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Introduction 
There are diverse types of industrial mechanisms 

having technical process that requires relatively 
longstanding speed reduction with a decrease in static 
loads and restrained requirements for the accuracy of 
speed regulation. There are industrial fans, street con-
veyors in cold times, pumps of hydraulic presses, etc. 
[1, 2]. A complete stop of the drive is unacceptable for 
these systems, while decreasing the speed to preserve 
energy and to use resources effectively is considered 
more appropriate. 

In most cases, squirrel-cage induction motors 
and wound rotor induction motors are used as driving 
engines in the mentioned mechanisms. The motor 
speed remains unregulated or to the use of added 
resistances in circuits of rotor or stator is required for 
regulation. Having no regulation or deploying relay 
contact switching circuits causes high power con-
sumption. High prices for energy and other recourses 
make it important to enhance the mentioned electric 
drives. 

The implementation of two-unit frequency con-
verter based on key elements is not appropriate for  
the mentioned mechanisms due to high price, compli-
cated maintenance, and the high level of the operating 
staff’s skills required [3, 4]. Impulse-vector control 
system for alternating current drives is used to create 
the current of the same frequency in the rotor and  
the stator, i.e. to exclude motor slip. Impulse-vector 
control is suitable for copious amounts of mechanisms 
because of its low price, low power consumption in 
low velocity mode and the absence of abundant con-
trol possibilities. 

There are some scheme solutions featuring  
the impulse-vector control system with wound rotor 
induction motor [5]: 

– impulse-vector control system with thyristor 
switches; 

– impulse-vector control system with thyristor 
switches and damping circuit; 

– impulse-vector control system with diodes and 
transistor; 

– impulse-vector control system with damping 
circuit by symistors. 

The control in these systems is performed de-
pending on the angular location of a rotor, and, there-
fore, it is necessary to set a shaft encoder or to use 
sensorless control methods. Using shaft encoders for 
the mechanisms mentioned above is inappropriate, as 
it increases the cost and complicates the system. Fur-
thermore, sensorless control methods have some ad-
vantages: the absence of the shaft encoder; simple 
installation, replacement, and operation; a possibility 
to use sensorless systems in cases when the measure-
ment unit installation on the shaft is impossible (expo-
sure to vibrations, radiation, high temperatures, etc.);  
a possibility of applying equipment for electric drives 
diagnostics; a possibility of decreasing of sustaining 
speed error, and augmenting the regulation range in 
contrast to open loop systems. 

Using the known sensorless control methods  
[6, 7] or the development of unique algorithms of 
shaft position determination [8] for pulse-vector con-
trol system [5, 9] in most cases are complicated. It is 
due to the lack of appropriate mathematical descrip-
tion of electromagnetic processes in the schemes with 
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three coils are connected in series having active 
, ,AX BY Rr r r , own inductances , ,AX BY RL L L  and mu-

tual inductances , , ,АXBY AXR BYR СZRL L L L .  
The equivalent winding of rotor turns by angle 

from 0 to 360 el. degrees. When flux linkage vector 
of equivalent rotor winding coincides with the flux 
linkage vector of the stator winding of phase A, it is 
considered as zero position. The stator winding AX 
and the equivalent winding of the rotor have accor-
dant connection, current flows into the beginnings of 
windings. The angle between flux linkage of the equi-
valent rotor winding and flux linkage of the stator 
winding AX is equal to the value of the rotor α angular 
rate . The angle between flux linkage of stator winding 
BY and flux linkage of equivalent rotor winding is 
equal to α – 120 el. degrees. The winding stator CZ is 
shifted by –240 el. degrees in relation to AX winding. 

Flux linkages and windings inductances  
of the machine 
The stator winding of phase A is linked to mag-

netic fluxes created by both itself and other windings. 
A part of the magnetic flux created by the winding is 
linked only to its own coil of winding. This part is  
a leakage flux. The other part, apart from the turns of 
the own winding, covers the turns of the other win-
dings, and, it is the main magnetic flux. The induc-
tance of Lσ connecting leakage flux of winding with 
the current flowing inside is leakage inductance.  
The inductance of LM defining flux linkage with  
the main flux is mutual inductance, or inductance of 
the main magnetic flux. Using these valuesallows pre-
senting flux linkage of the phase A in the scheme with 
equivalent winding of rotor and de-energized stator 
winding of CZ in the following way: 

1 ,AX M AXBY AXRL i L i L i L i        
    

(1) 
Where LAXBY – mutual inductance of the stator win-
dings; LAXR – mutual inductance of the stator winding 
AX and equivalent rotor winding R; L1σ – leakage in-
ductance of the stator winding.  As stator windings have identical features, the mag-
netic flux created by the second winding current link-
ing to the turns of the first winding is identical to  
the magnetic flux created by the first winding current 
linking to the turns of the second winding based on  
the assumed windings axes similarity and currents 
values equality. It is obvious that the pattern of  
the magnetic field will be similar and will not depen-
dent on which winding current flows in under these 
conditions. Consequently, the inductance of the main 
magnetic flux will be equal to the stator windings mu-
tual inductance in case the windings axes are the same. 

The shift of the windings axes in space will cause 
the alteration of its mutual inductance proportional to 
the angle cosine of the shift. For the considered 
scheme, mutual inductance between stator windings 
LAXBY is always positive. It is true due to two facts: 
these windings spaced at the angle of –120 el. degrees 
and current flows into the beginning of one winding 

outflowing from the beginning of another: LAXBY = 
= L0cos(–120 + 180) = 0,5LM, where L0 = LM – mutual 
inductance in case the windings axes are the same.  

Current i flows in the equivalent rotor winding R. 
As a result, the magnetic flux created by equivalent 
rotor winding is linked to the stator windings leading 
to the emergence of an additional constituent in  
the equation of stator winding flux linkage LAXR·i.  
As a rule, the amount of rotor winding turns w2 for  
the typical induction motors is not equal to the number 
of the stator windings turns w1. Consequently, the cur-
rent flows in stator and rotor windings create different 
total magnetic fluxes. Assume LAXR ≠ LM to consider 
that fact. Then, mutual inductance of stator winding 
AX and equivalent rotor winding is equal to: 
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where E20 – rotor rings voltage; U1N – rated stator vol-
tage. 

Considering the mentioned dependencies of in-
ductance, the equation of flux linkage for the phase A 
may take the following form: 

1 0,5AX M ML i L i L i        

  20
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L i
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(3) 

Stator windings BY and AX have the same pro-
perties. Therefore, considering the location of stator 
winding BY relating to AX it is possible to represent 
mutual inductance between BY and equivalent rotor 
winding as follows: 
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The equation of flux linkage for winding of phase B: 

1 0,5BY M ML i L i L i        
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(5)
 

Stator winding CZ is de-energized (Fig. 2), and, 
therefore, it produces no leakage flux and part of  
the main magnetic flux. The magnetic fluxes created 
by windings AX and BY and linked to CZ, are equal in 
value and oppositely directed. Hence, the flux linkage 
of de-energized winding CZ is equal to the flux lin-
kage created by the equivalent rotor winding relying 
on the relative position: 
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Mutual inductance between equivalent rotor winding and stator windings AX and BY: 
cos( ) , cos( 60) .AXR M BYR ML L i L L i                         (7) 

Flux linkage value of equivalent rotor winding is equal to: 
20

2
1

3 3 cos( ) cos( 60) .R M M M
N

E
L i L i L i L i

U                             (8) 

To evaluate the rotor windings flux linkages a0, b0, c0 it is crucial to consider the scheme with three-phase rotor
winding (Fig. 1). Symmetric three-phase rotor winding is wye-connected; windings are shifted by 120 el. degrees in rela-
tion to each other. Windings a0 and b0 are connected with stator windings in series, winding c0 is de-energized. 

The leakage inductance of rotor winding is L1σ. Making the same assumptions as those mentioned above for 
the flux linkages of rotor winding and considering the interaction of stator windings AX and BY separately, we ob-
tain the following equations: 

 20
0 2
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 0 cos( 270) cos( 150) .c ML i                         (11) 

Using the mentioned idealization to calculate the magnetic flux leakage inductances, own inductances illu-
strating the interaction of winding with its own magnetic flux and mutual inductances between stator windings 
does not dependent on the angle of rotor rotation. 

Voltages, circuit current and torque of the studied machine 
Instantaneous values of source voltages in three-phase network may be written as follows: 

sin( );
sin( 120);
sin( 240),
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where uА, uВ, uС – instantaneous values of three-phase network; Um – amplitude of source voltage instantaneous 
value;  = 2 f – circular frequency (f – power frequency); t – time. 

Equations of instantaneous values representing the electrical condition of the system according to
the second Kirchhoff law and Faraday law for the considered equivalent circuit may be written in the following way: 

1 22 ( ) АX ВY R
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d d d
u u i r r

dt dt dt
  

        ,              (13) 

where r1, r2 – active resistances of stator and rotor. 
Applying the values of inductances and flux linkages to instantaneous values equations, we calculate the de-

rivative value of the circuit current: 
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where n d dt   – rotor speed. For locked rotor n = 0. 
According to the second Kirchhoff law and Faraday's law for the considered equivalent circuit (Fig. 2) equa-

tions for the instantaneous values of voltages on stator windings and rotor rings take the following form: 
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The voltage drop on the engine windings are equal to the sum of self-induced EMF and mutual inductance EMF.
Self-induced EMF of stator windings and equivalent rotor winding depends on the rotor angle. There is no current in
a free stator winding CZ. Moreover, CZ induces only self-induced EMF from the equivalent rotor winding (UC = EC). 
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The EMF inductance value may be split into two components. The first component dψ / dt is related to flux 
linkage variation in time due to currents variations in time is called transformation EMF similarly to the processes
of motor field in the machine. The second component is ωψ, which comes from flux linkage variation in time due to
the rotor rotation, and it is called rotational EMF. 

It is appropriate to calculate the electromagnetic torque of the engine via the instantaneous values of induction 
motor internal coordinates. Furthermore, we use the equation of electromagnetic torque coming from the common 
assumption that the electromagnetic torque of the electric machine is equal to partial differential coefficient in 
geometric angle α from the total value of the electromagnetic energy: 

3
2

1
1

( ),j j ij i j
i
j
i j

dW dT L i L i i
d d 




     
   

                 

(16) 

where Lj – own winding inductance (in considered case LAХ, LBY, LR); ij – current in the winding; Lij – mutual induc-
tances (LAXR, LBYR, LAXBY). Consider: 0jdL d   and 0AXBYdL d  , therefore, no torque created by these values. 
In addition to that, the one current i flows in the machine windings, electromagnetic torque is created only by two 
components, and then equation may be written as follows:  

 2 2 2 2 22 ( ) 2 2 2 sin( ) sin( 60) .AXR BYR
AXR BYR M AX BY

dL dLdT L i L i i i L i T T
d d d

                    
  

 (17) 

where TАX, TВY – torques created by currents of stator windings АX and ВY. 
 
Mathematical modeling 
It is implied that in case of rotor rotating by the value of d current succeeds steady-state value, i.e. 0di d  .

It is true for low rotation speed. Computed dependencies of root-mean-square values of currents on the engine 
windings, circuit current and torque from angle of rotor rotation are obtained with the mentioned differential equa-
tions of instantaneous values using a model developed in MATLAB. 

Instantaneous values of source voltage uA, uB, uC, uA – uB are shown in Fig. 3a, instantaneous value of circuit 
current i – Fig. 3b, instantaneous values of voltages on stator and rotor windings – Fig. 3 c, d (α = 0, Um = 117 V).
 

 
Fig. 3. Instantaneous values of variables in the motor, α = 0, Um = 117 V: source voltage (a),  

source current (b), voltages on stator windings (c), voltages on rotor rings (d) 

a) 

 
b) 

 
c) 

 
d)  
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Root-mean-square values of voltages on the engine windings, root-mean-square value of circuit current and elec-
tromagnetic torque variation α from 0° to 360° are illustrated in Fig. 4, 5. 

 

 
Fig. 4. Root-mean-square values of variables in the motor ranging α from 0 to 360 el. degrees, 
Um = 117 V: voltages on stator windings (a), voltages on rotor rings (b), circuit current (c),  
                                                              electromagnetic torque (d) 

 

 
Fig. 5. Root-mean-square values of voltages on the engine windings  

ranging α from 0 to 360 el. degrees, Um = 117 V 

U, V 

α, el. degrees 
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Experimental part 
Experiment description 
Engine MTF 111-6 was used as an experimental 

wound-rotor induction motor with nameplate data 
illustrated in [13]. Two stator windings are connected 
in series fed by autotransformer (sinusoidal voltage 
with root-mean-square value of 117 V, supply fre-
quency value of 50 Hz). 

The rotor is mechanically turned clockwise with 
the step of 15 el. degrees ranging from 0 to 360 el. de-
grees and fixed in each position. Root-mean-square 
voltage valueson stator windings UAX, UBY, UCZ, vol-
tage on rotor rings Uab, Ubc, Uca, circuit current I and 
electromagnetic torque of the engine are determined 
for the fixed rotor. 

Experimental results 
The experimental data of root-mean-square val-

ues of voltages on the engine windings, circuit current 
and torque in their dependence on the angle of rotor 
rotation is shown in Fig. 6–8. Setting up the depen-
dencies, torque leading to turning clockwise is posi-
tive. The experimental oscillograph traces of instanta-
neous values of current and voltages are similar to 
computed curves (Fig. 3). 

Experimental dependencies of root-mean-square 
values of voltages on the engine windings ( )AXU f  , 

( ), ( ), ( ), ( )BY CZ ab bcU f U f U f U f        , 

( )caU f  , circuit current ( )I f   and electro-
magnetic torque ( )T f   are similar to the calcu-
lated dependencies obtained based on the mathe-
matical model. Therefore, the applied differential 
equations are a correct representation of the opera-
tion concepts of the scheme with seriallys con-
nected rotor and stator windings fed by harmonic 
voltage source. 

 
Results analysis 
The dependencies of root-mean-square values of 

voltages on the engine windings, circuit current and 
electromagnetic torque on the angle of rotor rotation 
have certain features: 

1. The graph of circuit current I (Fig. 4c, 6) in-
creases steadily ranging the angle from 0 to 150 el. 
degrees and declines ranging the angle from 150 to 
360 el. degrees. The peak of the current is reckoned to 
be at 150 el. degrees, the negative peak – at 330 el. 
degrees. The type of the dependence complies with the 
equation of circuit current increment (14). 

Turning the rotor relatively to the fixed stator 
impedance value changes, as mutual inductive reac-
tance depends on the windings position. So, the circuit 
impedance value is the lowest at 150 el. degrees.  
The drop in voltage on the mutual inductance has  
a negative value:  

   
Fig. 6. Dependency of current on the angle of rotor rotation ( )I f   

 

 
Fig. 7. Dependency of the engine electromagnetic torque  

on the angle of rotor rotation ( )T f   
 

 
Fig. 8. Dependency of currents on stator winding and rotor rings on the angle rotor rotation: 

( ), ( ), ( ),AX BY CZU f U f U f      ( ), ( ), ( )ab bc caU f U f U f       
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The circuit current value has a peak at the root-

mean-square value of source voltage. 

The circuit impedance value has the peak at  

α = 330 el. degrees. The drop in voltage on the mutual 

inductance has a positive value:
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The circuit current value is the lowest at the root-

mean-square value of source voltage.
 

2. The voltage on the de-energized winging UCZ 
is equal to – (UBY + UAX) representing gap field 
strength depending on the torque. It is zero at α = 150 
and α = 330 el. degrees. In these positions the equiva-
lent rotor winding is located orthogonally to the de-
energized stator winding CZ and does not induce EMF 
(Fig. 9). 

The first position at α = 150 el. degrees is a position 
of instable equilibrium: having minimal alteration of 
angle the rotor turns clockwise or anticlockwise under 
the influence of the highest value of torque (Fig. 7). 
The vectors of stator MMF FS and rotor MMF FR are 
coincided (Fig. 9a). The second position (α = 330 el. 
degrees) is a position of stable equilibrium, changing 
angle in the range from 300 to 360 el. degrees the ro-
tor is fixed or returned to position at α = 330 el. de-
grees, i.e. the position where the electromagnetic tor-
que value is equal to zero (Fig. 7). The vectors of sta-

tor MMF FS and rotor MMF FR coincide (Fig. 9b). 
The type of the electromagnetic torque dependence 
complies with equation (17). 

3. At the positions where the voltage on the de-
energized winding is equal to zero, the voltages on  
the stator windings switched “forward” and “back-
ward” are equal. If the voltage on working “back-
ward” winding is bigger than the voltage on working 
“forward” winding (in the range from 150 to 360 el. 
degrees not including) the engine leads to rotation 
clockwise. In addition to that, if the voltage on work-
ing “forward” winding is bigger than the voltage on 
working “backward” winding (in the range from 0 to 
150 el. degrees) the engine leads to anticlockwise rota-
tion.  

4. Experimental dependencies Uab, Ubc, Uca on 
the angle of rotor rotation shown in Fig. 8 comply 
with the equations 14. The voltage value on the rotor 
rings goes through zero at α = 90 and α = 210 el.  
degrees, the peak is at α = 150 el. degrees , as accor-
ding to Kirchhoff law ab AX BYU U U U    and for  
the considered angles 0AX BYU U U   . The vol-
tage on the rotor rings Uab is equal to – (Ubc + Uca) due 
to c0 is de-energized. The voltage on the rotor rings 
Ubc can be determined as 1,5 0,5bc CZ abU U U    , 
voltage 1,5 0,5ca CZ abU U U     . 

 
Conclusion 
1. The interaction analysis of the rotor and stator 

windings changing angular position of the rotor al-
lowed finding out that the impulse-vector control sys-
tem with wound rotor induction motor has unambi-
guous dependencies from the angular position of  
the rotor. The obtained angular dependencies vividly 
explain the physics of the stator and rotor windings 
interaction when the windings connected in series. 

 
       a)               b) 

Fig. 9. Mutual location of stator winding, equivalent winding and vectors of MMF  
of stator FS and rotor FR; α = 150 el. degrees (a) and α = 330 el. degrees (b) 
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2. The obtained dependencies of the windings 
voltages, current and electromagnetic torque in the sche-
me with stator and rotor windings connected in series 
and fed by harmonic voltage source allowed the con-
clusion that the voltages values on the engine values 

may be used as input variables of angular rotor posi-
tion estimator. 
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С целью ресурсо- и энергосбережения необходимо модернизировать нерегулируемые электропри-
воды большого класса рабочих механизмов, у которых по условиям технологического процесса требует-
ся относительно длительное снижение скорости при уменьшении статических нагрузок. Актуальным 
является вопрос выбора систем управления электроприводами рассматриваемых механизмов по эконо-
мическим и эксплуатационным критериям. Для регулирования скорости в них авторы предлагают ис-
пользовать системы импульсно-векторного управления асинхронным двигателем с фазным ротором 
(СИВУ АД с ФР), но существенным недостатком данных систем является наличие датчика положения 
на валу двигателя, обусловленное принципом работы. Замена механического датчика на систему кос-
венного определения положения ротора в СИВУ затруднена в связи с отсутствием соответствующего 
математического описания электромагнитных процессов в схемах с нетрадиционным подключением 
обмоток статора и ротора. Для решения данной проблемы авторами разработана математическая модель 
СИВУ АД с ФР как многофазной, несимметричной системы. Выведены зависимости индуктивностей, 
потокосцеплений, напряжений обмоток двигателя, тока цепи и электромагнитного момента от углового 
положения ротора. Приведены результаты математического моделирования и экспериментального ис-
следования схемы с последовательно соединенными обмотками статора и ротора асинхронного двигате-
ля при питании от источника синусоидального напряжения. Определена принципиальная возможность 
вычисления положения ротора в СИВУ АД с ФР по угловым зависимостям падений напряжений на об-
мотках статора и ротора. 

Ключевые слова: промышленные механизмы, электропривод, асинхронный двигатель, фазный ро-
тор, система импульсно-векторного управления, косвенное определение положения, математическая 
модель. 
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