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WITH HESSIAN-DRIVEN GRADIENT FLOWS
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The paper presents certain development results for the novel extremum seeking controller based on
Nesterov’s gradient flows for solar tracking systems. It achieves convergence to an arbitrarily small neighbor-
hood of the set of the cost function optimizers. Our results evident ate that for arbitrarily large compact sets of
initial conditions, and arbitrarily small neighborhoods of the optimizer, the controller can be tuned to guarantee
convergence taking into account the influence of the Hessian, as well as with tuning parameters that have a fair-
ly clear physical meaning. The influence of the Hessian as a vector field, which is a reflection of the distortion
of transient processes in the system, and taking it into account is an urgent task, since it allows for a more flexi-
ble impact on the speed of transient processes, and by endowing the system with some damping and smoothing,

also for its improved quality.
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gradient flow, hessian.

Introduction

Solar tracking systems must operate in very spe-
cific modes, which impact the structure of the entire
electrical complex [1]. The most important feature is
the need to search for the point of maximum energy
efficiency [2], fixation at this point and ensuring track-
ing when changing its position. This fact forces the
developers to apply special control systems structures.

Much attention is devoted to the study of various
aspects of MPPT-control, which was created based on
the principles of extremum search [3]. According to
the key bibliographic databases, over the past 17 years,
more than 4000 articles on this topic have been pub-
lished. They include brief reports, reviews, results of
theoretical and experimental research. The subtleties
and unresolved issues of these works are summarized
in reviews, analytical and experimental studies [4—7].

Electric drive control systems for tracking the Sun
are almost on par in the number of published articles
on MPPT. The most useful of these are [5, 8-13].
As for poorly studied aspects of the issue, the research
on MPPT controllers and electric drive control for
tracking the sun does not come into contact with each
other as much as expected. In our opinion, an im-
portant drawback of the MPPTs is that they look
for power only by searching for the “optimal state”
of the electrical circuit, to which the solar battery is
connected [14]. In cases when the solar battery is
oriented incorrectly, maximum generated power is
lower.

A number of papers [15-17] consider the prob-
lem of the transient processes quality in systems for
searching for an extremum with auxiliary modulation.
The essence of these works lies in the fact that
the Hessian and the gradient are in most cases in

a nonlinear relationship. The elimination of this rela-
tionship is difficult, since in some cases, at the extre-
mum point, it is impossible to obtain the inverse of
the Hessian value (as is done in some continuous ana-
logs of Newton's method), and establishing the exact
relationship is a nontrivial problem. Thus, the set of
second derivatives along the corresponding extremum
search channels can be represented as a vector field
distorting the transient process. We propose a solution
that allows establishing the relationship between
the Hessian and the gradients using the Nesterov ac-
celerated flow and to increase the speed and quality of
transients in the system.

This paper is organized as follows: Section II de-
scribes theory and problem statement, Section III pre-
sents computational results. Section IV briefly de-
scribes discussion questions. Finally, Section V pre-
sents some conclusions.

1. Solar Battery and Extremum Seeking

The starting point in our work is to reveal the de-
pendence of the generated photocurrent on the intensi-
ty of radiation G,y incident on the surface of the solar
battery and increasing with increasing temperature:

Iph = Gé):)H ) (ISC + klsc.AT) =

= et (1e + ko (T~ ). (1)
where G, — irradiance at the standard test conditions
(STC) (Gy = 1000 Wt/mz); G — extraterrestrial solar
radiation, Wt/m’; k; — current/temperature coefficient
[18]; AT — difference between air temperature and
temperature at STC.

Equation (1) shows that when Gy = 0, the solar
battery is inactive. When the radiation is caught by
the solar cell, it generates a photocurrent I,,. Using
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the Kirchhoff I law [19], we can see, that at STC
the current is determined by dependence [19, 20]:

I:Iph_Id_IRs:

q-(V+1IRg) V+IR

= o (¢ er 1) -5 @)
where some physical constants and passport data:
Ly — photocurrent at existing level of irradiance Gy, A;

k — Boltzmann constant, 1.3805-107% J/K; q — elec-

tron charge, 1.6021-107"7C; T — cell temperature
(at STC =298 K).

Parameters from analytical computations: I, —
saturation current, A; R, — series resistance, Ohm;
Ry, — parallel resistance, Ohm; n — ideality coefficient,
for different semiconductors it’s values from 1.2...5
[18, p. 2].

The analytical assessment allows constructing the
volt-watt and volt-ampere characteristics of solar bat-
teries with the smallest deviations from the passport
data [20-22]. In [23] and in [20, 24], these parameters
are calculated in a certain way to reflect the modes of
short circuit, maximum power and no-load.

To calculate b between the short circuit and
the no-load, equation (1) is transformed into a non-
recursive formula for I-V characteristics (P-V by mul-
tiplied on V):

_ _loRsRyyeP2 kT — g
1= ({0 Ry ra)rs -av
qRs ’ 3)
_ Rsh-q-(Io-Rg + IphRg + V)
2 (nk-T-(Rg + Rgp)) ’

where W(0, ~) — general axis of Lambert function.
Extraterrestrial solar radiation on Earth Gy can
be calculated as [24]:

Wacr1(s)

— Wacta(s)

GexH = Gex' COS(E_,), (4)
where G, — extraterrestrial radiation, Wt/m”.

Incidence coefficient & for the surface oriented in
any direction we can calculate as follows [25]:

&= cos(0®) - cos(0) +
+ sin(0) - sin(®) - cos(F - y), (5)

where 0 is the zenith angle measured from horizontal
axis; y is the azimuth angle, measured from south to
surface normal on the horizontal axis; ®, I' — topo-
centric elevation angle (TEA) and Azimuth angle
(AA) of the Sun.

This function on the extremum on the standard
intervals 0<0<90° u 0<y<360° shows that at
the specified interval 0<6<90° and 0 <7y <360°

2 N 2.\ 2 2
(o—f) : (g (o—é)> - (O—E) >0, and o—f <0, and when
00 Oy \00 oy 00

0 =0 uy=TI, that is global maximum point for & on
a typical interval. When this condition & = 1.

The component of the photocurrent, depending
on the level of the ratio of the current illumination and
illumination in the STC, naturally enters the equa-
tion (1), therefore, we rewrite it as:

. @(V+IRg) .

[= GG—:&I — 1y (eT - 1) - —V;‘h“i (6)

This formula describes photocurrent of the solar
battery, dependent on V, but also on &, i.e., from
the angle of zenith and azimuth of the panel.

Hence, the solar battery extremum seeking will
be multi-parameter (3, to be more precise), and
Prax =P (V, 6, 7). Now let's look at the most essential
aspects of the structure of a multiparameter system of
extremum seeking. The block diagram built for our
solution is shown in Fig. 1.

P(lph,V.Rs.Rsh) P ower

NI AL

@ I5(s)

©,

@ HPF (Thpr 2, 2, S) [«
HPF (Thpr3, h3, ) |«

ap sin(w t)

a sin(up t)

asz sin(us t)

Fig. 1. Multivariable extremum seeking for solar battery.
Red line is the coordinate electric drives-contours. Blue line is the MPPT-contour
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This extremum seeking control system inc-
lude:

1. Solar battery. Some parameters obtained using
impedance spectroscopy [26]. If the actual values of
the Cp, Cp and differential resistance Ry have same
numerical order, then solar battery have transfer func-

tion in following form W= T;SH with very small
o

time constant Tc = 10°...10°% in the I, — V trans-
mission channel.
2. High-pass filter (HPF;) with transfer function
S

Whpr, = -
3. Demodulator.
4. Modulator.
5. Control integrator I; with high or small
gain k;.
6. Electric

1
Wacti =

Tactys +1

drives with transfer function

Classical extremum search system with auxiliary
modulation, taking into account the presented linear
dynamic models, is described by the system of diffe-
rential equations (in addition, we have included
an additional filter and baseband signal in the control
system for evaluating the Hessian. This block works
according to the principles similar to the gradient es-
timation block):

7= —Z+P(X1 ...X})

X.l —kl‘gl =0

(0‘11...01) =Xt
glz—g]+Z'S]
.F: le—h1+ Z'hl 5 (7)
X, — Ky =0

d —
(on...on) =X, tS,
g=— gt zs,

h,=—h, +zm,

where z, X;...X,, 01...0,, gi...g, hj...h, — state-
variables of an electrical complex as a dynamic sys-
tem; P(x;...x3) — generalized extreme characteristic
of the solar battery power, taking into account all
the channels on which the maximum power de-
pends; n — the number of contours of the extremum
seeking, that is equal to the number of variables on
which solar battery power depends; s;= o;-sin(w; t),
16 ( . 2 1 o .
m; = E(sm(wi-t) —5) — an auxiliary search signal
corresponding to i-channel with an appropriate ampli-
tude and frequency, or the condition must be met
o; # 0;; X — kj-g, = 0 — differential equation equiva-
lent to the gradient descent, the simplest gradient flow
along i-channel; k; ...k; — positive constants represen-

ting the gains to increase the rate of convergence to
the extremum.

Assumption: If we assume that, with a suf-
ficient degree of quality, z's; corresponds to the true
gradient V,P(x..x3), ie zs =V P(x..X3)
and zm; = VﬁiP(xl...x3), taking into account
the elimination of additional corrections using
the amplification factor k;, we can represent
the extremum seeking system as a reduced system
characterizing the gradient descent along many co-
ordinates:

X; — kg, =0
(of...0)) =x,
g =—g +VP(xi...x3)
h;=—h, +V§1P(x] ... X3)
: (®)
X, —kyg =0
(of...0n) = x,
€= — g,V PO )
h,=—h, + V2 P(x;...x;)

As mentioned earlier, a number of works consi-
dered the problem of the quality of transient processes
in systems for searching for an extremum with auxilia-
ry modulation.

Hessian and the gradient are in most cases
in a nonlinear relationship, the elimination of
this relationship is difficult, since in some cases, at
the extremum point, it is impossible to obtain
the inverse of the Hessian value (as is done in
some continuous analogs of Newton's method), and
establishing the exact relationship is a nontrivial
problem.

Thus, the set of second derivatives along
the corresponding extremum search channels can be
represented as a vector field distorting the transient
process. A number of ways have been proposed
to establish the influence of the Hessian on the gra-
dient.

One of these methods is the so-called.
“Nesterov's accelerated gradient flows”, which have
the following general form:

X+ ok — BV2E(x) % — V(x) =0,

where X, X,X — adjustable coordinate for finding
the extremum and a number of its derivatives; Vf(x)
and V*f(x) — gradient and Hessian of the maximized
extremal function f(x).

Using some technologies of adaptive and nonlin-
ear control, it is possible to transform the gradient
flow in the system.

The new gradient flow will correspond to the
new behavior of the state-variables of the electrical
complex, and taking into account this modification,
the system of differential equations describing the
behavior of an electrical complex as a dynamic system
has the form:
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X,+A'X; —B;'h; X, — kl'g] =0
Toer,701=— 01 + x4
g=—g +VP(x...x3)
hy =—h; + V2 P(x;...x3)

% tAy %, — Byhy iy — ky'g, =0
Tact2~0'2 =—0,1tXx,

g, =—g +V,P(x;...x3)
hy = —h, + V2 P(x;...x3)

%3+ Agky — ByhyX; —ky'gy =0
Tco3=—03+x3
g5 =~ 8 TV P(xy...x3)
hy=—hy + VX32P(X1 ...X3)

)

2. Numerical Experiments and Results

In this part of the article, we discuss the results of
computational experiments, provide key explanatory
and illustrative materials. The results of calculating
the parameters and modeling are shown in the corres-
ponding tables and graphs.

As noted above, there are assumptions, in which
the calculation of volt-watt curves is greatly simpli-
fied. Namely, if the component I,,,-R; is quite small.
We obtained the exact values Ry u Ry, then Iy. Then
we adjusted the value of the scale factor n.

Tables 1, 2 shows the calculation results for
a sample of solar batteries quoted from [20].

With regard to transient processes, it is advisable
to investigate the damping properties of the trans-
formed gradient flow at a high gain coefficients. For
simplicity, let’s take Ty, = Toe, =0.01, T =10,
A=A, =A; =1, and B| = B, = B; = [0.2045; 2]
with step 0.5 for Experiment No. 1 and B; =B, =
= B; = [0.3; 2] with step 0.5 for Experiments No. 2.
In all cases k; = k, = k3 = 3. Start and end positions
for coordinates electric drives are shown in Table 2.
Initial point for voltage V is randomly selected from
the range [0; V.|, and the end value is in the vicini-
ty Vinp-

Figs. 2 and 3 shows the V-1 and V-Wt curves cal-
culated by Equation (3)—(6). They help to assess
the similarity between both the data from [20], and
the typical modes of operation. It can be seen that
the inconsistencies in the data from [20] and in our
calculations are irrelevant.

Using an solar position online calculator
(SPA) [25] and [27], we obtained the Sun angles
for July 15, 2021. These angles are shown in
Table 3.

Figs. 4 and 5 show the transients for the coordi-
nate electric drives.

Table 1
I-V curve data (short circuit V=0, I = I, open circuit V=V, 1=0,
and the maximum power V =V, I = I,,, points) of several solar cells [20]
No.
of Experiment Reference Voe | Vinp Lp T
1 Kennerud, 1969 0.420 0.804 0.316 0.698 330
2 PSM-150 32.9 8.21 26.3 7.61 298
Table 2
1-Diode model values from different solar cells (data from [20])
No.
of Experiment Reference R Ry Iy Prax n
1 Kennerud, 1969 0.31606e-1 9.9227 5.25E-06 0.208 1.37
2 Cubas, 2014 0.83777 44.493 9.1E-07 192.5 70.2
A ' <
.E . E l_-\.
_F0s ~ =5
£ 04 = 4
= - "I::_HPPIEHiﬁ I = - _\C"'..II.;I cach )
i |yl 7 2| |aata rom Cubas [41)
= e _— T solar pansl moce
— 0 — 0
il 0.1 0.2 0.3 0.4 i 10 20 30
Voltaps,V (a) Voltags,V (g
a) b)
Fig. 2. Volt-ampere curves in range 0 <V <V,.: a — Experiment 1; b — Experiment 2
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Fig. 3. Volt-watt curves in range 0 <V <V,.: a— Experiment 1; b — Experiment 2

Table 3
Allocated time intervals for modeling extremum seeking control systems in Chelyabinsk
on July 15, 2021 from 8:00 AM to 8:00 PM according to NREL MIDC SPA
Experiment Reference Time TEA (corrected), ° AA (eastward from N), °
8:00:00 26.062834 —90.849174
! Kennerud, 1969 9:00:00 34.561596 —78.02713
9:00:00 34.561596 —78.02713
2 Cubas, 2014 10:00:00 42.627950 ~63.434196
0.90}
g 0.5 T 080 |/ VQ\ ~ ]
S'\ 0.4 — QD“ 0.75 r/ ¥ N—v —
103 - 1070 / V |
o 1. =0.65 .
: = 0.60 =
0.1 0.55
0 50 100 150 0 2 4 6 8 10
{t, sec} {t, sec}
a) b)

Fig. 4. Comparison of electric drive zenith positions for experiments (1, 2):
a — Experiment 1; b — Experiment 2. In the case of a more powerful solar battery in transients, nonlinear oscillations are observed at
a fixed coefficient A and with a change B; = B, = B; = [0.2045; 2] and B; = B, = B3 = [0.3; 2], respectively. It can be noted that at
a certain range of the coefficient B, these oscillations stop abruptly, and the coefficient B has little effect on the form of transient processes

| | | 0.90f
8? f“‘ ’ 0.85
< 0. | 20.80 |
S04 o Eors A -
103 - T0.70 / VAR [
s S 5065 -~
0.2 - 0.60 | -
0.1 0.55
0 50 100 150 0 2 4 6 8 10
{t, sec) {t, sec}
a) b)

Fig. 5. Comparison of electric drive azimuth positions for experiments (1, 2):
a — Experiment 1; b — Experiment 2. A similar picture is observed in this case. Summarizing what we have seen, we can assume
that by choosing the damping coefficient B, we bring the system to the stability boundary, which is confirmed by weakly damped
oscillations or the unstable behavior of the controlled coordinate
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Fig. 6. Comparison of voltage for various experiments (1, 2): a — Experiment 1; b — Experiment 2
1.000} ' : : : ] 1.0[- : ‘ ‘ : ]
0.995 ] 0 meww |
N o 0.0 1
0.990 . ’
— —-0.5 ] —
0.985
/ -1.0
0 5 10 15 20 25 0 5 10 15 20 25
{t, sec} {t, sec}
a) b)
Fig. 7. Comparison incidence coefficient  for various experiments (1, 2): a — Experiment 1; b — Experiment 2
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Fig. 8. Comparison of solar battery power for various experiments (1, 2): a — Experiment 1; b — Experiment 2

The nonlinear behavior of a system with a Neste-
rov’s gradient flow (9) at the stability boundary or
with a weak damping is reflected in the transient of
the solar battery voltage condition.

It should be noted that in the case of a gradient
flow with good damping properties, the transients
resemble those occurring in linear systems, despite
the fact that the system of differential equations is
nonlinear. The results are shown in Figs. 6-8.

3. Discussion. Interpretation of the Results.

Limitations of the Study in Question

In a general case, the study of multi-parameter
systems can be complicated by the fact that many tu-

ning parameters may not have an explicit physical
meaning. This is a disadvantage of many proposals
considered in other works on the topic. In our case,
transient processes in the circuits depend on the pa-
rameters that have a very clear physical meaning.
Among other things, it is sometimes difficult to de-
termine, which of the parameters are the most im-
portant, how they relate to each other, and by which
groups the results should be presented. In our case,
there is one key parameter determining the rate of
transient processes in the system along with a couple
of auxiliary ones that determine the damping proper-
ties of the object, as well as, presumably, the proper-
ties of oscillation. All this, together with quasi-linear
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behavior, suggests that representing transient process-
es would make understanding dynamics even more
intuitive. But the system is nonlinear, i.e., Laplace
transforms are impossible for it. We’ve faced this
problem and we are suggesting a possible way to
solve it. The results will be published in other papers.

Two other, more general questions are:

1. Which adaptation algorithm to choose to trans-
form the gradient flow?

2. What is the process, in which electrical energy
is converted to mechanical and how does it occur
within the complex?

These issues will also be considered in other pub-
lications.

Conclusions

We presented some development results of novel
extremum seeking controller based on Nesterov’s gra-
dient flows that achieves convergence to an arbitrarily
small neighborhood of the set of optimizers of the cost
function. Our results establish that for arbitrarily large

compact sets of initial conditions, and arbitrarily small
neighborhoods of the optimizer, the controller can be
tuned to guarantee convergence taking into account
the influence of the Hessian, as well as with tuning
parameters that have a fairly clear physical meaning.
Future directions will study the development of
a linear analysis method using the apparatus of trans-
fer functions and frequency characteristics, as well
as refinement of the gradient flow transformation
algorithm with the subsequent publication of these
results.

In the broadest context, the results, clearly, can-
not be called completely comprehensive. First of all,
they highlite an important problem related to the de-
velopment of new control systems for tracking sys-
tems for the Sun, namely, the creation and accurate
analytical study of adaptive control systems. Our fu-
ture work will be carried out in this field.

The reported study was funded by RFBR, project
number 19-31-90156.
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MHOIONAPAMETPUYECKOE YINPABJIEHUE MOLWHOCTbLIO
COJIHEYHON BEATAPEU MNYTEM MNOUCKA 3KCTPEMYMA

C NOMOLWbIO ’IPAAUEHTHbIX NMOTOKOB,
YMNPABNAEMbIX TECCUAHOM

A.1O. Conoeyboe, U.M. Kupnu4Hukoea
FOxHo-Ypanbsckuli 2cocydapcmeeHHbIl yHusepcumem, 2. HensbuHck, Poccus

Mur OpEACTABIIAEM HEKOTOPBIC PE3YJIbTAaThL pa3pa60TK1/1 HOBOI'O KOHTPOJIJICpAa MMOUCKA SKCTPEMYMaA Ha OC-
HOBE I'paIMCHTHBIX ITIOTOKOB HeCTepOBa JUIs1 CUCTEM CJICKCHUA 3a CO.]'[HI_IGM, KOTOpHﬁ JOCTUTaCT CXOAUMOCTH K
IPOU3BOJIBHO MaJIoH OKPECTHOCTH Ha60pa ONITUMU3ATOPOB (byHKHI/II/I cronMocTH. Hamm PE3YyJIbTAThI IOKA3bI-
BaroT, 4YTO I CKOJIb YTOJHO OOJIBIIUX KOMITAKTHBIX Ha60p03 Ha4YaJIbHbIX yC.]'IOBI/Iﬁ 1 CKOJIb YTOOHO MaJIbIX OK-
pCCTHOCTefI OINITUMH3AaTOPa KOHTPOJUIEP MOKET OBITH HAaCTPOCH Tak, YTOOBI rapaHTHpPOBATh CXOAUMOCTD C y4e-
TOM BJIMAHHA I'€CCHaHa, a TaKXKE C IapaMeTpaMu HaCTpOﬁKPI, KOTOPBIE UMEIOT JOBOJIBHO YETKYIO (bPISPI‘{eCKPIﬁ
CMBICIJI. FCCCI/IaH, paCCManI/IBaCMHﬁ KaK BEKTOPHOC II0JIC, MCKaXKaroIe€ NEPEXOAHBIC IMTPOLECChI B CUCTEME, U
€ro y‘leT SABJIACTCA aKTyaﬂBHOﬁ 33I[3.'-{ef/'l, IIOCKOJIbKY ITO3BOJIACT 0oJj1ee THOKO BIIMATH Ha CKOPOCTb NEPEXOAHBIX
IpoHecCoOB, U 3a CUCT HAACICHUA CUCTEMbl HEKOTOPBIM IICMHq)I/IpOBaHI/ICM U CrIIa’)KUBAHUCM, TAKKE YJIYHUIIHUTH
HUX Ka4CCTBO.

Knrouesvie cnosa: MOIIIHOCTb COJIHCYHBIX 6aTapeﬁ; OTCJIC)KUBAHUE TOYKH MaKCHMaJIbHOM MOIINHOCTH, HE-
JIMHEHHAs CHCTEMa YIIpaBJICHUA; CUCTEMA IIOMCKA SKCTpEMYyMa, FpaIIPICHTHbIﬁ IIOTOK; I'€CCHUaH.

HccaenoBanue BoINOJHEHO Mpu puHAHCOBOH noaaep:xke POD®U B pamkax HayyHoro npoexta Ne 19-31-90156.
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