeHepaTopa 0TKA30B M PacyeTa OlleHKH BpeMeHH Hapa0oTKH NporpaMM-
HBIX CpPeICTB HA O0TKa3, OCHOBAHHbIE HA OLIEHKAX BEPOSITHOCTell MomajaaHus ma-
PaNieabHOI0 BHIYMCIUTEIHLHOIO Mpolecca B 0TKa3HbIe BeTBH peaju3yeMbIX aJj-
roputMmoB. IlpuopuTeThl pa3sBUTHA MOJYYEHHBIX Pe3yJbTATOB CBA3BIBAIOTCH C
pa3padoTKoii MojeJiell 0TKa30B MPOrPaAMMHBIX CPeICTB BbIYUCIUTENBHBIX KJa-
CTEPOB BCJIEACTBHE CTPYKTYPHBIX OIIMOOK, NONYIICHHBIX NpH pa3padoTke mna-
paienbHBIX IPOrPaMM.

Knrouesvie cnosa: JUHeapuzayus zpa¢a; eemeijieHue aﬂzopum/wa; pacnapajinenu-
6dHUe 6blllMC]Z€Huuv; Hapaﬁomxa Ha OmkKas, HAOeINCHOCb npocpammnozco cpedcm@a;
npoepammnoe CPE()CI’)’ISO BbIUUCIUMENbHOCO Klacmepa.

BBenenue
WuTennextyanu3zaius 1 mudpoBU3aIUs IPOMBIIIICHHBIX TEXHOJOTHHA MPEIIoaraeT CyIleCTBEH-
HOE TIOBBIIIICHUE TTPOU3BOIUTEIBHOCTH CPEACTB 00padoTKu NaHHBIX [1-3]. DTO MOXKET OBITh JOCTUTHY-
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TO 3a CYET BHEAPEHUS] YHUBEPCAIbHBIX BBIYMCIUTEIBHBIX KJIACTEPOB, OOBEANHIIOIINX MHOXECTBO He-
3aBHICHMBIX KOMIIBIOTEPOB-Y3JI0B B EMHYIO CUCTEMY ¢ 001Ieil PaiiyioBoii cCHCTeMO, BRBICOKOCKOPOCTHOM
KOMMYHHKaIIMOHHOW CETHIO M paclpeesieHHON apXUTeKTypoi [4, 5].

[upokoe mpuMEHEHHE BBIYMCIUTEIBHBIX KIACTEPOB aKTyalM3HpYeT BONPOCH oOecrieueHHus Ha-
JIe>KHOCTH MX allllapaTHBIX U IIPOrpaMMHBIX cpelacTB. HanexxHOCTh anmapaTHbIX cpeacTB 0OecrieynBaeT-
Csl 32 CUET COBEPIICHCTBOBAHMUS TEXHOJIOTHHA MX MPOEKTUPOBAHUS, U3TOTOBJICHUS U SKCIUTyaTallliH, U B
HacTosIee BPeMs SIBISIETCS XOPOILO W3yYeHHBIM BorpocoM [6, 7]. [IporpaMMHbIe cpelcTBa BIYMCIH-
TEJBHBIX KJIACTEPOB 00Naar0T PSAOM OTIMYUTEIBHBIX OCOOEHHOCTEH, BBIIEISAIONINX UX CPeAn IPYTrux
MPOTPaMMHBIX CPEICTB: MapajulesibHasi 00paboTka MHPOPMALIUH, BBICOKAs! POU3BOANUTENHHOCTD, Mac-
MTa0UPYEMOCTbh, TOBBIIICHHAS OTKa30yCTOMYMBOCTD, OaTaHCUPOBKA HArpy3KH, MOAJECPIKKA TeTepOreH-
HBIX KOHPHUTYpAIHii — II03TOMY BOIIPOCHI 00ECTIEYEeH S HX HAJICKHOCTH TPeOYIOT u3yuenus [8—11].

Pa3pa0oTka TeXHOIOrMH MOBBIICHUS HAAEKHOCTU IPOTrPAMMHBIX CPEICTB TPeOyeT HAIMUUS MOAE-
a1 (HOPMHUPOBAHUSI, BBISBICHHS U prUcKoMeTpun ommOok [12]. CtpykTypa Moaenu NOKHA (GOPMHUPO-
BaThCA IO pE3yjibTaTaM aHalin3a ajJropuTMa (I)YHK]_[I/IOHI/IpOBaHI/Iﬂ BBIYUCIUTECIBHOTO KJIACTEpPa, HO HE
JOJKHA OBITh MACHTUYHOM €My, MOCKOJbKY OIIMOKM HMPOTrpaMMHPOBAHUS 03HAYAIOT, YTO pa3paboTaH-
HOE MIPOTPaMMHOE CPEACTBO HE COOTBETCTBYET 3aJaHHBIM TEXHUUECKUM TPeOOBAaHUIM, & MOJEIb JTOJIXK-
Ha BBISBIIATH MMEHHO 3TH Pasindus, MPUBOSIINE K 0TKa3aM [13-15].

OCHOBHBIM HEIOCTATKOM M3BECTHBIX IIOJXOJOB K OLCHMBAHUIO HANECKHOCTH MPOTPAMMHBIX
cpencts [16, 17] sBisieTcs To, 4TO:

— OHU OpPHUEHTHUPOBAHLI HA UCCIICAOBAHUC HAACKHOCTU NPOTPAMMHBIX CPCACTB OAHOIIPOUECCOPHBIX
OBM;

— OLICHKH ITapaMeTPOB HAJECKHOCTH PACCUUTHIBAIOTCS HA OCHOBE SMIIMPUUYECKHX JAHHBIX O KOJIHUYe-
CTBE OIIMOOK, BBISBICHHBIX MEKAY IBYyMs HaONIOIEHUSAMH 32 pabOTOH TECTHPYEeMOW MpOrpamMMbl, a
ClleZIOBaTEIbHO, Ha Pe3yJbTaT OLICHUBAHHS CHIIBHO BIMAIOT Kak MEpuo]] HAOIIO/ICHHS, TaK U TIOKPBITHE
o0yacT mpocTpaHCTBa 00pabaThIBaeéMbIX JAHHBIX MOM00TIACTBI0 JaHHBIX, TEHEPHUPYEMBIX TECTHPYIO-
el IporpaMMoi.

Bwmecte ¢ Tem ncHa OILINOKHU IIpU aHAJIN3€ HAJIC)KHOCTU BBIYUCIUTCIIbHBIX KIIACTCPOB ABJIACTCA, KaK
MPaBUIIO, BEICOKOM, IOATOMY 3a/a4a pa3pabOTKH HAJEeKHON MPOrpaMMbl CBOAMTCS K BBISBICHUIO U YCT-
PaHEHUIO MOTCHUHAIBHBIX NPUYMH OTKA30B Ha 3Tale pa3pabOTKH, 10 BBOAA MPOTrPaMMHBIX CPEICTB B
OKCILTyaTalurro. AHpI/IOpHOe OIICHUBAHUEC HAACKHOCTU IMPOrpaMMHBIX CPEACTB BBIYMCIIMTCIILHBIX Kila-
CTEpPOB Ha dTane WX pa3pabOTKH HEJOCTATOYHO paclpoCTPaHEHO B WHKEHEpHOH mpaktuke. [losTomy
MIPOBEIEHO HCCIICAOBaHNE, NMEBIIEE LENbI0 pa3padOTKy MaTeMaTHUYECKOro 0OecreueHHs arpHOpHOro
OLICHHUBAaHUA Ha,[[é)KHOCTI/I MMpOrpaMMHBIX CPEACTB BBIYUCIIUTCIIBHBIX KIIACTCPOB.

CxemMa BBIYHCIUTEIBHOI0 MpoLecca

[IporpamMMHBIE CpeACTBa BRIYHUCIUTENBHBIX KIACTEPOB B Mpolecce pa3paboTKH MPOXOJIAT CIeayo-
mue dTansl [18], Ha KaXI0M U3 KOTOPHIX BO3MOXKHO TMOSBICHHE OMMOOK, 00YCIOBIEHHBIX UYeOBEUe-
CKUM (haKTOPOM.

Oman 1. Pa3paboTka aaroputMa, ONMCHIBAIOLIETO MOCIEIOBATENbHYI0 00paOOTKY AaHHBIX B BHIC
rpapa (puc. 1, a), crTpykTypa KOTOporo omuchiBaetcsi BbipakenunemM G ={Ar}, rue

A={ag,a,..,@j,...,8;,1} — MHOKECTBO BEPILIUH, KaX/Ias U3 KOTOPBIX SABIISETCS AOCTPAKTHBIM aHAIIOTOM
oreparopa ajroputma; r = ["i, J — Marpuia cMexHoctd pasmepHoctr (J +2)(J +2), onmcsiBaromast
CBA3M MEXITY OIIEPaTOpamu anropurma; f j =(a;,a;) .

B obmiem ciyyae anropuTM BKIIIOYAaeT HEHMCHONHMMBIE onepaTtopbl «Hawamo» (a;) u «Konem»
(ay,1), a TaKke J UCIIOIHUMBIX OIEPATOPOB, IPEACTABIAEMBIX BEPUIMHAME &...8; . Oneparop «Haua-

JIO» BBIIIOJIHACT IICPE3aIlyCK ajirOpuTMa, a OIeparop <<KOH€I_I» MOACIIUPYCT 3aBCPIICHUC O6pa6OTKI/I
JaHHbIX. dakr nepe3aryCka aJiroputMa MoACIUPYyEeTCd € MOMOIIBIO OYTH (aJ 1 ao), IIOKa3aHHOM Ha

puc. 1, @ MyHKTUPHO# cTpenkoil. B MaTpuie cmexHOCTH seMenT I ; =(&;,a;) o0o3Hayaer 1yry, Be-
AyLlylo U3 @ B &j; 1<i, j<J +1. 3navenne fj=O, rae & — MyCTOH JIEMEHT, O3HAYAET, YTO B

cTpykType rpada G nyra (a;,a;) oTCyTCTBYET.
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Puc. 1. UcxoaHbI nocneaoBaTenbHbIA anroputM o6paboTky AaHHbIX
B BbIYUCNUTENBHOM KnacTtepe (a) u ero nuHeapusoBaHHas Bepcus (b)

KoppekTHO CKOHCTPYHMPOBAHHBIN MTOCIIC0BATEIBHBIN aIrOPUTM 00JIaJaeT CBONCTBAMMU:
— B omepatop «Hayano» MOXHO BOHTHM TOJBKO TMpU 3alyCKE NPOrpaMMbl, TO €CTb
o =,0<i<J+1;

— IonajgaHue B OIeCpaTrop «KOHGH» O3Ha4Ya€T OCTAaHOBKY MCIIOJIHCHHSA IIpOorpaMMbl TO CCTb
M, =9,0<j<J+1;

— Cpeiu MCIOJIHUMBIX OIIEPaTOPOB OTCYTCTBYIOT OIEPATOPhI, 00pa3yloIiue aBTOHOMHBIE U MOJTyaB-
TOHOMHBIE IIMKJIBI IEPBOTO M BTOPOT'O POjia, TO €CTh B CTPYKType rpada G cymecTByeT XoTsa Obl OfUH
MyTh, BEAYIIUHA U3 8, B &; , U XOTs Obl OJIMH MyTh, BEAYIIUHA U3 & B &, 0<i<J;

— KaxJblil 1myTh, BeAymuil U3 a8, B &;,;, BKJIOYAET XOTSA Obl OJHY BEPILIMHY IOJMHOKECTBA

{a,...,a5}.

HesbimonHenue 1r000r0 U3 3THX CBOMCTB 03HAYAET, YTO MPHU COCTABICHUH ITOCIIEOBATEILHOTO all-
roputmMa nomnymnicHa OIHI/I6Ka, KOTOpas ABJIACTCA MCTOUYHHMKOM IOTCHIUAJIBHBIX OTKAa30B IMPOrpaMMHBIX
CPEJ/ICTB BBIYHCIUTEIBHOTO KIIacTepa.

Oman 2. Jluneapuzauus rpada G, i 4ero MaTpuiia €ro CMEXHOCTH I' BO3BOAUTCS B ¢-10 KOHKaTe-
HAIMOHHYIO CTETeHb, U 3TOM hopmupyercs rpad peanusanuii (puc. 1, 6)

C(&) @
G=1,& U r &Iy,
e J+1

(&)

rae r — orepaliys BO3BEICHUS MATPHIIBI CMEKHOCTH B C(&) -0 KOHKATEHAIIMOHHYIO CTENEHb; & —

0003HaYeHHE JIOTMYECKOH omepaunu KoHkareHauy; lgo=(89,S,....9), l¢ .4 =(9,....F,a, +1)6 -

COOTBETCTBEHHO BEKTOP-CTPOKa pasmepHocTH 1x (J +2) u BekTop-cTonber pasmeproctu (J +2)x1; 6
— obo3HaueHne orneparuu TpaHcnonupoannsi; C(&) — MakCHMaabHOE 3HAUYEHHE KOHKATEHAI[HOHHOM

CTEICHH, B KOTOPYIO BO3BOJIUTCS MaTPHUIIA CMEKHOCTH I'; J — IyCTOH 3JICMEHT.
BosBeeHue mMatpuilbl CMEXHOCTH B C(&) -10 KOHKATCHAI[MOHHYIO CTEICHb BBIMOJIHICTCS B BHIC

peKyppeHTHof/'I nmpoucaypsl 110 nmpaBujiaM BO3BCACHUS aJIT e6pa1/1qec1<0ﬁ MaTpulibl B CTCTICHL, B KOTOpOﬁ
onepanusd NEPEMHOKCHUA YICHOB 3aMCHCHA Ha OIICPAllMIO KOHKAaTCHAIIUH, a orl€panus CJIOXKEHUA IIPO-

I/I3B€).'[€HI/H>’I — Ha onepanuro O6’LC}_II/IHCHI/I$I KOHKaTeHaHHﬁ, TO €CTh

J+1
c(&) _ c(&)-1 _ c(&)-1 _ (&)
r —[ﬁ,j ]&[ﬁ,j]—lk:é(r” &r,'j)_[ri’j ]
rae & — MaTpuyHas KOHKAaTCHAI[USs; rc(&-1

r c j(&) -1 c(&)-1

- [C(&)—l] -5l KOHKaTCHAIMOHHAsl CTENeHb MaTpuIbl I,

— JJIEMEHT MATPHULBI I , HAXOJISIIMICS HAa IEPECEUCHHH i-if CTPOKH | J-r0O cTOJIOIA.

Konkarenarus panee mocTpO€HHON MMOCIEA0BATENBHOCTH BEPIIMH C ITYCTHIM 3JIEMEHTOM IpPEPHIBA-
eT nocnenosaresbHocTh. Konkarenanusa I o ¢ MaTpuuel CMEXHOCTH ITPOM3BOAUTCS 110 IIPaBHIIaM yM-

HO>KEHHs BEKTOPA-CTPOKH Ha MAaTPHILy, a MATPULbI CMEKHOCTH ¢ BEKTOpoM | ;.1 — 1o mpaBuiam ym-

HOKEHUS MaTPUIIBI Ha BEKTOP-CTOJIOECII.
B o6mem ciyuae rpad G umeeT BU, TOKa3aHHBIN Ha puc. 1, 6. BepiuuHbl rpada 00pa3yroT JIHHEH-
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Hble (HE CO/IEPKALME LIMKIIOB W BETBIICHHI) MOCIEN0BATENBHOCTH Ay () HCTIOIHMMBIX ONEPATOPOB all-
TOpHTMa, 3a7eicTBOBaHHEIX B K(c)-it peammzanmu. ITocme1oBaTeIbHOCTH HMEIOT BUT
Ao =] &t |

rie Ay ) — BEKTOPBI, COCTOSIINE U3 BEPIIUH &y (¢ € A, OMHCHIBAIONIME JTUHEHHBIE TIOCIIEI0BATENLHO-
cTH omepatopoB; 1<V <J, @y — BEPLIMHBI, pasMellleHHbie B k-if peanusaiuu aqroputMa Ha MecTe
ifk(c)]; i[k(c)] — unnmekc-pyHKIMs, 0O03HAYarOIAsl HOMEp i-if BepIIUHbI B K-if JIMHEHHO# mocnenoBa-
TEIBHOCTH, TOJIYYAIONIEHCs B Pe3yJIbTare BO3BEJACHUS MATPHUILI I B C(&) -10 KOHKATEHAI[MOHHYIO CTe-
nenb; J[K(C)]=C — xonu4ecTBO BEpIIHMH B MOCICAOBATEIBHOCTH, PABHOS KOHKATCHAI[HOHHOM CTETICHH,
B KOTOPYIO BO3BeeHa Matpuia I; K(c)=J°® — MaKCHUMalbHOE KOJMYECTBO TMOCIEA0BATEILHOCTEH TN~
HOI1 C, pOPMHPYEMBIX B pe3yJIbTaTe BO3BEACHUS MATPHIILI I B C(&) -F0 KOHKATEHAI[MOHHYIO CTEICHb.

OueBuAHO, 4TO AaHHBIE, 00pabaThIBaeMble aJrOPUTMOM, SBIISIIOTCS AUCKPETHBIMHU U CIy4aiHBIMH.
[TosTOMY OHM MOTYT OBITH IPEACTABICHB! B BUJIE MHOKECTBA BEKTOPOB

M
r]nZIle - {[Do(m)}, [Dn(m)]...,[DN(mH}}:{DO(Z), Dy Dy(zya)

rie Dy, = Do(m)' - Dn(m),..., DN(m)_1 — MHOXXECTBO JHMCKPETHBIX 3HAYCHHI 00pabaThiBacMOW BEITUYH-

HBI; Dn(z) =[Dn(l),..., Dn(m),...,Dn(M)J — 00O0OIICHHBIN BEKTOpP 00padaThIBacMbIX JTaHHBIX, OIHCHI-

BAIOLIMH COOTBETCTBYIOIIYI0 KOMOMHALIUIO; n(Z) — HOMEp KOMOMHAINH; H — IPYIIOBOE IEKAPTOBO
M

Mpou3BeieHe MHOKeCTB; N (Z) = H N (m) .
=1

®dakTop cirydalfHOCTH 3HAYEHUH TMCKPETHBIX JAHHBIX, TOCTYMAIONINX Ha 00pabOTKY, OMHUCHIBAETCS
KOHTHHYAJIbHOM MJIOTHOCTBIO PacpeeeHus], KOTopas IPEICTaBIIsIeTCS B BU/IE B3BEILICHHON CyMMBI O-

¢ynkuuit Iupaka
N(Z)-1

f(D)= Z Pnz)0(D—Dnx))
n(z)=0(z)

1€ Pprsy — BEPOATHOCTH NOsBIEHUs KomOnnauuu Dy 5y ; 6(D—Dyx)) — BekropHas 8-pynkuns Ju-

paka:

(D= Dys)) =5(D, = Dygy) - 5(Dpy = Dyy) -+ 3Dy =Dyay) s [ - - [ 5(D=Dyz))dD =1.
Ecnu snemenTsl BekTopa D HexoppennpoBaHbl MEXIy COOOMW, TO JUIS KaKJOTO 3JIEMEHTa MOXET

OBITh orpeaeyiCeHa IJIOTHOCTD pacipeACICHUA
N(m)-1

fm(Dm) = Z pn(m)é‘(Dm - I:)n(m)) :
n(m)=0

A O6H.[a§[ IJIOTHOCTD paclpeAC/ICHUSA B 3TOM CJIy4aC paBHA POU3BCACHUIO IUIOTHOCTEH OTACIbHBIX
cnyqaﬁme BCJIIMYHH, TO €CTh

M
f(D) =H fm(Dm) .

m=1
BetBiicHHE BHIYMCIUTEIIHEHOTO mnmpounoecca G OMpeACIACTC JIOTUYCCKUMU YCIIOBUAMU MCPCKIIHOUC-
HUSL M3 TEKyUIEH BEPUIMHBI ()] € Acc) B CMEXKHBIE C HEH BepIMHBI M3 moamHOXkecTBa {&;},
1<i<J+1. B cBoto ouepelp, eciu () = &> TAC 8jfi(c)] — BEPIIMHA, NIPUHAUICKALLIAsS I0CICL0Ba-
TEIBHOCTH, COOPMUPOBAHHOI B pe3yibTaTe KOHKATCHAlWH, a &; — BEpIUHMHA, NPUHAAJIeXKaIas Moj-
MHOXCCTBY, TO JIOTHUYCCKHUC YCJIOBUA IMPUCOCANHCHUA K MOCICA0BATCIBHOCTHU Ak(c) BCPIIWHBI U3 MO~

MHOeCTBa {&;} ONpeieII0TCS BEKTOPOM OTHOIICHUH
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®=|p;(D)<0],
TIE @ | (D) — HexoTOpas (GyHKLKS OT JAHHBIX AMCKPETHOTo npocTpanctsa D, 1<i<J +1.

ITpunuMas BO BHUMAHUE, YTO B IIPOrPaMMe OTCYTCTBYIOT IIOJyaBTOHOMHBIE LIMKIIBI, B TOM 4HCIIE
«3aBUCaHMsA», OJHO M3 YCIOBUH OTHOLIEHUs BekTopa @ Bceraa BBINOIHAETCS, COOBITHS BBINOIHEHUS
OTHOILEHHH SIBIISIOTCA HECOBMECTHBIMU M COCTaBIIAIOT MOJHYO rpynmy. C MCHONb30BaHUEM OTHOIIIE-
HUii BekTopa @ MOXKeT ObITh NOJy4€Ha OLIEHKAa BEPOSTHOCTH TOTO, YTO IPH CIEAYIOIEM BEIOOpE BETBU
IPOrpaMMbl K MOCICA0BATEIBHOCTU Ay (o) OyneT 1006aBieHa BEpIIMHA &j, TO €CTb if (g1 = &j OYHeT

paBHaA
P{lk(©]=iik()]+1=}=[.. [ ..[f(D)D.
[ N (D)<O

BCpOSITHOCTI) IIOSABJICHUA ITOCIICI0OBATCIIBHOCTHU Ak(c) OIIPEACIIACTCA KaK IMPOU3BCACHUEC BEPOATHO-

CTCH:
J[k(c)] ) o )
PlAl= [1 Plilk@]=iik(©]+1=j}.
ifk(c)I=Uk(c)]
[IpeobpazoBanue G rpada G sBisieTCs SKBUBAJICHTHBIM, [TO3TOMY MOYKHO CYHTATh, YTO OIMIMOOK Ha

9TOM 3Tane He Bo3HHKaeT. OJIHaKo Takoe MmpeoOpa3oBaHKe MO3BOJISIET BHIABIATH CIECAYIOUINE OMUOKH B
HCXOIHOM alTOPUTME:

— Hayim4yKMe B cTpykType G TOCIEIOBaTEIbHOCTEH C «HEMpPaBUIBHONY (OONbIIEH WM MEHBIICH
JUTUHBI, OTIPEJICIICHHON PEIliaeMoil C MOMOIIBIO AITOPUTMA 3a]1a4H) JUTHHOM;

— BBINIAJICHUE U3 TIOCIIEAOBATEIbHOCTEH CTPYKTYpsl G omepaTtopoB, HEOOXOAUMBIX IJISl PELICHUS
3a/1a4u;

— HaJM4Yue B TOCIEOBATEIBHOCTIX CTPYKTYpbl G «HETpaBWIBHBIX» W/WIH IHITHUX» OIEepaTo-
POB;

— HaJM4ue B TIOCJIEA0BATEIBHOCTAX CO CTPYKTypoid G (parMeHTOB ¢ HENpPaBUIBLHBIM YepeI0BaHH-
€M OIIEpaTOpPOB, HAIIPUMEDP, HAPYLIAIOLIMM OTHOLICHHUE NIPEAIIECTBOBAHHUS.

JIJis yKa3aHHBIX TOCJIEI0BATEILHOCTEH MOTYT OBITH ONpECICHBl BEPOSATHOCTH WX IOSBJICHUS B
cTpykrype G, a Taxke o0Ias BepoITHOCTh 0TKa3a/cO0s MPOTPaMMHBIX CPEJCTB MPH pPeaTn3aliy ajro-
puTMa co cTpyKTypoii G:

Prait = 2 PIk(O)],

k(c)

rne k(c) — Homepa cOoiinbix BeTBel cTpykTypbl G ; P[K(C)] — BeposiTHOCTH MOsSIBIeHUS COOMHBIX BET-
BEH B CTPYKTypE AIrOPUTMA, OLIEHUBAEMBIE KaK BEPOSTHOCTH MOSIBICHHS IOCIEI0BATENBHOCTEN Ay ¢y -
Oman 3. DopMupoBaHHe NapaJUIEIbHON CTPYKTYPHI U3 IMHEapH30BaHHOM Monenu G .
OnuH u3 c1oco60B (HOPMHUPOBAHUS TAPATIIEIILHON CTPYKTYPBl OCHOBAaH Ha pa3JelieHnH MOCIIea0Ba-
TENBHOCTH Ay (o) Ha L pparMenToB, peannsyembIx Ha L BBIMMCIMTENBHBIX KiIaCTepax (puc. 2, a).

Monens npencranisieT codoii ceTs [letpu
H:{{Hl}a {80, 83,1} {Z0s 231} Pin {Z0s 231} Pou {Zos ZJ+1}}’

rae I1; — mozxceTs, ONMCHIBAOIIAs OCIEA0BATEIBHOCTD ONEPATOPOB, UCHIOIHACMBIX |-M BBEIYHCIHTENb-
HbIM KiactepoMm, 1<I<L; {ay,a; 4} — mosummu, MoxenHUpyIOIIHe HEHCIIOTHIMBIE ONEPATOPHI ANT0-
pUTMA; Zj,Z3,; — HEPexojbl, MOJICIUPYIOUINE COOTBETCTBCHHO HAyajlo M OKOHYAHUE MapajlieNbHOH
obpaborku nauebX; Wi {Z9,Z;.1}, YoulZo, 2.4} — BXomHas m BbIXO#HAs (QYHKIHSA HEPEXOIOB;
\Pin (ZO) =3dy, \Pout(z\]+l) =aj,1, \Pin(ZJ +1) = {HI } ; lIIout(zo) = {HI } :

B cBoro ouepensp, moaceru I1;, onmuchIBaromye BHIYUCIUTEIBHBIE KIACTEPhl (B HHACKCE QYHKIMN
I[k(c)] nns kpatkocTn mapameTpsl K(C) omyiieHsI), UMEIOT BUJ
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1 Z{{ai(k,l)}’ {Zi(k,l)}i\yin {Zi(k,l)}’ Fout {Zi(k,l)}} ’
rne  {&yn} -~ wMHOKecTBO TO3MUMH, k) € Ae)s  {Zik} — MHOXKECTBO TEPEXOJIoB;

\Pin|:zi(k,l):| =(k1)s FPou |:Zi(k,l):| =3y +1 k1) <i(k 1)< I(k,1)-1.

Puc. 2. MapannenbHasa moaenb anropuTma

Certs I[leTpu onuceIBaeT nepeaaydy ynpapieHHs OT OJHOTO ONEpaTopa K IpyroMy BHYTPH BBIYHUCITH-
TeJIBHBIX KilacTepoB. Hapsany c mepenmaueil ynpaBlieHHS BHYTPH BBIYHCIIHTENBHBIX KIaCTEPOB €CTECT-
BEHHBIM 00pa3oM OpraHM3yercsl Iepenadya JaHHBIX, (OPMUPYEMBIX MPEIIIECTBYIOLIUM ONEPaTOPOM,
BCEM IocienyromumM oneparopaM. IIpoctoe pasieneHue mociaeqoBaTeNbHOCTH HA (PPAarMEHTBl MOXKET
MOPOJIUTh CHTYaIUIO, KOTAa JaHHbIe, (JOpMHUpYEMBbIE ONlepaTopoM M-ro ¢parMeHTa, JOJKHBI OBITh HC-
NOJIb30BaHbl onepatopamu |-ro ¢gparmenra, a nepeaada JaHHBIX U3 M-ro B |-if BBIYMCIMTEIBHBIH Kila-
CTep He MpeaycMoTpeHa (ciy4ail mpu M = 1 moka3aH Ha pHc. 2, @ IBOWHON CTpEIKOW). JTa TUIHYHAS
ornbka pacrapaieIMBaHis MOXKET IIPUBECTU K OTKA3y [PH Pealn3alii 0CIe10BaTeIbHOCTH A () B

IIEJIOM, a CIIEJOBATEIbHO, BEPOATHOCTh TAKOTO COOBITHSI BXOJUT B (POPMYITy AJISI pacueTra P KaK OJHO
U3 CJIaraeMblX.

Owmunbky NoAOOHOro THIIA YCTPAHSAIOTCS MIPOrPAMMHO 32 CUET BBEJACHHS MPOMEKYTOUYHONH CHHXPO-
HU3ALMH BBIMMCIUTENBHOTO TIPOLECCA, IPOBOIMMOl Ha NEPEXOAiE Zyy gy (puc. 2, b). [Tpu mpomexyTou-

HOW CUHXPOHU3AIUU
Yinlzwnl={auwy awn-1t Youlzwnl={a2x1 8k nt-
TaKOG BBC€ACHUC BXOHHOﬁ u BBIXOHHOﬁ (I)YHKL[I/II/I Ha MNepexoac Zl(k,l) 3aMCJIACT NPOLLCCC KIaCTep-

HOM 00pabOTKHM TaHHBIX, HO YMEHBIIAET BEPOSITHOCTh OTKA30B IIPOTPAMMHBIX CPEZICTB.

I'enepanus noToKa 0TKa30B
Mopens reHepaliui MOTOKa 0TKAa30B B BEIUMCIIMTEIHHOM KJlacTepe MPUBEACHA Ha prc. 3. AIropuT™
TeHepaIiy MpeJICTaBIeH B Buje rpada

I'={Ap},
rae A={oy, 0,0} — MHOXXECTBO BEpIINH; ¢, — MOJEINPYET HEUCIIONHUMBIH onepartop «Hawamoy»; o
— MOJEIHMPYET HCHOJIHUMBINA onepatop oOpabOTKU JaHHBIX B BBIYMCIUTEIBHOM KIIACTEPE; o, — MOJE-

nupyeT HencnonHuMbli oneparop «Kounewy; p =[p; ;] — marpuua cmexnocTu pasmeproctn 3x3:
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D pyy 9 D (a9.q) %)

pP=1D pu pip|=|9 (q,0q) (ag,7) |
g g O %) %) %)

Puc. 3. Mogenb reHepauum NOTOKa OTKa3OB BbIYUCIUTESNIBHOIO KracTtepa

[Ipu ucroTHEHUH aNTOPUTMA B BRIYUCIIUTEIIBHOM KJIACTEPE OTKA3 MPOUCXOIUT C BEPOSTHOCTHIO Pryjl
1 00paboTka maHHBIX npekpamaerca. C BepoaTHOCTHIO (1—Pgj) IporpaMma 3aBepIraeTcsi U Iepesayc-
KaeTcs B IITATHOM pexxuMme. VcronHeHne omepaTtopa ¢q OCYLIECTBIAETCS 3a BPeMs, paBHOE T, ce-

exe
KYH]I.
3 0
[Ipumenenune k MaTpune cMexxHocTu prpada G, B kotopoMm |y =(8y,,9), 1, =(J,,a,)” naer
HOCJIEI0BATEIBHOCTH HCIIOJIHUMBIX OIIEPATOPOB, CBEJAECHHBIE B TAOJIHILY.

dopmHpoBaHHe MOCIeI0BaTEIbHOCTEN UCTIOIHUMBIX ONIEPATOPOB

c ITocnenoBaTenbHOCTH ONEPATOPOB BeposaTHOCTH NOsIBIICHUS Bpewmst o oTkasza
1 — — —
2 ao ) al, ag p fail Texe
2

3 8,8,8,8 P tail 2Texe
k (I YRR - YOO S}

1 Ay A yeeey A0 A9 c-1

; c-1T

| c—1 | P tail ( ) exe
K A, 8qyeeey g,y 8,008 pC-L C DT

| C-1 | fail exe

W3 tabnuiiel cnemayeT, 9To MOTOK OTKA30B MOXKET pacCMaTPUBATHC KaK CTOXACTHYECKas CyMMa I1o-
TOKOB, (POPMHUPYEMBIX TIPU OJTHO-, ABYX-, TPEX- U 00J€e KPATHOM IHKINYECKOM 3aITyCKE BHIYHCIUTEIh-
Horo kiacrepa. B coorBerctBuu ¢ teopemoit b.U. I'purenmonuca, Takoil MOTOK CTPEMUTCA K Iyacco-
HoBcKOMY [19]. IInoTHOCTE pachpenenenrs BpeMeHH MEXIy OTKa3aMH B ITyaCCOHOBCKOM TIOTOKE paBHA
[20-22]

~T-1 -tT1
() =Tpie o,
rac be — BpeMﬂ Hapa60TKI/I HpOFpaMMHOFO Cpe,[[CTBa Ha OTKa3, OLICHKa KOTOpOFO B Hpe,Z[eHBHOM Cﬂyqae

npu C—»00 PaCCUMTHIBACTCS 10 3aBHCHMOCTH
Tot =T exe P tail -

OTMeTHM, 9TO TPH IKCIUIyaTallud MPOTPAMMHBIX CPEICTB BBIYHCIHUTEIHHBIX KJIACTEPOB OIIMOKH,
MPHUBOJISINKE K 0TKa3aM, KaK MPaBHIIO, YCTpaHsAoTces [23—-25]. DTo 03HaYaeT, YTO KOJIMUECTBO COOMHBIX

BeTBel B rpage G yMeHbIIaercs, a, CIeI0BATENbHO, U YMEHBIIAETCS BEPOATHOCTD Py, — BpPEMs Hapa-

OOTKU CHCTEMBI 0 OTKasa Ipu 5TOM YBCIIMYUBACTCA.

3akia0ueHue

Takum oOpa3om, pa3paboTaHO MaTeMaTHYECKOEe OOecledeHHe OIICHWBAHUS HAJEXKHOCTH TPO-
TPaMMHBIX CPEZCTB BBIUHMCIUTEIBHBIX KJIACTEPOB, OCHOBAHHOE Ha JIMHEApU3allMH HUCXOJHOIO MOCIEN0-
BaTEJILHOTO allTOpPUTMa U MPeoOpa30BaHUM €ro U3 JIMHEWHo! (GopMbl B apaiuienbHyo. [lonck u oueHu-
BaHHE BEPOSATHOCTCH TOSIBIICHHS HA JTUHCHHOW W MapajuIeIbHON (hopMe BETBEH, HE YIOBIICTBOPSIONTNX
TpeOOBaHMAM TEXHUYECKOTO 33IaHMs Ha IPOrpaMMHOE CPEACTBO, MO3BOJMIIO MTOCTPOUTH MOJIEINb TeHe-
paTopa OTKa30B MPOrPaMMHBIX CPEACTB U 00ECTIEUUTh allprOpHOE OLICHMBAHUE BpeMeHH HapabOTKH 110
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oTKaza. JlaybHeIee pa3BUTHE WCCIICIOBAHUN CBS3BIBACTCA C Pa3pabOTKOM Mojeseil OTKa30B Ipo-
TPaMMHBIX CPEICTB BBIYHCIUTEIHHBIX KJIACTEPOB BCIIEICTBUE CTPYKTYPHBIX OMNOOK, TOMYIIEHHBIX TIPH
pa3paboTKe MmapaJlIeIbHBIX MPOTPAMM.

Paboma evinonrnena npu noooepoicke epanma PH® 25-29-20177.
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Abstract. The article presents the results of the synthesis of mathematical support for an a priori re-
liability assessment of software for computing clusters, taking into account the specifics of their design:
parallel information processing, high performance, scalability, increased fault tolerance, load balancing,

32 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2025, vol. 17, no. 4, pp. 24-34



lMpueanoe A.H., Boeomosioe A.B., Mamemamuueckoe obecneyeHue oyeHU8aHUs1 Ha0éxHocmu
Jlapkun E.B., AkumeHko T.A. npozpaMMHbIX cpedcme ebiducsiumersnbHbIX K/lacmepoe

and support for heterogeneous configurations. The developed mathematical support is based on the line-
arization of the original sequential algorithm and its transformation from a linear form to a parallel one.
Linearization of the original structure of the software allows representing the algorithm it implements as
a union of sequences of operators that begin and end in non-executable operators. The linearization pro-
cedure includes the following stages: representing the algorithm describing sequential data processing as
a graph; linearization of the graph by forming a graph of implementations using matrix concatenation of
its adjacency matrix; formation of a parallel structure from the linearized model by dividing the se-
guence of operators into fragments, the number of which is equal to the number of computing clusters.
The paper presents the mathematical dependencies for calculating probability estimates for the occur-
rence of operator sequences that do not satisfy the initial requirements for the algorithm, based on the
distribution laws of the processed data and the branching conditions of the computational process. It
considers failure models caused by data processing synchronization errors in computing clusters. The
study also involved searching for and estimating the probabilities of branches occurring in linear and
parallel forms that do not meet the requirements of the software tool's technical specifications. As a re-
sult, we constructed a model of a software failure generator that provides an a priori estimate of the
mean time to failure. The simulated failure flow is considered as a stochastic sum of Poisson flows
formed during multiple cyclic launches of the computing cluster. The mean time between failures of the
software is calculated based on the density of the distribution of the time between failures in the Poisson
flow. Mathematical models of the failure generator and the calculation of the mean time between fail-
ures are synthesized, based on estimates of the probabilities of the parallel computing process entering
the failure branches of the implemented algorithms. The priorities for the development of the obtained
results are associated with the development of models of software failures of computing clusters due to
structural errors made during the development of parallel programs.

Keywords: graph linearization; algorithm branching; parallel computing; mean time between fail-
ures; software reliability; reliability modeling; computing cluster software.
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PELUEHUE 3AAAYU ONTUMAJIbHOIO YNPABJIEHUA PELLEHUAMU
OoAHOUN CTOXACTUYECKOUN HECTALMOHAPHOU MOAEJIN
JIEOHTBbEBA

M.A. Cazaldeeea, [].®. Abbiz2apees
FOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHUgepcumem, 2. HensabuHck, Pocculickass ®edepauusi
e-mail: sagadeevama@susu.ru

AHHoTanusi. PaccmarpuBaercsi NMOCTpOeHHMe ONTHMAJIBHOIO YNPaBJeHHs
pelIeHNsIMH CTOXACTHYEeCKOil HeCTAMOHAPHOI CHCTEMbI JICOHTbEBCKOr0 THIA.
HecTannoHapHOCTh cHCTeMbl B35ITa B HEKOTOPOM YCPEIHEHHOM BH/e M BbIHece-
HA KAK COMHOKMTeJIb B NPaBOii 4acTH onepaTopHo-Iud¢epeHnaTbHOIO YpaB-
HeHUsl ¢ BBIPO:KAeHHOM MaTpuueil ko3¢ duuueHToB npu npoussoaHoi. Ilpu sTtom
CTOXaCTHYECKAsl COCTABJSIONIAs NpeAnojaraercs B HavyajbHoM yciaoBuu. He-
NMOJb3ysl JMHEHHOCTh paccMaTpHUBaeMO CHCTEMbl, MbI pacilelniseM ee Ha Je-
TePMHHHPOBAHHYIO M CTOXaCTHYeCKYI0 3agaud. /lajiee HA OCHOBe AJIrOPHTMOB,
NMOJYy4YeHHBIX paHee /sl AeTePMHHHPOBAHHON HeCTAIMOHAPHOW 3aJa4M, HaXo-
AUM ONTHMAJIbHOE ynpasJjenue. OCHOBHAS LeJb JAHHOH CTATBHM — ONMHMCATH BbI-
YHCJIUTEIbHBIA JKCIePUMEHT, HJIICTPHPYIOUIUHA pe3yJbTAThl 0 Pa3pelIuMOCTH
AaHHOM 3ana4u. CTaTbhbs KpoMe BBeJACHHS, 3aK/JIIOYEHHS M CIUCKA JHUTepaTyphl
colep:KMT ABe yacTu. B mepBoii yacTu coaep:xkurcs nHpopmManus 0 pa3pemiumo-
CTH MOCTABJIEHHOI 3a1a4Yd, 2 BO BTOPOii — MPUBOAATCS Pe3yJIbTAThI BHIYHCIH-
TeJILHOT'0 SKCIepHMeHTa.

Kniouesvie cnosa: ypasmnenus neonmvesckozo muna, npouzeoonas Henvcona —
Tuknuxa;, npocmpancmseo OugpgepeHyupyemvix «uymosy, BbIYUCIUMENbHbIU IKCHe-
pUMEHM.

BBenenne
Paccmorpum B R" nuHaMmueckyro 6aqaHCOBYIO MOJIENb SKOHOMHUKH [1] B BHe HECTAIMOHAPHOM
CUCTEMBI
Lx(t) = a(t)Mx(t) + f (t) + Bu(t), Q)
rae L, M u B — xBagpaTHble MaTpuns! mopsaka n, npudem detL=0. 3gecs a:[0,7] > R, — ckamsap-
Hasi (GYHKIHS, ONHCHIBAIOIIAS U3MEHEHNE BO BPEMEHHU MapaMeTPOB B3aUMOBIUSHUS COCTOSHUH HCCie-
nyeMol cuctemsbl, a Matpuiia M — (L, p) -perynsapHa (T. e. cyliecTByeT KoMmiiekcHas € C Takasi, 4To

det(uL—M) =0, u oo smusercss momocom (uL—M)™ mopsaka p=0,n—1). Bexrop-(pyHKims

f :[0,7] > R" onmceiBaeT BHeNHME BO3AEHCTBHS Ha chcTeMy, a BekTop-Qpynkiusa U:[0,7] —>R" onu-

CBIBAET YIIPABIIAIONIEE BO3ICHCTBIE HA CUCTEMY.

Vpasuenue (1) B cuity yciousi detL =0 Henb3st paspeliuTe OTHOCHTEIBLHO MTPOU3BOIHOM U, Clie-
JOBATEIBHO, IPU IS PEIICHUS] TAKUX CUCTEM HE MPUMEHHMBI KJIacCHYeCKue MeToAbl pemeHus. Cucte-
MBI, HE Pa3pEIICHHbIE OTHOCUTEIBHO MPOU3BOJHON, YaCTO BCTPEUAIOTCS IPU ONMMCAHUN SKOHOMHUYECKUX
nporneccoB [1] B cuily HEBO3MOXKHOCTH 3amacaTh ONpeleNeHHbIe pecypchl. s Toro 4roObl pemmThb
cucremy Buzaa (1), HeoOXOAMMO BHITOJIHEHHE HEKOTOPBIX crenududecknx yciosuit [2, 3]. Ha cero-
JHSITHANA JIeHb MOJIOOHBIE BBIPOXKICHHBIE CUCTEMbI HE UMEIOT OOIIETPUHSITOr0 Ha3biBaHWs (CM., Ha-
npumep, [2—4]). B pabote [4] Takue cucTeMBbl NPEAJIOKEHO Ha3bIBaTh CHCTEMAaMH JIEOHTHEBCKOTO THIIA,
B YeCTh MX MPOTOTHUIA — 3HAMEHHUTON OanmancoBoit mMoxenu B.B. JleonTseBa «3aTpaThl — BBITYCK» [1].
Kpowme Toro, Takue MoAenu 4acTo MMEIOT HECTAI[MOHAPHBIN XapaKkTep, TO €CTh BXOAIINE B HUX MaTpH-
LBl 3aBUCAT OT BpeMeHH [5]. B nmannoii pabore Oynem mpeamosnaraTb, 4TO 3aBUCHMOCTb OT BPEMEHHU
3JIEMEHTOB MaTPHI] MOXET ObITh HEKOTOPBIM 00pa3oM ycpenHEeHa U MpeACTaBiIeHa B BUAEC YMHOXKECHHUS
MaTpPHUILBI TTPH TPOU3BOIHON Ha HEKOTOPYIO (PYHKIHIO BpeMEHHU. [[OMOIHUTENFHO OTMETHM, YTO CHUCTe-
MBI JICOHTHEBCKOTO THIIA, SIBJISIOLIMECS YACTHBIM CIIyyaeM JIMHEHHBIX YpaBHEHHH cOOOJICBCKOIO THUIIA
[6—8], BBI3BIBaIOT OOJBIIION HHTEPEC Y MCCIIEIOBATENCH B CBSI3H C UX PA3IUUHBIMU MPUIIOKCHUSIMH, KO-
TOpBIC HAXOAAT NPUMEHEHHE HE TOJILKO B JKOHOMHUKE, HO M B TEXHHUYECKHUX cuctemax [9, 10].

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusmnka» 35
2025, Tom 17, Ne 4, C. 35-43



MaTtemaTtuka

OtMeTnM, 4YTO BRIpOXAeHHAs cucTema (1) paspemnma He Ui JHOOBIX HAYaNbHBIX ycioBuid [11].
[TosTOMY IpH YHCIEHHBIX PEUICHUSX AJsl TAKUX CHUCTEM YAOOHEe HCIOJb30BaTh HAdaIbHOE YCIIOBHE
[Hoyontepa—Cunoposa [12]

[(vL— M) L}M(x(O)—H;O):O mpu veC:det(vL—M)=0, )

KOTOpOE TI03BOJISIET U30aBUTHCSI OT HEOOXOIMMOCTH COTJIIACOBAHMUS HA4YaJIbHBIX JaHHBIX. JlOMOIHUTEIH-
HO 371€Ch Oy/IEM T0JIaraTh, 4TO HAYAIBHBIE yCIOBHS SBISIOTCS CITydailHbiM BekTopoM & € R".

Jns pemreHus 3aqa9y ONTHMANBHOTO YIIpaBiieHus pemennsamu 3agaun Llloyonrepa — Cumoposa (2)
IUIsl CUCTeMBI JICOHTheBCcKoro tuma (1) tpeOyercs Haiitu ¢ynkumio UeU,, (onTUManbHOE yIpaBlie-
HUE), YAOBJIETBOPSIONIYIO YCIOBUIO

J(G)= min J(u);
uel 54

a5 Hekotoporo ¢yrkunonana J(U) u takoe, uro X(U) mourn Bcroxy Ha (0,7) ymoBieTBopsier 3agaue
(1), (2). 3necy MHO)eCcTBO U,y sBIAETCS HEKOTOPBIM BBITYKJIBIM U KOMIIAKTHBIM MOJMHOKECTBOM J10-

MYCTUMBIX YIpaBieHUH B mpocTpaHcTse ynpasieHuid U . dyHkunonan mrpada, BUI KOTOporo Oyaer
MIpUBEJIEH HIDKE, TI0 CYTH OIMHCHIBACT MEPY PACXOXACHUS IUIaHHupyeMoro (HaOJIr0AaeMoro) MmoBeAeHUs
cuctemsl z:[0,7] — Z u pacyeTHOro rnoseneHus cucteMsl X(t) , MOIYYEHHOTO C MOMOIIBIO YIPaBICHHS

u:[0,7] > U . IlpocTpancTBO Z COAEPKUT HE BCE MapaMeTpsl cocTostHus cucteMbl X(t) , a Tonpko Te,

JUTSL KOTOPBIX €CTh HHpOpMaIus (TNIAHUPYEMOE COCTOSIHUE CHCTEMBI).

Jlg cucteM JIEOHTHEBCKOTO THIA 3a/1aya ONTUMANIBHOTO YIIPaBJIEHUS HCCIeI0BalIach, HAlpUMeED, B
paborax [11, 13, 14]. 3amaya onTHMaIBHOTO YIIPABIICHUS PEHICHUSIMU HECTAIMOHAPHBIX CHUCTEM JICOH-
ThEBCKOT'O THUIIA B JICTEPMHHUPOBAHHOM ClIydae HccienoBaHa B padote [15]. CyliecTBoBaHUE alropuT-
Ma pellleHus JaHHOM 3aJauu U caM aJropuTM IpuBeneHs! B [16]. B cumy Toro, uyto B ycnosuu (2) npu-
CYTCTBYET CIIy4aifHasi COCTaBIISIONIAs, U PEIIEHUs TIOCTABICHHOM 3214l HaM MTOHAI00UTCS TIPOBECTH
UCCIEOBaHUE B CTOXacTuueckoMm ciydae [17]. OcHOBHas Leflb AAHHOM CTaTbU — OMMCATh BBIYMCIIU-
TEJIbHBIM SKCIIEPUMEHT, WJUIFOCTPUPYIOLIUI PE3yJIbTaThl O Pa3pelIMMOCTH JAHHOM 3a7add JJIsl OJHOMN
CTOXaCTUYECKOW HecTalmoHapHOU Moienu JIeoHTheBa.

Pemenue 3alaYd ONITUMAJIBHOI'O YIIPpaBJICHUA

0O003HaYMM MHOXECTBO MaTpHIl pa3Mepa NxM cumBojioM M IIycts L,M € M, — kBaapat-

nxm *
HBIE MAaTpPHILBI MopsiAKa n. Cnenys [7,10], Oynem Ha3bIBATh MHO’KeCTBa

pH(M) = {,u eC:det(uL—M)™ = 0} 1 o-(M)=C\ p-(M) L-pesonveenmubim mnoscecmeom u L -
cnexmpom Matpuipl M cootBeTcTBeHHO. Hetpyaso mokasats [7,10], uro mu6o p-(M) =@, mubo L -

CIICKTp MaTpHUIbI M CcOCTOHMT M3 KOHEUHOI'O YHCJIa TOYEK. KpOMe TOro, 3aMCTUM, YTO MHOXCCTBA

p-(M) u o (M) He u3MeHstOTCS IIpH TIepexoze K APYrUM GasucaM. 31ech 1 gajee OyieM Iperola-
rath, uto p-(M) = .

Jlns KoMIUTeKCHON TepemenHoil 1€ C ompemenum marpuuHosHaunsle (yakmun (ul —M )71,

RJ;(M) =(uL-M)L u L';l(M )=L(uL—M)" ¢ oGnactsio onpenenenns p-(M) u Gyzem ux Ha-

3bIBaTh COOTBETCTBEHHO L -pe3onveenmoii, npasoii n negou L -pezonveenmamu matpunsl M . Taxoke B
cuity pesyibratoB [7,10], L-pe3onbBenta, npasas u jeBast L -pezonbBenTsl MaTpuisl M ronomMopdHbI

B pL(M) . OpToroHasbHble IpoeKkTopsl [7,10], pacuemnstoniue npoctpanctBo R, umeror Bup

_ L oat _ e
P—ZﬁiiRﬂ(M)du, Q ZﬂiiLﬂ(M)dy, 3)

rae koutyp y < C rakoit, uto ycC u D> o-(M). Cyxenune matpunr L 1 (M ) Ha noanpocTpaHcT-
Ba kerP u imP o6o3naunmm L, (M, ), k=0,1 (k=0 mns cyxenuii Ha ker P u coorBercTBeHHO K =1

i cyxennit Ha iMP). TIpu ycnosun (L, p) -perymspaoctr Matpurisl M (p=0,n—-1) cymecTByror
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Cazadeesa M.A., PeweHue 3ada4yu onmumasibHO20 ynpaeJsieHusl peweHusiMu
A6bi32apees .. 00Hol cmoxacmu4eckoli HecmayuoHapHoUl modesnu JleoHmbesa

00paTHBIC MaTPHUIIBI LIl u My ! Ha CyXeHMsX TpocTpaHcTBa R".
Paccmotpum 3amauy Hloyontepa—Cumoposa

P(£(0)-4)=0 (4)
JUISL HEOJIHOPOJHOTO HECTAIMOHAPHOTO CTOXACTUYECKOTO YPaBHEHHS
L&(t) =a(t)ME(t) + Bg(t), (5)

[

rne & — npoussoonas Hearvcona—Inuxnuxa [18], a ¢(t) — croxactudeckuii mporece BHEIIHETO BO3/ICH-
ctBusi Ha cuctemy. 3neck &(t) =E&(t)+7(t) u coorBerctBenHo E7(t) =0. Omummem mpoctpaHcTBa

nnd)d)epeHuI/IpyeMHx «IYyMOBY», I'’IC JaHHOE YCJIOBUE BBIITOJIHEHO aBTOMATHYCCKH U CYHICCTBYIOT IPO-
HU3BOAHBIC CTOXACTUYCCKHUX ITPOIECCOB B CMBICIIC Henscona—I nmukinxa.

IIycte Q= <Q,A,P> — TMOJHOE BEPOATHOCTHOE IPOCTPAHCTBO C BEPOSITHOCTHOW Mepou P, acco-
LUUPOBAaHHOE C O -airedbpoil A moaMHOXXecTB MHOXkecTBa 2, a R =<R,B, ,U|_> — MHOECTBO JEHCT-
BUTENIBHBIX YHCEIl CO CTaHIapTHOM GopeneBoit o -anredpoit B u mepoii Jlebera g . M3smepumoe oto-
Opaxenne ¢&:Q— R HaspBaercs cayuainol geaununol. MHOXECTBO CIIyYaiHBIX BEIHYHH C HYJIEBBIM
MaTeMaTHYeCKUM OXXKHJaHHEM M KOHEYHOW Jucrepcuell o0pasyeT TWIbOepTOBO IPOCTPAHCTBO
L, =L,(R)={&:EE=0,D(£) <40} co ckamsipHbiM mpomsBenchueM (&,&)=E(&5-&) u Hopwmoii

¢l =p¢.

BosepmeMm MHOkecTBO I R, oTobOpakenue 77:3 — L, 3amaer cmoxacmuueckuii npoyecc. Bynem
TOBOPHTH, YTO CTOXaCTHUYECKHi mporecc 77 =77(t) HempepsIBeH Ha MHTEpBaie J, €M I. H. (IOYTH Ha-
BEpPHOE) BCE €ro TPacKTOPHUHU HENpPEepBHIBHBI. MHOXECTBO HEMPEPBHIBHBIX CTOXAaCTHYECKHX IPOIECCOB
n:3—L, obpa3yrorT 6aHaXOBO NMPOCTPAHCTBO CO CTAHIAPTHOH SUP-HOPMOIA, KOTOPOE MbI 0003HAYUM

cumBoiioM C(J;L,). BBemem B paccMoTpeHHe mpocTpaHCTBa AU(GGEPEHIUPYEMBIX —«ITyMOBY»
C[(S; L,) (£eN) cimyuaiinsix npouecco u3 C(J;L,), ubn TpaekTopuu 1. H. dupdepenyupyemsi no
Henvcony—Iuxauxy [17, 18] na I 10 nopsiika { BKIFOYHTETBHO.

Bo3pMmeM N ciny4aiiHBIX TPOIIECCOB {771(t),772 t),....m, (t)} U 3a7aluM N -MEpPHBIN CIIy4alHbIN Tpo-

n —
recc hopmynoit © = 277 i (t)e j» T €; — OpThI B IPOCTPAHCTBE R", j=1n. OueBuaHo, 4TO M. H. BCE
j=1

€ro TpaekTopum HempepbiBHbL, eciu 775 € C(J;L,) (j=1n) u HenpepbiBHO AH(dEPEHIUPYEMBI 11O
Henbcony—Tnukinxy 10 nopsiaxa { BKIOYUTENBHO, €CIH 17; € c'(3; L,) nns | =1,n. o aHanoruu ¢

TIPE/BLIYIIMM BBEJIEM B PAacCMOTpeHHe npocTpancTBa HenpepbiBHbIX C(J;L,(R")) u mempepbiHO
mbdepenrmpyempix C*(J; L,(R™)) n-MepHBIX «IIyMOB».
Juddepennupyemsrii nporecc £(t) Oymem HaswiBaTh pewienuem ypaenenus (5), ecnv OH HA J

MOYTH HaBEPHOE 00palllaeT ero B TOXIECTBO. Peiienue ypaBHenus (5) OyaeM Has3bIBaTh peuieHuem 3a-
oauu Llloyonmepa—Cudoposa (4), (5), ecnu OHO TOTIONHUTENBHO YAOBIETBOpsieT yciosuto (4). B cuny
pe3ynbTaToB [17] 3T0 penieHne CynecTByeT Jisi HEOHOPOAHOCTH HY>KHOU CTENEHU TIIaJIKOCTH U UMEET
BHI

_1[ 10 ]k (E,-QBs() ©

t ~ p _ k
é(t)=X(t,0)§o+£ X 9LBeeds -2 (Moo Mo'| s | iy

k=0

0
rae En — CIMHMYHas MaTpula nopsaka N, CUMBOJ a 03HavacT IMPOU3BOAHYIO Henbcona—I mukinnxa u

t
pasperaromiuii moTok omepatopoB Buma X (t,S) :% I R;';(M )exp ,uJ. a(¢)d¢ |[du ms s<t u xoH-
7

S
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Typa ¥ — C Kak i IpoeKTopos B (3).
3anaya (4), (5) B culy IMHEHHOCTH SKBUBAJICHTHA JICTCPMUHUPOBAHHOMN

{L)‘((t) =a(t)Mx(t) + Bu(t), )
P(x(0)—%))=0
M CTOXaCTHYECKOMH
Ln(t) =a()Mn ), ®)

P(7(0)-7,)=0
sagadam. 3xaech X(t) =E&(t), n(t)=&@)-ES(M), X =E&, ny=& —ES& . U pemenus stux 3amau
MOKHO TTOJIYYUThH C ITOMOIIBIO (6), MpUHUMasi BO BHUMaHuUe, 4To npousBoanas Henbcona—I nmukianxa Ha
OOBIYHBIX (DYHKIMAX COBHAIAET CO CTAaHNAPTHOH MpOoM3BOAHOW. OTMETHM, YTO yNpaBiIfIONIee BO3ACH-
CTBHE OCTaJIOCh TOJBKO B JIeTEPMUHUpPOBaHHOH 3agaue (7), a cToxacTuueckas 3agada (8) mo cyTH onu-
CBhIBACT BJIMAHHUC ITOMEX, 3apPCTUCTPUPOBAHHBIX B COCTOAHUAX CUCTEMEI B HaydaJIbHBIA MOMEHT BpPEMCHHU.

Hoctpoum mpoctparcto H P (Y) = {V eL,((0,2),Y):vP e L,((0,7),Y), p=0,n —1} , KOTOpOE

ABSIETCS. TWIBOEPTOBBIM B CHIy TuibOeproBocTd Y  CO  CKaNsIpPHBIM  NPOU3BEACHUEM

p+lz

[v.w]=>" I <V(Q),W(q)>Y dt . Ilycts Z — rusib6epToBO MPOCTPAHCTBO, a onepartop G: X —Y nuHeeH u
q=00

HenpepbiBeH. [Toctpoum GyHKIMOHAN mTpada

J(u) = J(x(u)) = zljﬂex@(u,t) - z(q)(t)”i dt, 9)
=00

raie G — MaTpuila pa3MEpPHOCTH N OMHUCHIBAET BHIOOP MapaMETPOB CUCTEMBI, 10 KOTOPBIM OyJAeT 3a1a-
BaThcs TUIaH; BekTop-¢yHkuus Z:[0,7] - Z omnuchiBaeT MIaHUPYEMYIO JMHAMHKY COCTOSHUMN, K KOTO-

poii mpuBOAAT crucTemy ¢ momorpio yrnpasierus U:[0,7] —>U (U — Hexoropoe ruianbepToBO IMpoO-
cTpancTBo). 3amerum, uto ecin X € HY(X), To ze HY(Z). Tak kak U — rusnbsGeproBo, TO U IpOCTpaH-

cTteo H erl(U) TaKXKe SIBJIICTCS TMJILOCPTOBBIM I10 MOCTPOCHUIO. BBIIETUM MHOMXKECTBO JIOMYCTHUMBIX

praBJ’IeHHfI Uad . KOTOpOG SABJISICTCA SaMKHYTBIM Hu BBIHYKJ'ILIM IIOAMHO>XCECTBOM B HpOCTpaHCTBe
H P ).

Bekrop-dynkmmo U € H ID+1(U) HAa30BEM ONMUMAILHLIM YHpasieHuem pemeHusmu 3aaaau (7), ec-

am
J(G) = min J(u) (10)
uel 44
st dynkumonana (9), rae gpyskmmn X(u) e HY(X) u u €U,y TakoBel, uto X(U)€ HY(X) sBusercs
pemennem 3aaa4u (7). CymecTBOBaHHE ONTHMAJIBHOTO YIIPABJIEHUS pelIeHusIMA 3a1a9u (7) amst Jro0bIx
zeHY(Z) un X, € R" mokazano B [15]. B cuy pesynbraros [17] sicio, uto u anst 3anaqu (4), (5) onru-
MaJIbHOE YIPaBJICHHE CYLIECTBYET H MOXKET OBITh HaliICHO 110 alrOpUTMY, OITMCAaHHOMY B [16].

OnTumManbHOe ynpaBjeHue pellleHMAMH OTHOW HecTAIMOHAPHOH Mojenu JIeoHTheBa
PaccmoTpum 3HaMeHHTYIO OanaHcoByIo MoJenb JleoHTheBa [1] B Buie KOHKPETHOM MHTEPIPETALUH
cuctemsl (5). B atoit Mmogenu matpuusl L 1 B umeror Bux

71

20 20

2 -1
20

L=| & L8 8| M =| =%
0

20
2. (11)

13
15

BNlw

100 200 25

0 0 —4

15

C(bopMmepyeM PE3YIbTAT O PA3pCUIMMOCTH 3aJa4X ONITUMAJILHOI'O YIIPpaBJICHUA PECIICHUAMU CTO-

XaCTUYECKON HeCcTallMOHapHOH Mojenu JIeoHTheRBa.
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Teopema. ITycmo mampuysr L, M umeiom euo (11), gynxyus a < CH((0,7);R +) . Toeoa ona nobo-

20 cnyuaino2o eéekmopa &y € R® cywecmeyem eouHcmeenHoe onmumanvHoe ynpaenenue 3aoadu (4),
(5), (10) ¢ pynxyuonanom (9).

CrnpaBeATMBOCTb JIAHHOTO YTBEP)KJCHUS ClenyeT U3 pe3yapTaTtoB [15, 17] B cumy paciienieHus
3amaun (4), (5) va 3agaun (7) u (8) u ¢ ygerom Toro, 4to B [19] mokazaHo, uTo Matpunia M sBiseTcs
(L,0) -perymsipHOii.

Haiinem ontumansHOe ynpasieHue pemenusmu 3aaauu (4), (5). Jns atoro 3agagum

2t +t2 Cyy +Cypt +Coyt?
z(t)=| 2+t-3t* | m Bun u(t)=| Cop +Cppt+Cpt? |, Cj R,
2t +13 Coz + Cpat + Cpot?

marpunsl G =B =E;, ynkmuio a(t) =2t, anmuny orpeska ontuMusanuu 7 = 2. HavanbHble 3HaUCHUA

BO3bMEM B BHUJIE &) = (O,5a);0,3w; O)T , TIIe CIy4aiHas BeJIMYMHA (» PAaBHOMEPHO pacIIpeiesieHa Ha OT-
peske [1,2].

Jns HaXxoKAeHHs ONTHMAIIBHBIX 3HaYeHui moacraBuM U(t) B (6) BMecTo ¢(t) u i Hamel Moxe-
a1 JIeOHThEBA MONYYUM BUJ PELICHUS

2 t t t
x(t)=—% Mo ¢o+k2 exp| 1 [A(£)dS [Xoudh + [exp| a4 [a(£)AS [(u(s). ) ds g |,
=1 0 0 S
rae {4y, 4. ¢, | — GasucHbie BekTOphl cucTemsl Jleontsesa, 1y =0,2454, 11, =2,0464 — Touku oTHOCH-
TenpHOTO L -ciextpa matpunbl M (mogpobuee cM. B [19]). [Janee sTo pemieHne moactasisieM B GyHK-
uuonan J(U) n Haxozanm ero MuHUMyM 110 Koddduumenram Cy (1=0,12; j=1,2,3).
Hcnonb3ys anroput™, onucaHHbii B [16], momyuum
5,469+111,744-102,021112
G(t) =| 483447-87,9749t+102,2322t
42,4305+300,6506-1+319,5172
n 3HaueHne Qynkuuonana J =J(U) =2,3789 . Pe3ynbraTel npuBeeHBI B TaOIHIIE.

CBOAHbIE XapaKTePUCTUKMN peLueHUs

KommonenTa Uy u, Ug
Ji 4,7369x10°" 2,6741x107" 1,6378
Makc. OTKJIOHEHHE 0,023 0,019 0,031

3aMeTHO, YTO TPEThbs KOMIIOHEHTA OTIMYAETCS MO MOJYYSHHBIM XapaKTEPHCTHKaM. DTO MOMKET
OBITh OOBSICHEHO TEM, YTO JUIS Hee B3sUTH HyJIeBOE HaYaJbHOE 3HAYCHHE.
Cpasuenue rpadukoB komnoneHT U(t) u z(t) npuBeaeHs! Ha puc. 1-3.

Cpaanenme ui(t) w z1(1)

10 T T T
8 -
6|
4
2|
0 I ] ' ) L !
0 0.2 04 06 08 1 12 14 16 18 2
Puc. 1. CpaBHenue (;(t) u z(t) , makcumanbHoe otknonenne 0,023 npu t =112
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CpaaHennme u2(t) n z2(t)

0 -
5|
-10 ! ! 1 1 1 1 1 1 !
0 0.2 04 0.6 0.8 1 1.2 14 16 1.8 2
Puc. 2. CpaBHenue U, (t) n z,(t) , makcumaneHoe otknoHenue 0,019 npm t=0,87
Cpasnenme u3d(t) n z3(t)
12 T T T T T T T T T
10 — U3(1)
z3(1)
8 - 4
6 B
4 .
2 R
0 l l l 1 | | | 1
0 0.2 04 06 08 1 12 14 16 18 2

Puc. 3. CpaBHeHue U;(t) u z;(t) , makcumaneHoe otknoHenue 0,031 npu t=1,45

Takke BBIYHCIUTENIBHBIC SKCIICPHUMEHTBI IIPOBOAMINCH [UISl PAa3IMYHbIX 3HaueHud @ (puc. 4). Ha
pruMepe BTOPO KOMIIOHEHTHI IOJIyYHIIN Pe3yIbTaThl, IPUBEICHHBIE Ha PHC. O.

Crny4adueyt MHomuTene rand factor = 1.5469
Criydaiuent MHOXMTEeNb rand factor = 1.9575
Cry4aiHent MHOXMTeNnb rand factor = 1.9649
Crnyuaduest MHOmMTenb rand factor = 1.1576

Crnyuaiuent MHOEMTEeNE rand factor = 1.9706
Puc. 4. 3HauyeHue cry4aitHOro COMHOXUTENs1 @

Z,(t) w nsT u,t)c £ BEORAG

25

Bnavenus dyHKLMiA

—

"2“" waGop 1
uz(li wabop 2
u,(1), WaGop 3
- u,1) wabop 4

-05 —

u,(1), wabop §
-1 ! ! 1 ! ! 1 L ! ! L - I
0.1 015 0.2 025 03 035 04 045 05 055 06

Puc. 5. CpaBHerue Z, (t) (4épHas NUHKUA) M NATU BapnaHToB 02 (t) (pa3HouBeTHLIE NUHUN)
Npu pasHbIX HaYanbHbIX YCIOBUSAX

3axiroueHue
B craThe npuBeneH BEIYUCIUTENBHBINA SKCIIEPUMEHT SISl HAXOXKICHUS! PEIICHUs 3a1a4l ONTHMANb-
HOT'O YIIPABIICHUS PELIEHUSMH CTOXAaCTHYECKON HecTannoHapHOW mozaenu JleoHtheBa. CiyuyaiiHas co-
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CTaBIISIOIIAs TIPEATONIAraeTcs B HAYaIbHOM YCIOBHH. Pe3ynbTaThl BHIYMCICHUIA MPUBEICHBI JIJISI KOH-
KPETHBIX 3HAUCHHUI TTapaMeTpoB Mojienn JIeOHTheBa B ciIyvae, KOT/ia YIPaBJIsIolee BO3ICHCTBUE HMEET
CTEIIEHHO! BUII.

Paboma 6vira wacmuuno noodepocana epanmom Poccuiickoeo nayunoeo ghonoa Ne 24-11-20037,
https://rscf.ru/project/24-11-20037.
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SOLVING THE OPTIMAL CONTROL PROBLEM
FOR ONE STOCHASTIC NON-STATIONARY LEONTIEF MODEL

M.A. Sagadeeva, D.F. Abyzgareev
South Ural State University, Chelyabinsk, Russian Federation
e-mail: sagadeevama@susu.ru

Abstract. The article considers the construction for optimal control of solutions for a stochastic non-
stationary Leontief type system. The non-stationarity of the system is taken in some averaged form and
taken out as a multiplier in the right part of the operator-differential equation with a degenerate matrix of
coefficients at the derivative. At the same time, the stochastic component is assumed in the initial condi-
tion. Using the linearity of the system under consideration, we split it into a deterministic and a stochas-
tic problem. Next, based on the algorithms obtained earlier for the deterministic non-stationary problem,
we find the optimal control. The article aims to describe a computational experiment that illustrates the
results on the solvability of this problem. In addition to the introduction, the conclusion and the list of
references, the article consists of two parts. The first part provides information on the solvability of the
problem, while the second part presents the results of the computational experiment.

Keywords: Leontief type equations; Nelson—Glickikh derivative; space of differentiable “noises”;
computational experiment.

References

1. Leontief W.W. Input-Output Economics. Oxford, Oxford University Press, 1986.

2. Boyarintsev Yu.E., Chistyakov V.F. Algebro-differentsial’'nye sistemy: metody resheniya i
issledovaniya (Algebra-Differential Systems: The Methods of Solution and Research). Novosibirsk,
Nauka Publ., 1998. (in Russ.).

3. Bulatov M.V., Chistyakov V.F. A Numerical Method for Solving Differential-Algebraic Equa-
tions. Computational Mathematics and Mathematical Physics, 2002, Vol. 42, no. 4, pp. 439-449.

4. Sviridyuk G.A., Brychev S.VV. Numerical Solution of Systems of Equations of Leontief Type.
Russian Mathematics, 2003, Vol. 47, no. 8, pp. 44-50.

5. Pospelov I.G. Intensive Quantities in an Economy and Conjugate Variables. Mathematical Notes,
2013, Vol. 94, no. 1, pp. 146-156.

42 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2025, vol. 17, no. 4, pp. 35-43



Cazadeesa M.A., PeweHue 3ada4yu onmumasibHO20 ynpaeJsieHusl peweHusiMu
A6bi32apees .. 00Hol cmoxacmu4eckoli HecmayuoHapHoUl modesnu JleoHmbesa

6. Demidenko G.V., Uspenskii S.V. Partial Differential Equations and Systems not Solvable with
Respect to the Highest-order Derivative. New York-Basel-Hong Kong, Marcel Dekker Inc., 2003.

7. Sviridyuk G.A., Fedorov V.E. Linear Sobolev Type Equations and Degenerate Semigroups of
Operator. Utrecht; Boston, VSP, 2003, 216 p.

8. Al'shin A.B., Korpusov M.O., Sveshnikov A.G. Blow-up in nonlinear Sobolev type equations.
Series in Nonlinear Analisys and Applications. Walter de Gruyter & Co., Berlin De Greyter Berlin Wal-
ter de Gruyter & Co., Berlin De Greyter Berlin, 2011, 648 p. DOI: 10.1515/9783110255294

9. Shestakov A.L., Sviridyuk G.A., Keller A.V. Theory of Optimal Measurements. Journal of Com-
putational and Engineering Mathematics, 2014, Vol. 1, no. 1, pp. 3-15.

10. Shestakov A.L., Sviridyuk G.A., Khudyakov Yu.V. Dynamical Measurements in the View of the
Group Operators Theory. Semigroups of Operators — Springer Proceedings in Mathematics and Statis-
tics, 2015, Vol. 113, pp. 273-286.

11. Sviridyuk G.A., Keller A.V. On the Numerical Solution Convergence of Optimal Control Prob-
lems for Leontief Type System. Journal of Samara State Techical University, Seria: Physical and Math-
ematical Sciences, 2011, no. 2 (23), pp. 24-33. (in Russ.).

12. Sviridyuk G.A., Zagrebina S.A.: The Showalter-Sidorov Problem as a Phenomena of the
Sobolev-Type Equations. The Bulletin of Irkutsk State University. Series: Mathematics, 2010, Vol. 3, no.
1, pp. 104-125. (in Russ.)

13. Keller A.V. Numerical Solutions of the Optimal Control Theory for Degenerate Linear System
of Equations with Showalter—Sidorov Initial Conditions. Bulletin of the South Ural State University. Se-
ries: Mathematical Modelling, Programming and Computer Software, 2008, no. 27, pp. 50-56. (in
Russ.)

14. Keller A.V. On the Computational Efficiency of the Algorithm of the Numerical Solution of
Optimal Control Problems for Models of Leontieff type. Journal of Computational and Engineering
Mathematics, 2015, Vol. 2, no. 2, pp. 39-59.

15. Keller A.V., Sagadeeva M.A. Degenerate Matrix Groups and Degenerate Matrix Flows in Solv-
ing the Optimal Control Problem for Dynamic Balance Models of the Economy // In Book: Springer
Proc. Mathematics and Statistics. 3rd. Ser. “Semigroups of Operators — Theory and Applications —
SOTA 2018, 2020, pp. 263-277.

16. Shestakov A.L., Zagrebina S.A., Manakova N.A., Sagadeeva M.A., Sviridyuk G.A. Numerical
Optimal Measurement Algorithm under Distortions Caused by Inertia, Resonances, and Sensor Degra-
dation. Automation and Remote Control, 2021, Vol. 82, no. 1, pp. 41-50.

17. Sagadeeva M.A. Problem of Optimal Dynamic Measurement with Multiplicative Effects in
Spaces of Differentiable “Noises”. Journal of Samara State Techical University, Seria: Physical and
Mathematical Sciences, 2024, Vol. 28, no. 4, pp. 651-664. (in Russ.)

18. Gliklikh Yu.E. Investigation of Leontieff Type Equations with White Noise Protect by the
Methods of Mean Derivatives of Stochastic Processes. Bulletin of the South Ural State University.
Mathematical Modelling, Programming and Computer Software, 2012, no. 27 (286), Iss. 13, pp. 24-34.
(in Russ.)

19. Sagadeeva M.A., Stenina A.A. Solution to the Initial-Final VValue Problem for a Non-Stationary
Leontief Type System. Journal of Computational and Engineering Mathematics, 2019, Vol. 6, no. 2,
pp. 42-53.

Received October 8, 2025

Information about the authors

Sagadeeva Minzilia Almasovna is Cand. Sc. (Physics and Mathematics), Associate Professor, De-
partment of Mathematical and Computer Modeling, South Ural State University, Chelyabinsk, Russian
Federation, e-mail: sagadeevama@susu.ru.

Abyzgareev Danis Fanisovich is Bachelor of Mathematics Degree, Department of Mathematical
and Computer Modeling, South Ural State University, Chelyabinsk, Russian Federation, e-mail:
xickksesd@mail.ru.

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusmnka» 43
2025, Tom 17, Ne 4, C. 35-43



MexaHuka
YOK 539.3 DOI: 10.14529/mmph250406

OCECUMMETPW4YHOE AE®POPMUPOBAHUE TONCTOCTEHHOM
CTECHEHHOM OBOJIO4KN NoA BHYTPEHHUM OABNEHMEM
nPU HENMHENHOM 3AKOHE AE®OPMALMOHHOIO YINMPOYHEHUA
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Poccutickass ®edepauusi
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AnHoTauus. PaccMoTpeHO — oceCcMMMeTpPHMYHOE  YIPYIOILIACTHYecKoe
aedopMuUpoBaHUe TOJCTOCTEHHON CTeCHEHHOH 000/10YKH U3 HeCKMMaeMoro
MaTepHuaJsa, Haxoasiueics mox AecTBMeM BHYTpPeHHero napjenus. Ilosy4yennoe
Ha OCHOBAHHMHM MeTO/a IepeMEeHHBIX MapaMeTpPOB YNPYIOCTH pelieHHe 3aJayuM
YYMTBHIBAeT HEJUHEHHBIH 3aKk0H JedopManuMoHHOro ymnpoyHenus. Ilo
pe3yJbTarTaM pacyeToB IpeACTaBJICHA KAapTHHA pacnpefejeHUs paJauajibHbIX,
OKPYKHBIX U OCEBBIX HANPSIKEHMIl I Pa3JINYHBIX OTHOCHUTEIbHBLIX TOJIIUH
CTEHKH 000JI0YKH B CJIy4yae, KOraa rpaHuLA MJIACTUYecKOoii 30HbI IPOXOAUT Yepe3
CpPeIMHHYI0 IOBEPXHOCTH 000 1049KH.

Kniouesvie cnosa: ynpyeonnacmuyeckas Oegpopmayusi;, HeIUHEUHbIl 3AKOH
VIPOYHEHUs!, MOJICMOCMEHHAS: 000I0UKA, 0Ce8as CUMMEMPUS.

Beenenue

B mmpoxoii npakTuke 10CTaTOYHO YacTO BCTPEUarOTCs MaTepUalIbl, IPU YIPYTOIUIACTHYECKOM Jie-
(GbopMHPOBAaHMH KOTOPBIX UMEET MECTO (HU3MUECKasi HEIMHEHHOCTh, KOTOPasl MPOSIBIISICTCS B HEUHEH-
HOM 3aKOHE Je(OopMalMOHHOrO YNPOYHEHUs NMPH ONMCAHUM AMarpamMmbl edopMmupoBanusi. B HemHO-
TOYHCIIEHHBIX TPyJaX paccMaTpUBAIOTCS BOIPOCH (pu3nyeckoil HenmmHerHOCTH. OCOOEHHO BasKHBIM
JaHHBIA BONPOC MPEACTaBISIETCA ISl TOJICTOCTEHHBIX 000I04€eK, padOTaroMMX MO JaBieHueM. B yact-
HOCTH, B pabote [1] paccMoTpeHo miactuieckoe 1eOpMHUPOBAHHE TOJICTOCTEHHOI'O LIIMHIPA BHYT-
PEHHHMM JaBJICHHUEM IPH MPOU3BOIHHOM 3aKOHE YIIPOYHEHMS U C UCIIOIB30BAaHUEM YCIIOBUS TUIACTHYHO-
ctu Tpecka. Bonpocsl pacuera HanpsyKeHHO-Ie()OPMUPOBAHHOTO COCTOSHUS UIMHAPHYECKHX 000JI0-
YeK B YCJIOBHUSIX HEOJHOPOAHOCTH M (PU3MUECKON HETMHEHHOCTH paccMaTpUBalUCh B TpyAax [2, 3]. Ce-
rojiHs mpobiemMe aedopMHUpoBaHus 000J104eK B (hopMe TeNl BpalleHUsl YAEISIeTCsl JOCTaATOYHO MHOTO
BHUMaHUs. Heknaccnueckue maremMarndeckue MoJenH 1eOpMHUPOBaHUs 000JIOUEK W YHCICHHBIE Me-
TOZABI X PacueTa UCCIEeNOBAINCH B Tpyaax [4, 5]. Hekoropele pewienus 3agauu Jlame 1uist quivHapuye-
CKOH 000JIOUKH paccMaTpUBaIUCh B paboTax [6, 7]. JedopmupoBanue ocecHMMETPpUYHBIX 000JI0YEK B
YCIIOBUSIX KOMOWHUPOBAHHOI'O HArpYKCHUs MCCIACIOBAINCH B Tpynax [8—10]. MHorue u3 3THX 3a1a4
paccMaTpUBaIIUCh IJIs1 MOJIETIeH JKECTKOIUIACTHYECKOTO TeJla, a TaKkKe Ui MoJelnel MaTepuaia 6e3 yn-
POYHEHUs, B YaCTHOCTH, paboTsl [11, 12]. B HekoTophIX 3amayax AaHHBIE YHNPOIIEHUsI 0OOCHOBAHHBL,
OJTHAKO JJIi MHOTHMX MaTe€pHUajiOB HEYYeT yNpyrux aedopMariii, a TakKe yIpOYHEHHS MOXKET MPHUBO-
IUTh K 3HAYUTEIHHBIM MOTPEUTHOCTSIM B pacueTax HampsHKeHHO-Ie(hOpMHUPOBAHHOTO COCTOSIHHSA TOJI-
CTOCTEHHBIX 000JI0YEK.

B pamkax aHHOTO HCCIEIOBaHHS pacCMaTPUBAIIOCH YIIPYTOILUIACTHYECKOE 1ehOpMUpOBaHUE CTEC-
HEHHOW TOJICTOCTEHHOM OOOJIOYKH M3 HEC)KUMAEMOTO Marepualia, paboTaromieil 1Mo BHYTPEHHHM JIaB-
neareM. OcoOEHHOCTBIO HANPSKEHHO-AE(OPMUPOBAHHOI'O COCTOSIHUSL CTECHEHHOM 000JIOUKH SIBIISETCS
TO, YTO OHA HAXOUTCS B YCIOBUSX IUNIOCKOH AeopMannu. Ps BoIpocoB MaTeMaTHYECKOTO MOAEIHPOBA-
HUS TUTACTHYECKOTO COCTOSIHUS TEIT B YCIOBUAX IUTOCKOM ehopMaIivu HCCIIeA0BaTUCH B paboTax [13-15].

B pabore [16] npeacraBieHo pemieHHe 3a7a4u O Ae()OPMUPOBAHUU TOJICTOCTEHHON CTECHEHHOM
MWIMHIPUYECKOH O0OJNOYKM TMMOJ BHYTPEHHMM JaBlIeHHMEM, HO [JIsi MOJENH  HJICaTbHOro
YOPYTOIUIACTHYECKOTO Tena. B ycnoBuax ke (u3mueckodl HETMHEWHOCTH pacueT HampsHKeHHO-
neopMHPOBAHHOTO COCTOSHHSA 000JI0YEK MPEACTAaBISIET COOOM CIOKHYI0 MAaTeMaTHYECKYIO 3ahady M
TpeOyeT pa3paboTKH YMCIEHHBIX Npoueayp. B paMkax HaHHOro HMccieqoBaHHUs YHCICHHBIA pacyer
HaNpsDKEHHO-e(pOPMHUPOBAHHOTO  COCTOSHUSL  OCECUMMETPUYHON  OOOJIOYKM  MPOBOJMICS — MpHU
HEJIMHEWHOM 3aKOHE 1e()OPMALMOHHOIO YIIPOUHEHHUS.
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MeTtonuka uccjiel0BaHUuA

Pemenne 3amaun 0CECHMMETPHUYHOTO YIPYTOILUIACTHYECKOTO 1e(hOpPMHUPOBAHUS TOJCTOCTEHHOM
000JIOUKH 1O/ BHYTPEHHUM JaBJIcHUEM OyJeM MPOBOJUTh HA OCHOBAHWH IIOJIOKCHUH JIMHEHHOW Teo-
puM ynpyroctu u e(OpMalMOHHOW TEOPUH IIACTUYHOCTH C UCIOIB30BAHHEM METOJa MEPEMEHHBIX
napameTpoB ynpyrocta [17-20]. YuuteiBas T0O, 9TO IFUTHHAPHUIECKAS 000I0YKa HAXOAUTCS B YCIOBHUIX
PaBHOMEPHOT'O HATrPYy>KEHUs, pacueT OyeM MPOBOJUTH B TJIABHBIX OCsAX. B kadecTBe Mephl ehopMaliiu
Oyzaem ucrnoiib30BaTh aedopmariuio ['enku. CTecHeHHas! NWIMHIPUYECKAs 000JI0YKa MPEACTABISICT CO-
00# IITMHAP C 3aKPBITHIMU TOPIIAMH, COOTBETCTBEHHO, B PE3YJIbTaTe HATPYKEHHST 000JI09Ka HAXOIUTCS
B YCIOBHSX IUIOCKOH nedopmauuu: e€,, =0, rae €, — ocesas aepopmanus I'enku. Ilockombky pac-
CMaTpPUBaEMbIii MaTepHall SBISETCS HEC)KHMMaeMbIM, KO3((QUIIMEHT TonepeuHoi aedopManuu npuHU-
maercs 1 =0,5.

MaremaTtryeckasi IMOCTaHOBKA 3a/1a4ll YIPYTOIIACTHYECKOTO Ae(POPMHPOBAHUS TOJICTOCTEHHOM
HWIMHIPUYECKOW 000JI0OUKH U3 HEC)KUMAEMOT0 MarepHualia B YCJIOBHUAX IUIOCKOHM nedopmariu OyAeT
ONUCHIBATHCS CIEAYIOIIEN CUCTEMON YpaBHEHUI:

— ypaBHEHHE PaBHOBECHSI:

do,, 0,,—0Cp _ 0
,

0, Zpp 1)
dp p
T1e 0,,,0p9 — PajUalbHbIC, OKPYKHBIC HANPSHKEHNUA, p — paauaibHasg KOOPIHHATA.
— ypaBHeHHE coBMecTHOCTH aedopmaruii ['enku [17-20]:
deHH _ 1- exp(egg B epp) (2)
dp p
rae €,,,8y — pajuabHbIe, OKpYXKHbIe Aedopmanmn ek,
— (u3MUECKre COOTHOLICHHUS COTIIACHO METO/IY ITEPEMEHHBIX MapaMEeTPOB YIPYTOCTH:
e -3 (0,0 —0u0)
I ~ O
PP g TP
3
eeez—(%e_o'p ) ©)

4E

o Z(Gpp +099)/2

rae o, — OCeBble HAaNpsDkeHHs, E =o; /€, — nmepeMeHHbIi mapaMeTp ynpyrocTy IpH yCIOBUH HEC)KHU-

MaeMOCTH MaTepualla, g; — MHTeHCUBHOCTb HANIPsHKEHUH, €; — MHTEHCHBHOCTH Jiehopmanuii I'enku:

3
0 = 7‘0-96’ _Jpp" 4)
2 2 2
g :§\lepp+eppe99+e99, 5)
— nuarpamMma J1e()OpMHUPOBAHHS:
Gi = (D(el ), (6)

rae d)(ei ) = {Eei .6 <e;,; Ae,e; > el-m} — GyHKIMS, alNPOKCUMUPYIOLIas uarpaMmmy aehopMUpOBaHUS
Marepuaina, €, — MHTEHCHBHOCTH Jedopmanuii I'eHKkH, COOTBETCTBYIOIIAs NEPEXOLY yHpyrux aedop-

Manui B mactuueckue, E — moaynes FOHra marepuana, A,N — nmapameTpsl KpUBOI yIpOUHEHHS Ma-
rpamMMBbl 1e(OPMUPOBAHHUS,
— yCJIOBHE IUIAaCTUYHOCTH Mu3eca:

rae o, — Ipeaen TeKy4ecTH MaTepuarna,
— I'PaHUYHBIC YCIOBUA:
O-pp p:r:_p! (8)
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%ol
PP p=R

rae p — JaBiieHHe, I — BHYTpEeHHHHU paauyc 000104YKH, R — HapyKHBIH pagunyc 000I0UKH.

=0, (9)

Jia mmpoBe/leHUs] YHCIICHHOTO pacyeTa MpeACTaBUM ypaBHEHHE COBMECTHOCTH Aedopmanwii (2) B
WHTETpabHON (hopMe, BBIpaXkast OKPY>KHYIO z[e(bopMauH}o I'enku ¢ yueToM rpaHIIHOTO YCIOBHS (8):

ey =1In pJ. >exp(2egy — epp)dp+—, (10)
Ry

rae R, — HauanbHBIN pasnyc HAPYKHOM MOBEPXHOCTH OOOIOYKH.
Hoxncrasum B cootHomenue (10) dusnueckue ypasuenus (3) wist €,, U €. Torna, BBIpasHB OK-

PYKHOE HalpsDKEHUE, MHTETPAIbHOE YPaBHEHUE COBMECTHOCTH Aedopmanuii ['eHkH, mpeacTaBIeHHOS B
HANPSDKEHUSIX IS HEC)KMMAeMO# TOJICTOCTEHHON NMIHMHIPUYECKON 000I0UKH C 3aKPBITHIMH KOHI[AMH,
MIPUMET BUJI:

P p R
P 3 e 4E 4E p, Ro
Uucnennsrit pacyer cuctemsl ypaBHeHHH (1)—(11) mpoBoauiics Ha OCHOBaHUH METO/a TTEPEMEHHBIX
napamMeTpoB YIPYTOCTH C MCIIOIB30BAHUEM METOJIUKHU PELIeHHUs cepuil o0paTHbIX 3a1a4 [17-20], koto-
pasi CTpoMJIach Ha CMEIIEHUU Hapy>KHOTO Kpast 000JI0UKY Ha MATyI0 BEIMYHUHY COTTIACHO COOTHOILEHUIO
R =R, +AR u pacuere HanpsKeHHO-1e()OPMHUPOBAHHOTO COCTOSIHUS, IPU KOTOPOM IPOU30IILIIO JAHHOE

cMemieHune. TakuM o0pa3oM, Ul YHCIEHHOTI'O pacdeTa HalpsKEHHOTO COCTOSHHS O0OJIOYKM MTEepalu-
OHHas CHUCTeMa ypaBHEHHI corjacHo cooTHomeHusM (1), (3), (4), (11) HpI/IHI/IMaJIa BUJL:

K —91

R
(ket In| —p[ S exp| —> 0,0 || dpdp+L
/7;[ ,02 p AE (%) Ooe 4E _[0-69 P p+ R.’

18« 4 (x
Cop ):;jo'ee( )dP+§E )

0

1
(k+1) _ J' o (k+1)y ,O'ZZ(M)=—(O'pp(k+l)+Ggg(k+1)),0'i(k+l)=£(O'gg(k+l)— pp(k+1)).
P, 2 2
rae K — Homep urepanuu.
JedopmupoBaHHOE COCTOSTHHE O0OIIOYKH OIPENeNsiIoch coryiacHo ypaBHeHHsM (3), (5) Ha Teky-
IEN UTepalnu:

op

ket 3 K+ ket k+1 3 ket K+
= sm o o)l = g low -0, ),
2
ei(k+1):§\/(e£$1)) +e(k+1)e§2+1)+(e§';“)) .

Ha ocHoBanuu cootHomenus (6), OMUCHIBAIOIIETO JUarpaMMmy JeopMUpOBaHUS MaTepuala, Ofl-
o - E (k+1) —P (k+1) / (k+1) .
penensica NEpeMEHHBIN apaMeTp YIpPYrocTH: =Dlg € . [anee urepanMoHHbIN pac-

k+1)

YCT HOBTOPSJICA A0 TEX MHOP, IMMOKa HE BBIMMOJIHUTCA YCJIOBHEC!: ‘O'( k)‘/O'-(k-'—l) <Ao, tne Ao -
s . i i = 1

3a/laHHasl  TOYHOCThb.  PacueT  BHYTpEHHEH  TpaHMIBl  ONpEAENsICA  COINIACHO  CXEMe
j+1 i ; . .
r+) - I exp(egg(‘)‘ j , Tl | — HOMEp uTepauuy, I, — Ha4aubHBIA pagnyC BHYTPEHHEW TOBEPXHO-
p=r

CTH O0OJIOUKH,

i . i
r(J+ ) —r(J)‘/ r(J+ ) <Ar - YCJIOBHUE OKOHYAHUA Mpoulecca, Ar — 3amaHHas TOYHOCTb.
3arem MPHUIJIOKEHHOE JAaBJICHUE [) ONPEICIIAIOCH COIJIAaCHO 'PAHMYHOMY YCJIOBHIO (8)

Pe3y.]'leaTbl HCCICA0BAHUA
I[J'I}I OLICHKHN HAIIPAKEHHOT'O COCTOSAHUA TOJICTOCTCHHOU ]_[I/IJ'II/IHI[pI/I‘lCCKOf/i 000JIOUKH C 3aKPbLITBIMHA
KOHIIaMH, HaXOI[ﬂI.L[efIC)I o4 BHYTPCHHUM aBJICHUCM, ObLIH MOPOBCACHLI CCPUU YUCIICHHBIX PACUCTOB
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IpH CIEYIOIUX OTHOCUTENBHBIX TOMIIMHAX CTEHKH: O/ R, ={O,L‘ 0,2;0,3 0,4, 0,5}, rme 0 — TOiI-

myHAa 000JI0YKH, HAPYKHBII panuyc npuHUMan (ukcupoBaHHoe 3HaueHne R, =100 mm. B kauectse

Mmarepuaa 000J104KH HCoNIb30Banachk ctainb Mapku 30XT'CH2A (E =195 I'lla, o, = 1110 MIla) [21].
Huarpamma nedopmupoBanus cramu 30XI'CH2A omnuckiBanach THHEHHO-CTEIICHHON aIlipOKCUMAIUCH

(A=4623,n=0,276). [lns Toro 4ro0bl OLICHUTH paclpe/ieiiCHHE HANPSDKCHUI B YIIPYTOIUIACTHYECKON

cTaguun I[C(l)OpMHpOBaHPIH, BHYTPCHHEC NaBJICHUC I 000JI0UYKH Ka)K,E[OfI TOJHIWHBI HO,E[6I/IpaJ'IOCI: TaKUM
06pa30M, YTOOBI MUIMHAPUYICCKAA MTOBEPXHOCTD, Pa3AC/IAronias 00J1aCTh MIACTHYECKHUX U YHIpyrux aec-

dopmanuii p, = p‘ai:c,T , COBMIAJana co CPeIMHHON noBepxHOCcTBIO p=(R+Tr)/2. B s1oM ciyyae

BHYTPCHHCC JAaBJICHUC

TS

00011049€eK

pa3IM4YHOM

TOJIITNHBI

MIPUHAMAJIOCH

plo, = {0,119; 0,248; 0,394, 0,563; 0, 775}. Pesynbrare pacuera HaPSHKEHHOTO COCTOSTHUS 00OTIOYKH

MPU YOPYTOIIaCTHUECKOM J1e()OPMHUPOBAHUM C YUETOM CTETIEHHOI0 1e(OPMAaUOHHOTO 3aKOHA YIPOY-

HEHMS IpeAcTaBIeHb! Ha puc. 1-4.

0.9

0.8

0.7

0.6

] 0.25 0.5

Puc. 1. PacnpepeneHne MHTEHCMBHOCTEN HanpsikeHUN

no TonwwmHe o6onouku npu p, =(R+r)/2:
1- 6/R=01 2- §/R=0,2, 3- 6/R=0,3,
4- 5/R=0,4, 5- 6/R=0,5

Coa/0r
1.2 T T T
L1 _,_._-—-—o—'-——_'_et“\_ef«/l ]
PSS —
- ~ 2 |
T et =L
- \ ~
///A //‘\\ ~ 3
0.9 - & A 1
- N O
~ e AN ./\" ™~
g_g-,r/ //E N ~ -
5
v \E\\ ™~
L./ 4
i
07 \\ﬁ
1 1 1

0.6
0

R—r

Puc. 3. PacnpepeneHue oKpyXHbIX HanpsiXXeHU no

TonwwmHe o6onouku npu p, =(R+r)/2:1- §/R=01,

2-0/R=0,2, 3- 6/R=0,3, 4- 6/R=0,4,

5- 6/R=0,5

Cpp/ Oy
0 T T ——
—
0.18F _l_,,_,"/ /;7/ .
R e
r &7 A
e 3 om0 S 4
” A,
/)
-4
—0,517/ / 5 N
/
7/
- 072/ .
i
1 1 1

0.5 0.75 1
p—r
R—r

Puc. 2. PacnpepeneHue pagvanbHbIX HaNpsXXeHUn
no TonwmHe o6onouku npu p, =(R+r)/2:
1- 6/R=01 2- §/R=0,2, 3- 6§/R=0,3,
4-6/R=0,4, 5- 6/R=0,5

cTZZ/GT
0.6 T T T
—_——a — — 8 — — —
osp_ — — 8 T 5
P - - — — —a— — —
1 —
oak = /,ﬁ————ﬁ———_z
S T e—— e — —
/'/ //g-———E———é
0.3F B
P
P v
02k S /s -
SooA
D/ 7|
% I
7
0‘/ N
i
—01 1 1 1
] 025 05 0.75 1
p—r
R—1

Puc. 4. PacnpepeneHue oceBbIX HaNpsXXeHU! No Ton-
wmHe o6onouku npn p, =(R+r)/2:1- §/R=01,

2-0/R=0,2, 3- 6/R=0,3, 4- 6/R=0,4,

5- 6/R=0,5
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Oocy:xxaenne pe3yJbTaToB

CormacHo IMNOJIYYCHHBIM pPE3yJIbTaTaM YUCJICHHBIX PAaCY€TOB, C YBCIMYCHUCM OTHOCHUTEIBHON TOJ-
IIUHBI CTCHKH 000JI0UKH pagrualIbHBIC CKUMAIOMIUC HAIIPSXKCHUA, IIPHU KOTOPBIX IMOJOBHHA TOJIIWHBI
CTEHKH MEePEXOIUT B CTAIHIO INIACTHICCKOTO Te(OpMUPOBAHHMSI, BO3PACTAIOT 110 a0COMIOTHOM BETMIMHE,
JocTuras HanOoJIbIEe 3HAUYECHHE HA BHyTpeHHeI‘/'I rpaHune 000JIOUKH. Opr)KHI)IC pacTaAruBarome Ha-
IPSOKCHUSA, IIPU KOTOPBIX IIOJOBHMHA TOJIIHWHBI CTCHKHU 000JI0YKH MEPEXOJUT B CTAAUIO IIIIACTUYCCKOI'O
,I[C(I)OpMI/IpOBaHI/IH, C YBCJIMYCHUEM OTHOCHTCIIBHOMU TOJIIWHBI CTCHKU YMCHBIIAIOTCH. HpI/I 9TOM IIO
TOJIIIUMHE CTCHKU OKPYIXHBIC HANPSXKCHHUA U3MCHAIOTCA IO HeJ'IHHefIHOMy 3aKOHY B YHpYyromjactuydc-
CKOM cTagun, J1OCTUTrasd MakKCUMyM B CPECANMHHOM CCUYCHHU CTCHKHU 06OJ'IO'-IKI/I, COOTBCTCTBYIOIIIEM IICPEC-
X0y YIpyTHuX AedopManuii B INIACTHYECKHE. B ympyro#t ctaany oKpyXKHbIE HANPSOHKEHHS] YMEHBIIAI0T-
Ci, a B IUTIAaCTHYCCKOM CTagun — YBCIIMYUBAIOTCA. OceBrle HaIlpsKECHUA B MpEaciax IIaCTUYCCKUX Je-
(bOpMaHI/Iﬁ BO3pacCTaroT IO TOJIIUHE CTCHKHU O6OJ'IO‘1KI/I, a B Ipecaciiax yrnpyrux ILG(I)OpMaHI/IP'I OCTaroTCs
noctosHHBIMA. C YBEIIMYECHUEM OTHOCHTEIBLHOM TOJIINHBI CTCHKHU 000JIOYKH OCEBEIE HalpsOKEHUS, IIPpU
KOTOPBIX ITOJIOBUHA TOJIIWMHBI CTECHKH MEPEXOAUT B CTAJUIO TIIACTUYECKOTO I[eq)OpMI/IPOBaHI/ISI, YMEHb-
nratorcsi. B mnactudeckoit ctanuu 1eopMUPOBaHUS HHTEHCUBHOCTH HANPSDKEHUH, TPU KOTOPBIX TTOJIO-
BHHA TOJIIWHBI CTCHKU TMEPEXOJUT B CTAIUIO TUIACTUYECKOTO Je(GopMHUpOBaHHUs, BO3PACTAIOT C YBEIIH-
YEeHHEM OTHOCHTEIIFHOM TOJIINHBI CTCHKH O6OJ'IO‘IKI/I, aB ynpyroﬁ cTaau — C YMECHBIICHUEM OTHOCH-
TEJILHOM TOJINIMHBI CTCHKHU.

3akiouenne

[ToryyeHHBIE B paMKax JaHHOTO HCCIICTOBAHHS PE3yJIbTaThl MO3BOJSIOT PACCUUTATh HAIPSHKEHHO-
JIeOpMUPOBAaHHOE COCTOSIHME TOJCTOCTEHHOW CTECHEHHOW IIMIMHIPUYECKON 000JOYKH M3 HEC)KHMae-
MOT0 MaTtepuaia, HaXOoIIeHCs o1 JeHCTBUEM BHYTPEHHETO JaBJICHUs, B TOM CIydae, eclld IHarpam-
Ma JIle)OpMHUPOBaHKS MaTepuaia B IIACTHYECKON CTAIHU OIMMCHIBACTCS HEIMHEHHBIM 3aKOHOM nedop-
MAaIMOHHOTO ynpouHeHus. [locTpoeHHble Tpaduyeckre 3aBUCMOCTH MO3BOJISIIOT OIIGHUTH B 3aBUCHMO-
CTH OT U3MEHEHHUsI OTHOCUTEIBHOM TOJIIMHBI CTEHKH 000JIOUKH XapaKTep H3MEHEHHS OKPY>KHBIX, Paji-
QIBHBIX M OCEBBIX HAINPSHKCHUH, BO3HUKAIOUIMX MPHU YIPYTOILIACTHYECKOM J1e(OPMUPOBAHHH, KOTIA
TUTacTHYeCKast 30Ha OXBATHIBACT ITOJIOBHHY TOJIIMHBI CTEHKH 000JI0YKH, YTO MOXKET OBITh UCIIONIb30Ba-
HO B 33J1a4ax aBTOQPETUPOBAHUS.

Hccneoosanue evinonneno 3a cuem epauma Poccutickoeo nayunoco ¢omnoa Ne25-79-10135,
https://rscf.ru/project/25-79-10135/.
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AXISYMMETRIC DEFORMATION OF A THICK-WALLED CONSTRAINED SHELL
UNDER INTERNAL PRESSURE WITH A NONLINEAR LAW OF STRAIN
HARDENING

I.K. Andrianov
Komsomolsk-na-Amure State University, Komsomolsk-na-Amure, Russian Federation
E-mail: ivan_andrianov_90@mail.ru

Abstract. The study considers axisymmetric elastoplastic deformation of a thick-walled constrained
shell made of incompressible material subjected to internal pressure. The problem is solved using the
method of variable elasticity parameters, taking into account the nonlinear law of deformation harden-
ing. Based on the calculation results, the paper presents the distribution of radial, circumferential, and
axial stresses for various relative shell wall thicknesses when the boundary of the plastic zone passes
through the median surface of the shell.

Keywords: elastoplastic strain; nonlinear hardening law; thick-walled shell; axial symmetry.
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W3OTEPMMWYECKOE TEHEHUE KY3TTA-NYA3ENNA
BA3KOW HECKUMAEMOW XKNOKOCTHU
C MAJIOU BEPTUKAJIbHOU CKOPOCTbIO

A.B. Nopuwkose*?, E.FO. Mpoceupsikoe™?

' YHemumym mawuHosederus: YpO PAH, e EkamepuH6ype, Poccutickasi ®edepayusi
2ypc';mbcr(u::/ gedeparbHbIl yHUBepcumem, . EkamepuHbype, Pocculickasi ®edepauusi
E-mail: alexs5gor@mail.ru, evgen_pros@mail.ru

AnHoTauus. PaccmaTpuBaercsi HeoqHOpPOAHOe pewieHue ypapHenuii HaBbe—
Croxca, onuchiBamlee TpexMepHOe KpPyNHOMaclITa0HOe M30TepMHYecKoe 3a-
BuxpeHHoe tedyeHue Kysrra—Ilyazeiina Bsi3koii Hec:xkumaemoil skmakocru. Ha
cB000IHOI1 HeaedopMuUpYyeMOll TrpaHulle KUAKOCTH (NPHUOJIMAKEHHEe «TBepAoiD
KPBILIKH) 3aJaHbl KacaTeJbHble HANpSKeHUsl, MOJeJMPYIOLIUe BoO3/elcTBHe
BeTpa (cuay TpeHusi). Ha TBepioii HMKHeil MOBEePXHOCTH 0ECKOHEYHOro ropu-
30HTAJBLHOIO CJO0S1 KMIKOCTH 3aJaHbl yCJOBHUS ckoabkeHusi HaBbe. B craThe
paccMaTpuBaeTcsl YCTAHOBUBIIeecs IepPeXoJHOoe COCTOSIHME OT HEeOJHOPOIHOIo
CIABHUIOBOI0 Te4YeHUS] K TPeXMEpPHOMY [IBHKEHUIO KMIKOCTH C MAJOil BepTH-
KaJIbHOM ckopocThio. Mccienyercs BJAMsIHME MAJbIX OTKJIOHEHMII I'DAaHMYHBIX
YCJIOBHUI OT YCJIOBHIl COBMECTHOCTH IepeolnpesieJIeHHOW CHCTeMbl YpaBHEHWN,
ONUCHIBAKOLIEH HeoqHOpPOAHOe cABUroBoe Tedenue Kysrra—Ilyazeiins. Ilokasano,
YTO NPH HAPYIIEHUH YCJIOBHIi COBMECTHOCTH BePTHKAJIbHAS KOMIIOHEHTAa CKOPO-
CTH MOeT ObITh OTJMYHOH 0T HyJs. Pemenue paspemaromeii cucrembl Tpex-
MepHbIX ypaBHennii HaBbe—CToKca NOCTPOEHO B BUJe Psiia N0 CTeNEeHAM MaJjo-
ro nmapaMerpa, onpeJe/sioOIero OTKJIOHeHHe TPAHUYHBIX OT YCJIOBHH COBMecCT-
HOCTH ¢ KOI(pPULMEHTAMM, 3aBUCAIIUMU OT BePTHKAJbHOI KoopauHaThl. Ko-
3¢ unMeHTHI NoJy4YeHbl B BH/e NOJJMHOMOB BePTHKAJbLHOI KOOPIMHATHI.

Kniouegvie cnoea: ypasnenus Hasve—Cmokca, mpexmepuvle meuenus, CO8U2o-
6ble meueHuUs;, MOYHOoe peuieHue, YClo8Uue cOGMeCmHOCMU, 603MyueHue, Maslli na-
pamemp.

BBenenue

Tounble penieHns ypaBHEHUN THAPOAMHAMUKN UCTIONB3YIOTCS ISl MATEMaTHIECKOTO MOICITUPOBa-
HUSl MHOTHX IPOIECCOB XUMHYECKOH U HEPTEXMMHUYECKOW TEXHOJIOTHH, BKJIIOYAs MPOIECCHl KOHBEK-
THBHOI'O0 Macco- U TEIUIONEPEHOCA U PAa3INYHbIX IPUPOAHBIX ABIECHUN [1—4]. AIBEKTUBHBIE U30TEPMU-
YECKHE TEUEHUS! HEBPAIIAIOIICHCS BSI3KOW KUAKOCTH HCCIEIOBAINCH MHOTUMH aBTopamu [5-9]. B pa-
6orax [1, 2, 5-9] paccMaTpuBaiOCh IPUMEHEHHUE KJIacca TOYHBIX pereHuil ypaBHeHuit HaBre—Crokca
JUISL C)KUMAEMOM JKUJIKOCTHU C JIMHEHMHONW 3aBUCUMOCTBIO KOMIIOHEHT PELIEHUs OT ABYX KoopauHat. Ko-
3¢ UIUEHTHI TUHEWHBIX (PYHKIUN 3aBUCAT OT TPEThed KoopauHaThl. PelieHne 3a1aun CBOAUTCS K MH-
TErpUPOBAHUIO HEIMHEHHON CHCTEMbl OOBIKHOBEHHBIX U (EpEeHINANBHBIX YpaBHEeHUH. B Hay4yHBIX
crathsax [10—14] npemraraercst UCIONIB30BaTh ATOT KJIACC TOYHBIX PEIISHUHN TSI OMMCAHUS aIBEKTHBHO-
ro (CIIONCTOT0) TSYCHHS BSI3KOW HEC)KMMAEMOM KUJIKOCTH. B pe3ynbraTe moJCTaHOBKY Kilacca PerieHU
B ypaBHeHUs HaBbe—CrTOKca moiryyaeTcsl mepeorpesesieHHasl cucTeMa OOBIKHOBEHHBIX auddepeHiu-
aTbHBIX ypaBHeHHA. OIHAKO, KaK 3aMEYalOT CaMU aBTOPHI, BOIPOC 00 YCIOBUSX COBMECTHOCTH IOJIY-
YEHHOH CHCTEMBI OOBIKHOBEHHBIX TU((pepeHInaIbHbIX YPABHEHUH MU HE paCCMAaTPUBAJICH.

B pabotax [15-18] mocTpoeHs!l TOUHBIE penieHns: cucteMsl ypaBHeHniH HaBre—CTokca ¢ TUHEeHHON
3aBUCUMOCTHIO TOPU30HTAILHBIX KOMITIOHEHT CKOPOCTH OT JIBYX KOOPJHMHAT, OMFCHIBAIOIINE aIBEKTHB-
HOE (CIIONCTOE) TEUCHHUE BS3KOM HEC)KMMAEMOW JKHIKOCTH. Takoe pemeHne OyaeM Ha3bIBaTh HEOHO-
POIHBIM, B OTJIMYUE OT TOYHOT'O PEIICHUS], B KOTOPOM KOMIIOHEHTBI CKOPOCTHU 3aBUCST TOJBKO OT OJTHOM
KOOpIWHATHL. B paboTax MOIyIeHbI U UCCIICOBAHBI YCIOBUS COBMECTHOCTH CHUCTEMBI YPaBHEHUM, OIH-
CBHIBAIOIIEH HEOMHOPOIHOE peIieHUE. Y CIOBUS COBMECTHOCTH HAKJIAABIBAIOT HEKOTOPHIC OTPAaHUICHUS
Ha KOMIIOHEHTBI CKOPOCTH TCUCHHUSI )KUJKOCTH U, CICAOBATEIBHO, HA TPAHUYHBIC YCIOBUA 3a/1a4U.

B nacrosmeli pabote mcciemyercs HeOMHOPOIHOE PEIICHUE, OMUCHIBAIOIEE W30TEPMUIECKOE Te-
YEHHE BSI3KOW HEC)KMMAEMOU >KUJIKOCTH IO TBEPAOU TJIOCKOCTH C YYETOM CKOJIBXKEHUS 10 TBEPAOU 1Mo~
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BEPXHOCTH TIPH MaJIbIX HAPYIICHHUSX yCJIOBHH COBMeCTHOCTH. [Ipemmonaraercs, 4To OTKIOHEHHS MPO-
MOPIIMOHATHHBI MAJIOMY TlapamMeTpy. Pererne mocTpoeHo B BUE psia IO CTEMEHsIM MaJIoTo IapaMeTpa.
KoaddunmeHTsl psaoB SIBISIOTCS MHOTOWICHAMU BEPTHKAILHOW TmepeMeHHOU. [locTpoeHbI mepBbie
npuOIKeHus perieHus. [loka3aHo, 4To MpU HapYIICHUW YCIOBUH COBMECTHOCTH BO3HHMKACT BEPTH-
KaJTbHasi KOMIIOHEHTa CKOPOCTH.

IlocranoBKka 3a1aun
PaccMoTpuM ycTaHOBHBIIIEECS H30TEPMHYECKOE IBIKEHHUE BA3KOW HECXKIMAEMOI JKUKOCTH B Oec-
KOHEYHOM TOPU30HTAIHHOM CIIO€ KHUIKOCTH. TedeHune ommchiBaeTcs ypaBHeHmsiMu HaBre—CTOKCa, KO-
TOpBIC B 0€3pa3MEPHBIX TIEPEMEHHBIX UMEIOT BUI;
V)(%+Vy%+vZ OV =—E+iAVX :
OX oy oz ox Re

oV Y, oV
. y > +V,— =—8—P+iAvy, (1)
OX oy oz oy Re

&, &, N, 1o 1

V,—%£+V, —2+V,—‘ft=—FS—+— ,
“ox Yoy taz 5260z Re °
avX+%+avZ:0
oXx oy oz

B cuctems! (1) BBenens! cienyrommue obo3HaueHus: Vy , Vy, V, — 6e3pasmMepHbIe KOMIIOHEHTEI BEKTOPa
CKOPOCTH XHIKOCTH; V), — XapaKTepHbIH MaclITad rOpu30HTAILHBIX KOMIIOHCHT CKOPOCTH; MacmiTad
BEPTHKAJIbHOW KOMIIOHEHTHI CKOPOCTH BBIOpaH B BHIE V,, =0V, ; 0e3pa3zMepHble TOPU3OHTAIBHBIE KO-
OpAVMHATHI X, Y ONpeneIeHbl XapaKkTepHbIM MaCIITa0OM JUIMHEI L, a momepednas KoopAnHATA Z — TOJIIH-
HOWM cios xuakocty h; o = h/ L — oTHOIIeHHE MAacIITa00B JUIMHBI, V — KO3(D(UIIMEHT KHHEMaTHICCKOM
. . o 9° 1
(MONIEKYJIIPHOM) BA3KOCTH XHAKOCTH, Re =LV, / v — umucio PeiiHompaca, A ==+t St
ox° oy° o°oz

oreparop Jlarmaca B 6e3pa3MepHBIX IepEMEHHBIX.

Jnst HaXOoXKJIeHUs] YaCTHOTO pEIIeHUs CHUCTeMbl ypaBHeHUWH (1) 3amanmuM rpaHWYHBIE YCIOBUS Ha
00erx TpaHUIax cJos JKUAKOCTH. Ha HWKHEH, TBepAoil MOBEpXHOCTH, OMHCHIBAEMON YpaBHEHHEM
z =0, npeamnosaraeTcs CKOJILKEHHE KUIKOCTH COriacHo ycinosuio Hasbe [19-24]:

oV
a(lavx _'_5%) =V,, a l_y_,_&aVz =V, )
o o1 X J,_o o oz oy -

M YCJIOBHE HEMPOTCKAHUS VZ|Z:0 =0. 3xech a — 6e3pasmepHbIii KO3 duIieHT TpeHus. Ha cBoOoHOM
HeehopMHUPYEeMON MOBEPXHOCTH (MPUONMIKEHHE «TBEPAOI» KPBIIIKK), OMUCHIBAEMOI YpaBHEHHEM
z=1, 3anana cuia F B Ge3pasmepHOM BHJIE ¢ KOMIIOHEHTaMu F = (rx,ry, Pa). KoMnoHeHTsI cuitel 7, ,
T, 3a/lal0T KacaTelbHbIE HANPSUKEHHMS Ha CBOOOIHON MOBEPXHOCTH XKHMKOCTH, MOJIEIMPYIOIIME BO3-
nevictBue Betpa [19-24]:
1oV, .oV 1Vy oV
(10520 o, (124,52
o oz ox ), o oz oy

=7
z=1
SABIISIIOTCS JINHEMHBIMU (DYHKIIMSMH TOPH-

y: ©)

By,I[CM CHUTATh, YTO KaCATCJIbHbIC HAIIPSKCHUSA T, , T y

30HTAJIBHBIX KOOpAWHAT:

TX = Tlo + XTll + y2'12 y Ty = Tzo + XT21 + yT22 f

y
rae 7j; — nocrosHHbIe. Tperbs komnoneHTa cuiibl F — nasienne armocgeps P,. Jlasnenne P, 3anaercs
KBaJpaTHIHON (PYHKITHCH:
0 0 0, ,2p0 0, ,2p0
Py =Ry +XRg+ YRy +X"Py + Xy Ry + Yoy,

0 p0 p0 p0 p0 po
rne Py, Po, Py1y Py, P, Py —mocrosHHEIe.
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TouHoe pemienue cuctembl (1) Oyaem HCKaTh B MOJUHOMHUANBHOM kiacce Jlmas—CumopoBa—
Apucrona [1, 3]
Vi =Ug(2)+xUy(2)+YU,(2), V, =Vo(2)+xVy(2)+ Wa(2),
Vz =W (Z) J (4)

2 2
P=PR)(2)+XxPg(z)+ YRy (2)+Xx Py (2)+xyR1(2)+ Y Py(z).
3necy Uy, V — hoHOBBIE crlaraeMble FOPU30HTAIBHBIX KOMIIOHEHT CKOPOCTH KHJKOCTH, GyHKIuu U,
Vi, U,, V, ONHCBIBAIOT CKOPOCTH Ae(OPMAIMHU HIEMEHTA KUAKOCTH (IPOCTPAHCTBEHHBIE YCKOPEHHS).

[locme momcTaHOBKYM BHIa pemieHwid (4) B CHCTEMY HCXOIHBIX ypaBHeHHi (1) momydum cuctemy
OOBIKHOBEHHBIX HEIMHEHHBIX TU(HEPESHITUATEHBIX YPAaBHCHHMIA:

Ug = 52 Re[Pg +UgU; +VU, +WU; ], Vg = 52 Re[ Ry, +UgVy +VoV, + WV,
Uy =Res? (2P20 +U12 +U,V; +WU1') , Us =Res? (R +UU, +ULV, +WU5 ),
Vi'= 6" Re(Ry +UN; +ViV, +WVY), Vg = 5% Re| 2Py, +UV; +VF +WV; |, ()

W” =RePRy, +Res? WW',
U, +V, +W'=0,
Ro=0, =0, Py =0,R,=0R;=0.
3nech u Janee mMTPUXOM 0003HAYaeTCsl MPOU3BOAHAS COOTBETCTBYIOIIEH (YHKIMH 10 MEPEMEHHON Z.
Hns cnouctoro teuenus (W (Z) =0) cucrema ypaBHeHuii (5) IpUMeET BH/I:

Ug =62 Re[Pg +UgU; +VU, ], Vg =382 Re[Py + UV, +VV, ]
Fio=0, R =0, Ry =0, Py =0,R;, =0,R; =0, (6)

Uy =Res? (2P20 +U72 +u2v1) , Uy =Red? (R +UU, +ULV,),
V=6 Re(Ry +UN; +ViV, ), Vi =67 Re| 2R, +U\y +Vy |, (7)

I'pannunsie ycnosust (2) u (3) ans cucreM ypaBHeHui (6)—(8) ¢ yderom kiacca pemieHus (4) ciemnyro-
ue:

U5(0) = (0) (0) =avi(0),
U, (0)=aU;(0), 6V1(0)=aVy(0), 6U,(0)=aU;(0), oV, (0)=av;(0), (9)
Ug (1) = 5210, V(1) = 5220, UL (1) = 5213, V{(1) =5 731, Up (1) =511, V3 (1) =57,

Ro (1) = Pl% » Py (1) = Pool » Py (1) = Pz% » Fo (1) = Pooz » Ay (1) = Pﬁ :
Cucrema (6) onmceiBaeT (DOHOBEIE CllaraeéMbleé KOMIIOHEHT CKOPOCTH, a cuctema ypaBHeHud (7), (8) —
K03(pPHUIIUEHTHI CIBUTOBBIX CIaraeMbIX KOMIIOHEHT CKOPOCTH KUAKOCTH. CHCTEMa HEJIMHEHHBIX OOBIK-
HOBeHHBIX auddepeHuranbubix ypaBHenuid (7), (8) — mnepeonpenenenHas (auddepeHIHanbHO-
anreOpanyveckas) CUCTeMa YpaBHEHUH. Y CIOBHUS COBMECTHOCTU cucTeMsl (7), (8) uccienoBaiuch B pa-
borax [1, 2, 15] u umeroT BU

UZ+U,V, =0, (10)
Oo6mee pemrenue cucreMsl (7) ¢ yaerom ycnoswuii copmectHocTH (10), (11) u ycioBust Hec:xumae-
MocTH (8) mpeacTaBisieTcs TMHEHHBIMA (YHKITUSIMH ITEPEMEHHON Z !

U;=Cz+C,, U, =C32+Cy, V; =C52+Cq, V, =—(C,z+C,).
Ycnosue coBmectHOCTH (10) B TepMHHAX TPaHUYHBIX ycIoBHiA (9) mOdydHTCes crenyomum [6]:
T2t + 711 =0, (12)
Pz% =0, Pﬁ:O,POOZ =0,
a yCIIOBUE HECKMMAeMOCTH (8)
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[Ipu BeITOMTHEHNH yCIOBUIT coBMecTHOCTH (12) peamusyercs CIONCTOE M30TEPMHUYECKOE TEUEHHUE BSI3-
KOM HEC)KUMAaeMOH JKUIKOCTH.
PaccmoTpum pemierne cuctemsl (5) mpu MajbIX HAPYHICHHUSX (BO3MYIIICHHUSX) YCIOBUS COBMECTHO-
cty. i 3TOro npeAcTaBUM KacaTelIbHbIC HATIPSHKEHUSI Ha CBOOOIHOM I'paHUIIEe B BHJIE
0 1 0 1 0 1 0 1
T =T FHT, Tp =T Y HToy Toy =T HTo1, Top =T+ HTpp,
TZe { — MaJIBIA TTapameTp, ri(j) — HEBO3MYIIIEHHBIE 3HAYCHHUS, rﬁ — BO3MYIIIEHUS KacaTebHbBIX HaIpsDKe-
Huii. COOTBETCTBEHHO, KO (PUIIMECHTHI KBAIPATHYHBIX CJIAracMbIX B BRIPAKCHUH JABJICHUS aTMOC(HEphI

0_,pl pO_,pl p0_ ,pl
Poo = 1Ps0, Ry =uR1, Foy = 1Ry, -
Cnaraemple KacaTeIbHBIX HalPSKEHUM Ha CBOOOIHOM MOBEPXHOCTH T1g, Topy M KOO(D(OHIMEHTHI THHEH-

HBIX 110 X, Y ClIaraeMbIX JaBJICHUS HE BXOJAT B YCJIOBHSI COBMECTHOCTH M CUUTAIOTCS HEBO3MYIIIEHHBIMHU.
Cunraercst, uto pu 4 =0 BBHIMOJIHSIOTCS yCIOBUS COBMeCTHOCTH (12) 1 ycnoBust HecxxumaemocT (13)

1 HEBO3MYILIEHHOE JIBUKECHHUE ABJISICTCS CIIOUCTHIM:
2
0 0.0 _
(Tll) + 7121'21 =0.
Torma Beipaxenwne (12) ¢ TOACTAaHOBKOW BO3MYIIIEHUH MPUMET BUJ
2
01,01 , 01 01 2( (.1 1.1 |_
H (711711 T 712701 T 71712 ~ 11722 ) +tu ((711) + 712721j =0.

Jnst ymobcTBa manmbHEHIIAX WCCIeNOBAaHUMA MPE/ICTABIM PEIICHNE UCXOJIHON CHCTEMBI ypaBHEHHMA
(1) B BuzE:

V, =Ug +x(£(2)+7(2))+ Y (72(2)-(2)), Vy =V (2)+x(72(2)+2(2))+ y(£(2) - 1(2))
V, =W (z), (14)
P =Py (2)+XPyg (2)+ YPyy (2) +X*Pag (2)+XyPyy (2) + Y*P, (2).
Iepemennas &=(U;+V,)/2 ommuchiBaeT CKOPOCTh HM3MEHEHMs IUIOWIAZM JIEMEHTA IKHUIKOCTH,
Q=(V,-U,)/2 - yroBylo ckopocts BpameHuws onementa okuakoctd, y =(U;-V,)/2,
Vo = (U2 +V; ) / 2 — KOMIIOHEHTHI JIeBUATOPa TEH30pa CKOpocTel JaedopMaliuii 3J1IeMeHTa )KHUIKOCTH.

I[Tpu moncraHoBke Kinacca pemenus (14) B cuctemy ypaBHeHHH (1) MOTyYUM CIIEAYIONIYIO CHCTEMY
OOBIKHOBEHHBIX HEJIMHEHHBIX TUPPEepeHINATLHBIX YPaBHEHUH:

Ug=6%Re[ Ry +Up (e+77)+Vg (72 ) +WUg |,
Vi =62 Re[POl(z)+Uo(z)(7/2(z)+Q(z))+V0(z)(g(z)—7l(z))+w(z)Vo'(z)],
W" =Re(Rj+5WW'), Q" =Res (2:0+WQ), £+W'=0,
7 =Red? (P —Pop + 2671 +Wy] ), (15)
75 =62 Re(Py+2ey,+ W),
Ry =0.Ry =0, Py =0, Py =0, R, =0,R; =0,
‘9”:Re52(P20+P02+<92+;/12+7/22—Q2 +Wg’).

I'pannunsie ycnoBus (2), (3), B coOoTBETCTBUH ¢ BUAoM perierns (14), momyyarcs cienyromue:
Ha HIKHEH TPpaHuIe )KUIKOCTH:

U5 (0)=aU, (0), 671(0)=ay,(0), &75(0)=ay,(0), V5(0)=aVy(0), 5 (0)=aQ(0),
o' (0)=ag(0), W(0)=0;
Ha CBO6OI[HOﬁ IMOBCPXHOCTHU:
Up(1) =870, V(1) =720, &'(1)= 8 (ehy + 732 ) /2, 1 (1) =,
75(1)=8(r2+79)/2, X (1)=6(r1—115)/2, (16)
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0 0 0
on (1) = on Poz (1) = Poz ) Pll (1) = Pll'
BbII[eJIPIM ABa ciiydad BO3MyHleHI/II/I HepBBIH — BO3MYIICHHUA KaCaTCIbHBIX HaHpH)KeHI/II/I Ti:

1
1

YCIIOBHIO HecxKMMaeMocTHn aisi ciouctoro tedenws (13). Ilpm sTom OymeMm cumtarh, 4TO NaBIeHHE

j Ha

CBOOOJHOM MOBEpXHOCTH. Bo3MyIieHus 7;; MOTYT HE YJOBJIETBOPATH YCIOBHUSM COBMecTHOCTH (12) u

PO (x, y) Ha CBOOOHON MOBEPXHOCTH HEBO3MYIIICHHOE M OIUCHIBACTCS JTMHEWHOMW (PYyHKIMEH TOPU30H-
TaJbHBIX KOOPIUHAT COTJIACHO YCIOBHUIO COBMCCTHOCTI/I (11). Bropoii ciaygaif — kacaTenbHBIE HaIpsbKe-
HUSl Ha CBOOOHOUW MOBEPXHOCTH HEBO3MYIIICHHEIC, r =0, a AaBlieHUE TIPEJCTABICHO KBaAPATHUIHOM

(GyHKIHEH TOPU30HTATBHBIX KoopauHat (14), Koacb(bHuHeHTH MIPH KBAaJIPATHYHBIX CIAraeMbIX IPOIIOp-
MUOHAITLHBI MAJIOMY TIApaMeTpy U.

IHocTpoenne pemieHui AJis1 BO3MYIIEHHbIX KacaTeJbHbIX HANIPSIZKEeHU I

[lepBsrii cmyqait. Ha cBoOOIHOM MOBEPXHOCTH BO3MYIIEHHBIE TPAHHYHBIC YCIOBHUS 3aBUCIT OT Ma-
joro mapamerpa y 1 uMeroT Buj (16). Pemenue cuctemsl ypaBHeHUH (15) mpy rpaHUYHBIX YCIOBUSX
(16) mmem B Buie pSAAOB TI0 CTENICHSM MaJIoro MmapaMeTpa L.

ZumUo ) Vo(z,n)= ZumV W(z,u)= > u™w"

m=0

zzpmgm(z), Q(z,u)zgumgm(z), (17)
Zu)=ium7{“(z), y2(z.1)= Zu

Tak KaK HEeBO3MYIIEHHOE TeUeHHE CIIONCTOe, To &°(2)=0 u W (z) =0. [IpupaBHuBas ko>pdurmen-
THI TIPH OJIMHAKOBBIX CTENEHSIX MAJIOr0 MapaMeTpa |i, TIOMyYHM MOCIIe0BATEILHOCTh HEOTHOPOIHBIX

CHUCTEM JIMHEWHBIX OOBIKHOBEHHBIX nuddepeHnmanbHpx ypaBHeHni. CuicteMa ypaBHEHHH M-0ro MpH-
OJIMKEHUS UMEET BUIL:

U =5%Re Plfg;+' (U(i)(gj+7lj)+vcj(7zi_Qj)+WjU(i)I) ’

Ve =52 Re[POT +(v0' (&7 -1 )-Ug (72 + )+leo"ﬂ ,
i+j=m
W™ =Re| B +62 > wiwi" |,
i,j=0
i+j=m o o
Q™ (z)=Red? Y. (2500 swil),
i,j=0
i+j=m

7" =Res?| PR PR+ Y [25 % +W'(7/1)) , (18)
i,j=0

Pomlzofplgvzo F)01 =0, on =0, Poz =0, F)11 =Y

m
mr _ 2| pm , pm S R R i) i
=Red"| Py + Py, + Z (g e Nyt —QQ +We
i,j=0
Cucrema ypaBHEHHWH TpU HYJIEBOW CTEIICHW TapaMeTpa 4 Has3bIBaeTCs Mopoxmaromieid. ITopox-
JTAIoNIasi CHCTeMa OMMCHIBAET aJBEKTUBHOE TEUEHHE HEC)KUMAEMOM KUAKOCTH U ABIISIETCS Mepeonpee-
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neHHor win auddepeHnuansHo-anredpandeckoil. OnHO U3 ypaBHEHUI CHCTEMBI — anredpandeckoe co-
otHomrenue. [lpu BeimomHernn ycnoBuit coBmectHocTH (11), (12) u ycnosust HecskumaemocTH (13) mms
CJIOUCTOTO TEUCHUS IMOPOXKIAIOIIAsl CUCTEMa ITPUMET BUJI:

Ug' =62 Re[Plo +Ug77 +Vg (7’2 QO)] Vo' =62 Re[Pool o7 +Uo (72 "‘QO)}
Q" =0, B =0, " =0, (19)
pp+ RS +(10) +(3) () =0. (20)

Ycenoue coBmecTHOCTH (12) B HOBBIX IMEpEeMEHHBIX MPeoOpa3oBajIoch B alreOpandeckoe COOTHO-

menue (20), CBA3BIBAIOIICE IIEPEMEHHBIE, ONMMCHIBAIOIINE KOMIIOHCHTHI CKOPOCTH CIIBHTA 7/10 , 73 , yrIio-

BYIO CKOPOCTH BpamieHus s1eMenta skuakoctn Q° u kosddurments: nasrerns Py, PY, BRI [3, 4].
O6miee perrenue cuctemsl (19) ¢ yuerom HeBo3My1ueHHblx IPAHUYHBIX YCIOBUN UMEET BUL!

7 (2)=C(z+ald), y3(z)=C3(z+als), Q°(z)=C2(z+als).

5 4 2
2 o4 z'(a 1 a® 5a 5
U§ =Re? 5*((c-Cg)Ry+ IR )| 2 o 24[3 —12j+z[—52+65+—z4J+

3 2 3 2 2 2
+a—3+ §a_2_z_g_z_a2+£a +(z+ajrloo+Re P2 L —z-2 |4
o 56 30 268° 246 o 2 o

3 2 .2 2
2 z z a z7a aja a 'l
+Re(c171° (62-C)e2 )5 2735 28 (Z+5](52+5+3J'

Cf((cg—CS)Po"l+CfFa%)Fa_2+z a 7° 24(161 )

Vo (z)=Re?s* ——— A~ = 25 o o
; c§—c?

252 368 40 12

2
—(z+3j 2,108, +1'20(Z+ j+ReP0152 z P
S\ 8% 125 24 ) 2 5

C(Clz'lo (cg_cg)fgo) (2 #a Zza_2+(z a](az . 1j

+Re 5 | ———=—— 5 | =+t=+3
C3—C5 12 36 256 o)No6c o 3
3neck BBEIEHBI 0003HAYECHUS:
CY =07y, €3 =5(z, +r§l)/2, cl= 5(731—7102)/2. (21)

Cucrema ypaBHeHHUH NepBOro NpUOINKEHUS

CucreMa ypaBHEHHH NEpBOro MPHUOIIKECHUST CTPOUTCS Ha ocHoBe cucteMsbl (15). Tlocne mopcra-
HOBKHM BBIPKEHUI CABHTOBBIX CIaraeéMbIX KOMIIOHEHT CKOPOCTH C YHYETOM YCIIOBHS HEC)KMMaeMOCTH
MOJYYMM JIMHEHHYIO0 HEOJHOPOIHYIO CHCTEMY OOBIKHOBEHHBIX TU(QepeHINANBHBIX YPaBHEHHH BOCH-
MOTO TIOPSJKa C MepeMEHHBIMH Kod(dUIMEeHTaMHU. 3/ieCh U Janiee Oy/leM SBHO yKa3bIBaTh apryMEHT
(YHKIIMIA, U3BECTHBIX K MOMEHTY PEIIeHHS OYepeIHON MOJICUCTEMBl YPaBHEHUN. Y PaBHEHUS CHCTEMBI
3aMHCaHbl B MOPSAAKE UX PEIICHUs. Y paBHEHUS IPaJUCHTOB 1aBICHUS:

PO’:O’P].O':O’ P01/=0, PZO,ZO’POZ,:O Pll—o (22)
YpaBHeHI/IH CABUI'OBBIX CJIara€MbIX KOMIIOHCHT CKOpOCTH pa36I/IBaIOTC$I Ha IBC€ MOACUCTEMBI:
~Res? (29051 +Q°’W1) ,
7' =Red? (Pl — Riy + 2705+ 1 W?), (23)

7 =6° Re(Pl1+27/25 +72’W1)
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ypaBHeHI/Ie CKOpPOCTHU U3MCHCHU IUIOIIAaAN 3JICMCHTA KUIAKOCTHU, BCpTHKa.HI:HOﬁ KOMITOHCHTBI CKOPOCTHU
KHAKOCTHU U (bOHOBOl"O I[aBJ'ICHI/IH Ha CB06OI[HOI>’I HOBerHOCTI/I'

=Res” (P + Py + 2771 + 20373 - 20°0 )
WY =—2¢t, (24)
W =ReR .
ypaBHeHI/Iﬂ q)OHOBI)IX cJ1araCMbIX KOMIIOHCHT CKOPOCTHU

UE =87 Re(1Ug + (78 -0 )Vg + Ry +US (68 +4) +V9 (3 - @)+ UG W

V" =5 Re( (78 + Q°)ug Vg + Rl +Ve (611 ) +US (13 + ")) (25)
I'pannunbie ycmoBus uist cucteM (22)—(25) Ha TBep10¥i TpaHUIIC:
63 (0)=aU3(0), & (0)=a7(0), 575 (0) =ar3(0), &V§' (0)=avi (0), 50 (0) =ac¥ (0),
se" (0)=a&'(0), W' (0)=0;
Ha CBOOOTHOW TpaHUIIE

Ug ( )=0, Vg (1)=0
51,(1)2(7111+T§2)/(25)’ ( 722)/ (T112+T§1)/(25)’
Q" (1)=(h -2 ) /(25), Pi(1)=0, R, (1) -0,R}(1)=0. (26)
C moMompio MPOCTHIX MPeoOpa3oBaHUil 3a7ada MHTErPUPOBaHUs cucTeMbl (22)—(25) cBoauTcs K
MOCIIEIOBATEIEHOMY B3SITHIO HECKOJNBKHUX KBanparyp. M3 mepBoit moacucreMsl (22) ciemayer, 4To rpa-

JUEHTHI JaBiieHus nocTossiHHble. O0Iee pemeHne cucTeMsl iepBoro npudmmwkenus (23), (24) nomxydeHo
B BHJ/IE CYMMbI MHOT'OYJICHOB [IEPEMEHHBIX Z 1 &/F :

4 3 2 2 3
e I R A P L
2 &5 12 3 5|3 3) 6% 2 5°

w! :-52@(%%}@{60:—2—10;—2@2 -3 2—6)—5%(23 -6 z—4)—z(z3—10)],

30

4 2
(1111—152)( 5)+ReC1Q1§3(122 22 + %% z3+%—(z+%j[%+%%+%n+

6 7 4 3 2
+Re2C1055 2 a2+z_§+z_+(z+3j 2a_4+§a_3+§a_2+§3+i +
155 4506 315 o)l oF 36° 36° 156 45

+Z_4 a_3_a_2_3_1 —ZZ(E'F—ZJ a_3+a_2+lg Q
12\ 8% 62 6 3 s 3% 82 357
1 &(a T o~ 3| z° a z3az4£aja21a1
=—|—=+12 + +ReC;Q,0 ——t——| Z+= || 5 +=—=+=| |+
V2 2(5 j(rlz ) 3Q (252 60 24 )62 25 6
4 3 2 3 3 2
+Re?CJs° Z—a—2+(a+zj 2a_4+§a_3+§a_2+£3+i | L 428 a—3+a—2+13 +
156 o 5 36° 36° 1506 45 3 oNs° §° 306
+£E+i+i a_3_a_2_i_l Q
455 315 12( 8% 52 5 3

Ql(z)zg(g+zj(rﬂ 712) C5Q1R953(;——%%( -27- 1)—%%(2 -3z- 1) 24(23_4)J+
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Cé) 2 <5 a5 a.4 2 3.3 2 3 4
+—2-Re? 5% 25205 —420-(32% ~62-8)+105-5(20+322-122° -4 2° + 2*)+
1260 s s B

2
+21%(32+100 7-2022-2023-57% +4 25)+7§(16+96 2-202°-152°+42°)+

+2(112-357° +426)}Q2 .
Pemrenus cucteMsl nepBoro NpuOIIKEHHS COACPIKAT JIBA CIaraeMbIX: OJHO C MHOXKUTENEM
_ 1,1
Q=71+,
BTOPOE C MHOXHTEIEM
_ 0 01,0 1 0 1
Q=731 71y + 7o T+ T Tp — 71 T (27)
IlepBoe cnaraemoe ONMCHIBAET BIMSHUE HA PELICHHE CUCTEMbI IEPBOTO MPUONIMKEHHS OTKIOHEHHUS
OT YCJIOBHsI HeCokuMaeMocTH (12), a Bropoe — BIUsSIHUE OTKIIOHEHHS OT YCJIOBHsI coBMecTHOCTH (13).

Ecnu Bemomnusitores paBeHctBa Q; = 0 m Q; = 0, To peuieHne cUCTeMBI MEPBOTO MPHOIMKEHUS
NPUHAMAET BU:

yllzé(rlll—zéz)(z+ij, 73 =é(3+ Zj(fllz +r§l), leé(g+z)(r%1—rllz), g=0,w=0.

2 o 2\ 0 2\ 0
BeprukanbHas KOMIIOHEHTa CKOPOCTH M CKOPOCTh M3MEHEHHS IUIOIIAAN JIEMEHTa )KUAKOCTH oOparia-
I0TCS B HYJIb, TCYCHHUE TIPH BBIIIOJHECHUU YKA3aHHBIX YCIIOBHUH OCTACTCSI CIIOMCTHIM.

I[lepBble mpuOIMKEHU (POHOBBIX CIIAracMBIX TOPU30OHTAIBHBIX KOMIOHEHT CKOPOCTH CTPOSITCS IO
TOM K€ cXeMe, 4TO M (POHOBBIE ClIaraeMble HyJIEBOTO IpHONMKeHHs. B pe3ynbrare moaydaroTcs moiu-
HOMBI BBICOKOT'O TOPSIIKA, KOTOPBIE 38 TPOMO3IKOCTBIO HE MIPUBOISTCSL.

I'pannuHbIe yCIOBHS CICAYIOUMX MpuOIMxkeHuid (M >1) Ha cBOOOMHOM TpaHMIle OEpPyTCS OIHO-

POIHBIMU g™ (1) =0, ylm' (1) =0, }/Sv (1) =0, Q™ (1) =0. Peumienust nony4arTcs B BUIC MHOTOWICHOB

HEPEMEHHbBIX Z U 38/J .

Himke mpuBeIeHbl pe3yabTaThl BHIYMCICHUI PEIICHUH CHCTeMBbI TepBoro npuommkenus (23), (24)
MIpY HEKOTOPBIX BapHaHTax 3HAUYEHHUH MapaMeTpoB.
Bapuant 1. [lapameTpsl cucTeMbI U TPaJUEHTHI AABICHUS:

Re=10, 5§=0,1, a=0, B) =1, RJ =0.
HeB03MYH_IeHHBI€ KaCaTCJIbHbIC HAIIPSKCHUS !
7 =10,0, 73 =0, 73 =1,0, 75 =-1,0, 79, =1,0.

Bo3myieHus kacatenbHbIX HAIPSHKEHUI: 2'111 =0,01, 2'112 =1,0, 2'%2 =0,1.

6.?

-0001 | 0001 0002 0003 20003 —0002 -0001 L 0001
a b
Puc. 1. Mpodunnu ckopoctn uameHeHns nnowlaam anemMmeHTa XuaKocTu (a) U BepTUKanbHON KOMMOHEHTbI ckopocTu (b) B

W1

3aBUCUMOCTU OT BO3MYLUEHUA KacaTellbHbIX Hal'lpﬂ)KEHVIﬁ T%l
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Ta6bnuua 1
Homepa kpuBbIX 1 COOTBETCTBYHIOLLME 3HAYEHUSA NapaMeTpa zél n oyHkuun Q n Q,
Ne 1 2 3 4 5 6 7
7%1 -1,42 -1,15 -0,9 -0,65 -0,4 -0,15 0,1
Q 0,11 0,11 0,11 0,11 0,11 0,11 0,11
Q, -0,3 -0,05 0,2 0,45 0,7 0,95 1,2

[Ipu BEIOpaHHBIX 3HAYEHUSIX BO3MYILICHHUS KacaTeNbHBIX HANPsDKEHUH, MpeCcTaBIeHHbIX B Ta0d. 1,
Gynxkin Q; m Q, (27) oTamuHbl OT HyJs. M3 momydeHHBIX pe3yabTaTOB BHIHO, YTO BEPTHKAJIbHAS
KOMIIOHEHTa CKOPOCTH Wl(z) (puc 1, b) 1 ckopoCTh M3MEHEHHS TUIOIIAIU DJIEMEHTA )KUAKOCTH gl(z)

MOTyT OBITh 3HaKONepeMeHHbIMU (pyHKIMsIMU (puc 1, @). Ha puc. 1 mpomuiocTpupoBaHo, 4TO MPOKC-
XOJIUT PACCIIOCHUE MKHUKOCTH MO BEPTUKATIHHON KOMIIOHEHTE CKOPOCTH: B MHJKOCTH BO3HUKAET CIIOM,
KOTOPBIN HE CMEIASTCS 10 BepTHUKAIU. [Ipr 3TOM CIIOM KUAKOCTH BhIIIE TOYKA CMEHBI 3HaKa CKOPOCTH
OITyCKAKTCS BHU3, a CJIOW HUXKE TOI TOYKHU MOJTHUMAIOTCS BBEPX.

Bapuant 2. [lapamerpsl cuctembl W rpaaueHTthl nasineHus: Re=10, 6=0,1, a=0, Pl% =1,
PY =0. HeBo3MyIleHHbIC KacaTenbHbIe HanpsokeHus: 7,y =10, 7,9 =0, 75 =1, 70y =1, 79y =1. Bos-
MYIILICHHS KacaTe/TbHbIX HampskeHuit: 73, = 0,05, 73, =1, 73, =—0,05.

1202 1§)z 7

0.8

W1
-0.003 -0002 -0.001 ! -0.001 ! 0.001 0.002 0.003 0.004
a b
Puc. 2. Mpodunu ckopocTM U3MEeHEeHUs1 NIoLaaN AfieMeHTa XXUAKOCTH (a) U BepTUKanbHON KOMNOHEHTbI ckopocTu (b) B

3aBUCUMOCTU OT BO3MYLLEeHUA KacaTelNbHbIX Haﬂpﬂ)l(eHMﬁ T%l

Ta6bnuua 2
Homepa kpuBbIX 1 COOTBETCTBYHIOLME 3HAYEHUA BO3MYLLEHUI KacaTerNbHbIX HanpsXXeHUn r%l 1 cbyHkummn Q, :
1 2 3 4 5 6 7
7%1 -1,35 -1,1 -0,85 -0,6 -0,35 -0,1 0,15
Q, -0,25 0,0 0,25 0,5 0,75 1,0 1,25

3nech (cM. Tabi. 2) KacarelbHbIC HAMPSDKCHUS TOJ00paHbI TaK, YTO BBIMOJIHACTCS MIEPBOE PABEHCTBO
(27) — ycnosue necxxnmaemoctH, Gynkius Q; obpamaercs B Hynb. Kpusas 2 (puc. 2, b)cooTBeTcTByeT
3HAYCHUSM KacaTellbHbIX HANPSHKEHUH, IPH KOTOPBIX OJTHOBPEMEHHO BBITIOIHSETCSI K BTOPOE PABEHCTBO
B (27) — dynkuus Q, obOpamaercs B Hyib. [Ipy 3TOM BepTUKaIbHas KOMIOHEHTa CKOPOCTH U CKOPOCTh

N3MCHCHUS ILIOIIAAHN 3JICMCHTA O6paH.IaI~OTCH B HYIJIb. VYrnosas CKOpPOCTh Bpalll€HHU 3JIEMCHTA Q(Z) nu

ckopocti nedopmaumn casura ¥ (z), 7,(Z) SBIAIOTCS MOHOTOHHBIMH (DYHKLHSMH IEPEMEHHOH Z
(puc. 2, &), GIU3KUMU K JTHHEHHBIM.

3akiaiouenue

B pabote mocTpoeHsl aHamMTHYECKHUE pelieHus: ypaBHeHui HaBre—CTOKCa, OMHCHIBAIONINE Teue-
HUS BSI3KOM HEC)KMMAeMOM KHUJIKOCTH MPHU MaJIbIX BO3MYIICHUSAX T'PaHUYHBIX YCIOBUH. Pemenus mo-
CTPOCHBI B BHJIC PSIOB IO CTEIEHSM MAJIOTO MapaMerpa, ONpeAessIoniero MajaocTh Bo3Myinenui. He-
BO3MYIICHHBIC 3HAYCHHUS TPAHUYHBIX YCIOBHH COOTBETCTBYIOT CJIOMCTOMY TCUCHMIO U SIBISIFOTCS yCJIO-
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BUSIMH COBMECTHOCTH IIEPEONPEACTICHHON CUCTEMbl YPAaBHEHUH, OIIMCHIBAIOLIEH HYI€BOE IPUOIMKECHUE.
HccnenoBanock BO3MyLIEHUE KacaTeNbHBIX HanpsbkeHU. [lokazaHo, 4YTO Opy HapyLIEHUH YCIOBUH CO-
BMECTHOCTH BO3HHKAET BEPTUKaAJIbHAs KOMIIOHEHTa CKOPOCTH, MPONOPLHYOHATBHAS MAIOMY MapaMeTpy.
[lokazaHo Takxe, 4YTO yclIOBHE COBMeCTHOCTH (12) siBisieTCsl 1OCTATOUYHBIM, HO HE HEOOXOJUMBIM ISt
CYIIECTBOBAHUS CIBUTOBOTO TEUEHHUSL.

Paboma evinoanena npu gurancosoii nodoepoicke Poccutickoeo nayunozo ¢gponoa (ko0 npoexma
25-29-00339).

Jluteparypa

1. Towards Understanding the Algorithms for Solving the Navier—Stokes Equations / S.V. Ershkov,
E.Yu. Prosviryakov, N.V. Burmasheva, V. Christianto // Fluid Dynamics Research. — 2021. — Vol. 53,
no. 4. — p. 044501.

2. Solving the Hydrodynamical System of Equations of Inhomogeneous Fluid Flows with Thermal
Diffusion: A Review / S.V. Ershkov, E.Y. Prosviryakov, N.V. Burmasheva, V. Christianto // Symmetry.
—2023. - Vol. 15, no. 10. — P. 1825.

3. Drazin, P.G. The Navier-Stokes Equations: A Classification of Flows and Exact Solutions /
P.G. Drazin, N. Riley. — Cambridge: Cambridge Univ. Press, 2006. — 196 p.

4. Ilyxnaues, B.B. Cummerpun B ypaBHeHusix HaBre—Crokca / B.B. Ilyxnaues // Vcmexu MexaHu-
ku. — 2006. — Vol. 4, no. 1. — P. 6-76.

5. Lin, C.C. Note on a Class of Exact Solutions in Magneto-Hydrodynamics / C.C. Lin // Arch.
Rational Mech. Anal. — 1958. — Vol. 1. — P. 391-395.

6. Cunopos, A.®. O 1ByX Kilaccax pelIeHUH YPaBHEHUN MEXaHUKH XKUIAKOCTHU U raza U UX CBS3U C
teopueii oerymux BosH / A.®D. Cunopos // [lpuki. mex. TexH. ¢puz. —1989. — T. 30, Ne 2. — C. 34-40.

7. Apuctos, C.H. Buxpesble TeUeHHsS B TOHKHMX CJIOSX KHJIKOCTH: aBTOpedepar AuC. ... JOKTOpa
¢m3uko-maremarnuecknx Hayk: 01.02.05 / C.H. ApuctoB // IH-T aBTOMaTHUKA W TIPOIIECCOB yIIpaBe-
HuA. — BmagusocTtok, 1990. — 32 c.

8. Apuctos, C.H. HoBblil kiacc TOYHBIX pelIeHHH TPEXMEPHBIX ypaBHEHWH TepMmoanddy3un /
C.H. Apucros, E.1O. [IpocBupsikos // Teop. ocHOBbI xuM. TexHosorun. — 2016. — T. 50, Ne 3. — C. 294.

9. Apuctos, C.H. Tounsle pemenns ypasHeHni HaBpre—CTOKCa ¢ TMHEHHON 3aBUCUMOCTBIO KOM-
MOHEHT CKOPOCTHU OT JIBYX MpOCTpaHCTBeHHBIX nepeMeHHbIx / C.H. Apucros, [1.B. Kuszes, A.Jl. [Tons-
HuH // TeopeTnueckre ocHOBEI XuMuieckoi TexHoioruu. — 2009. — T. 43, Ne 5. — C. 547-566.

10. Apucro C.H., Ilonsaun A.Jl. HoBble kiaccel TOYHBIX pEIIEHUH ypaBHeHuil Oiinepa /
C.H. Apuctos, A./l. lonstann // Joxnamet PAH. — 2008. — T. 419, Ne 3. — C. 328-333.

11. sapr K.I'. [InockonapaniensHoe aBEKTUBHOE TEUEHHE B TOPU30HTAIIEHOM CJIO€ HECKHMae-
MO )KuaKocTH ¢ TBepabimu rpanuniamu // 3. PAH. MXKT'. — 2014. — Ne 4. - C. 26-30.

12. IBapu, K.I'. YcTOWYNMBOCTS aABEKTUBHOI'O TEYEHUSI BO BPAIAIOIIEMCS] TOPU30HTAIBHOM TeEIl-
JIOM30JMPOBAHHOM CHM3Y CJIO€ HEC)KMMAaeMOW >KHMJIKOCTH C TBEPABIMHU T'PaHUIIAMH MIPH MajoM YHCIIe
Mpanaras / K.I'. eapu // U3B. PAH. MKT'. — 2022. — Ne 2. — C. 38-50.

13. [MBapu, K.I'. YcroitunBocTh aABEKTUBHOTO TEYEHHUS B TOPU3OHTAIBHOM CJIO€ HECKHMMaeMOM
KHUJIKOCTH TIpH ydere npockanb3biBanus Haebe / K.I'. lIBapi, FO.A. IlIBapr // U3eectust PAH. Mexa-
HHMKA XUAKOCTH U raza. — 2020. — Ne 1. — C. 33-44.

14. IlIBapu, K.I'. YcTOHYMBOCTh afBEKTUBHOIO TEYEHHUS B TOPU3OHTAIBHOM TEIUIOM30JIMPOBAHHOM
CHM3Y cJioe XUAKOCTH ¢ TBepabiMu rpanunamu / K.I'. IBapu, F0.A. IBapu // Ilpuknagnas maremaTrruka
u Mexauuka. — 2022. — T. 86, Beim. 6. — C. 926-937.

15. 3y6apes, H.M. O TOYHBIX peLIeHusX JIsl CIIOUCTBIX TPEXMEPHBIX HECTAIMOHAPHBIX H300aprye-
CKMX TEYeHHUH Bs3KOH Hecxxmmaemoll >xuakoctu / H.M. 3ybapes, E.IO. IIpocBupsikos // Ilpuxnaagnas
MeXaHuKa U TexHuueckas pusuka. — 2019. — T. 60, Ne 6(358). — C. 65-71.

16. I'opuikoB A.B., IIpocBupskos E.JO. Ananutnueckue pemeHus] CTallMOHAPHOW CIIOKHOM KOH-
BEKILIMH, OIMCHIBAIOIIME T0JI€ KAacaTeNbHBIX HANpsDKeHUH pazHoro 3Haka // Tpyabl nHcTuTyTa Martema-
tuku 1 Mexanukn YpO PAH. — 2017. — T. 23, Ne 2. — C. 32-41.

17. Gorshkov A.V., Prosviryakov E.Y. Inhomogeneous Isothermal Equatorial Poiseuille—-Ekman
Flow / A.V. Gorshkov, E.Y. Prosviryakov // AIP Conference Proceedings. — 2020. — Vol. 2315, Iss. 1. —
050008.

18. T'opmikoB A.B., IIpocupsikoB E.}O. 3acToiinbie TOYKH HEOTHOPOTHOIO PEIICHHS, OIUCHIBAIO-
IIero KOHBEKTHBHOE TeUeHHEe JKMaHa B DKBaTOpHaibHOM 30He okeana / A.B. I'opmikos, E.IO. IIpocsu-

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusmnka» 61
2025, Tom 17, Ne 4, C. 52—-64



MexaHuka

psixoB // Diagnostics, Resource and Mechanics of materials and structures. — 2022. — Iss. 1. — P. 52-66.
http://dream-journal.org.

19. Hlenmyxun, B.B. O0 omHOM YCIOBHU TPOCKANB3BIBAHUS ISl YPABHEHUS BS3KOW JKHIKOCTH /
B.B. lllenyxun, Y.A. Xpucrenko // [IMT®. — 2013. — T. 54, Ne 5(321). — C. 101-109.

20. Neto, C. Boundary Slip in Newtonian Liquids: a Review of Experimental Studies / C. Neto,
D. Evans, E Bonaccurso // Reports on Progress in Physics. — 2005. — Vol. 68, Iss. 12. — P. 2859-2897.

21. bopzenko E.N., llpsixoBa M, IlIparep I'.P. MccnenoBanne siBieHns MPOCKAIb3bIBAHAS B CIIydae
TE4eHUsI BA3KOU KUIKOCTH B n3ornytoM kanaine / E.W. bopzenko, M. pskosa, I'.P. llparep // Bectauk
TI'Y, Mexanuka. — 2014. — Ne 2(28). — C. 35-44.

22. Buli¢ek, M. Internal Flows of Incompressible Fluids Subject to Stick-Slip Boundary Conditions
/ M. Buligek, J. Malek // Vietnam Journal of Mathematics. — 2017. — Vol. 45. — P. 207-220.

23. Plastic Effect on the Sliding Inception between a Cylinder and a Rigid Flat / S. Zhang, J. Huan,
H. Song et al. // Acta Mechanica Solida Sinica. — 2019. — Vol. 32. — P. 1-16.

24. Role of Interfacial Conditions on Blast Overpressure Propagation into the Brain / Y. Chen,
T.J. O'Shaughnessy, G.H. Kamimori et al. // Frontiers in Neurology. — 2020. — Vol. 11. — Article 323.

Ilocmynuna 6 pedaxyuio 25 cenmaopa 2025 2.

Ceepnenus 00 aBTopax

lopmkoB Anekcanap BacuibeBnd — kanauaT GU3NKO-MaTeMaTHYECKUX HAYK, JTOLEHT, CEKTOP He-
TMHEHHON BUXpeBoil rumpoanHamuku, MHctuTyT MammuoBenenus YpO PAH, r. ExatepunOypr, Poc-
cuiickas Denepanus, kKapenpa MPUKIATHON MATEMATUKA U MEXaHUKH, Y pabCKAN (eepalbHbI yHH-
BepecuTer, r. ExatepunOypr, Poccuiickas @eneparus, e-mail: alexs55gor@mail.ru.

[poceupsikos Eprennii FOpbeBrY — TOKTOP PUINKO-MATEMATHIECKUX HAYK, AOICHT, CEKTOP HEJH-
HelHOW BUXpeBOod ruaponnHamMuku, MuactutyT MammuoBenenus: YpO PAH, r. ExatepunOypr, Poccuii-
ckas @enepanus, kapenpa THPOPMAIMOHHBIX TEXHOJIOTUH W CHCTEM YIpPaBIEHUs, Y palbCcKuil (eme-
panbHBIN yHEBEpcuTeT, T. ExatepunOypr, Poccuiickas @enepanus, e-mail: evgen_pros@mail.ru.

Bulletin of the South Ural State University
Series “Mathematics. Mechanics. Physics”
2025, vol. 17, no. 4, pp. 52-64

DOI: 10.14529/mmph250407

ISOTHERMAL COUETTE-POISEUILLE FLOW OF A VISCOUS INCOMPRESSIBLE
LIQUID WITH LOW VERTICAL VELOCITY
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Abstract. The paper considers an inhomogeneous solution to the Navier-Stokes equations, which
describe a layered, large-scale, isothermal, vortical, Couette-Poiseuille flow of a viscous, incompressible
fluid. Tangential stresses are imposed at the free surface of the liquid, simulating the effects of wind. On
the solid surface, the sliding conditions of Navier are applied. The paper investigates the influence of
small deviations from the compatibility conditions of the redefined set of equations describing this flow.
If the compatibility conditions are not satisfied, the vertical component of velocity can be non-zero. The
solution to the system of equations is constructed as a series in a small parameter that represents the de-
viation from the compatibility condition, with coefficients that depend on the vertical coordinate. The
coefficients are obtained as polynomials of the vertical coordinate z.

Keywords: Navier-Stokes equations, laminar flows, shear flows, exact solutions, compatibility con-
ditions, perturbations, small parameter.
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PE3YJIbTATbI UCCIIEAOBAHUA BJIIMAHUA TEXHOJIOTMYECKUX
®AKTOPOB HA CENCMUYECKOE BO3[JEUCTBMUE B3PbIBOB
MPU OTKPbITON PASPABEOTKE MECTOPOXOEHWUN NONE3HbIX
MCKOMNAEMbIX

H.H. Egppemosuyee, U.E. LLlunoeckuli

UHcmumym npobriem KOMieKcHo20 ocgoeHusi Hedp um. akademuka H.B. MernbHukosa Poccutickol
akademuu Hayk (UINTKOH PAH), e. Mockea, Poccutickasi ®edepauusi

E-mail: noee7@mail.ru

AHHOTanusi. PaccMOTpeHbI OCHOBHBIE MOJIOKEHHS] METOIUKH MPOBeIeHHs
HCCJIeJOBAHUH CelicMMYecKOro AeicTBUSl B3PbIBA HA IOJUIOHE M OCOOEHHOCTH
NpUMeHeHMs1 MeToAa criaskeHHbIX yacTul (SPH) st ucciegoBanus ceiicMuve-
CKOTO0 JeiicTBUS B3PbIBa B MOHOJIMTHBIX H TPEIIHHOBATHIX MaccuBax. [Ipeacras-
JIEHBI pPe3yJbTaThl YHCJIEHHBIX HCCIeT0BAHMI, HATIPABJEHHBIX HA OLEHKY BJIMSI-
HHMSl IApaMeTPOB B3PbLIBHBLIX paldoT Ha ceiicMuYeckoe Bo3ieiictBue. B pamkax
TOJIMTOHHBIX UCNIBITAHUI M YMCJIEHHOT0 MO/IeJIMPOBAHUS METOA0M CIJIAsKeHHbIX
yactull (SPH) npoananu3npoBaHa 3aBUCMMOCTh BEKTOPHOI CKOPOCTHU cMelleHUsI
TPYHTa OT cKOpocTHU AeToHauuu. McciaenoBaHusi npoBeaeHbl /sl Pa3iu4YHbIX TH-
NMOB MaCCHUBOB — MOHOJMTHBIX U TPELIMHOBATBHIX. YCTAHOBJIEHO, YTO 3aBHCH-
MOCTh CKOPOCTHM CMeILlleHUsI TPYHTAa OT CKOPOCTH Je€TOHAIUM 3apsi/I0B HOCUT MO-
JIMHOMMAJIbHBIN XapakTep. ITO CBHAETEJbCTBYET 0 CJO0KHOI, HeJMHEHHOH npu-
poae nanHoro mpouecca. Takasi 3aKOHOMEPHOCTh MOJpPa3yMeBaeT BO3MO:KHOCTh
CYIIeCTBOBAHMS IKCTPEMYMOB - YYACTKOB MAKCHMAJIBHOI0 MJIM MHHHMAJBHOTO
3¢ ¢eKTa, YTO Ba’KHO YUYHUTHIBATH NMPH MPOTHO3HPOBAHHM H ONTHMHU3ANMH Mapa-
METPOB B3PbIBHBIX PadoT.

Kmouegvie cnosa: Oyposspvisnvie pabomwt (BBP); celicmuueckoe 6o3deticmaue;
cKopocmb OemoHayuu, memood cenadxcenuvix wacmuy (SPH), mononummuwiti maccus;
MpewuHo8amblil MAccus;, NONUSOHHbIE UCNLIMANHUA, 8EKMOPHASL CKOPOCMb CMeujeHus
2PYHMA,; YUCTeHHOe MOOeUposanue, ONMUMU3AYUSL NAPAMEMPOE E3PblEHbIX pAOOM.

Beenenue

Poct MacmTaboB OTKPHITHIX TOPHBIX pab0T BOIHM3H KHUIOW 3aCTPOMKH M 0OBEKTOB MTPOU3BOJICTBEH-
HOTO Ha3HAYEHUS, a TAKXKe HEOOXOAMMOCTh COOIIOIeHHs TPEOOBaHUH 10 CEHCMUYECKOM M HKOJIOTHYe-
CKOW 0e30macHOCTH 00YCIaBIMBAIOT aKTYaJbHOCTh KOMILJIEKCHBIX HMCCIICAOBAaHMN BO3JCHCTBHUS B3pHI-
BOB. B paGorax [1-4] npuBeneHs! pe3yabTaThl UCCIEIOBAHUN BIUSHUS CBOMCTB MOPOJ U TEXHOIOTHYe-
ckux (pakTopoB Ha ceficMUYecKoe JIeHCTBUE TIPOMBINUIEHHBIX B3PHIBOB, (PHU3MUECKHE MPOLECChl POPMH-
POBaHUs M PacIpOCTPaHEHUs] CEHCMUYECKHX BOJH M OCOOEHHOCTH MX BO3ICHCTBHS HA MEXaHMUYECKHE
CUCTEMBI, PE3yJIbTaThl HCCIIEIOBAaHUM HAa TOPHBIX MPEINPUATHAX TIPU OTKPBITON pa3paboTKe MECTOPOXK-
JICHUH TIOJIE3HBIX UCKoTaeMbIX. [IpoBelieH aHanu3 BIUSHUS Ha celicMudecKuil 3 ekt MaccoBbIX B3pHI-
BOB (pe3yIbTUPYIOLIYIO BEKTOPHYIO CKOPOCTh CMELIEHUS TPYHTA) CIEAYIOMHX (HaKTOPOB: MacChl B3PbI-
BaeMoro BB, mMacmtaboB MacCOBBIX B3pPHIBOB; KOJMUYECTBA TPYII CKBAXHH HPH PA3IUIHOM YIEIbHOM
pacxone IIBB, rimyOuHBI 3aI0KEeHHS 3apsI0B, TOYHOCTH cpeAcTB mHUnmupoBanus. M.U. CagoBckuM,
B.®. ITucapenko [S] paccMOTpeHbl 0COOEHHOCTH PEXKUMa CEHCMHUUECKOTo mpoiiecca B 0JI0KOBOM reodu-
3MUYECKOM cpesie 36MHOM KOpBI, KOTOpask pacCMaTpPUBAETCS KaK CII0)KHAs, HEOJHOPOAHAS HepapXudecKas
cucrteMa oTaenabHocTel. TeHaeHnys pocta MacITaboB B3PBIBHBIX Pa0OT MPUBOAUT K YBEIHMUEHHUIO YK C-
J1a B3PBIBAEMBIX OJIOKOB, CTyIEHEH 3aMeieHns 1 ducia rpynn 3apsaos (U1'3) obmel mpomomKuTe s-
HOCTH B3pbIBa, YTO OOYCIIABIMBAET MOBBIIICHUE BEPOATHOCTH MPHUPOCTA PE3YIbTUPYIOLIEH BEKTOPHON
CKOPOCTH CMEILIEHHsI TPYHTa Y OXpaHsieMbIX 00beKToB. B pabortax [6, 7] mpencraBieHsl pe3yinbTaThl Hc-
CJIEIOBAaHHUN B YCJIOBUSX MOJIUIOHA XapaKTepa BIUSHUAS CKOPOCTH JI€TOHALMU Ha NIOKA3aTeIu ceiicMuye-
CKOTO JIeMCTBHA B3pbIBA U COAEpPKAHUE BPEIHBIX Ta30B B IPOAYKTaX ACTOHALINHU, PE3YIbTaThl CHCTEMA-
TU3aIMH CIIOCOOOB YIPABICHUS! CEHCMUYECKUM JICHCTBHEM B3pPbIBa KaK OCHOBBI HAYYHOI'O MOIX0Ma K
YIIPABJICHHUIO JCHCTBHEM B3pBIBa, MOydcHHBIE SPH-MeTOmOM 3aBHCHMOCTH BEKTOPHOM CKOPOCTH CMeE-
HICHHS TPYyHTa OT PACCTOSIHUSA A0 3apsia B Pa3INYHBIX 30HAX JEHCTBHUS B3PbIBA B MOHOJIUTHOM M Tpe-
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IIMHOBAaTOM MAaCCUBaX, BIMSHUE TUGPAKINK TPSIMbIX U OTPAKEHHBIX BOJH, & TAKXKE METOJUYCCKUC aC-
MEKTHl pacueTa 3HEPruH, pacxoayeMod Ha celicMuueckoe JCHCTBUE B3phIBA M YAAPHYIO BO3IYIIHYIO
BosHY. OTHAKO B HACTOSIIEE BPEMS METObI YHCIEHHOTO MOACITUPOBAHUS U OLIEHKA CEHCMUYECKOTO
BosnetictBust bBBP ocTtarorcs HemocTaTtogHO pa3paboTaHHBIMH.

MeToauka nNpoBeaeHus UCCIe0BAHNH

Ocoboe 3HaueHre MPUOOPETAIOT METOIBI, ITO3BOJISIONINE OIICHUBATEH BIUSHHUE CBONCTB B3PBIBUATHIX
BEILIECTB U MTapaMETPOB 3aPsSI0B HA XapPAKTEPUCTUKU CEHCMUYECKOTO TOJISl M YPOBEHB B3PHIBHOTO IIyMa.
B 10 ke Bpems CyIIeCTBYOIINE YHCICHHBIC ITOAX0/IbI HE BCETa 00CCIICYMBAIOT IOCTATOYHYI0 TOYHOCTh
Y YHUBEPCAJIBHOCTh IIPU MOJEIUPOBAHUN CEUCMUYECKUX IPOLECCOB, CBs3aHHbIX ¢ bBP. Ilonuronnsie
SKCIEPUMEHTAIbHBIE HUCCICAOBAHUS MPOBOJMWINCH C HCIIOJB30BAHUEM 3apsIOB UACHTHUUYHON Macchl U
MIPH TOCTOSIHHOM BJIAXKHOCTH TPYHTA, YTO OOCSCICUMBAIO BOCHPOM3BOJMMOCTH YCIIOBHU HCIIBITAHHIA.
B3peiBuateie BemiecTBa pa3MemlaiCh B CIEIHMANBHBIX JETOHAIIMOHHBIX CHUCTEMax pa3iIHYHBIX THIIOB,
3aKTFOYEHHBIX B METaJUIMYeCKHe WM OETOHHBIE OOOJOYKH, YTO TO3BOJIIIO TOYHO (PUKCHPOBATH CKO-
pOCTh AeToHAWU. JIJIs perucTpaluy mapaMeTpoB B3PHIBOB IPUMEHIOCH COBPEMEHHOE M3MEPHUTEIILHOE
o0opyoBaHue, MPeIHA3HAYCHHOES VIS 3aITUCH CeHCMUYECKHUX KOJICOaHMI U BO3AYIIHBIX YAAPHBIX BOJIH.
JaTtaukn ceficMIYecKOro BO3IEUCTBUS U MUKPO(MOHBI YCTAHABITMBAINCH HA 3apaHee 3aJaHHbBIX, CTPOTO
(hMKCUPOBAaHHBIX PACCTOSHUAX OT SIMUIICHTPA KaXKIOT0 B3pbIBa. B mporiecce ncnbITaHuid MPOU3BOIMIACH
pEerucTpalys aMmIUIUTYyIHBIX M YaCTOTHBIX XapaKTEPUCTHK CEHCMUYECKUX BOJIH, a TAKXKE HU3MEpPEHHUE
CKOPOCTH CMEIICHUS TPYHTA M0 TPEM OPTOTOHAIBHBIM HamlpaBieHHsIM. Ha 0CHOBE MOTy4YeHHBIX JaHHBIX
PaCCUNTHIBAIICH CPEAHIE U MAKCUMAJIbHBIC 3HAUEHUS] CKOPOCTH CMEIICHHS, a TAK)KE PE3yIbTHPYIOIIast
BEKTOpHAsI CKOPOCTh. [[OTIOJTHUTENBHO OIICHUBAIKMCH MapaMeTPhl B3PBHIBHOTO IIIyMa, BKJIIOYAs €ro WH-
TEHCUBHOCTH U CIEKTPATBHBIN COCTAB, YTO MMO3BOJIMIO KOMILUIEKCHO OXapaKTepPH30BaTh CEHCMHUUECKOE U
aKyCTHUYECKOE BO3/IEHCTBHE KaXI0TO B3PHIBA.

UucneHHoe MOJEIUPOBaHNUE MPOBOIMWIOCH C HCHOIB30BAHHEM METO/a CrUIaKeHHBIX dacTur SPH
[8], xoTOpBIiT 06EeCTIEUNBAET BHICOKYIO TOUHOCTE TP OMMCAHNK JHHAMHUKH Je(OPMUPYEMBIX TEI U TPO-
IIECCOB pa3pyIIeHHUs TOPHBIX MOPo. B pamkax JaHHOTO MOJX0a OBUIA MOCTPOECHBI MU(POBBIE MOJIENN
KaK MOHOJUTHBIX, TaK ¥ TPEIIMHOBATHIX TOPHBIX MACCHUBOB, C YIETOM PEATbHONM T€OMETPUU 3apSIHBIX
MOJIOCTEH, CBOOOIHBIX TIOBEPXHOCTEH M MOANOPHBIX CTEHOK, C(hOPMUPOBAHHBIX U3 paHEe pa3pyIIeHHO-
ro MaTepuana.

Kaxnas wactuia B8 SPH-mMonenu mpeacrasisier co0oii ieMeHTapHbI 00hEM CpeJbl ¢ 33JaHHBIMH
(U3UKO-MEXaHUUECCKUMHU XapaKTEPUCTHUKAMHU. DTO IO3BOJISIET JOCTOBEPHO MOJCIHPOBATH IMPOLIECCHI
(parMeHTanNy, TIepeadnd HAMPSDKEHUH W PacIpoCTpaHEHUs] yIapHBIX BOJIH B HEOAHOPOIHON TOPHOMN
cpene. B Moxenu moapoOHO BOCTIPOM3BOIUTCS KOHCTPYKIHS 3apSJIOB, MX IMPOCTPAHCTBEHHOE pa3Mellie-
HHUE B YCTYIIE, a TAKXKE I'EOMETPHUYCCKUE MapaMeTphl OYPOBBIX CKBKUH. )i KaKI0ro ciiydas moj0u-
pajicsi COOTBETCTBYIOIIUI THUIT B3PHIBYATOTO BEIIECTBA HA OCHOBE TEXHOJIOTHYECKOW 0a3bl NaHHBIX IS
ydeTa BIHSHUS B3PBIBUATHIX XapaKTEPUCTUK CPEJICTB pa3pyLICHHS TOPHBIX ITOPO/I.

Ocoboe BHUMaHHE YISISUIOCH MOJCTUPOBAHUIO TPEIIMHOBATHIX 30H C PA3IMYHOW OPHCHTAIMECH U
TOJIIIMHOMN TPEIIMH, YTO KPUTHUYECKH BJIHUSCT Ha Iepepacipe/ie/iCHUe S3HEPTUU M HallpaBlieHue (PpoHTa
paspyiieHus. PacuéTsl mpoBOAMINCH B KOHTPOJIBHBIX TOYKAX, PACIOJIOKEHHBIX HA PAa3IMYHOM yaje-
HUU OT 3apsJI0B JJIsl ONPEAENICHUS 3aKOHOMEPHOCTEH IPOCTPAHCTBEHHOTO paclpeieseHUs MaKCUMallb-
HBIX U CPEIHHUX 3HAYCHUHN Pe3yIbTUPYIOMEH BEKTOPHOW CKOPOCTH CMEIIEHUS TPYyHTA, a TAKXKe HaIpsi-
»KEHHOI'O COCTOSIHMS MacCHBa.

Bce Moaenu mpoxoauiy KaTuOpOBKY Ha OCHOBE JaHHBIX, IOJYYSHHBIX B XOJI€ TIOJUTOHHBIX HCIIBI-
TaHWU WA ONBITHBIX B3PHIBOB B IIPOMBITINICHHBIX YCIOBHUSIX. Pe3ynbTaThl MOJCIHPOBAHUS UCIIOTH30Ba-
JIUCH JUTSI OTICHKU U3MEHEHUS CPETHETO PACCTOSHHS MEXTY TPEIINHAMH, 00beMa 00pa30BaBIIIIXCS MEJI-
KuX (Dpakiuii, a TaKKe aMIDIUTYA U TPOJIOJDKUTEILHOCTH CEHCMUYECKOTO BO3ACUCTBUS B Pa3lIUYHBIX
30HAaX Pa3pylLIaeMoro B3pbIBOM MacCHUBA.

OO0BeKT uccie0BaHusT

[Iporeccel pacpocTpaHeHUsT CEHCMUYECKOTO BO3CHCTBUS TP B3PBIBHBIX pab0Tax B TOPHBIX Mac-
CHUBaxX pa3IMYHOU CTPYKTYPbl (MOHOJMTHBIX W TPCIIMHOBATHIX), COMPOBOXMAIOIIUECS CMEIICHUEM
rpyHTa ¥ 00pa3oBaHHEM HANPSHKEHHOTO COCTOSIHUSA MacCHBA FOPHBIX MOPO/I, U 3alIUIIAEMbIX 00BEKTAX
MIPOU3BOACTBEHHOTO M HEMPOU3BOICTBEHHOTO HA3HAYCHUSI.
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E¢ppemosuyes H.H., Pe3ynbmamsi uccriedo8aHusi 8JIUSIHUST MEXHOI02U4eCKUX ¢hakmopos
Llunoeckuli U.E. Ha celicMu4eckoe 8o3delicmeue 83pbI808 NMPU OMKpbIMoU pa3pabomeke...

IIpenmer ucciaenoBaHus

DyHIaMeHTaJIbHBIE 3aKOHOMEPHOCTH W IMapaMeTphl, XapaKTepU3YIOIIne CEHCMHYECKOe NeiCTBHE
B3pbIBa B MOHOJUTHOM U TPEIIMHOBATOM MAaCCHUBE MOPHBIX MOPOJ U B YCIOBUSX moiurona. IIpoctpan-
CTBEHHO-BPEMEHHBIE 3aBUCUMOCTH PE3YIbTUPYIOLIEH BEKTOPHONH CKOPOCTH CMEIICHUS TPYHTA U UX U3-
MEHEHHE B 3aBUCHMOCTH OT CKOPOCTH JIETOHAITMH B3PHIBUATOIO BEIIECTBA; 3aKOHOMEPHOCTH pacrpejie-
JIGHUS CPEIHUX W MHUKOBBIX 3HAYCHUHN CEHCMUUYECKHUX IMapaMETPOB B XapaKTEPHBIX 30HAX JCHCTBUS
B3pbIBA.

Pe3yibTaThl HCCIeI0BAHUS

B xone npoBeAEHHBIX MOJUTOHHBIX U YHCIEHHBIX MCCIIEOBAHUN B YaCTHOCTH IOTYYEHBI 3aBUCH-
MOCTH CPEJHHUX 3HAYCHWUH pe3yNbTUPYIOIIeH BEKTOpHOH ckopocTu cMmemenus rpyHta (PBC) ot pac-
CTOSIHHSI IO CBOOOIHOM MOBEPXHOCTH (PHC. 1) B OT CKOPOCTH ACTOHAIINN 3apsIOB BO B3pBIBAEMOM OJ10-
ke (puc. 2).

Ha puc. 1 nuaus, obo3HadeHHas KBajapaTramu, mokasbiBaeT 3HaueHuss PBC mpu paccrosHum ot
CKBR)XMHHOT'O 3apsiia 10 CBOOOJHON MOBEPXHOCTH 2 M; JUHHMA, 0003HaYeHHAs] poMOaMu, — 3HAYCHHUS
PBC 10 cBo60HOM MTOBEPXHOCTH MPHU PACCTOSHAN 4 M; JTHMHUSA, 0003HAUYEHHAs TPEyroJbHUKAaMH, — 3Ha-
yenusi PBC npu paccTossHUM OT CKBaXKWHHOTO 3apsiAa 10 CBOOOIHON TTOBEPXHOCTH 6 M.

VYcTaHOBJIEH MOJMHOMUHAIBHBIA XapaKkTep 3aBUCUMOCTH 4McleHHbIX 3HaueHuil PBC ot paccros-
Hus 10 3apsaa. [lomyuens! cnenyronye yObIBaoIe NOJIMHOMUHAIBHBIC 3aBUCUMOCTH TPETHETO MOPS-
Ka IIPU PaCCTOSIHUH OT KpaiHero K OpOBKE yCTyIa CKBKMHHOTO 3apsia COOTBETCTBEHHO 6 M4 M:

Y, =—1,2389x° +16, 48x* — 72,123x +125,15; R = 0,9069 (1)

Y,=-1 6389x° +17,658x> —64,144x +104,92; R =0,9594 . (2)

[Momy4eHbl 3aBUCUMOCTH BIIMSIHUSI PACCTOSTHHS MEX/y CKBaXHHOW W OPOBKOH YCTyIa Ha pe3yNbTH-
PYIOLIYIO CPEIHIOI BEKTOPHYIO CKOPOCTh M HAJIM4YHE 30HBI MAaKCUMAaJIbHOTO NPHUPOCTA M CHIDKEHHS
ceiicMMUYecKoro BO3/I€WCTBUS HA MAacCUB FOPHBIX MOpoA. B paccMoTpeHHOM ciyyae MUHUMAaJIbHBIE 3HA-
yeHus: PBC cOOTBETCTBYIOT paCCTOSTHUIO OT KPaHEHW CKBAXKUHBI IO TIOBEPXHOCTH yCTYIIA, pABHOMY 4 M.
MaxkcuManbHBIA IPUPOCT BBIYMCIICHHBIX 3HAYEHUH BeKTOpHOU ckopocTH cMereHus (PBC) nabmronaet-
Csl B aHAJM3UPYEMBIX PACUETHBIX CLICHAPUSAX NMPU PACCTOSHUH OT 3apsna A0 OpOBKU yCTyma, paBHOM 2
M. OTOT 3pdeKT 00yCI0BIeH, B YaCTHOCTH, AUPPAKIUEH MPIMBIX H OTPAXKEHHBIX BOJIH.

Ha puc. 2 npencraBnensl 0000mEHHBIE Pe3yabTaThl pacu€TOB, NOIYUYEHHBIX JUIA Pa3lIUYHbIX 30H
MaccuBa: OmmkHel (4—7 paauycoB 3apsna), cpenneit (7—12 paanycos 3apsaa) u nanbrei (5070 paany-
COB 3aps/a). AHaJIM3 MOTYYEHHBIX JAaHHBIX TOKa3all, YTO XapaKTep 3aBUCUMOCTEI — OJTMHOMHUANBHBIH,
YTO CBU/IETEIBCTBYET O CJI0KHOW M MHOTOKOMIIOHEHTHOM MPUPOJIE paccMaTpUBaeMOTO MpoIiecca.
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Ha puc. 2 nuaus 1 nokaspiBaeT NOJUHOMUHAIBHYIO 3aBUCIMOCTh BEKTOPHOM CKOPOCTH B OTHOCH-
TEJNbHBIX CIUHMLAX B OJNM)KHEH 30HE ACHCTBHA B3pbIBa B mpeienax 4—7 paauycoB 3apsijaa; JUHUS 2 —
NOJMHOMMHAJIbHAST 3aBUCUMOCTh B Ipefenax 7—12 paamycoB 3apsaa; JUHMS 3 — 3aBHUCUMOThH Ha pac-
crosanu ot 50-70 pamnycoB 3apsna.

Bo Bcex paccMOTpeHHBIX CiIy4asx BbISBIE€HA HEIMHEHHOCTh 3aBHCHMOCTH PE3yJbTUPYIOIIEH BEk-
TOPHOM CKOPOCTH CMEIIEHHsI OT CKOPOCTH JETOHAIMH B3pPBIBYATOrO BEIIECTBA, PACCTOSHUMN OT 3apsaa
0 cBOOOJHOMN TMOBEPXHOCTH. Y CTAHOBIIEHO, YTO MPU YBEIMYEHUU CKOPOCTH JETOHALMHM HAOIIOAAETCS
HEPAaBHOMEPHBIM POCT WM CHI)KEHUE PEe3yJIbTUPYIOLIEH BEKTOPHOM CKOPOCTH CMEILEHUs, MPUUEM B
OTJIENBHBIX JHAana3oHaX BO3MOYKHBI SKCTPEMabHbIE 3HAYEHUSI — MAaKCUMyMBbl WM MUHUMYMBI, YKa3bl-
BalOIE Ha TOYKH IOBBIIIEHHOW YyBCTBUTEIBHOCTH MacCHBa K IapaMeTpaM B3pbIBa. Takne y4acTKH
TpeOYIOT 0cO00T0 BHUMAaHUS P MPOCKTUPOBAHUHN B3PHIBHBIX paboT, Tak KaK MOTYT MPUBOAUTH KaK K
YCUJICHHOMY BO3JICHCTBHUIO Ha OKPYKAIOIIYIO Cpelly, TaK M K HedP(PEKTUBHOMY PACXOJI0BAHUIO YHEPTUH
3apsiga. AHamU3 TaKkKe MOKasaj, YTO CTENEHb HEMMHEWHOCTH 3aBUCUMOCTH YCHIIMBAECTCS B TPEIIMHOBA-
TBIX MAacCHBax, I'/ie¢ HaOMIOJAr0TCA MPOLIECCHl OTpakeHUs M audpakuuu BonH. IIpu stom paccesHue
SHEPTUM Ha CTPYKTYPHBIX HEOJHOPOIHOCTAX UIPaeT JOMUHHUPYIOMIYIO pojib. B MOHONIUTHBIX MaccuBax
KapTuHa OoJyiee cTaOMIIbHA, OJJHAKO U B 3TOM CIlly4ae COXPaHSETCS MOJUHOMHAIBHBIA XapakTep CBSI3U
MeXIy NnapaMmeTpaMu. Pe3ynpTaTsl MOJEIMPOBAaHUS MOATBEPKICHBI JAHHBIMH MOJUTOHHBIX JKCIEPH-
MEHTOB U MPOJEMOHCTPHUPOBAIM XOPOIIee COBIMAJCHUE 110 OCHOBHBIM KPUTEPHUSIM: 3HAUCHHUSAM aMILTH-
TyJ BEKTOPHOW CKOPOCTH W XapakTepy ocliabJeHusi CEHCMHYECKOTO CUTHANA C YBEIMUYEHHEM PaccTosi-
HUS OT IIEHTpa B3pbIBa. BEIABICHHBIE 3aKOHOMEPHOCTH MO3BOJISIOT CAENATh BBIBOJ O TOM, YTO U3MEHE-
HUE CKOPOCTH IETOHALMU OKa3bIBAECT HE MPOCTO JIMHEHHOE, a KAYECTBEHHO CJIIOKHOE BO3ACHCTBHE Ha
CTPYKTYpY CEHCMHUYECKOTo MoJisi. DTO 00YCIOBICHO OAHOBPEMEHHO JEHCTBYIOMMMHU (PaKTOpaAMH: T€O-
METpHeH 3apsfa, THIIOM MAacCHBa, PAcCTOSIHUEM 1O CBOOOAHOHM MOBEPXHOCTH, a Takxke (U3UKO-
MEXaHWYECKUMH CBOMCTBaMH MoOponsl. IIpoBomaTcss wccnenoBaHWs M3MEHEHUS BO BPEMEHHM W IIPO-
CTPAHCTBE BOJIH HAIIPSDKEHUS U CKOPOCTH CMEILEHHs TPYHTa CeHCMUUECKOTo AeWCTBUS B3phIBa MIPH Ha-
JUYMU TOATIOpHOM cTeHKu. Ha puc. 3 mpezacraBieHa CTpyKTypa Mojisi CEHCMUYHOCTH, a TaKXkKe YHCIIeH-
HbIE 3HaYCHMs] PE3YIbTHPYIOIIECH BEKTOPHOW CKOPOCTH CMEIEHUS TPYHTA.

AHanu3 pe3ynbTaTOB YHCIEHHBIX SKCIMEPHMEHTOB MOKA3bIBAET 3HAUNTEIbHOE M3MEHEHNE JIOKaJH-
3aIUK 00JIacTel ¢ MaKCUMallbHBIMH 3HAUCHHSAMH pe3yNbTUpyomei ckopoctu cMenienus: (PCB) B paii-
OHE TIOATIOPHON CTEHKH, CHOPMHUPOBAHHOH 13 paHee B30PBaHHON rOPHON MAaCCHI.
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Puc. 3. CTpykTypa nonsi 3Ha4yeHumn pe3ynbTUpYHoLLe BEKTOPHON CKOPOCTU FPYHTa B pa3finiyHble MOMEHTbI BPEMEHU
NpY NPOXOXAEHUU BONTHOMW CXKaTUsA 30HbI FOPHbLIX NOPOA, Pa3pbIXfIeHHOW NpeAbIAYLIUM B3PbIBOM
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B neBoif wactu mois CeHCMUYHOCTH, TJI€ TOPHBIE TOPOJIBI COXPAHAIOT MOHOJHTHYIO CTPYKTYpPY,
BOJIHBI CMEIICHHUS TPYHTa U BO3HUKAOIINE HAMPSDKEHHUS PACTIPOCTPAHAIOTCS 0e3 Pa3phIBOB MO (POHTY.
OHM XapaKTePU3YIOTCS MAKCUMAITBHBIMHU aMIUTUTYIaMH ¥ HAWOOJIBIIUM TIEPHUOJIOM KOJICOaHMIA.

B mpaBoit yacTu mosst, HaXOAIIEHCs B 30HE MacCHBa, Pa3pyIICHHOTO MPEABLIYIIUM B3PhIBOM, Kap-
THHA PaCIPOCTPaHEHMsS] CENCMUYECKUX M HANPSDKEHHBIX BOJH MPUHIMIHAIBLHO WHAs. 37ech HaOoaa-
€TCsl 0YaroBBIi XapaKTep PaclpOCTPaHEHUS: UMITYJILChI C BEICOKOH Pe3yJbTHPYIOIICH CKOPOCTHIO UME-
10T 3HAYUTEILHO MEHBIIIHI NIepuo KojebaHuii, a cpenuue nokasarenu PCB B pa3pylieHHOM MaccuBe U
3a ero mpejellaMu CHIDKAIOTCS B 2 1 OoJiee pa3a Mo CPaBHEHUIO C MOHOJIMTHOM YaCThIO MacCHBa.

Takum 00pa3oM, MOydeHHBIE PE3yIbTATHI MO3BOJISIOT HE TOJBKO YIIIyOWTh MOHWMAaHUE MEXaHH3-
MOB (POPMHPOBAHHS CEHCMHUYECKOTO BO3JCHCTBUS, HO M UCIOJIb30BaTh BBISBICHHBIC 3aBUCUMOCTH TIPU
HHKEHEPHOM OOOCHOBAaHHH ITapaMETPOB B3PBIBHBIX pa0bOT. DTO 0COOEHHO BAXKHO INMPH HUX TPOBEIACHUH
BOM3M 00BEKTOB MH(PACTPYKTYPHI HIIM OXPAHSIEMBIX TEPPUTOPHHA, T/ie TpeOyeTcss CTPOTHH KOHTPOIb
HaJl yPOBHEM CEUCMHUYECKOTO BO3AECHCTBHUS.

BpiBoabI

B pesynbTare BBHIMTOTHEHHOTO MCCIIEIOBAHMS YCTAHOBIEHO, YTO 3aBUCUMOCTh BEKTOPHON CKOPOCTH
CMEIIICHUS TPYHTA OT CKOPOCTH JICTOHAIIUH 3aps0B HOCUT IMOJMHOMHAIBHBIA XapakTep. Takas ¢opma
3aBHICHMOCTH CBHJIETEIBCTBYET O HEITMHEWHON W MHOTOMAapaMEeTPUYeCKON MPHPONE PacHpOCTpaHEeHUS
B3pBIBHOW PHEPTHH B TOPHBIX MaccuBax. llodydeHHbIe NaHHBIE TOJATBEPXKIAIOT, YTO MHTEHCHBHOCTDH
CEHCMHMUYECKOT0 BO3JCHCTBHSI ONPEICIIICTCS HE TOJbKO (PU3NKO-XUMHUECKUMHU CBOWCTBAMU MPUMEHSIC-
MOTO B3pPBIBYATOTO BELICCTBA, HO M KOMIUICKCOM BIHSHHHM T'€OMEXaHWYECKUX (AKTOPOB: CTPYKTYpPOU
MaccuBa (MOHOJIUTHOCTH, TPEIIMHOBATOCTH), OPHUEHTAIIMEH ¥ TUIOTHOCTBIO TPEIIWH, PACCTOSHHUEM OT
3apsja 10 CBOOOIHBIX MTOBEPXHOCTEH U KOHCTPYKTUBHBIMH OCOOCHHOCTSIMH 3apsia.

Oco0eHHO Ba)KHO, YTO XapaKTep BBISIBIICHHBIX 3aBUCUMOCTEH yKa3bIBaCT HAa HAJIMUYUE IKCTPEMYMOB
— JMaIra3oHOB CKOPOCTH JETOHAIINH, IIPH KOTOPBIX CEHCMUYECKOe BO3ICHCTBUE MOCTUTAET JIOKATHHBIX
MaKCUMYMOB HWJIA MHUHHUMYMOB. DTO OTKPBIBAET BO3MOKHOCTH IS ILIEJICHANIPABICHHOIO YIIPaBICHUS
SHEPTeTUKON B3PBIBA C IETHI0 MUHUMHU3AINKA HETATUBHOTO BIIMSHUS Ha OKPYXKAIOIIYIO CPEIy, KOHCT-
PYKIIMH 1 HTHPPACTPYKTYPY, PACIIOIIOKEHHBIE B 30HE JCHCTBUS.

[IpumeHeHne YHCICHHOTO MOJISTUPOBAHUS METOJIOM CTIIAXKEHHBIX YACTHI], OTKATMOPOBAHHOTO IO
pe3yJibTaTaM MOJMIOHHBIX AKCIIEPUMEHTOB, MO3BOJIMJIO MOJYYUTh BBICOKO MH()OPMATHUBHBIC TaHHBIE O
pacipoCTpaHeHUH YIPYTUX M IUIACTHYCCKUX Aedopmaiuii, GOpMUPOBAHUH 30H pa3pylICHHUs U U3MEHE-
HUU HaNpPsSHKEHHOTO COCTOSIHUSA MAacCUBa MPHU Pa3iIMYHbIX ClieHapUsiX B3pbIBOB. COBOKYMHOCTh 3KCIEPU-
MEHTAJIbHBIX U PAaCYETHBIX PE3YJIbTATOB MOITBEPXIACT BHICOKYIO 3(P(PEKTUBHOCTh JAHHOTO MOIX0Ja
JUISL THYKEHEPHOT'O TIPOTHO3UPOBAHUS M ONITUMHU3ALIMHU TTApaMeTPOB OypOB3PBIBHBIX PadoT.

YcTaHOBNIEHHBIE 3aKOHOMEPHOCTH MOTYT OBITh HCIIOJIE30BaHBI B TPAKTHUECKOH eI TETLHOCTH JUIS:

— MPOEKTUPOBAHUS PEKUMOB B3PHIBOB C YYETOM JIOITYCTHMBIX YPOBHEW CEMCMHUYECKOTO BO3ACHCT-
BUSI;
— 10100pa B3PHIBUATHIX BEIIECTB C ONTHMAaIHHONH CKOPOCTHIO JETOHAIIHH;

— TOBBIIIEHUS 0E30MMACHOCTU MPOBEICHHS B3PBIBHBIX Pa0OT BOIHM3M KHIOW 3aCTPOMKH, OXpaHse-
MBIX 0OBEKTOB M HH)KEHEPHBIX KOMMYHHKAITHH.
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RESEARCHING THE INFLUENCE OF TECHNOLOGICAL FACTORS
ON THE SEISMIC IMPACT OF BLASTS IN SURFACE MINING
OF MINERAL DEPOSITS
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Russian Federation

Abstract. The paper discusses the main principles of the methodology for studying the seismic im-
pact of explosions at test sites, as well as the application of the smoothed particle hydrodynamics (sph)
method for investigating the seismic impact of explosions in both monolithic and fractured rock masses.

It presents the results of the numerical studies aimed at assessing the influence of blasting parame-
ters on seismic impact. Based on field tests and numerical simulations using the sph method, we ana-
lyzed the dependence of the ground displacement vector velocity on the detonation velocity for various
types of rock masses, including monolithic and fractured ones. This dependence exhibits a polynomial
character, indicating a complex and nonlinear nature of the process. This pattern suggests the possible
existence of extremes — zones of maximum or minimum impact — which is important to take into ac-
count when forecasting and optimizing blasting parameters.

Keywords: blasting operations; seismic impact; detonation velocity; Smoothed Particle Hydrody-
namics (SPH) method; monolithic rock mass; fractured rock mass; field tests; vector velocity of ground
displacement; numerical modeling; optimization of blasting parameters.
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OT 460 1O 700 M/C

M.FO. Opnos, B.I1. Mna3bipuH, T.B. ®a3binoe
Tomckuli eocydapcmeeHHbIl yHugepcumem, 2. Tomck, Pocculickasi @edepauyusi
E-mail: orloff_m@mail.ru

AHHOTauMA. UncaeHHO M3y4eH mpouecc NpoouTHs chepuyecKHMM YIAPHU-
KOM OJHOPOJIHBIX M YNPOYHEHHBbIX AJTIOMHHUEBBIX Iperpaj B AHANa3oHe Ha-
YaJabHBIX ckopocteii oT 460 10 700 m/c. B kayecTBe yNIpOYHEHHBIX 00pa3L OB pac-
CMOTpPEHBbI AJIOMHHHEBbIe 00pa3lbl ¢ 3aBbIIIEHHBIMU 3HAYECHUSIMHU IIpefesia Te-
KY4Y€eCTH, OTKOJIbHOH MPOYHOCTU U yJeJbHOH PadoThl CABUIOBBIX IJIACTHYECKUX
aedopmanuii. Matepuan MoOAeJHPOBAJICH YHPYro-IJIACTHYECKOH, NOPHCTOM,
CKMMaeMoii cpeoii ¢ y4eTOM CBOIiCTB NPOYHOCTH, YIAPHO-BOJTHOBBIX SIBJICHHI 1
COBMECTHOT0 00pa3oBaHHs pa3pylleHHH MO THNY OTpbIiBa M caABura. Ompene-
JSI0IIME COOTHOLIEHMs 3aJaBajuch ypaBHeHusimu IIpanaras—Peiica npu yciao-
BUM Teky4decTd Museca. YpaBHeHHe cOCTOsIHMS BbIOpaHo B ¢opme Youma. B
Ka4yecTBe OCHOBHOI'O MHCTPYMEHTa MCCJEJOBAHUN HMCIOJIbL30BAJICH YMCICHHBIN
JIarpaH:keB MeTOJ, pacyeTHAs 4acTh KOTOPOro JOMOJHEHA MeXaHM3MaMH pac-
HIeNJIeHNs1 PACYeTHBIX y3JI0B M pa3pylIeHHMs] PacueTHBIX 3JeMeHTOB. Pacuersl
NpoBe/ieHbI B IBYMEpPHOii 0ceCHMMeTPHYHOI NMOCTAHOBKEe NMPH MOMOIIHU MOC/Ie]-
Hell BepcUM KOHEYHO-3JIeMeHTHOro pemarens «Yupap.Oc.2». [IpoBegen anaaus
YYBCTBUTEJBHOCTH CETKH M MpeljoxkeHa Haubosee 3(PpdeKTUBHAsT KOHEYHO-
3J1eMeHTHast MojeJib. PacueTaMu ycTaHOBJIEHO, YTO BO BCeX CJIy4asiX YIPOYHEeHHe
00pa3uoB NPUBOAMJIO K NMOBBLIIIEHUI) MX YIAPHOH CTOWKOCTH. XOTS Hperpaabl
ObLIM HACKBO3b NMPOOUTHI, 00pa3lbl ¢ 3aBbIIIEHHbIM 3HA4YeHHEM CABHUIOBOIi
NPOYHOCTH OKAa3bIBATU 0oJibIIee CONMPOTHUBJIEHME AelcTBMIO yaiapHuka. Bannn-
CTHYeCKHe KpPUBbIe COBNAAATN HA HEKOTOPBIX CTaIUsX Npouecca, a BbIOUTAs U3
nperpaj «nmpooxa» uMesa pa3pylieHus cpe/iHeil M CHJILHOM cTeneHH.

Kniouegvie cnosa: 6bicokockopocmuou yOapHuK, amoMUHUedss MUUieHb, MOOeib
u Memoo; npobumue u NPOHUKAHUE; YOAPHAS CTNOUKOCb.

Beenenne

[Iporeccsl, mpoTekarolye B TBEPAbIX TellaX MpU TUHAMUYECKUX HarpysKax, SBJISIOTCS MPEIMETOM
(byHAaMEeHTaIbHBIX U TPUKITAHBIX UCCIIEIOBAaHNHN BO BceM Mupe. B pabotax [1-5] npuBenensl nocnea-
HHUE JTOCTIKEHHS B 00J1aCTH (PU3UUECKOr0 U MAaTEMaTHYECKOr0 MOAEIMPOBAaHUS MPOLECCOB NPOOUTHS U
MIPOHUKAHUS YIAPHUKOB B KOHCTPYKIMH M3 MEPCHEKTHUBHBIX MaTepHaloB. Tam ke yKa3aHbl TPaHUIIBI
MPUMEHUMOCTH aHAIUTUYECKHX METOJOB M NPEACTABICHBI BEpUPUIIPOBAHHBIE aHATUTHYECKHE 3aBH-
CHUMOCTH JJISl pacueTa yJapHOW CTOMKOCTH KOHCTPYKUHMH M NMPOOMBHOrO ACWCTBHS ynapHuUKoB. He-
CMOTpSI Ha BCE MHOT000pa3ne METOJUK MOJECTUPOBAHUS, BCE €Ile aKTyalbHBIM SIBIISIETCS pa3padoTKa U
MOJU(HKALINS yHKE UMEIOIINXCS YMCICHHBIX METOJIOB ITyTEM YCOBEPIIEHCTBOBAHMUS AJITOPUTMOB pacue-
TOB, KPUTEPHUEB Pa3pyLICHUA U T. II.

0O0630p HayYHO-TEXHUYECKOW U MATEHTHOM JUTEpaTyphl B HACTOSIILEE BPEMsI TOKAa3bIBAET, YTO KaK Yy
Hac B CTpaHe, TaK U 3a py0eXOM MaJION3y4YEeHHBIMH SIBISIOTCS BOIPOCHI AMHAMUKH 1e()OpMUPOBAHUS U
paspylIeHns MaTepHalioB NP JEHCTBUH yIAPHBIX M yIapPHO-BOJIHOBBIX Harpy3ok. OCHOBHOE JTOCTOWH-
CTBO pa3BHBAaEMOI0 aBTOPAMH MOJXOJa 3aKIF0YAETCS B TOM, UTO OH IO3BOJISIET IPOCIEUTH 110 BPEMEHH
nporiecc AeGopMUPOBaHUS U pa3pyllleHHs MaTepralla, a TaKk)Ke HMETh TOJHYI0 WHPOPMAIHIO O Harpsi-
KEHHO-/Ie(DOPMUPOBAHHOM M TEPMOJIMHAMUYECKOM COCTOSIHUM JJIEMEHTOB KOHCTPYKIIUH B JIFO0O0H MO-
MEHT BpeMeHH. I 3a1au coyaapeHus NpeAcTaBiIseTcsd BO3MOXKHBIM MOJIYYUTh BO BPEMEHH BCIO Kap-
TUHY BHEAPEHHS, MPOOUTHUS U 00pa30BaHUS OCKOJKOB C YYETOM yJapHO-BOJHOBOTO Xapakrepa aedop-
MHUPOBAHUS U Pa3pyLICHUS KaK MaTepualla yAapHUKa, TaK U Iperpajbl.

B paborax [6—7] knmaccupuuyupoBaHBl MHOTOCIOWHBIE MPETPaabl M MOKAa3aHO, YTO B HEKOTOPBIX
cllydasix OHHM oOyiafaiy OoJbIlel yaapHOW CTOWKOCTBIO, YeM MOHOIUTHBIE. [IposBisiiacs 3aBUCHMOCTh
OT TUIIa YAApHHKA, €0 HOCOBOM YacTH M HadaJbHOM CKOPOCTH, a TAKXKE yIJla COylapeHusi. ABTOPHI OT-
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MEYaloT, YTO, HO-BUIMMOMY, TaKHE METAJUIbl, KaK IOMUHUI U CTajb elle A0Aro OyayT Urpath poib
OCHOBHBIX MaTE€PUAJIOB B 3al[UTHBIX KOHCTPYKUMsX. Mcnonp30oBanne MOIU(UIIMPOBAHHOTO JIarpaHKeBa
MOX0/a B HACTOSAIIEE BPEMsl MPEACTABISICT ONPE/CICHHBI UHTEPEC C TOUYKH 3PSHUsSI paclIupeHHs Ha-
YYHBIX 3HaHHUI U OTNPEICIICHUS TPAHMI] €r0 TPUMEHUMOCTH. B TONoTHeHHE K TPOBEICHHBIM HCCIIEI0BA-
HUSIM HIDKE W3YYEHO BIIMSHUE JBYKPATHOTO YBEIMUYCHHS MPOYHOCTHBIX XapaKTEPHCTHK aTFOMHHHEBBIX
Iperpaj Ha MpoLecc NPOOUTHS X CTaJIbHBIM CPEPUIECKUM yIApHUKOM PpH cKopocTsix oT 460 10 700 m/c.

Takoif nMana3oH MPOYHOCTHBIX XapaKTEPHCTHK BHIOPAH B CBSI3H C BO3MOXHOCTBHIO JTOCTHIKCHHS
yKa3aHHBIX 3HAUCHUI B MPAaKTHKE Pa3pabOTKH MEPCIEKTUBHBIX MaTepuaioB. [Ipu 3ToM maremarnue-
CKOE MOJICTIMPOBAHUE MPOLEcca COyJapeHHsl UrPaeT BAXKHYIO POJIb ISl OLICHKH PE3YJIbTaTOB MPOTHO3H-
POBaHUS CBOWCTB CO3/JaBaeMbIX MAaTEPHAJIOB.

MaremaTu4yeckas MoJeJb U YHCJICHHBII METO pacyeToB

[ToBeneHre MaTepualloB OMHMCAHO C MO3UIMK (HEHOMEHOJIOTHUECKOW MaKpOCKOIMMYECKOH TEOpUH
MEXaHUKH CIUIOUIHBIX cpeA. Martepuan MOAENUpyeTcs MOPUCTOM, CXKUMAEMOM, YIIPYro-INIaCTUYECKON
Cpelod C y4eTOM CBOMCTB INPOYHOCTH M YJAPHO-BOJHOBBIX SIBICHHUH. OIpeaesnstomue COOTHOLIECHUS
3amarotcs ypaBHeHusamHu [Ipanntns—Peiica npu ycnoBumn texkydectd Museca. [Ipu onncanun paspyuie-
HUI UCTIONB3yeTCsl AeTePMUHUPOBAHHBIA MOJXO0/l, B PaMKax KOTOPOTO B Marepuanax o0pa3yloTcs pas-
pYLIEHUS MO TUITYy CABUTA W 10 THITy OTPbIBA. DTO JOCTHraeTCs OJXHOBPEMEHHBIM YYETOM HECKOIBKHX
KpuTepueB paspymeHus. C TOYKH 3peHHs aBTOPOB, 3TO MO3BOJIAET MOJEINPOBATh YAAPHO-BOJIHOBBIC
MPOIIECCHI B TBEPABIX Teax Hanboee MpUOIMKEHHO K peabHbIM [§].

B kauecTBe OCHOBHOTO MHCTPYMEHTA UCCIIEJOBAHUN UCTIOIH30BAJICS YNCIICHHBIN JTarpaHXkeB MeTO/,
pacdeTHas 4acTb KOTOPOTO JOMOJIHEHA MEXaHW3MaMH PACIIEIUIEHUS] PACUETHBIX Y3JI0B U pa3pylIeHHUs
pacdeTHBIX 37eMeHTOB. COrjacHO TEPMUHOJOTHH [4], METOI CONEP’KUT OPUTHHANBHBIN CIIOCO0 BbIzE-
JIEHUs] TIOBEPXHOCTEN pa3pbIBa CIUIOIIHOCTH MaTepUaloB, KOTOPHIN HEe HaKJIaJbIBae€T CEPbE3HBIX Orpa-
HUYEHHUH Ha peIIeHHe NPOCTPAHCTBEHHBIX 3aAa4 NPpOoOUTHS M NpoHuKaHus. ONHUM U3 TOCTOMHCTB Me-
TOJIA SIBJISIETCSI BO3MOXHOCTD MOJIEITUPOBAHMS IIPOLIECCOB CKBO3HOTO NMPOOHUTHS U ITyOOKOIr0 BHEIPEHUS
YAApHUKOB CJIOKHOW T€OMETPUH W3 Pa3IMYHBIX MaTepuajoB. PacueTsl MpoBeEHbHI HEKOMMEPUYECKOM
nporpaMMHOM Komiutiekce «Y nap.Oc.2», pazpabotaHHOM B TOMCKOM TroCy1apCTBEHHOM YHHBEPCUTETE
[9]. IIporpaMMHBII KOMIUIEKC, BBITOJHEHHBIA Ha s3blke Cut+, CONEpKUT MPOrpaMMBbl MOATOTOBKH
JaHHBIX, PelIaTesb U MPOCMOTPIIHUK.

TecToBble pacueTsl

JlocToBepHOCTh pe3yabTaTOB YHCIEHHOTO MOJIETUPOBAHMS YCTAHOBJIEHA ITyTeM pEIIeHHUs psiia Tec-
TOBBIX 3aaad. Brauare PE3YIbTaThl CPABHUBAJIMUCH C AHAIUTHYCCKHUM PCHICHUEM Penkuna—Iroronmo.
Jlanee 4uciIeHHBIE PE3YJIBTAThl COMOCTABISLIMCH C 3KCIIEPUMEHTAIbHBIMU JTaHHBIMU, B TOM YHCJE IO
BEJIMYHMHE 3allperpajHoi CKOPOCTH YAapHUKA, TTyOMHBI €r0 BHEAPEHUS U AUAMETPOB MPOOOHHEI (BXO-
HOM M BBIXOIHOM AHaMeTp), OTHOCUTEIHHOIO YKOPOUEHHs yIapHUKOB U T. . HakoHer, 4ncieHHbIe pe-
3yJIbTaThl CPABHUBAINCH C PE3yJIbTaTaMHU, TOIYUYEHHBIMHU APYTHMMHU MCCIIEJOBATENSIMA B YaCTH OIpele-
JICHHS] JOMUHUPYIOILET0 MEXaHU3Ma pa3pyLeHns 1 IPOOUTHSL.

AHaJu3 YyBCTBUTEJBHOCTH CETKH

Ha navyanpHOM 3Tame TECTOBBIX pacyeTOB ObLI MPOBEACH aHAJIM3 YyBCTBUTEIBHOCTH PAaCUETHON
CeTKH. AHaNM3 NPOBEJICH C LENbI0 JOCTIXECHUSI KOHCEPBATHBHOTO PE3YJIbTaTa, BKIIOYast MOP(OIOTHIo
paspylieHns, xapakTepa 0aJUIMCTUYECKUX KPWBBIX, & TAK)Ke 3HAYEHUH HEKOTOPHIX WHTETPAIBbHBIX Xa-
pakTepHuCTUK Ipolecca B3auMoaencTBus. Kak nmokasano B [10], 3To sBiseTcd Ba)XKHEWIINM 3TarioM Be-
pUQHKaLNU aNTOPUTMOB pacueToB. Bcero ObIJI0 HOCTPOEHO TPU KOHEYHO-3JIEMEHTHBIE MOJIENIN B3aUMO-
NEHCTBYIONINX TEN, OTIMYAIONIUECS KOJWYECTBOM 3JIEMEHTOB B Tperpaje. PaccMoTpeHsl KOHEYHO-
3JIEMEHTHBIE MOJIENIN C YacToi pa3buBkoi (Moxens 1), cpeaneit (moaens 2) u peakoit (momens 3). Ko-
JIMYECTBO 3JEMEHTOB BapbupoBanachk oT 5 000 mo 10 000, ucnonb30Baics TPEXy3IOBOM IEMEHT THIA
«paBHOOEPEHHBIN TPEYTOJIBHUK». B aBTOMaTHUECKOM pekuMe ObLIO CIENaHO CTYIICHHE DIIEMEHTOB B
nperpaje B o0JacTy, NpUOJIM3UTENBHO PAaBHOM TpeM pajuycaM ynapHuka. [Ipu pacronoxeHun o01acTu
CTYILIEHUS 3JIEMEHTOB aBTOPBI OPUEHTHPOBATIUCH HA IKCIIEPUMEHTANIBHBIE PE3YIbTATHI U3 [6].

Ha puc. 1 noka3zansl pe3ynbTaThl, IOJIyYeHHBIE II0 BCEM TpeM MozemsM. BuaHo, yto xapaktep Oan-
JMCTUYECKUX KPUBBIX U MOP(OJIOTUs paspyLIeHus Nperpaa Obutu cxoku. Ha BpeMeHHBIX KPUBBIX CKO-
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POCTH OTYETIIMBO BUJHBI MHTEPBAIBI €€ OBICTPOro (10 15 MKC) ¥ MeIUICHHOTO (¢ 15 MKC) CHMIKCHUSL.
KpuBbie ckopocTH OTpa)alii TaKkKe yCTaHOBHBIIICECS JIBWKCHUE YAapHHUKA W, KaK CJICICTBUE, BHIXOI
ero u3 mperpainsl. B Mopdonorun paspynieHus Takke He OOHAPYKCHO 3HAYMTENBHBIX Pa3iIHuui, a
UMEHHO, OTCYTCTBHE IIACTHYECKON JedopMaliiy yIapHUKa U CHILHO TIOBPEXKICHHAS BEIOUTAS aTFOMU-
HueBas MpoOka. PazmMep OCKOJIKOB 3aBUCEI OT pa3Mepa TPUAHTYJISIIMOHHBIX 3JICMEHTOB B Tperpaje, Ho
B 000MX CJIy4asiX COOTBETCTBOBAJ SKCIIEPUMEHTAIBHBIM JTAHHBIM.

[Ipodumm ckopocTr cBOOOMHON MTOBEPXHOCTH MPHUBEACHBI Ha puc. 1. OTUYESTIMBO BHIHO, YTO IIO-
CIIeNHSAS KOHEYHO-3JICMCHTHAsT MOJICNIb HE BBISBHJIA OCIIMIUISAIMIA Ha KPUBBIX IOCJIE BBIXOJA YAapHOU
BOJIHBI HAa CBOOOJHYIO IIOBEPXHOCTb.

Cropee ncero, ua wammine ocmwvmsui 0w
Ha TpavKe BIUSIIO COCTOSHHUE BHIOUTOMN §450‘_ al ' BKCnEpUMETaNLHbIE AaHHbIE 297 Wic.
OTKOJIBHOW TapesKd, KOTOpas BO BCEX £4007

Tpex clIydasx ObLia CUIBLHO paspylieHa. 5350 ”’”/" e
B niemom npoduim ckopocTr cBOOOHON §300—_ =~ - }
MOBEPXHOCTH ONM3KKU K DKCIIEPUMEH- " 250 - - —
TanbHbIM.  COMOCTAaBNIAS  IIOJTydYEHHBIE e 2 s e s 100

Bj
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YYUTBIBasE MOP(HOJIIOTHIECKHE 0COOCHHO- 5 ° ; a Moerpana
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B mperpaze ObUl MOYTH B JBa pasa
MEHBIIE, YeM B yIApHUKE, IPH 3TOM 00-
JIacThb CTYIIEHUs B IIPerpajie cocrasisia
HE MEHee TPeX PaJuycoB yJapHHKa.

Puc. 1. PacueTbl npouecca npo6uTtnsa nperpaabl
13 [116 cTanbHbIM LWAPUKOM CO CKOpPOCThLI0 460 Mm/c

YaapHuK ¥ 00beKThI HCCTeT0BAHUS

OOBexToM HccneoBaHus BhIOpaHa OAHOpPOIHAS IUTacTHHA U3 civiaBa 16 pasmepamu 60%6 MM B
NPOJOJILHOM ceueHHH. B paboTe u3ydeHo BIUSHHUE YBEIMYEHHUS] IPOYHOCTHBIX XapaKTEPUCTHUK ILIACTH-
HBI TIPY B3aMMOJICHCTBUU CO CTAJILHBIM IIAPUKOM AuaMeTpoM 12,7 MM B auamazone ot 460 qo 700 m/c.
Marepuanom mapuka Obiia ynpouneHHas craib [11X15.

PaccMmoTpeHb! 1acTHHBI C YBETMYEHHBIMU B [IBa Pa3a OTHOCHTEIBHOIO UCXOAHOTO BapHaHTa KpHU-
TUYECKUMH 3HAYECHUSMU Ipeneia TeKYy4eCTH, OTKOJbHOW MPOYHOCTH U YAENbHOW paboThl CABUTOBBIX
iacTayeckux Jedopmarmii. JIBe MOC/IEHNE BETHYMHBI SBISIOTCS KPUTEPUSIMHU Pa3pyLICHUs] MaTepHa-
Jla, OTBEYAIOIIMMH 332 00pa30BaHUE OTPBIBHBIX M CABUIOBBIX pa3pyLIEHHH COOTBETCTBEHHO. Takum 00-
pas3oM, cepHsl BBIYUCIUTENBHBIX SKCIIEPUMEHTOB COCTOsIa M3 BOCbMU BapuanTtoB. /s ynoOcTBa BBee-
HBI 0003HaYeHN 00Pa3IoB Kak (Tp. TeK. X 2), (OTK. mpod. X 2) ¥ (CABHUT. MPOY. X 2), COOTBETCTBEHHO.

DU3HKO-MEXaHNYECKUE XapaKTEPUCTHKH UCXOJHOTO 00pasua ObUIH clenylole: HadaabHas II0T-
HOCTB 2,78 F/CM3, o0BeMHast CKOpocTh 3ByKa 5380 m/c, moxynb capura 25,8 ['Tla, sxBuBaneHTHas I1a-
crudeckas aedopmarus 1,2, mpenen tekydectu 0,42 I'Tla, otkomprast mpounocts 0,5 I'Tla, yaenpHas
paboTa CIBUTOBBIX TUTACTHYECCKHX Aedopmartuii 35 kJx/Kr.

Hccnenopanue npouecca NpoouTHs 0a30BbIX H YIPOYHEHHBIX AJTIOMHUHHEBBIX MPErpaj cTajlbHbIM
ynapaukom npu 460 u 700 m/c

Brusinue 0syxpamnozo ysenuuenus npedena mexkyiecmu Mamepuaid npespaslt Ha npoyecc npooumus

Bnauane N3Yy4YCHO BJIIMAHUEC ABYKPATHOI'O YBECIIMYCHUA MPEACIIa TCKYUCCTH MaTEpHraia nIperpaibl Ha
nporiecc ee mpooutus. Ha oCHOBE YMCIIEHHBIX PE3yNILTATOB OBLIT BOCITPOM3BE/ICH CIICHAPHIA Pa3pyIICHUS
UCXOIHBIX TIPETPaj ¥ Tperpaj C 3aBHIIICHHBIM 3HAYCHUEM TIpe/ielia TeKy4eCTH. J[Jisl BRISIBICHHUS OCHOB-
HBIX Pa3IMYMii mporecc npodutus nperpaa npu 460 mM/c yciIoBHO ObUT pa3feiicH Ha CTauu U ACTaabHO
npoaHanu3upoBaH. IIpenen TekydecTu ucxogHoro Marepuana pasex 0,42 I'ma.
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Ha mepBoii cTanun oTMedaercs ruractudeckas nedopMmaris mperpaapl (BeIXo GppoHTa IIacTHde-
CKOi1 medopMaIiil Ha THITBHYIO TTOBEPXHOCTH), HA BTOPOH M TPeThel cTaanu (hOpMHUpOBajIach «IpodKay
B TIperpaje, Ha YeTBEPTOM M MATOH MOJHOCTHIO 00pa30oBaBILAsCs «POOKay BHIOMBANACH U3 MPErpabl.
@parMeHThl KOHGUTYypalMid «yIapHUK—MHIICHb» COOTBETCTBYIOIIME HEKOTOPHIM CTaausAM HpPOOUTHS
M300pakeHBI Ha puC. 2.

B opHOpoaHO# nperpaje mepBast cTagus iniack He 0ojiee 8§ MKC, IPU 3TOM 3apOKIeHHE OyayIeit
MpoOKH TaM 3aBepIIniIoch yxke K 12-i mkc. [TonHocThio chopmupoBapmasics mpodka JHaMeTpoM MOUYTH
10 MM HauMHAET BBIXOIWTH U3 Mperpaabl Ha 15- MKC, 9TO COMPOBOXKIAETCS €€ JAIbHEHIIINM pa3pyliie-
HUEM #u (OPMHUPOBaHUEM 00JaKa TUANPYIOMUX OCKOIKOB. C 28-it mo 44-10 MKC (PUKCHPOBAICS BBIXO.
yIapHUKa, IPU 3TOM €T0 3aJHssl YacTh TOCTUrala THUTLHOM MOBEPXHOCTH MPErpaabl Ha 65-i MKC, 4TO
COOTBETCTBOBAJIO OKOHYATEIIPHOMY BHIXOIY W3 Tperpansl. CKOpOCTh MIapHKa IMociie MpOOUTHS TIperpa-
Iel cocTaBmiaa 299 m/c. B skcrepuMmenTe ee 3HavueHHe paBHsIoch 313 M/c. Ha BepxmeM rpadmke
IITPUXITYHKTHPOM TIOKa3aHa KpUBask CKOPOCTH JJISl YCHJIGHHOTO 00pasla, WMeroas He3HaYNTEeIbHbIC
OTJIMYHS OT KPUBOW CKOPOCTHU JUISL OJHOPOJHOTO 00pa3ia. PacyeTHbIM myTeM yCTaHOBJIEHO, YTO TOCIE
MPOOUTHS YCUIEHHOTO 00pa3ia CKOPOCTh YAapHUKa cocTaBisiia 297 m/c.

Wrak, cpaBHEeHHE OATUTHCTUYECKUX KPUBBIX s ckopocTr 460 M/C TTOKa3anio, 9TO KPUBBIE COBITAJa-
JIX TOJIBKO Ha HepBOfI u nocnem{eﬁ CTagusX, paCXOXICHUC MCKIAY HUMU 6])1.]10 TOJIBKO B CCPEANHEC ITPO-
1ecca.

C yBenmueHHeM HadalbHON CKOPOCTH YAapHUKA OBLIO YCTAHOBIICHO, YTO CEPHE3HBIX PA3INUHIA 00-
HapyKeHo He Obl10. B 000MX ciydasx yaapHHK He TepseT CBOCH mepBoHauabHON (OpMBI, BHIOUBAs U3
Mperpaabl CUIBHO Pa3pylIeHHYI MPO0-

Ky. Kak moka3piBaloT pacdeTrsl, JuaMmeTp 450
MpOoOKH HECKOJIBKO MEHBINE HCXOTHOTO

i Bapoxnenue "npobku" Ha 8 MKC

“ sEgi Mpouecc cpesanus npobku 15 mMkc

Mpouecc BbixoAa "Npobku” Ha 28 MKC

O 400 -
JIMaMeTpa yAapHUKa, a Kpas mpoOOWHBI = .
©
paspyieHsl. Bee ouaru paspyineHus co- £ 8504
X
CPEIOTOYCHBI BO3JIE HEE, paaualbHbIX & 555
(=4
TPEIINH, PACTIPOCTPAHSIONIMXCS OT Kpas = : : e :
o o = 5 0 5 10 15 20 25 30 35 40 45 50 55 60 65
npoOOHHBI K THUIBHOW OOKOBOIl TOBEPX- 8 s M
g ,
HOCTH, He OOHapyxeHO. OCHOBHBIM OT- e w0l @
O

JUYUEM MOXHO CUHTaTh pa3Mep BHYT-
peHHero auaMeTpa npobounsl. [lomyue-
HO, 4TO CKOPOCTH yJapHHMKa IMOCIE Mpo- 655
OWUTUSL OJHOPOJHOTO W YCHIEHHOTO 00-
pa3loB TMOYTH COBMAJANA U COCTaBHIIN

O6pazel (np. Tek. x 2)
, OpaHopoaHsIin obpa3sel

650

550

569 u 558 wm/c coorBerctBeHHO. llpm 0 5 10 15 20 25 3

3TOM OaJUTMCTUYECKHE KPHUBbIEC LIS STHX S i Bt cpas
BapuaHTOB PAacCyY€TOB MOJHOCTBIO COBIA- Puc. 2. Pe3ynbTaThl pacyeToB npouecca Npo6utusa 6a3osoii anio-
JJaJu TOJIBKO Ha HavYyaJIbHOU CTaguu Mpo- MWHUEBOW N antoMUHUEBOW Nperpaabl C yABOEHHbIM 3HaYeHUEM
- npeaena Teky4ecTu

Brusanue 08ykpamnozco yeenuuenus omkoIbHOU NPOYHOCIU MAMeEPUana npecpaovl
Ha npoyecc npooumus.

[anee n3y4eHo BIUSHHUE IBYKPAaTHOTO YBEJIMUEHHUS OTKOJBHOM MPOYHOCTH B MaTepHaje Hperpaisl
Ha Tiporecc ee nmpoourua. B gaHHOM citydae, pacCMOTpeHHas! BETMYMHA ABJISETCS OJTHOM M3 KpUTEPHEB
paspyweHus B Hcoib3yeMoi Moaenu. OueBuaHO, uTo oOpasel OyaeT Oonblie COMPOTHBISATHCSA OT-
KOJIBHBIM pa3pymeHusiM. OTKOJIbHAs MPOYHOCTh UCXOAHOr0 Matepuana pasHa 0,5 I'Tla.

BocmpousBoast mporiecc mpoOUTHS OJHOPOIHBIX W YCHIIEHHBIX OTKOJBHON MPOYHOCTHIO IMPETpa,
CYLIECTBEHHBIX OTIMYUI He oOHapyxwiH. IIperpaas ObUTM HACKBO3b MPOOHUTHI MAPUKOM 0e3 ero Iia-
cruyeckoi pedopmannu. Bee paspylieHUsi CKOHIEHTPUPOBAHBI MO KpasM NPOOOMHBI, & U3 Mperpajisl
ObLIa BBEIOUTA «IPOOKa», KOTOpPasi B 3aBHCUMOCTH OT CKOPOCTH MMeJIa pa3pyllieHnsl CpeJHe U CHIIbHON
CTETICHH.

s mpoBeneHus CPaBHUTENBHOTO aHajM3a BCe OAJUIMCTHYECKHE KPUBBIE OBUIM PacHOJIOKEHBI Ha
ogHOM Tpaduke Ha puc. 3. [lo aHamoruu ¢ mpeapAyIeM ciydaeM BBEpXY ObLIM MPEACTAaBICHBI pacyeT-
HbI€ KpHBBIC i1 cKopocTH 460 m/c, a BHU3y — misa ckopoctd 700 m/c. BuaHo, 4ro OammucTHdecKue
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KPUBBIC JIIs1 0A30BOTO M YCHUJICHHOTO OTKOJBHOW MPOYHOCTHIO 00Pa3IOB MPAKTHYECKHU MOJIHOCTHIO COB-
naganu. [Ipu 3TOM coBNajeHUs C KPUBOW OTHOCSIIEHCS K 00pa3ily C YCHWJICHHBIM 3HAYCHHEM Ipejeia
TEKy4eCTH, IMEJTH MECTO TOJIbKO HAa HAYAIBHBIX H KOHEUHBIX CTaJIUSIX Mpoliecca MpoOuTus. Y CTaHOBIIe-
HO, 9TO TIpH CKOpocTH yhapHuka 460 m/c ero 3amperpaaHas ckopocTb paBHsuiack 300 M/c u mpakTHde-
CKH TIOJTHOCTBIO COBIAJANIa C MPEABIAYIIMMA PACCYMTAHHBIMUA 3HAYCHHUSIMU.

[Ipu HavanpHOM cKOpocTH ymapHUKa, paBHoW 700 m/c, Habmoganace moxoxkas kaptuHa. OmHAKO

BCE TpHU OAJUIMCTHYECKHE KPUBBIE COBIIA-
Jalli TOJBKO Ha HAa4yalbHOM CTaiuH, a Ha
KOHEYHOH CTaJull OHM CTAaHOBWIIUCH Ia-
pajuIenbHBIMU IpyT Apyry. UYTto kacaercs
0aJUIMCTUYECKUX KPUBBIX Ul YCHUIICHHBIX
00pas1oB, TO OHU COBNAJANIH €IlE U B Ce-
penuHe mporecca A0 8 MKC BKJIHOYHTENb-
HO. Takum o0Opa3om, ymapHas CTOHKOCTb
oOpa3iia ¢ 3aBBIIICHHBIM 3HAYCHHEM OT-
KOJIBHOH TIPOYHOCTH OBbLIAa BBIIIE, YeM
OTHOPOJHOTO 00pasna U odpasna C 3aBbI-
IIEHHBIM 3HAYCHHUCM IMPpCaciia TCKYUCCTH.
Opnako, CyAs 1O pacCUNTAHHOMY 3Hade-
HUIO 3aIIperpajHoi CKOpoCTH, paBHOU 554
M/c, BecbMa He3HaunuTeNnbHO. [lonyueHHble
PE3YIBTAThI ABJIAIOTCA NPCACKA3yCMbIMH
U OOBSICHSIOTCS TEM, YTO B IPOLIECCE MPO-
OUTUS OTKOJBHOE DPa3pyLICHUE HE SBIS-
JIOCh JOMUHHPYIOIIHM.

CkopocTb yaapHuka, m/c

- - - OBpasel (np. Tek. x 2)
----- OBpasew (OTK. npoy. x 2)
Baaoewii obpasey

O6pa3ey (OTk. Npou. = 2)

@
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400 -
350
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-4

0 4

@

650

. Bpems, m/c
700

- - - O6pasey (np. Tex. x 2)
----- O6paseu (oTk. npoy. x 2)
—— basosbli 0Gpasey

600 —

550

-4 0 4 8 16 28 32

Bpems, m/c

Puc. 3. PesynbTaThl pacyeToB npouecca npobutus 6asosoi anio-
MMWHUEBOW 1 antoMUHUEBOI Nperpaabl ¢ YABOEHHbIM 3Ha4YeHUeMm

OTKONIbHOMW NMPOYHOCTU

Brusinue 0syxpamnozo ysenuuenus yoenbHou pabomsi cO8U2080U NIACMUYECKOU dedhopmayuu npespa-

0bl Ha npoyecc npooumus

B 3aBepiienue mpoaHanu3upyeM IMpolecc TpoOUTHS Mperpa ¢ YABOSHHBIM 3HAYEHUEM CIBUTOBOM
npoyHOCcTH. COrJIacHO JIOTHKE MPOBOIAMMBIX HUCCIIEOBAHUMN, NaHHBIA 00pa3el] MoIKeH OOIbIINe COmpo-
TUBJATHCS cIBUTY. OJHAKO pacdeThl MOKa3ajH, YTO BCE MPErpaabl OBUIM TPOOUTHI yIapHUKOM HACKBO3b
0e3 3aMETHOW IIacTUYecKoi JeopMalnu MO Y)Ke BBHIIICONMCAHHOMY MexaHu3My. Bpewms mporecca
MPOOUTHS HE3HAYUTENFHO OTINYAIOCH OT BPEMEHH MPOOUTHUS OJTHOPOIHOTO 00pasiia, a COCTOSHUE BhI-
OuTOl MPOOKKM MOKHO OXapaKTepHU30BaTh KaK CpEAHEN CTEIIeHN pa3pylIeHusI.

Bamnucrtuyeckne  KpuBBbIE IS
BCEX PAacCMOTPEHHBIX 00pa3IoB IMpH-
BelleHbl Ha puc. 4. BunHo, 4yto Bce
KpHUBBIE COBMAJAld TOJBKO Ha Ha-
YaJIbHOM CTaJuyd MTPOOUTHS, MPHUEM
npu ckopoctu 460 m/c 3TOT mepuox
OBLT B JBa pasa JOJbIIE U COCTaBUI
moutd 8 Mkc. HerpyaHo 3ameruTts,
YTO KPHBBIE CKOPOCTH YIPOYHEHHOI'O
CIABHIOBOM IMPOYHOCTHIO 00pa3ua pac-
MOJIOKEHBI HUKE OCTaJbHBIX. Takum
00pa3oM, MOKHO yTBEpXJaTh B MpO-
1ecce MPOOUTHS JTOMHUHUPOBAI CIIBU-
TOBOH MEXaHW3M, «IpoOKa» Kak Obl
cpesasiach MOJ JIEUCTBUEM YJlapHUKa,
OJIHaKO caMm oOpasel HE CMOT €ro oc-
TaHOBUTb.

IIpu HawanbHOM CKOpPOCTH yaap-
Huka 460 M/c ero 3amperpagHasi CKO-
pocTh coctaBisiia 253 M/c, 4TO SBIISI-

‘g 500

C 450 -

> 350
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Puc. 4. Pe3ynbTaThl pacyeToB npouecca npobutnsa 6asoBou anomMu-
HMEeBOW U antoMUHMEBON Nperpaabl C YABOEHHbIM 3Ha4Y€HMEeM CABUro-

BOW NPOYHOCTU
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Opnoe M.KO., Mna3bipuH B.T1., UccnedoeaHue npoyecca npobumusi asroMuHuUe8bIx npezpad
®asbinos T.B. chepuyeckum yOapHukom e duanasoHe om 460 do 700 m/c

JI0Ch MUHUMAJIBHBIM 3Ha4YeHueM U Ha 15 % MeHsbIe cKopocTH, 3adUKCHPOBAaHHOW B BApPHAHTE PacUETOB
6azoBoro obpasma. Ilpu HavanpHO#M ckopocTu 700 M/C TakKe MOTYyYeHO MHHUMAIbHOE 3HAUYEHHUE, PaB-
Hoe 537 m/c. OHaKo pacxokaeHne ¢ 6a30BbIM 00pa3OM 31eCh YMEHBIIHIOCH 10 5 %.

Pe3yabTaTsl pacyeroB

B tabnuue npeacTaBieHbl pe3yabTaThl PACYETOB ISl BCEX PACCMOTPEHHBIX BapHAaHTOB. Pe3ynbraThl
Jaf0T KOJMIMYECTBEHHOE M KaYeCTBEHHOE MPEICTaBICHUE O Mpolecce NPoOUTHsl 6a30BOT0 allOMHUHHAEBOTO
Y YIPOYHEHHBIX 00pa3ioB mpu ckopoctsx 460 u 700 m/c. B Tabiuiie nmprBeneHsl HadaabHasi CKOPOCTh
yAapHUKa, BpeMs NpoOWUTHs (MOMEHT IOJHOIO €ro BBIXOAA W3 Iperpajsl), 3alperpagHas CKOPOCTb
ylIapHUKa (CKOPOCTh €ro LEHTpa Macc), BEIUYMHBI BXOJHOTO M BBIXOJHOTO JAWAMETPOB MPOOOUHBI U
SHEPTUH MOTIJIOMIEHUs yaapHuKa. Kpome Toro, KadecTBEHHO OLIEHEHO COCTOSIHUE BBIOMTON W3 MpErpaisl
«IIPOOKI.

Y CcTaHOBIIEHO, YTO YIPOYHEHHE 00pa3LOB OJHOI M3 BHIOPAHHBIX MMPOYHOCTHBIX XapPaKTEPUCTHK BO
BCEX CIy4Yasx MPUBOJMIO K TIOBBILICHUIO yIAPHOW CTOWKOCTH MPErpasl Mo CpaBHEHHUIO ¢ 0a30BBIM 00-
pasnoM. OTO BRIPAKaJIOCh B YMEHBILEHUH 3alpPErpagHOil CKOPOCTH YAApHUKA, B HE3HAYUTEILHOM YBe-
JUYEHUH BPEMEHH Ipolecca MPOOUTHS M B YBEJIMYEHHUH BBIXOJHOTO AMAaMETpbl HMpoOouHBI. Jpyrux
3HAYUMBIX OTJIMYUI B MOP(OIOTHHU pa3pyleHus o0pa3oB oOHapyxeHo He Obuto. [Ipu 3TOM ynapHUK
HACKBO3b MTPOOHBAII BCE MPETPAJIbI, HE TePsisi CBOSH UCXOMHOH chepraeckoit popmel.

[TyreM mpsiMoro cpaBHEHHS TOIYYEHO, 94TO Tpu ckopoctr 460 mM/c HanboNbIIeH ynapHOH CTOHKO-
CTBIO 00Naan obpaserl ¢ yBeJIMUCHHBIM 3HaAYCHUEM CIBUTOBOM NpouHocTH. [locie mpobutust 3Toro ym-
POYHEHHOTO 00pa3iia 3anperpaaHas CKOpOCTh yIapHHKa cocTaBuia 253 M/c, 4yTo moutu Ha 15 % MeHb-
11e, yeM mocie nmpooutus 6azoBoro. [locie mpoOuTHst 00pas3IoB ¢ 3aBHIICHHBIMU 3HAYCHUSIMHA OTKOJb-
HOW MPOYHOCTH U TpeJiesia TEKyYeCTH OTMEUEHO HE3HAYUTEIbHOE PACXOXKICHUE B PACUETHBIX 3HAYCHH-
sIX. 3anperpajHple CKOPOCTH B STHUX BapHaHTax ObLIM MeHbIe Ha 2,6 u 1,7 % coorBercTBeHHO. Takas
JKE€ TEHJICHITUSI COXPaHMIIach MPU HavaiabHOU ckopocTr 700 M/c, OIHAKO pacXoXKIeHHE B 3alperpaaHbIX
CKOPOCTSIX YMEHBIIHIOCH A0 5 %.

YcTaHOBIIEHO, YTO YHpOYHEHHE 00pa3loB cliabo BIUIIO Ha BpeMs mpoiiecca mpodutus. Tak, npu
ckopoctr 460 M/c Bpemsi TpOOHTHS MOIY4IHUIIoCh OT 69 o 73 Mkc, a pu ckopoctu 700 m/c — ot 37 1o
40 mxc. BpeMst npoOUTHS pacCUUTHIBAJIOCH KaK BPeMs ITOJTHOTO BBIX0/A YAAPHHUKA U3 IPETpa.

PacueTHBIM myTeM OBLIO YCTaHOBIIEHO, YTO B HEKOTOPBIX YCHUIIEHHBIX 00paslax ¢ TBUILHOW CTOPO-
HbI BOJIM3H MPOOOUHBI BRIOMBAJICS JOMOJIHUTEIIbHBIN OCKOJIOK. C TOYKHU 3pEHUS aBTOPOB, JaHHBIN (aKT
TOBOPHJI O TOM, 4TO 00pa3ell CHbHEE CONMPOTUBIILICA npoduTnio. Hanbonee paspyiienHsle Kpas npo-
OOWHBI HAOJIIOJAIUCH TTOCTIe TIPOOUTHS 0a30BOT0 00pasiia. Y CTaHOBJICHO, YTO BO BCEX YCHUIICHHBIX 00pa3-
11aX BBIXOJHOMN JUaMeTp MPOOOUHBI ObLT 0OJIbINE, YeM BBIXOJHOW JAMAaMeTp, HAOJI0aeMbIi MOCIIe TIPO-
outus 6a3oBoro oopasma. HanbombIme qruaMeTpsl BBIXOJHBIX POOOWH 00OHAPYKEHBI B 00pa3iiax ¢ yBelu-
YEHHBIM 3HAYCHHEM ITpeJiesia TEKYUEeCTH U YATIbHOM padoThI CIBUTOBBIX INIACTUYECKUX AedopMannil.

YcraHoBIIeHO, UTO TIpU HpoduTu 6azoBoro odpasiia mpu ckopocTsax 460 u 700 m/c moraomanoch
sHeprun 510 u 698 /I coorBercTBeHHO. [Ipn mpobuTrn 00pa3IOB ¢ YBEINYSHHBIM 3HAYEHUEM C/IBUTO-
BOM MPOYHOCTH 3TH 3aTpaThl SHEPIUU yBenuuuBanuchk 10 619 u 846 JIx. B obpasuax ¢ yBenuueHHBIM
3HAYEHHEM OTKOJIBHON IMPOYHOCTH OTMEUYEH CPEIHHUI YpPOBEHb Pa3pyILICHHUS BBHIOMTOH «IpoOKkm». B
JTAHHOM CITy4ae BMECTO aJTIOMHHHEBBIX OCKOJKOB HabOmrogancs (parMeHT mperpajabl B BUJIC BHIOMTON
«IIPOOKM».

3akmo4yenue

Ha ocHOBaHMM MOTyYeHHBIX Pe3yIbTATOB OBLIM CAENIAaHBI CIEAYIOIIE BEIBOALL. B 1ienom xapakrep
0aTMCTHYECKUX KPUBBIX, MOP(OJIOTHS pa3pylIeHHs perpaji 1 MeXaH|u3M MPOOUTHs ObUIH IPUMEPHO
OJMHAKOBBIMH Kak JJisi 0a30BOM Mperpaibl, Tak M sl BCeX YIPOUYHEHHBIX 00pa3noB. B paccmoTpeHHOM
IMara3oHe CKopocTeil cdepuyeckuil ynapHUK He aedhopMHUpOBajcs MIACTUYECKH, U BHIOMBAII U3 Ipe-
rpajbl «poOKy». PazpynieHus «mpoOKm» MOXKHO 0XapaKTepU30BaTh Kak cpejHue (pparMeHT BHIOUTON
MPOOKHU M OCKOJIKH) M BBICOKHE (TOJIBKO OCKOJIKH ATFOMHHUA).

Haubonpiiee conpotusieHre NpoOUTHIO OKa3bIBAIM MPErpajbl C YBEIUUEHHBIM 3HAYEHUEM C/IBH-
rOBOM NMPOYHOCTH. B 3THX BapuaHTax pacueTOB OTMEUEHO HE3HAUMTEIHbHOE YBEJINYECHUE BPEMEHH IIPO-
OUTHUs U yMEHBILIEHHUE 3alperpagHoil CKOPOCTH ylapHHUKa. banmiucTuueckue KpUBble IPaKTHUECKH COB-
najainu ¢ OaJUIMCTHYECKON KpUBOH i1t 6a3oBoro oOpasua. OCHOBHOE pasziuyue ObUIO B HAJTUYUE COB-
MaJIcHU KPUBBIX BHaYaJIe U KOHIIE Ipoliecca IpOoOUTHSI.
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Pe3ynbTaThbl pacyeToB NpoLecca NpobUTUs antoMUHUEBBIX Nperpag

Iperpana R & HuameTp poOOUHBI, | Dnepeus =

5 5] MM noano- zoa
Wcxonuslii obpazern 060- | &, wenus, g E
3Havaiics kak J[16, B 06o- % o 2 = Lo § Lé
3HAYEHWH YNPOYHEHHOTO | & 'S = = . 8 g
obpaslia CTOSII CHMBOM | % E S 5 o IS
«x2)» 3 2 E 8 4 = g 2 g

Z L o 5 s >< g ©

T | &E |82 | 2 > E
[perpana ucxomuas /16 460 69 300 13 13,4 510 Bricokwuii
Ip-na {16 (mp. Tek. x 2) 460 73 299 14,5 14,24 513 Cpennuit
[Iperpana ncxomuas /{16 700 37 569 14,2 14,3 698 Bricokuit
[Ip-pa JI16 (mp. Tek. x 2) 700 40 558 141 14,9 750 Cpennunit
[p-na (Otk.mmpoy X 2) 460 69 301 134 13,3 509 Cpennuii
[p-na (Otk.mpoy. x 2) 700 39 554 13,1 13,7 768 Cpennuii
[Ip-ma JI16 (co. mpoux 2) 460 71 253 13,2 12,7 619 Cpenaunit
[Ip-ma J{16 (co. mpoux 2) 700 39 537 13,3 13,6 846 Bricokwnii

Ckopee Bcero, OTKOJIbHAsE IPOYHOCTh M MpeAes TEKYyYeCTH TaKKe BIUSUIM Ha MPOIecC B3auMOIeH-
CTBHUSI, HO TOJBKO B JAPYrOM HMHTEpBaje HadaJbHBIX CKOPOCTEH, BOSMOXHO, HIKE Ipejesia CKBO3HOTO
MPOOHTHSI.

Co3pmaHHble CpeACcTBa MAaTEMAaTHYECKOTO MOJICIIMPOBAHUS MOTYT OBITH IMOJIE3HBI MPU MPOBEACHUH
(GyHIaMEHTaTbHBIX W HPUKIAAHBIX HccaenoBannii. [IpeanokeHHbI TOAX0 MMO3BOJISIET BBIACHITH Me-
XaHU3MBI ¥ 3aKOHOMEPHOCTH ITPOIIECCa BEICOKOCKOPOCTHOTO JIepOPMHUPOBAHUS M Pa3pyLICHUs] KOHCT-
PYKIIMOHHBIX MaTEpUANIOB H, KPOME TOTO, MTONy4YaTh PE3yJIbTAThl B HEJOCTYITHOM JIJIsl SKCIIepUMEHTa 00-
JIACTH HAYalbHBIX ycJoBUH. [Ipu MpoBeIeHNH KOMIUIEKCHOTO PallMOHaIBbHOTO MPOCKTUPOBAHHS peallu-
3yeTcsi BO3MOKHOCTB IIPOTHO3UPOBAHUS TIOBEJICHUS NTEPCIIEKTUBHBIX yIapOCTONKHUX 3aIIUT Pa3IHMYHBIX
00BEKTOB M TEXHHUKH JIJIsi OOJIETYEHUS] TOMCKA ONTUMAIBHOTO BapUAHTA 3alIUTHON KOHCTPYKIIMH.

BaarogapuocTn

Hccneoosanue evinonneno sa cuem epamma Poccutickozo nayunozo ¢onoa Ne 23-29-00257,
https://rscf.ru/en/project/23-29-00257/.
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INVESTIGATING THE PENETRATION OF ALUMINUM TARGETS
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Abstract. The paper numerically studies the penetration of a spherical impactor through monolithic
and reinforced aluminum targets at initial velocities ranging from 460 to 700 meters per second. Alumi-
num samples with overestimated values of yield strength, spall strength, and specific work of shear plas-
tic deformation are considered as hardened samples. The material is modeled as an elasto-plastic, po-
rous, compressible medium taking into account its strength properties, shock wave phenomena, and frac-
ture formation through spall-induced and shear-induced modes. The governing equations are based on
the Prandtl-Reiss equations under the Mises flow condition. The state equation is formulated in Walsh
form. Numerical methods are used to solve the problem, with a Lagrangian approach serving as the pri-
mary research tool. The computational part is supplemented with mechanisms for splitting nodes and
erosion elements. The calculations were carried out in a two-dimensional, axisymmetric model using the
latest version of the “Udar.Os.2” finite element solver. The sensitivity of the mesh was analyzed, and the
most efficient finite element model was selected. In all cases, hardening of the specimens led to an in-
crease of impact resistance. Although the targets were penetrated, specimens with an overestimated
shear strength value provided greater impact resistance. At certain stages of the process, the ballistic
curves aligned, but the impactor was not destroyed, leaving behind a target’s debris cloud.

Keywords: high-speed striker; target, mathematical model; numerical method; perforation and
penetration problem; impact resistance.
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PACHETHbIE NMPOLIEAYPbI, UCNOJIb3YEMbIE B OBOCHOBAHUE
CUCTEMbl TPEBOBAHUU K MATEPUAIIAM KOHCTPYKLIUA
MOPCKOU TEXHUKUA U MATUCTPAJIbHbLIX TPYBOMNPOBOAOB

B.FO. dunuH, [.P. bapakos, E.[]. Hazapoea
HUL «Kypyamoeckutl uHcmumymy» — LIHUWN KM «lpomemel», 2. CaHkm-llemepbype,

Poccutickas ®edepayus
E-mail: npk3@crism.ru

AnHoTanus. B o0ecnedeHun Oe30macHOll JKCIIyaTalMH KpPYyNHOradapuT-
HBIX KOHCTPYKIHH APKTHKHM KJIOYeBYI0 POJIb HIPaeT NMpHMeHsieMas CHCTeMAa
KOHTPOJI KA4YeCTBa CyJ0CTPOMTENbHBIX M TPYOHBIX cTajiedl, OCHOBaHHasi Ha
NMPOBEJCHUH CIEHUATBHBIX MEXaHMYECKHX HCIBITAHNA HA TPEIMIUHOCTOMKOCTD H
xyaagocroiikocTb. TpeOoBaHMsl K MX pe3yJibTaTaM MNpelJoKeHO KOJIUYeCTBEHHO
onpeeaaTh pPacyeTaMH, MOCKOJIbKY CYyIeCTBYIOIIHEe 000CHOBAHHMS BKJKOYAKOT
cyObeKkTHBHBIEe KO3 PuuMeHThI 3anaca. B crarbe onucaHnbl ABa TUIAa pa3pado-
TaHHBIX pacyeTHBIX mpoueayp. IlepBbIM U3 HHX fABJIAECTCH YHCICHHBIA BeposiT-
HOCTHBIH 3KCIIepMMeHT, NO3BOJIUBILINII paccuuTaTh TpedyeMble MapaMeTphl CTa-
THYECKOIl TPEeIMHOCTOHKOCTH MeTa/llIa CBAPHBIX COeAMHEHMII MPH MUHMMAIb-
HOW TeMmepaType 3KCILIyaTallMi B odecrieyeHHe NMEPBOro YPOBHsI 0e30IacHOCTH
IKCIIYaTAMM CBAPHBIX KOHCTPYKIHWH — CONPOTHBJICHUE CTAPTY TPEIIMHBI 110
Xpynkomy Mexanusmy. IIpouneaypa 4mc/eHHOro 3KcHepMMeHTa BKJIKOYaeT MHO-
TOKPaTHYI0 NPOBEPKY BEPOSITHOCTHOIO YCJIOBHA XPYNKOI0 pa3pyuieHus 3JeMeH-
Ta KOHCTPYKUMH ¢ Je(eKTOM B TePMHMHAX HeJIMHEHOH MeXaHUKH pa3pyuleHMs.
Jast aToro paspadoraHbl npeanoJiaraemMble pacnpeiejieHusi Cay4ailHbIX napa-
MeTPOB HATIPY3KH, TEMIIEPATypPbl H CBOHCTB CTAJIH, BXOASIIHUX B YCI0BHE MPOY-
HOCTH, 2 TAK/Ke COOTBETCTBYIOLIee MPOrpaMMHoe obecnieyeHue. Bropoii Tun pac-
YETHBIX NMPOLEAYP NpeAycMATPUBACT MOJEIHPOBAHHE METOJOM KOHEYHBIX JJIe-
MEHTOB KOHKYPHPYIOLIEro BA3KOI0 U XPYNKOIro pa3pylmieHusi B 3JeMeHTaX KOH-
CTpyKIMii ¥ B o0pa3uax pa3jM4HbIX THIOB, HCHOJb3YeMbIX AJs ONpeneaeHus
TeMIepaTyp BA3KO-XpPyNKoro nepexoga. CpaBHeHHe ocyllecTBJseTCs IJsl MoJe-
Jieil, B KOTOPLIX 3aaHA OJJHA U Ta Ke KPUTHYecKasi BeJMYHHA ko3 duiuueHTa
HHTEHCUBHOCTH HANPSKeHUH, COOTBETCTBYIOLIAsi MPOABMKEHHIO XPYNKOro pas-
pyumienus. PesyJbTaTamu pacyera siBIAIOTCS He00X0AMMbIe 3aMachl MO IKCHEPH-
MEHTAJILHO ONpeesieMbIM TEeMIePaTypaM BA3KO-XPYIIKOI0 Iepexoaa Mo OTHO-
IICHUI0 K MUHHMAJIBHOMH TeMIlepaType 3KCILIyaTallid MaTepHuajia. JT0 Mo3BoJif-
eT ol0ecneyuTh BTOPOH ypOBeHb 0€30MACHOCTH JIKCIUIYaTAUMH KOHCTPYKUMHA —
CONPOTHBJICHHE MaTepHaJIa PACIPOCTPAaHEHHIO TpemuHbl. Paspadorannl npuH-
IHIBI IOCTPOCHUSI MOJeJIeH M MHTepnperanuu pedyabratoB. Ilonyyennsie Tpe-
0oBaHNS K TeMIepaTypaM BsI3KO-XPYNKOIo Iepexojia cTajieil A HOBBIX MOP-
CKHX MPOEKTOB € BBHICOKUMM JIKCIJIYaTAHHOHHBIMH TPeOOBAHMSIMU He JOCTHUra-
I0TCS IPH MIPUMeEHEHUH 00BIYHBIX MAPOK CTAJIM, 0 YeM CBH/IETEeJIbCTBYIOT HAKOII-
gennble B HULl «KypuatoBckuii uncturyt» — HHUU KM «Ilpomerein» pe3yib-
TaThl cHeNUAJbHBIX MeXaHMYecKHX ucnbiTanmii. [Io3TOMy BBINOJIHEHHBbIE pacye-
Thl 000CHOBBIBAKOT 00JIaCTh 0053aTeIbHOI0 NMPUMEHEHHUS] CTAJHM APKTHYEeCKHX
MapoK.

Knroueswvie cnosa: mexanuxa pa3pymeHuﬂ; XPYNnKoe u esi13Koe pa3pymeHue; 653K0-
XPYRKULL nepexo0; apKmuiecKkue KOHCMPYKYUU; paciemHle npoyeoypbl.

PacueTnas npoueaypa B odecriedeHUH MEPBOT0 YPOBHS 0€30MacHOCTH

TpeluHbl Ipy KCIUTyaTallid OOBIYHO 3apOXKAAIOTCS B MeCTaX JAC(PEKTOB CBAPHBIX COCAMHEHUHN W
KOHCTPYKTHBHBIX KOHIIEHTPATOPOB HarpspkeHWH. CONMPOTUBIICHUE CTAPTY TPEUIMHBI KOHTPOIUPYETCS
WCIIBITAHUSMH Ha CTATUYECKYIO TPEIIMHOCTOMKOCTH ¢ omnpenencaueM napamerpoB CTOD (kputuuecko-
IO PacKpBITHS BEPIUIMHBI TPEIIWHBI) U J-WHTErpaia Ha oOpasiax MOJHOM TONIIWHBI C KPAaCBBIM Hajpe-
30M U YCTaJIOCTHOHM TPEIIMHOM, pacroiaracMoil B pa3IMYHBIX 30HAX CBapHOro coemuHeHws. Tpeboa-
Hus Kk mapamerpam CTOD u J kK MeTaluly CBapHOTO COCIMHEHHS ONPENCISIFOTCS COTJIACHO CTaHAAPTY
opranuzanuu [ 1], pazpaboTaHHOMY IO PE3yJIbTaTaM YHUCICHHOTO BEPOSTHOCTHOTO DKCITICPUMEHTA.
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3a pacyeTHbIN eeKT CBAPHOTO COCIMHEHHS TOIIIUHOW S MPUHUMAIOT MOBEPXHOCTHYIO IOJTYJI-
JUNTHYECKYIO TPEIIMHY, OPUCHTUPOBAHHYIO YV TPaHUIIBI YCUJICHHS 1IBA BIOJIb OCH IIBa, C COOTHOIIICHH-
em pasmepos l/a = 3. TnyOuHy & NPUHUMAIOT B 3aBUCHMOCTH OT NMPUMEHEHHOW MPOIEAyphl U 00beMa
HEepa3pyIIAoIIero KOHTPOJISI TIPU CTPOUTENHLCTBE KOHCTPYKIIMU (KaKk MakCUMyM, Takoil aedekt He mpe-
BBIIIAET pa3Mepa BaJIMKa CBApHOTO IBa). [Ipy HaIMYMU KOHCTPYKIMU MPOTSIKEHHBIX CBAPHBIX COEIH-
HEHHU TIIyOUHY pacuETHOTO Je(eKTa MPUHIUMAIOT B 3aBUCUMOCTH OT UX OTHOCUTEIBHOM JITUHBL:

a=-0,14x 505 |n(1—o,951’N) .

Hcnonp3ys BenuuuHy J-uHTerpaia, chopMyIupyeM yciIoBHe MPEJOTBPAILEHHUS] XPYIIKOTO pa3pylie-
HUSI B I€TEPMUHUCTUYECKON TIOCTAHOBKE:

J.=2nxJ, (1)
rae J. — cpeaHee KpUTHYECKOE 3HaYeHHE J-WHTerpalia 1Mo UCTBITAHUSIM TIpH TeMmepaTtype 1p, N — Kodd-
¢unmeHT 3anaca, J — mapamerp Harpy3ku KOHCTPYKIIHOHHOTO 3JIeMEHTa ¢ pacu€THbIM Aedekrom. Pac-
YeTHAs MPOIlelypa UCIIONB3yeTCs s onpeeneHus kodddumuenta 3anaca B popmyne (1). [lockompky
paccMaTpUBAIOTCSl IKCIUTyaTallMOHHBIE TEMIIEpaTyphl B MHTEPBAIE BSI3KO-XPYIIKOTO IEpexona, MOXKHO
CUUTaTh, YTO HACTYILICHUE PA3PYLICHHS 110 XPYIIKOMY MEXaHU3MY MOXKET IIPOU30MTU C HEKOTOPOM Be-
posTHOCTHIO. To ke ycnoBue MpoyHocTH (1) B BEpOATHOCTHON MOCTaHOBKE UMEET BUJL

(Je); 2(9); 2)

IJIc UHACKCHI | U | COOTBETCTBYIOT CIIy4ailHBIM 3HAUCHHUSIM TPEHIMHOCTOMKOCTH METajlla U MapameTpa
HArpY>KCHUSI AJIEMEHTA KOHCTPYKIMHU C PACUETHBIM Ae(EKTOM B KOHKPETHOM CITydae HarpyKeHHs.

['maBHast 0COOCHHOCTD MPOLEAYPHl — COBMECTHBIN y4eT HECKOJIBKUX HE3aBHCHMbBIX CITyYailHBIX I1a-
paMeTpoB, 3a/IaBacMbIX Yepe3 FeHEepaToOphl IICEBAOCIYIalHbIX YKcel (paHIoMaii3ephl) ¢ MePUOIOM MO-
BTOpsieMocTH He Menee 107, JJaHHEIH meproa obecreunBaeTcs IPU KOTHYCCTBE 3HAYAIMX U Hepe-
MEHHEIX HE MeHee 8 B PeKYPCHBHBIX (OpMylax BHIA X, ={0-X}, Iae ( — npocroe umucno. B umcro
apaMeTpPOB BXOJST:

e ciyuaiinas riy6una nepekra a; =—In (Xl) -a/In20, 9TO COOTBETCTBYET BEPOSTHOCTH TOTO, YTO

nedekT rimyOouHoi 6oee a Oynet oOHapyskeH ¢ BEpOSITHOCTBIO 95 %;
®  DACIpPE/E/ICHHE CIly4aifHbIX OTHOCHTEIBHBIX HAIPSDKCHUH &) =0 - (1—0,5 [—In (le )J) ,Tae o

— JIeTepMHUHUPOBAaHHAs BEJIMYWHA OTHOCUTENBHBIX HampspkeHuil. Ilokazartens crenenu y = 0,173 BBI-
OpaH TakuM 00pa3oM, 4ToObl 00eCIIEUUTh HACTYIUIEHHE HauOOJIBIINX HArPy30K, COCTABIIAIOLINX HE Me-
Hee 0,950, ¢ nepuonnunocteio 5 000 cimydaes 3a cpok ciry>k0b1 30 set, unu 167 pa3 B rof, npeamnoia-
rast 3a kaxpii rox 10° ciaydaes Harpyxenns. JJOMHHEPYIOIIEE YHCIIO CIIyYaeB HATPYKEHHS, TAKAM 00-
pas3oM, CBA3aHO ¢ HEOOJIBIIMMHU Harpy3Kkamu (paboTa 000pyAOBaHMS, IIEPENaabl IaBJICHHUS U T. 11.);

e TemmepaTypa, COOTBETCTBYIOIIAs CIy4asM Harpy)KeHus, 3ajaBaeMas yCeUYeHHBIM HOPMaJIbHBIM
pacnpenencauem (YHP), touka cpesa pacnpezeneHuss — aOCONIOTHO MUHUMAJIbHAS KIMMAaTHYeCKas
TeMIieparypa B MecTe AUCIOKAIMKA KOHCTPYKLHH, T min. CllydaliHOe 3HaYeHHE TeMIepaTyphl SKCILTyaTa-
UOHHOT'O HAarpyXeHus ([0 cpe3a pactpeesieHus) onpeaensercs mo Gpopmyie

T;=T, +,/—2|n(x3)><COS(47t-x4)-0U),

IJIe X3 ¥ X4 — NICEBJIOHE3aBUCHUMBIE ClTydaiiHble BeMunHbl B quanasone (0, 1), o) — cpeaHexBagpaTHye-
cKkoe oTKJIoHeHue, °C;

® TPEIUHOCTOMKOCTh MaTepHasa, KOTOPYIO CUUTAIOT YIOBIETBOPSIONICH TpEXIapaMeTpHIEeCKOMY
pacnpenencHuio BeitOyiia, raoe f — napamerp GopMbl pacrpeaeacHusl, CBI3aHHbIH ¢ K03 duimeHToM
Bapuanuu V; Jo — MeinaHHOE 3HaYeHue (TTapameTp Macmtabda), Jyin — MUHUMaIILHOE 3HAYCHHE:

_ 1/
(‘]c)i‘TD _‘]min+(\]c0_‘]min)[_|n(xs)] )
4TO CJICAYCT OTKOPPCKTUPOBATDH AJIA TEMIICPATYPHI, COOTBCTCTBerH.[eﬁ CJIIy4daro HarpyKCHUA:

(3.), ‘T,- - (Jc)i\TD exp(0,04(T, ~Tp)).

3a1ar0T mprUeMIIEMyI0 BEpOATHOCTh paspylieHus Q, a Takxke HayanbHOE 3HaUeHHE Jgo. KommuecTBo
OIBITOB B YHCJICHHOM SKCIIEPUMEHTE IS HPOBEPKH YCIOBHs (2) mpuHaTo paBHbM 2x10° uto nocra-
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@unuHx B.1O., bapakoe [].P., Pac4yemHsie npouyedypsbl, ucrnosb3yembie 8 060cHos8aHuUe cucmeMbl
Haszaposa E.[. mpe6oeaHull K Mamepuasnam KOHCMPYKUUL MOPCKOU MEXHUKU ...

TOYHO MO pe3yJIbTaTaM IPOBEPKU 3aBUCHMOCTH PE3yJIbTaTOB OT YHCIA OMBITOB. Brramcisercs: kommde-
CTBO CIIy4aeB «pa3pyIICHHs», TO €CTh HEBBITOIHEHH yciaoBus (2). ITo pesynpratam pacuéra MeTogoMm
MOIIAroBOTO CIyCKa MOAOHPAIOT HOBOE 3HAYCHHUE Jq, KOTOpOE 00ecTeurnBacT ModyYeHUE 3aaBaeMOoro
3Ha4YeHus BeposATHOCTH Q ¢ momyckoM 5 %. B pe3ynbTare BHIUMCISIOT YacTHBIA KOA(QHUIMEHT 3amaca
Ny = Jo/ Jmin. UTOOBI ONTYyUHTH HCKOMBIH KO3 duImenT 3amaca N B popmyse (1), HEOOXOIUM TOTIOTHH-
TENBHBIA COMHOXKUTENb Np, YUYUTHIBAIOIINHA OTPaHHYECHHOCTh YMCIIa KOPPEKTHBIX PEe3yIbTATOB HCIIBITA-
HUI B cepuu M, TO €CTh BO3MOXHOE OTJINYHE J; OT X CpeAHero apupmernyeckoro 3Hauenus. [locnen-
HHH, UCXOJSI U3 OTAEIBHOTO YHCIEHHOTO SKCIIEPHMEHTA, IS CITydast TpEX KOPPEKTHBIX Pe3yIbTaTOB B
cepur 00pa3oB NPUHUMAIOT PABHBIM
n, =0,6+(9V3—3,4vV2+V)(0,00031S% —0,05S +6,5) .

OKOHYATENBHO ONpEACISIOT TpeOOBaHU K MUHUMAJIBbHBIM cpeaHuM 3HaueHusM J. 1 CTOD. [lns
BBITIOJTHEHHS pacyEéTOB pa3paboTaHO CreHaIbHOE MporpaMMHoe obecrieuenne. Ha ocHOBaHMM BBITIOJI-
HEHHBIX YHCIICHHBIX 3KCIIEPHUMEHTOB MpeaiokeHa Gopmyrna i koaddurmenra 3amaca N B ciydae, Ko-
rla MakCHMallbHasi SKCIUTyaTallMOHHAs Harpyska cocrtasisierT 6 = 0,70, T G, — IpeaeNn TeKydecTH
cTanm:

n=(1,4—6,9v +3ov2)x(1-(m—3)/7xW) ,n>1,V=0,10.

PacueTrHas mpoueaypa B o0ecneyeHUH BTOPOro ypoBHsi Oe3onacHocTu. MoaeaupoBanue pacnpo-
CTpPaHEeHHs TPeIIMHBbI MPH KOHKYPUPYIOIIEM BA3KOM U XPYNKOM pPa3pylIeHUH

Ecnu TpemyHa B KOHCTPYKIIMU CTapTOBAlla, OHA TOJDKHA OBITH OCTAHOBIIEHA OCHOBHBIM METAJIOM.
CrocOOHOCTH OCTAaHOBHMTH TPELIMHY BHIPAYKAETCS TEMIIEPATYpOi TOPMOXKEHUs TPEUHbI (1y,) WK KpH-
TUYECKUM 3HaueHueM ko3 dunmenta natencuBHocTn Hanpsbxenuii (KMH) K\, pu sToii Temmneparype.
Temneparypy T, 3aTpYAHUTENBHO HAWTH NPSAMBIMU HCHBITAHUSAMH, MO3TOMY HAaXOJAT TEMIIEPATYPEI
BSI3KO-XpyNKoro nepexona ocHoBHoro Metamwia NDT, Tys, Tpwrr. Llens pacdyeTHsix nporenyp — oboc-
HOBaHUe Koppensuui Ty, ¢ NEPEYMCIEHHBIMU TemIeparypaMu. VX HCIONBE30BaHUE ITO3BOJISAET IIONY-
YUTh OLEHKH Ty, MO KaXKJOMy BHIY MCHBITaHHH. 3a Tp — MUHUMAJIbHYIO TEMIIEPATypy NPHUMEHUMOCTH
Marepualia — IPUHUMAIOT Hau0OJIee BRICOKYIO (TEIITYI0») U3 9THX OIEHOK [2].

Temmepatypa uyneBoi maactuaHocTd NDT — makcumanbHas Temmeparypa, mpyd KOTOPOU MPOMC-
XOJUT paspylieHre o0pa3IoB ¢ XPYIKON HaIpe3aHHOH HAIJIABKOM MpH yaape MajaromuM rpy3omM. Tem-
nieparypa Ty MPU UCTIBITAHUSAX HA CTATUYECKHUI TPEXTOUEYHBII N3rH0 00pas3iioB HATYPHON TOJIIUHBI C
KPYTJIBIM (KJIFOUEBBIM) HaJIpe30M COOTBETCTBYET CpeIHEH /10JI€ BOJIOKHUCTON COCTABIIAIONIEH B H3JI0Max
70 %. Temmnepatypa Tpwrt IPH UCHBITAHUSAX HA TPEXTOUYCUHBIH M3rHO MaJArOIIUM I'py30M 00pasIoB C
OCTPBIM HAJIPE30M COOTBETCTBYET J10JI€ BOJIOKHHCTOM cocTapstorieii B u3nmomax 70...85 % [2].

B HUII «KypuaroBckuit unctutyt» — HHUM KM «lIpomereil» npeasiokeHa 4UCIECHHAsS MOIEINb
[3], HE cBsA3aHHAs ¢ pacyeTaMH METOJaMH KOHEUYHBIX deMeHToB (MKD), mo3Bosstomnias O1eHUTh BElH-
ynHy K|y, HEOOXOIMMYIO JUTsl TOPMOKEHUS PACIIPOCTPAHSIONICHCS M0 XPYIIKOMY MEXaHU3MY TPEIINHBI B
AJIEMEHTE KOHCTPYKIIMHU TONIUHON S [MM]. Takast olieHKa cocTaBisieT

Kiah = J35x10° 6225, 3)

rae Ty, — TeMnepaTypa TOPMOXKEHHs TPELIHHBI, Gy, — 3)(MEKTUBHBII Npeen TeKy4ecTH MaTepHana Ipu
JAHHOM TeMmmeparype, KOTOPBIi, B YaCTHOCTH, YUUTHIBAET YIIPOUHEHHUE BCIEACTBUE MOBBIIICHUS CKOPO-
ctu nedopmupoBanus. TpeOyemas BenmmunHa Ki, CyTOCTPOUTENBHBIX CTallel, OompeAesieHHast M0 ATOH
(dhopmyie, kak npaBuiio, He mpessimaer 100 MITa-m", MOATOMY JIOIYCTUMO HCIOJB30BaHUE JTUHEHHOU
MeXaHUKH pa3pyureHus. OleHka TpeOOBaHUH K TeMIlepaTypaM BA3KO-XPYIIKOTO Mepexoa, omnpeaesse-
MBIM Ka)KIbIM U3 MPUMEHAEMBIX METOOB, OCYIIECTBIISIETCA C MUCTIOIH30BAHUEM CIEAYIONIEH MpoIeTy-
pBL:

®  OMNpeeNACTCS KUCTHHHASNY THarpaMMa HarpyXeHHsi MaTeprata ¢ MpeIesioM TeKYUeCTH oy, [3, 4];

e C IOMOIIBIO BHIMOJHEHUs cepuii pacueToB MKD mporiecca HarpyxeHusl UCTIBITATEILHOTO 00-
pasia ompeaemnsieTcss CETOYHO 3aBUCHMas BEITMYMHA JKECTKOCTH HANpPSHKEHHOTO COCTOSHUS Y, (TO €CTh
JOCTUTaeMasl B KaKOH-TMOO TOUYKe (PPOHTA TPEIIWHBI M HMCIIOJIb3yeMasi B Ka4eCTBE YCIOBHUS XPYIKOTO
paspyieHus [4-6]

x=o1la,

A€ 01 — MCPBBIC ITIABHBIC HANIPSKCHUA, G — HHTCHCUBHOCTD HaHpSDKeHHfI;
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e TmoxOupaeTcsi J, COOTBETCTBYIOIIEE JOCTIDKEHHIO COOTBETCTBYIOMIEH TeMIepaTyphl BS3KO-
XPYIKOTO TIepexoa;

e pemaeTcs KamuOpoBouHas 3amaya MKD, rie B ycloBHAX IUIOCKOW aedopManuu U Majiomac-
MTa0HOW TEKYYECTH B MOJICII C TEM XKe pa3MepoM KOHEYHOT'O 3JICMEHTa, HarpyKaeMOUW PacTsHKCHUEM
(Y-pyHKIMS paBHA SIUHUIIE), CO3/IACTCS TaKasl K¢ BEIUYHHA ¥ M OTPEICISETCS COOTBETCTBYIOIIEE KPH-

tuueckoe 3HadeHne KMH marepuana Ky, |Tm =o+rna, rae T, — Temneparypa ucnelTanus. JlanHas npo-

neaypa HeoOxXoamma, Tak Kak mpsmoe ompenenenue KWMH mns momenn oOpasiia HEBO3MOXKHO, a Tepe-
CYeT Yepe3 M3MEHEHHe MOTeHINAIbHON dHepruu (J-MHTerpai) MaeT CIUIIKOM HHU3KHE «CpeIHue) 3Ha-
YEeHMUS;

® TIOCKOJIBKY pacCMaTpPUBAIOTCSl TEMIEPATyphl B MHTEPBAJIE BASKO-XPYIKOTO TEPEX0/a, UCIOIb-
3yercs oxuaaeMas remrepaTtypHas 3asucumocts KIH B Buge

K,a|TD = K|a|Tm -exp[o,oz(TD -Tm)] . (4)

dopmyiia (4) NpaKTUUECKU YKBUBAJICHTHA TEMIICPATYPHON 3aBUCHMOCTH HWKHeW orubaromei K, B
kozae BPVC [7]. U3 nee onpenensercs TpedyeMblii TeMiiepatypHslii 3anac (7p—71;) ¢ yaerom (3).

JU1s Kaskoro U3 BHJIOB MCIIBITAHUN TTPOBOAUTCS TIOATAITHOE PEIICHHE YIPYTOIIACTHYECKON 3a/1a4n
MKD npu Bo3pacTaroieM MepeMeIeHuH TOUYCK MPUIOKEHUS HarPy3KH BILIOTH JIO BHIITOJHEHUS KAaKOTO-
MO0 W3 MPUHATHIX JIOKAIBHBIX YCIOBUH pa3pylieHus. 3aTeM Npy QUKCHPOBAHHBIX MEPEMEIICHHUSIX BbI-
TIOJTHSETCS TTO3TAITHOE CHSTHE 3alpeTa Ha TepeMelleHNe Y3JI0B «Pa3pyIICHHBIX» 3IIEMEHTOB OTHOCH-
TEJTHHO IJIOCKOCTH CHMMETPHH 00pasiia BIUIOTH 10 MPEKpaIleHns MPOBIKeHHs TpemuHbL. [locie 3To-
r0 Harpy»KeHHe BO30OHORBIISACTCS. VICIIONIBb3YIOTCSA HECKOIBKO KOHKYPUPYIOIIUX YCIOBHIA Pa3pyIICHUS:

® XPYNKOE pa3pylIeHUe MO JOCTHKEHUH KPUTHIECKOTO 3HAYCHUS JKECTKOCTH HAMPSHKEHHOTO CO-
CTOSIHUA J;

® BS3KUH OTPBHIB 10 JOCTIKEHUIO OJTHOTO W3 JIOKAJIbHBIX KPUTCPUEB: KPUTHUYCCKON Ae(opMaiuu
JM00 HOPMAJIM30BAHHOIO IO BEJIIMYMHE WHTECHCHBHOCTH IUIACTHUYECKOM nedopmaruu kputepus Kok-
podra—JIsTama—Oxa [3],

® BS3KUH Cpe3 MO JOCTHKEHUM KPUTHYECKOTO 3HAYCHHMS MaKCHMMaJbHOW KacaTelbHOW Jedopma-
v ). = (& — &)/I2 [5].

K HacTosiemMy MOMEHTY TOITy4eHBI CIIETYIONINE KOPPEIISAIIHH:

JUIA ucueITauui mo meroauke NDT:

1,21
T, —NDT =50In(0,084\E'(<7m )TD /(GM)NDT) '

JUUISI UCTIBITAHUM 110 MeTOIuKe 7.

JS 1,21
Ty ~Tis =50In| L85y (o, |
U ucnbeITaHui 1mo meroauke DWTT:
TDWTT = Txp — (OIO)OC
Bce npeacraBneHHbIE OLIEHKH CAETAaHbl A U30TPONMHOro Meraimia. OLEHKH ISl MeTajula MOcCIe
TEPMOMEXAHUYECKOU 00pa0bOTKH, CKIIOHHOTO K PaCIIEIUICHUSM, OTIMYA0TCS, /I UCCIICIOBaHMSI BIIU-

HUS pacIIeTJICHUH co3/1aHa crienranbaas Moaens MKD.
60 - - - -

R
. R
4 AR
TR
X /,.a
= 40 — _,..»/
2 N
< NN
= i N ObaacTn HEOOX0AMMOro
5« NN TPHMEHEeHHs] apKTHYECKAX
2 N cTaren
5 X
= 20 — -_/.—/ | BMECTO CTaAn
R HOPMAaAbBHOM NMPOYHOCTH
| NOBBIIEHHON IPOYHOCTH
0 T I T I T
-60 -40 -20 0
Tpi:*C

MuHumanbHas TemnepaTypa NPUMEHUMOCTM CTanM «OBbIYHBLIX» MapokK
1 obnacTu Heo6xo4MMOro NPUMeHeHUs cTanen ¢ MHAEKCOM «Arc» AN MOPCKUX KOHCTPYKLIMMA
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O He0o0X0AUMOCTH MPUMEHEHHS CTaJIeld APKTHIECKHX MapOK

[IpuMeHeHre pacCMOTPEHHBIX PACYETHBIX MPOIENYP MO3BOJSET OIEHUTh MUHUMAIFHBIC TEMIIepa-
TYpbl IPUMEHUMOCTH «OOBIYHBIX» MapOK CTaju (CM. pHC.), onucaHHbIX B [IpaBmiax Poccuiickoro mop-
CKOro peructpa cygoxojnctsa [2]. Oka3plBaeTCs, YTO 3TU I'PAHULIBI HE OXBATHIBAIOT COOTHOIICHUS TOJI-
IIMH W TeMIIepaTyp JIKCIUTyaTallnu, TpeOyeMble ISl COBPEMEHHBIX apKTHYECKHX MpOoeKToB. [loaTomy
MPEJIOAKEHO BHECTU B [2] TpeOOBaHUS K MPUMCHEHUIO apPKTHYSCKUX MApOK CTaIH (C MHIESKCOM «ArCy»)
JUTSL U3TOTOBJICHUSI HAU0OJIEe OTBETCTBEHHBIX KOHCTPYKIIMIA — CyIOBBIX cBsi3eil kareropuu Il u creru-
AIBHBIX KOHCTPYKIIMOHHBIX SJIEMEHTOB MOPCKHX TUTaT(OPM.

BriBoabl

O6ocHoBanme TpeOOBAaHUMN, MPEABIBIAEMBIX K CYJAOCTPOUTEIHHBIM M TPYOHBIM CTajsiM, TpeOyer
MIPUMEHEHHUST Pa3sHOOOPa3HBIX PAaCYETHBIX MPOIENYp, CBA3AHHBIX KaK C YHUCIEHHBIMU BEPOSTHOCTHBIMU
SKCIIEPUMEHTaMH, TaKk U ¢ MojenupoBanueM MKD mporecca pacnpocTpaHeHUs TPEIIUMHBI PU KOHKY-
pHUpYIOIIEM BS3KOM M XPYIIKOM pa3pylieHud. Pa3paboTaHbl pacdeTHBIE MPOIEAYPhl, IPUMEHUMBIE KaK
Ha CTaJIUU aTTECTAIIMX HOBBIX MATEPUANIOB, TaK U JJISI OLIEHKH JOITyCTUMOU JePEKTHOCTH.

J71st HOBBIX MOPCKHUX MPOEKTOB C BHICOKHMH JKCILTyaTaIl[HOHHBIMU TpeOOBaHMAME O0OOCHOBaHA He-
00X0JIMMOCTh MCIOJB30BaHMS CTAJICH ¢ HHACKCOM «ArC». PacueTHbIC COOTHOIICHUSI KPUTHICCKUX TEM-
MepaTyp NOATBEPIKACHBI SKCIIEPUMEHTAIBHO.
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CALCULATION PROCEDURES USED FOR THE SUBSTANTIATION
OF THE SYSTEM OF REQUIREMENTS FOR HULL MATERIALS
OF MARINE STRUCTURES AND ARTERIAL PIPELINES

V.Yu. Filin, D.R. Barakov, E.D. Nazarova
NRC Kurchatov Institute — CRISM Prometey, Saint-Petersburg, Russian Federation
E-mail: npk3@crism.ru

Abstract. Safe operation of large-size Arctic structures is ensured when the key role is played by the
due quality control system applied for shipbuilding and pipeline steels, that is based on special mechani-
cal tests for fracture toughness and cold resistance. The way suggested to substantiate the required test
results is calculation allowing to get quantitative estimates while the actual substantiations include sub-
jective reserve factors. Two types of developed calculation procedures are presented in the paper. The
first is a probability numeric experiment assessing the required static fracture toughness of the metal of
welded joints at the minimum service temperature ordered to ensure the first level of safe operation of
welded structures related to brittle crack start resistance. The developed numerical procedure includes a
multiple check of the probabilistic fracture condition of a flaw-containing structural element in terms of
elastic-plastic fracture mechanics. Supposed distributions of relevant load parameters, temperature and
steel performances are developed as well as the corresponding software. The second type of calculation
procedures provides for FEM simulations of concurring ductile and brittle fracture in structural elements
and specimens of different configurations used in experiments to evaluate various ductile to brittle tran-
sition temperatures. The comparison is performed for models where the material has the same critical
value of stress intensity factor corresponding to brittle fracture propagation. This ensures the second lev-
el of safe operation of structures, namely the resistance to fracture propagation. The principles of FEM
simulation and calculation results interpretation are developed. The calculated requirements for ductile
to brittle transition temperatures of steels for prospective marine projects with high service parameters
cannot be attained with common steel grades, it is proved by the test results collected in NRC Kurchatov
Institute — CRISM Prometey. So the calculations undertaken substantiate the area of obligatory applica-
tion of Arctic steel grades.

Keywords: fracture mechanics; brittle and ductile fracture; ductile to brittle transition; Arctic
structures; calculation procedures.
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DFT SIMULATIONS OF g-C,O MONOLAYER AS ENERGY STORAGE
MATERIAL
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Abstract. The paper presents a first-principles study of the C,0O monolayer
as a potential material for energy storage applications. We optimized the atomic
structure of the pristine monolayer, as well as those with an adsorbed lithium at-
om and molecular hydrogen. The binding energy of the lithium atom was found
to be approximately 1,4 eV, which is lower than the cohesion energy of bulk lithi-
um (~1,6 eV). The H, molecule also interacted with the monolayer rather weakly,
with a binding energy not exceeding ~90 meV. These results suggest that the stud-
ied material in its pristine form is not suitable for hydrogen storage, and lithium
decoration may not solve this problem due to the potential clustering of lithium
atoms on the C,0 surface. However, the obtained modeling parameters, including
the optimized characteristics of the atomic-orbital basis set, can be used to simu-
late other modifications of the monolayer and further investigate its properties.

Keywords: g-C,0 monolayer; hydrogen adsorption, Li sorption, density function-
al theory; local pseudoatomic orbitals (PAOs), basis set superposition error (BSSE).

Introduction

The C,0 monolayer is a material with a high specific surface area and, consequently, a potentially
large number of adsorption sites for lithium ions and molecular hydrogen. This feature makes it a prom-
ising candidate for applications in lithium-ion batteries and hydrogen storage devices. The stability of
this material has been previously predicted by theoretical methods [1], and its properties as a hydrogen
separation membrane have been investigated [2]. In this study, we used density functional theory (DFT)
to research the mechanisms of hydrogen and lithium sorption at the atomic level and to estimate the en-
ergy characteristics of the adsorbate-surface interactions.

DFT calculations can be computationally demanding, especially when accurate dispersion correc-
tions are required for simulating weakly interacting systems. Furthermore, the presence of a high vacu-
um volume in the model necessitates a careful choice of methodology. Therefore, the use of localized
pseudo-atomic orbitals as a basis set for wavefunction decomposition represents a reasonable approach.
This type of basis set can yield accurate and efficient results provided that thorough corrections for the
basis set superposition error (BSSE) are applied [3, 4]. We have previously demonstrated that after ap-
plying energy and geometry corrections for BSSE, results obtained with such a basis set can be as accu-
rate as those from plane-wave basis set calculations, which are inherently free from the BSSE [5]. In this
paper, we successfully simulated the atomic structure and sorption properties of the g-C,O monolayer
using computational resources limited to those of a personal computer.

Models and simulation details

Numerical experiments were performed with periodic boundary conditions using the SIESTA soft-
ware package [6], which employs an atomic-orbital basis set for wavefunction decomposition. We treat-
ed the 2s?2p? electrons for C, 2s°2p* electrons for O, 2s* electron for Li, and 1s' electron for H as va-
lence electrons. Norm-conserving pseudopotentials were taken from the database for the PSF format [7].
We utilized a double-C polarized basis set (DZP [8]), where three finite functions are used for each
atomic orbital: the main, modified, and polarized orbitals. To account for van der Waals interactions, we
employed the semi-empirical dispersion correction scheme by Grimme (DFT-D2) [9] in conjunction
with the Perdew—Burke—Ernzerhof (PBE) exchange-correlation (XC) functional [10], as well as the
vdW-DF functional of Dion et al. [11] with exchange modified by Berland and Hyldgaard (vdW-DF2-
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BH) [12]. Test spin-polarized calculations of the pristine, Li-decorated, and Hy-adsorbed g-C,O mono-
layer showed that all investigated systems were non-magnetic. Therefore, to accelerate the calculations,
most production simulations were performed without spin polarization. The simulation parameters used
in this work, which allowed us to achieve a precision in binding energy calculations of approximately 5
meV, are summarized in Table 1.

Table 1
Simulation parameters
XC functional PBE+D2 | BH-vdw
k-points 5x5x1
MeshCutoff, Ry 450 (=6,12 keV)
Total energy convergence criterion, eV 10°
Force convergence criterion, Ry/Bohr 5-107° (=1,3 meV/A)
Vacuum layer, A 33A
Optimized translational parameter, A 8,26 ‘ 8,25

The hexagonal simulation cell contained 12 carbon and 6 oxygen atoms. Fig. 1 shows the atomic
structure of the g-C,O monolayer after geometry relaxation. The equilibrium lattice parameter was de-
termined by minimizing the total energy of the system. Both employed exchange-correlation functionals
yielded similar structural parameters. The calculated bond lengths and pore diameter (d ;o =5,37 A

and 5,35 A for PBE+D2 and BH-vdW functionals, respectively) are in good agreement with previous
studies of the g-C,0 monglayer [1, 2].
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Fig. 1. Top view of the optimized atomic structure of the C,O monolayer obtained using the PBE+D2 functional. Carbon

and oxygen atoms are represented by grey and red spheres, respectively. The unit cell boundary is indicated by a solid

black line. The lattice parameters | for the different XC approximations are listed in Table 1. The calculated bond lengths
are (1) 1,41, (2) 1,39, and (3) 1,40 A. All structural images were generated using the VESTA 3 software package

The binding energies of a Li atom and a hydrogen molecule were calculated using the following
equation:

Eping = Ead + Ec,0 ~Ec,01ad— 1 Ecp | 1)

where E,q , Ec o, and Ec .o are the total energy of an isolated adsorbate (a Li atom or a hydrogen

molecule), an isolated C,O monolayer, and the adsorbate-substrate system (decorated g-C,O monolay-
er), respectively; Ecp is the Boys—Bernardi counterpoise correction for the basis set superposition error

[13]. Note, that with this definition, a positive value of the binding energy corresponds to an attractive
interaction between the adsorbate and the C,O monolayer.

Pseudo-atomic basis set optimization

Since all calculations were performed using a localized atomic-orbital basis set, the basis set param-
eters were optimized prior to the sorption simulations to ensure the highest possible accuracy of the
binding energy estimates. We monitored the convergence of the total energy of the g-C,O monolayer
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and “pressure” P for geometrical parameter with respect to the basis set cutoff radius, following the pro-
cedure detailed in [5]. The resulting convergence dependencies are presented in fig. 2.
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Fig. 2. Convergence of the total energy and the parameter P of the C,O monolayer with respect to the cutoff radii of a)
C(2s), b) C(2p), c) O(2s), and d) O(2p) atomic orbitals. The left panels show the dependencies for the first-g (main) orbital
function, while the right panels correspond to the second-g (modified) orbital function (the cutoff radius for the latter is

controlled by the SplitNorm parameter [8]). The chosen as optimal values are marked by solid gray vertical lines. The

atomic orbital radii are given in Bohr radius (a, ~ 0,53 A).
As shown in fig. 2, the convergence behavior for all considered valence orbitals was consistent with
theoretical expectations. Consequently, the optimal basis set parameters were selected according to
standard criteria: the cutoff radius for the first-C (main) orbital function was chosen at the point where
both the total energy and the parameter P reached stable plateau values, while the SplitNorm parameter
for the second-{ (modified) function was optimized to minimize the total energy of the g-C,O monolay-
er. The specific basis set parameters selected for all subsequent simulations are summarized in table 2.
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The default basis set parameters are in-

. . i Table 2
dicated in parentheses in table 2 for com- Basis set parameters
parison. It is evident that these default pa- . .
rameters differ significantly from the opti- Orbital % fm » % SplitNorm
mized values obtained in this work. Fur- | C(2s) | 7,64(409) | 281(335) | 0,35(0,15)
thermore, we have previously demonstrated | C(2p) | 8,03 (4,87) | 3,22(3,48) | 0,25(0,15)
that the default cutoff radii are insufficient 0(23) 7,00 (3’31) 2,77 (2’51) 0110 (0’15)
for accurate simulations of H, sorption [5].
Therefore, the optimized basis set parame- O(2p) 7,54 (3,94) 2,74 (2,54) 015 (0,15)

ters presented here are recommended for future simulations of decorated and/or defective g-C,O mono-
layer. For hydrogen and lithium the following parameters were used: r =6,05a, and r, =2,52a, for

H(1s) orbital; r =7,78a, and r,, =7,68a, for Li(2s) orbital.

Hydrogen sorption on the g-C,O monolayer
The initial position of the H, molecule was above the center of an oxygen pore, as this configuration
was previously identified as the most energetically favorable in a similar material [14]. After geometry
relaxation, the H, molecule remained centered above the pore with its molecular axis perpendicular to
C,0 sheet (fig. 3, b). The binding energy was calculated using eg. (1) for the different dispersion correc-
tions. Furthermore, to account for the BSSE in the relaxed geometry [5, 14], we calculated the BSSE-
corrected H,-monolayer distance (d.,,, ) and the corresponding corrected binding energy. All binding
energy results are summarized in fig. 3a. The calculated distances for the PBE+D2 approximation were
d=171 A and d, =196 A. For the BH-vdW functional, the distances were d =2,23 A and
deorr =2,41 A. A significant discrepancy between the two functionals is evident: the BH-vdW estima-
tions for the H,-monolayer distance are more than 20 % larger than those obtained with the PBE+D2
functional. Moreover, the PBE+D2 results were more sensitive to the BSSE geometry correction, with
deorr Deing 15 % larger than uncorrected distance d . For the BH-vdW functional, this increase was less
than 10 %.
120 — |Ecpl

Ebind +|ECF|

a)

Fig. 3. Hydrogen sorption on the C,O monolayer: a) binding energy of an H, molecule calculated using different dispersion
corrections, with and without BSSE corrections applied to the system geometry; b) top and side view of H, adsorbed
above the oxygen pore. The structure shown is the optimized geometry obtained using the BH-vdW functional, prior to the
application of the BSSE correction.

Fig. 3, a shows that for all used functionals the counterpoise (CP) correction for the BSSE
accounted for a considerable fraction (up to 30 %) of the uncorrected binding energy. While the
geometry optimization with the BSSE correction slightly improved the situation, the subsequent CP
corrections remained significant. This indicates that for weakly bonded systems, an energy correction
for the BSSE is essential. Surprisingly, the hydrogen binding energies obtained with the PBE+D2
functional were approximately 20 % lower than those from the BH-vdW functional, despite the
considerably shorter H,-monolayer distances observed with the Grimme correction scheme. Overall, the
binding energy did not exceed 100 meV per H, molecule, which is far too low for the desired room-
temperature application of the C,O monolayer as a hydrogen storage material.

Lithium sorption on the g-C,O monolayer
We also simulated the sorption of a single lithium atom on the g-C,O monolayer to evaluate the na-
ture of its bonding. The initial position for the Li atom was chosen above the center of the oxygen pore,
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as this site was previously reported to be the most energetically favorable in a similar material [15]. Af-
ter geometry relaxation, the g-C,O layer exhibited a sight distortion (see fig. 4, b, Al=0,65 A and
0,62 A for the BH-vdW and the PBE+D2 functionals, respectively). The Li atom remained coordinated
to the oxygen pore but was displaced from its center. The lithium binding energy was calculated using
Eq. (2). In this case, geometry correction for the BSSE was deemed unnecessary, as increasing the Li-
C,0 distance did not lead to a more favorable total energy. The resulting Li binding energies are pre-
sented in fig. 4, a.

a) 1.6 1 |Ecp|
Eping +|Ecel

1.4 -

bind” eV

Fig. 4. Lithium adsorption on the C,O monolayer: a) binding energy of a Li atom calculated using different dispersion cor-
rections; b) top and side view of the optimized structure of a Li atom adsorbed at the oxygen pore site, obtained using the
BH-vdW functional

Fig. 4, a shows that in the case of Li adsorption, the energy correction for the BSSE plays a less
significant role than for H, adsorption:; the CP correction does not exceed 10 % of the uncorrected Li
binding energy. Furthermore, the different dispersion corrections yielded consistent results for lithium,
with only a ~5 % difference between the estimates obtained with the PBE+D2 and BH-vdW functionals.
Overall, the Li atom binds to the C,O monolayer with an energy of approximately 1,4 eV. While this
value is adequate for lithium-ion battery applications, it is lower than the cohesive energy of bulk lithi-
um (~1,6 eV). This makes lithium an ineffective decorative agent for enhancing hydrogen sorption, as Li
atoms will tend to cluster with increasing concentration. The inner atoms in such clusters would not par-
ticipate in hydrogen binding.

Conclusion

The pristine and Li-/H,-decorated g-C,O monolayer was investigated using density functional theo-
ry with a pseudo-atomic orbital basis set for wavefunction decomposition. The relaxed C,O atomic
structure was obtained for the considered functionals, and the optimized parameters for the atomic or-
bital basis functions were determined. These parameters can be utilized in future simulations of C,O-
based systems.

For hydrogen molecule adsorption, the center of the H, molecule was located at a distance of 2,0-
2,4 A from the monolayer (depending on the dispersion corrections scheme). The calculated binding
energy ranged from 70 to 90 meV, which is below the optimal range of 200-600 meV required for ef-
fective sorption-desorption cycles under practical conditions. This indicates that the hydrogen molecule
interacts too weakly with the C,O surface to be retained effectively, diminishing the prospects of using
the pristine monolayer in hydrogen storage applications without further surface modification.

The lithium binding energy was approximately 1,4 eV, with the atom occupying the oxygen pore
site of the slightly distorted monolayer. While this value falls within the acceptable range for lithium-ion
battery anods, further simulations with higher lithium concentrations are necessary to draw definitive
conclusions regarding the application of C,0 in lithium batteries. Importantly, the lithium binding ener-
gy is lower than the cohesive energy of bulk lithium (~1,6 eV). This implies that decorating the C,0O
monolayer with lithium is not a viable strategy for enhancing hydrogen binding energy, as potential
clustering of lithium atoms would reduce the overall hydrogen capacity of the material.

The study was supported by a grant from the Russian Science Foundation No. 25-22-20023,
https://rscf.ru/project/25-22-20023/.
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DFT MOAENTMPOBAHUE MOHOCIOA G-C,0 KAK MATEPUANA-HAKOIMNUTENA
SHEPTUMN

M.C. Nopwkos, 4.10. ®auszoea, E.B. AHUKuUHa
tOxHo-Ypanbckuli 2ocydapcmeeHHbIl yHusepcumem, 2. YensbuHck, Poccutickass ®edepayus
E-mail: anikinaev@susu.ru

AnHotanus. IIpoBeneHo nepBonpuHUUIIHOE HcciaenoBaHue MoHOcHos C,O Kak MOTEHUUATbHOTO
MaTepHaga-Hakonurenast sHepruu. [lomyyeHa onTHMHU3HMpPOBaHHAS aTOMHAs CTPYKTypa YHCTOTO MOHO-
CIIOsI, & TaKKe C afcopOMpPOBaHHBIMH aTOMOM JIMTHS M MOJEKYJISIPHBIM BOAOPOAOM. JHEPTHs CBSI3U
aToMa JIMTHs OKa3aiach MeHble 1o BenuuuHe (~1,4 3B), yem sHeprus Kore3uu KpUCTALTMYECKOTo JH-
tus (~1,6 3B). Monekyna H, Toxxe mocrarodno cirabo B3anMoIeHCTBOBANIa ¢ MOHOCTIOEM: BEIIMYHMHA €€
3HEpruM cBsA3M He mpesbimana ~90 md3B. K coxanenuro, Takue pe3yiabTaThl MOKa3bIBAIOT, YTO HCCIIEN0-
BaHHBIN Marepual B YUCTOM BHJAC HC NPUTOACH I WCIIOJIB30BaAHUA B KAa4YC€CTBEC BOAOPOAHOI'O0 XpaHU-
JMIIA U IEKOPUPOBAHUE JIUTHEM HE CMOXKET PEIIUTh 3Ty MpoOjIeMy M3-3a €ro MOTeHUHAIbHON KiacTe-
pusaunu Ha noBepxHoctd C,0O. Ilpu 3TOM nosydeHHbIE MapaMeTpbl MOAEIUPOBAHMS, BKIIOYAIOLINE B
ce0sl XapaKTEPUCTUKU 0a3UCHOTO Habopa, MOTYT OBITh UCIIOIB30BaHbI JUISI MOJICIIUPOBAHUS APYTUX MO-
TuUKAITI MOHOCTION U TahbHEHIIETO UCCIIEIOBAHMS €TI0 CBOMCTB.

Kurouesvie cnosa: monocnou 9-C,0; adcopoyusa éodopoda, copoyusa numus,; meopusi (hyHKYUOHALA
91eKMPOHHOL NIOMHOCMU,; AMOMHONO000HbIE OPOUMAnU; OwubKa cCynepno3uyuy 6a3ucHo2o Habopa.
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Abstract. In the last two decades, researchers have been studying various in-
teraction issues between electrodes (primarily metals) and single-wall carbon
nanotubes (SWCNTSs), including contact resistance. To create electronic devices
and electrical circuits based on SWCNTs, it is crucial to have a better under-
standing of how the interface between the electrode and the nanotube influences
contact resistance. The electronic and electrical characteristics of SWCNT (6,6)
in contact with other SWCNTSs were investigated using density functional theory
(DFT) and non-equilibrium Green's function (NEGF) methods using the SIESTA
software package. We explored the rotation of SWCNTSs relative to electrodes
and obtained dependences of resistance, band structures, and local density of
states (LDOS) for SWCNT models as a function of rotation angle. In cases where
the electrodes and central tube were identical, a three-fold decrease in conduct-
ance was observed at 12 degrees. The resistance behavior was due to the localiza-
tion of electrons near the interface, as confirmed by the LDOS analysis. When the
electrodes and central tube were different, the calculated resistances were very
high, making these interface configurations ineffective for circuit applications.

Keywords: carbon nanotubes; DFT; NEGF; electrical resistance; band struc-
ture; local density of states.

Introduction

Carbon nanotubes (CNT) remain a promising material for nanoscale field effect transistors (FET)
[1]. It is possible to fabricate CNT FET with a gate length of 5 nm [2], minimizing a transistor footprint
down 40 nm [3]. Excellent mechanical and electrical properties make CNT utilizable in printed film
flexible electronics [4]. CNT FET massive production is possible, but it requires to solve technological
difficulties [5]. The main problems are correlated with the metrology and quality control [5]. Also, the
industry lacks a general experience and know-how on CNT FET mass fabrication [5]. On laboratory
scale, it is possible to fabricate a RISC-V microprocessor from CNT FETSs [6]. Besides FETs, CNT has a
great potential in gas sensing [7]. C,H, and H, molecules can be detected via a simple electrical response
[8]. Furthermore, the reaction to magnetic field makes CNTs a promising material for spintronics [9]. In
general, CNT have applications in many fields, various prototypes were constructed, but a commercial
production has not yet been achieved.

The interaction of metals with single-walled carbon nanotubes has been one of the most actively
studied areas over the past twenty years. Among the most important contact parameters are the height of
the Schottky barrier [10, 11] and contact resistance [12, 13] which are defining parameters for CNT
FETs. It is well established, that these parameters depend on interface type and electrode material [10—
13]. Yet, the exact dependence is a subject for further investigations. This is required to produce CNT
FETs and gas sensors with predetermined parameters. Single-walled carbon nanotubes (SWNT) struc-
ture defects also influence its resistance besides electrode material [14-16]. Even with related structure,
SWNT-graphene interface can exhibit diverse properties [17, 18]. Understanding contact resistance be-
havior in case of nanotubes with an unideal interface can help to engineer electric circuits based on
SWNT. Density functional theory calculations enable investigation of the precise interface geometry and
electrode material [10-13] without additional factors, in comparison with experiment.

In this paper, we investigated SWNT-SWNT interface properties by first-principles calculation
methods. We calculated interface dependence of SWNT resistance, band structures and local density of
states. We found out interface configuration when SWNT resistance is increasing by three times of pris-
tine one. In some cases, the local density of states shifts to contact sites, leaving empty cross rings of
SWNT.
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Computational details

Current-voltage characteristics of ideal SWNT (6,6) were calculated using the software package
SIESTA [19], based on the density functional theory and nonequilibrium Green’s function method with
double-§ (DZ) basis sets [20]. Relaxation of the carbon nanotube’s geometry was performed based on
the local density approximation (LDA) and the generalized gradient approximation (GGA) with
Ceperley—Alder (CA) and Becke—Lee—Yang—Parr (BLYP) pseudopotentials, respectively. The mesh
cutoff was 200 Ry. The k-point distribution for all structures was 1x1x30 in x-, y- and z-directions (tube
axis), respectively. GUI4dft was used to analyze the calculation’s output [21].

Relaxed SWNT geometries, consisting of 72 and 96 atoms, were used to construct simulation mod-
els with the central region through which current is driven in response to a voltage applied to the left and
the right regions which are treated as electrodes. The distance between the central region and electrodes
from both sides was taken as the average distance between circles of the nanotube: 1,231 A and 1,242 A
for LDA and GGA, respectively. The structure was oriented in such way, that the tube is parallel to the
z-direction. There were 4 models in total, which are called “72-727, “72-96”, “96-72” and “96-96”,
where the first number is the quantity of atoms in each electrode regions, the second one is the number
of atoms in the central region. Some of the models are presented in fig. 1, a and b.

For angular dependence of SWNT resistance calculation we used LDA, the central region of “72—
96 model rotated around the axis of the tube. The third number in the designation of such models is the
angle (in degrees) of the central region rotation relative to the electrode regions. The structures of the
“72-96-4” and “72-96-14" models are shown in fig. 1, ¢ and d, respectively. TBtrans was used for cur-
rent’s calculation of electrode systems [20].

Electrode systems calculations with different from central tube electrodes were also performed in
LDA approximation. The distance between electrodes remains 1,231 A. Such models were named ac-
cording to the chiral indices of the electrodes and the central part. For example, (4,4)(6,6)(4,4), where
the first and last brackets mean chiral indices of electrodes SWNT and the middle one of the central
tube.
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Fig. 1. The SWNT with electrodes: (a) “72-72”"; (b) “72-96"; (c) “72-96—4"; (d) “72-96-14"

Result and discussion

. SWNT (6’6) Is an armchair nanOt.Ube The resistance of SWNT (6,6) in various models Tevlet
\é\gltgu I?atirgrilss)ta?g;] 64??160h£|c(;?§é§“$:| Model Approximation | Resistance, Q | Error, %

. L “72-72” LDA 6461 0,17
sistances from the linear I-V curves of —; - !
various models are presented in Table 1. ;2:23 tgﬁ gj;g 8;’1
GGA have a smaller error than LDA, but —; > ’
both errors (relative to 6450 ohm) are less “96796” LDA 6474 0,38
0,5 %. LDA approximation has a less 72-72 GGA 6464 0,22
computational cost and faster mesh cutoff “72-96” GGA 6469 0,30
convergence than GGA [23], so we used | 26=72" GGA 6458 0,13
it in the following calculations. The “72— “96-96" GGA 6459 0,15

96 model was used as the basis for the rotated structures.
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Fig. 2. The band structures of (a) “72-96"; (b) “72-96-8"; (c) “72-96-12” and
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Energies have been shifted to Fermi level

The band structures of electrode systems with the pristine and rotated central region are presented in
fig. 2. The bending of bands around the Fermi level is observed (fig. 2, b) and further bending of more
bands at higher angles. The gap in valence bands is observed at 8° angle, at higher angles it disappeared.

The 1-V curves of rotated structures were also linear and consisted of three points: 0, 0,2 and 0,4 V.
The angular dependence of SWNT resistance is shown in fig. 3. Change of curve periodicity each 12° is
observed. We note the geometry periodicity of SWNT (6,6) is 60°. It means rotation angles, for exam-
ple, 4° and 56° (60°—4°) are equivalent. Resistances of structures with equivalent angles are the same
except for 12° and 48° angles with 8 % difference. It can be explained by the instability of this structure,
the uneven distribution of C-C bonds at contact sites.
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Fig. 3. Angular dependence of SWNT resistance.
Parabolic approximations are shown by dashed lines
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The local densities of states with the pristine and rotated central tube are presented in fig. 4. They
were calculated in the energy range from Ex — 0,1 eV to E¢ with iso surface value 10 suaee It shows an
electron’s transition to junctions of the central and the electrode regions at high angles, which we can

see in fig. 4, d. In case of 12° angle (fig. 4, ¢) almost empty rings in the central tube are observed. It can
explain high resistance of this case.

Fig. 4. The local density of states of: (a) “72-96"; (b) “72-96-8"; (c) “72-96-12"; (d) “72-96-18" models
Electrode system resistances with different types of elec- _ Table 2
trodes: armchair SWNTs with (4,4), (5,5), (7,7) and (8,8) chiral ~ Resistance of electrode systems with dif-
L. . . ferent electrodes. d; —relative difference of
indices are presented in table 2. The central tube remained the central region and electrodes nanotube

same SWNT (6,6). The higher a difference in chiral indices radius

between electrodes and the central tube, the higher a contact | Electrode system R, Q d

resistance. We note the contact resistance of SWNT with (4,4)(6,6)(4,4) 473934 | 0,33

smaller chiral indices than the central tube is higher than with (5,5)(6,6)(5,5) 42371 | 0,17

bigger ones. (7,7)(6,6)(7,7) 19546 | 0,17

(8,8)(6,6)(8,8) | 29134 | 0,33

Conclusion

Using density-functional theory and nonequilibrium Green’s function methods, we calculated
SWNT — SWNT interface properties. In particular, we obtained the band structures, the local density of
states and resistance for various interface configurations. We found out the increase of resistance up to
three times the intrinsic one of the armchair SWNT due to rotating the central region. Obtained angular
dependence of SWNT resistance can be used for engineering nanomechanical devices. Overall, using
armchair SWNT as an interconnector between other armchair SWNTSs is probably ineffective in terms of
contact resistance, even in the situation, when armchair tubes are the same. However, a careful study of
the optimal contact geometry of different chiral SWNTSs is needed to ensure this statement.
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NEPBOMNPUHUUIMHOE UCCIIEQOBAHUE 3NIEKTPOHHbIX U INEKTPUHECKUX
CBOUCTB UHTEP®PENCOB YIMEPOAHbIX HAHOTPYBOK

P.M. Jlamsbinose, C.A. Co3bikuH, B.l1. Becka4ko
FOxHO-Ypanbckuli 2ocydapcmeeHHbIl yHusepcumem, 2. HenabuHck, Pocculickas ®edepayus
E-mail: latypovrm@susu.ru

AHHOTanus. 3a mocjeaHue JBa ACCATHICTUS ObUIM N3yUYeHbI Pa3IMYHbIC acTIEKThl B3aUMOJICHCTBUS
MEXIY JIEKTPOoJaMH (B OCHOBHOM METAJUNIMYECKUMH) M OJAHOCTEHHBIMH YTJIEPOAHBIMU HAHOTPYOKaMu
(OYHT), Bximto4yast KOHTaKTHOE COTpOTHBIeHHE. MIHTEepec K ATOW TeMaTHKE CBSI3aH C TEM, YTO IS CO3-
JIaHMsI DJIEKTPOHHBIX YCTPOUCTB M 3JEKTpHUeCKUX cxeM Ha ocHoBe OYHT HeoOX0auMo MmoHUMATh, Kak
KOH(UTYypalusi KOHTAKTa MEXIY dJEKTPOJOM M HAHOTPYOKOW BIHMSET Ha KOHTAKTHOE COTPOTHUBIICHHE.
B nHacrosmieii pabote 3nekTpoHHbIE U 3iekTpuueckue csoiictBa OYHT (6,6) npu KoHTaKTe ¢ JpyrumMu
HAHOTPyOKaMH ObUIM MCCIIEIOBAHBI C TIOMOIIBIO TEOPHU (QYHKIIMOHAA IUIOTHOCTH M METO/Ia HepaBHO-
BecHbIX (yHKIMH ['puHa ¢ ucnonszoBannem nporpammuoro nakera SIESTA. B wactHocTH, ObUTH TTO-
JIy4EHBbl 3aBUCUMOCTH COIPOTHUBIICHUS, 30HHON CTPYKTYpbI U JIOKAJIHON IUIOTHOCTH JIEKTPOHHBIX CO-
crossaui (LDOS) moneneit OYHT ot yria nmoBopoTra HaHOTPYOKM OTHOCHTENBHO 3JIEKTPOAOB. B ciy-
Yae, KOrja dJIEKTPOJbl W IIEHTpaNbHAs HAHOTPyOKa ObUIM OJMHAKOBBIMH, HAOJIOAATIOCh YMEHbBIICHHE
MPOBOJMMOCTH B TpU pa3a mpH yrie 12°. MI3MeHeHHe CONpPOTUBICHUSI OBbUIO BHI3BAHO JIOKATHM3AIIUEH
3JIEKTPOHOB BOJIM3M KOHTAKTa, 4To moATBepxkaaercs ananuzoM LDOS. B ciydae, korna 31mekTponsl U
HEHTpalibHass HAHOTPYOKa ObUTM pa3HBIMH, pacueTHbIE CONPOTUBIICHUS ObUIM OYE€HBb BBICOKUMH, TTO3TO-
My Takue KOHQUTypaluu naTepderica HeaPeKTUBHBI ISl HCIIOIB30BAHUS B AJIEKTPUIECKUX CXEMaX.

Knrouesvle cnosa: yenepoousie nanompyoxu, DFT; NEGF; saexmpuueckoe conpomuenenue; 30H-
Has cmpyKkmypa, 10KATbHAS NAOMHOCHb JJIEKMPOHHBIX COCMOAHULL
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AHATONIMK CEMEHOBWUY MAKAPOB.
K BOCbMUWOECATUNETUIO CO AHA POXOEHUA

Amnatonuit CeménoBrna MakapoB poauics 18 asrycra 1945 T.

B cene bpogokanmak KpacHoapmetickoro paiioHa YensOuHCKO# .
obmactu. Maths — CrapukoBa 3uHanna EBcTuraeeBHa — padoTana
YUHATENbHALIEH B MIIA/IIINX Kilaccax, oren — MakapoB Cemen Ku-
PWIJIOBUY — Ha Pa3HBIX JOJDKHOCTAX B [IPABJIEHUHN COBXO03a.

B 1963 rony A.C. MakapoB okoHumn bpogokanimakckyro
CPEAHIOI0 IIKOMY C 30J0TOH MeNalblo, OTYYUBIIUCH OJMHHA-
ATk JIET BMECTO ITOJ0KECHHBIX I[GCSITI/Il. B 3TOoM xe roay B Ye-
NSIOMHCKOM TEeIarorn4eckoM HHCTHTYTe Oblla OTKpBITa HOBas
CHELUAIBHOCTD — MAMEMAMuKa U npozpammuposanue, 1 AHaTo-
muii CeMEHOBHY, OTJIMYABLIMICS HE3aypAIHBIMH MaTeMaTHye-
CKUMH CIIOCOOHOCTSIMH, PEUIMJI BBIOpAaTh MMEHHO €€ JUIs Mpo-
JOJDKEHHUSI CBOETO 00pa30BaHMS.

Bce ronsl o0yuyenusi, HauMHas cO BTOPOro Kypca, OH Ioce-
[Iaj pa3iuYHble HAy4YHbIE CEMHHAphl Ha Kadeape maremMaruyie-
ckoro aHanuza. OHaX/(bl HAa YETBEPTOM Kypce 3aBelyroInil Ka-
¢denpoit MatemaTrueckoro ananmmsza W.5. bapkoB mpurimacui mis
YTeHHUs JIeKIui goreHTa KazaHckoro rocyaapcTBEHHOTO yHUBEp-
curera FO.U. I'pubanoBa. Ilocne okoHYaHUs JIEKIWH TOT Mpen-
noxun A.C. MakapoBy 3afjady O pa3pelIMMOCTH OJHOI'O HEJIMHEHHOI0 MHTETPajbHOrO ypaBHEHHUS.
Pemenwne 370 331a4u cTano nepBoil HaydHOU PabOTOI MOIOAOT0 MaTeMaTHKA.

Hapsiny ¢ 3amstusimu Haykoit Anatonust CeMEHOBHYA BCET/Ia TSAHYJIO K MPETOIaBaTeILCKON Jes-
TenbHOCTH. EMy HpaBHIIOCH pa30MpaThCs B TOHKOCTSIX T€X MIIM MHBIX MAaTEMaTHUECKUX YTBEPKACHUI U
OOBSICHATH 3TH TOHKOCTH OKpPY’KaroluM. Byaydn cTylileHTOM 4eTBEpTOro Kypca, OH CMOT peajln30BaTh
CBOU IEAarormyeckre HakJIOHHOCTH, B TCUCHHE roJla Ha OOIIECTBEHHBIX HadaylaX MpernojaBas MaTema-
THKY B BEUEpHEH IIKOJIE IPU HHCTUTYTE.

B 1968 rogy A.C. MakapoB OKOHYWJI HHCTUTYT C KPaCHBIM TUIUIOMOM. Ero HaydHbIE TOCTHKEHHUS
HE OCTaJIMCh HE3aMEUEHHBIMH — OH OBbLI PEKOMEH0BaH IS HOCTYIUICHUS B aCIIUPAHTYDY.

B stom xe rony A.C. MakapoB HadaJl IpernoAaBaTeIbCKy0 AeITEIbHOCTh B TOIDKHOCTH aCCUCTEH-
Ta Kadenps! Beiciiel MmaremMaTuku Ne 2 UenssOMHCKOTO MONMUTEXHUYECKOTO HHCTUTYTA.

B 1969 rony oH ObuT HalpaBlieH Ha CTAXKUPOBKY B HOBOCHOMPCKUIT YHUBEPCUTET, TA€ MPOCITyIIAT
MHOT'O TIOJIE3HBIX MaTEMAaTUYECKUX KYPCOB, & OCEHBIO TOTO XK€ T0ja MeuTa 00 acUpaHType HAKOHEI[-TO
peanmzoBanack — AHaronuii CeMEHOBHY MOCTYNMII B aCIHUPAHTYpPY K yke 3Hakomomy emy O.M. I'pu-
0aHoBYy Ha Kadeapy mMaremMaThieckoro aHanuza KasaHckoro rocyaapcTBeHHOro yHuBepcureTa. B To
BpeMsi 3TOH KadeApoil pyKOBOIMI M3BECTHBIM MaTeMatuk, npodeccop b.M. I'araes. Temoli Hay4yHOH
pabotel aciupanTa A.C. MakapoBa cTaiu (pyHKIIMOHAJIbHBIC MPOCTPAHCTBA M HEJIMHEHHBIC OIEPATOPBI
B HHUX, B 4YacTHOCTH, omepatopsl Hewmsinikoro, 'ammepiureiina, YpseicoHa. AHatonuio CeMeHOBHUY
yAalIoCh TONYyYUTh HamOonee oOMMi KPUTEpU HEeNpephIBHOCTH omepaTopa Hemblkoro u mpu3HaK
TOJTHOM HETIPEepPBIBHOCTH omeparopa YpbhIiCOHa B (PYHKIIMOHATBHBIX MPOCTPAHCTBAX C IPOU3BOJIILHON
CUTMa-KOHEYHOH Mepoi. DTH pe3ysbTaThl 3aJI0KMIIM OCHOBY €ro Oyaylleil AuccepTalui Ha COMCKaHHUe
YUEHOH CTeNeH! KaHauAaTa GU3NKo-MaTeMaTHUECKUX HayK,

[Mocne okoHuaHus actiupaHTypsl B 1972 romy oH BepHyJics Ha Kadeapy BeIcIieit MmaremMaTuku Ne 2
UIIN, na xoTopo# nmpopadotan n0 1985 roga mocnenoBaTenbHO B JODKHOCTAX aCCHCTEHTA, CTApIIETO
npenofasarens, foueHta. B ato Bpemst A.C. MakapoB onmy0JIMKOBaJ €lie HECKOIbKO HayYHbIX padoT u
3aBepIIn padOTy HaJl CBOSH JuccepTamuei, KoTopyro ycremniHo 3anmtuia B Copere KazaHckoro yHu-
Bepcuteta B 1977 romxy. A B 1981 romy emy ObLIO IPUCBOEHO YICHOE 3BaHUE JOICHTA.

! Kak pa3 K OKOH4YaHUo 00yueHus, B 1963 r. mkosna Oblia nepeBeeHa Ha OMMHHAIATHIICTHEE O0yUYCHHUE .

BecTtHuk OYplY. Cepusa «MaTtemaTuka. MexaHuka. Pusmnka» 103
2025, Tom 17, Ne 4, C. 103-104




NMepcoHanum

Paboras Ha xapeape matemaruku B UIIM, Anaronuii CeMEHOBUY B MOJHOW Mepe MPOSBUI TIPHUCY-
IIMe eMy KadecTBa: BHICOKYIO HAYYHYIO KBaTH(UKAIMIO, TATaHT IeJarora, 100pOCOBECTHOCTh, MPHH-
LUIMHAATBHOCTD, YBAKUTEIBHOE OTHOLIEHHUE K CTYAEHTaM U KOJUIETaM.

B 1985 roxy A.C. Makapos BepHysics B alma mater — Ha kadenpy MaTeMaTH4ecKoro aHanusa Ye-
TSIOWHCKOTO TOCYAapCTBEHHOTO MEAAarorn4eckoro MHCTHTYTA, TAe Obll M30paH Ha JOJDKHOCTH 3aBe-
nyromero kadeapoit. B aToit momkHOCTH OH ocTaBanics BIu1oTh 10 2011 roga.

D10 OBUTIO HEMPOCTOE BPEMS B JKU3HU CTPAHBI U JOBOJBHO TSKEJIOE JUIA BBICIIEH IIKOJBI B YaCTHO-
CTH, TIEPECTPOrKa 1 MOCJIEAOBABIINI 32 HEW pa3Ball TOCYAapCTBa, ACrpaalysl BHICIIETO 00pa3oBaHus B
90-e rozpl, CONPOBOXKIABILIASCS peopraHu3anreil BICIIEH MKONBL. Bee 3To cTaBuiio mepen MojoIbIM
3aBeIYIONINM CEpbe3HbIe 3a[]a4i, BAXKHEHIIIMMH U3 KOTOPHIX OBUIH 337ladi COXPAaHEHUS M yKPEITUICHHS
npogecCHOHANBFHOTO KaJPOBOTO COCTaBa KadeAphl M KaUeCTBEHHON OpraHu3aluy y4eOHOTO mpolecca.

Amnaronuii CeMEHOBHY ¢ 3TUMU 3afadyamu cripaBuics. OH cocoOCTBOBA OTKPBITHIO MaTeMaThuyie-
CKOH acipaHTypHI Ha Kadeape (pyKoBOIUTEIeM KOTOpoi cran mpodeccop, A.¢.-m.H. M.M. Kunnuc) n
TIPHUJIOKWIT 3HAYUTEIbHBIE YCUIINS, YTOOBI BHITYCKHUKH aCIHPAHTYPHI OCTaBAIMCh paboTaTh Ha Kade-
pe. Ilo ero mHMIMATHBE HAYalIOCh TBOPUECKOE COTPYAHUYECTBO Kadeapbl MaTeMaTHUYEeCKOTO aHaIH3a
UI'TIN n YensOWHCKOTO TOCYIapCTBEHHOTO YHHBEPCUTETA, Te Kadeapold B TO BpeMsl 3aBeJOBal Mpo-
¢eccop, a.¢p.-m.H I A. CBupuarOK. ITO COTPYIHHYECTBO IMO3BOJIWIO aKTUBU3UPOBATh HAYYHYIO JIEsI-
TEJILHOCTH HE TOJNIBKO COTPYAHUKOB KadeIpbl, HO U camoro AHatomns CeMeHOBHYA.

Amnaronuii CeMEHOBMY TipuILeN Ha Kadeapy, COTPYJHUKOB KOTOPOW Xopollo 3Han. bymyun Bbico-
KOMpo(eCCHOHANBHEIM MaTEMAaTHKOM M TIeIaroroM II0 MPU3BAHUIO, OH HA TUYHOM TIPUMEpPE JTEMOHCT-
pUpoBal, Kak ciexyer padboTars. OJHO TONBKO MMEPEUUCIICHNE KYPCOB, KOTOPHIE B TOJIBI CBOETO 3aBEIO-
BaHUsI €My MPHUILIOCH BECTH — MaTeMaTHYECKUN aHANU3, TEOPUIO (PYHKIMHA KOMIUIEKCHOTO M JACHCTBU-
TEIHHOTO TEPEMEHHBIX, YHUCIEHHBIE METO/IbI, TEOPHIO BEPOSATHOCTEH, OOBIKHOBEHHBIE nru(depeHraIb-
HBIC ypaBHEHUS W ypaBHEHHUS B YAaCTHBIX MPOW3BOAHBIX U T. J. — TOBOPHUT caMo 3a cebsl. A ele crer-
KypChl ¥ CHEICEMHHAPHI, AUTUIOMHBIC Pa0OThl, PYKOBOJCTBO HAYYHOH paOOTON ydaluxcs U MHOTOE
JIpyroe.

Anatonmuii CeMeHOBUY HEOJHOKpAaTHO ObLT HarpaxeH llodeTHbIME rpaMoTamu ryOepHaTopa, 3a-
KoHozaatensHoro CoOpaHus, 00JIACTHOTO MUHHCTEPCTBA 00Pa30BaHUs M HAYKH.

B 2008 roxy ykazom Ilpe3nnenta emy ObLTO IPUCBOCHO 3BaHUE «3aCITYKEHHBIN paOOTHHUK BBICIICH
uikosbl Poccuiickoit denepanumy.

Konneru u apy3psa Anaronus CeMEHOBHYA CEPACUHO MO3APABISIOT €0 ¢ BOCBMUACCATHUICTHUM
I00MIIEEM U JKENAIOT MY 37I0POBBSI H TBOPUECKOTO JIOJTOJIETHS.

C.A. 3acpedouna, B.H. 3ananun, M.M. Kunnuc, I'.A. Céupuorwk
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NAMATU IOPUA MUXAUTTIOBUYA KOBAJIEBA

Penakinonnas koyuierus cepun «Marematuka. Mexanuka. @usuka» Bectauka FOYpI'Y ¢ riy0o-
KHUM TIpHCKOpOHreM coobmaer o ToM, uto 19 centsops 2025 rona ymen u3 xu3au KOpuit MuxaiinoBuyu
KoBaneB — noxrop ¢usnko-maTemMaTHyeckux Hayk, npodeccop, wieH Poccuiickoro HaunonanbsHoro
KOMHMTETA 110 TEOPETUYECKON M NPUKIIAJHON MEXaHHUKe, 4iIeH-KOppecnoHAeHT lleTpoBckol akaneMuun
HayK M HCKYCCTB — CHELHAINCT B 00JACTH MAaTEeMaTHYECKOI'O MOJEIHUPOBAHMS OBICTPONPOTEKAOIINX
MPOLIECCOB B MHOTOKOMIIOHEHTHBIX M MHOTO(a3HbIX CpeAax, IOCTPOSHHs yPaBHEHUH COCTOSHUS dHEp-
TeTHYECKUX U KOHCTPYKIIMOHHBIX MaTEPHANIOB.

3a BBELTAIOMIMIACS BKJIAJ B pa3BUTHE POCCHUUCKOW Hayku w TexHUkH FOpuit MuxaitnoBunu KoBases
HarpaxJieH 3HaKoM «3a BKJIaJ B Pa3BUTHE aTOMHOM oTpacim» rockoprnopauuu Pocatom, 3HakoMm «Ilo-
YeTHBIH pabOTHUK BBICIIETO TpodeccHoHABFHOTO o0Opa3oBaHus», Menanbio «300 et Poccuiickomy
¢doTy», Mmenanbio «CroneTre NOJBOJHBIX cHll Poccumy», Mepansimu Poccuiickoit Genepariin KocMOHaB-
TUKH uM. akaneM. B.I1. Makeesa, num. B.I. Ky3nenosa, um. B.I1. bapmuna, 3nakom «C.II. Koponea»
Poccuiickoro aspokocmuueckoro areHTcTsa. IOpuit MuxainoBud sBiIACS WICHOM PENaKIIMOHHON KOJI-
nernu KypHaia BectHuk HOxHO-YpanbcKoro rocy/1apcTBEHHOTO YHUBEPCUTETa, cepust «MareMaTHka.
Mexannka. Ousnkay.

KomnnexktuB MHCTUTYTa €CTECTBEHHBIX M TOYHBIX HayK, pefakius xypHana Bectauk IOVpl'Y, ce-
pusi «Maremaruka. Mexannka. @u3nKa», COTPYIHUKH, aCIIHUPAHTHI M CTYACHTHI KadeAphl BHIYHCIH-
TEJNBHOW MEXaHWKH, KOTOPOW OH PYKOBOJHJI JIOJTHE TOJbI, BHIPAKAIOT CBOM MCKPEHHHE COOO0JIE3HOBA-
HUS POJHBIM M OJIM3KUM. MBI ri1yOoKo ckopOuM o HeBocnoHuMon ytpate. [lamsats o FOpun Muxaiino-
BHYE, TATAHTIIMBOM YYEHOM U 3aMEUYaTEILHOM YEJIOBEKE, HABCET/Ia COXPAHUTCS B HAIIIMX CEpAIax.
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TPEBOBAHUA K NYBJIMKALUN CTATbU

1. ITyGnuKyroTcss OpUTHHAIBbHBIE PaOOTHI, CO/lepIKaIlie CYIECTBEHHbIE HaydHbIe Pe3yJbTaThl, He OITy0-
JUKOBaHHEIC B IPYTUX M3IAHMAX, IPOIIEAIINE dTAll HAYIHOW SKCIEPTH3HI 1 COOTBETCTBYIOMINE TPEOOBAHUIM
K IMOATOTOBKE PYKOIHUCEH.

2. B peakoiuteruo npeaocraBisiercs ajaektponnas (mokyment MS Word 2003) Bepcust paboThl 00beMOM
He Oonee 6 CTpaHUII, SKCIIEPTHOE 3aKIIIOYCHUE O BO3MOXHOCTH OITyOJIMKOBAaHHUS paOOThl B OTKPHITOH IeYaTH,
ceemenust 00 aBTopax (D.M.0., mecto paboThl, 3BaHHE U JOUKHOCTH JJIsI BCEX aBTOPOB PabOTHI), KOHTAKTHAS
nH(OpMAII OTBETCTBEHHOTO 33 TIOATOTOBKY PYKOITHCH.

3. Ctpykrypa crateu: Y JIK, Ha3Banue (He Oonee 12—15 cnoB), crircok aBTopoB, anHoTanus (150-250 cioB),
CIHCOK KJIFOUEBHIX CIIOB, TEKCT pabOTHI, TUTeparypa (B MOPSAKE IUTHPOBAHMS, B CKOOKAX, €CIIA ATO BO3MOXKHO,
JIaeTCsl CChUIKA Ha OPUTHHAJ INEPEeBOJHON KHHUIHM WM CTaTbH U3 KypHAJIa, ITEPEeBOJILIErocs Ha aHTIMHCKUNA
s3bIK). Tocie Tekcra paboThI ClienyeT Ha3BaHue, pacimupenHas aHaotanus (pedepar crarten) oobemom 10 1800
3HAKOB C IPOOETaMH, CIIFICOK KITFOUEBBIX CJIOB M CBEICHHS 00 aBTOpax Ha aHTJIMHCKOM S3bIKE.

4. ITapametpsl HaOopa. Ilomst: 3epkanbHble, BepxHee — 23, HUxKHee — 23, BHYTpH — 22, CHapyKU — 25 MM.
OIpudT — Times New Roman 11 pt, maciuta6 100 %, untepBan — oObIYHBIH, Oe3 cMelieHus 1 anuManun. OT-
cTyI KpacHo# ctpoku 0,7 cM, HHTEpBall MeXay ad3anamu 0 T, MEKCTPOYHBIH HHTEPBAI — OUHAPHBIMH.

5. ®opmynsl. Ctrnbs MaTemaTiHueckuid (1UGpeI, GYHKIUU U TEKCT — MpIMOU MIPpUPT, IepeMeHHbIE — Kyp-
cuB), ocHOBHO# mpu¢T — Times New Roman 11 pt, mokaszarenu crenenu 71 % u 58 %. BrikimoueHHsle ¢op-
MYJIBI TOJDKHBI OBITH BEIPOBHEHHI 110 IIEHTPY.

6. Pucynku Bce gepHo-0enbie. XKenarenbHO IpeIoCTaBUTh PUCYHKH U B BHIE OTICIBHBIX (DaiiiioB.

7. Anpec penakiMoOHHOHN Koiieruu xypHaia «Bectauk IOYpl'Y» cepun «Matematuka. Mexanuka. Ou-
3HUKay:

Poccus 454080, r. Yensounck, np. um. B.M. Jlenuna, 76, KOxxHO-YpaibCcKuil TOCYIapCTBEHHBIH YHUBEP-
curteT, IHCTUTYT €CTeCTBEHHBIX M TOYHBIX HayK, Kadeapa MaTeMaTHYecKoro ¥ KOMITBIOTEPHOTO MOJIEIIHPOBa-
HUSI, TJIaBHOMY pemaktopy mpodeccopy 3arpebmnoit Codbe Anexcammposse. [Prof. Zagrebina Sophiya
Aleksandrovna, Mathematical and Computer Modeling Department, SUSU, 76, Lenin prospekt, Chelyabinsk,
Russia, 454080].

8. Azpec »IeKTpOHHO# mouThl: MMPh@susu.ru

9. NoxHyr0 BepcHIo MPaBIII IMOATOTOBKH PYKOMICEH U IpuMep o(GOpMIICHHS MOXHO 3arpy3uTh C caiita
xypHaia: cM. http://vestnik.susu.ru/mmph.

10. Xypuan pacmpocTpaHsercss MO TMOANKMCKE. ONEKTpOHHAas Bepcws: oM. www.elibrary.ru,
http://vestnik.susu.ru/mmph, http://sectaux.roypry.pd/mmph.

11. IInara ¢ acnupaHTOB 3a MyOIUKAIUIO HE B3UMAETCSI.



CBEAEHUA O XYPHAIJE

Kypnan ocnoBan B 2009 roxy. CeunetensctBo o peructpanuu [T Ne @C77-57362 Beigano 24 mapta 2014 r.
DenepanbHOM CITyk00H 0 HAT30py B cdepe CBsI3H, HHPOPMAINOHHBIX TEXHOJIOTHI K MaCCOBBIX KOMM YHHKAIIHH.

VYupenurens — enepanbHOe roCyIapcTBEHHOE aBTOHOMHOE 00pa30BaTEIbHOE YUPEXKICHNE BBICIIETO 00pa30-
BaHUs «HOXKHO-Y palbCKuii roCyIapCTBEHHBIH YHHBEPCHUTETY (HAITMOHAIBHBIN HCCICIOBATEIbCKUIA YHUBEPCHUTET).

I'maBHBIH pempakTop xypHaNa — 1.¢.-M.H., mpod. C.A. 3arpeOuHa.

Pemmennem IIpesnamyma Bricmieit aTTecTaninoHHOM koMuccn MuHHCTEpCcTBa 00pa3oBanus 1 Hayku Poccuiickoit
@enepanun KypHaT BKIIOYEH B «llepedeHp BeMymMX peleH3UPYEMbIX HAyYHBIX JKYPHAJIOB M W3/aHUI, B KOTOPBIX
JIOJKHBI OBITh OITyOJIMKOBaHBI OCHOBHBIC HAY4HBIE PE3YJIbTAThl JUCCEPTALUi HA COUCKaHHUE YUCHBIX CTETICHEH JOKTO-
pa M KaHIMIaTa Hayk» MO CJIEAYIOUIMM Hay4YHbIM CIICHMAJbHOCTSM W COOTBETCTBYIOLIMM WM OTpacisiM HayKH:
1.1.1. BemecTBeHHBIH, KOMIUIEKCHBIH ¥ (DyHKUMOHANBHBIM aHanu3 (pusuko-maremarnueckue Hayku); 1.1.2. dud-
(epeHLIMaNbHBIE ypaBHEHNS M MaTeMaTnieckast pusnka (pusnko-maremarnueckue Hayku); 1.1.6. BerancnurensHas
Maremaruka (pusnko-maremarnueckue Hayku); 1.1.7. Teopernueckas MexaHUKa, IMHAMUKA MAIIUH (TEXHHYECKHE
u ¢pu3nKo-MaTeMaTndeckre Haykn); 1.1.9. MexaHuka >KUAKOCTH, Ta3a U IUIa3Mbl ((pH3UKO-MaTeMaTHIECKUE HAYKH);
1.2.2. MareMaTH4IecKO€ MOAEINPOBAHUE, YUCICHHBIE METOBI M KOMIUIEKCHI MporpaMM ((pu3nKo-MaTeMaTHIECKHe
Haykn); 1.3.6. Onruka (pusuko-mMaTemMaTudeckne Haykn); 1.3.8. du3nka KOHACHCHPOBAHHOTO COCTOSHUSA ((HU3UKO-
MaTeMaTuueckue Haykn); 2.3.1. CuCTeMHBIN aHaU3, yIIpaBlIeHHe U 00paboTKa MH(OPMAITIH, CTATUCTHKA ((PU3UKO-
MaTeMaTHIECKNe HAYKH).

Pemennem Ilpesunnyma Bricimeit arrectanmonHo Komuccun MuHHCTEpCTBa 00pa3oBaHus U Hayku Poccuii-
ckoil Penepanny xKypHai BKIIOYeH B «PelieH3upyemble HayuHble M3aHMsI, BXOISIINE B MEXAYHApOAHbIE pedepa-
THUBHBIC 68.3])1 JaHHBIX U CUCTCMBbI HUTUPOBAHNSA U BKIIFOUCHHLIC B Hepequb PCUCH3UPYEMBIX HAYYHBIX H3HaHHﬁ, B
KOTOPBIX TOJKHBI 6bITI) OHy6HI/IKOBaHI)I OCHOBHBIC HAYYHbIC PC3YyJIbTAThI ,HI/ICCCPTaIlI/Iﬁ Ha COMCKaHHC YYCHBIX CTC-
MEHEH TOKTOpa U KaHIHUIaTa HayK» MO CICAYIOIIUM OoTpaciisaM u rpymmnam crenuansnocteii: 01.01.00 — Maremaru-
ka, 01.02.00 — Mexanuka, 01.04.00 — ®uzuka, 05.13.00 — Mudopmartuka, BHIYUCIUTENbHAS TEXHUKA U yIIPaBJICHHE.

XKypnan Bxiarouen B Pedeparusnsiii sxxypHan u baszer nanasix BUHUTU. CBenenus o )ypHae eXeroaHo myo-
JUKYIOTCS B MEXIyHapOJHBIX CHPAaBOYHBIX CHCTEMax II0 MEPHOAWYECKHUM M TPOJOIDKAIOIINMCS H3IaHHUAM
«Ulrich’s Periodicals Directory», «Zentralblatt MATH», «Russian Science Citation Index on Web of Science».

Honmucuoit maAexc 29211 B ob6bemurenHoM Katamore «lIpecca Poccum», E29211 B UnTepHeT-Katasore
arenrctBa «Kuura-CepBuc.

[lepnoanaHOCTH BEIXOAA — 4 HOMEpPA B TOLI.

Anpec penakuuu: 454080, r. Uensounck, yin. C. Kpusoit, 79, Usnatensckuii ientp FOYpI'Y, kab. 2.

Anpec m3natens: 454080, r. UensOunck, npocriekt JleHuna, 76.

BECTHHK
IOKHO-YPAJIBCKOI'O
IT'OCYAAPCTBEHHOI'O YHUBEPCUTETA
Cepus
«MATEMATHKA. MEXAHUKA. ®U3NUKA»
Tom 17, Ne 4

2025

Penaxtop C.1. Yeaposa
Texn. penakrop 4.B. Munux

Wznarensckmii ieHTp FOXHO-YpanbcKoro rocyiapcTBEHHOTO YHHBEPCUTETA

IToanucano B neyats 31.10.2025. JlaTa Beixoaa B ceet 14.11.2025.
dopmar 60x84 1/8. TTeyars rudposast. Yci. neu. . 12,55.
Tupax 500 k3. 3aka3 283/303. Llena cBoOO[HAsI.

Otneuarano B Tunorpaduu M3garensckoro nentpa IOYpl'Y.
454080, r. YensaOuHCcK, mpocnekT Jlenuna, 76.
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